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Abstract

K.T. Atanassov introduced the two arithmetic functions

k k
I(n) = H p,lj/au and R(n) = H pg‘v_l
v=1 v—1

called the irrational factor and the strong restrictive factor, respectively. A variety of authors have studied the
properties of these arithmetic functions. We consider weighted combinations I(n)*R(n)? and characterize
pairs (a, 3) in order to measure how close n is to being k-power full or k-power free.

We then generalize these functions to a class of arithmetic functions defined in terms of fractional linear
transformations arising from certain 2 x 2 matrices, establish asymptotic formulae for averages of these
functions, and explore certain maps that arise from considering the leading terms of these averages.

We further generalize to a larger class of maps by introducing real moments, which allow us to explore
new properties of these arithmetic functions. We additionally study the influence of the eigenvalues of a
matrix on the associated arithmetic function, and obtain results on the local density of eigenvalues through
their connection to a particular surface.

Finally, we present a further generalization involving arithmetic functions defined by certain complex-
valued fractional linear transformations, explore some of the properties of these new functions, and present

a few open problems.
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Notation

We write f(z) = O (g(z)), or f(x) < g(z), if there is a constant C' such that |f(x)| < Cg(x) for relevant
values of x. We write f(z) ~ g(x) if lim f(z)/g(z) = 1 as x tends to some limit, and f(z) = o(g(x) if
lim £ () /g(2) = 0.

We use the notation alb to mean that a divides b, and p”||b to mean that p”|b but p**1 § b. Generally
s denotes a complex number, with real part (s) = o and imaginary part $(s) = t, so that s = o + it.
The Riemann zeta function ((s), the Mébius function p(n), and the Euler phi function ¢(n) are defined as
normal.

Other symbols are defined on the following pages:

AQ, x) p-42
Fo.5(s) p.10
F4(s) p.16
Fyx(s) p-23
Fo p-20
G p-24
h(n) p.16
I(n) p.1

M, () p.10
My (x) p.14
Ma () p.24
Vo, p.43
R(n) p.1

Sax(x) p.24

O(x, \) p.27

viii



Chapter 1

Introduction and history

In [3] and [4], Atanassov introduced the two arithmetic functions
k k
Im)=[[p/* and  R(n)=][ps",
v=1 v=1

where n = Hllf:l pSv is the prime factorization of n, and called them the irrational factor and the strong

restrictive factor, respectively. These functions are multiplicative, and they satisfy the inequality

I(n)R(n)*>n (1.1)

with equality if and only if n is square-free. In [2], it was noted that I(n) roughly measures how far away
n is from being k-power free or k-power full; if S(n) denotes the square-free part of n, and if n is k-power
free, then n'/(*=1) < S(n) < I(n)F~1. If n is k-power full, then I(n) < S(n)'/*.

In [16], L. Panaitopol showed that

n=1

He further proved that the arithmetic function

satisfies the inequalities

for each n > 1. E. Alkan, A.H. Ledoan, and A. Zaharescu [2] proved that the sequence {G(n)/n},>1 is

convergent, and established the asymptotic formula

G(n) =cin+ O (Vn)



for some positive absolute constant ¢;. They also showed that I(n) is very regular on average, and proved
that

5™ (1= 2) 100) = eaa? + 0 (42estos)* (st~
X
n<x

for some positive absolute constants ¢y and c3, and that

Z I(n) = 3coz® + O (x3/2(log x)9/4) .

n<x

Improvements to the error term in the last asymptotic formula have recently been obtained by J.-M. De
Koninck and I. Kétai [12]. In [15], the following result was proved: for 0 < A < 1 and € > 0, there is a

positive constant ¢y depending only on A such that

3 (1 - g) R(n)* = exa = + E(O\, ),
n<z
where
O (x%*) if0< A< 1/4,
E(\zx) =

Oh.c (x%+%+6) if1/4< )< 1.

Our goal is, first, to extend the work of previous authors by producing results on weighted combinations
of I(n) and R(n) from which previous results can be recovered as special cases. We continue by recognizing
that I(n) and R(n) are particular examples of arithmetic functions defined in terms of fractional linear
transformations of integers by 2x 2 matrices and prove several results in this more general framework. Finally,

we further extend these functions by considering fractional linear transformations of complex numbers.



Chapter 2

Preliminary results

2.1 Perron’s formula

The analytic behavior of a convergent Dirichlet series

F(s) = Z f:j)

is closely related to the behavior of the sequence f(n). In particular, one can recover information about
averages of f(n) using the following methods.
Consider the integral
0 fo<y<l,
1 et ds

L as _ e 2.1
‘ Ui 1/2 ify=1, (2.1)

211 c—i0o

1 ify>1,

where ¢ > 0. One can isolate the coefficients of F(s) by setting y = z/n in the above formula, multiplying
by f(n), and summing over n. Formally, one obtains Perron’s formula
1 c+ioco s
S i =5n [ e ds (22)
s
C

T om ,
n<z —1i00

for a non-integer > 0 and some value of ¢ within the abscissa of confergence of F. If x is an integer then
the formula takes a similar form, with the exception that the n = x term is 3 f(n) rather than f(n). For a
full proof of Perron’s formula, see Chapter 17 of [7].

From this, one can arrive at

> st -ty = o " Pt (1 - k) "

’I’ISI C—100



for a positive integer k (see [19]). We use a version with k£ = 1, namely

3 (1 - g) f(n) = Zim /Cmoo F(s)s(frl) ds. (2.3)

—100

F(s)

This is especially useful if the function SGED has a pole, in which case one can apply Cauchy’s residue

theorem. We note that the left-hand side of (2.3) is equal to the “double average”

o3 ).

j<
n<j

2.2 Behavior of ((o +it) near the critical strip
The Riemann zeta function {(s), defined for R(s) > 1 as

()=

n=1

can be extended to a meromorphic function with a simple pole of residue 1 at s = 1. The function has
“trivial” zeros at s = —2,—4, —6, ..., and famously has an infinite number of “non-trivial” zeros located in
the critical strip 0 < R(s) < 1. With s = ¢ + it, the number of such zeros with 0 < t < T' (here we write
s = o + it) is asymptotic to % log % — % + O (logT). B. Riemann’s famous 1860 conjecture is that all of
the non-trivial zeros of {(s) lie on the line o = 1/2.

In 1899 C.-J. de la Vallée Poussin showed that for some postivie constant ¢ the region

c
o>1— 2

logt

for t > 2 is free of zeros of ((s). This can be used to give a bound of

1
@ < lOgt

in this region (see Chapter 13 of [7]).

J. Littlewood expanded the zero-free region in 1922 to

o> 1— cologlogt.
logt

I.M. Vinogradov [22] and N.M. Korobov [13] further improved this result by establishing the larger zero-free



region

o >1—co(logt)~3(loglogt)~1/? (2.4)
for t > tp and improving the previous estimate to

1
—— < (logt)*3(loglog t)'/?
(o < os?)lloglos?)

(see also Chapters 2 and 5 of [23]).

Further estimates for {(s) near the critical strip can be found in [21], §3.11 and §5.1. In particular,

Ot1=2)/2 if0<o<1land|t|>1
|¢(o +it)| = O(logt), fl<o<2 (2.5)

o(1), if o > 2.



Chapter 3

Weighted combinations

In order to more fully develop the ideas presented by previous authors, we begin by studying weighted

combinations of I(n) and R(n).

Definition 3.0.1. We say that a pair of real numbers («, 8) is a strong Atanassov pair if

I(n)*R(n)’ >n (3.1)

for every natural number n.

Thus by (1.1), the pair (1,2) is a strong Atanassov pair. Clearly, if & > 1 and 8 > 2 then also («a, ) is

a strong Atanassov pair.

Definition 3.0.2. We say that a pair of real numbers («, ) is a weak Atanassov pair if the inequality

I(n)*R(n)’ >n

is true on average, in the sense that

for all sufficiently large x.

Evidently, a strong Atanassov pair is also a weak Atanassov pair. Are there any weak Atanassov pairs
that are not strong Atanassov pairs? We will see that the answer is yes. Our goal is to completely characterize

the strong and weak Atanassov pairs. We show that the following theorem holds.

Theorem 3.0.1. A pair (a, 8) is a strong Atanassov pair if and only if it lies in the region

R:ﬂLk

k=1



where

and

LkZ{(a,ﬂ)3/82_k(k1_1)a+kﬁl}

for k> 2.
This is a convex region with a piecewise linear boundary. Figure 3.1 shows a plot of the boundary lines

of each of the regions Ly for k& < 40.

8

20k

A\

16+

Figure 3.1: Plot of the lines 0Ly, with k& < 40

Theorem 3.0.1 gives us a more precise notion of I(n) being a measure of how close an integer n is to
being k-power full or k-power free; if n is “predominantly” a k-th power, then the pairs («, 8) for which
I(n)®*R(n)? is close to n will be those pairs that are close to the boundary line Ly, of the region Ly.

Figure 3.2 shows the region R along with the lines Lo, OL3, and dL4. The point P = (5,8/5) is closer
to dL3 and 0L, than to 0Ly, so we expect that |I(n)°R(n)8/® —n| will be smaller for those n that are cubes
or 4-th powers than for square n. On the other hand, P lies inside the region L3, but outside the region Ly,
so the inequality (3.1) holds for all n that are cubes, but not all n that are divisible by a 4-th power.

Moreover, we show the following theorem.

Theorem 3.0.2. Suppose a, 5 > 0 are such that (a, ) is not a strong Atanassov pair. Further suppose that



B8 < 3a/2. Then

n ((Ba/2 - B +2)
]- - I aR B = Ka 1 a+1
Z( ) (n)*R(n) 6C(2)C(Ba— 251 1) pla+ 1)z
+0q,3 ($1/2+a exp{—cs(log 1‘)3/5(10g 10gx)71/5}>
where the strictly positive constant K, g(a + 1) is defined in (8.2) in Section 3.

Remark 3.0.3. One can easily derive similar asymptotic formulas for 8 > 3a/2; if B > 3a/2 then the

asymptotic formula will have two main terms.

Figure 3.2: The region R

Since
2

S 0-20 5

n<x

we have the following corollary. Let 5y be defined by the unique solution 8 = By of the equation

¢(7/2 - B)

@i —2p e =1

Corollary 3.0.4. A pair (a, 8) that is not a strong Atanassov pair is a weak Atanassov pair if and only if



it lies in the region

Ry ={(a,p):a>1,>0U{(e,8) : a=1,8> Bo}

Numerical calculation shows that 8y = 1.341..... Thus for example (1,7/5) is a weak Atanassov pair that
is not a strong Atanassov pair. The point P in Figure 3.2 is in R,,, so (5,8/5) is also a weak Atanasov pair

that is not a stong Atanassov pair.

g
20 :
|
|
|
|
|
L5k
1 ‘\
1
1 ‘-"—_
| : T - N ol _— - e -
1ok - e |
1
1
1
1
1
1
I
05 i
1
1
1
1
1
1
:
i | , . ; 1 L
o J ) ﬁ E

Figure 3.3: The region R,

3.1 Distribution of strong Atanassov pairs

Since the function I(n)®R(n)? is multiplicative, we examine its behavior on integers of the form p*. We

have that for each fixed k, the desired inequality
I(P*)*R*)7 > p*

is equivalent to

a/k— Bk —1) > k.



Clearly the inequality holds for n = p¥ in the region

Lk_{6>_k(k1—1)a+kﬁ1}

and so holds for any k in the union of all such regions L.

Conversely, if any pair («, ) lies outside of this region, then it lies outside of Ly, for some kg, say. Hence
there are integers of the form p* that do not satisfy the desired inequality.

This completes the proof of Theorem 3.0.1, showing that the strong Atanassov pairs are precisely those

pairs lying in the region R.

3.2 Distribution of weak Atanassov pairs

For the proof of Theorem 3.0.2 we work with the weighted sum

Mag(@) = (1= 2) 1) R(n)’.
n<x
Since both the functions I(n) and R(n) are multiplicative, and since for each n we have I(n) < n and R(n) <
n, the associated Dirichlet series has an Euler product representation which converges for (s) > 1+ a + .

This Euler product can be written as follows:

1 1 1
= 1+ + + .+ = + >
1;[ ( ps—o pQS—a/2—,B pka—a/k—ﬂ(k—l)

C(s —a)¢(2s —a/2—pB)
C(2(s —a))C(2(2s — /2 — 5))](&:6(5)’

where
Kap(s) = [T+ Aapp(s) (3.2)
P
and
1 p3a/2+ﬁ poz/kJrB(k:fl)
Aa,pp(s) = P po/2+8 T 3(s+1) + k(s+1)
(1+W) <1+m) P k>3 p

Now, given € > 0, we have
1

<1
o a /248
(14 52) (14 525%)

10



for R(s) > max{a —1+¢,8+a/2—1+¢€}. So

pSa/Q—i—B pa/k+,8(k—1)

- p3(s+1) +k>3 pk(s+1)

p3a/2+B pa/3+2B 1

o + o B
p3( +1) p3( AR p‘€+r

|Aa,57p<s>| <e

<L

Provided that R(s) is in the given range, the above expression is

1

Le p3(c7+1)7max{3a/2+5,a/3+2ﬁ} ?

hence > [Aq g,p(s)| < oo in any half plane of the form
o >0 >max{a/2+/3-2/3,a/9+28/3—-2/3,a—1+¢,B8+a/2—1+¢€}.

It follows that the product K, g(s) is uniformly bounded on the half-plane R(s) > og (see §14.2, p. 15 of
[20]). Since K, g(s) is analytic in this half-plane, the Dirichlet series F,, g(s) has a meromorphic continuation
to this region. Furthermore, since ((s — a) has a simple pole at s = 1 + « and {(2s — «/2 — ) a simple
pole at s = 1/2 + a/4 + $/2, and since the functions ((2s — 2a) and ((4s — a — 2f3) have no zeros on the
half planes R(s) > 1/2+ « and R(s) > 1/4+ /4 + /2, respectively, it follows that F,, g(s) has an analytic
continuation to the half-plane £(s) > max{1/2+ «,1/4 + a/4 + 3/2} with the exception of a simple pole at
s =14« and (possibly) at s = 1/2+ /44 /2, with the existence of the latter pole depending on whether
8> 3a/2.

3.3 The main term

To continue, we utilize the variant of Perron’s formula given by (2.3) and write

Y e R(n)P — b efrioo 2°C(s — a)((2s — /2 — B) K, 5(s) <
> (1= 5) TR = 5 e (s —a)) 2@ —aj2=B))sls + 1)

n<z

where 1 + a < ¢ < 2+ «. For the sake of brevity we specialize to the case o = 1; the methods by which we
obtain the results for a # 1 will be clear.

We apply the Vinogradov-Korobov zero-free region for {(s) given by (2.4) in which

< (logt)*3(loglog t)'/3.

L
1C(s)]
11



Fix 0<U < T < 22, let v = 3/2 and let

n=uv—co(logl)~*3(loglogU)~1/3.

Deform the path of integration into the union of the line segments

Y1,%9 1 S =c+it if |t| > T,
Y2,v8: s =0 +iT ifv<o<cg,
v3,y7is=v+it U <[t <T,
Y,v6:s=ocxiU ifn<o<y,

V518 =mn+it if (]| <U.

The integrand is analytic on and within this modified contour. Hence by the residue theorem

ny s (12— B) R
> (1 B 5) I(n)*R(n)? = mmﬁ(m + ; Ji,

n<zx

the main contribution being due to the residue of the simple pole at the point s = 2.

3.4 Upper bounds for the error integrals

In order to estimate the integral along our modified contour we will make use of the bounds given by (2.5).
On the line segments on which s = ¢+ it, |[t| > T, we have {(s — 1) = O(logt), {(2s — 1/2 — 3) = O(1),
1/¢(2s — 2) = O(logt), and 1/{(4s — 1 — ) = O(logt), so

|xc+it |

. —dt
|c +it||c + 1 + it|

b1l < [ |Pugp(e i)
T

< log3t
S % "t
r t?
C

X
< T9/10°

On the line segments on which s = 0 +iT, v < ¢ < ¢, we have ((s—1) = O(T*~7/?1logT), ((2s —1/2— ) =

12



O(logT), 1/¢(2s —2) = O(logT), and 1/¢(4s — 1 — B) = O(log T), so

‘x0+iT‘

lo +iT||lo + 14T

log®T [¢/ x \°
<= [ (zim) a0

<L mac{ (i) (7))

On the line segments on which s = c+it, U < [t| < T, we have ((s—1) = O(t'/3=#/4logt), ((25s—1/2—3) =

O(logt), 1/¢(2s —2) = O(logt), and 1/¢(4s — 1 — ) = O(logt), so

|J2|,|J8|<</ |Fo,g(c + 1T do

T |xu+it|
J,J<</ Fog(v+it , _dt
| 3| | 7| - | 75( )‘|V+’Lt||l/+1+2t|

T ,1/8 4
tt/°] t
<<:c”/ 8
t2
U
< W

On the line segments on which s = 0 +iU, n < o < v, we have ((s—1) = O(U'7/21ogU), ((25s—1/2—3) =
O(U3/*=82=710g U), 1/¢(2s — 2) = O(logU), and 1/¢(4s — 1 — B) = O(log U), so

|.’IJ0+iU‘

d
lo+iUllo+1+iU| "

| Jal, [Js] < / |Fo (o +1iU)|
n

< gt || (i) o
< el o { ()" () )

On the line segments on which s = 1 +it, |[t| < U, we have ((s — 1) = O((Jt| + 1)*""21og(|t| + 1))

and ((2s —1/2 — B) = O((|t| + 1)/8+8/4=n1og(|t| 4+ 1)). Since B < 3/2 this becomes ((2s — 1/2 — ) =
O(([t| + )= log(Jt| + 1)). Also, 1/¢(2s —2) = O(log(|t| + 1)), and 1/¢(4s — 1 — B) = O(log(|t| + 1)), so

]

- —dt
|+ at||n + 1+ it]

U
|J5] < / |Fo5(n +it)]
U

U
< x”/ () + 1) =37/ log (|t] + 1)dt.
U

Since n > 1, say, for U sufficiently large, the above integral converges, hence |J5| < 2.
We collect all estimates, and take T'= 22 and U = exp{cz(log 2)3/°(loglog z)~/®} to obtain the desired

result. This completes the proof of Theorem 3.0.2.

13



Chapter 4

A first generalization

One can generalize the theory of the functions I(n) and R(n), and the previously established results, to a
much wider context. In particular, one can establish functions f4(n), where A belongs to a particular class
of 2 x 2 matrices. In this case I(n) and R(n) correspond to functions F4(n) for particular choices of A. In
this chapter we begin our study of these generalized functions and explore some of their properties.

Consider for a matrix

with integer entries and determinant +1 the fractional linear transformation Az given by

s — az + b.
cz+d
For each positive integer n, define
aa+b
fA(n) = pca+d .
p*|In

As an example, the function I(n) is equal to f4,(n) for
A =

We shall consider weighted averages of the functions f4(n). Let

Ma) =+ 3 (1= 1) fatm)

n<z

Consider the subset A of 2 x 2 matrices with integer-valued entries given by
b
A=¢A= cdet A=—-1,a,b,d>0,c>1

14



Define for each positive rational number r

E.={AcA: My(x)<z" asx — oo}.

Note that if 7y # 7o, then E,, N E,, = @. We will prove that each E, with » > 0 consists of exactly one
element.

For each matrix A in A we define the associated series (A, )nen by

an—+b
en+d

A, =An =

As we shall see, the associated series plays an important role in our computations. Clearly, if A € A then
A,, is monotone decreasing and has the finite limit Ao, :=a/c.

We have the following result.

Theorem 4.0.1. Given A € A, there are positive real-valued constants K o and ¢ such that
Ma(@) = Kaz™ + 04 (712 exp{—c(log z)*/*(log log 2) /%) ) .

We remark that under the Riemann hypothesis, for a restricted class of matrices one has an asymptotic

formula for the error term in Theorem 4.0.1 of the form
Ma(z) — Kaz™ ~ K 242D (4.1)

for a real-valued constant K 4. This naturally leads one to consider the maps ¢; : A — Q4 for j = 1,2 given
by
¥i(A) = A;. (4.2)

Since, as mentioned above, each E,. consists of exactly one element, it follows that there is a well-defined
map s : Qi — Q4 given by
s(r) = v 0 g7 (). (4.3)

The map s(r) tells us how accurately the main term K 424! approximates M4(x) in (4.1), in the sense that
it gives the exact order of magnitude of the error My (x) — K z41.
Although it can be shown that this map is nowhere continuous, one can obtain asymptotic formulas for

the average value of s(r), with 7 in various ranges. For example, define the height function for each rational

15



r =p/q with ¢ > 1 and (p,q) =1 by

h(r) := max{|p|, g}

We have the following result.

Theorem 4.0.2. For any § > 0,

dos(n) = 3 X2 4 0p(x1/519),

212
reQN[0,1]
h(r)<X

4.1 Asymptotics of the average

Consider the Dirichlet series

Fu(s) = Z fz(sn)-
n=1

We will take advantage of the meromorphic continuation of F4(s) in the case where det A = —1.

Proof of Theorem 4.0.1. We prove the result with

1

Ka=aryer e

Ta(l+ Ay).

If det A = —1 then pA® < pt for all @ > 1, so fa(n) < nt, hence Fa(s) converges in the half plane

R(s) =0 > 14 A;. Moreover, F4(s) has an Euler product in that region. Write

Fa(s) = MHU Fap(s)

where

Ay -1 oo Ap
p p
gp(s) = (1 + ) §
k=2

ps — pks :

Note that if det(A4) = —1, then 4; — Ay = m < 1. Take ¢ > 0. For o > A; + € we have

A\ L
(1 + pps ) <. 1.

Also, for o > 1(1+ Az + €) we have

16



Thus for o > max{A; + ¢, (1 + Az + €)} the sum Z lgp(s)| converges, hence
P

Ta(s) =[] (1 +g,(5)

p

is analytic for ¢ > 09 = max {Al, %(1 + Ag)}, so F4(s) is meromorphic there, with a pole at s =1 4 A;.

4.2 The main term

To continue, we utilize a variant of Perron’s formula and write

S

n 1 efice (s — Aj) x
> (1 - 5) faln) =55 /H.OO 25 — 24 AW

n<zx

where 1+ A; < ¢ <5/4+ A;.

We apply the Vinogradov-Korobov zero-free region for ((s) given by (2.4) in which

< (logt)*3(loglog t)'/3.

b
()]

Fix 0<U<T <z let v=1/2+ A; and set
n=v—cologU)~2/3(loglog U)~1/3.
Deform the path of integration into the union of the line segments

V1,79 : S =c+ it if |t| > T,
Yo,v8:s =0 +iT ifv<o<cg,
Y3, y7:s=v+it U <[t <T,

Y4,V6: s =0 iU ifn<o<vy,

Y58 =mn+it if (| <U.

The integrand is analytic on and within this modified contour, hence by the residue theorem

1

Mal@) = T e+ A

9
Ta(l+ Apa' T4+ g,
k=1

17



with the main terms coming from the residue at the simple pole at s =1 + A;.

4.3 Upper bounds for the error integrals

In order to estimate the integral along our modified contour we will make use of the bounds given by (2.5).
On the line segments on which s = ¢ +it, |t| > T, we have ((s — A1) < logt and 1/{(2s —2A4,) < logt,

SO

xC

dt
c+1+it)]

1l < [ oty
T (e +it)(
z¢(logT)?
K — 7
On the line segments on which s = o+iT, v < o < ¢, we have 1/{(25—2A4;) < log T, {(s—A;) < T(1—o+41)/2

forv <o <14 Aj,and {(s— A1) <logT for 14+ A1 <o <ec So

1+A; 1, N 2 c 21“7
| /2], [ Js] <</ 7300+ 1)logTﬁda+/ (log T)? 5 dor
v 1+A;

v 1+A4; 2

1 x x (logT)
720440 100 T —= —= +
< T2 og max{ 77) \ 77 } Tz %

On the line segments on which s = v+it, U < [t| < T, we have ((s— A;) < t(0=vT41)/2 and 1/¢(25—24,) <

logt, so
| 3], |J7] < /T(lo t)t%(lferl) x¥ 0
R (v +it)(v + 1+ it)]
logT
< Tt

On the line segments on which s = o +iU, n < 0 < v, we have ((s— A1) < UN=7+A40/2 and 1/¢(25—24;) <

logU, so

1,0'

U2
v n
1 X x
<« UHIHA)2 g [ max () () |
svm{ (75 ) (7))

On the line segment on which s = n+it, |[t| < U, we have ((s— A1) < ([t|+1)3=7t40/2 and 1/¢(25s—24;) <

|J4|3|J6|<</ (IOgU)U%(lfUJrAl) do
n

18



log(|t| + 1), so

U
T
J <</ t| 4 1) A log(Jt] 4+ 1 _ — dt

U
< m”/ (] + 1) 27402 oo (4] + 1) dt.
U

Since (1 —n+ A;) —2 < —3 for U sufficiently large, the above integral converges, hence |J5| < 2.
We collect all estimates, and take T' = 22 and U = exp{cz(log 2)3/5(loglog z)~/®} to obtain the desired
result. O
One could instead factor

Ay Ag Az A1 Ao

D b b p
1+ By +-~)=(1+ )<1+ > 1+ gp(s
( s p2s ps p25 ( p( ))

p38

with

A\ 1 Ao 1 A1+A2 0
p p
= (120 (1) (T e

C(S—Al) 28—A2
(25 — 2A;) C(4s — 24y) EI L+ gp(s

so that

FA(S) =

Under the Riemann hypothesis, we find a second order term of the form K 4242 in the asymptotic formula

for Fa(s) provided that + + A; < 1(1+ Ay), that is, provided that

c+d 1

b - .
R N Y

This occurs for matrices A in A with restrictions on ¢ and d. One can see that A; will lie in the interval

(0,1/2).

4.4 Mapping through matrices

We now return to the two maps ¢ and 9 defined in (4.2).

Lemma 4.4.1. The map 1 is bijective.
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Proof. For % € Q, consider the set of matrices

in A such that ¢1(4) = % We note that any such quadruple (a, b, ¢, d) is constrained by ¢ > 0, d > 0,
ad —bc= -1 (4.4)

and

ct+d=La+b). (4.5)

hSEES

(Note that (4.4) implies that p cannot be zero.) By (4.5) we have
q
c==(a+0b)—d.
plet?)

Inserting this into (4.4) gives us

ad—b(a+b)g+bd:—1,

SO

(a+b)(pd — qb) = —p.

Write a 4+ b = +n for some positive integer n[p. By (4.5) we have ¢ +d = I(£n) € Z so p|n, hence p = n.
There are two cases: If a +b = —p then ¢+ d = —q. This contradicts the assumptions that ¢ > 1 and ¢

and d are non-negative. On the other hand, if a + b = p, then ¢+ d = ¢, so (4.4) gives us
alq—c)—bec=-1

SO

pc =1+ aq. (4.6)

So ¢ is uniquely determined by ¢p = 1 (mod ¢) and 1 < ¢ < ¢q. Then d is uniquely determined by d = ¢ — ¢,

andaandbbya:%

and b=p —a. O
In the case where p/q € (0,1], we identify p/q as an element of Fg, the Farey fractions of order @, with

@ > q. If we consider the “minimal” set of Farey fractions J, containing p/q, then elementary properties of

Farey fractions (see for example Chapter 3 of [10]) give that the adjacent Farey fractions p’ /¢’ < p/q < p”/q"

20



satisfy ¢ = p, o' = q, p’ = p—q and ¢" = ¢ — p. Here p is the unique integer 1 < p < ¢ satisfying

pp =1 (mod ¢) and g is the unique integer 1 < ¢ < p satisfying ¢ = 1 (mod p). We can write

P—q

<

Yi(p/q) =

3

P q-

That is, the matrix 11 (p/q) is comprised of the “parent” Farey fractions in F,_;.

Additionally, we can write the function s(p/q) from (4.3) uniquely as

_pp—1+pg
s(p/q) = T (4.7)

4.5 Proof of Theorem 4.0.2

To prove Theorem 4.0.2, we will use the following result (see Lemma 2.3 of [6]).

Lemma 4.5.1. Assume that ¢ > 1 and h are two given integers, J and J are intervals of length less than q,

and f:Ix g — R is a C* function. Then for any integer T > 1 and any 6 > 0

_ 9 2. y)de
> san=2 //Mf( y)dzdy + €,

a€d,be]
ab=h (mod q)
ged(a,b)=1

with
& <5 T?|| fllooq™ > ged(h, q)*/?

4 IVl P13

HTV f g™+ ged(h, )2 -

where || flleo and ||V |l denote the sup-norm of f and respectively \%| + |%| onJ xg.

Let @ = | X . Since r € Fo we have

Yoost= > sp/g).

reQ4n[0,1] 1<q<Q
h(r)<X 1<p<gq
(p,9)=1
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)

We use (4.7) and Lemma 4.5.1 with T = qé_’ to deduce that the right-hand sum is equal to

w0l

pp — 1 —1
3 3 pp7+pq: // vu +uqdd+8
1£02Q  1<p<q 4P+ ) 1<q<Q Lo (v +a)
1<p<gq
pp=1 (mod q)
(p,q)=1

ay— @
// ————dxdy + &,
/g1 Y+1

1<q<Q

where & <5 ¢°/6t%. The integral is equal to
1 1 1 1 1 1 1
- (1-=][|1-- log2—log(l+))=+0<>,
2 ( qz) < Q> ( q 2 q

> s-3 X w0 X A hol 3 g

r€Q4.N[0,1] 1<q<Q 1<¢<Q 1<¢<Q
h(r)<X

SO

One can use the methods of Section 2 to estimate the sums over ¢(¢), or use partial summation along with
standard estimates (see for example [23] or Chapter 18 of [10]). This gives the main term of our theorem;

the first error term above is O(X), and the second is O (X 1/6+9).
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Chapter 5

A second generalization: A-moments

We complement the results of the previous chapter by considering real-valued A-moments of these arithmetic
functions fa(n), defined over a larger class of 2 x 2 matrices. This method offers greater flexibility, since
the A-weighted moments of the Dirichlet series associated with f4(n) may have meromorphic continuation
to a region in which the original Dirichlet series has an essential singularity. As we shall see, this expands
previous results to a more general framework, and leads to new results within this more general setting.

Consider the subset A of 2 x 2 matrices with integer-valued entries given by

a b
A= cdetA=1,¢>0,d>0
c d
For each matrix
a b
A=
c d

in A consider the fractional linear transformation

az+b
cz+d

b
N
Il

For each A > 0 we examine the A\-moment

(fam)* = T p*=.

p*||n

A key tool in our study of the A-moment is the Dirichlet series

0 A
FA’)\(S) _ Z (fAT(;Z)) )

We say that the pair (A, ) is good if there exists a half-plane where F4  has meromorphic continuation
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with at least one pole. Consider the space G in A x R of pairs (A4, \) that are good. Information about G

leads to information about A-moments

Saa(@) =" (fam)*

n<z

and more precise estimates about the weighted A-moments such as

Man(e) =Y (1=2) (a0

n<x

Asymptotic formulas for such moments are given in the following section.

a
Theorem 5.0.2. Suppose X is a positive real number. Given a matriz A = in A, necessary and
c d
sufficient conditions for the pair (A, \) to be in G are
1 -k
o if A=Ry = ,k=1,2,3,... and 0 < A < 1/k,
0 1
o if A Ry, b>—1 and X € (0,00),
o if A# Ry, b<—1and 0 < XA < —32.
a b
For any A = in A define h(A) = max {|al, ||, |c|,|d|}. For any positive integer @, define

) _ #HAcA:h(A) <Q and (A, )N) € G}
9% = #{Ac A h(A) < Q)

Figure 1 shows the behavior of gg(A) for values of @ up to 75. We will prove the following:

Theorem 5.0.3. The functions gg converge uniformly on compact subintervals of (0,00) to g as @ — oo,

where

A .
1—1 f0< A<,
1 1

S A1
st Ir=

g(\) =

5.1 A general region of meromorphic continuation

To prove Theorem 5.0.2 we begin with the following lemma:
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Figure 5.1: Plot of the function gg(A)

Lemma 5.1.1. Suppose F(s) is a Dirichlet series with Euler product

C1 C2 C3
Fs)= ] (1+1;5+§25+§35+...),

p prime

where c1,co, ... are real numbers independent of p. Assume there exists a finite set of natural numbers

N = {ni,ng,...,n} such that for all 1 < j k < | we have n—1] (1+cy,) = (14 cp,,) and such that

1
ng

n%- (L4 cn,) > sup,gn { & (1+¢n)}. Then F(s) satisfies

!
F(s) = G(s) [T ¢(njs = en,)

j=1

where G(s) is analytic in the half plane

R(s) > sup {;(l—i—cn),;

meN
ngN

(1/2+cm)}

and is bounded in any closed half plane contained in this region.
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Proof. We restrict ourself to the case | = 1; the remaining cases are similar. We factor

(31 () Cc3 Cnq Cnq -1 Cn,
(2t ) =TI 50 ) e (1 2) X 20
j2 n>1
n#ng

and note that

P\ ((nis —cp)
H (1 + p"ls) n C(2n1s — 2¢pn,) "

P

Write s = o +¢t. The function 1/{(2n1s — 2¢,,, ) is analytic for o > n% (3 +cn,). Also, for any fixed e > 1/2

pem\
(1+ ) <. 1,

and o > n% (e + ¢pn, ) we have that

p’ﬂls

and for o > €+ sup,, 4, {1 (1+c¢,)} we have

Cn Cn 1
Z pns < sup pno’ Le 1+4€”
S P p
’I’L;an

So

-1 c

pm™ p

S0
n#ny

converges in any half plane of the form

c 1
0> 009> €+ sup {nl,(1+cn)}.
n#n, (N1 N

It follows that the product

pC"I -1 pcn
Of+(+2) T2
P n>1

n#ni

is uniformly bounded on the half-plane R(s) > ¢ (see §14.2, p. 15 of [20]). Hence

1 pem -1 pen
Gs)=——-— 1 1
(S) §(2TL18 — 2Cn1) H + < + pn1s) Z pns
p n>1
n#ny

is uniformly bounded on ¥(s) > max{ao, n% (3 +cn1)}. Since G(s) is analytic in this half-plane, the

Dirichlet series F'(s) has a meromorphic continuation to this region, where it satisfies F(s) = ((nis —
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Cny )G(38). O

5.2 Asymptotics of the \-moments

We now give the proof of Theorem 5.0.2. Given a matrix

in A, if @ > 1, then ‘;;“Idb < (la] + [p])e. So fa(n) < nlol+Pl and hence the Dirichlet series Fa (s) is

analytic in the region R(s) > 1+ |a| + |b|. In this region, F' has an Euler product

p)\Al p)\AZ p)\AS
FA,)\ S) = <1 + + + + )
( ) 1;[ ps p25 pSS
Let
o) = sup{6,(\)}, (5.1)
n>1

where 6,, = 6,,(A) = 1(14 AAn). If the supremum in (5.1) is attained, then by employing Lemma 5.1.1 one

can show that (A, ) € G. Next, we identify this supremum by considering the function

1 ar+b
==(1
O(x, \) - ( +/\cx+d>

where z is positive and real-valued.

If ¢ =0, then
1 b
9(x7)\):<1+)\ax;_ )
f&+l 1+&
o d d
If ¢ # 0, then

and upon writing
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we find that

0N =\ ) Y ara d

1 ( Ab) 1 AdetA

Since cx+d > 0 for all positive z, the expression 6(z, A) will be a decreasing function of x if the coefficients
of % and ﬁ are positive. If det A = 1 with @ > 1 and b > 0, then 6(z, \) is a decreasing function of z
for any A > 0, so sup,,>5{0n} < 01, and (A,\) € G for any A in (0,00). If b < 0, then 1+ )\g is positive
provided that A < —d/b.

The partial derivative
b A
0 43y M) 0P 1
z2(cx + d)?

Ox

is negative for large enough x provided that

b )
2 p— JR—
0<ec (1+/\d)+d. (5.2)

If b= —1 and ¢ = 1 then (5.3) gives that (A, \) € G for any A in (0, 00) for such matrices A. More generally,

if b # —1 then be # —1, and so (5.2) is equivalent to

de
bc+1°

We see that 6(z, A\) has a maximum provided that A > 0 is in this range, and hence so does 6,,(A). This
completes the proof of Theorem 5.0.2.

If we take xo to be the value of z for which #(z, \) is maximal, then #(!) is equal to 6,,,, where n; = |z |
or ng = [xg]. We remark that if A is such that the above maximum is attained at both |z¢| and [x¢],
where ¢ is not an integer, then F4 (s) has a double pole at s = 6™, Furthermore, we note that for a given
matrix A, the set of such exceptional X is at most countable.

One can obtain an asymptotic formula for M4 »(x) using the techniques of the previous chapter, which
can be summarized as follows:

Write Fa4 5 (s) in the form given by Lemma 5.1.1 and use a variant of Perron’s formula, namely

n 1 fetie z®
S (=) = 5 [ Pasla s

n<x —100
where og < ¢ < 0¢ + ¢ for some § > 0.

We apply the Vinogradov-Korobov zero-free region for {(s) given by (2.4) in which
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< (logt)*3(loglog t)'/3.

b
C(s)]

Fix U and T to be chosen later, with 0 < U < T < 2%, and let v = -1 (3 + AA4,,,) and

ni

n=v—cologU)~2/3(loglog U)~1/3.
Deform the path of integration into the union of the line segments

V1,79 : S =c+ it if |t| > 1T,
Yo,v8:s =0 +iT ifv<o<cg,
Y3, yr:s=v+it US|t <T,

Y4,Y6: s =0 iU ifn<o<vy,

V58 =mn+it if [t <U.

The integrand is analytic on and within this modified contour, and by the residue theorem,
W i
MA_,A(x):lee -l-ZJk,
k=1

the main contribution being due to the residue of the simple pole at the point s = #(1),

In order to estimate the integral along our modified contour we will make use of the bounds given by
(2.5).

Upon estimating |J;|, i = 1,2, ...,9, and selecting U and T so as to optimize the error terms, we see that

if (A, ) € G and the pole of F4 \(s) at 0™ is simple, then

o1

MA7,\(1‘)=K1.’L‘ +RA’)\(.’E),

where

Ra () <a,x max {xe@) ) gz (32 ) exp{—c(log 2)*/®(log log x)_1/5}} .

9(2)

Notice that in the case where %  is of a larger order than

grr (343 4n,) exp{—c(log z)*/®(loglog )1/},
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one obtains a secondary term in the asymptotic formula for M4 x(z) of the form Kyx?” .
We remark that given a matrix A there may possibly be a finite or countable set of A for which Fa »(s)

has a double pole at s = #(1). In these rare cases M. 41 (x) has a different order of magnitude. More precisely,
My a(z) ~ K'2%" logx

as x — 0o, where K’ is a positive constant that depends only on A and .

5.3 Examples

One can examine the different cases represented in Theorem 5.0.2 for various matrices A by plotting the
functions 6(x, \) for z > 1 and different ranges of A (depending on A). Recall that if we can identify the

value = x¢ for which 6(z, \) is maximal in these ranges, then the Dirichlet series F4 x(s) will have a pole

at s =00 =1 (1 + /\Z,’:Idb), where either k = [z¢] or k = [x0].

If

the matrix associated with the restrictive factor function R(n), then we can see in Figure 5.2 that, for a few
chosen values of A with 0 < A < 1, the maximal value of §(x, \) for > 1 occurs at = 1. Similar behavior

holds for any matrix of the form

1 —k
A:
0 1
and 0 < A < 1/k.
If
PRI B
2 5

then we can see in Figure 5.3 that, for values of XA larger than 0, the maximal value of 6(x,\) for x > 1
occurs at = 1. Similar behavior holds for any matrix in A with b > 1 for any positive A.
Matrices in A for which the maximal value of 6(x, A) occurs at some value z strictly larger than 1 appear
as a subset of those represented by the third case in Theorem 5.0.2. For example, the matrix
-3 =5

ABG) —
2 3
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Figure 5.2: Plot of the function 0(z, \) for A1) = ( (1) _11 ) with A =1/6,1/3,1/2,2/3,5/6

will yield a pair (A®)\) in G provided that 0 < A\ < 2/3. Figure 5.4 shows plots of 6(x, \) for (A®) for
several values of A in this range. Note also that the curve 6(x,2/3) appears in Figure 5.4 at the bottom.
This curve does not appear to attain its maximum, which is not surprising given that we expect such a
maximum to be attained only if A is in the open interval (0,2/3).

One can see in Figure 5.5 the behavior of 8(z,\) for A®) with X in the interval (0,2/3). While 0(z, \)
attains its maximum at x = 1 for small values of A, this behavior changes dramatically at values of A close
to 2/3.

Figure 5.6 shows behavior of 6(x, \) for A®) with A in a much more restricted range. The curves (z, 0.6),
0(x,0.625), and 6(x,0.65) attain their maxima at x = 1, x = 2.58114, and = = 10.7009 respectively. The
bottom-most curves 6(z,0.675) and (z,0.7), which do not attain their maximum, are shown for comparison.

Figure 5.7 shows the behavior of #(z, ) for A®) in the entire interval 0.6 < A < 0.7. If we consider only
those X in a smaller interval contained in the upper range of the interval (0,2/3), as in Figures 5.8 and 5.9,
this behavior becomes more pronounced. The curves 6(z,0.645), 0(x,0.65), and 6(x,0.655) shown in Figures

5.8 attain their maxima at x = 7.60576, = = 10.7009 (as before), and x = 16.4315 respectively.
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Figure 5.3: Plot of the function 6(x, \) for A?) = <

(G200 \V]

) with A = 1/2,1,2, 5, 10, 20, 40, 80
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Figure 5.4: Plot of the function 6(x, \) for A®) = ( _23 > with A =1/4,1/3,1/2,7/12,2/3
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Plot of the function 6(x, ) for A®) = ( 5 3

) with A = 0.6,0.625,0.65,0.675,0.7
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Figure 5.9: The surface 0(z, \) for A®) = ( 5 3

) with 0.645 < A < 0.655
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5.4 Further remarks on My )(z) and S ()

For asymptotic formulas for the sums S4 »(z) we use the following form of Perron’s formula (see [20], Sections

9.42 and 9.44; and [21], Section 3.12):

c+iT xs
A(s)?ds + R(x,¢,T),

Za(n)z%/

c—iT

It is more natural to consider this sum Sa x(z) instead of M4 (), but we note that the variant of
Perron’s formula used for M4 »(z) has an extra factor of SJ%I in the integrand, which makes estimations
easier.

In order to estimate Sa4 (), we apply the above version of Perron’s formula with a(n) = fa,(n) and
A(s) = Fa.(s). Upon shifting the path of integration and replacing it with a rectangular path with vertices

c—1iT, c+iT, v+iT, and v —iT, one can apply the residue theorem as before to obtain

S (fam) = K2+ 3,

n<x k=1

where K" is a positive constant depending only on A and A. Upon estimating the remaining terms .J,, and

R(z,¢,T) and selecting T so as to optimize the resulting error terms, one finds that

ST (fam) = K2 4 R, (),

n<x

where

" (T) <€\ max {xee),xﬁ(%"‘/\“‘"l)(log x)r}

and r is a positive constant that depends only on A and A.
We also remark that even if (A4, A) is not in G, one can still use Perron’s formula to find nontrivial upper

and lower bounds for My () of the form

2 <ap Map(z) <apne z9t
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for some positive constant C' depending on A and .

5.5 Proof of Theorem 5.0.3: \-densities of matrices in G

We begin with the following simple result.

Lemma 5.5.1. For any 0 < a < 8 and any € > 0 we have

#{lag <m < Bg:(m,q) =1} = (B8 — a)d(q) + Oc(q).

Proof. We have

#og<m<Bg:(mg)=11= Y Y1

ag<m<pBqdlm

dlq
=Y ud) Y 1
dlq ag<m<fBq
d|m
- S5 - [+2)
dlq
Since |Zd|q M(d)| S Zd|q1 < qev
. 1 = (3 p(d) ‘
#{ag <m < Bg: (mg) =1} = (F—a)gy_ =~ + Oclq")
dlq

We now turn our attention to the proof of Theorem 5.0.3.
Note that if ¢ > 0 and b < 0, then the relation ad — bc = 1 implies that a < 0. Replace b with —b and a

with —a. The given conditions become bc — ad =1, a,b, c,d > 0, and

dc
bc—1"

0<A< (5.4)

Let Ngo(A) =#{A e A:h(A) =c¢, (N A) € G}, and define Ny (), Ng,c(A), and Ny 4()) similarly for
the cases where h(A) = b, h(A) = ¢, and h(A) = d, so that

#{AeA:MA) <Q,(\A) €G} = Naa(A) + Nap(A) + Nac(A) + Naa(A) +O0(Q).
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If h(A) = ¢, then bc — ad = 1 implies ad = —1 (mod ¢), hence a = —d (mod c¢). Since also 1 < a < ¢, we

have a = ¢ — d, where d is the unique inverse of d mod c satisfying 1 < d < ¢. So

l4+ad 1+cd—dd

b= =
& &

Inserting this into equation (5.4), we obtain

We note that there are only O(1) matrices A with h(A) = 1. Hence

Ny,o(N) = Z #{1<d<q (d,q) =1, d>q)\;1}+0(1)
2<q<@Q
= Z #{1§m§q:(m,q)—1,m>q}4—0(1)
2<q<Q
- ¥ #f{mafrt T smsama -1} o
2<q<Q A

> @) +0.QF)  fo<a<l,

_ 2<q<Q
Z (q) + 0 (Q'F) if A>1.
2<q<Q
Using the well-known estimate
> on —XQ + O(X log X)
n<X )

(see for example [23] or Chapter 18 of [10]) , we see that

—QQ F0(Q") ifo<Aa<l,
N.A,C()\) = QC( )

2>\C( )

Q* 4+ 0.(Q') ifA>1.

If h(A) = b, then bc — ad = 1 implies ad = —1 (mod b), hence a = —d (mod b). Since also 1 < a < b, we

have a = b — d, where d is the unique inverse of d mod b satisfying 1 < d < b. So

_l4ad 1+bd—dd
b b
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Inserting this into equation (5.4), we obtain

1
d>b\+ ——
+d

This can only hold if A < 1, hence for A > 1, wehave # {A € A : h(A) =b,(\,A) € G} =0. When 0 < A\ < 1,
we note that d = 1 only when d = 1 since 1 < d < b. We find that d > b for all but a bounded number of
integers b. Also, we note that again h(A) =1 for only O(1) of these matrices. Hence for 0 < A < 1,

1
N./Lb()\): Z #{1<d§ql(d,q)zl,d>b)\+d1}+0(1)

2<q<@Q
= Y (#{1<d<q (d,q) =1, d>b)\+1}+0(1)>—|—0(1)
2<q<Q d—1
= > #{Ma<m<g:(mg)=1}+0(Q)
2<q<Q
— Z #(q) + O. Q1+e)
2<q<@Q
1-—

_ - N2 1+€
- 53 @ 0.

If h(A) = a, then be — ad = 1 implies be = 1 (mod a), hence b = ¢ (mod a). Since also 1 < b < a, we

have b = ¢, where ¢ is the unique inverse of ¢ mod a satisfying 1 < ¢ < a. So

bc—l_cé—l
a  a

d:

Inserting this into equation (5.4), we see that aA < ¢. This can only hold if A < 1, hence for A > 1, we have
#{AecA:h(A) =a,(\ A) € G} =0. Furthermore, if bc = 1 then ad = 2, so there are O(1) such matrices.
When 0 < A < 1,

Na,o(A) = Z #{1<e<q:(c,q) =1,c>ar}+0(1)

2<q<Q
> #{a<m<q:(mq) =1}+0(1)
2<q<Q
Z ¢ +O Ql-l—e)
2<q<Q
_ -~ 2 1+e
- 5 @ + 0@

If h(A) = d, then bc — ad = 1 implies bc = 1 (mod d), hence b = ¢ (mod d). Since also 1 < b < ¢, we
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have b = ¢, where ¢ is the unique inverse of ¢ mod d satisfying 1 < ¢ < d. So

bc—1 cc—1
d= = .
d d
Inserting this into equation (5.4), we find
A1
e< v+

So ¢ < % for all but a bounded number of integers c. Since again there are O(1) matrices with bc = 1, we

have

2<q<Q
:2§;Q<#{1§c§q:(c,q)—1,6< }+O( )) +O(1)
Q;Q#{l Smgmin{q,%} i (m,q) = 1}+O(Q)

Y @)+ 0@ fo<a<l,

2<q<Q

Z d(q) + O(QM) if A > 1.

2<q<Q

B T()Q%ro (QYTY) ifo< A<,

2 1+€ :
EAC( )Q +0(Q') ifA>1.

Combining the above four cases, and the fact that if det A = —1 then (A, ) € G for all A > 0, one obtains

the desired result after a short calculation.
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Chapter 6

Eigenvalues

Given a matrix A that gives rise to a function f4(n), it is natural to ask how A influences the behavior of

this associated arithmetic function. We have seen how certain values of the fractional linear transformation

a — Aa = gg_ts, with a € N, affect the average values of the function f4. Do the eigenvalues of A
also influence the behavior of f4(n)? To answer this question, we establish results on the local density of
eigenvalues through their natural connection to a particular surface.

For each given matrix A and a positive real number z, we define the weighted average

Ma(@) = Y (1 - g) Fa(n).

1<n<z

We also consider )\j and A}, the positive and negative real eigenvalues of A, respectively. Thus, )\jg and A\

are solutions of the quadratic equation
A2 —tr(A)\ +det(A) = 0,

with

Vie+d?+4
Az:a+d+ (2a+d) +4 6.1)

and

)\Z:a+d—w/(2a—|—d)2—|—4' 6.2)

Furthermore, )\jg and A satisfy the inequalities A} < 0 < )\X and the identity )\XAX =—1.
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Figure 6.1: The surface 8.

6.1 A connection between A(Q,z) and the surface §

For a large @ and a much larger x, we consider the subset A(Q,x) of 2 x 2 matrices with integer entries

given by

a b +
AL
.A(Q,I) = = 01 Sa,b,C,dS Q,ad—bc: _17 77QAAa

logMA(x)> cs
c d Q 7

log x
where the surface § is given by
S={(z,y,2) eER¥: 1 < 2,2 < 2,2y =—1}.

(See Figure 6.)
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The map
\I/Q’x : .A(Q7.%') — 8

defined by
Ah

\I/Qy-L(A) = (7 QA27

> log MA(JJ)>

log x

associates to each matrix A € A(Q, ) a unique point on 8. Given such a matrix A, the normalized eigenvalues
)\z and A, give the first and second coordinates of the corresponding point, with )\X divided by @ and A
multiplied by . We note that )\jg is close to a + d, which can be 2Q) at most. It follows that )\j/Q < 2,
with very few exceptions.

For the sake of simplicity, we restrict our attention to the case when )\j /@ is in the interval (1,2) and
leave to the reader to make the adaptation to the case when A} /Q is in the interval (0, 1), as the two cases
are similar.

In the third coordinate of such a point on 8, we observe that for any A with positive entries, fa(n) > 1

for all n. It follows that M (x) > x/2. Hence,

log M 4(z) 1 log 2
log x logx’

Finally, for simplicity’s sake, we consider only the case when z is in the interval (1,2). In like manner, one

can study the case when z is in the interval (2, 00).

6.2 Properties of Vg,

In order to investigate the influence of the eigenvalues )\j{ and A of A on the behavior of the associated
arithmetic function fa(n), we examine the joint distribution of A%, A}, and (log M 4(x))/logz. That is, we
examine the image of ¥y , on 8. More precisely, for a given point (a, —1/a, 5) on 8 we consider, for each

small § > 0, the neighborhood V, g s of (a, —1/a, 3) in § given by
va,ﬁ,(s = {(x,y,z) €38: |J) - Oé‘ < 57 ‘Z_ﬂl < 6}

We would like to estimate the number of matrices A in A(Q, x) for which ¥y ,(A) lies in V4 55. We expect

the number of such matrices to grow like a constant times §2Q? as @ and z tend to infinity, with = much
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larger than @), while § > 0 is kept fixed. This leads us to consider the limit of the ratio

#{0oLVaps)}  #{Ac AQ,z): Vo .(A) € Vags)
52@2 - (52Q2 )

as = approaches infinity and then ) approaches infinity. Lastly, we take the limit of this expression as
§—0F.

Our main result can be summarized as follows.

Theorem 6.2.1. Fiz a point (o, —1/a, ) € 8, where a and B are real numbers such that 1 < «, 8 < 2.

Then we have

24 (B —« F6> a
o #H{AEAQx) : Vg (A) EVaps) 2Z\G-1) if B> o
lim lim lim J 201
§—0 Q—o00 T—00 (52@2

07 ’Lfﬂ < .

Thus, the images via ¥ , of almost all matrices A lie on the part of the surface § where z > x, depicted
in blue in Figure 6. If we fix two points P, = (a1, —1/aq, 51) and Po = (g, —1/as, 82) on that portion of
the surface 8§ and compare the local densities of the points in ¥q , (A(Q, x)) around P; and P, respectively,

as a direct consequence of our theorem we deduce the following:

Corollary 6.2.2. Let a; and f3; be real numbers such that 1 < oj < f8; < 2 for j € {1,2}. Then we have

. . . #{A € ‘A(Q7I) : \IIQ,:C(A) S ’V(Xl,,gl,(s} _ (ﬁl - O‘l)(ﬂZ - 1)
gl—r&) ngnoo mlggo #{A € A(Q,2) : Vo 1(A) EVaypnst (Bo—ao)(B1—1)

6.3 The subset D, 350,

We begin the proof of Theorem 6.2.1 by fixing o and 8 in the interval (1,2) and 6 > 0 small enough so that

a and 8 belong to the interval (1 + 4,2 — §). We also consider the set of matrices

ga,ﬂ,é,Q,x: { E‘A(Q7I) 1 §a,b,c§d§@,adfbc:—1,

(a—é)Q§a+d§(a+5)Q,(6—1—5)d<b<(B—1+6)d}.
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The cardinality of D, g.5.0,» is given by

#Dopsge= . > #{(ab):1<ab<dad—be=-1,
1<d<Q  1<c<d
ged(e,d)=1
(a=80)Q<a+d< (a+6)Q,

(B-1-08)d<b< (B—1+0)d}

=Y 3 1. (6.3)

1<d<Q 1<c<d

ged(e,d)=1
(a—6)Q<d+(cc—1) /d<(a+0)Q
(B—1-68)d<ec<(B—1+d)d

As in Chapter 4, ¢ is used to denote the unique multiplicative inverse of ¢ modulo d in the interval [1, d].
The second step in (6.3) follows from the fact that the conditions 1 < b < d and ad — bc = —1 imply that b
is equal to ¢ Hence, a is uniquely determined and is given by a = (bc —1)/d. Furthermore, the contribution
of the terms in (6.3) for which d < (a — §)Q/2 is zero. Indeed, since a < d, we see that if d < (o — 0)Q/2,
then a +d < (o — 9)Q.

Setting ¢ = d, * = c and y = ¢, we obtain #D, 5o in the form

#Do.5,6,0.0 = Z #{(2,9) € Qaps5.04NZ% 2y =1 (mod q)}, (6.4)
(a=8)Q/2<q<Q

where

Qo600 = L(u,0) ER* 11 <u,v<q,(a—8)qQ — ¢* <uwv < (a+0)qQ — ¢*

(B=1-8)g<v<(B-1+0)q} (6.5)

We estimate the summands in (6.4) by using Lemma 4.5.1. We break the region 2, 35,0 ¢ into squares of
side length L = [Q"] for some 0 < 7 < 1, and denote by I; those squares lying entirely within Q4 5.0 ¢, and
B; those squares which intersect both Q4 56,0, and its complement in R?, where 1 < j <nand 1 <i<m

for some natural numbers n and m. We have

#{(u,v) € Qap50,q:ab=1 (mod q)} = Z #{(u,v) € I; : ab=1 (mod q)}

1<j<n

+ Z #{(U,U) € B; N Qa,@,(S,Q,q :

1<i<m

ab=1 (mod q)}.
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By Lemma 4.5.1, each of the summands on the right-hand side above is equal to

A 12+ 0.g2)

If we take Q' to be the subset of Q4 50,4 formed by removing from Q4 g5 0,4 @ neighborhood of the
boundary of Q4 5.4.0,4 of width Lv/2, we find that Q' C (JI; C Qa,5.4,0,4 and

Area(Qa,5,6,0.4) — Area(Q') = O(qL).

Hence,
Area (U Ij) = Area(Q4.8,6.0,4) + O(QL).
Since
Area (Ulj) = Z #{(u,v) €I; :ab=1 (mod ¢)}
1<j<n
_ n¢(§) L2 + Oe(nq1/2+€),
q
we have

nL? = Area(Qu.5.5.0.4) + O(QL),

(%)

and in particular

Thus,

S #{u0) € 1yzab=1 (od )} = n AL L2 40, (g
1<j<n
2
= d)(gg) (Area(Qa,ﬁ,é,Q,q) + O(QL)> +0. (%q1/2+6>

5/24¢
= 9(9) Area(Q4,5,5,0,4) + O(L) + O« (Q 72 ) .

q2
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Similarly, we find that m = O(Q/L) and

0< Z #{(u,v) € BiNQap,s50,4:ab=1 (mod q)}

1<i<m

< Y #H(wv) e B ab=1 (mod g)}
1<i<m
= m%lﬂ + Oc(mg'/?*)

Q3/2+6
)

mm+@<

Taking 7 = 5/6, we have

?(q .
#{(u,v) € Qo ps50,q:ab=1 (mod q)} = (;)Area(g)%&&Qﬂ) + 0. (Q¥/6F).
Thus,
#Dops,Qe =M+ E, (6.6)
where
¢(q)
M=} 2 real@aps.0a) (6.7)
(@—6)Q/2<q<Q
and

E= Y Bapsgq=0(Q"/0). (6.8)
(a—6)Q/2<q<Q

6.4 The main term from D, 350,
To examine the main term M in (6.7), we recall from the definition of the set Q4 5.0, in (6.5) that

(a0 —68)qQ — ¢* < uv < (a+6)qQ — ¢>.

We first point out that when @ > 8 and § is small enough, all the areas Area(€q.3,5,0,4) are zero for all

values of ¢. Indeed, if & > 3 and (u,v) € Area(24,5,5,0,q), then
(a=1-0)? <(a=0)qQ—¢" <w < qv < (B—1+6)¢".

This shows that for ¢ > 0 small enough, all of the sets Area(Qq g.5,0,q) are empty. In what follows we will

restrict to the case a < 3. From the position of the hyperbolas uv = (a—3)qQ — ¢* and uv = (a+68)qQ — 2,
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the horizontal lines v = (p —1—§)g and v = (p — 1+ §)g, and their points of intersection with the boundary

of the square [1,¢] x [1, ¢g], we find that

QO‘ﬁv&Q# =LnN ([13 q] X [L q]),

where £ is the “parallelogram shaped” region that lies between the hyperbolas and horizontal lines.

It is easy to see that if ¢ < (o — §)Q/(B + 0), then L lies completely outside the square [1,¢] x [1,q].
Furthermore, one can verify that if (o — §)Q/(a+9) < g < (a+ §)Q/(8 — J), then L intersects the square
[1,¢] x [1,q] but does not lie entirely inside it. This implies that £ lies close enough to the boundary of the
square [1, g] x [1,¢] that the total contribution of these values of ¢ to the main term M is negligible. Hence,
we are left with the sum

Z @Area(ﬁ). (6.9)

(a+0)Q/(B—8)<q<Q

Here, Area(L) is asymptotic to the area of the parallelogram. That is, if § is small enough, then we have

Area(L) ~ 24q <(O‘ +30)gQ —¢*  (a—68)qQ — qz)

B-Da  (B-1y

B 26Q

=20 (2

_40%¢Q

T a-1 (6.10)
as Q — oo. Inserting (6.10) into (6.9), we obtain

48°Q 9(q)
M~ 2 > at (6.11)

(a+8)Q/(B—6)<q<Q
We estimate the summation in (6.11) by employing the following result from [5].

Lemma 6.4.1 (Lemma 2.3 from [5]). Suppose that a and b are two real numbers such that 0 < a < b, ¢ € N*

and f is a piecewise C* function defined on [a,b]. Then we have
b

Z(b; _é/ 2y dz+0 [ 1ogb | 1 f] + /|f )| da

a<q<b
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Applying Lemma 6.4.1, we find that

Q
3 o) _ ﬁ / dt + O(log Q).
(a+8)Q/(B—6)<q<Q 1 (a+8)Q/(8—6)

Then inserting (6.12) into (6.11), we find that

50~ B (1 - Z) ’

as @ — oo first and then followed by 6 — 0.

6.5 The subset C, 350

Next, we consider the set of matrices
a b
Ca,8,5,Q.0 = eAQ,z):1<a,b,d<c<Q,ad —bc=—1,

(@-0Q<a+d< (a+6)Q,(B—1-0)c

<

a

<

Estimating the cardinality of €, 55,0, in a similar fashion to that in (6.3), we write

#Ca.8,6,0,2 = Z Z 1.

1<e<Q 1<d<ec
ged(e,d)=1
(a=8)Q<c—d+d< (a+6)Q
(B—8)c<c—d<(B—146)c

(6.12)

(6.13)

(61+5)c}.

(6.14)

The equality in (6.14) follows by noticing that the conditions 1 < a < ¢ and ad — be = —1 imply that a is

to equal ¢ — d, where d is the multiplicative inverse of d modulo ¢ in the interval [1,c]. Furthermore, note

that in (6.14) the terms for which ¢ < (a — §)Q/2 have no contribution to the sum. Indeed, the inequality

(a —8)Q < ¢ —d+ d implies (o — §)Q < 2q. Hence, setting ¢ = ¢, * = d and y = d, we obtain #Cy 5.5.0.4

in the form

#Co 85,02 = Z #{(z,y) € Iy 8,6,0,q0 VAR zy =1 (mod ¢)}, (6.15)

(@—8)Q/2<q<Q
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where

Lap60q = {(u,v) €R*:1<uv<g,
(@=0)Q—-g<u—v<(a+0)Q—q,

2-8-90)q¢<v<(2-p0+0d)q}. (6.16)
Applying Lemma 4.5.1 as before, we obtain

#(q)

#{(2,y) € Taps.0qNZ° 12y =1 (mod q)} = Z Area(Ta,8,5,0.0) T Ea 8.6.0.0 (6.17)
where
By p5.0.q = 0(QY°). (6.18)
Then inserting (6.17) and (6.18) into (6.15), we find that
#Ca85,Q0 =M + E, (6.19)
where
¢(q)
M= 2 Areallass.q) (6.20)
(a—6)Q/2<¢<Q
and
E'= ) b 5600 = 0(@QM/0F). (6.21)

(a—6)Q/2<4<Q
6.6 The main term from C, 3.,

From the definition of the set I'y ,5,0,4 i (6.16), we see that

La g0 =MN([1,q] x[1,49]),

where M is the parallelogram that lies between the slant lines v = u+¢— (o +9)Q and v =u+g— (a—0)Q
and the horizontal lines v = (2 — 8 — 0)g and v = (2 — 8 4 §)q. First, we observe that if @ > g, then for §
small enough all parallelograms M lie outside the square [1,¢] x [1,¢]. In this situation, the sets 'y g,5,0.q4
are empty, so the main term M’ is zero.

In what follows, we consider the case when o < 8. If ¢ < (o — §)Q/(8 + §), then the parallelograms M
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still lie outside the square [1,q] X [1, ¢q]. Hence, we may restrict to the interval [(a — §)Q/(8 + 0), Q).

Next, if ¢ belongs to the interval [(o — §)Q/(8 + 9), (o + §)Q/(B8 — J)], then M intersects the square
[1,¢] x [1,q] but is not entirely contained in it. This implies that M lies close to the boundary of the square
[1,4] x [1,q], so that all those values of ¢ satisfying this property have negligible contribution to the main
term M.

Thus we may restrict the summation over g to the interval [(a+6)Q/(8 — ), Q]. For all such values of ¢,
we see that M is entirely contained in the square [1,¢] x [1,¢] and its area is equal to exactly 46%¢qQ. Hence,

the main term in (6.20) is given by

M= ) ¢(3 ) Area(Ta,,5,0.4) (6.22)
(a+8)Q/ (B0 <a<@ !

= 45%Q > ola). (6.23)
(a+0)Q/(—8)<a<@ 1

Using Lemma 6.4.1, we find that

M:Q<1_a+5) o .
(a+5)Q/(25:5)<q<Q ¢ <2 G—g ) Olea) (6.24)
Then inserting (6.24) into (6.22), we see that

M 4 a+6

2Q ) (1 8- 5) ’ (6.25)

as @ — oo first and then followed by § — 0.

6.7 Proof of Theorem 6.2.1: Local density results

On combining the above estimates for #D, 550, and #Cu 5,50, When (3 is larger than o and recalling

that both quantities are zero when S is less than «, we deduce that

(&7 (e}
4 (1 - > 4 (1 - >
#ga,ﬂ,é,Q,x + #ea,ﬁ,é,Q,x ﬂ /B

Y Jin lim 202 = Gooee T 0 Tesh
07 lf a < ﬁ,
il (6 — a) ifa<p
—{ @As-1 (6.26)
0, ifa > p.
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Recall that, by Theorem 4.0.1,
My(x) = K patH @t/ (etd) 0 ) (g2 (@tb)/(etd) oyl (log 2)%/° (log log ) ~1/°}).

Theorem 4.0.1 shows us that

as £ — 00. Since

when d > ¢ we see that

as x — oo. When ¢ > d, we have

as r — 0.

We partition A(Q, x) into two subsets, according to whether 1 < max(c,d) < /Q or max(c,d) > Q.
There are at most O(Q3/?) matrices of the first type, and for the second type we have O(1/d?) = O(1/Q)
and O(1/c¢?) = O(1/Q) when d > ¢ and ¢ > d, respectively, as Q — cc.

We note that the § in our definitions of D, g,50,» and €y 3,50, should be replaced by an expression
of the form ¢ 4+ dg(Q), where the function Jg(Q) = O(1/Q), but in what follows we let @) tend to infinity
before letting ¢ tend to zero, so in our case we may replace one by the other.

Since 1+ (a+b)/(c+d) < B+ 6 < 2, we find that a < ¢, and similarly b < d. So the conditions a,b < d

and a,b < cin Dy 5,0, and Cu g,5,0,. are satisfied. Thus,

lim #Da,,502 + #Capoe  #HIAEAQ, ) Vgu(A) €Vapst
S 5202 5202

O(é?b@)

as @@ — oo. This, in combination with (6.26), completes the proof of the theorem.
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Chapter 7

fA-type maps on the complex plane

So far we have considered only the action via fractional linear transformation of 2 x 2 matrices on real
numbers. This type of action can be easily extended to fractional linear transformations of complex variables
z. It is natural to consider how the functions fa(n) and fa,x(n) behave in this more general setting.

For a matrix

with integer entries and determinant +1, consider the set of complex numbers z = 7 + iy with the property
that |z + %| > ¢ for all positive integers k, provided that ¢ # 0. Further, consider the fractional linear

transformations Az and Akz, where
akz+b
Akz = .
N ckz+d

Define f4 : Nx C — C by
fA(nvZ) = H pAaZ-

pe|[In
How does this function behave on average?
In keeping with the methods we have developed, we wish to discover information about regions in the

complex plane in which the Dirichlet series
= fa (TL, Z)
F = E LA )
A(Sv Z) — ns

has a meromorphic continuation with at least one pole. Let us suppose that |z| < R for some large R. If

¢ = 0 then
acz +b

A =
o] = | *2

‘ < alaz| + 1b] < (aR + |b]) a.
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Note that in particular |z| > e. Then for ¢ > 1,

Aaz| < |acz + b < lalaR + |b| < <|a|R+|b> o

€ - € €

Hence |fa(n, z)| < nUelB+BD/¢ and so Fu(s, ) is analytic in the region R(s) > 1+ (|a|R + |b|) /€ and so

has an Euler product in that region given by

Az A2z A3z

FA(SaZ):H<1+ppS +pp28 + P +)

3s
» p

7.1 Regions of meromorphic continuation

We wish to factor out terms of the form (1 + p:%) in the product form of the function F(s, z), in which

case we can write

Fa(s,z) = (ks — Akz)G a(s, 2)

for some function G (s, z) that is not necessarily analytic. This gives a singularity at s = ¢ (1+ Akz). If we
can show that this singularity is a pole rather than an essential singularity, and further identify the value of
k such that this pole is the furthest to the right of all such poles (if such a k exists), then we can guarantee
that there is a half plane that includes the pole at s = 1 (1 4+ Akz) and on which the function G (s, z) is
analytic.

Consider for x > 1 the function

1
0" (z, z) := - (14 R(Azz))
which is comparable to the function 6(z, A) from Chapter 5.

If ¢ = 0 then

1 b at
0 (z,2) =~ (1+2) + 2.
(2,2) x( +d>+ -

This function is decreasing for x > 1 provided that b > —d. If we take a to be non-negative, then the
condition b > —d is equivalent to b > 0 if det A =1 and to b > 2 if det A = —1. Note that in order to apply

this to matrices of the form
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and to the matrix

associated to the function R(n) in particular, one must introduce A-moments as in Chapter 5.

If ¢ # 0, write

ks — akz+0b ckz+d

ckz+d ckz+d
aclz|?k? + (adz + bez) k + bd
B c2|z|2k? + 2cdrk + d?

so that
ac|z|?k? + (ad + be)Tk + bd

Akz) =
R(Akz) c2|z|2k? + 2cdTk + d?

A short Mathematica calculation shows that

29*@ )= 1 n (be + ad)T + 2acz|z|? ~ (bd + (be + ad)Tx + acx?|z|?)(d? + dedra + 3c222|z|?)
Ox U 22 d2x+ 2edTa? + 23|22 (d2x 4 2cdTa? + 2x3|2|?)? '

Note that, as x tends to infinity,
(be + ad)T + 2acz|z|? 2a
d?x + 2cdTa? + 2ax3|z|2 ca?

and
(bd + (bc + ad)Tz + acx?|z|?)(d? + dedrx + 3c*a?|2|?) 3a
(d?x 4 2cdTa? + 2a3|z|?)? cx?
hence
0 1 a
S0 (w,2) ~ = (14 2).
Oz (z,2) x? * c

So this derivative is eventually negative provided that —a < ¢. For other cases, one could introduce \-
moments as in Chapter 5.

This shows that there do exist matrices A and complex numbers z with non-zero imaginary parts for
which F4 (s, z) has a meromorphic continuation with at least one pole. In such cases, we identify for fixed z
the values of x for which

sup 0" (z, z)
z>1

is attained at x; for 1 < j < M. We further consider |z;| and [z;] for each j = 1,2,...M, and take as k
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Figure 7.1: The surface 6*(x, —1/2 + i7y) for A®)

whichever of these gives the larger value of

1
£ (14 R(Ak2)),

In some cases more than one of the values |x;| and [z;] maximize the above quantity simultaneously. In
this situation we obtain up to 2M different values of k& and we obtain either a pole of F4(s, z) of order larger

than 1, or multiple poles with the same real part and different imaginary parts.

7.2 Examples

Consider the matrices
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AW = and A®) =

The matrix A satisfies —a < ¢ so we expect sup,>1 0*(, 2) to be attained at a finite (though not

necessarily unique) value of . The function 6*(z, z) has poles at points (z, z) for which zz = —2. If we fix
7 = —1/2, say, one can graph 6* as a function of z and  as shown in Figure 7.1.
& &
3r 3r
N
|\
27\\\ 2\ |‘ \\
N X [N
: S -3 ! ™ e | \\\\ | " g
T | T B e
\_\\ | -— - ‘ —
- i |
2 3 ny 4 3 3 T 2 ERNANI 3 6 T
\ |
-1r -1r A
\/
gk gk

Figure 7.2: 0*(x,—1/2 + 0.034) for A4 Figure 7.3: 0*(z,—1/2 + 0.015i) for A®)

When 7 = —1/2 the function has a pole at (x,7v) = (4,0). For |y| much larger than 0 the function is
maximal at = 1, but as -y approaches 0 the function grows in absolute value near = 4. This behavior is
shown in Figures 7.2 and 7.3. The function is maximal at = 1 when v = 0.03 and at = 4 when = 0.015.
We note that |y| is bounded away from 0 when 7 = —1/2 by assumption. If we fix v > 0 and allow 7 to
vary, we can examine the behavior of 8*(z, z) with no interference from possible poles. Figure 7.4 shows the

behavior of 6*(x, T +i0.015) for A®),

The matrix A®) does not satisfy —a < ¢, so the function 0*(x, z) may or may not attain its maximal

value for a finite 2. The function 6*(z, z) has poles at points (x, z) for which xz = —3/2. If we fix 7 = —1/2,
say, one can graph 6* as a function of x and v as shown in Figure 7.5.
When 7 = —1/2 the function has a pole at (x,v) = (3,0). As in the previous example the function

grows in absolute value near x = 3 as 7 approaches 0. For |y| much larger than 0 the function increases

monotonically to 0 as © — oo. This behavior is shown in Figures 7.6 and 7.7.

The function is maximal at  ~ 3 when v = 0.02, but while it has a local maximum near x = 3 when
~v = 0.09, that maximal value is less than the limit of the function as z — oco. We note again that ||
is bounded away from 0 when 7 = —1/2 by assumption. If we fix v > 0 and allow 7 to vary, we can

examine the behavior of 6*(x, z) with no interference from possible poles. Figure 7.8 shows the behavior of

0* (x, 7 +i0.015) for A®),
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7 +140.015) for A®)

)

T

(

Figure 7.4: The surface 6*
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05

Figure 7.5: The surface 6*(x, —1/2 + i7y) for A

05}

—-15L

Figure 7.6: 0*(x, —1/2 + 0.095) for A®)
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Figure 7.7: 0*(x, —1/2 + 0.02i) for A®)



Figure 7.8: The surface 6*(x, 7 4 i0.02) for A®)
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7.3 Open questions: The regions Ra(k, 2)

Note that if we identify k for a particular A and z, then also this value of k will give us a pole of F4(s,w),
where |z — w| < § for some small § > 0.

Let

1
Ra(k,z) = {w € C: Fa(s,w) has rightmost pole at s = Z (1+ Akz) }

Since the function 1 (1 + R(Azz)) is continuous in both x and z for z > 1 and z not purely real, there
should be some regions R4(k) and R4(j) that have a nonempty intersection (although the interior of this
intersection will be empty). Values of w in this intersection correspond to double poles of the function F4
ifk=j5+1

If we take all values of k for which F4(s, z) has a meromorphic continuation for some complex number

z, then those values of z neccessarily lie in the union of regions

Ra=|JRa(k).
k

How many of these regions R4 (k) touch each other? Is the entire region R4 connected? Is it possible
that R4 is composed of two connected domains that don’t intersect? Of five nonintersecting connected

domains?

7.4 Open questions: Fixed points
We say that a complex number zq is a fixed point of the transformation z — Az if

_aztb
_CZ()+d_

20- (7.1)

We follow the convention that Ao, = a/cif ¢ # 0 and Ay = 0o if ¢ = 0.
There is a clear relationship between the fixed points of the map induced by a particular matrix A and
the notion of fa(n,z) being a measure of how close n is to being k-power full or k-power free. Given a

matrix A and a non-infinite fixed point zg, for a given k the map

n fA(n,zo/k)k/zU

is the identity map provided that n is a k-th power. It is natural to explore the properties of this relationship.
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If ¢ = 0 then oo is a fixed point. Note that in this case
a b
Azg = — -
20 dZO + d

so also zg = dfba is a fixed point. If det A = 1 then a = d so we take zg = oo, and if det A = —1 then a = —d
and zp = —b/2. On the other hand, if ¢ # 0 then by multiplying equation (7.1) by c¢zg + d and solving the
resulting quadratic equation we find that a fixed point zy must satisfy

(a —d) £ +/(a—d)?+ 4bc

2c

zZ0 =

This is non-real when (a—d)?+4bc < 0. A short calculation shows that this is equivalent to tr(A)? < 4det A.
This is impossible when det A = —1, and is equivalent to |[tr(A4)| < 2 when det A = 1.

An exposition on these fixed points can be found in [1]. Given a 2 x 2 matrix with real entries, a
transformation for which tr(A)? < 4 is said to be elliptic. A non-identity transformation for which tr(A)? = 4
is said to be parabolic (in which case the transformation has a single real fixed point), and a transformation
for which tr(A)? > 4 is said to be hyperbolic (in which case the transformation has two real fixed points).

Does each k have an ‘optimal’ choice of matrix A? How does the choice of a matrix A affect the properties
of the map

n fA(n,zo/k)z(’/k

when the transformation associated to A is elliptic, parabolic, or hyperbolic?
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