(© 2014 by Jachoon Kim. All rights reserved.



EXTREMAL PROBLEMS INVOLVING FORBIDDEN SUBGRAPHS

BY

JAEHOON KIM

DISSERTATION

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics
in the Graduate College of the
University of Illinois at Urbana-Champaign, 2014

Urbana, Illinois

Doctoral Committee:

Professor Emeritus Paul M. Weichsel, Chair

Professor Alexandr V. Kostochka, Director of Research
Professor Emeritus Douglas B. West

J. L. Doob Research Assistant Professor Bernard Lidicky



Abstract

In this thesis, we study extremal problems involving forbidden subgraphs. We are interested in
extremal problems over a family of graphs or over a family of hypergraphs. In Chapter 2, we consider
improper coloring of graphs without short cycles. We find how sparse an improperly critical graph
can be when it has no short cycle. In particular, we find the exact threshold of density of triangle-
free (0, k)-colorable graphs and we find the asymptotic threshold of density of (j, k)-colorable graphs
of large girth when k& > 25 + 2. In Chapter 3, we consider other variations of graph coloring. We
determine harmonious chromatic number of trees with large maximum degree and show upper
bounds of r-dynamic chromatic number of graphs in terms of other parameters. In Chapter 4,
we consider how dense a hypergraph can be when we forbid some subgraphs. In particular, we
characterize hypergraphs with the maximum number of edges that contain no r-regular subgraphs.
We also establish upper bounds for the number of edges in graphs and hypergraphs with no edge-

disjoint equicovering subgraphs.
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Chapter 1

Overview

In this thesis, we are interested in extremal problems on graphs and hypergraphs. In other words,
we study the relationship between several parameters over a family of graphs or hypergraphs with
forbidden structures. Mainly, we want to determine the maximum or minimum value of a given
parameter over a family of graphs or hypergraphs.

In Chapters B and B, we explore variations of graph coloring problems. Part of why we study
graph coloring problems is because they describe many real-life situations, and the solutions of
the problems help us deal with the situations. For example, assigning frequencies to satellites can
be modeled by an improper coloring problem on graphs, and distributing resources to people so
that everyone has access to at least r different resources from their friends can be modeled by an
r-dynamic coloring problem.

In Chapter B, we discuss extremal problems for hypergraphs. These problems are important
partially because hypergraphs are generalizations of many mathematical objects including graphs,
matroids, and even topologies. Hence many problems in other areas can be stated in the language
of hypergraphs. For example, many-body system problems in physics, and even chemical reaction

networks can be modeled by hypergraphs.

1.1 Improper coloring of sparse graphs with given girth

Chapter B is based on [35] and [36] which are joint works with Alexandr V. Kostochka and Xuding
Zhu. In Chapter B, we study improper coloring of graphs with given girth.
A (dy,...,dg)-coloring of a graph G is a partition of V(G) into sets Vi, ..., V} such that for

every 1 < i < k, the subgraph G[V;] of G induced by V; has maximum degree at most d;. If



dy = ... =d =0, then a (di,...,dg)-coloring is simply a proper k-coloring. If at least one d; is
positive, then a (di,...,dy)-coloring is called improper or defective. Several papers on improper
colorings of planar graphs with restrictions on girth and of sparse graphs have appeared.

In Chapter B, we consider improper colorings with just two colors, the (j, k)-colorings. Even
with two colors, testing (j, k)-colorability is a computationally difficult problem if (j, k) # (0,0).
In particular, Esperet, Montassier, Ochem and Pinlou [Z4] proved that the problem of verifying
whether a given planar graph of girth 9 has a (0, 1)-coloring is NP-complete. Since the problem is
hard, it is natural to consider related extremal problems.

The maximum average degree, mad(G), measures sparseness of G. Kurek and Ruciniski [d0]
called graphs with low maximum average degree globally sparse. In particular,

if G is a planar graph of girth g, then mad(G) < nggQ. (1.1)

We will use the following slight refinement of the notion of mad(G). For a,b € R, a graph G is
(a,b)-sparse if |E(H)| < a|V(H)|+ b for all H C G. For example, every forest is (1,0)-sparse, and
every graph G with mad(G) < a is (a/2,0)-sparse.

We also say that G is almost (a,b)-sparse if |E(G)| = a|V(G)|+ b and |E(H)| < a|V(H)| +b
for all H C G. For example, every k-regular connected graph G is almost (k/2,0)-sparse. Almost
(a,b)-sparse graphs could be considered critical, that is, they become (a,b)-sparse after deleting
any edge. In particular, every almost (a,b)-sparse graph is (a,t’)-sparse for all ' > b.

For several pairs (j, k), recent research determines values a and g such that graphs with maxi-
mum average degree a are (j, k)-colorable and planar graphs with girth g are also (7, k)-colorable.
However, it was not known whether planar graphs with girth 10 or 11 are (0, 1)-colorable or not.
Theorem P11 is the first to determine the exact density threshold of triangle-free graphs for im-
proper colorability. Theorem I together with (I) yields that every planar graph with girth at
least 11 is (0, 1)-colorable.

In Chapter B, instead of considering planar graphs with given girth, we consider graphs G with
given girth that are (a,b)-sparse for small a. Let F};(g) denote the supremum of positive a such

that there is some (possibly negative) b with the property that every (a,b)-sparse graph G with



girth g is (4, k)-colorable. The above-mentioned result in Section EZIl implies Fy1(3) = 2 = 1.2.
In Section B2, we consider graphs with any girth g. Theorem =23 gives values for this param-
eter by showing that Fj(g) =2 — % for k > 25 + 2.

1.2 Variations of coloring problems

In Chapter B, we consider two variations of proper coloring, which are harmonious coloring and
r-dynamic coloring.

Section B is based on [6] which is a joint work with Saieed Akbari and Alexandr V. Kostochka.

A harmonious coloring of G is a proper vertex coloring of G such that every pair of colors
appears on at most one pair of adjacent vertices. The harmonious chromatic number of G, h(G), is
the minimum number of colors needed for a harmonious coloring of G. It was shown by Hopcroft
and Krishnamoorthy that the problem of determining the harmonious chromatic number of a graph
is NP-hard. Moreover, Edwards and McDiarmid [20] showed that the problem remains hard even
when restricted to the class of trees. Since the problem is hard in the class of all trees, it makes
sense to identify subclasses in which the problem is easier.

It is easy to show h(G) > A(G) + 1 for every graph G. In [B] it was shown that if 7" is a tree
of order n and A(T') > 4, then h(T') = A(T') + 1. Moreover, the proof yields a polynomial-time
algorithm for an optimal harmonious coloring of such a tree. We strengthen this result by showing

that if an n-vertex forest 7" satisfies A(T) > 212, then

W) A(T) +2, if T has non-adjacent vertices of degree A(T);
A(T)+1, otherwise.
Moreover, there is a polynomial-time algorithm for an optimal harmonious coloring of such a forest.

Section B2 is based on [32] which is a joint work with Sogol Jahanbekam, Suil O, and Douglas
B. West.



An r-dynamic k-coloring is a proper k-coloring ¢ of G such that |c¢(N(v))| > min{r,d(v)} for
each vertex v in V(G), where N (v) is the neighborhood of v and ¢(U) = {¢(v): v € U} for a vertex
subset U. The r-dynamic chromatic number, introduced by Montgomery [45] and written as x,(G),
is the minimum £ such that G has an r-dynamic k-coloring.

In Section B, we prove relations between x,(G) and other graph parameters like maximum
degree, minimum degree, diameter, and chromatic number.

Regarding maximum degree of graphs, we prove x,(G) < rA(G)+1 and characterize the graphs
achieving equality. When the minimum degree is not too small, we can greatly improve the bound
in terms of the maximum degree. For an n-vertex graph G, we show that 6(G) > =5 (r + 1) Inn
implies x,(G) < A(G) + r + s. In particular, §(G) > 2rlnn implies x,(G) < A(G) + 2r, and
(G) > r(r+1)Inn implies x,(G) < A(G) + .

For regular graphs, we mention the inequality x,(G) < rx(G), which holds for k-regular graphs
G with k£ > (3 + o(1))rInr. When k is not sufficiently large in terms of r, the ratio x,(G)/x(G)
can grow superlinearly in r; we provide an example using Kneser graphs where k£ = r and x,.(G) >
PL3TT (@),

For graphs with small diameter, we give a proof of x2(G) < x(G) + 2 for every graph G with
diameter 2. Furthermore, equality holds only for complete bipartite graphs and Cs. Moving on
to diameter 3, we prove x2(G) < 3x(G) when diam(G) < 3, and this is sharp. For graphs with
diameter 4 there is no bound in terms of chromatic number. In contrast, x3 is unbounded already

on bipartite graphs with diameter 2.

1.3 Hypergraphs with forbidden subgraphs

In Chapter B, we consider two exteremal problems for hypergraphs. We characterize hypergraphs
with no r-regular subgraphs, and we find upper bounds for the number of edges in hypergraphs
without equicovering subgraphs.

Section BT is based on [34] which is a joint work with Alexandr V. Kostochka.

In Section BT, we consider the question of how many edges a hypergraph H has when H



contains no r-regular subgraph. Some answers to this quesition are known for graphs, while only
a little is known for hypergrphs. A hypergraph H is r-free if it has no r-regular sub(hyper)graphs.
Mubayi and Verstraéte [d6] proved that for every even integer k > 4, there exists ny such that for
each n > ny, each n-vertex k-uniform 2-free hypergraph H has at most (Zj) edges, and equality
holds if and only if H is a full k-star, that is, H consists of all (Zj) edges of size k containing a
given vertex. In Theorem B, they also proved that an n-vertex non-unifrom hypergraph H has
at most 2"~ ! edges, and equality holds if and only if H is a full star, that is, H consists of all 2"~1
edges containing a given vertex.

Our first result in Section B is Theorem E12 showing that the maximum number of edges in
an n-vertex r-free hypergraph is 2" ~! 47 — 2. We also conjecture that r-free hypergraphs with the
most edges must contain a full star. In Section BZIl, we prove this conjecture for graphs satisfying
either n > r 4 2[logyr| + 1 or n > 425.

Section B2 is based on [] which is a joint work with Ilkyoo Choi, Amelia Tebbe, and Douglas
B. West.

In Section B2, we consider hypergraphs without ¢ edge-disjoint subhypergraphs whose local
behavior at vertices is somehow “the same”. Lindstrom [47] introduced a precise notion of such a
property. A hypergraph H satisfies the ¢-Fqual Union Property (t-EUP) if H has t edge-disjoint
distinct subhypergraphs Hi, ..., H; such that for all H; the union of the edges is the same. If
Hy,..., H; are not edge-disjoint, then H satisfies the weak t-EUP. When the t-EUP holds, the
union of the edges is the same for each subhypergraph. Lindstrém [42] proved an upper bound for
the number of edges in a hypergraph not satisfying ¢t-EUP.

We introduce the t-Equal Valence Property (t-EVP), a variation on the -EUP. Trivially, the
t-EVP is stronger than the t-EUP. A hypergraph H satisfies the t-Equal Valence Property (t-EVP)
if H has ¢ edge-disjoint distinct subhypergraphs Hi, ..., H; such that dg, (v) = - = dg,(v) for
each v € V(H). If the valence condition holds but Hy, ..., H; are not edge-disjoint, then H satisfies
the weak t-EVP.

In Section B2, we characterize the graphs satisfying the 2-EUP and those satisfying the 2-



EVP, yielding the exact maximum number of edges in graphs not satisfying 2-EUP and in those not
satisfying the 2-EVP. In Section E=23, we prove upper and lower bounds for the maximum number
of edges in graphs not satisfying the t-EVP. In Section B23, we consider hypergraphs, and we
prove upper bounds for the maximum number of edges in hypergraphs and k-uniform hypergraphs

not satisfying 2-EVP and t-EVP.

1.4 Background material

For completeness, here we present background definitions used in this thesis.

A hypergraph H is a pair consisting of a vertex set V(H) and an edge set E(H), where each edge
in E(H) is a subset of V(H). We abuse notation by denoting |H| = |E(H )| be the number of edges
in H. An edge e of H is a k-edge if |e| = k, and we do not allow the empty set to be an edge. For
two hypergraphs H and H’, we say a bijective function f : V(H) — V(H') is an graph isomorphism
if f is also a bijection between E(H) to E(H') when f(e) = {f(v) :v € e,e € E(H)}. If there is a
graph isomorphism between H and H’, we say that they are isomorphic. When every edge of H
is a k-edge, we call H a k-uniform hypergraph. In particular, we call G a graph if it is a 2-uniform
hypergraph, in which case the two elements in an edge are called endpoints. We define the rank of
H to be egg&) le| the anti-rank of H is to be eenlei(I}I) le|. For two hypergraphs H, H', we say H' is a
sub(hyper)graph of H if E(H') C E(H) and V(H') C V(H). We then write H' C H and say that
“H contains H. A hypergraph H’ is an induced sub(hyper)graph of H if V(H') = A C V(H)
and E'(H) ={e:e C V(H'),e € E(H)}"; we then write H = H[A] and say that A induces H'
in H. We write H — e or H — M for the subgraph of H obtained by deleting an edge e or set of
edges M from E(H). We write H —v or H — S for the subgraph of H induced by V(H) — v or
V(H) — S. The number of edges containing v in H is the degree of v in H, written dg(v) or d(v)
when the hypergraph H is clear from the context, and we define the maximum degree of H to be
A(H) = vg‘lfz%}é) d(v), and the minimum degree of H be 6(H) = Uen‘l/i(l}{)d(v). A hypergraph H is
regular if all vertices in V(H) have the same degree; it is r-regular if every vertex has degree r.
The span of H, written S(H), is the set of vertices with positive degree. The maximum average

degree, mad(H), of a hypergraph H is the maximum of %, which is average vertex degree



2|E(G)]
V(&)

of H, over all subgraphs H' of H. In particular, for a graph G, mad(G) is the maximum of
over all subgraphs G’ of G.

Two vertices u, v are adjacent if there is an edge e containing both u and v. A vertex v and an
edge e are incident if e contains v. Also two edges e and f are incident if e and f have a common
element. A hypergraph is finite if its vertex set and edge set are finite. A loop is an edge of size 1.
Multiple edges are edges having exactly the same elements. A simple hypergraph is a hypergraph
having no loops or multiple edges.

We say that a set A C V(H) is an independent set of H if A induces no edges; equivalently,
H[A] has no edges. A graph G is bipartite if V(G) is the union of two disjoint (possibly empty)
independent sets called partite sets of G. A graph G is k-partite if V(G) can be expressed as the
union of k (possibly empty) independent sets. A complete graph is a simple graph whose vertices
are pairwise adjacent; the complete graph with n vertices is denoted K,,. A complete bipartite graph
is a simple bipartite graph such that two vertices are adjacent if and only if they are in different
partite sets. When the sets have sizes r and s, the complete bipartite graph is denoted K, . The
union of graphs G1,...,Gy, written Gy U --- U Gy, is the graph with vertex set Ule V(G;) and
edge set Ule E(Gy).

Consider a graph whose vertex set can be indexed as {vy, ..., v, } so that its edge set is {v;v;4+1 :
1 <i<n—1}. We call the isomorphism class of this graph P,,. A copy of P, is called a path of
length n. Consider a graph with an n vertices and n edges whose vertices can be placed around
a circle so that two vertices are adjacent if and only if they appear consecutively along the circle.
We call the isomorphism class of this graph C),. A copy of C, is called a cycle of length n.

A walk is a list vy, e1,v1,...,eg, v of vertices and edges such that, for 1 < ¢ < k, the edge ¢;
has endpoints v;_1 and v;. A trail is a walk with no repeated edge. A u,v-walk or u,v-trail has first
vertex u and last vertex v; these are its endpoints. A w,v-path is a path whose vertices of degree
1 (its endpoints) are u and v; the others are internal vertices. The length of a walk, trail, path, or
cycle is its number of edges. A walk or trail is closed if its endpoints are the same. A walk, trail or
path is odd or even if its length is odd or even, respectively.

A graph G is connected if for all u,v € V(QG), there is a path containing u and v. Otherwise, G



is disconnected. The components of a graph G are its maximal connected subgraphs. A component
(or graph) is trivial if it has no edges; otherwise it is nontrivial. An isolated vertex is a vertex of
degree 0. A graph is Eulerian if it has a closed trail containing all edges. We call a closed trail a
circuit when we do not specify the first vertex but keep the list in cyclic order. An Eulerian circuit
or FEulerian trail in a graph is a circuit or trail containing all the edges. An even graph is a graph
with all vertex degrees even. A vertex is odd when its degree is odd, and it is even when its degree
is even.

A graph G is k-connected if it has more than k vertices and there is no set of k — 1 vertices
whose deletion leaves a disconnects subgraph. We use x(G) to denote the connectivity of a graph,
which is the largest k such that G is k-connected. Similarly, a graph G is k-edge-connected if there
is no set of k — 1 edges whose removal disconnects it. We use x'(G) to denote the edge-connectivity
of a graph, which is the largest k& such that G is k-edge-connected. A cut-edge or cut-vertex of a
connected graph G is an edge or vertex whose deletion leaves a disconnected subgraph.

A k-coloring of a graph G is a labeling f : V(G) — S, where |S| = k. The labels are colors;
the vertices of one color form a color class. A k-coloring is proper if adjacent vertices have different
labels. A graph is k-colorable if it has a proper k-coloring. The chromatic number x(G) is the least

k such that G is k-colorable.



Chapter 2

Improper coloring of sparse graphs
with a given girth

2.1 On (0, 1)-coloring of triangle-free graphs

A (dy,...,dg)-coloring of a graph G is a partition of V(G) into sets Vi, ..., Vi such that for every
1 <i <k, the subgraph G[V;] of G induced by V; has maximum degree at most d;.

A graph G is (a,b)-sparse if |E(H)| < a|V(H)|+ b for all H C G. We also say that G is almost
(a,b)-sparse if |E(G)| =a|lV(G)|+band |E(H)| < a|lV(H)|+0b for all H C G.

Glebov and Zambalaeva [26] proved that every planar graph G with girth at least 16 is (0, 1)-
colorable. Borodin and Ivanova [I4] proved that every graph G with mad(G) < % is (0, 1)-colorable.
By (D), this implies that every planar graph G with girth at least 14 is (0, 1)-colorable. Borodin
and Kostochka [I5] proved that every graph G with mad(G) < 2 is (0,1)-colorable, and this
is sharp. This implies that every planar graph G with girth at least 12 is (0, 1)-colorable. As
mentioned above, Esperet et al. [24] proved that the problem of verifying whether a given planar
graph of girth 9 has a (0, 1)-coloring is NP-complete. Dorbec, Kaiser, Montassier, and Raspaud [1Y]
mention that because of these results, the remaining open question is whether all planar graphs
with girth 10 or 11 are (0, 1)-colorable. Corollary of the following main theorem of this section

answers one of the questions.

Theorem 2.1.1. If a graph G is triangle-free (%, %)—sparse, G is (0,1)-colorable. On the other
1

hand, there are infinitely many non-(0,1)-colorable (%, 8)—8])(17’86 graphs G with girth 5 whose sub-

graphs are all (%, %)—sparse.

Theorem P together with (I) yields the following.

Corollary 2.1.2. Every planar graph with girth at least 11 is (0, 1)-colorable.



This answers half of the question above by Dorbec et al. [19].

In Section I, we introduce potentials of vertex subsets of graphs, restate the theorem in a
more general way in the language of potentials, and construct infinitely many graphs for which
the statement of Theorem PT is sharp. In Section 2172 we set up the proof, consider a smallest
counter-example G and derive simple properties of G. In Sections 123 and T4 we describe
the structure of subsets of V(G) with small potential. In Sections P18 and ZZTG we analyze the
structure of some special subgraphs of G, so-called shovels and (1,1, 1)-trees. In Section Z1-2 we

describe the discharging method and in the last two sections we use it to obtain a contradiction.

2.1.1 Restatement and a construction

In (0, 1)-coloring, we always will use colors 0 and 1, where the vertices of color 0 form an independent
set and the set of vertices of color 1 induce a subgraph of maximum degree at most 1.

For technical reasons, we will consider pairs R = (G, Z) where G is a graph and Z is a nonempty
subset of V(G) such that the vertices in Z have stronger restrictions on coloring. In (0, 1)-coloring
of such pairs, every z € Z must be colored with 1 and its neighbors must be colored with 0. Vertices
in Z will be called special and vertices in V(G) — Z typical. Since the vertices in Z could be isolated,
this setting contains can deal with the original (0, 1)-coloring problem on graphs. We also will use
potentials: Given a pair R = (G, Z), we let pr(A) = 11|A — Z| — 9|E(G[A])|. When the pair R is
clear from context, we will omit the subscript.

This definition is used because for all A C V(G) — Z,

p(A) >0 if and only if 2|E(|j|[A])| < % (2.1)

Also, by this definition,

p(A)+p(B) =p(AUB)+ p(ANB)+9|Eg(A— B,B—A)| forall A, BCV(G). (2.2)

So, instead of Theorem P11, we will prove the following slightly stronger theorem in the

language of potentials.

10



Theorem 2.1.3. If a pair R = (G, Z) is such that G is triangle-free and p(A) > —4 for all
A C V(G), then G is (0,1)-colorable. On the other hand, there are infinitely many non-(0,1)-
colorable pairs R = (G, Z) such that G has girth 5, all vertices of Z are isolated, p(V(G)—2Z) = =5
and p(A) > —4 for all AC V(G) — Z.

In Section P10, we prove the second part of the statement of Theorem P13, and the rest of

the section B is devoted to the proof of the first part.

Let graph D be obtained from a 10-cycle (z1,...,z19) by adding edge xz4xg (see Fig. 2.1). Let
x1 be the root, r(D), of D and x¢ be the top, t(D), of D. A useful property of (0, 1)-colorings ¢ of

D is the following.

(P1) If ¢(x2) = ¢(z10) = 0, then ¢p(xg) = 1 and x¢ has a neighbor in D of color 1.
Proof: Since ¢(x2) = ¢(x19) = 0, we have ¢(r3) = ¢(x9) = 1. Since x4xs € F(G) and each of

x4 and xg has a neighbor of color 1, they cannot be colored with the same color. By symmetry,

assume that ¢(z4) =1 and ¢(xg) = 0. Then ¢(x5) = 0 and ¢(z7) = 1. This yields (P1). O
t(Ds3)
L6 t(Dg)
Ts5 T
T4 g
T3 T9
T2 Z10
o r(D2)
r(Ds)
Figure 2.1 : D =D, Figure 2.2 : D» Figure 2.3 : D3

Define the sequence D1, Do, ..., of graphs as follows. Let D1 = D. If D; is constructed, then
D;1 is obtained from D; by taking a copy D’ of D disjoint from D;, merging the root of D" with
the top of D; and choosing as the top, t(D;+1), of D;+1 the top of D’ and as the root, r(D;y1), of
D,y the root of D;.

Similarly to (P1), for every i and every (0, 1)-coloring ¢ of D; the following holds.
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(P2) If the neighbors of r(D;) are colored with 0, then ¢(t(D;)) =1 and t(D;) has a neighbor
i D; of color 1.

Proof: For i = 1 this is exactly (P1). Suppose (P2) holds for all i < k. Let ¢ be any (0,1)-
coloring of Dy such that the neighbors of r(Dyy1) are colored with 0. Let D’ be a copy of D.
By definition, we obtain D1 by merging ¢(Dy) in Dy with r(D’) of D’ into a new vertex x. By
the induction assumption, ¢(t(Dy)) = 1 and ¢(Dy) has a neighbor of color 1 in Dj. Then both
neighbors of z in D' must be colored with 0. So by (P1), ¢(¢(D’)) = 1 and ¢(d’') = t(Dg+1) has a
neighbor of color 1 in D’. m

(P3) For everyi>1,

(a) p,(V(Dy)) = 11;
(b) pp,(A) > 10 for every nonempty A C V(D;),
(c) if 1(D;),t(D;) € A and A # V(D;), then pp,(A) > 12.

Proof: Since D; has 1+ 9i vertices and 114 edges, pp,(V(D;)) = 11(1 +9i) —9-11; = 11. This
proves (a).

To prove (b) and (c), consider first D;. Every proper subset A of V(D) induces a subgraph with
at most one cycle. If D;[A] is acyclic, then |E(D;[A])| < |A|—1andso p(A) > 11|A| -9(]A|—1) =
2|A| 4+ 9. If |A| > 2, this is at least 13. If D;[A] has exactly one cycle C, then |E(D;[A])| < |A]
and so p(A) > 11|A| — 9]A| = 2|A]. Since |C| > 5, 2|A| > 10. Moreover, if |A| =5 and D;[A] has a
cycle, then A = {4, x5, x6, v7, 23} and so x; = r(D;) ¢ A. Otherwise, |A| > 6 and so p(A) > 12.

Suppose now that the claim holds for D;_1 and consider D; for ¢ > 2 as a copy of D;_1 to
the top of which we merged the root of a copy D’ of D. Let x = ¢(D;—1) = r(D’). Let A be any
nonempty proper subset of V(D;). Let A’ = ANV(D') and A” = ANV (D;_1). By induction, the
claim holds for A" and A”. Thus if A” C {z} or A’ C {z}, then (b) holds and (c) does not apply.
Solet A" —x# @ and A’ —x # 0. If x ¢ A, then pp,(A) = ppr(A’) + pp,_, (A”) > 10 + 10 = 20.
Suppose z € A. Then pp,(A) = pp/(A’) + pp, ,(A") — 11 by Z2. As r(D’) € A" and |A'| > 2, by
the argument in the previous paragraph for D1, we know that either pp/(A’) > 12 or A’ = D’ and
pp'(A’) = 11. Therefore, pp,(A) > pp,_,(A”) and hence (b) follows. Assume r(D;) = r(D;_1) € A,
t(D;) =t(D') € Aand A # D;. If A” # D,_1, then pp,(A) > pp, ,(A") > 12 (as t(D') € A”). If
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A" =D;_1, then A" # D', and pp/(A") > 12 and pp,(A) > pp,_,(A") +1 > 12. O

t(D2)
Y1
Y2
r(D2)
Figure 2.4 : D Figure 2.5 : Gy

Let D; be obtained from D; by adding path (¢(D;),y1,y2,7(D;)), where y; and ys are new

vertices (see Fig. 2.4).

(P4) For every i > 1, and every nonempty A C V (D), pp,(A) 2 6. Moreover, if 1 < |A| <
VD), then pp, (4) > 7

Proof: Let A C V(Dy). If {y1,y2,7(D;),t(D;)} € A, then p(A) > p(A — y1 — y2). Since
A—y1 —y2 CV(D;), we get p(A) > p(A —y1 —y2) > 10. Suppose {yi,y2,7(D;),t(D;)} C A.
Then by (P3), if A= V(D;), then p(A —y; — y2) = 11 and otherwise p(A — y; — y2) > 12. Hence
p(A) = p(A—y —yo) +11-2—9-3> 11422 — 27 = 6, with equality only if A = V(D). O

We construct graph G; from 3 copies, Fi, Fy and F3, of 1~)Z and two vertices, u; and ueo, by
adding 5 edges: r(F1)uy, uir(Fy), r(Fa)ug, uor(F3) and r(F3)r(Fy) (see Go in Fig. 2.5).

(P5) For every i > 1, pc, (V(Gy)) = —5, and for every A V(Gi), pe,(A) = —4.

Proof: Let A C V(G;), |A| > 2. For j € {1,2,3}, let A; = ANV(F;). If A; = 0 for two

indices j1, jo, then pg,(A) > pr;, (Aj;) > 6. If A; = () for exactly one index ji, then pg,(A) >
PFj, (Aj3) + PF;, (AjQ) —-9>3. If Aj # () for all j, then

3 3
pai(A) = prj(Aj) +11-2—-9.-5= Zij(Aj) — 93,
j=1 j=1

with equality only in the case when {ui,ug,r(F1),r(F2),r(F3)} € A. By (P4), for j € {1,2,3},
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pr;(Aj) > 6 with equality only in the case when A; = V(Fj). Thus pg,(A) > 6+6+6 —23 = =5
with equality only if A =V (G;). O

(P6) For every i > 1, G; is not (0, 1)-colorable.

Proof: Suppose f is a (0,1)-coloring of G;. Then some two consecutive vertices of the cycle
C = (r(F1),u1,r(Fa),uz,r(F3)) are colored with 1. Thus there exists j € {1,2,3} such that
f(r(F;)) = 1 and r(F}) has a neighbor in C' of color 1. Then all neighbors of r(F}) in Fj are colored
with 0. So by (P2), f(t(F})) = 1 and t(F}) has a neighbor of color 1 in the copy of D; contained in
F;. But then both internal vertices y; and ya of the path (r(Fj),y1,y2, t(F;)) in the corresponding
copy of IN)Z must be colored 0, a contradiction. 0

By (P5) and (P6), the sequence {G;}°; proves the second part of the statement of Theo-
rem PT73.

2.1.2 Simple properties of counterexamples

Assume that R = (G, Z) is a counterexample to the first part of Theorem P13 with the fewest
vertices, and among such pairs with the largest sum of degrees of the vertices in Z. Let n = |V(G)|.
In the rest of the paper we will show that such R does not exist. In the current section we derive
some basic properties of R.

Recall that R = (G, Z) where G is a triangle-free graph with p(A) > —4 for all A C V(G).
Claim 2.1.4. |Z| =1, i.e. R has ezactly one special vertex.

Proof. By assumption, R contains at least one special vertex. If there are more than one spe-
cial vertices z1,---,2, in R, then we merge these vertices to get a new special vertex z’ whose
neighborhood is Ule N¢(z;). This gives us a smaller graph G’ and the pair R’ = (G', {z}).

If G’ has a triangle (u,v,w), then by construction, 2z’ € {u,v,w}, say 2/ = u, and there are
2i, z; € Z such that the path (z;,v,w, z;) is in G. But then pr({z;,v,w, 2z;}) < 3(—9)+2-0+2-11 =
—5 < —4, a contradiction. Thus G’ is a triangle-free graph smaller than G. If A C V(G’) and
2/ ¢ A, then pp/(A) = pr(A) > —4. If 2/ € A, then pp/(A) = pr(AU{z1,..., 2} — 2) > —4. By
the minimality of G, G’ has a (0, 1)-coloring ¢'. Let ¢(v) = ¢'(v) for each typical vertex v € V(G),

and ¢(u) = 1 for each u € Z. By construction, ¢ is a (0, 1)-coloring of G, a contradiction. O
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From now on, we assume that Z = {z}.
Claim 2.1.5. Ifv € V(G) — z, then d(v) > 2.

Proof. Suppose, N(v) C {w}. Let G’ = G —v and R' = (G’, Z). By the minimality of G, G’ has a

(0, 1)-coloring ¢. Then letting ¢(v) := 1—¢(w) we obtain a (0, 1)-coloring of G, a contradiction. [

Lemma 2.1.6. For every ) # A C V(G), p(A) > 0. Moreover, A = {z} is the only nonempty
proper subset of V(G) with p(A) = 0.

Proof. Suppose that the lemma fails and choose the smallest A C V(G) such that |A] > 2 and
p(A) < 0. If A is independent, then p(A) > 11(J]A| — 1) > 0. So, by minimality we may assume
that G[A] is connected. If |A| = 2, then p(A) > 11 — 9 = 2, thus |A| > 3.

Since A C V(G), there is a (0, 1)-coloring ¢’ of G[A]. Let Ay ={ve A:¢'(v) =0}, Ay ={v e
A: ¢ (v) =1}

Let the new graph G’ = G'(¢') have V(G') = (V(G) — A) U {2/, wp} and

E(G") = E(GIV(G)—(A—2)]))U{awy : 3b € Ag,ab € E(G)}U{az’ : b€ Ay,ab € E(G)}U{wpz'}.

Let R = (G',Z") where Z' = (Z — A) + 2'. Since |A] > 3, G’ is smaller than G.

If G’ contains a triangle, then either there is a vertex v ¢ A with two neighbors in A or there are
two adjacent vertices v, u ¢ A with neighbors in A. In the former case, p(A+v) < 0-9-9+11 < —4,
a contradiction. In the latter case, p(A + v + u) < —27 + 22 < —4, a contradiction. Thus G’ is
triangle-free.

Suppose G’ has a (0, 1)-coloring ¢”. Then by the definition of 2/, ¢"(2') = 1 and ¢"(wg) = 0.
Let ¢p(v) = ¢""(v) for v € V(G) — A, and ¢(v) = ¢/(v) if v € A. Then ¢ is a (0, 1)-coloring of G since
every neighbor of v € A1 in G — A is a neighbor of 2/ in G’, and so is colored with 0, and every
neighbor of w € Ay in G — A is a neighbor of wg in G’, and so is colored with 1. This contradicts
the choice of G. So, G’ has no (0, 1)-coloring. By the minimality of G, there is B C V(G’) such
that

pr/(B) < 5. (2.3)
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Choose a largest B C V(@) satistying (223). Since adding 2’ to a set does not increase its potential,

2 € B. If wy € B, then

pr((B—wo— 2 YU A) =pr(B—wo—2") + pr(A) — 9| Eg[B —wy — 2, A

<pr(B—wy—2")+0—9/Eg(B—wy— 2, {wo,2'})|
< pr(B —wo — 2') + pr({wo, 2'}) — 9| Ec[B — wo — 2, {wo, 2'}]| = pr/(B).

By (E33), this is at most —5, a contradiction. If wg ¢ B, then

pr((B—2)UA) = pr(B — =)~ 9|E[A, B~ || + p(A) < pr (B~ )~ 9|Egs[', B~ /)| = pr(B),

again, a contradiction by (E23). O

We say that a path P is a k-path if P has k + 2 vertices, and all internal vertices are typical
and have degree 2 in G, and each of the endvertices of P either has degree at least 3 or is special.
A vertex v is a k-vertex if d(v) = k. For k > 2, a k-vertex x is (aq, .. ., ax)-vertez if z is typical and

x is an end of distinct a;-paths for i =1,2,... k.

Claim 2.1.7. G has no alternating cycle C = (x1,y1,22,Y2, - - -, Tk, Yi) Such that all x; are (1,1,1)-

vertices (and thus all y; are 2-vertices).

Proof. Suppose G has such a cycle C' = (z1,y1, 22,92, .., Tk, yg). For i =1,... k, let u; be the
neighbor of x; outside of C' and w; be the neighbor of u; distinct from z; (it could be some x;
for 7 # i). Recall that by the definition of (1,1, 1)-vertices, all x;,y;,u; are typical. Consider
G' =G —{x1,y1,u1, ..., Tk, Yk, ur} and R = (G',{z}). Then G’ is a proper subgraph of G, so it
has a (0,1)-coloring ¢'. Let ¢p(v) = ¢/(v) if v € V(G'), and for i = 1,...,k, let ¢(z;) = 1,¢(y;) =0
and ¢(u;) =1 — ¢(w;). Then ¢ is a (0, 1)-coloring for G, a contradiction. O

Let Vp be the set of all (1,1, 1)-vertices and their neighbors. By Claim 2172, G[V] is a forest.
Let T4, ..., Ty be the components of G[Vp]. Each component 7" of G[Vp] will be called a (1, 1, 1)-tree,

and the size, ||T||, of a (1,1, 1)-tree T" is the number of (1, 1, 1)-vertices in 7.
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Lemma 2.1.8. Let T be a (1,1, 1)-tree in G and ¢ be a (0,1)-coloring of G —T. Then exactly one
verter of T is adjacent to a vertex v of color 1 in ¢, and either v =z or v has a neighbor in G —T

of color 1.

Proof. We use induction on the size of T. If the size of T is 1, suppose that x is the 3-vertex in
T, N(z) = {y1,y2,y3}, and uw; € N(y;) —x for i = 1,2,3. For i = 1,2,3, let ¢(y;) = 1 — Pp(u;).
This coloring cannot be extended to x only if exactly one vertex in N(z), say y; is colored with 0.
Moreover, if in this case u; # z and u; has no neighbor of color 1 in V(G) — V(T'), then we can
recolor y; with 1 and color « with 0. But if u; = z or u; has a neighbor of color 1 in V(G) — V(T),
then ¢ does not extend to T.

Suppose now that the lemma holds for (1, 1, 1)-trees of size at most ¢ — 1 and let 7" be a (1,1, 1)-
tree of size ¢ and ¢ be a (0,1)-coloring of G — T. A quasi-leaf of T is a 3-vertex adjacent to two
leaves of T'. Suppose T has a quasi-leaf x1 such that the two leaves of T', y; and y2, adjacent to
x1 are both adjacent to vertices in G — T of color 0. Then in any extension of ¢ to {y1,y2,z} we
must have ¢(y1) = ¢(y2) = 1 and so ¢(x1) = 0. By the choice of i, the new ¢ extends to the tree
T =T — x1 — y; — yo if and only if exactly one vertex T” is adjacent to a vertex v of color 1 in ¢,
and either v = z or v has a neighbor in G —T" of color 1. But then by construction, this also holds
for T

Thus we may assume that for every quasi-leaf x of T', some leaf y of T" adjacent to x has a
neighbor in T of color 1. Since every (1,1, 1)-tree of size at least two has at least two quasi-leaves,
we may assume that z and 2’ are quasi-leaves and y; and o are the leaves of T' adjacent to x and
uy and ug are their other neighbors. Let ¢(x) = 1 and for i = 1,2 let ¢(y;) = 1 — ¢(u;). Since at
least one of u; and wus has color 1, at least one of y; and y» gets color 0, and so the new partial
coloring ¢ is a partial (0, 1)-coloring. Then at least two leaves of the the tree T" =T — z — y; — yo
have neighbors of color 1, and so by the choice of i, the new ¢ extends to 7. Thus the original ¢

extends to T ]

In the next two sections we describe all sets of low potential.
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2.1.3 Sets of potential at most 2

The goal of the section is to prove the following.

Lemma 2.1.9. If A C V(G), 2 < |A| <n—4 and p(A) < 2, then A consists of one typical and

one special verter with an edge connecting them.

We will do it using a sequence of smaller claims. It is straightforward to check the lemma in
the case |A| € {2,3}. Suppose now that p(4) < 2 and 4 < |A| < n—4. Let A’ be the set of vertices

in A that have neighbors in V(G) — A.

Claim 2.1.10. No vertez v € V(G) — A has more than one neighbor in A, and G — A has no edge
uw such that both uw and w have neighbors in A. Furthermore, if z ¢ A, then the distance from z

to A is at least 3.

Proof. 1f some v € V(G) — A has more than one neighbor in A, then p(A+v) < p(A)+11-9-2 <
2 — 7 = =5, a contradiction. If uw € E(G — A) and both u and w have neighbors in A, then
p(A+u+w) <p(A)+11-2—-9-3 <2—5= -3, a contradiction to Lemma ZT8. Finally, if = ¢ A

and there is a path P; = (z,v1,...,v;) from z to A of length j < 2, then

PAUV(P))) < p(A) +11(7 — 1) = 9j <29+ (11 —9)(j — 1) = ~0 + 2j < -5,

a contradiction. ]
Claim 2.1.11. For each (0,1)-coloring ¢ of G[A] and each u € A’, ¢p(u) = 1.

Proof. Suppose that there is a (0, 1)-coloring ¢’ of G[A] and a vertex u € A’ such that ¢'(u) = 0.
Since u € A’, there is y € V(G) — A such that uy € E(G). Let A4g = {v € A : ¢'(v) = 0},
Ay ={ve A: ¢ (v) =1}. Consider the same G' = G'(¢’) and R’ as in the proof of Lemma ZT8.
By Claim 110, G is triangle-free. Since ¢'(u) = 0, wg has at least one neighbor in V(G)—A. If G’
has a (0, 1)-coloring ¢”, then as in the proof of Lemma 218, letting ¢(v) = ¢”(v) for v € V(G) — A
and ¢(v) = ¢/(v) if v € A yields a (0,1)-coloring ¢ of G, a contradiction. Thus G’ has no such
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coloring. Then by the minimality of G,

there is B C V(G') with pp/(B) < —5. (2.4)

Choose a set B satisfying (24) with the smallest potential and among those—with the largest size.

Then 2’ € B. If wg € B, then as in the proof of Lemma 218,

pr((B —wo — 2" YU A) = pr(B —wo — 2') + pr(A) — 9| Eg[B — wy — 2/, A]|

< pr(B—wy—2')+2—9|Eg(B —wy — 2, {wg, 2'})|
= pr(B —wo — 2') + prr({wo, 2'}) = 9| Ecr[B — wo — 2/, {wo, 2'}]| = pr/(B) < =5,

a contradiction. Suppose wg ¢ B. Since woy € E(G’), if y € B then wy has two neighbors y and 2’

in B, hence moving wy into B would decrease its potential. So, y ¢ B. Then as above by (24),

pr((B = 2') U A) = pr(B — &) + pr(A) = 9| Eg[B — ', 4]

<pr(B—=2)Y+2-9|Eg/(B—2,2")| = pr/(B) +2 < -3.
But A# 0 and y ¢ (B —2')U A. So by Lemma P18, pr((B — 2') U A) > 0, a contradiction.  [J

Claim 2.1.12. In every (0,1)-coloring ¢’ of G[A], each typical vertex in A’ has a neighbor of color
1in A.

Proof. Assume that for some (0, 1)-coloring ¢' of G[A], a typical vertex u € A’ has no neighbor
of color 1 in A. Let y be a neighbor of v in V(G) — A. Consider the graph G” with V(G") =
(V(G) — A) U {z',wp, w1} and

E(G") = E(G—A)U{wpz', wowy }U{bz’ : 3z € A’ —wu such that bz € E(G)}U{yw; : yu € E(GQ)}.

Let R" = (G",Z") where Z" = (Z — A) + 2/. By Claim PC110, G” is triangle-free.

Suppose G” has a (0, 1)-coloring ¢”. Since z'wg, wow; € E(G"), ¢"(wp) = 0 and ¢"(w1) = 1.
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Thus by Claim EZT11 and the choice of u, letting ¢(v) = ¢”(v) for v € V(G) — A, and ¢(v) = ¢'(v)
if v € A yields a (0, 1)-coloring of G, a contradiction. Thus G” has no such coloring. Then by the
minimality of G,

there is B C V(G") with pp/(B) < —5. (2.5)

Choose a set B satisfying (223) with the smallest potential and among those—with the largest size.
Then 2’ € B. Since Ngr(wg) = {2', w1}, if w1 € B, then wy € B, otherwise wy ¢ B. Suppose w;y €

B. Then B D {2/, wp, w1 }. So, since |Egn[{z', wo, w1}, B—{7',wo, w1 }]| = |Eg[A, B—{z', wo,w1}]|,

pr(BUA ~ (=, wo,w1}) = pro(B) — pro({2, wo,wi}) + pr(A) < pro(B) —4+2 < 7,

a contradiction.
Suppose wy ¢ B. As in the proof of Claim PZI11, if y € B, then moving wy and w; into B

would decrease its potential. So, y ¢ B. As at the end of the proof of Claim EZZT_11, by (E75) we get

pr((B — 2 )UA) < ppn(B) +2 < =3,

which contradicts Lemma P18, since A # ) and y ¢ (B — 2') U A. O

Claim 2.1.13. Ifu e A, then u = z.

Proof. Assume u € A’ is typical. Consider the graph G’ with V(G') = A U {w;,ws, w3} and
E(G") = E(GJA]) U {uw, wiwa, wows}. Let ' = (G, Z N A+ ws).

Since |A| < n —4, |[V(G')| < n. By Lemma P18, since u # z, p(A) > 1. Then pr/(B) > —4
for every B C V(G’). By construction, G’ is triangle-free. So by the minimality of G, G’ has a
(0, 1)-coloring ¢'. Since ws is special, ¢'(w3) = 1 and ¢'(w2) = 0. So ¢'(w1) = 1. Now if ¢/(u) = 0,
this contradicts to Claim EZI11 and if ¢/(u) = 1 then because of w1, u has no neighbors of color 1

in A, a contradiction to Claim ZTT2. O

Proof of Lemma ZI2. By Claim 113, A" C {z}. Since 4 < |A| < n — 4, we can (0, 1)-color G[A]
and G[(V(G) — A) U A’] by induction hypothesis, and combine the colorings to get a (0, 1)-coloring

for G since either A’ = () or A’ = {z}, and z is always colored with 1. This is a contradiction. [
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2.1.4 Sets of potential at most 4
The goal of this section is to show the following lemma.

Lemma 2.1.14. If A C V(G) and 4 < |A| < n — 4, then p(A) > 5. Moreover, if |A| < 3 and

p(A) <4, then z € A and G[A] is connected.

Suppose that the lemma fails and choose a smallest A C V(G) with 4 < |A| < n — 4 for which
it fails. Let A’ = {v € A : v has a neighbor in V(G) — A}. f BC V(G),1<|B| <3 and z ¢ B,
then p(B) > 11 since G has no triangle. Thus if G[A] is not connected, then by this and the
minimality of A, the vertex set C of some component of G[A] has potential at least 5. Thus in this

case, p(A—C) <4 —5= —1, a contradiction to Lemma PT8. So,

G[A] is connected. (2.6)

Practically repeating the proof of Claim PZT11, we obtain the similar claim:

Claim 2.1.15. No vertez v € V(G) — A has more than one neighbor in A, and G — A has no edge

uw such that both u and w have neighbors in A.

Claim 2.1.16. Let ¢ be a (0, 1)-coloring of G[A]. Then color class 0 of ¢ has at most one neighbor
mn G — A.

Proof. Let Ag ={ve A:¢(v) =0}, Ay = {ve A: ¢(v) =1}. Suppose there exist z,y € G — A
with neighbors in Ap. Let G’ be the graph with V(G') = V(G) — AU {wo, wy, 2’} and

E(G") = E(GIV(G) — A]) U{uz' : Jv € Ay with uwv € E(G)} U {zwy, 2w, 2"wj }U

U{uwf, : u # z,Jv € Agwith uwv € E(G)}.

Let R = (G',(Z — A) + 7).
By Claim 2118, G’ is triangle-free. Since |A| > 4, G’ is smaller than G. If G’ has a (0,1)-
coloring ¢', then by definition, ¢/(z") =1 and ¢'(wg) = ¢'(w() = 0. Thus ¢ and ¢’ together yield a

(0, 1)-coloring of G, a contradiction. So, G’ has no such coloring. Then by the minimality of G, there
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is B C V(G') with pp/(B) < —5. Choose such set B with the smallest potential and among those—
with the largest size. Then 2’ € B. If wy, w(, € B, then since |Eq/[{%, wo, w(,}, B — {2', wo, w(}]| =

|EclA, B = {2, wo, wy ],

pr(BUA — {2, wo,wi}) = pr(B) — prr ({2, wo, wp}) + pr(A) < pri(B) —4+4 < =5,

a contradiction.

Suppose now that w(, € B and wg ¢ B. Then by the minimality of pp/(B), ¢ B. Then

pr(BUA—{Z" wi}) = pr (B)—pr ({2, wo}) +pr(A) =9 Eg[B—wy—2', A]|+9| Eq/ [B—wp—2', {#/, wp }]

<pr(B)—-2+4< -3,

contradicting Lemma 216, since x ¢ B. In the case wo,wj ¢ B, the argument is the same, only
the final inequality will be pr(BU A — 2') < —1. If wy € B and w{, ¢ B, then similarly y ¢ B and

the the same calculations work. So in all cases we get a contradiction. O
The next claim is very similar to Claim ZZTT2 and has a similar proof with a twist.

Claim 2.1.17. In any (0,1)-coloring ¢ of G[A], each typical vertex of color 1 in A’ has a neighbor

of color 1.

Proof. Assume that for some (0, 1)-coloring ¢’ of G[A], a typical vertex u € A’ has no neighbor
of color 1 in A. Let y be a neighbor of v in V(G) — A. By Claim EZTI8, at most one vertex
in G — A has a neighbor of color 0 in A. If such a vertex exists, let it be 3’ and its neighbor
in A be v (by Claim T3, such ' should be unique). Consider the graph G with V(G") =
(V(G) — A) U {2, wp, w1} and

E(G") = E(G — A)U{w?, wowy, y'wo} U{bz' : 3z € A’ —u with bz € E(G)}U{yw; : yu € E(G)},

where possibly 3’ does not exist. Let R = (G",Z") where Z" = (Z — A) + 2/. By Claim 2113,

G" is triangle-free.
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Suppose G” has a (0, 1)-coloring ¢”. Since z'wg, wow; € E(G"), ¢"(wp) = 0 and ¢"(wy) = 1.
Thus by Claim 2T and the choice of u, letting ¢(v) = ¢”(v) for v € V(G) — A, and ¢(v) = ¢'(v)
if v € A yields a (0,1)-coloring of G, a contradiction. Thus G” has no such coloring. Then by the
minimality of G,

there is B C V(G") with pgv(B) < —5. (2.7)

Choose a set B satisfying (EZ0) with the smallest potential and among those—with the largest
size. Then 2z’ € B. Since Ngv(wg) 2 {2/, w1}, if w1 € B, then wg € B. Suppose w; € B. Then

B D {Z',;wp,w1}. So, since |Egr {2z, wo, w1}, B — {z/,wo, w1 }]| = |Eg[A, B — {Z', wo, w1}]],

pr(BUA — {2, wo,w1}) = prr(B) — prr ({2, wo, w1}) + pr(A) < prr(B) —4+4 < =5,

a contradiction.

Suppose w; ¢ B. If y € B, then moving w; (and wy, if it is not there) into B would decrease
its potential. So, y ¢ B. If wg ¢ B, then as at the end of the proof of Claim EZI-11, by (EZ3)
we get pr((B — 2') U A) < prv(B) +4 < —1, which contradicts Lemma P18, since A # () and

y ¢ (B—2)UA. If wy € B, then similarly,

pr((B — 2" —wo) UA) = pr(B — 2" — wo) + pr(A) — 9| Eg[B — 2’ — wo, A

< pr(B =2 —wp) +4 —9|Egn(B — 2" —wo, {2, wo})| = prr(B) + 4 — pre ({2, wo}) < =3,
contradicting Lemma 2718, since y ¢ B. O
The next claim is an analogue of Claim ZZTT3.

Claim 2.1.18. Ifu € A’ is typical, then (a) there exists a coloring ¢, of G[A] such that ¢, (u) =0

and ¢y (v) =1 for allv € A —u, and (b) u has exactly one neighbor in G — A.

Proof. Assume u € A’ is typical. Consider the graph G’ with V(G') = A U {w1,wq, w3} and
E(G") = E(GJA]) U {uw, wiwa, wows}. Let ' = (G, Z N A+ ws).
Since |A| < n —4, |[V(G')| < n. By Lemma P18, since u # z, p(A) > 1. Then pr/(B) > —4
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for every B C V(G’). By construction, G’ is triangle-free. So by the minimality of G, G’ has a
(0, 1)-coloring ¢'. Since ws is special, ¢'(w3) =1 and ¢'(wy) = 0. So ¢'(wy) = 1. If ¢'(u) = 1 then
because of w1, u has no neighbors of color 1 in A, a contradiction to Claim ZI14. Thus ¢'(u) = 0.

Now Claim P18 yields (b), and together with Claim ZTTH, also yields (a). O
Claim 2.1.19. Set A’ contains a typical vertex.

Proof. 1f not, then A’ = or A’ = {z}. Since 4 < |A| <n — 3, both G[V(G) — (A — A")] and G[A]
are smaller than G, and so by the minimality of G have (0, 1)-colorings, say ¢ and ¢’. Then ¢ U ¢’
is a (0, 1)-coloring of G, since if A" # (), then A’ = {z} and ¢(z) = ¢'(z) = 1. O

Claim 2.1.20. If z € A’, then z has no neighbor in A’.

Proof. Suppose z has a neighbor v in A’. Then vz € E(G[A]). If A’ = {v,z}, then we can color
GJA] and G[V(G) — AU A’'] and combine the colorings, since v, z have the consistent colors in both
colorings. So, there is u € A’ — z —v. Then by Claim EZTT8(a), there is a (0, 1)-coloring ¢,, of G[A]

such that ¢, (v) = ¢y(z) = 1, a contradiction to the fact that z € Z. O

Proof of Lemma ZI1.13. Assume 4 < |A| <n —4 and p(A) < 4. Suppose A" — {z} = {u1,...,uq}
and for ¢ = 1,...,d, z; is the unique neighbor of u; in G — A. Let X = {x1,...,z4}. If z; = z for
some ¢, then p(A + z;) = p(A) — 9 < —5, a contradiction. Furthermore, if z; is adjacent to z, then
p(A4+zi+2) <p(A)—2-9+11 < -3 and A+ x; + z # V(G), a contradiction to Lemma ZCTH.
Hence

¢ XUN(X) - A (2.8)

CASE 1: A" = {w1}. Let G’ be the graph with V(G') = V(G) — AU {wo, 7'} and E(G) =
E(G[V(G) — A]) U {ujwg, wpz'}. Let R' = (G',(Z — A) + 2’). If G’ has a (0, 1)-coloring ¢, then
#(2') =1, ¢(wp) = 0, and hence ¢(uy) = 1. So, together with the coloring ¢,, (see Claim T IR(a))
of G[A], ¢ will form a (0, 1)-coloring of G, a contradiction. Thus G’ has no (0, 1)-coloring and is
smaller than G, since |A| > 4. Hence there is B C V(G’) with pg/(B) < —5. Choose such B with
the smallest potential and among those—with the largest size. Then 2’ € B. If wy ¢ B, then 2’ is

isolated in G'[B] and pr(B—2") = pr/(B—2') = pr/(B) < —5, a contradiction. So wp € B and hence
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uy € B. Since B—z'—wy C V(G), we have pr(B—2'—wg) = pr/(B—2'—wp) = pr/(B)—114+2-9 < 2.
Since |A| > 4, |B—2z'—wp| < n—4. So by Lemmas 16 and 219, |B—2'—wg| < 2 and z € B—2'—wy
is adjacent to x1 € B — 2’ — wy, a contradiction to (Z3).

CASE 2: A" = {uy, z}. Consider G’ with V(G') = A+ wy, and E(G’) = E(G[A]) U {zwo, wou}
E(G") = E(G[A]) U {zwp,wou1 }. Let R’ = (G',{z}). If G’ has a (0, 1)-coloring ¢, then ¢(wg) =0
and thus ¢(u;) = 1. Recall that by Claim 2ZTT8(a), there is a (0, 1)-coloring ¢,,, of G[A] such that
¢u, (u1) = 0. By the minimality of G, G — (A — z) has a (0, 1)-coloring f. If f(x1) =0, then fU¢
is a (0, 1)-coloring of G; otherwise, f U ¢,, is a (0, 1)-coloring of G, a contradiction.

Thus G’ has no (0, 1)-coloring. Then there is B C V(G') with pr/(B) < —5. Since V(G')—wg C
A CV(G), wp € B. Hence z,u; € B and pr(B —wp) < pr/(B) —11+2-9 < 2. Since w1z ¢ E(G)
by Claim T2, this contradicts Lemma 2ZT°9.

CASE 3: d > 2. By Claim 2114, all x; are distinct and not adjacent to each other. Let G’ be
the graph with V(G’') = V(G) — (A — 2) U {wp, w1, 2’} and

E(G") = EGIV(G) — (A—2)])U{zx; : 3 <i < d}U{z129, W0, Wow1, w121}

Observe that G’ is triangle free. Otherwise x1, 22 have a common neighbor w. Then pr(A4 U
{w,z1,22}) < pr(A) — 3 < 1, contrary to Lemma ET9. Let R’ = (G',{z,2'}).

Suppose G’ has a (0, 1)-coloring ¢. Then ¢(z) = ¢(2') =1, ¢(x3) = ... = ¢(xq) = d(wpy) = 0
and hence ¢(w1) = 1. If ¢(x2) = ¢(x1), then since z1zo € F(G'), their common color is 1. But
x1 already has neighbor w; with ¢(w;) = 1. Thus ¢(z2) # ¢(x1). Then by Claim ZTT3(a),
either ¢ U ¢y, or ¢ U ¢y, is a (0,1)-coloring of G, a contradiction. So G’ has no (0, 1)-coloring
and is smaller than G, since |A| > 4. Hence there is B C V(G’) with pg/(B) < —5. Choose
such B with the smallest potential and among those—with the largest size. Then z € B. Since
G' — 11— 2z —wp—w; C G and G'[B] has no isolated or pendant vertices, apart from z, 2, we have
x1 € B. Then {wp, w1} C B. Let X’ = {x1,...,24} N B. Then |Eg[A—z, B—wy—w; —z]| = | X'].
So

pr(AU(B—wy—wi—2)) < pr(A)+pr(B—wo—w1—2)—9(| X'|+|Ec[{z}NA", B—wy—w;—2]|). (2.9)
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Because x1 € X', if xo ¢ X', then |Eq/ |2, B—wo—wi—z|| = |Eg[{z}NA", B—wo—w; —2]|+|X'|—1,

and so the last expression in (E79) is at most

4+pR,(B—z—w0—wl)—Q(IEG/[z,B—wO—wl—z]H—l):4+pR/(B—wo—w1)—9

<4+ (pp(B)—2-11+3-9)— 9 = pp/(B) < —5,

a contradiction.

If 25 € B, then on the one hand, G’ has an extra edge z1x2, and on the other hand,

|Eqr|z, B —wo — w1 — 2]| = |Eg[{z} N A, B —wy —wy — 2]| + | X'| — 2,

since 9 € X'. These edges cancel in the calculations, and we again get pr(AU (B —wo—wi —2)) <
—5, a contradiction.

To prove the "Moreover” part of the lemma, observe first that if z ¢ A and 1 < |A| < 3, then
p(A) > 6. Also, if G[A] is disconnected and 1 < |A] < 3, then |E(G[A])| < |A| — 2, and thus
p(A) > T1(|A| = 1) — 9(|A] — 2) = 2/A| +7 > 9. =

2.1.5 Shovels in G
Claim 2.1.21. If G has a subgraph Py = xix9x314 with d(z2) = d(x3) = 2, then z € {x1, T2, T3, 74}.

Proof. Assume z ¢ {x1,x2,23,24}. By Claim 213, d(x4) > 2. If d(z4) = 2 and x5 is the neighbor
of x4 distinct from x3, let Go = G — 9 — x3 — x4. By the choice of G, Gy has a (0, 1)-coloring ¢.
We can extend it to G by letting ¢(z2) = 1 — ¢(z1), ¢(x4) = 1 — ¢(x5), and letting ¢(z3) = 0 if
¢(z2) = ¢p(x4) = 1 and ¢(x3) = 1 otherwise. Since this contradicts the definition of G, d(x4) > 3.
Let G' = G — 2324 + 232 and R’ = (G',Z). Then by our definition, R’ is smaller than R,
since |V(G)| = |V(G")| and dg/(z) > dg(z). If G’ has a triangle T, then x32z € E(T). Since
Ner(23) = {22, 2}, we need V(T') = {x2,x3, 2z}, but 1 # z by assumption. So G’ is triangle-free.
Suppose G’ has a (0, 1)-coloring ¢'. If ¢/(z4) = 1, then ¢’ is a (0, 1)-coloring of G, a contradiction.

If ¢/(z4) = 0, then recolor xo with 1 — ¢'(z1) and z3 with 1. Again, we get a (0, 1)-coloring of G.
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So, G’ has no (0, 1)-coloring. Then by the minimality of G there is B C V(G’) with pg/(B) < —5.
Choose such B with the smallest potential and among those—with the largest size. By the choice,
z € B. If z3 ¢ B or x4 € B, then |E(G'[B])| < |E(G[B])| and pr(B) < —5. Let z3 € B
and x4 ¢ B. Then by the minimality of pr/(B), x2 € B and hence z; € B. So by definition,
pr(B) = pr/(B) +9 < 4. Since {x1,x2,23,2} C B, by Lemma EZTT4, |B| > n — 3. By the
minimality of pg/(B), x4 has at most one neighbor in B — z3. So since d(z4) > 3, x4 has a
neighbor y in V(G) — B and |B| < n — 2. If |B] = n — 2 then by Claim ZT3, each of y and x4
has a neighbor in B, and so pr/(B+y+ x4) < pr/(B) +2-11—3-9 < pr/(B), a contradiction.
So, we may assume that V(G') — B = {x4,y,z}. Since G’ has no triangles, by Claim P53,
pr(V(G") < pr/(B)+3-11 —4-9 < pr/(B), a contradiction to the choice of B. O

Claim 2.1.22. Suppose G contains a path P = (x1,x2,x3,2) such that d(ze) = d(x3) = 2. Then

either d(x1) > 4 or d(z1) = 3 and 1 belongs to a 5-cycle not containing ;.

Proof. By Claim T3, d(x1) > 2. Suppose d(z1) = 2 and xg # x2 is a neighbor of x1. If g = 2,
then p({x1,z2,23,2}) = 3-11 —4-9 = —3, a contradiction to Lemma PZZTH. So xy # z. This
contradicts Claim 2121 for the path (zg, 1,22, 23). So d(z1) > 3. If d(z1) = 3, let 2/, 2" be the
two neighbors of x1 distinct from zs.

Consider the graph G’ with V(G') = V(G) — 21 — 29 — 23 — 2’ — 2" + = and

E(G") = E(G|V(G) — 21 — 19 — 23 — 2’ — 2"]) U {zy : y is adjacent to 2’ or 2" in G.}

Let R’ = (G', Z). If z1 does not belong to a 5-cycle not containing xo, then G’ is triangle-free. If G’
has a (0, 1)-coloring ¢, then we extend it to G by letting ¢(2') = ¢(2”) = ¢(z), ¢(z1) =1 — ¢(x),
¢(z2) = 1, and ¢(z3) = 0. So, G’ has no (0,1)-coloring. Then by the minimality of G there is
B C V(G') with pr/(B) < —5. Choose such B with the smallest potential and among those—with
the largest size.

If + ¢ B, then pr(B) = pr/(B) < —5. If x € B, then pr(B —x+2' + 2" + 1) = pr/(B) +2-

11-2-9< —5+4 = —1, contradicting Lemma T8, since zo ¢ B —xz + 2’ + 2" + 2. O

We need several new definitions. If G contains vertices x1, 2, z3, z and a 5-cycle C5 containing
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x1 with d(z1) = 3 as in Claim ZTZ1, we call the subgraph induced by V(Cs) U {z1, z2, 23,2} an
intact shovel. The path x1,x9,x3, 2z is the handle, the cycle Cy is the head and 1 is the joint of
this shovel. By definition, vertices x1,x2,x3 in the shovel are not adjacent to any vertex outside
the shovel.

A path x1, 9,23,z in G such that x1 has degree t > 4 will be called a broken shovel of degree

t. Below when we speak of shovels, we have in mind both, broken and intact shovels.

z
z
x3
T2 3
T2
L1
y4 yl I
Y3 2
Figure 2.6 : An intact shovel Figure 2.7 : A broken shovel of degree 4

Claim 2.1.23. For every shovel S, G[V(5)] = S.

Proof. Suppose G has an edge e not in S that connects two vertices in V' (S). If S is broken, then
p(V(S)) <3-11—-4-9 = -3, and if S is intact, then p(V(S)) < 7-11—-9-9 = —4. In both
cases, we contradict Lemma P18, unless V(S) = V(G) and E(G) = E(S) + e. Suppose the latter
holds and the handle of S is x1,x2,23,2. If S is broken, then d(v1) = 2 since V(S) = V(G), a
contradiction. If S is intact and its head is C5 = (x1,y1, Y2, Y3, y4), then since G has no triangles,
at least one end of e is outside of C5 and so should be z. Let the other end be v. By degree
restrictions on S, v ¢ {x2,z1}. If v € {y1,ya}, then it belongs to a 5-cycle C' containing z and
p(V(C))=4-11-5-9 = —1, a contradiction to Lemma PZZTH. Otherwise, we may assume v = ys.

In this case, we color x3, z; and yo with 0, and the rest with 1. O
Claim 2.1.24. For any distinct shovels S and S’, V(S) NV (S") = {z}.

Proof. Let S” # S. Let the handle of S be z1, z2, z3, z and the handle of S” be z), 24, 2%, z. Suppose
V(S)NV(S") =Sy #{z}.
CASE 1: z3 € Sp. Since z € §', by Claim PT23, z3 = z5. This yields that zo = 2/, and

x1 = 2. Then since S # S’, we may assume that S is intact, and hence d(z1) = 3. So S’ also is
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intact. Let the head of S be (x1,y1,...,y4) and the head of S" be (x1,y],...,y}). Since d(z1) = 3,
we have y] = y1 and yj = ya. If {y2,y3} N {vh, y5} = 0, then p(V(S)UV(S")) <9-11-11-9=0. So
by Lemma 218, V(G) = V(S)UV(S") and E(G) = E(S) U E(S’). This contradicts Claim PZT-21
for the path yi1,y2,y3,ys. Finally, if y5 = y2, then p(V(S)UV(S")) <8-11—10-9 = —2. Again,
by Lemma T8, V(G) = V(S)UV(S') and E(G) = E(S)U E(S’). Then we color z,x2,y1, Y2, Y4
with 1 and the rest with 0.

CASE 2: z3 ¢ Sp. By symmetry, we may assume x4 ¢ Sp. Then also xg, x5 ¢ Sp.

CASE 2.1: 21 € Sp. If S’ is broken, this means that 1 = z}| and p(V(S') + z2 + z3) =
5-11—6-9=1. Let U = V(G) — S’ —x9 — x3. By Lemma P19, |U| < 3. If there is a vertex u € Y’
which has at least 2 neighbors in S 4+ z9 + x3, then p(S’ + 23 + x3 + u) < —6, a contradiction.
As d(xz1) > 4, z1 has at least two neighbors in U. As G has no vertex of degree 1, we conclude
that U + z induces a 4-cycle (z,uy,ug,us). Also d(ug) = 2, otherwise we get a contradiction by
p(V(G)) <8-11—-11-9 < —4. Thus G is bipartite, and hence has a proper (0, 1)-coloring.

So, S’ is intact. Let the head of S’ be (2,41, ...,9}). Then p(V(S")+xot2x3) < p(V(5'))+2-11—
3-9 =0, and by Lemma T8, V(G) = V(S')+z2+23 and E(G) = E(S")U{zx3, x3x2, T221}. Since
d(z}) = 3, by symmetry, we may assume that z; € {y},vy5}. In both cases, we color x3, %, 2!, v
with 0 and the rest with 1.

CASE 2.2: 1 ¢ Sp. By symmetry, we may assume 2} ¢ Sp. In particular, both S and S’ are
intact. Since by Claim ZT23, G[S — 1] is acyclic, G[Sp] is acyclic. Also, z is isolated in G[Sp]| and
thus p(Sp) > 111So — 2| = 9(]So — 2| = 1) = 9+ 2|Sp — z|. So,

p(V(S)UV(S) < p(S) + p(S') = p(So) <545 —9—2[Sp — 2| = 1 —2[Sp — 2|. (2.10)

Hence |Sy — z| < 2 and by Lemma 218, V(G) = V(S)UV(S’) and E(G) = E(S)U E(S’). B

Claim EZTZ1, each of the sets {y],v5} and {y4, y}} has a vertex common with S. Thus |Sy — z| = 2.
Also, if G[Sy — 2] has no edge, then we would have an extra —9 in (210), a contradiction. So
So — z = {y5, y4} = {y2,y3}. Then we can color x3,x%, y1,y4, V], y) with color 0 and the rest with
1. O
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Claim 2.1.25. Let S be an intact shovel with the handle (z, x3, x2,x1) and the head C = (1, Y1, Y2, Y3, Y4)-
Then at least 3 edges connect C' with V(G — 5).

Proof. Let E’ be the set of edges connecting V(C) with V(G — S). Suppose to the contrary that
|E'| < 2. Then since z ¢ V(C'), by Claim EIZ1, |E’| = 2 and the ends in C of the edges in E’ are
distinct. So we can suppose E' = {y;u,y;v}, where u,v € V(G — 5).

By Claim 2121 and symmetry, we may assume that ;7 = 3 and either i = 1 or i = 2. Let G’
be obtained from G — (V(S) — z) by adding a vertex 2’ and edge uz’. Let R’ = (G',{z,2'}). Since
edge uz’ is a cut edge, G’ is a triangle-free graph smaller than G. If G’ has no (0, 1)-coloring, then
by the minimality of G, there is B C V(G') with pr/(B) < —5. By the choice of G, u,z € B.
Then the set B — 2’ contains u, is disjoint from S — z and pr(B — 2') < =5+ 9 = 4. So denoting

B’ = (B —2')UV(S) and taking into account edge y;u, we have

pr(B") < pr(B —2') + pr(S) —9=0. (2.11)

By Lemma P16 and (2101), B’ = V(G). But then v € B—2/, and edge y;v was not count in (E-11).
So instead of (EZIl), we have pr(B’) < pr(B — 2') + pr(S) — 18 = —9, a contradiction.

Thus G’ has a (0, 1)-coloring ¢. In particular, ¢(u) = 0. We extend ¢ from G’ — 2’ to the whole
G as follows. First, we let ¢(z3) =0, ¢(x2) =1 and ¢(y3) = 1 — ¢(v).

CASE 1: u = v. Since G has no triangles, i = 1. So we extend ¢ to G by letting ¢(ys4) =
¢(y1) = 1 and ¢(z1) = é(y2) = 0.

CASE 2: u# v and i = 1. Let ¢(z1) =0, ¢(ys) = ¢(y1) = 1 and ¢(y2) = ¢(v).

CASE 3: u # v and i = 2. If ¢(y3) = 1, then let ¢(z1) = é(y2) = 1, and ¢(y1) = é(y4) = 0,

otherwise let ¢(x1) =0, and ¢(y1) = é(ya) = é(y2) = 1. =

2.1.6 On (1,1,1)-trees in G

The goal of this section is to prove that all (1,1, 1)-trees in G are small: each of them has at most

two (1,1, 1)-vertices.
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Claim 2.1.26. For each (1,1,1)-tree T', if a vertex x € V(G) —V(T') is adjacent to more than one

vertex in T, then zx € E(G).

Proof. Suppose some z € V(G) — V(T) is adjacent to distinct y,y’ € V(T'). By the definition of
(1,1,1)-trees, |V(T)| > 4and z ¢ V(T'). If ¢ = z, then let Gy = G-V (T') and Ry = (Gy, Z). Since
Gy C G, it has a (0, 1)-coloring ¢g, and ¢¢(z) = 1. Then by Lemma ICTR, we can extend ¢ to G,
a contradiction.

Assume = # z. Let G’ be obtained from G — V(T') by adding vertices w and 2’ and edges zw
and wz'. Let R' = (G',{z,2'}). Since new edges zw and wz’ are cut edges, G’ is a triangle-free
graph. Since |[V(T)| > 4, |[V(G')| < n. If G’ has a (0,1)-coloring ¢, then ¢(w) = 0 and hence
¢(x) = 1. So by Lemma TR, we can extend ¢ to G, a contradiction. Then by the minimality of
G, there is B C V(G') with pr/(B) < —5. Choose such B with the smallest potential and among
those—with the largest size. Then 2z’ € B. If z ¢ B, then w ¢ B and p(B — 2') = pp/(B) < -5,
a contradiction. So, z € B and thus w € B. Then p(B — 2z — w) < pr/(B) — 11 4+ 18 < 2. Since
|IBl <n—|V(T)| <n—4and z # z, by Lemma 19, B — 2 — w = {x,2} and zz € E(G), as

claimed. O

Lemma 2.1.27. If a graph G’ is obtained from G by replacing a (1,1,1)—tree T with another
(1,1,1)-tree T' with the same set of vertices and the same set of leaves, then the pair R' = (G', Z)

18 still a minimum counterexample to the theorem.

Proof. Assume w is a common neighbor of two (1,1, 1)-vertices v; and vy in a (1,1,1)—tree 7.
For ¢ = 1,2, let w; and w} be the neighbors of v; distinct from w and wu; be the neighbor of w;
distinct from v;. By the definition of (1,1, 1)-vertices, d(w) = d(w;) = d(wsz) = d(w}) = d(w)) = 2.
By Claim P17, wy # wy. If u; = wug, then uy ¢ T and by Claim ET28, zu; € E(G). Then for
W = {z,u1, w1, ws,v1,v2,w}, we have p(W) < 6-11 —7-9 = 3. So by Lemma PT14, n < 10. If
w) has a neighbor in W — vy, then p(W +w}) < p(W) + 11 — 18 < —4, contradicting Lemma 214,
since wh ¢ W + w}. Similarly, w) has no neighbor in W — ve. Thus, since n < 10, there is a unique
y € V(G) = W — w] — wh, and yw),ywh € E(G). By Claim 2121, y has a neighbor in W. So,
p(V(G)) < p(W)+3-11-5-9 < =9, a contradiction. Thus u; # ug. Also, since v; and v are

adjacent only to 2-vertices in T', and T has no cycles, ujvg, ugv1 ¢ E(G).
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Let G’ be obtained from G by deleting edges wiuy, wous and adding edges wiug, wouy. Let
R = (G',Z). By construction, |V(G’)| = n and degrees of all vertices in G’ are the same as
in G. Since ujvg,ugv; ¢ FE(G), G’ has no triangles. If pr/(B) < —4 for all B C V(G’), then the
lemma holds for the (1,1, 1)-tree 7" obtained from T by deleting edges wju, waus and adding edges
wiug, wouy. So consider B C V(G') with the smallest potential in R and assume pgr/(B) < —5. Let
U = {u1,ug,wr,we}. If | BNU| <1or |BNU|> 3, then pr(B) = pr/(B) < —5, a contradiction.
Furthermore, if pp/(B) < pr(B), then either BNU = {wy,u2} or BNU = {wa,u;}. By symmetry,
let BNU = {wi,us}. Then pr(B) = pr/(B) +9 < 4 and by Lemma 2114, either |B| < 3 or
|B| > n—3. Since Ngr(w1) = {v1,us2}, by the minimality of pp/(B), v1 € B. For the same reason at
least one of w, w] is in B. So |B| > 4 and thus |B| > n—3. If vy ¢ B, then w ¢ B, a contradiction to
|B| > n—3, since the case is that ui,wy ¢ B. Thus vy € B. Then p(B+ws) < p(B)+11—-18 < -3,
a contradiction to Lemma P18, since uy ¢ B + wy. This proves the lemma for our special T”.

By a sequence of switching pairs of edges as above, we can change T into any (1,1, 1)-tree with

the same set of vertices and the same set of leaves. O

Claim 2.1.28. For every (1,1,1)-tree T, each vertex v € V(G) — V(T) is adjacent to at most one

vertex in T .

Proof. Suppose that T"is a (1,1, 1)-tree in G and x € V(G)—V (T) is adjacent to y; and y, in T'. By
Claim 2128, zx € E(G). By Lemma P1T27, if we replace T with a (1,1, 1)-tree 7" with the same set
of vertices and the same set of leaves such that y; and y, have a common neighbor v in 77, then the
pair R’ = (G, Z) also is a minimum counterexample to the theorem. But pg/ ({2, x, y1, y2,v}) = —1,

a contradiction to Lemma P1T4. O

Recall that for a (1,1, 1)-tree T', ||V (T)|| is its size, i.e., the number of (1,1, 1)-vertices in 7'
Let L(T) denote the set of leaves of T'. Then

\V(T)| =3||[V(T)||+1and |L(T)| = |[N(T) - V(T)| = ||[V(T)|| + 2 for each (1,1, 1)-tree T. (2.12)

Claim 2.1.29. If x is adjacent to T and zz € E(G), then ||V(T)|| = 1.
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Proof. Suppose ||V(T)|| > 2 and =z € V(G) — V(T) is adjacent to z and to y € V(T'). Then
d(y) = 2 and the neighbor of y in T is some (1,1, 1)-vertex v. By Lemma PZT27, we can assume
that N(v) = {y,v’,y"}, the other neighbor 2’ of ¢ is in V(G) — V(T') and the other neighbor z” of
y" isin T. Let G’ be obtained from G — {y,v,y’} by adding edge y”2’ and T” be the tree induced
in G’ by V(T) — {y,v,y'}. Let R' = (G',Z). If R has a (0, 1)-coloring ¢, then ¢(z) = 0 and the
number of vertices of color 1 in Ng(T') — V(T') — x is not 1. But then by Lemma PZTH, we can
extend the coloring of G’ — V(T") to a (0, 1)-coloring of G.

So, by the minimality of R, there exists B C V(G’) with pr/(B) < —5. Since pr(B) > —4,
y" 2’ € B. Then pr(B+v+vy') = pr/(B)+9+2(11) = 3(9) < —5+4 = —1. Sincey ¢ B+v+7¢/,

this contradicts Lemma PTA. O]

Claim 2.1.30. Suppose T is a (1,1,1)-tree, V' ={z1,...,2¢} = N(T) —V(T) and t > 5. Then
(a) Each x € V' is at distance at least 3 from z;
(b) V' is an independent set;
(¢) Each w € V(Q) is adjacent to at most 2 vertices in V';

(d) Each x € V' is at distance 2 in G — V(T') from at most one 2’ € V.

Proof. Since t > 5, by (212), ||V(T)|| > 3 and so |V(T)| > 10.

(a) Since ||V(T)|| > 3, by Claim 2129, z ¢ N(V’). So, if (a) does not hold, then there is x € V'
such that either x = 2 or dist(z, z) = 2. In both cases there is 2/ € V' — x at distance at least two
from 2. Let G’ be obtained from G — V(T') by adding a new vertex w adjacent to ' and z. Let
R = (G',Z). If R has a (0,1)-coloring ¢, then ¢(z) = ¢(z') = 1. Thus by Lemma TR, we can
extend ¢ to V(T') to obtain a (0, 1)-coloring of R. So R’ has no (0, 1)-coloring, and is smaller than
R, since |V(T)| > 10. Then by the minimality of G there is a set B C V(G’) with pge(B) < —5.
In order to have pg/(B) < —5, we need w € B and both its neighbors, z and z’, be in B. Then
pr(B—w) < —=5+2-9—11 < 2. Hence by Lemma P19, either B—w = {z,2'} or |[B—w| > n—3.
The former is impossible, since 2z’ ¢ F(G) and the latter does not hold, since |V (T')| > 10. This

proves (a).

(b) Assume z,2’,2"” € V' and za” € E(G). As in the proof of (a), let G’ be obtained from

G — V(T) by adding a new vertex w adjacent to 2’ and z. Let R’ = (G',Z). If R’ has a (0,1)-
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coloring ¢, then ¢(2') = 1 and either ¢(z) = 1 or ¢(z”) = 1. So by Lemma T8, we can extend ¢
to V(T'). Then we repeat the rest of the argument of the proof of (a) word by word and come to a

contradiction.

(c) Assume that some x1,x9, 23 € V' are adjacent to the same vertex w. By Lemma PZT27, we
may assume that 1, z2,x3 and some 6 vertices in T form a tree T with 9 vertices and 8 edges. If
there is a path (w,w’, 2) from w to z, then pr({z,w',w}UV(T")) =11-11 — 9 - 13 = 4. However,
this set has more than 3 and fewer than |V(G)| — 3 vertices. Thus we get a contradiction to Lemma

ZTT4. Together with (a) this yields that

the distance from w to z is at least 3. (2.13)

Consider G’ obtained from G — V(T') by adding an edge wz. Let R’ = (G',Z). By (E13), G’ is
triangle-free. If R’ has a (0, 1)-coloring ¢, then ¢(w) = 0 and hence ¢(z1) = ¢(x2) = 1. Thus by
Lemma PZTR, ¢ can be extended to a (0, 1)-coloring for G, a contradiction. Since G’ is smaller than
G, there is a set B C V(G') with pg/(B) < —5. Then w, z € B, so pg(B) = —5+9 = 4. By Lemma
ZTT4, either |B| < 3 or |B| > n — 3. However, B misses at least 7 vertices in T'. So, |B| < 3 and

w,z € B. By (E13), G[B] is disconnected. This contradicts the last statement of Lemma PZT14.

(d) Assume that x1,x2, 23 € V' are such that z3 is at distance two from x; and from z5. Then
by (c) there are distinct wj,ug such that for i = 1,2, u; is the common neighbor of z3 and x;.
Consider the graph G’ obtained from G — V(T by adding a new vertex w and edges zw and wxs.
Let R’ = (G, Z). Again, if R’ has a (0, 1)-coloring ¢, then ¢(x3) = 1 and hence one of uy, us, say
uy has color 0. But then ¢(z1) = 1, and by Lemma ZTR, ¢ extends to a (0, 1)-coloring for G.
So again, there is B C V(G') with pgr/(B) < —5. Then w € B and thus 2,23 € B. Therefore,
pr(B—w) < —=5+4+2(9) — 11 < 2. By Lemma 219, either B = {z, 23} or |B| > n—3. But by Claim

PT29, x3z ¢ E(G), and at least 7 vertices of 1" are not in B. This contradiction proves (d). O

We need a bit more notation. For a pair R' = (G',Z’) and a set S C V(G'), let mp/(S)
be the minimal potential that may have subsets of V(G’) containing S. If we have two sets B;

and Bs containing S with pr/(B1) = pr/(B2) = mp/(S), then by the submodularity of pg/, also
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PR (Bl N Bg) = pR/(Bl U BQ) = mR/(S). Thus the family

Mp(S)={BCV(G) : BDS, pr(B) =mp/(S)}

contains a unique inclusion minimal member Mp/(S) contained in every other member of Mp/(.S).

Claim 2.1.31. Let T be a (1,1,1)-tree with ||V (T)|| > 3. Let V! = N(T) = V(T) = {x1,...,x:}.
Let G' = G —=V(T) and R = (G',Z). Then for any distinct x1,x9,23 € V', (a) mp ({z1}) = 5,

mR/({xl,xQ}) = 8, mR/({:cl,a:g,xg}) = 11, and (b) MR/({l'l,mQ}) C MR/({xl,l'Q,l'g}).

Proof. Order the vertices of V'’ as needed: x1,...,x;. For i =1,...,t, let y; be the neighbor of x;
in 7" and v; be the neighbor of y; in 7. By Claim Z130(b,d) and the symmetry between 9, z3, we
may assume that the distance between x; and x2 in G’ is at least 3. By Lemma EZT24, we may
assume that vy = v1, v4—1 = v; and that for j = 2,...,t — 2, vertices v; and v;;1 have a common

neighbor u; in T'. First, we prove a half of (a):

forany 1 <j <3, mp{z1,...,z;}) >3j+2. (2.14)

Indeed, suppose that mp/({x1}) < 4 and B = Mp/({z1}). By Lemma ETT4, either |B| > n — 3
or |B| < 3. The former cannot hold, since |[V(T)| > 10, so |B| < 3. Then again by Lemma
PT14, z € B and G[B] is connected. This contradicts Claim 2Z130(a). So Case j = 1 of (Z14)
is proved. Suppose now that mg/ ({z1,22,23}) < 10 and By = Mpg/({x1,22,23}). Let B’ =

Bl U {y17y27y37v27u27v3}- Then

pr(B') < pr(B1) +11(6) — 9(8) = 10 + 66 — 72 = 4. (2.15)

As above, by Lemma ET14, since |B’| > 4, we have |B’| > n—3. Since t > 5, ug, us, v4, ys,ys ¢ B,
implying | B’| < n — 3, a contradiction. This proves Case j = 3 of (214). Case j = 2 is very similar
but simpler, so we leave it for the reader.

Let G” be obtained from G’ by adding a vertex w and edges x1z2,z3w, and wz. Let R’ =

(G",Z). By Claim P30 and the choice of x5 and x;, G” has no triangles. If R” has a (0,1)-
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coloring ¢, then ¢(x3) = 1 and at least one of z1,z2 also has color 1. So by Lemma T8, ¢ can
be extended to a (0, 1)-coloring of R. Thus by the minimality of G, there is a set B C V(G") with
pr(B) < —5. By the choice of G, B contains {x1,z2} or {w,z3}, or both. If B does not contain
w, then it contains {z1,22} and pr(B) < prv(B) +9 < 4. In this case, by Lemma 2114 either
|B| < 3 or |B| > n — 3. The latter cannot hold, since |V(T")| > 10, so |B| < 3. Then by the last
part of Lemma P14, z € B and G[{x1,x2,2}| is connected. This contradicts Claim P1-30(a).
Thus w € B and hence {w, z3,2} C B. Let B; = B — w.

If B does not contain {x1,z2}, then pr(B1) < prv(B) + 7 < 2. In this case, by Lemma 219
either By = {3, 2} and zx3 € E(G) or |Bi| > n — 3. The former contradicts Claim PZ-1-30(a) and

the latter cannot hold, since |V (T)| > 10. Thus

B D {xy,x9,x3,w,z} and pr(B1) < -5+9+7=11 (2.16)

Together with (PZ14), this yields

pR(Bl) = mR/({x1,$2,1‘3}) =11. (2.17)

Let M1 = Mg ({x1,x2,23}). By the comment above the claim, M; C B;. We now want to prove

MqiN V' = {ﬂ?l,IEQ,:Eg}. (218)

Indeed, suppose that |V'NM;| > 4, say {x1,...,2z4} C My. Let B = M1U{y1,. .., ya, V2, u2, v3,u3, v4}.
Then

pr(B") < pr(My) +11(9) — 9(12) = 11 + 99 — 108 = 2. (2.19)

By Lemma P19, since |B’| > 4, we have |B'| > n—3. If t > 6, then ys,us,vs,y6 ¢ B, a
contradiction. So, t =5 and y5 ¢ B'. If x5 € B’, then pr(B' +y5) < p(B') +11 —9(2) < -5, a
contradiction. Now, let t =5 and x5 ¢ B’. Recall that d(z5) > 3. If V(G) — B’ = {z5,ys5}, then
by (219),

pr(V(G)) < pr(B') +11(2) —9(4) <2+ 22— 36 = —12,
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a contradiction to the choice of G. Similarly, if V(G) — B = {5, y5,u’} for some «/, then since

G has no triangles, at least 5 edges are incident with z5,y5 or /. In this case, pr(V(G)) <

pr(B') +11(3) — 9(5) < 2+ 33 — 45 = —10, a contradiction again. This proves (ZIR).

Similarly to My, let My = Mp/({x1,x2,24}). Next, we prove

pR(Ml U Mg) > 14. (220)

Indeed, if pr(M; U Ms) < 13 then similarly to the preceding paragraph, we let B” = M; U
My UA{y1,...,94,v2,u2,v3,u3,v4} and observe that pr(B") < pr(M; U Ms) + 11(9) — 9(12) =
13+ 99 — 108 = 4. By Lemma 2114, since |B”| > 4, we have |B”| > n — 3. Now we proceed as
in the end of the preceding paragraph, excluding the case z5 € B, since x5 ¢ My U My by (ZIR).
Thus (2220) holds.

By (E32) and (2220), pr(M1 N Ma) < pr(M1) + pr(Ma2) — pr(M; U Ms) < 11+ 11 — 14 = 8.
Together with (EI4), this proves mp/({x1,22}) = 8 and part (b) of the claim. Moreover, since

My N MyNV' = {x1, 25}, we conclude

MR/({ﬂjl,xg}) NV = {l‘l,ﬂjg}. (2.21)

Now, let D; = Mp/({z1,22}) and Dy = Mp/({x1,23}). Again by (E2) and (2=20),

pr(D1 N D2) < pr(D1) + pr(D2) — pr(D1U D2) <8+ 8 —mp/({z1,22,23}) =16 — 11 = 5.

Together with (EZId), this completes the proof of (a) and thus of all claims. O
Now we are ready to prove the main result of the section.
Lemma 2.1.32. Fach (1,1,1)-tree T in G has ||V(T)|| < 2.

Proof. Assume ||[V(T)|| > 3. Let V! = N(T) — V(T) = {x1,...,x}. Since ||V(T)|| > 3, ¢t > 5. Let
G'=G-V(T)and R = (G', Z). For brevity, we will use M; for Mg/ ({x;}), M; ; for Mg/ ({xi, z;}),
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and M, ;. for Mp({x;,2;,x1}). First, we prove

for any distinct 1, j, k, M; ;UM =M. (2.22)

Indeed, by Claim Z131(b), M; jUM; ;, € M; ;1. If the containment is strict, then by the minimality
of M; j i, pr/(M;; U Mjy) > 12. Then by Claim E1-3T(a) and the submodularity of pgr,

848 = pri(M; ;) + pr/(Mj ) > pr(M;j UM(j,k)) + pre(M; j 0 Mjy) > 12 + mp ({z;}) = 17.

This contradiction proves (2222).

For brevity, denote F;(j, k) = M, ;N M, ;, and A(3, j, k) = M; ;N M, N M; ;. By (222) and (222),
pr/(Fi(4,k)) < pre(Mij)+ pr(Mik) — pre(M; ) = 8+8—11 = 5. Together with Claim Z1-31(a),
this gives pr/ (Fi(j, k)) = 5. Similarly, pr/ (F;(i,k)) = pr/(F(4,7)) = 5. By definition and (222),

E(], k‘) U Fj(’i, k‘) = Mi’j N (Mi,k U Mj,k) = Mi,j N Mi,j,k = Mi,j-

Since A(Zu.ju k) - E(]a k) N FJ(Zak)a by (E:Z)a

pr(A(L, J, k) = pr(Fi(5, k) +pr (F5 (6 k) = pre (Mi j) =9 Ecr (Fi(5, k) = Fj (i, k), Fj (i, k) = Fi(3, k)|

= (5+5—8) = 9|Ea (Fi(j, k) — F; (i, k), Fj(i, k) — Fi(j, k)|.

Since pri(A(i,j,k)) > —4, we conclude that

|Ecr (Fi(4, k) — Fj(i, k), Fj(i, k) = Fi(, k)] = 0 (2.23)

and pp/(A(i,j,k)) = 2. Then by Lemma P9, there is w = w; j € V(G) such that A(i,j,k) =

{w, z} and wz € E(G). We now claim that

all w; j, coincide. (2.24)
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Indeed, if (2224) fails, then there are distinct 7, j, k, m such that w’ = w; j m # w = w; j . By (223),
A(i,j,k) and A(i,j,m) are separating sets in G[M; ;]. It follows that w and w’ are cut vertices in
G[M; ;] — z, and each of them separates z; from z;. By the symmetry between F;i(j, k) and Fj(i, k),

we may assume that w’ € Fj;(i, k). Then w € Fj(j,m) and F}(i, k) U F;(j,m) = M; ;. So, by (22),
pr/(Fj(i, k) O Fi(j,m)) < pre(Fj(i, k) + pr(Fi(j,m)) — prr(Mij) =5 +5—8 = 2.

Since w,w’ € Fj(i, k) N F;(j,m), this contradicts Lemma PZT9. Thus (2224) holds. So we denote
by wq the vertex that is w; ;. for all ¢, j, k.

Let F1 = F1(2,3), F = F5(1,3), and for j = 3,...,t, let F; = F;(1,2). Let Fy = Ji_, F}.
By (2224), F; N Fj = {wo, 2z} for all 1 < i < j < t. By (Z23), Eq(F; — Fj, F; — F;) = 0 for all
1 <i < j <t. Then by induction on j we have pR(ngl F;) = 35 + 2 and thus pr(Fp) = 3t + 2.
Now we claim

Fy = V(G) - V(T). (2.25)

Indeed, by (212)
pr(Fo UV (T)) = pr(Fo) + 11(3(t — 2) +1) — 9(3(t — 2) +¢) = (3t +2) + (33t — 55) — (36t — 54) = 1.

Let W = V(G)—V(T')—Fy. Since pr(FoUV(T)) = 1, by Lemma 219, |IW| < 3. Recall that z € Fp.
If W = {v}, then by Claim I3, dg(v) > 2, and so pr(V(QG)) < pr(Fo UV(T)) +11 —9(2) =
—6, a contradiction. If W = {v;,v2} and at least four edges are incident with v; or vy, then
pr(V(GQ)) < pr(FoUV(T)) +11(2) — 9(4) = —13. If W = {v1,v2} and at most 3 edges are
incident with vq or ve, then dg(v1) = dg(v2) = 2 and vive € E(G). Then by Claim 121, we may
assume that zv; € F(G). Let y be the neighbor of ve distinct from v1. Since vo ¢ V', y € Fy,
and thus there is j > 1 such that y € F;. But then pr/(F; UW) = pr/(F;) +11(2) —9(3) =0, a
contradiction. Suppose now that W = {wvy,vy,v3}. If at least 5 edges are incident with W, then
pr(V(G)) < pr(Fy UV (T)) + 11(3) — 9(5) = —11. Since G has no triangles, to have only 4 edges
incident with 3 vertices of degree at least two, we need |E(G[W])| = 2 and each of them have degree

exactly 2. This contradicts Claim 222, Thus, W = (), as claimed.
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For j =1,...,t, let H; be obtained from G|[Fj] by adding a new vertex u; and edges u;z and
xju;. Let R; = (Hj,Z). Since mp({z;}) = pr/(Fj) = 5, the potential of every subset of V(Hj)
containing both, z; and u;, is at least 5+ 11 — 9(2) = —2. The potential of any set not containing
u; is at least —4 by the choice of G. If a set U C V(H;) contains u; but does not contain z;, then
pr;(U) > pr;(U — u;) > —4 again. So by the minimality of G. Each of R; has a (0, 1)-coloring
¢j. By construction, ¢;(z;) = ¢;(2) = 1 and ¢;(uj) = 0. Since Fj — {w, 2z} has no neighbors in
F; —{w, z} for distinct ¢ and j, ¢ = Uz-:l ¢j is a (0, 1)-coloring of G—V (T'). Furthermore, ¢(x;) =1

for every j. Then by Lemma T8, ¢ can be extended to a (0, 1)-coloring of G, a contradiction. [J

2.1.7 Discharging

Consider the following vertex subsets of G:

Tisa (1,1,1)-tree in G

i o= U v -=

S is a shovel
Vo = {0eV(Q) —Vo—Vi:dalv)=2),
Vs = V(G)-Vy -V —Va.

By definition, V(G) = Vo UV, UV U V3. For i = 0,1,2,3, let G; = G[V}].
We use discharging as follows. An item is a vertex in Vo U V3 or a shovel S or a component T
of Gy. Initially, every vertex or edge x has the charge ch(x) equal to its p-value. At the end of

discharging, every item U will have a charge ch*(U) so that
the sum of ch*(U) over all items is equal to 3 ¢y (cup(q) P(2)- (2.26)
We use the following rules.

Rule 1: If an edge e not in a shovel is incident to exactly one 2-vertex distinct from z, then
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e receives 5.75 from this 2-vertex and 3.25 from the other vertex. (Recall that by Claims 2121
and T2, two adjacent 2-vertices can be only in a shovel.)

Rule 2: If an edge e not in a shovel is incident neither to z nor to any 2-vertex, then e receives
4.5 from each of the ends.

Rule 3: If an edge e not in a shovel is incident to z, then it gets 3.25 from z and 5.75 from the
other end.

Rule 4: Every edge in a shovel gets 9 from the shovel.

Rule 5: For every (1,1, 1)-tree T, let ch*(T") be the sum of the resulting charges of its vertices.

Rule 6: For every shovel S, let ch*(S) be the sum of the resulting charges of its vertices.

Claim 2.1.33. After the discharging by Rules 1-6 above, we have

(a) ch*(e) =0 for every e € E(G);

(b) ch*(v) < 0 for every v € Va U Va; moreover, if v € V3 and dg(v) > 4 or dg,(v) > 2, then
ch*(v) < —1.25;

(¢) ch*(v) < —0.5 for dg(v) = 2, v not in a shovel.

(d) ch*(T) < 0 for every (1,1,1)-tree T; moreover, if T contains only one (1,1, 1)-vertez, then
ch*(T) < —1/4;

(e) ch*(S) < —=3.75 for every broken shovel S;

(f) ch*(S) < —4.75 for every intact shovel S

Proof. Part (a) immediately follows from Rules 1-4.

Let v € V3. If v = z and is adjacent to exactly x vertices not in shovels, then by Rule 3 it
gives out charge 3.25x. Thus (b) holds for v = z. Suppose v € V3 — z. Then d(v) > 3. Moreover,
if d(v) = 3 the v has a neighbor w that either is z or has degree at least 3. If d(v) > 4, then it
gives away by Rule 1 at least 3.25d(v), so ch*(v) < 11 — 3.25d(v) < —1.25. If d(v) = 3, then by
Rules 1-3, ch*(v) < max{11 — 4.5 — 2(3.25),11 — 2(4.5) — (3.25)} = 0. Moreover, if dg,(v) > 2,
then ch*(v) < 11 —2(4.5) — 3.25 = —1.25. This proves (b).

If dg(v) = 2, and v is not in a shovel, then by Rule 1, it gives 5.75 to two incident edges. Thus
ch*(v) = 11 — 2(5.75) = —0.5. This proves (c).

Suppose a (1,1,1)-tree T contains k (1,1, 1)-vertices for & = 1 or 2. Then T has exactly
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2k + 1 vertices of degree two. Each 2-vertex in T has charge -0.5 and each (1,1, 1)-vertex has
charge 11 — 3(3.25) = 1.25. So, ch*(T) = 1.25k — 0.5(2k + 1) < 0. Moreover, if £ = 1, then
ch*(T) < 0.5 —3(0.25) < —0.25. This proves (d).

A Dbroken shovel S contains three typical vertices and three edges. By Rules 1 and 2, the joint
w sends out at least (d(w) — 1)(3.25). So, by Rule 6, ch*(S) < 3(11) — 3(9) — (d(w) — 1)3.25 <
6 — 3.25(3) = —3.75. This proves (e).

An intact shovel S contains 7 typical vertices and 8 edges. Also by Claim 123, S has at least

three neighbors outside of it. So its total charge is at most 7(11) — 8(9) — 3(3.25) = —4.75. O

Since the discharging preserves the total charge, it must be at least —4. Thus by Claim PZ1-33,
if some set of items will have the total new charge less than —4, then we get a contradiction.

We will use the following immediate corollary of Lemma PTR.

Claim 2.1.34. If G — Vj has a (0,1)-coloring ¢ such that at most one vertex in V3 N Ng(Vp) is
colored with 0, then ¢ can be extended to V. Moreover, if every component of Gy has at least two
(1,1,1)-vertezx, and at most two vertices in V3 N Ng(Vy) have color 0, then ¢ also can be extended

to V.
Claim 2.1.35. G has no showvels.

Proof. Suppose S is a shovel in G.

Case 1: S is a broken shovel with the handle (vg,v1,v2,2) and d(vg) > 4. If d(vg) > 5, then
ch*(S) < 3(11) —3(9) — 4(3.25) < —4, a contradiction. If d(vy) = 4 and vy has a neighbor of degree
at last 3, then by Rules 6, 1 and 2, ch*(S) < 3(11)—3(9)—4.5—2(3.25) = —5 < —4, a contradiction.
Assume d(vg) = 4 and all neighbors of vy are 2-vertices. Then ch*(S) < 6 — 3(3.25) = —3.75.

If G3 contains a P3, then by Claim 2Z133(b), the middle vertex w of this P; satisfies ch*(w) <
—1.25. So, ch*(S) + ch*(w) < —4, a contradiction. Thus G5 does not contain P;. Also by
Claim E1233(d), G has no shovels apart from S. We color all vertices in V3 with color 1, and all
vertices in Vo with color 0, and color S so that vg is colored by 1. Then by Claim we can
extend the coloring to Vj, a contradiction.

Case 2: S is intact. Immediately follows from Claim ZT33(f). O
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Claim 2.1.36. The special vertex z is isolated in G.

Proof. By Claim 21233, V4 = (). Thus by Rules 3 and 5, if d(z) > 2, then ch*(z) < —3.25-2 = —6.5,
a contradiction.

Let d(z) = 1 and u be the unique neighbor of z. If d(u) > 3, then by Rules 3, ch*(z) = —3.25
and ch*(u) < 11 —5.75 — 2 - 3.25 = —1.25, a contradiction. So, let d(u) = 2. Then by Rule 3,
ch*(z) < —3.25. Hence A(G3) < 1, since each w € V3 of degree at least 2 in G3 has ch*(w) < —1.25.
Also, z forms a component in GG3. Then we color V3 with 1 and Vo with 0. By Claim EZ1234 the

obtained coloring extends to Vj. O

Since z is isolated, from now on we consider coloring of G — z.

2.1.8 Structure of G

For W C V5 U V3, a coloring ¢ is standard on W if ¢/(v) = 1 for v € V3N W, and ¢'(v) = 0 for
veVonNW.

Claim 2.1.37. G3 has no cycles, and no P, with k > 5.

Proof. Suppose G3 contains Cj. Since G is triangle-free, k > 4. By (b) of Claim 21233, ch*(C}) <
—1.25k < —4, a contradiction. So G is acyclic.

Suppose now that G3 contains Py with & > 5. Then by Claim 133 (b), k& < 5.

In order to have ch*(Ps) > —4, every vertex in the P; has degree three and is adjacent to a
vertex of degree two.

Also, A(G3 — Ps) < 1. Otherwise, ch*(Ps) 4+ ch*(P;) < —1.25-3 — 1.25 < —4, a contradiction.
Let Ps = (v1,...,vs) and a% be the neighbor of vz outside of Ps.

If 25 € Vi, then ch*(2f) = —0.5 and ch*(Ps) + ch*(24) < —1.25%3 — 0.5 < —4, a contradiction.
So x4 ¢ Vi, then we color all vertices in Gg — P5 with color 1, all vertices in V; with 0 and the

vertices in Ps as follows: 1,1,0,1,1. By Claim this coloring extends to V4. ]
Claim 2.1.38. (3 does not contain K 3.

Proof. Assume V3 contains a subset X with G[X] = K; 3 with center x.
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If d(x) > 4, then ch*(z) < 11 — 3 -4.5 — 3.25 = —5.75, a contradiction. So, d(z) = 3 and
ch*(x) = —2.5. If A(G3 — X) < 1, then we use the standard coloring on V5 U V3 — x and color z
with 0. By Claim E1=34 this coloring extends to V. So we may assume that for some y € V3 — X,
da,(y) > 2. Then ch*(y) < —1.25. Thus in order the total charge to be at least —4, we need that
every vertex in V3 — X — y has degree at most 1 in G3, and Vo = (). Then we use the standard
coloring on VoUV3—x—y and color z and y with 0. Since z has no neighbors in Vj, by Lemma TR,

the coloring extends to Vj. O

So each component of G3 is a K7, K9, P3, or P4. Note that if a vertex x is a component in Gg,

then it is not a (1,1, 1)-vertex. So in this case d(z) > 4, and ch*(x) < —2.
Claim 2.1.39. G35 does not contain Py.

Proof. Suppose G3 contains Py = (v1,va,v3,v4). Let W = {v1,v2,v3,v4}. Then ch*(ve)+ch*(v3) <
—1.25 + (—1.25) = —2.5. Moreover, if d(v2) > 4 or d(v3) > 4, then ch*(v2) + ch*(vs) < —1.25 +
(—4.5) < —4, a contradiction. So, d(v2) = d(v3) = 3.

If G5 contains another 4-path P; = (y1,y2,y3,y4) disjoint from W, we get the potential less

than 2 % (—2.5) < —4, a contradiction. Thus this P, is the only P, in Gjs.

If G35 — W contains two disjoint 3-paths P3 = (y1,y2,y3) and P§ = (u1,u2,ug), then ch*(Py) +

ch*(y2)+ch*(uz) < —2.5—1.25—1.25 < —4, a contradiction. Thus Gz —W contains at most one Ps.

CASE 1: G3 — W contains exactly one 3-path P3 = (y1,y2,y3).
If V3 is not empty, it contains v’. Then ch*({vy, v3,y2,v'}) < —1.25—1.25—1.25—0.5 = —4.25 < —4,
a contradiction. So V5 is empty.

Then we use the standard coloring on Vo U V3 — vg — 49 and color v and ys with 0. By the
choice of vy and the case for ys, this coloring is a (0, 1)-coloring for G[V2 U V3.

If it extends to Vp, then we are done. Suppose not. Then some (1,1,1)-tree T' of size 1 is
adjacent to vy and ya. Then ch*({va,vs,y2}) + ch*(T) < —3.75 — 0.25 = —4. If there is another

(1,1,1)-tree T" of size 1, then ch*({ve,v3,y2}) + ch*(T) + ch*(T") < —=3.75 — 0.25 — 0.25 < —4, a

44



contradiction. Thus 7 is the only (1,1, 1)-tree of size 1. Since T is adjacent to exactly 3 vertices,
we may assume that ys is not adjacent to 1. We recolor y» with 1 and y3 with 0, and can extend
the new coloring to V.
CASE 2: A(Gs—W) <1.
If some v € {v9,v3} has no neighbors in V5, then we use the standard coloring on V5 U V3 — v and
color v with 0. By Claim 2134 this coloring extends to Vj. So we may assume that for j € {2,3},
vj has a neighbor v;- € Va. Since G is triangle-free, vy # v5. Therefore, ch*({v2,vs,vh,v5}) <
—1.25 - 1.25 - 0.5 — 0.5 = —3.5. So, all vertices in V3 — vy — vz are (1,1, 0)-vertices and |V5| < 3.

CASE 2.1: |V| = 3, i.e. there is w € V} — v — v}.

Then ch*(w) = —0.5 and there are no (1, 1, 1)-trees of size 1. For j = 2,3, let N (v}) = {vj,v]}.

Suppose first that v§ = v4. Then we color V3 + v + v — v — vy — vy with 1 and vy, v4, v4 and
w with 0. Since vy has no neighbors in Vj, if this coloring is a (0, 1)-coloring of G[V2 U V3], then
it extends to Vp. So, this is not the case. The only possibility for it is that wvy € E(G). By the
symmetric argument, wv; € E(G). Then we use the standard coloring on V5 U V3 —v; —vg — w and
color v; and vy with 0 and w with 1. The obtained coloring is a (0, 1)-coloring of G[V» U V3] and
extends to V.

Suppose now that v§ # v§. We use the standard coloring on Vo U V3 — v — v — v4 and color
ve and v} with 0 and v with 1. The only possibility that this is not a (0, 1)-coloring of G[Va U V3]
is that wvj € E(G). By the symmetric argument, wvf € E(G). If v§ # vy and v§ # vy, then
we use the standard coloring on Va2 U V3 — v1 — v4 and color vy and vg with 0. Let v) = vg. If

vY # v1, then we use the standard coloring on Vo U V3 — v3 — vf —

v§ —w and color vg and v with
0 and v4 and w with 1. In both cases, the coloring extends to Vj. Finally, if also v§ = vy, then
V(G) = W U {vh,vs, w}. In this case, we color vy, vs3 and v4 with 0 and the rest with 1.

CASE 2.2: V5 = {v), v4}.
If v) = vy, then we use the standard coloring on Vo U V3 — vg — v, — vl and color vy and v with 0
and v5, with 1. Since G is triangle-free, vy # v4 and so this is a (0, 1)-coloring of G[V2 U V3]. Since

v2 has no neighbors in Vp, the coloring extends to V. Thus vf # vy.

If v§ = o4, then we use the standard coloring on Vo U V3 — vy — vh — v and color vy and w§ with
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0 and v§ with 1. If v # o4, then let w be the neighbor of v4 in G3, use the standard coloring on
Vo UV3 — vy —vh —w and color vy and w with 0 and v, with 1. In both cases, this is a (0, 1)-coloring

of GV, U V3]. Since v2 has no neighbors in Vj, the coloring extends to Vj. O

2.1.9 Proof of Theorem

By the claims in section B8, each component of G is isomorphic to K, Ky or Ps. If A(Gs) <1,
then the standard coloring of V5 U V3 is a (0, 1)-coloring and extends to Vj. So, let (x1,x2,x3) be
a path in G3 and X = {z1,x9,z3}.

CASE 1: A(Gs— X) <1.

We use the standard coloring on Vo U V3 — x9 and color xo with 0. If this is a (0, 1)-coloring of
G[Vo U V3], then by Claim 21234 it extends to Vp. So, it is not. Then x9 has a neighbor w; € Va.
Let y; be the other neighbor of w;. Since ch*(x2) + ch*(w1) = —1.75, every vertex u € V3 — x5
is either a (1,1,0)-vertex as dg,(u) < 1 or a (1,1,1,1)-vertex (otherwise ch*(u) < —3.25 and so
ch*({xa, w1,u}) < —1.25—-0.5 —3.25 < —4).

We recolor wy with 1. If y; is a (1,1, 1, 1)-vertex, this yields a (0, 1)-coloring of G[V>U V3] which
extends to Vj. So, let 41 be a (1, 1,0)-vertex with neighbors wy, we € V2 UVp and y} € V3. We now
recolor y; with 0. If we € Vp, then this yields a (0, 1)-coloring of G[Va U V3]. So suppose wg € V3
and the other neighbor of wsg is y2. Recolor we with 1. If yo € {z1, 23} or is a (1,1, 1, 1)-vertex,
then this again yields a (0, 1)-coloring of G|V, U V3]. So let ys be a (1,1,0)-vertex with neighbors
wa,wg € Vo UV and v € V3. We now recolor yo with 0. Again, if w3 ¢ Vs, then we are done;
otherwise we again consider the other neighbor y3 of w3 and so on. Since ch*(w;) = —0.5 for i > 2,
in order to have ch*(V, U V3) > 4, the recoloring will stop after at most 4 steps.

CASE 2: There are exactly two 3-paths in G3, (x1,x2,z3) and (y1, y2,y3).

Let X = {x1,29,23} and Y = {y1, y2,y3}. Similarly to Case 1, every vertex in V3 — z9 — y9 is either
a (1,1,0)-vertex or a (1,1, 1,1)-vertex. Also d(x2) = d(y2) = 3, since otherwise ch*(z2)+ ch*(y2) <
—1.25 — 4.5 < —4. We use the standard coloring on V5 U V3 — 29 — y2 and color xo and y with 0.

If this is a (0, 1)-coloring of G[V2 U V3] and extends to Vp, then we are done. Thus one of the

two subcases below holds.
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CASE 2.1: Our coloring is not a (0, 1)-coloring of G[V, U V3].
Case 2.1.1: Both z9 and y2 have neighbors in V5.
Let xowr,you1 € E(G), N(w1) = {z2,q1} and N(ui) = {ya2,v1}. Recolor w; and w; with 1. If
q1 € Y and v; € X (in particular, if w; = w;), then this gives a (0, 1)-coloring of G[V2 U V3]. Since
x2 has no neighbors in V), it extends to Vj, a contradiction. So by symmetry we may assume that
q1 ¢ Y. Then ch*({z2,y2,w1,u1}) < —1.25 — 1.25 — 0.5 — 0.5 = —3.5. It follows that G has no
(1,1,1,1)-vertices and |Va| < 3. So, ¢q; is a (1,1,0)-vertex. Let N(q1) = {w1, ¢}, w2} where ¢ € V5.

Suppose first that uy € {x1,23,¢1,4]}. Choose ¢ € {q1,¢}} so that ¢ = uy if w1 € {q1,4}}, and
otherwise ¢ is not adjacent to V, — wy, if possible. Recolor ¢ with 0. If the new coloring is a (0, 1)-
coloring of G[VoU V3], then it extends to Vjp, since x2 and y2 have no neighbors in V. So it is not. If
q # w1, then by the choice of ¢, each of ¢1, ¢} has a neighbor (say, r; and r}) in Vo—w; —uy. Since G
has no triangles, r; # r{, and so ch* ({2, y2, w1, u1,71,7}) < —1.25—1.25-0.5—-0.5—0.5—-0.5 < —4.
Thus ¢ = w;. Since the coloring is not a (0, 1)-coloring of G[V2 U V5], ¢ = ¢} and ¢} has another
neighbor wy € V. Again, we,q1 ¢ E(G), because G is triangle-free. Since |V3| < 3, we know that
Vo = {w1,u1, we} and each (1,1, 1)-tree has size at least 2. So, after recoloring ¢ back with 1 and
coloring g1 with 0 we obtain a (0, 1)-coloring of G[V> U V3], which extends to Vp.

We may assume now that u; ¢ {x1,23,q1,q]}. Let u} be the neighbor of u; in V3. Since
|V2| < 3, we may assume that either Vo = {wy,u;} or Vo = {wy,u1,r}. Then we can choose some
u € {ui,u)} and ¢ € {q1,q}} so that (a) either both or neither of v and ¢ are adjacent to r (if
exists), and (b) there is no (1, 1, 1)-tree of size 1 adjacent to both, ¢ and u. Recoloring ¢ and u with
0 and r, if it is adjacent to both ¢ and w, with 1 yields a (0, 1)-coloring of G[V, U V3] that extends
to Vp, a contradiction.

By the symmetry between x2 and yo, the remaining subcases are the following.

Case 2.1.2: Only x5 has a neighbor w; € Va, and y9 is adjacent to a (1,1, 1)-tree T" of size 1.
Let N(w1) = {x2,q1}. Since ch*({x2,y2,w1}) + ch*(T) < —1.25 —1.25 — 0.5 — 0.25 = —3.25, as in
Case 1, every vertex u € V3 — x9 — y2 is a (1, 1,0)-vertex. Moreover, |V| < 2, and we may assume
that Vo = {w;1} or Vo = {wy,ws}. Recolor wy with 1. If ¢; belongs to Y this gives a (0, 1)-coloring

of G[V,UV3]. Since o has no neighbors in Vp, it extends to V. So we may assume that ¢; ¢ Y. Let
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¢y be the neighbor of ¢; in V3. If there is ¢ € {q1, ¢} } such that ¢ has neighbors neither in Vo — w;
nor in T, then recoloring ¢ with 0 yields a (0, 1)-coloring of G[V5 U V3] that extends to Vj. So, each
of ¢1 and ¢} has a neighbor in V5 —w; or in 7. Similarly, if there is y € {y1,y3} not adjacent to V2
and not adjacent to 7', then we recolor y2 with 1 and ¢; and y with 0. Since we know the neighbors
of x9 and ¢, if the obtained coloring is a (0, 1)-coloring of G[V2 U V3], then it extends to Vj. So,
each of y; and y3 has a neighbor V5 or in 7. If some = € {z1,x3} is adjacent neither to T nor to
V5, then we can use the standard coloring on Vo U V3 —x — 49 and color x and yo with 0. This will
be a (0, 1)-coloring of G[VoU V3] that extends to Vp. Thus every vertex in Q = {z1,x3, 1,3, q1, ¢} }
has a neighbor in T  or in V5 — w;. It is impossible, since |V3| < 2 and T has at most two neighbors
in Q.

Case 2.1.3: Only x5 has a neighbor wy € V3, and ys is not adjacent to any (1,1, 1)-tree of size 1.
Let N(w1) = {xa2,q1}. Since ch*({z2,y2,uw1}) < —1.25 — 1.25 — 0.5 = =3, |V5| < 3. Recolor wy
with 1. If ¢; belongs to Y or is a (1,1, 1, 1)-vertex, this gives a (0, 1)-coloring of G[V2 U V3]. Since
x9 has no neighbors in Vj, it extends to V. So we may assume that ¢; ¢ Y and is a (1, 1, 0)-vertex.
Let ¢} be the neighbor of ¢, in V5. If there is ¢ € {q1,q]} such that ¢ does not have neighbors in
Vo — wy, then recoloring ¢ with 0 yields a (0, 1)-coloring of G[V, U V3] that extends to Vj. So, each
of g1 and ¢} has a neighbor in Vo —wq. If some = € {x1, 23} is not adjacent to V, then we can use
the standard coloring on V5 U V3 — 2 — y9 and color x and yo with 0. This will be a (0, 1)-coloring of
G|V U V3] that extends to Vy. Thus every vertex in @ = {z1, 3, q1, ¢} } has a neighbor in V5 — wy.
It follows that |Va| = 3 and each w € Vo — w; is adjacent only to vertices in ). Since no vertex
is adjacent to both ¢; and ¢] (because G is triangle-free), there are z € {z1,z3} and w € Vo — w;
such that N(w) = {x,q1}. Then we use the standard coloring on V5 U V3 — x9 — y3 — ¢ — w1 and
color z2 and ys with 0 and w;. Since we know the neighbors of all vertices in Vb, this will be a
(0, 1)-coloring of G[V, U V3] that extends to Vj.

CASE 2.2: Our coloring is a (0, 1)-coloring of G[Va U V3] but does not extend to Vj.

Then by Lemma PZT78, there exists a (1,1, 1)-tree T of size 1 adjacent to both, zo and y2, and such
that the third neighbor of 7" in V3, say ¢, has a neighbor of color 1. So, ¢ is a (1,1, 0)-vertex not

in X UY. By Rules 5, ch*(T) < —0.25. So, |Va| < 2. If some = € {z1,z3} is not adjacent to Vs,
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then we use the standard coloring on Vo U V3 — x — y5 and color x and yo with 0. Since q ¢ X,
this will be a (0, 1)-coloring of G[V2 U V3] that extends to Vj. So, both x1 and z3 are adjacent to
Va. Symmetrically, both y; and y3 are adjacent to V. Then ¢ is not adjacent to Vo. So we use
the standard coloring on Vo U V3 — x5 — yo — g and color z9, ¢ and y2 with 0. By the case, this is a
(0, 1)-coloring of G[V, U V3] that extends to Vp.

CASE 3: There are exactly three 3-paths in Gs, (z1,22,23), (y1,vy2,¥3), and (u1, ua, us).
Let X = {x1,22,23}, Y = {y1,y2,y3} and U = {u1,uz,us} . Similarly to Case 1, every vertex in
V3 — w9 — yo — ug is either a (1,1,0)-vertex. Also d(z2) = d(y2) = d(ug2) = 3 and |V3] < 2.

If V5 is not empty, w € Vs, so ch*({x2, y2, ug, w} < —1.25 — 1.25 — 1.25 — 0.5 < —4, so Vo = ().

Thus every vertex in V3 — z9 — yo — ug is a (1,1, 0)-vertex.

We use the standard coloring on Vo U V3 — x9 — 79 — uo and color zg,y2 and uo with 0. Since
this coloring is a (0, 1)-coloring of G[V2 U V3], so it does not extend to Vj.

Thus there is a (1,1, 1)-tree T" adjacent to j vertices of {z2,y2,u2} with 7 = 1 or 2. And no
(1,1, 1)-tree of size 1 distinct from T is adjacent to {x2,y2,u2}. Let w be the neighbor of T" outside
of {z2,y2,u2}. Then recoloring w with 0 yields a (0, 1)-coloring of G[V2 U V3] that extends to Vj.

Since there are at most three Pss in (g3, this finishes the proof. ]

2.2 On (j, k)-coloring of graphs with large girth

In Seciton 22, we consider graphs with girth g with arbitrary g and determine values of F}x(g).

For j, k with k > 25 + 2, the following theorem gives us the value of Fj;(3).

Theorem 2.2.1 ([16]). Let k > 25 + 2 and G be a graph. If G is (2 — %,ﬁ) -sparse,
then it is (j, k)-colorable. Moreover, the result is sharp in the sense that there are infinitely many

almost (2 — (H’;)%, k%rl) -sparse graphs that are not (j, k)-colorable.
Our first result in this section gives triangle-free sharpness examples for Theorem =211

Theorem 2.2.2. Let j > 0 and k > j+ 1. Then there are infinitely many triangle-free almost
<2 — m-lg)%’ k%—l) -sparse graphs that are not (j, k)-colorable. Furthermore, for every k > 1, there

are infinitely many almost (2 — %, k%rl) -sparse graphs of girth 5 that are not (0, k)-colorable.

49



When k£ > 25 + 2, the graphs we construct in Theorem are (j, k)-critical in the sense
that each proper subgraph of every such graph is (j, k)-colorable by Theorem EZZ1 but the graphs
themselves are not.

Let Fj(g) denote the supremum of positive a such that there is some (possibly negative) b
with the property that every (a,b)-sparse graph G with girth g is (j, k)-colorable. The above
mentioned result in [I5] implies Fy1(3) = #2 = 1.2. In Section P we prove the exact result:
Fy1(4) = Fp,1(5) = 4 and also find the best possible value of b. In this section we extend this
result in two directions: to large girth and to (j, k)-colorings instead of (0, 1)-colorings.

Since Fp(4) and Fp(4) are already known, with Theorem Z-22 we have the values of F{ ;(4)
for all £ > 0.

Our second result in this section concerns graphs with large girth.

Theorem 2.2.3. For allk>j >0 and g > 3, Fjir(g9) <2 — %

So, we have Fy1(3) = 1.2, Fy1(4) = Fo(5) = 2 =1.222..., Fy1(g) < 1.25 for all g, and if

k> 2j + 2 then Fj;(g) =2 — % for all g.

2.2.1 On (j, k)-coloring of triangle-free graphs

We consider a (j, k)-coloring of a graph G as a 2-coloring of V(G) with color j and color k such
that the vertices of color j (respectively, k) induce a subgraph with maximum degree at most j

(respectively, k). For a graph G and W C V(G), let the (j, k)-potential of W in G be defined as

k+2

Grya W EEm

oW, G) = ¢jn(W.G) = (2 -

(We will drop the subscripts 7, k if they are clear from the context.)

Note that for a graph G, condition

¢k (W,G) > — 25 for all W C V(G), (2.27)

is equivalent to the statement that G is (2 — m%%, k%rl)—sparse.
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In this section we prove Theorem 222, i.e. we show that for all kK > j 4+ 1 there are infinitely
many triangle-free graphs G with ¢; (W, G) > —k%rl for all W C V(G), but not (j, k)-colorable

and for all & > 2 there are infinitely many graphs G of girth 5 with ¢gx(W,G) > for

_ L
k+1
all W C V(G), and not (0, k)-colorable. Together with Theorem P21, this means that for all

k>2j+2, F;,(4) = Fj1(3). Recall that this is not the case for (j,k) = (0,1) by our result in [B5].
Let graph L(j, k) be defined as follows. Let

k1
V(L(j, k) = {z,w} U {ur, .. w1} U {wins -0 vigen wi}-
=1

Vertex z is adjacent to all vertices in {u1i,...,uj11} U{y1,...,yp+1}, vertex w is adjacent to all
vertices in {u1,...,ujq1} U Ufill{yi,l, oy Yijg1}, for every i € [1,k + 1], vertex y; is adjacent to
all vertices in {y;1,...,¥:j+1}, and there are no other edges (See Fig 2.8). We will call x the base

and w the top of L(j, k).

Top w

Yiq

Y1

Base x

Figure 2.8 : Graph L(1,3).
By construction, L(j, k) is triangle-free and L(0, k) has girth 5. We need the following simple
property of L(j, k).
Claim 2.2.4. In every (j, k)-coloring f of L(j, k),  has a neighbor of color k.

Proof. Suppose f(y1) = ... = f(yp+1) = f(w) = ... = f(ujy1) = j. Then for every
1 <7 < k+1 at least one of y;1,...,9; j+1 must be colored with k. So, w has at least k£ + 1
neighbors of color k and j + 1 neighbors wy, ..., u 41 of color j, a contradiction to the definition of

(4, k)-coloring. d
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A (j,k)-flag in a graph G is a pendant block isomorphic to L(j, k) whose unique cut vertex is

the base vertex x in L(j, k). Claim EZ24 immediately implies the following.

Claim 2.2.5. In every (j,k)-coloring f of a graph G for any x € V(G),

(a) if x is the base of k + 1 distinct (4, k)-flags, then f(x) = j;

(b) if x is the base of k distinct (j,k)-flags and f(x) = k, then x has no neighbors of color k outside
of these k blocks.

Another helpful property of (j, k)-flags is that they are sparse:

Claim 2.2.6. Let graph G consist of q distinct (j, k)-flags, W1, ..., Wy with the common base z,
and fori=1,...,q, let w; be the top of W;.

(a) If 0 #W C W;, then ¢(W) > ¢p({z}) — %—H’ and equality holds only for W = Wj.

(b) If 0 #W CV(G), then ¢(W) > ¢({z}) — 15 and equality holds only for W = V(G).

Proof. To prove (a), choose among the nonempty subsets of W; a set W of the smallest potential
¢(W). Since deleting of an isolated or pendant vertex from a set increases the potential and the

claim holds for a 1-element W, we may assume
s(GwW]) > 2. (2.28)

If )£ W C W,; and w; ¢ W, then W induces a forest, a contradiction to (ZZ8). So w; € W.
Since adding to a set U of vertices a vertex with at least two neighbors in U decreases the

potential, by (2228),

forall 1 <h,h’ <j+1, u, € W if and only if x € W and yp, ,y € W if and only if y,, € W.
(2.29)
Suppose x ¢ W. Then by (2229), W N {uy,...,uj41} = 0. Also, if in this case y;, € W then

by (Z29), all yx1,...,Yn,j+1 are in W and

k

W) — oW —{yn1,- - Unj+1,Un}) = <2 — (j—l-];)—zlj-i-l)) J+2)—-(2j+2) = Frl
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a contradiction to the choice of W. Thus € W. Then by (229), {u,...,uj+1} C W. Also adding
each yy, together with yp 1,...,yp j41 decreases potential by exactly k%rl So, the unique subset of
W; with the minimum possible potential is W; itself and

o) — 6({x}) = (2— —

MM) (Wi — 1) — |[E(CIWi])|

k+2 . . 1
= (2_(j+2)(k+1)> (]+2)(k‘+2)—((2j+3)(k+2)—1)Z—m,

as claimed. This proves (a).

To prove (b), suppose that W intersects exactly r > 0 of Wy,...,W,. If x ¢ W, then

BV) = 30V N W) > r(6({e}) — =) 2 6(feh) -
i=1
If x € W, then r = g and
O(W) = > o(W W) — (g = Do({a}) = 6({z}) — 7 (2.30)
i=1

By (a), equality in (2230) holds only when W N W; = W; for all ¢, which means W = V(G). O

Basic construction. We construct a graph Hy = Hy(j, k) from a star K j;1 with the center
xo and leaves x1,...,2j41 by adding k+1 (4, k)-flags to each of xg, x1,...,2;41. (When we say
"add (7, k)-flags to a vertex z”, we mean that = will be the base of the added flags.)

By construction, Hy(j, k) is triangle-free and H(0, k) has girth 5. If Hy has a (j, k)-coloring f,

then by Claim E2238(a), f(zo) = ... = f(xj4+1) = j, and vertex xg of color j has j 4+ 1 neighbors
Z1,...,xj41 of color j, a contradiction. Thus
Hj is not (j, k)-colorable. (2.31)

Now we want to prove that Hy satisfies (222).

Claim 2.2.7. If W C V(Hy), then (W) > —ﬁ, and equality holds only for W =V (H).



Proof. Choose a largest W C V(Hy) among the sets with minimum ¢(W). As in the proof of
Claim 2228, 6(Hy[W]) > 2. By Claim E=2Z8(a), if L is any (j, k)-flag in Hy and W N L # (), then
L C W. It follows that if we know which vertices in X = {zo,...,2j41} are in W, then we know
W. Similarly, if zp € W and z; ¢ W for some ¢, then by Claim Z28(a), adding to W vertex x;

and all the k + 1 (4, k)-flags containing z; we get a set W’ with

E+1

p(W') < d(W) + ¢({x:}) — el L < (W),

a contradiction to the minimality of ¢(W). So, W = V(Hy) is the unique set of minimum potential
among the sets containing x.
If 29 ¢ W, then every component of Hy[W] is a subgraph of a graph G described in Claim 28

and so has a nonnegative potential. So in this case ¢(WW) > 0. O

Thus Hy is the first in the series of examples proving Theorem 2232

In order to generalize Hy, we need one more notion. A vertex v in a graph G is a remote
(4, k)-base if it is the base of k + 1 (j, k)-flags W1,...,Wi11 in G and has exactly one neighbor

outside of W71 U...U Wjyy1. This unique neighbor of v will be called the main neighbor of v.

Claim 2.2.8. Suppose a graph H has no (j,k)-colorings, and v € V(H) is a remote (j,k)-base
contained in (4, k)-flags W1, ..., Wri1 with the main neighbor x.
(a) for any (j, k)-coloring " of H = H — (W1 —v) (if exists), f'(v) = k and v has k neighbors of
color k in H';
(b) for any (j, k)-coloring f" of H' = H — Ufill Wi (if exists), f"(x) = j and x has j neighbors of
color j in H".
Proof. If H' has a (j, k)-coloring f” with f'(v) = j, then f’ can be extended to Wi by coloring all
neighbors of v in W; and the top vertex of W; with k and the remaining vertices with j. But H
has no (7, k)-colorings. Thus if a (j, k)-coloring f" of H' exists, then f’(v) = k, and by Claim =24
each of Wy, ..., Wy contains a neighbor of v of color k. This proves (a).

Similarly, if H” has a (j, k)-coloring f” with either f”(z) = k or with f”(x) = j and at most

j — 1 neighbors of color j, then we can extend f” to the whole H by letting f”(v) = j, coloring all
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its neighbors in W; U...U Wy, and the tops of Wy, ..., Wy, with k, and the remaining vertices

in Wi uU...U Wi with 7. ]

General construction. Recall that H = Hj has the following properties:
(P1) H is not (j, k)-colorable;

(P2) H has no triangles and if j = 0, then H has girth 5;

(P3) p(W) > k:+1 for each W C V(H), and equality holds only for W =V (H)

(P4) H has at least two remote bases (if j = 0, then x also is a remote base in Hy(0, k)).

We now show how to use a graph H satisfying (P1)—(P4) to construct a larger graph satisfying
(P1)—(P4). Take two copies, H; and Hs of H. For h = 1,2, choose in Hj a remote base vy,
contained in (j, k)-flags Wp, 1, ..., Wj k41 with the main neighbor x;,. Let H = Hy — (Wi 1 — v1)
and H" = Hy Ul’CJrl Wa,;. We get the new graph H by adding to H' U H” a new vertex z adjacent
to vy in V(H') and to x9 in V(H").

Property (P2) for H directly follows from (P2) for H; and H,. Since Hy U Hy had at least four
remote bases and we destroyed only two of them when creating H' and H”, (P4) holds for H.

Suppose H has a (j, k)-coloring f. Then by Claim 2228(a), f(v1) = k and vy has k neighbors of
color k in V(H'). Thus we need f(z) = j. But by Claim E22R(b), f(z2) = j and x9 has j neighbors
of color j in V(H"). This contradiction proves (P1) for H.

To prove (P3), consider a set W of minimum potential in H. If z ¢ W, then by (P3) for
H, (W) = oW NV(H")) + oW NV(H")) > 0+0 = 0. Suppose z € W. Then, similarly

to (IZ2R), vy, 20 € W. Let W/ =W NV(H') and W =W NV (H"). Since adding to W" vertex vo

together with all k41 (4, k)-flags containing v would decrease the potential of W by (ﬁ_k)%,

we conclude that ¢(W") > mlg)% — TH with equality only when W” = V(H"). Similarly,

¢(W') > 0 with equality only when W’ = V(H’). Thus

BV 2 (W) oW +o((zh) 22 04 - E 2 Ly PEE 5 T
- 0 (+2k+1) k+1 (G+2)(k+1) T k+1

with equality only when W = V (H).

This construction yields Theorem 22272
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2.2.2  On (j, k)-coloring of graphs with large girth

In this section, we prove Theorem P273.

First, we inductively define the tree T(j, k) which will be a gadget to construct graphs we want.
Fori=1,...,k+1, let S; be a copy of the star K7 j;1 with the center ¢;. We subdivide each of
the j + 1 edges of each star S; once and add edges cic; for i = 2,...,k + 1. The resulting tree is
T1(j, k) and ¢ is called the center of T1(j, k). Note that T1(j, k) has (k+1)(j + 1) leaves. Assume
we already have defined the tree Ty_1(j, k) and it has (k+1)471(j 4 1)9~! leaves. Let T° be a copy
T1(j, k) with the center ¢y and T7, ..., T*+DG+D he disjoint copies of Ty_;(j, k) with the centers
Cly s Clet1)(j+1)- Let 1, ..., T(pp1)(j41) be the leaves of T°. The tree Ty(j, k) with the center cq is
obtained by merging ¢; with z; for all i = 1,..., (k+1)(j +1). Finally, the tree T);(j, k) is obtained
from two disjoint copies of Ty(j, k) by adding an edge connecting their centers. The example of

T7(2,3) is in Fig. 2.9.

A A

Figure 2.9 : T7(2,3).

Claim 2.2.9. Let f be a (j, k)-coloring of Ty(j, k) with the center cy such that every neighbor of a

leaf has color j. Then f(co) =k and co has k neighbors of color k.

Proof. We use induction on d.

Let L be the set of all leaves of T7(j, k). If all the neighbors of L are all colored with the color
j, then each of the remaining non-leaf vertices is adjacent to j + 1 vertices of color j, and thus has
color k. These vertices form a star K j with the center cp, which yields the claim for d = 1.

Assume the statement holds for d—1. Let 79, 7%, ..., T*+DU+D be the trees from the definition
of T4(j, k) and co, c1, - - -, C(r41)(j+1) be their centers. Let f be a (4, k)-coloring of Ty(j, k) such that
every neighbor of a leaf has color j. By the induction assumption, for each i =1,...,(k+1)(j+1),
f(c;) = k and ¢; has k neighbors of color k in T%. It follows that the neighbor of ¢; in T° has color

4. Again by the induction assumption, the conclusion holds for ¢g. O
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Lemma 2.2.10. For k > j, in every (j, k)-coloring of T)(j,k), some neighbor of a leaf has color
k.

Proof. Tree Té( J, k) contains two disjoint copies 71 and T» of Ty(j, k) with centers c1, co connected
by edge cico. If f is a (j, k)-coloring of T7(j, k) such that every neighbor of a leaf has color j, then
by the Claim 2229, for i = 1,2 the center ¢; of T% has color k and has k neighbors of color k in T%.

Since ¢; and co are adjacent, each of them has k + 1 neighbors of the color k, a contradiction. [

Claim 2.2.11. Let k > j. Let L be the set of leaves in Ty(j, k) and B =V (T4(j,k)) — L. Then for
every subgraph T of Ty(j, k),

(k+2)

GG BVl (2.32)

[E(T)] < (2 -

. . k
Moreover, if T # T4(j,k), then |E(T)| < (2 — (]Jr(z%ﬂ)IB NV(T) —1.

Proof. First, suppose that d = 1. Recall that in this case, B = C'UD, where D is the set of vertices

of degree 2 adjacent to L, |D

=|Ll =G+1)(k+1), C ={c1,...,ckt1} is the set of centers
of the original stars, each ¢; is adjacent to j + 1 vertices in D, and in addition ¢; is adjacent to
each vertex in C' — ¢;. Thus there are three types of edges: Type 1 — the edges connecting D
with L, Type 2 — the edges connecting D with C', and Type 3 — the edges connecting ¢; with
C — ¢1. We will prove (232) using discharging. Let every e € E(T') have charge ch(e) = 1 so that
>cer(r) chle) = |[E(T)|. Now each e € E(T) distributes its charge between its neighbors according
to the following rules.
Rule 1: Each edge df of Type 1 gives all its charge to the end d € D.

Rule 2: Each edge c;d of Type 2 gives charge 1 — m%% to the end d € D and charge

W%% to the end ¢; € C.
Rule 3: Each edge cic; of Type 3 gives charge k+1 to ¢; € C'— ¢ and charge k+1 to c1.

By the rules, only vertices of V(T") N B may receive a positive charge and total charge on them

will be exactly |E(T")|. Thus it is enough to prove that for every v € V(T') N B,

ch(v) <2— (]—&—%2)—21472)—1—1) (2.33)
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If v € D, then it gets at most 1 by Rule 1 and at most 1 — % by Rule 2, so (2233) holds for

v. If v = ¢; for some 2 < i < k+ 1, then it gets at most (5 + 1)#@21) by Rule 2 and at most
kLH by Rule 3, so
. (k+2) k (k+2)
h(v) < (j+1)— =2- ———
) <UD ) T E G+2k+1)

Finally, if v = ¢, then it again gets at most (j + 1)% by Rule 2 and at most kk—il by Rule
3, so again (233) holds for v. This proves Case d = 1.

Suppose now that d > 2. Then Ty(j, k) is obtained from several copies of T3 (j, k) by merging
leaves of some copies with the centers of some others. So if we do the discharging from E(T) to
V(T) N B in each copy of T1(j, k) forming Ty(j, k) by the Rules 1-3 above, then again only vertices
of V(T') N B may receive a positive charge and the total charge on them will be exactly |E(T)|.

Moreover, since by Rule 1 the leaves of each copy of T1(j, k) will get zero charge from this copy, as

we have checked above, (2233) will hold for every v € V(T') N B. This proves the claim. O

Proof of Theorem ZZ2Z3. Our goal is to show that for any ¢ >0, g >3 and k > j > 0,

there is an (2 — C (k32)

i T 6 0)-sparse non-(j, k)-colorable graph G of girth g. (2.34)

We use induction on j + k. If j = k = 0, then any odd cycle of length at least g is almost
(1,0)-sparse and not (0,0)-colorable. Assume that k& > 1 and (2234) is proved for all pairs (j/, k)
with 7'+ & < j+k and j' < K.

CASE 1: j < k. Then there is a graph Go with girth g which is not (j, k — 1)-colorable and
with

2(k+1)

2(k + 2)
Mad(G0)<4—m+2e§4—m

+ 2e. (2.35)
Let V(Go) = {v1,...,v,}. Fix an integer d > . Let M be the number of leaves in T)(j, k). By
an old result of Erd6s and Hajnal, there exists a non-n-colorable nM-uniform hypergraph H with

girth g. We construct our graph G using H and many copies of Gy and T);(j, k) as follows:

(i) Partition each e € E(H) into n subsets ey, ..., e, of size M;
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(ii) Replace each vertex x in H with a copy Go(z) of Go;

(iii) For each e € H and 1 < i < n, if ¢; = {x1,...,2m}, we take a copy T'(e,q) of T;(j,k)
with the set of leaves, say, L(e,i) = {¢1,...,¢y} and for h = 1,..., M, merge ¢, with the vertex
v; in the copy Go(zp) of Go. We will say that T'(e,1),...,T(e,n) belong to e and denote B(e,i) =
V(T(e,i)) — L(e, ).

Let us check that the obtained graph G has the properties we need: (a) the girth of G is at
least g, (b) G is not (j, k)-colorable, and (c) Mad(G) < 4 — % + 2e.

For an edge e € E(H), let G(e) denote the subgraph of G formed by the copies Go(x) of Gy for
all nM vertices & € e plus all the copies T'(e,4) of T)(j, k) for i = 1,...,n. If G has a cycle C of
length less than g, then C' is not contained in a copy of Gg since Gy has girth g. Moreover, then
C' is not contained in any G(e), since all edges of G(e) in |, | T'(e, 7) are cut-edges in G(e). Since
H is a linear hypergraph, C yields a (hypergraph) cycle in H, and any such cycle has at least g
edges, a contradiction to the choice of C. This proves (a).

Suppose we have a (j, k)-coloring f of G. Since Gy is not (j, k — 1)-colorable, each graph Go(z)
has a vertex v; of color k with k neighbors in Go(z) of color k in f. Let i(x) be the minimum ¢
such that Go(z) has a vertex v; of color k with k neighbors in Go(x) of color k in f. We define a
coloring ¢ of H as follows: for each = € V(H), let ¢(x) = i(x). Then ¢ is an n-coloring of H, and
H has no proper n-colorings. Thus there is a monochromatic e € E(H). Suppose f(z) = i for each
x € e. By construction, all the leaves of the copy T'(e, ) of T)(j, k) are in e;; each of these leaves is

of color k and has k neighbors of color k in ... Go(z). Thus none of these leaves has a neighbor

xrEe;

of color k in T'(e, ). This contradicts Lemma (2ZZ210). Thus (b) holds.

In order to prove (c), consider some W C V(@) with the largest . If this ratio is at most

[E(GW])]
W1
1.5, then (c) holds; otherwise by the maximality of the average degree, G[W] has no isolated vertices
and no leaves. Let W' = {,cy iy (W NV (Go(2))). Then W — W' = U, ey Uisi (W N Ble, 7))
Since each component of G[W’] is contained in some Go(z), by (E238), the average degree of G[W']

is less than 4 — % + 2¢. We can obtain W from W' by a sequence of adding the sets
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W N B(e, i), one by one. We will show that after every such step,

the average degree of the obtained subgraph remains less than 4 — % + 2e. (2.36)
Indeed, suppose it is the turn to add to a current set W” the set W N B(e, ). Let ¢1c} be the edge
in T'(e,7) connecting the centers ¢; and ¢} of the two disjoint copies of Ty(j, k). If {c1,¢}} ¢ W,
then by Claim 2211, adding W N B(e, ) to W adds at most (2 — %HWOB(@, i)| edges, as
claimed. So let {c1,¢}} € W. Since G[W] has no leaves, W contains the vertices of disjoint paths
from ¢; and ¢} to L(e, i) and thus |W N B(e,i)| > 4d. Again by Claim 211, adding W N Ble, 1)
to W” adds at most 1+ (2 — %HW N B(e, )| edges. Since d > 1/e and |W N Be,i)| > 4d,

the last expression less than (2 — % + €)W N B(e,i)|, as claimed. This proves (c).
CASE 2: 0 < j = k. Then there is a graph G with girth g which is not (k — 1, k)-colorable and

with
2(k+2)+26<4_ 2(k+2)

Mad(Go) <4 = G T2 <4 = G ym 1)

+ 2e. (2.37)

Now we simply repeat the proof of Case 1 with the only twist that using j = k, we consider Gy as

not (k, k — 1)-colorable instead of not (k — 1, k)-colorable. O

Concluding remark. Studying improper colorings with more colors, one can consider the
function Fy, . q,(g) generalizing Fj;(g). Using similar techniques, we can prove the following

extension of Theorem PZ23.
Theorem 2.2.12. Let a; <ay <---<a;, t>2and g > 3. Then F,,, q,(9) <t— (a2+2)

(a1+2)(az+1) "

Since we do not know how sharp is this bound, we do not supply a proof of Theorem PZZ2T2.
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Chapter 3

Variations of coloring problems

3.1 Harmonious coloring of trees with large maximum degree

We define harmonious coloring and harmonious chromatic number, h(G) in 2. The first paper [25]
on harmonious coloring appeared in 1982. However, the proper definition of this notion is due to
Hopcroft and Krishnamoorthy [28]. Harmonious coloring of a graph is essentially an edge-injective
homomorphism from a graph G to a complete graph and the harmonious chromatic number of G
is the minimum order of a complete graph that admits such homomorphism from G. Paths and
cycles are among the first graphs whose harmonious chromatic numbers have been established [25].
It was shown by Hopcroft and Krishnamoorthy that the problem of determining the harmonious
chromatic number of a graph is NP-hard. Moreover, Edwards and McDiarmid [20] showed that the
problem remains hard even restricted to the class of trees. Since the problem is hard in the class
of all trees, it makes sense to identify subclasses in which the problem is easier.

Since vertices of distance at most two in a graph G must have distinct colors in any harmonious
coloring of G, h(G) > A(G) + 1 for every graph G. In [B] it was shown that if T is a tree of order n
and A(T') > %, then h(T) = A(T) + 1. Moreover, the proof yields a polynomial-time algorithm for
an optimal harmonious coloring of such a tree. We strengthen this result by finding a wider class

of trees T for which h(T) = A(T) + 1.

Theorem 3.1.1. Let

(3.1)
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If T is a forest of order n, then

WT) A(T)+2, if T has non-adjacent vertices of degree A(T);
A(T)+ 1, otherwise.

Moreover, there is a polynomial-time algorithm for an optimal harmonious coloring of such a forest.

We prove the lower bounds in the theorem and show that the bound A(T) > "T‘*'Q is sharp
before we prove the upper bounds in the theorem.
Since in each harmonious coloring f of a graph G, the colors of all neighbors of a vertex v are

different and distinct from f(v),

hG) > 14+ A(G) for every graph G. (3.2)

Claim 3.1.2. Let k > 1. If a graph G contains two non-adjacent vertices, say ui and ug, of degree

k, then h(G) > k + 2.

Proof. Suppose that G has a harmonious (k + 1)-coloring f with colors in A+ {a1, ..., ag41}-
Then by (B32), for each j = 1,...,k + 1, the set f~!(c;) has a vertex in Ng[u;] and a vertex in
Nglug]. If f(u1) # f(uz), then the pair {f(u1), f(u2)} appears on two pairs of adjacent vertices:
one pair in Ng[ui] and one pair in Ng[ug]. And if f(ui) = f(u2), then for each o € A — f(u1),
the pair {f(u1),a} appears on two pairs of adjacent vertices. So, f is not harmonious. Thus

h(G) > k +2.

Now for every D > 3 we present a tree Tp such that (i) |V(T')| = 3D — 1, (ii) A(T) = D, (iii)
T has no non-adjacent vertices of degree D, and (iv) h(T') > D + 2 = A(T) + 2. These examples
show that the restriction (B) in Theorem BTl cannot be weakened.

Let Tp be obtained from a 4-vertex path (v1,ve,vs,v4) by adding D — 1 leaves adjacent to vy,
D — 2 leaves adjacent to vo, and D — 2 leaves adjacent to vg. Tree Ty is depicted in Fig. 3.1.

By construction, Tp is a tree with maximum degree D and |V (Tp)| =4+ (D —1)+ (D —2)+
(D—2)=3D—1. So, (i) and (ii) hold; and (iii) is also evident. We establish (iv) by proving the

following.
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Figure 3.1: Tree Tj.

Claim 3.1.3. h(Tp) = D + 2.

Proof. Suppose f is a harmonious coloring of Tp with D + 1 colors. We may assume that
f(v1) =1, f(va) =2, and f(v3) = 3. Also we may assume that f(N(vi) —v2) = {3,4,...,D + 1}.
Then f(N(vg) —v1 —wv3) = {4,...,D + 1}. Since dp,(v1) = dr,(v2) = D, no other vertices
can be colored 1 or 2 in a harmonious (D + 1)-coloring. Thus, we may assume f(vs) = 4. Then
f(N(vg)—v3) C {5,6,...,D+1} should hold. But N(vq)—v3 has D—2 vertices and only D—3 colors
are available. Therefore we cannot complete the coloring with D + 1 colors. Thus h(Tp) > D + 1.

Now, we present polynomial-time coloring procedures yielding that
(*) if (@2) holds and T is an n-vertex forest with maximum degree A(T) such that T has no
non-adjacent vertices of degree A(T'), then h(T) = A(T) + 1.

First, observe that the statement holds for A(T") < 2: By (81), n < 3A(T)—2. So, if A(T) < 1,
then n < 1, and so A(T) <1 <1+ A(T). If A(T) = 2, then n < 4 and hence T is a subgraph of

the 4-vertex path P; whose harmonious chromatic number is 3 = A(T') + 1. So, everywhere below

A(T) > 3. (3.3)

Second, let us check that it is enough to prove (*) for trees. Indeed, if 7" is a disconnected
n-vertex forest satisfying (B) and (B23) with no non-adjacent vertices of degree A(T"), then by
adding an edge connecting two leaves or isolated vertices from different components of T', we again
get a forest with these properties and fewer components. Thus in Section BTl we will assume that
T is a tree.

Let v € V(T') be a vertex of degree A(T"). We will construct a harmonious coloring f : V(T') —
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V(Ka(r)+1) step by step. The vertices of H := K ()41 will by denoted by Greek letters so that
we do not mix them with the vertices of T. We start from mapping v and the A(T') neighbors of
v in T into the all different A(T") + 1 vertices of H. Let f(w) denote the color of w. If f(w) is not
defined yet, then w is an uncolored vertex, otherwise it is a colored vertex.

We consider several cases.

Case 0: T consists of two stars with a path joining them. This case is straightforward.

Case 1: v is the only vertex of degree A(T") in T, and T has no vertices of degree A(T") — 1.
Suppose that we have already defined f(w) for some vertices w € V(T') (in particular, f(w) is

defined for w € Np[v]). For a € V(H), let

da) =Y dr(a).
zef~1(a)

Also, we will say that vertices o and 3 of H are T-adjacent, if there are x € f~!(a) and y € f~1(8)
such that zy € E(T). Our procedure will color one vertex at each step. It works as follows:

(a) Choose a vertex w € V(T) such that f(w) is defined and w has a neighbor u for which f is
not defined and w is not a leaf. If there are no such vertex, then choose u which is a leaf.

(b) If there is v € V(H) — f(w) such that (i) 7 is not T-adjacent to f(w) and (ii) d(y)+dr(u) <
A(T), then we let f(u) be any v satisfying (i)—(ii) and go to (a) of the next step.

(c) If no v € V(H) — f(w) satisfies (i)—(ii), then we stop.

We need to prove that we do not stop until we embed all T'. Note that after the initial coloring
of Nr[v], for every a € V(H) we have |f~!(a)| = 1, and hence d(a) < A(T).
Suppose that we stopped in some step, before f(z) was defined for every € V(7). This means

that at the moment of stopping, either every v € V(H) — f(w) is T-adjacent to f(w) or
d(v) +dp(u) > A(T)+1 for every v € V(H) — f(w) not T-adjacent to f(w). (3.4)

If the former holds, then since f(u) is not defined yet, at the moment of defining f(w) we had already
had d(f(w))+dr(w) > A(T)+1 and should have stopped then. Thus some v € V(H)— f(w) is not

T-adjacent to f(w), and (B4) holds. We may assume that f(w) = 7. Let 71, ...,7 be the vertices
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of H —~0 not T-adjacent to o, and ¥r41,...,7a(r) be the vertices of H that are T-adjacent to 7.
And let ya(r) = f(v). By the above, 7 > 1.

By the choice of u, u # v. So in our case d(u) < A(T) — 2. Thus by (832),
d(vi) > A(T)+1—dp(u) >3 forevery 1 <i<r. (3.5)

Since f(v) is T-adjacent to every other vertex in H, according to our rules, f(z) # f(v) for

every T # v.

For every W C V(T),

n—1=|E(T)| > Y dp(w)— |E(T[W])| (3.6)
weWw

We may assume that d(v1) < d(y2) < ... <d(v,). Let

W .= {'U,U} U f_l({’VOa’Ylv s 777“})'

Case 1.1: r = 1. Then, since 7y is T-adjacent to A(T) — 1 vertices in H and ww € E(T),
d(y0) > A(T). By (B3), dr(u) + d(v1) > A(T) + 1. So since 71 is not T-adjacent to 7o, the graph
T[W1] has exactly 3 edges, uw, vxy and vai, where z; is a neighbor of v with f(x;) = ~;, for i = 0, 1.

Thus using this W in (B38), we have
|E(T)| = dr(v) + d(y0) + dr(u) +d(n) =32 A(T) + A(T) + (A(T) + 1) =3 =3A(T) - 2.

So, 3A(T) —2<n—1,ie, A(T) < "T“, a contradiction.

Case 1.2: r = 2. Similarly to Case 1.1, d(v) > A(T) — 1 and dp(u) + d(v1) > A(T) + 1. Now
v1 and 9 are not T-adjacent to vp. So, graph T'[W] has at most 5 edges. Thus, using this W in
(8M), we have (using also (B33) to estimate d(72))

[E(T)| = dr(v)+d(y0)+dr(u)+d(y1)+d(y2) =5 = A(T)+(A(T)=1)+(A(T)+1)+3-5 = 3A(T) -2,
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a contradiction as in Case 1.1.

Case 1.3: 1 > 3. Now d(v9) > A(T) —r+ 1 and 71,...,7 are not T-adjacent to vy. So,
— d(yi) — 1
E(TW) <1 1 _ .
[E@WDI < @ +r)+ +£1 5 (3.7)

(here 7 + 1 counts the edges incident with v, 1 stands for the edge uw and Y, d(%é)_l estimates

from above the number of edges both ends of which are in {v1,...,7,-}). So by (B@),

n 1= B > dr(v) + dr(n) + 3 d(y) —r —2 - 3 D0
i=0 =1

> A(T) + (A(T) =+ 1) + (dr(u) +d(m)) —dy) =7 =2+ ) d(%;H

i=1

> (QA(T) —r+ 1) + (AT + 1) — () — v~ 2+ OV FL _ga ) —or g (- T

N3

T;223AHU—3+dwg_3.

=3A(T) =3+ (d(m) = 3)

Thus if d(y1) > 4 or if (B72) is a strict inequality, or if d(vy) > A(T) — r + 1, then we have
n—1 > 3A(T) — 3, which yields A(T) < ”T“, a contradiction. So, by (B3) we may suppose
that d(v1) = 3, d(yw) = A(T) —r + 1, and (B2) holds with equality. In particular, by (83),
dr(u) = A(T) — 2. Since r > 3, we have A(T') > 1+ r > 4, and so u is not a leaf. Since we do not
have Case 0, there is a leaf [ not adjacent to v and not adjacent to v. Thus, according to our rule
(a), I is not colored yet. Since d(vp) = A(T) — r + 1, and (BZ7) holds with equality, [ is adjacent
neither to any vertex in f~!(yg) nor to any vertex in f~1({71,...,7,}). Hence the right-hand side
of (BM) does not count the edge incident with . So, we have n — 2 > 3A(T") — 3, a contradiction
to A(T) > "+,

Therefore we do not stop until we color all the vertices in T'.

Let (ui,...,u,) be an ordering of the vertices of T' such that u; = v and dp(uy) > dp(ug) >
... > dr(uy). In these terms, Case 1 was the case dr(ug) < A(T) — 2. Let t be chosen so that

dr(u) > 2 and dp(uesr) = 1.
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Case 2: dp(uz) > A(T) — 1. Let W’ := {uq,...,us}. Since T is connected, T[W'] is also

connected. Then

S dp(w) = A(T) + (A(T) — 1) + (A(T) = 1)+ 2(t —3) and |E(T[W])| =t — 1.
weWw’

So by (B3),
n—1=|E(T)| >3A(T)—242(t-3)—(t—1)>(n+2)+t—T=n+t—5.

It follows that ¢ < 4, and that if ¢ = 4, then dr(u2) = A(T) — 1 and dr(uq) = 2.

Case 2.1: t = 3. The only 3-vertex tree is the 3-vertex path. So, T[W’] is the path (w1, wa, w3).
By (*), we may assume that w3z = us. For i = 1,2,3, we let f(w;) = v,—1. We place the leaves
adjacent to w; into any dp(w;i) — 1 vertices in V(H) — 49 — 71, the leaves adjacent to wy into any
dr(w2) — 2 vertices in V(H) — o — 71 — 72, and the A(T") — 2 leaves adjacent to ws into the vertices
in V(H) =~y — 71 — 7.

Case 2.2: t = 4. As it was mentioned, in this case dr(uz) = dr(us) = A(T) —1 and dp(uyg) = 2.
Since T[W'] is connected and dr(us) = 2, we may assume that ug is adjacent either to u; or to
ug. For i =1,2,3,4, we let f(u;) = 7,—1. Then for j = 1,2, 3,4, we place the leaves adjacent to
u; into the vertices of H — 9 — ... — 7j—1 not occupied by the neighbors of u; in W’. We can do
it for j = 1,2, since dp(u;) = 1+ A(T) — j for these j. And ug was chosen so that yo = f(u3) is
T-adjacent to {y0,71}. Finally, since T[W’] is connected, u4 has at most one adjacent leaf. So if
A(T) > 4 or uyg has no adjacent leaves, then we are done. Thus we need only to handle the situation
when A(T) = 3 and each vertex of degree 2 in T has an adjacent leaf. Then T[W'] = K; 3. For
i =2,3,4, let w; be the leaf adjacent to u;. In this case, we again let f(u;) = ;-1 fori =1,2,3,4

and then let f(wa) = 2, f(w3) =73, and f(wy) = 1.

Case 3: dr(uz) = A(T). Under Condition (*), vugs € E(G), and by Case 2, dp(us) < A(T')—2.
Since vug € E(G), f(ug) was defined at the first step. Then we can apply the procedure of Case 1,

and the argument goes through since dr(us) < A(T') — 2.
The only case, we have not yet considered is:
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Case 4: dp(ug) = A(T) — 1 and dp(ug) < A(T) — 2. Let P = (v1,...,v4) be the path in T’

connecting vy = v with v, = u2. Suppose v has exactly p adjacent non-leaves in 7. We claim that

q+p < A(T) +2, (3.8)

since otherwise

n>q+(p—1)+(dr(v)—1)+(dr(ug)—1) > (A(T)+3—-1)+(A(T)-1)+(A(T)—-1-1) = 3A(T) -1,

a contradiction to (B7).

By (BR), we can place all the vertices of P and all remaining non-leaf neighbors of v into distinct
vertices of H. After that, we place the leaves adjacent to v into distinct vertices of H not containing
v or its neighbors. Then we again apply the procedure of Case 1 and the argument goes through
since dr(us) < A(T) — 2.

Thus this completes the algorithm for the case where T' has no non-adjacent vertices of degree
A(T). If T has non-adjacent vertices v and z of degree A(T"). We add a vertex w to T' and make
w adjacent to v to get a tree 7" with maximum degree A(T) + 1. Then we may apply Case 1 to T”
and color 77 with A(T') + 2 colors. This harmonious coloring of 7" gives a harmonious coloring of

T with A(T') + 2 colors. This completes the proof of Theorem 1.

Remark. Since we colored vertices one by one with no recolorings, and the choice of every

next vertex took polynomial time, the total time taken by our algorithm is polynomial.

3.2 On r-dynamic chromatic number of graphs

Imagine that students in a class are to be placed in groups. To encourage communication, friends
must be in different groups, and each student should encounter many groups among his or her
friends. Requiring all friends of each student to be in different groups splinters the students into
too many groups. Instead, we specify a threshold r; the friends of a student with d friends must

represent at least min{r,d} groups. We ask how many groups are needed.
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We defined r-dynamic k-coloring and r-dynamic chromatic number, x,(G) in 2.

The 1-dynamic chromatic number of a graph G is its chromatic number x(G). The 2-dynamic
chromatic number was introduced as dynamic chromatic number by Montgomery [45]; he conjec-
tured x2(G) < x(G) + 2 when G is regular, which remains open. Alishahi [8] showed that for
all k there is a k-chromatic regular graph G with x2(G) > x(G) + 1. Akbari et al. [d] proved
Montgomery’s conjecture for bipartite regular graphs. Lai, Montgomery, and Poon [&1] proved
x2(G) < A(G) + 1 when A(G) > 3 and no component is the 5-cycle Cs.

Akbari et al. [6] strengthened this to the list context: chy(G) < A(G) + 1 under the same
conditions, where chy(G) is the least k such that a 2-dynamic coloring can be chosen from any lists
of size k assigned to the vertices. Kim and Park [87] proved chg(G) < 4 for planar G with girth at
least 7, and chy(G) < k when k& > 4 and G has maximum average degree at most ,f‘—fQ (both results
are sharp). Kim, Lee, and Park [3%] proved x2(G) < 4 when G is planar and no component is Cj;
also, chy(G) < 5 whenever G is planar.

Given a graph G, let G? denote the graph obtained from G by adding edges joining nonadjacent
vertices that have a common neighbor. Properly coloring G? is a restricted version of properly
coloring GG, require vertices with the same color to be distance at least 3 apart. One motivation

for the study of r-dynamic chromatic number is that it provides a spectrum of parameters between

X(G) and x(G?).

Observation 3.2.1. Always x(G) = x1(G) < -+ < xa)(G) = x(G?). If r > A(G), then
Xr(G) = xa(6)(G)-

Observation 3.2.2. x,(G) > min{A(G),r} + 1, with equality when G is a tree.

Proof. The closed neighborhood of a vertex of maximum degree needs min{A(G),r} + 1 colors.
When G is a tree, take one vertex as a root and iteratively color children of each vertex greedily

with colors different from the parent; min{A(G),r} + 1 colors suffice. O

We begin in Section BZ1 with an analogue of Brooks’ Theorem [I3] for r-dynamic coloring.
We prove x,(G) < rA(G) + 1 and characterize the graphs achieving equality. Our result is not a

generalization of Brooks’ Theorem, because although x,(G) = x(G) when r = 1, the characteriza-
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tion of equality for r > 2 does not reduce to Brooks’ Theorem when r = 1. In particular, for r > 2
equality holds if and only if G is an r-regular graph with diameter 2 and girth 5. Such graphs are
known as Moore graphs and are quite rare; the only examples are C'5, the 3-regular Petersen graph,
the 7-regular Hoffman—Singleton graph, and possibly a 57-regular graph not known to exist.

When the minimum degree is not too small, we can greatly improve the bound in terms of the
maximum degree. For an n-vertex graph G, we show that §(G) > 5 (r + 1) Inn implies x,(G) <
A(G) +r + s. In particular, §(G) > 2rlnn implies x,(G) < A(G) 4 2r, and §(G) > r(r+1)Inn
implies x,(G) < A(G) + .

In Section B2, we study bounds for regular graphs in terms of the chromatic number, mo-
tivated by Montgomery’s conjecture. Akbari et al. [d] proved x2(G) < 2x(G) for every k-regular
graph G. Alishahi [7] proved x2(G) < x(G)+14.06 In k+1 (and later x2(G) < x(G)+2 [41nk + 1] [§]),
which Taherkhani [62] improved to x2(G) < x(G)+ [5.437Ink + 2.721]. For general r, we mention
our result in [82] showing x,(G) < rx(G) for k-regular graphs G with k£ > (3+ o(1))rInr. This re-
sult appeared in [48] and the same conclusion when k > 7rInr, and later Taherkhani [52] obtained
a similar result by essentially the same method as ours. When £k is not sufficiently large in terms of
r, the ratio x,(G)/x(G) can grow superlinearly in 7; we provide an example using Kneser graphs
where k = r and x,(G) > r13744(G).

In Section BZZ3 we consider k-chromatic graphs with small diameter. We first give a short
proof of x2(G) < x(G) + 2 for every graph G with diameter 2. Furthermore, equality holds only
for complete bipartite graphs and Cj5. For regular graphs with x(G) > 4, Alishahi [8] proved
x2(G) < x(G) + a(G?) (here (@) is the maximum size of an independent set of vertices and G?
is obtained from G by adding edges joining vertices with common neighbors; note that a(G?) = 1
when diam(G) = 2).

Moving on to diameter 3, we prove x2(G) < 3x(G) when diam(G) < 3, and this is sharp. For
graphs with diameter 4 there is no bound in terms of chromatic number: subdividing every edge of
the complete graph K, yields a bipartite graph G with diam(G) = 4 and x2(G) = n. In contrast,
X3 is unbounded already on bipartite graphs with diameter 2.

To study x2 on graphs with diameter 3 we use a related notion from hypergraph coloring. A
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vertex coloring of a hypergraph H is c-strong if every edge e has at least min{c, |e|} distinct colors;
this concept was introduced in [I2]. An r-dynamic of a graph G is a proper coloring of G that
also is an r-strong coloring of the hypergraph H with vertex set V(G) whose edge set is the set of
neighborhoods of vertices in G. Thus x,(G) > x(H;r), where x(H;c) is the minimum number of
colors in a c-strong coloring of H. More importantly, x,(G) < x(G)x(H;r), by combining a proper

coloring of G with an r-strong coloring of H.

3.2.1 Bounds in Terms of Maximum Degree

We prove an upper bound on x,(G) in terms of A(G) and characterize (for » > 2) when equality
holds. Not only is the result analogous to Brooks’ Theorem, also the proof idea is like that of a

well-known proof of Brooks’ Theorem by Lovész [43].

Theorem 3.2.3. x,(G) < rA(G) + 1, with equality for r > 2 if and only if G is r-reqular with

diameter 2 and girth 5.

Proof. If G is r-regular, then vertices having a common neighbor must receive distinct colors in
an r-dynamic coloring. If diam(G) = 2, then all pairs of vertices are adjacent or have a common
neighbor. Hence x,(G) = |V(G)|. The maximum value of |V (G)| is 72 + 1, which occurs if and
only if G has girth 5. Hence equality holds for Moore graphs.

For the upper bound, we may assume that G is connected, by considering each component.
Choose a vertex v,, and use a spanning tree to order the vertices as vy, ..., v, so that each vertex
before v, has a higher-indexed neighbor; this is an ascending ordering to v,. Color the vertices in
the order vy, ..., v,. A vertex is dangerous when its neighborhood does not yet have r colors. When
coloring v;, avoid each color used on a neighbor of v; or on a neighbor of a dangerous neighbor of
v;. This is the greedy coloring procedure with respect to the ordering; the first min{d(v),r} colors
assigned to the neighborhood of any vertex v are distinct. At most r colors must be avoided for
each neighbor of v;.

For ¢ < n, the uncolored higher-indexed neighbor of v; means that at most rA(G) — 1 colors
need to be avoided when coloring v;. Hence rA(G) colors suffice, except possibly for the last vertex.

When G is not regular, choosing v,, to be a vertex of minimum degree completes the proof, since
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v, needs to avoid at most r(A(G) — 1) colors.

Hence we may assume that G is regular. If A(G) > r, then when v, is colored in an ascending
ordering it is the last uncolored vertex. Under the greedy procedure, its neighbors already have at
least r distinct colors in their neighborhoods, so none are dangerous. Therefore only A(G) colors
need to be avoided in coloring v,. If A(G) < 7, then Observation B2 yields x,(G) = x(G?) <
AGH+1<AG)? +1 <rA(G).

Hence we may assume that G is r-regular. If G has a cycle of length at most 4, then let v, be
a vertex on a shortest cycle C and color greedily in an ascending ordering to v,,. At most 72 colors
are used in coloring vy, ...,v,—1. When coloring v,, the two neighbors of v, on C generate at least
one common color to be avoided (on a vertex of C), leaving at most 72 — 1 colors to be avoided.
Thus 2 colors suffice.

Hence we may assume that G has girth at least 5, which yields r? other vertices within distance
2 of each vertex. If diam(G) = 2, then we are finished, so assume diam(G) > 3. Let v and w
be vertices at distance 3, with (u,z,y,w) an induced path. Let Ti,...,T) be the components of
G — {u,w}, with x,y € Ty.

Color w and w first (each get color 1), and then use an increasing ordering in each T; to a
neighbor of u or w, leaving 7T}, last with an increasing ordering to x. As usual, at most r? — 1
colors must be avoided on any vertex of T; before the last. For ¢ < k, the last vertex v in T; has
an uncolored vertex at distance 2 (it is = or %), so it needs to avoid at most 72 — 1 colors. Finally,
when coloring z, the two vertices v and w have the same color, so again at most 72 — 1 colors need

to be avoided on z. O

We believe that also there is no graph G with x,.(G) = rA(G) other than cycles whose length is
not divisible by 3 (when r = 2); that is, when A(G) > 2 and Moore graphs are excluded, the upper
bound should improve further. It is known for example that x2(G) < A(G) + 1 when A(G) > 3
and no component of G is C5 [A1]. We present a restricted construction where the bound cannot

be improved by much.

Example 3.2.4. Graphs with x,(G) = rA(G) — 1 when r = A(G). When r = A(G), deleting an

edge wv from a Moore graph with A(G) > 2 yields a graph G with x,(G) = rA(G) —1 = r2 — 1.
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For the lower bound, any two vertices in V(G) — {u,v} are adjacent or have a common neighbor,
so they must have distinct colors. For the upper bound, give distinct colors to V(G) — {u,v}, give
u a color in N(v), and give v a color in N(u); now no color is on two vertices with a common
neighbor in G.

Let G; fori € Zy, be a copy of this graph G. Add the edges joining the copy of v in G; to the copy
of u in Giy1, for all i € Zy. Since A(G) > 2, the duplicated colors in successive copies of G can
be chosen to be distinct. Thus infinitely many 2-connected graphs are constructed with r-dynamic

chromatic number rA(G) — 1, but only for A(G) =r and r € {2,3,7} (and possibly 57).

Qestion 3.2.5. For fized r and k, what is the best bound on x,(G) that holds for all but finitely

many graphs G with mazimum degree k?

We show next that if the minimum degree is not too small relative to the number of vertices (for
fixed r), then the bound in Theorem B3 can be improved by replacing the product with a sum
involving A(G) and r. The idea is to modify the greedy coloring algorithm used in Theorem B=Z3.
There we ensured that the first r neighbors of a vertex would have distinct colors. Now we will

allow r distinct colors to be obtained at any time.

Theorem 3.2.6. If G is an n-vertex graph, and 6(G) > Z_i_if(?“—kl) Inn, then xr(G) < A(G)+r+s.
In particular, §(G) > 2rlnn implies x,(G) < A(G) +2r, and 6(G) > r(r+ 1) Ilnn implies x,(G) <

A(G) +r.

Proof. The special cases arise by setting s = r and s = 0 in the general statement.

If n < A(G) 4+ r + s, then we may use distinct colors on the vertices, so we may assume
n > A(G) +r+s. Let vq,...,v, be any vertex ordering of G. Generate integers aq,...,a, by
choosing each a; randomly and uniformly from {1,...,r + s}. Color the vertices in the order
V1,...,U,. When coloring v;, choose the a;th smallest color among the colors not yet used on
neighbors of v;. This produces a proper coloring with at most A(G) + r + s colors.

We claim that with positive probability the coloring is also r-dynamic. This fails at a vertex v
only if the colors in N(v) are confined to a particular set of r» — 1 colors. The probability that this

happens with a particular set of » — 1 colors is bounded by (%)J(G), which in turn is bounded
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by e_é(G)%. There are (A(ﬁ)f“ S) choices of a set of 7 — 1 colors, which is bounded by n"~! since
A(G)+r+s<n.
Since G has n vertices, the probability of having a bad vertex is bounded by n’”eié(G)%. The

constraint on §(G) bounds this by n"n~("*+1 which is less than 1. O

3.2.2 Regular Graphs and Chromatic Number

To strengthen x,(G) < rA(G) for non-Moore graphs, we want to replace A(G) with a value no
larger; for example, x(G) < A(G) by Brooks’ Theorem when A(G) > 3 and G is not complete. We
prove x,(G) < rx(G) for regular graphs with sufficiently large degree in terms of . The Petersen
graph shows that the inequality does not hold for all G when r = 3.

For k-regular graphs with k£ sufficiently large in terms of r, we use a random r-coloring of the
vertices to show that some coloring puts r distinct colors into each vertex neighborhood. We then
assign each vertex a pair consisting of its color under this r-coloring and its color under a proper
X(G)-coloring. This ensures that adjacent vertices have distinct colors; in total, ry(G) color pairs

are used.

Theorem 3.2.7. [32, 48] If G is a k-regular graph and ep(k(k—1)+1) < 1, where p = re /" then
Xr(G) < rx(G). In particular, if k > (3 + z)rlnr, where x — QIIHTTT is a small positive constant,

then x,»(G) < rx(G).

We do not know the least k to guarantee x,(G) < rx(G) when G is k-regular, but we can show

that when k = r the ratio x,(G)/x(G) can grow superlinearly in r. Let [n] denote {1,...,n}.
Theorem 3.2.8. For infinitely many r, there is an r-reqular graph G such that x,(G) > 3744\ (q).

Proof. The Kneser graph K (n,t) is the graph whose vertices are the t-element subsets of [n], with

n—t

. ) other vertices. Given

two sets adjacent when they are disjoint. Each vertex is adjacent to (
teN, let G =K(3t—1,t) and r = (";t) Any two nonadjacent vertices in G have a common
neighbor, since two intersecting t-sets in [3t— 1] omit at least ¢ elements, so diam(G) = 2. Since G is

r-regular, we thus have x,(G) = |V(G)| = (3tt_l). On the other hand, Lovasz [44] and Béarany [[IT]

proved x(K(n —t)) =n—2t+2,s0 x(G) =t + 1.
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It remains to express x,(G) in terms of r and x(G). In terms of ¢, we have r = (Qtt_l) = %(Qtt)

and x,(G) = (3t;1) = %(it) Note that x,(G) and r are both very much larger than x(G), so

what is important is the ratio between x,(G) and r as a function of r. For ¢ € {1, 1}, we use the

(o)~

that arises from Stirling’s Formula m! = m™e™""v/2mm. We compute

approximation

x-(G) He

~

4 ()t N1\/Z<27>t
(@) T+ 15(F) T sta/@Eme - tV3\16)

Setting this ratio to be r*, where r ~ $4'/\/t, we take logarithms to obtain tlog,(27/16) =

(1+0(1))txlog, 4, which simplifies to z = £ (logy 27 —4) > .37744. Thus x,(G) > r!374y(G). O

Theorems B=21 and B=XH suggest the following question.

Qestion 3.2.9. As a function of r, what is the least k such that >§:((GG)) s at most linear in r when

G is k-reqular? What is the least k such that >§<T((g)) is bounded by r(lnr)¢ for some c?

3.2.3 Diameter and Chromatic Number

In this section we study the relationship between y,(G) and x(G) when G has small diameter.
We first prove x2(G) < x(G) + 2 when diam(G) = 2, regardless of whether G is regular, and
we characterize when equality holds. The proof of the bound is easy, but the characterization of
equality takes more work. Given a coloring f of a graph G, say that a vertex is f-monochromatic

if its neighbors have the same color under f.

Theorem 3.2.10. Ifdiam(G) = 2, then x2(G) < x(G)+2, with equality only when G is a complete

bipartite graph or Cs.

Proof. The claim holds trivially for stars. For non-stars with minimum degree 1, the graph obtained
by deleting all vertices of degree 1 has the same chromatic number, and a 2-dynamic coloring of it

extends to a 2-dynamic coloring of the original graph. Hence we may assume 6(G) > 2. We claim
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() If f is a proper coloring of a graph with diameter 2, and v is f-monochromatic with
neighborhood of color a, then N(v) = {u: f(u) = a}. In particular, nonadjacent f-

monochromatic vertices have the same neighborhood.

To prove (*), note that the set of vertices with color a is independent, so a vertex outside N (v) with
color a cannot have a common neighbor with v. For the second statement, nonadjacent vertex must
have a common neighbor, and then being f-monochromatic makes both adjacent to all vertices of
that color.

We next prove the upper bound. Let f be a proper x(G)-coloring of a graph G with diameter
2; note that G is connected. If f is not 2-dynamic, some vertex v is f-monochromatic, with color
a on all of N(v). Modify f by giving a new color a to v and another new color 3 to one vertex z
in N(v).

The resulting coloring f’ is a proper (x(G) + 2)-coloring. If f’ is not 2-dynamic, then some
vertex z is f’-monochromatic. By construction, z cannot be v or a neighbor of v (each neighbor of v
has color a on exactly one neighbor). If z is not a neighbor of v, then by (*) we have N(z) = N(v),
and colors a and 3 both appear in N(z).

For the characterization of equality, note first that if no vertex of N(v) is f-monochromatic,
then we do not need to introduce a new color on v, and we obtain x2(G) < x(G) + 1. Hence we
may assume that two adjacent vertices v and u are f-monochromatic. If no vertex lies outside
N(v) U N(u), then G is the complete bipartite graph with parts N(v) and N(u), since those sets
are independent and diam(G) = 2.

Hence if G is not a complete bipartite graph, then there is a vertex w outside N(v) U N(u). Let
a and b be the colors on N(v) and N(u), respectively. Since diam(G) = 2, vertex w has neighbors
in both N(v) and N(u) and hence has a third color, c. Let W be the set of all vertices with color
cunder f. Let U and V be the set of all f-monochromatic vertices having the same color as v and
v, respectively; note that U C N(v) and V' C N(u). By (x), there are no other f-monochromatic
vertices.

All vertices in U have the same neighborhood, as do all vertices in V. If |U| > 1, then we

change the color of v to ¢ and use a new color d on v. This produces a 2-dynamic coloring with
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X(G) + 1 colors, since the neighbors of u now have colors a and ¢ in their neighborhood. Similarly,
if |V| > 1 we can change the color of v to ¢ and use d on u.

Hence we may assume |U| = |V| = 1. The change still works unless N(u) contains a vertex
x whose neighbors other than w all have color ¢, and similarly N(v) contains a vertex y whose
neighbors other than v all have color ¢. In particular, x and y are not adjacent. Now changing x
and y to a new color d produces the desired 2-dynamic coloring of G with x(G) + 1 colors, unless
there is a vertex w € W whose only neighbors are x and y.

In this case, reaching N(u) — {v,x} in two steps from w requires N(u) — {v,z} C N(y), and
similarly N(v) — {u,y} C N(z). Since vertices of N(x) — {u} and N(y) — {v} all have color ¢, we
conclude that N(u) = {v,z} and N(v) = {u,y}. We are now left with G = C5 unless G has a
vertex outside the 5-cycle induced by w, z,u, v,y in order. Since u and v have no other neighbors,
and all other neighbors of x and y have color ¢, reaching v and v in two steps requires that all
the remaining vertices have neighborhood {z,y}. Now we use colors 1,2,3,4 in order on the path

(x,u,v,y) and use colors 2 and 3 on the remaining independent set, each at least once. ]

The graph obtained by subdividing every edge of an n-vertex complete graph has diameter 4.
Its chromatic number is 2, but its 2-dynamic chromatic number is n. Hence for diameter 4 there
is no bound in terms of the chromatic number, while for diameter 2 the bound is very tight. For

diameter 3 we determine the best bound.

Theorem 3.2.11. If G is a k-chromatic graph with diameter at most 3, then x2(G) < 3k, and this

bound is sharp when k > 2.

Proof. We begin with the sharpness construction. Let H = Kj, and let F' be a subgraph of H
consisting of disjoint triangles 17, ...,Ty. Form G from H by subdividing each edge of F'. In G the
vertices belonging to T; can receive color i, and their neighbors of degree 2 can receive another color.
In a 2-dynamic coloring, all the original vertices of H must have distinct colors, so 3k colors are
needed. The diameter is 3, because any two vertices of degree 2 have neighbors that are adjacent.

Now let G be any k-chromatic graph with diameter at most 3. As observed in the introduction,

Xr(G) < kj, where j is the minimum number of colors in an r-strong coloring of the hypergraph
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H of vertex neighborhoods in G. More precisely, we give each vertex v a color pair (f(v),h(v)),
where f is a proper k-coloring of G and h is an r-strong coloring of the subhypergraph H' of H
whose edges are the edges of H that do not already have r colors under f. The first coordinate
ensures that the resulting coloring g of G is proper, and the second coordinate ensures that it is
r-dynamic.

Therefore, it suffices to show that when diam(G) < 3, the resulting hypergraph H' always has
a 2-strong coloring with three colors. Call a hypergraph with such a coloring good. Note first that
every intersecting hypergraph is good, where a hypergraph is intersecting if any two of its edges
intersect. Given an intersecting hypergraph, just use colors 1 and 2 on a minimal edge and use
color 3 on all vertices not in that edge (in fact, we only need one minimal edge that intersects all
other edges).

Given the proper k-coloring f of G, we define k subhypergraphs of H'. Let V; = {v €
V(G): f(v) =i}. The subhypergraph H; has vertex set V;, and its edges are the vertex neighbor-
hoods in G in which every vertex has color i. That is, N(u) € E(H;) if f(v) =1 for all v € N(u).
Since each vertex in H; has color i under f, the vertex sets of these subhypergraphs are disjoint.
Hence if each is good, then their union is good. We can define h(v) arbitrarily for v ¢ V(H'),
because we do not need multiple colors in the second coordinate of g on a neighborhood where the
first coordinate already provides multiple colors.

It remains only to show that H; is an intersecting hypergraph when diam(G) < 3. Consider
z,y € V(G) such that N(x),N(y) € E(H;). If zy € E(G), then y € N(z) and = € N(y), and
hence f(x) = f(y) = 4, which contradicts that f is a proper coloring of G. Hence x and y are not
adjacent in G. Also, no edge of G can join N(z) and N(y), since all vertices in N(z) U N(y) have
color ¢ under f. If N(z) N N(y) = &, then a shortest path in G from z to y must pass through
N(z) and N(y) and some other vertex between them. Hence the path has length at least 4, which
contradicts diam(G) < 3. We conclude that H; is an intersecting hypergraph and hence is good,
as desired. O

These results are sharp in various ways. For larger r, there is no bound, not even on bipartite

graphs with diameter 3 or on 3-chromatic graphs with diameter 2. Note that the only bipartite
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graphs with diameter 2 are complete bipartite graphs, where r-dynamic chromatic number does

not exceed 2r.

Theorem 3.2.12. For 3 < k < r, the r-dynamic chromatic number is unbounded on the graphs
with minimum degree k 4+ 1 that are bipartite and have diameter 3, and also on those that are

3-colorable and have diameter 2.

Proof. Let H be the incidence graph of the k-subsets of [n], where n > k+1. That is, H is bipartite,
with one part being [n] and the other being the family of k-subsets, and element j is adjacent to
set A if 7 € A. Form G by adding a single vertex v adjacent to all the k-sets, giving them degree
k + 1. The graph G is bipartite, with the added vertex in the same part as [n]. Any two elements
of [n] lie in a common k-set, so the distance between them is 2, and the distance between any k-set
and an element not in it is 3. The added vertex has distance 2 from all of [n| and ensures distance
2 between any two k-sets. Hence diam(G) = 3.

In an r-dynamic coloring, the neighbors of any vertex with degree at most r receive distinct
colors. In G, any two vertices of [n] U {v} have a common neighbor with degree at most r, so
Xr(G) > n+ 1 (equality holds).

For a construction with diameter 2, let the added vertex v be adjacent also to all of [n]. Now
v is a dominating vertex, so the diameter is 2, but the chromatic number increases to 3. However,

each k-set vertex still has k+ 1 neighbors, so the argument for x,(G) > n+1 remains the same. [
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Chapter 4

Hypergraphs with forbidden
subgraphs

4.1 Maximum hypergraphs with no regular subgraphs

A natural question in graph theory is which graphs do not contain r-regular subgraphs. For
r € {1,2}, the answer is easy, but for » > 3 it is not. It was a breakthrough when Tashkinov [63]
proved the conjecture by Berge that every 4-regular graph contains a 3-regular subgraph. The
questions on existence of r-regular subgraphs in regular or near-regular graphs were also considered
in [9, b4]. Let F(r,n) denote the maximum number of edges an n-vertex graph with no r-regular
subgraphs have. For r > 3, it is not fully resolved how big F'(r,n) is. Pyber [49] showed that for
every fixed r, F(r,n) = O(nlnn). On the other hand, Pyber, Rédl and Szemerédi [60] proved that
F(3,n) > cnlnlnn.

Similar questions are also natural for hypergraphs. In =3, we define 7-free hypergraphs, full
star and full k-star. Mubayi and Verstraéte [d6] proved that for every even integer k > 4, there
exists ny such that for each n > ng, each n-vertex k-uniform 2-free hypergraph H has at most
(Zj) edges, and equality holds if and only if H is a full k-star. They also proved the following

simpler result for non-uniform hypergraphs.

Theorem 4.1.1 ([46]). For n > 3, every n-vertex 2-free hypergraph H satisfies |H| < 2"71, and
equality holds if and only if H is a full star, that is, H consists of 2"~1 distinct edges containing a

given vertez.
Our first result in Section B is the following (simple) generalization of Theorem BT

Theorem 4.1.2. If 2 < r < 2771 then the mazimum number of edges in an n-vertex r-free

hypergraph is 2"~ + 1 — 2.
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Many examples of n-vertex r-free hypergraphs with 27~! 4+ r — 2 edges are formed by a full star
with r — 2 other edges. If » > n, then some extremal examples do not contain full stars. For r = 2,

2n71

Theorem BT says that if n > 3, then the only n-vertex 2-free hypergraph with edges is a

full star. We conjecture the following.

Conjecture 4.1.3. Let H be an n-verter r-free hypergraph with |H| = 2"t +r —2. If n > r and

r > 2, then H contains a full star.
The main results of Section B are the following.

Theorem 4.1.4. Suppose H is an n-vertex r-free hypergraph with |H| = 2"~' 4+ r — 2. If n >

r+2[logy ]| + 1, then H contains a full star.

Theorem 4.1.5. Suppose H is an n-vertex r-free hypergraph with |H| = 2" 1 +r —2. If n > r

and n > 425, then H contains a full star.

In the next section we prove Theorem BT and derive simple properties of dense r-free hy-
pergraphs. In Section T2 we show that dense r-free hypergraphs have no small transversals. In

Section B3 we prove Theorem BET4. In Section BT and Section B3 we prove Theorem BT73.

4.1.1 Preliminaries

Proof of Theorem A-T-2: Let H be an n-vertex r-free hypergraph with ground set N. Consider
all 2"~1 pairs {A, N — A} of subsets of N. In at most r — 1 pairs of sets both sets are edges in
H, otherwise we get an r-regular subgraph of H with vertex set N. If there are exactly » — 1 such
pairs, N cannot be an edge in H, since N together with those r — 1 pairs would form an r-regular
subgraph of H. Thus |H| < 2" ! +7r —2.

If 2 <r < 2" then equality can be achieved. Let N = [n] and

H ={e : 1€ e}U{r—2smallest nonempty distinct subsets of [n] — {1} }.

Suppose that H has an r-regular subgraph G. Let Ci,...,C, be the edges of G that contain 1,
and Dy, ..., D, be the remaining edges of . Let C' = |J;_; C; and for i € [r] let C/ = C — C;.
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Since all edges are distinct, > ;_,; |Cj| < >°%_; |Dj| should hold. The left-hand side is the sum of
cardinailities of at least r — 1 nonempty distinct sets (possibly one C! is empty) not containing
1, and the right-hand side is the sum of cardinailities of at most r» — 2 smallest distinct sets not
containing 1, and so, the right-hand side is less than the left-hand side. This contradiction shows
that H has no r-regular subgraphs. O

Let N be a finite set, and n = |[N|. Let 3 < r < n. A hypergraph H is (N, r)-strange if H is
an r-free hypergraph with V(H) = N and |H| = 2"~! +r — 2 such that H does not contain a full
star, i.e., 2"~ ! sets containing a given element.

For a set A C N, A is the complement of A to N, ie., A= N — A. A full pair in H is a pair
{A, A} such that both A and A are in H. We let the set N by itself form a full pair.

In order to prove Theorems 14 and B4, we derive some properties of (N, r)-strange hyper-
graphs. If H is (N, r)-strange, then it contains at most r—1 full pairs, and so, since |H| = 2"t 4r—2

it contains exactly » — 1 full pairs. Moreover,
for each A C N with N # A # (), either A€ Hor A€ H. (4.1)

Furthermore, the following statements hold for each (N, r)-strange hypergraph H.
Lemma 4.1.6. If A,B€ H, AN B =0 and both A and B are not in full pairs, then AUB € H.

Proof. If AUB ¢ H, then AUB € H by (&1). Thus A, B, AU B with r — 1 full pairs form

an r-regular subfamily of H, a contradiction. O

Lemma 4.1.7. If A € H and B and C are disjoint nonempty subsets of A such that A= BUC,

then at least one of B and C is in H.

Proof. Suppose that A = BU C is a partition of A into nonempty sets and B,C ¢ H. Then
by (B1), B and C are in H but not in full pairs. Thus the sets A, B and C together with r — 2

full pairs not containing A form an r-regular subgraph of H, a contradiction. O

Corollary 4.1.8. Every edge A of H contains an element x4 such that {xa} € H. In particular,

the union S of 1-edges of H intersects each edge of H.
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Lemma 4.1.9. Let A and B be edges of H such that AN B # (). If at least one of A and B is not

in a full pair, then either ANB or AUB is in H.

Proof. Suppose that ANB,AUB ¢ H. Then AN B isin H, and AU B is either empty or in

H. In both cases, the sets A, B, AN B, and AU B cover every element of N exactly twice. Adding

r — 2 full pairs containing neither A nor B will give an r-regular subgraph of H. O

4.1.2 Sizes of transversals of (N, r)-strange hypergraphs

A set A C V(H) is a transversal of a hypergraph H if every edge of H intersects A.

Let S be a smallest transversal of a hypergraph F. Then S contains all 1-edges of F. If H is
(N, r)-strange, then by Corollary B-T8, S contains no other vertices. Thus S is exactly the union
of 1-edges of H. It has several useful properties.

The goal of this section is to prove the following fact. Throughout the section, k denote [logy r|.

Theorem 4.1.10. Let 3 <r < n and N be a finite set with |N| = n. If S is the smallest transversal

of an (N, r)-strange hypergraph F, then |S| > n — 3k — 2.
Let S be the smallest transversal of an (N, r)-strange hypergraph F.

Lemma 4.1.11. If a nonempty S’ C S is not in H, then every S' C B C N — (S — 5') is not in
H, and hence every S —S'"CACN — S isin H.

Proof. Suppose that such B is in H. By Lemma B4, either S’ or B — S’ is in H. But
(B—-5")NS =0, and we know that S” is not in H, a contradiction. O

From now on, in this section, we will assume that

S| <n—2k—2. (4.2)

Note that to prove Theorem B0, we could make the stronger assumption that |S| < n — 3k — 3,
but we plan to use these lemmas also in the next section.
For S’ C S and M C N — S, we say that M belongs to S" if S'U M € H. A nonempty proper

subset S’ of S is firm if some M C N — S with |[M| > 1+ k belongs to S’. In particular, S is firm
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by the following reason. For a set A C N — S with [A|=k+ 1, oneof AUS and N - S — A isin
H by (ET). Since S is a transversal, N — S — A is not in H. Thus SU A € H, so A belongs to S

and S is firm.

Lemma 4.1.12. Let 8" C S and M C N — S. If M belongs to S’, then every M’ C M belongs to
S/

Proof. Since MU S’ € H, by Lemma B2, either S"UM’' € H or M — M’ € H. But the latter

does not hold, since M NS = (). This proves the lemma. O

Lemma 4.1.13. For every partition S = S" U S” of S into nonempty subsets, exactly one of S’

and S" is firm.

Proof. Assume first that neither of S’ and S” is firm. Let M be a subset of N — S with
M| =1+ k. Since S’ is not firm, S"UM ¢ H. Then N — (S'"UM) € H, and N — (S'UM) =
S"U(N —S—M). So by (B2), [N —-S—M|>2k+2—(1+k), and thus S” is firm. Assume now
that both S” and S” are firm. If a set M C N — S with |M| > k 4+ 1 belongs to both S’ and S”,
then we will find an r-regular subgraph H of H.

Since 2M| > there are at least  subsets of M. Call them A, ..., A,. Let H = {4, U8 :1<
i <r}U{(M—A;)uS”:1<i<r}. By construction, H is r-regular, a contradiction.

If aset M C N—S with k < |M| < k+2 belongs to neither S’ nor S”, then N —S — M belongs
to both, and again H has an r-regular subgraph. Thus each M C N — S with |M| = k + 1 belongs
to exactly one of S’ and S”. Let Rg (respectively, Rg~) denote the family of M C N — S with
|M| = k + 1 that belongs to S’ (respectively, to S”). By our assumption, both Rg and Rg» are
nonempty. Then there exist M’ € Rg and M" € Rgn with |M'NM"| = k. Thus M’ N M" belongs

to both S and S”, and so H has an r-regular subgraph, a contradiction. O

Corollary 4.1.14. If S’ is a firm subset of S, then every M C N —S with1 < |M| <n—s—(k+1)

belongs to S’.

Corollary 4.1.15. Every two firm subsets of S intersect each other.
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Proof. Suppose that S; and S are two disjoint firm subsets of S. Let M C N — S with
|M| = k 4+ 1. By Corollary B4, M belongs to both S; and S;. Then as in the proof of

Lemma BTT3, H has an r-regular subgraph with vertex set S1 U .So U M, a contradiction. O
Lemma 4.1.16. s<r—1

Proof. Suppose s > r.

Case 1: s > r + k. Since the number of 1-edges in full pairs is at most r — 1, we can choose
kE+1(< s—(r—1)) l-edges of H that are not in full pairs. Let S’ be the union of these edges.
If some A C S’ is not in H, then A and the 1-edges contained in A cover N once, and together
with the » — 1 full pairs we obtain an r-regular subgraph of H covering IV, a contradiction. Thus
all nonempty subsets of S’ are in H, and the number of nonempty proper subsets of S’ is at least
2k+1 _ 2 > 91 — 2. We can pair them up so that they are partitions of S’. At least » — 1 of such
pairs exist, so together with S’ they form an r-regular subgraph of H, a contradiction.

Case 2: r < s <r+k—1. By (B2), n—s > k+1. If there are v1, vy € S such that S—wv;,S—vy ¢
H, then by Lemma BTT1, every B C N — S satisfies B+ v; € H and B 4+ v2 € H. Since there
are at least 2"~° > r possible sets for B, we can find r pairs of sets v; + B,vy + (N — S — B), and
they will form an r-regular subgraph of H on (N — S) + v; + ve.

Thus for some r — 1 vertices vy,...,v,—1 € S, the sets S — v; are in H. Then the family

{v1,..,vp_1,8 —v1,...,8 —v,_1,S} covers every v € S exactly r times, a contradiction. O
Lemma 4.1.17. No 1-edge of H is firm.

Proof. Let S = {vi,...,vs}. Suppose that S; := {v;} is firm. Then by Corollary B3,
no subset of S — vy is firm. Hence by Lemma BETT3, the firm subsets of S are exactly the sets
containing vj.

Since not every subset of NV containing v; isin H and s < r—1, there are at least r—1—(s—1) =
r — s edges W1,...,W,_, that are in H, not 1-edges and do not contain vy. For j =1,...,r — s,
let M; =W; —S. Let M = U;;f M;. Choose Wi, ... .W,_g so that to minimize |M|.

Case 1: |[M| <n—s—k— 1. Denote by H' the family

{SUM,{va},...,{vs},SUM —wvg,...,.SUM —vs, Wy,... W,_, SUM —Wq,...,.SUM —W,_}.
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Since H' forms an r-regular hypergraph, H' is not a subgraph of H. But since {v;} is firm, by the
choice of W} and Corollary I114, every member of H' is in H, a contradiction. This proves Case
1.

Let t = max{|A -S| : A € H and v; ¢ A} and let Ay € H be such that v; ¢ Ay and
|Ag — S| =t.

Case 2: t > k. Let My be any k-element subset of Ag — S and Wy = My U (Ap N S). Since
Ap € H and SN (Ag — Wy) =0, Wy € H. Since 2k > . My contains some 7 distinct subsets
M{,...,M]. Let W/ = M/U (ApNS) for i = 1,...,r. Since (My— M])N S = 0, each of W/ is
in H. Moreover, since |S| < n — 2k — 2, |My| = k, and {v;} is firm, for every 1 < i < r, the set
(S U My) — W/ contains v; and has at most n — s — (k + 1) vertices in N — S. This means that

(SUMy) — W/ is also in H. So, the family
{W1/77W7{7(SUMO)_W{77(SUM0)_W7/’}

forms an r-regular hypergraph, a contradiction.

Case 3: logy(r —s) <t <k —1. Let My = Ag — S. In our case, 2Mol = 2t > ¢ — 5. Let
Mj,...,M/_, be any distinct subsets of My, and for i = 1,...,r — s, let W/ = M/ U (4o N S).
Similarly to Case 2, since (Mo — M) NS =0, each of W/ is in H. Moreover, since |S| < n— 2k —2,
|Mp| < k —1, and {v;} is firm, for every 1 < i < r, the set (S U My) — W/ is also in H. By the

same reason, for every 2 < j <'s, the set (S U My) —v; is in H. So, the family
{Wll, ceey W;fs, (SUMo)—Wll, ceey (SUM())—W;,S, {1)2}, ey {US}, SUM()—'UQ, ceny SUM()—US, S—UM()}

forms an r-regular hypergraph, a contradiction.
Case 4: |M| >n—k — s and t < min{k — 1,logy(r — s)}. Let My = Ag — S. We claim that

IM| <r—s—2t+t+ 1. To prove the claim, we show a way to choose Wi, ..., W,_g so that

Wy —Sl<i—2"+t+1. (4.3)
j=1
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for every 2t —1 < i < r —s. The sets Wi,..., Wy _; are all the sets of the form Ay — X where
X C My, X # My. So, for i = 2t — 1, (B23) holds. Suppose that for some 2! —1 < iy <7 —s—1,
we have found Wy, ..., W;, satisfying (B33) for ¢ = ip. Let C be the family of members of H not
containing v; that are distinct from W1y,...,W;,. Since i; < r —s — 1, there is C € C # (). Let
C'=C-5- Uzozl W;. If " = (), then we let C' := Wj,41 and (B=3) holds for i = ig + 1. Suppose
x € C'. Since (C'—xz)NS = (), the set C — C"+z is in H, does not contain vy, and is distinct from
Wi, ..., Wi,. So, letting W;,+1 = C — C" 4+ = we again have that (833) holds for ¢ = iy + 1. This
proves the claim.

Let H' be the family defined in Case 1. Since it is r-regular, some W’ € H' is not in H. Then
SUM — W' € H by (€). By the definition of ¢, [N — (SUM)| < |SUM — W’ — S| < t. Thus by
(B3), n=|N|=|M|+|S|+|IN-(MUS)|<(r—s—2t+t+1)+s+t=r—2+2t+1.

Ift > 3, we get n < r — 1, a contradiction.

Ift=2 wegetn <r+1, |[M|=r—-s—1and |4g — S| = 2. Then (A9 — S) C M with
IM| =7 —s—1and [MUS — W’ — S| > 2. Thus there are distinct Ag, A; with |4; — S| = 2,
(Ag—S)N(A;1—S)=0and v; ¢ A;. Let {v1,...,v,—56} CM—Ag—A;. Forx=1,...,r—s—6,
let v, € M;,. By Lemma ETT2, W; — M;, +v, € H for every z1,...,7 —s— 6. These edges with
AU (4;NS) for nonempty A C A; — S yield that |[M| <r — s — 2, a contradiction.

Thus t = 1. Then n =r+1, |[M| =r — s and every edge not containing v; is either a 2-edge or
a l-edge. And SUM — W' is also a 2-edge, so W' is a 1-edge. Let W' = {v2}.

Since |[M| =r —sand SUM —vg = {v} U(N — M — S), for each w € N — S there is exactly
one 2-edge not containing v; containing w. Since |[N — S| = r — s + 1 and the number of 1-edges
in S —wvyiss—1, H has exactly r — s+ 1+ s — 1 = r edges not containing v;.

So we have exactly two sets containing v; that are not in H. Call them Di, Dy. We have
Dy = SUM —vy. Since [N — S| =n—s>2k+2 > 4 and every vertex in N — S is contained
in exactly one 2-edge not containing v, there are at least 4 different ways to choose W;s to get
minimum |M|. Each way gives different M, let two of them be M and M’. Then, by the above
logic, Do = S U M’ — v3 for some v, and |[M N M'| > 2. Thus D; N Dy — S is not empty. Let

w € Dy N Dy — S. Then there are 2! — 2 edges in H containing both w and vy, and exactly one
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edge containing w but not v1. Thus H —w = {F' € H : w ¢ E} is an (n—1)-vertex hypergraph with

27~ 4 — 1 edges. By Theorem 12, H — w contains an r-regular subgraph, a contradiction. [J
Lemma 4.1.18. s <r — 2.

Proof. Suppose that s > r — 1. Then by Lemma BT13, s = r — 1. By Lemma BTT4, S — v;

is firm (and so is in H) for every ¢ = 1,...,s. Then the 2r — 1 sets

{vl},...,{vr_l},S'—-Ul,...,S'—-UT_l,S

form an r-regular subgraph of H, a contradiction. O

Lemma 4.1.19. Let k > 2 and let B be a set with |B| > 2k + 2. Then there are at least 2872 4 1

partitions (Bj1, Bi2, Bi3) of B such that |B;1| = [(k+ 1)/2],|B;,

(k+1)/2],|Bis| > k+1

and all 3[2F=2] 4 3 parts of these partitions are distinct.
Proof. We will choose By of size [(k + 1)/2] and Bs of size [(k + 1)/2], so that |Bs| =
|B| —2[k/2] > k+ 1.

For k > 4, we have

2k+2— [\ (@k+2-[ER)@k+1 - [EHT)(2k -
( (554 >_ [5112k +2 = 2[5 (2k + 1 — 2[*

)1) <2k —2- f’“‘””)

[k 2+11

() .

|v 1\9‘4» ﬁ

So, for even k,

2% +2— [(k+1)/2] 2k =2)+2-[(k=1)/21\ _  _ ,m=2(4\ _ . ko2
T e N A e O R

For odd k,

k2[R D/ (262 2= (B0 s (B) g gen s g geee
( [(k+1)/2] )24( [(k—1)/2] )2 = (2> 15-277° > 6277

First for each i = 1,...,2872 4 1, choose a set B;; of size [k/2] so that all chosen sets are

distinct. Then one by one for each i = 1,...,2¥"2 4 1, choose a set B, o of size [k/2] so that
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(a) B;2 is distinct from all 2k=2 1 1 sets By 1 and previously chosen By 5, and

(b) B;,1 U B; 2 is distinct from all already chosen By ; U By 5.

Even at the last step (Step 2¥72+41), the number of forbidden sets is at most 3-2¥24+1 < 6.2+k=2,

So, by (E4), we finish the construction. O

Corollary 4.1.20. Let B be a set with |B| > 3k + 3. Then there are at least 282 + 1 partitions
(Bin, Big2, Bi3) of B such that all 3[2F=2] 4 3 parts of these partitions are distinct, and each B; ;

has size at least k + 1.

Proof. Let A C B and |A| = k+ 1. Let B’ = B — A. Partition A into A; U Ay U A3 with
|A1| = |As| = k+1— %], By Lemma B9, there are at least 287241 partitions (Bi1,Bia, Bi3)
of B’ such that all parts of these paritions are distinct, and |Bj,| = |B] 5| = [EL], |Bisl > k+ 1.
Take B; j = Bg’j U A;. Then partitions (B; 1, Bi 2, B; 3) satisfy all the conditions. O

Proof of Theorem ATTI0. Suppose s < n — 3k — 3. Then all lemmas in this section hold,
since s <n—3k—-3<n-—2k-2.

Let S’ be a smallest firm subset of S. Note that S’ is not a 1-edge. Partition S’ into nonempty
subsets S7 and S5. By the minimality of S’, sets S; and Sy are not firm, and so S —S; and S — S
are firm.

Let B:= N —S. Then |B| = n—s > 3k+3. So, by Corollary E-T20, there are K := [2¥/6] +1
partitions

(B1,1,B12,B13),(B21,B22,B23),...,(Bk,1,Bk2, Bk.3)

of B such that all B; ; are distinct and |B; j| > k+1. Forevery i € {1,..., K} and every j € {1,2, 3},
the three sets S’ U (B — B;;), S1 U (B — Bjj+1), and S U (B — B, j12) (where j counts modulo
3) are in H (by Corollary B114 and the fact that |B — B; ;| < n—s— (k+ 1)) and cover every
vertex in IV exactly twice. Using such triples for i = 1,..., K and j = 1,2, 3, we cover every vertex
exactly 6/ > 2% > r times and every set appears at most once. If r < 6K and is even, then we use
not all triples.

If 7 is odd, then we pick a full pair (4, N —A). There are at most two triples (S"U(B—B; ;), S1U
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(B—Bi j+1),S2U(B—DBi j+2)) containing A or N —A. Then we cover the set N once by the set A and
N —A and r—1 times with 252 < 3K —2 triples (S'U(B— B ;), S1U(B— B j11), S2U(B—B; j12))

containing neither A nor N — A. This contradicts the choice of H. Therefore |S| > n — 3k — 2.

4.1.3 Proof of Theorem BT 4

If the theorem does not hold, then for some 3 < r < n, k = [logy | with n > r + 2k + 1, and for
some n-vertex set IV, there exists an (N, r)-strange hypergraph F. Let S be the union of 1-edges
in . By Lemma BT18, S| <r—2<n—2k—3.

Let S, denote the family of non-firm subsets of S. For every S € S, ¢, let
Hg :={W € H : WQS:SI}.

Furthermore, let

Hu,;:= |J Hg.
8'€S,

Lemma 4.1.21. Let M := UWeanW—S. Then
(¢) IM| <7 —5=2;
(b) |Hyy| <r—2.

Proof. Assume that (a) does not hold and that wi,...,w,—s—1 are in M. Let M' :=
{wi,...,w—s—1}. For j =1,...;r —s —1, let W, be a member of H,s such that w; € Wj,
and let S; = W;NS. By Lemma B3, W]’ =S8 +w;jisin H for every j =1,...,r —s—1. Since
each S; is non-firm and [N —-S—M'|=n—s—(r—s—1) =n—r+1> 2k+2, by Corollary E114,
every set of the form SU M’ —S; —w;j or of the form S UM’ —v; is in H. So, every member of the

family
{SUM’ {v}, ... {vst, SUM' —{v}, ..., SUM —{vs}, Wi, ..., W/_._,, SUM'-W/, ... SUM'-W/_. |}

is in H. Moreover, together they cover every vertex in S U M’ exactly r times. This proves (a).

90



Suppose now that Wy,...,W,_y are in Hy¢. Since |[M| < r—s—2, every member of the family
{SUM,Wl,...,WTfl,SUM*WL...,SUM*erl}

is in H. Moreover, together they cover every vertex in S U M exactly r times. This proves (b). [
Remark 1. Since no member of H,; contains any element in N — .S — M, for every w €

N — M — S, every subset of N — S — w belongs to every firm S’ C S.

Let S’ be a smallest firm subset of S. By Lemma BT 17 S’ is not an 1-edge. Choose a partition
S" = 51U S5 of S into nonempty subsets. By the minimality of S’, sets S; and S are not firm,
and so S — 57 and S — S5 are firm.

Fix any element z € N—S—M and let B := N—S—z. Since s < r—2, |B| > n—(r—2)—1—r+1 >

2k + 2. So, by Lemma ETTY, there are K := [2¥/6] + 1 partitions

(B1,1,B12,B13), (B2, B22, B23), ..., (Brk,1, Bk2, Bk 3)

of B such that all B, ; are distinct. For every ¢ € {1,..., K} and every j € {1,2,3}, the three
sets S’ U (B — B;j), S1U (B — B; jt+1), and So U (B — B; j12) (where j counts modulo 3) are in H
(by Remark 1) and cover every vertex in N — z exactly twice. Using such triples for i =1,..., K
and j = 1,2,3, we cover every vertex exactly 6K > 2¥ > r times and every set appears at most
once. If r < 6K and is even, then we use not all triples. If r is odd, then we pick a full pair
(A, N — A). Then we cover the set N once by the set A and N — A and r — 1 times with the triples
(S"U (B — Bij;),S1U (B = B; 1), 52U (B — Bj j+2)) for 752 (< 3K — 2) triples containing neither
Anor N — A.

4.1.4 Size of almost H-free subsets

A set A is almost H-free if every B € H such that B C A has size 1.

The aim of this section is to prove the following theorem.
Theorem 4.1.22. If n > 425, then |T| < n — 15k — 6 for each almost H-free T C N.
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Observe that for n > 425,
n— 15k — 6 > g > 0 and n > (4k + 4)([logy (k)] + 6) + 2k + 6. (4.5)

We need some notation and lemmas. Let Q@ = N — T. Assume that Q < 15k + 6, i.e.,
T >n—15k—6. For Q' C Q and T" C T, we say that T" belongs to Q" if Q" UT’ € H. A nonempty
subset @ of @ is solid if some T" C T" with [T’| > 3 + k belongs to Q.

To show that @ is solid, let B C T with |B| = 2. Since T is almosts H-free, B ¢ H. Then
N-B=(I'-B)UQe€H. By (3), |T—B|>n/2—|B|=n/2—2>k+3, and so Q is solid.

Lemma 4.1.23. Let Q' C Q and T’ C T. If T’ belongs to Q', then every T" C T" with |T"| < |T'|—2

belongs to Q’.

Proof. Since T"U Q' € H, by Lemma B11, either Q' UT"” € H or T —T" € H. But the latter

does not hold, since T is almost H-free. This proves the lemma. ]

Lemma 4.1.24. For every partition Q = Q' U Q" of Q into nonempty subsets, exactly one of Q’
and Q" is solid.

Proof. Assume first that Q' is not solid. By (E=), there exists a set M C T with |M| =3+ k.
Since @’ is not solid, @ UM ¢ H. Then N — (Q'UM) e H,and N — (Q UM) =Q" U (T — M).
So, since |[T'— M| >n—15k —6 — (3+ k) > k + 3, Q" is solid.

Assume now that both @’ and Q" are solid. We will show that if a set M C T with |M| > k+3
belongs to both Q" and Q”, then H has an r-regular subgraph with vertex set Q U M.

If a € M, then the number of distinct subsets Aq,..., A, of M containing a with 2 < |A;]

IA

|M| — 2 is at least

2|M|*1_(’M‘+1):2k+2—k—4:4r—k—42r.

Note that r > 2, and M — A; # A;, sincea € Ajand a ¢ M — Aj. Let H ={A4,UQ :1<i<
r}U{(M — A;)UQ"”:1<i<r}. By construction, H is r-regular, a contradiction.
If a set M C T with |M| = k + 4 belongs to neither of Q" and Q”, then T'— M belongs to both,

and again H has an r-regular subgraph. Thus each M C T with |[M| = k + 4 belongs to exactly
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one of @' and Q". Let R (respectively, Rg~) denote the family of M C T with [M| = k + 4 that
belong to @' (respectively, to @Q”). By our assumption, both Rg and R¢» are nonempty. Then
there exist M’ € R and M" € R with |[M'NM"| = k+ 3. By Lemma 8123, M’ N M" belongs

to both Q" and Q”, and so H has an r-regular subgraph, a contradiction. O

Corollary 4.1.25. If Q' is a solid subset of Q, then every M C T with k+3 < |M| < |T|— (k+3)

belongs to S’.
Lemma 4.1.26. The number of 1-edges not in full pairs of H is at most k.

Proof. Assume that there are k + 1 distinct 1-edges {a1}, ..., {ars1} not in full pairs. If some
nonempty B C A = {a1,...,a,41} isnot in H, then B € H by (E0). Then B together with 1-edges
contained in B cover N once and none of these is in a full pair. These sets together with » — 1 full
pairs cover N exactly r times, a contradiction. Thus every nonempty subset of A is in H.

There are 2* distinct nonempty subsets of A containing a1, call them By, ..., Bow. Then

Bi,....By,A—Bi,...,A— B,

are all in H, and they form an r-regular subgraph of H, a contradiction. Therefore the number of

1-edges not in full pairs of H is at most k. O

Lemma 4.1.27. The number of 1-edges in full pairs in H is at least n — 4k — 2. Thus at most

8k — 2 elements in full pairs are neither 1-edges nor (n — 1)-edges.

Proof. By Theorem 110, |S| > n — 3k — 2, so the number of 1-edges is at least n — 3k — 2. If

fewer than n — 4k — 2 of them are in full pairs, then we get k£ 4 1 distinct 1-edges aq, ..., a1 not
in full pairs, a contradiction to Lemma BET28. Thus every B C {aq,...,ar11} = S’ is in H. Then

we can take r < 28+1=1 different pairs {B,S’ — B}. They cover S’ exactly r times. So, we get an

r-regular subgraph, a contradiction. O
Lemma 4.1.28. For each a € Q, there is A € H with 2 < |A| < 3 such that {a} = ANQ.

Proof. Since T'U{a} is not almost H-free, there is B C T'"U{a} such that B € H and |B| > 2.

Take a smallest such B.
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If |B| = b > 4, then there is B’ C B with |B|=b—2>1and B’ CT. Then B’ ¢ H, and by
Lemma 10, B— B’ € H, so A= B — B’ is what we need. O

Lemma 4.1.29. The set (Q contains at least one solid 1-edge.

Proof. Let B be a smallest solid set in Q. Suppose |B| > 2. Then there are disjoint nonempty
B{,B) C B with B} U B/, = B. By Lemma 124, B; = @ — B} and By = @ — Bj are solid.

By (BE3), T >n — 15k — 6 > 3k +9. Let K := [2¥/6] + 1. Similarly to the proofs of Lemma
ATT9 and Corollary B120, for each ¢ = 1,2,..., K there are partitions (T}, 7} 2,7T;3) of T such
that all 7; ; are distinct and |7} ;| > k+3 foralli=1,...,K and j =1,2,3.

For every i € {1,..., K} and every j € {1,2,3}, the three sets BU(T —T; ), B1U(T —T; j+1),
and By U (T — T; j12) (where j counts modulo 3) are in H (by Corollary B123, and the fact
that |T'— T; ;| < |T| — (k + 3)) and cover every vertex in N exactly twice. Using such triples for
i=1,...,K and j = 1,2,3, we cover every vertex exactly 6/ > 2¥ > r times and every set appears
at most once. If r < 6K and is even, then we use not all triples.

If r is odd, then we pick a full pair (4, N —A). There are at most two triples (BU(T'—T; ;), B1U
(T =T 41), BoU(T =T j4+2)) containing A or N — A. Then we cover the set N once by the sets A
and N — A and r—1 times by “5* < 3K —2 triples (BU(T'—T;;), BlU(T =T} j41), BoU(T =T} j+2))

containing neither A nor N — A. This contradicts the choice of H. O
Lemma 4.1.30. |Q| < 4k + 4.

Proof. Suppose |Q| > 4k + 4. By Lemma B-1T29, () contains a solid 1-edge {a}. Let Q —a =
{b1,...,bary3, ..., bjg—1}- By Lemma BETZ8, for each i = 1,2,...,4k + 3, we can find B; with
2 < |B;| < 3such that B;NQ = {b;}. Let L := N—a—UfiJlr3 B;. By definition, | Ugﬁ Bi| < 12k+9.
Since n > 13k + 13, |L| > 13k +3 —1— (12k+9) = k+ 3. Let L’ C L with |L| = k4 3. Let
M = N—1L'. Then H contains at least n—4k—5 edges {a1},...,{an_4k_5} such that all M —a; are
alsoin H, since a € M —a; and k+3 < |M —a;| < |T|—k—3. Recall that for each : = 1,...,4k+3,
B; € Hand M — B; € H. Since r <n — 1, the edges

{ar}, . Aars1-an—s}, M —ay,...,M —apy1-ax—5,B1,..., Bagy3, M — By,..., M — By 3, M
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form an r-regular subgraph of H, a contradiction. O
Lemma 4.1.31. If {a} is a solid 1-edge and B € H with a ¢ B, then |[BNT| < [logy k| + 5.

Proof. If there is a set B with a ¢ B and |[BNT| > [logy k| +5, then by Lemma B 1T23, we can
find By, Bo, ..., By, € H such that B; C B, BNQ = B;NQ, since 2M°%2 k144 _ ([log, k]+5) > 8k. Let
X C N—(BUQ) with | X| = k+3 and let M = N—X. Since at least n—3k—2—(k+3) =n—4k—5

of 1-edges {a;} are in M, the sets
Bi,...,Baygya, M — Bi,..., B — Bypa, {ar}, ... {ar—ap—5}, M —ar,..., M — ar_ajp—5, M

form an r-regular subgraph of H, a contradiction. O

Lemma 4.1.32. There are at most 4k + 3 sets A; € H such that no A; is a 1-edge and no solid
1-edge a is contained in Aj;.
Proof. Suppose that there are 4k + 4 such sets A1,..., Agr14. Then by Lemma B3,
4k+4
TN Al < (4k + 4)([logy k] +5) < |T| — k — 3.

i=1

Thus, as in the proof of Lemma ET-31, we can find an r-regular subgraph of H by using A; instead

Lemma 4.1.33. If {a} is a solid 1-edge, then there is at most one D ¢ H with a € D.

Proof. Suppose D1, Dy ¢ H with a € D1 N Dy. By Lemma 81231, |D; NT| > |T| — k + 3 for
i=1,2. So, [DiNDyNT| > |T| — 2k — 6.

By Lemmas B131 and 132, at least |T'| — (4k + 4)(logy k 4 6) elements in 1" are covered only

by 1-edges and sets containing a.

By (23), |T| — (4k + 4)(logy k + 6) — 2k — 6 > 0. So there is ¢ € D; N Dy such that ¢ is not
covered by any edge of size at least 2 not containing a. Since H is (n,r)-strange, Then at most
271 41 -2=2""1 1 edges of H contain c. Thus the family H. = {A € H : ¢ € A} has at least
27=2 4 — 1 edges on n — 1 vertices, and by Theorem EI2 we get an r-regular subgraph of H’

which is also a subgraph of H, a contradiction. O
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Proof of Theorem AT-22. By Lemma B129, H has a solid 1-edge {a}. By Lemma B33,
there is at most one set D ¢ H with a € D. Since H is (n,r)-strange, such D exists and exactly
r — 1 edges of H do not contain a, call them Bi,..., B,_1.

Case 1: U:;ll B; = N—a. Let | be the minimum integer such that we can renumber Bi, ..., B,_1

so that Ui:l Bl =N —a. Let B= {Bl—l—la .. .,BTfl}. Let Cl == Bl,CQ = B2 — 31,03 = B3 — B2 —

Bi,...,C;, =B, — By — By — --- — B;_1. By the minimality of I, C; # ) for every i = 1,...,l. By
construction, {C,...,C} is a partition of N — a.
For every i = 1,...,1, there are 2/l — 2 ways to choose a nonempty proper subset A of Cj.

By Lemma B0, for each proper subset A of C;, one of A and B; — A is in H, and hence it is
in B. It follows that B contains at least %(2'0” —2) =2l%I=1 _ 1> |C;| — 1 sets B such that (i)
0<|BNC; < |C;] and (ii) BN Cj = for all i +1 < j < [. Since all Cjs are disjoint, we conclude
that |B| > Zﬁzl(\Cil —1) =n—1-1. Together with By, ..., B, we have at least n — 1 members of
H not containing a. This contradicts the fact that H has only » — 1 < n — 2 sets not containing a.

Case 2: Thereisy € N —a —Jj_| Bi. Since N—D € Handa ¢ N—D,y ¢ N — D. So,
y € D. Thus y belongs to at most 2"~2 — 1 members of H containing a and to none not containing
a. So, the family H' = H — y has at least 2" ! +7 —2 — (2772 — 1) = 2"~2 4 — 1 members. By

Theorem ET2, H' has an r-regular subgraph, which is also a subgraph of H, a contradiction. [J

4.1.5 Proof of Theorem TR

Suppose H is (n,r)-strange hypergraph on N. By Theorem BT22,
every S C N with |S| > n — 15k — 5 contains some A € H with |A| > 2. (4.6)

Let By,...,B; be the 1-edges not in full pairs. Let Ny = N — By — By — --- — B;. By Lemma
B2, |[N1| > n — k. So, by (ET), N; contains some Bj1 € H with |Bjy1| > 2. Then by Lemma
BT72, we can choose such By with 2 < |Bj1| < 3. Let No = N1 — Bj41. Since |Na| > (n—k) — 3,
again by (E8) and Lemma BT, Ny contains some Bjyo € H with 2 < |Bjyo| < 3. Similarly, we
find Bjis, ..., Bsgya. Since at least n — 4k — 2 of 1-edges are in full pairs, by Lemma BT, at

most 4k 4 1 full pairs have no 1-edges. Among the at most 8% + 2 sets in these full pairs, at most
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4k + 1 of the sets are in {Bj, ..., Bskt2}, since |B;| < 3 and n > 425. Thus some k + 1 sets among
Bi, ..., Bspyo are not in full pairs. Call them Ay, ..., Apyy. Then for any I C [k+1], A = U, Ai
is in H, otherwise A7 and {A; : j € I} together with r — 1 full pairs yield an r-regular subgraph of
H. Therefore H contains 251~ > r different pairs of edges of the kind Ar, Afg1)—1- They form

an r-regular subgraph of H covering A1}, a contradiction. O

4.2 Hypergraphs with no equicovering subgraphs

In Section B2, we consider hypergraphs without ¢ edge-disjoint subhypergraphs whose local be-
havior at vertices is somehow “the same”. Such structures may be useful for fault-tolerance of
communication protocols.

In I3, we introduce the notion of t-EUP and ¢-EVP. Lindstrém [42] proved the following

theorem finding a sufficient condition for t-EUP.
Theorem 4.2.1. [A%] Every n-vertex hypergraph with more than n(t—1) edges satisfies the t-EUP.

We generalize the extremal problem studied by Lindstréom. Let U(n,t) denote the maximum
number of edges in an n-vertex hypergraph not satisfying the ¢-EUP. Let Ug(n,t) denote the
maximum number of edges in a k-uniform n-vertex hypergraph not satisfying the ¢-EUP. For
the weak t-EUP, let U'(n,t) and U)(n,t) denote the corresponding extremal values for general
hypergraphs and k-uniform hypergraphs, respectively. For the t-EVP, use V instead of U to define

the corresponding extremal problems. By definition, A(n,t) > Ak(n,t) for A € {U, U, V,V'}.

n-vertex t-EUP | weak t-EUP t-EVP | weak t-EVP

graphs Usz(n,t) Ul (n,t) Va(n,t) Vi (n,t)

k-uniform hypergraphs || Ug(n,t) Ul (n,t) Vi(n,t) Vi.(n,t)

general hypergraphs U(n,t) U'(n,t) V(n,t) V'(n,t)
In Section =211, we characterize the graphs satisfying the 2-EUP and those satisfying the 2-EVP,
yielding Us(n,2) = Uh(n,2) = n and Va(n,2) = V4(n,2) = [3n] — 1. In Section E22, we prove

Vi (n,3) = |4n] and <t 1+ ﬁ) (n—1) — (t—2)2 < Va(n,t) < (2+ o(1))(t — 1)n. In Section
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A3, we consider k-uniform hypergraphs. We prove Vi(n,2) € O(n) and V(n,2) € O(nlogn). We
2
also prove V(n,t), Vi(n,t) € O <n2 (bg}g%) ) and obtain a lower bound for Vi(n,2).

We close this introduction with several simple observations used in later proofs.

Observation 4.2.2. The weak 2-EVP and the 2-EVP are equivalent. Thus V(n,2) = V'(n,2),
and Vi(n,2) = Vi (n,2) for k> 2.

Proof. 1f subhypergraphs H; and Ha witness the weak 2-EVP, then Hy — E(H;) N E(H2) and
Hy; — E(H1)N E(Hy) witness the 2-EVP, since each vertex loses the same number of incident edges

from H; and Ho. ]

Observation 4.2.3. U'(n,t) < n+logyt and Uj(n,t) <logy (31, (7)) + logy t.

Proof. A hypergraph with m edges has 2™ distinct subhypergraphs. An n-vertex hypergraph H
with [n+logy t] edges has at least ¢2™ distinct subhypergraphs. Since there are only 2™ choices for
the span of a subhypergraph of H, by the pigeonhole principle there are t distinct subhypergraphs
with the same span. Thus H satisfies the weak t-EUP.

The second statement uses the fact that the span of nonempty k-uniform subhypergraphs has

size at least k. O

Observation 4.2.4. Vi(n+1,t) > Vi_i(n,t) for k > 3.

Proof. Let H be a (k—1)-uniform hypergraph not satisfying the t-EVP. Form H’ from H by adding
one vertex x belonging to every edge. If Hi,..., H] witness the --EVP in H’, then deleting x from
each edge in each H] yields Hy, ..., H; witnessing the t-EVP in H. 0

Observation 4.2.5. If Hy and Hy have equal degree at every vertexr of G, then their symmetric

difference contains no cut-edge of G.

Proof. Let e be a cut-edge of G contained in H; but not Hs. Let G’ be a component of G —e. The
sum of the degrees of the subgraphs of H; and Hy in G’ differ by 1. Hence one of them is a graph

with odd degree sum, which does not exist. O

Observation 4.2.6. If Hy, ..., H; witness the weak t-EVP in G, with degree 0 at v or degree dg(v)

at v, then deleting v yields graphs Hy, ..., H| witnessing the weak t-EVP in G — v.
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Proof. Since the usage of edges incident to v is the same in each H;, ignoring those edges also

contributes the same degree from all ¢ subgraphs at each of the remaining vertices. O

4.2.1 The 2-EUP and the 2-EVP for Graphs

Our graphs have no repeated edges or loops. A walk in a graph is a list of vertices in which every
two consecutive vertices are adjacent (edges may repeat). A trail is a walk that traverses each edge
at most once (vertices may repeat). A walk or trail is closed if its first and last vertices are the
same. A circuit is a closed trail. A cycle in a graph is a connected subgraph in which every vertex
has degree 2. The length of a walk, trail, circuit, or cycle is the number of edges it traverses, and
the object is even or odd as its length is even or odd.

We characterize the graphs satisfying the 2-EUP (Theorem B=274) and the graphs satisfying
the 2-EVP (Theorems B=29-4271M). From the characterizations, we determine Us(n,2), U)(n, 2),
Va(n,2), and Vi(n,2).

Theorem 4.2.7. A graph G satisfies the 2-EUP if and only if G has an even cycle or has a

component containing two odd cycles.

Proof. (Sufficiency) Alternating edges along an even cycle gives two subgraphs witnessing the 2-
EUP. Now, let G have a component containing odd cycles Cy and Cy. If 'y and Cs share an edge,
then G has an even cycle. Otherwise, let P be a shortest path joining V(C;) and V(C3), with
endpoints u € V(C1) and v € V(C2). Let T be a trail that starts at u, follows Cy, moves from u
to v through P, and follows C>. Alternating edges along W gives two subgraphs with vertex set
V(Ch)UV(Cy)uV(P).

(Necessity) Let G1 and Gy be two subgraphs of G witnessing the 2-EUP, and take wugu; €
E(G1) — E(G2). Since u; must be covered by both F(G1) and E(Gz2), there exists ujus € E(G2).
Iteratively, we find u;u;11 € E(G1) and u;11ui+2 € E(Gy) for even i. Since G is finite, up = ugiy
for some r and k. Taking the first such repetition, ug, ..., ux+,—1 form a cycle. If r is even, then
G has an even cycle.

If r is odd, then by symmetry we may assume that ugugy1 and ugugy,—1 are both in E(Gq).

Since GG; and G2 have the same span, we find v; such that ugvy € E(G2). We now generate
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v1, V2, ... as above, with vjuj41 € E(G1) and vj1vj42 € E(G2) for odd j, until we obtain v; = vy

or v; = ug for some [ and s with s > k; consider the first such occurrence. (In particular, we ignore

Ug, - . ., Ug_1, as if they had never been defined.)
If vy = vy4s, then vy, . .., v 51 form an even cycle when s is even. If s is odd, then [vy, ..., vj45-1]
and [ug, ..., ugy,—1] form two odd cycles in the same component of G.

If v; = ug, then the edges we have discovered form three internally disjoint paths joining u; and

ug. The union of some two of them is an even cycle. O

Corollary 4.2.8. If a graph G does not satisfy the 2-EUP, then |E(G)| < n. Equality holds if
and only if every component of G has at most one cycle and all cycles in G have odd length. Thus

U2 (TL, 2) =n.
A nontrivial graph is a graph having an edge.
Theorem 4.2.9. A graph G satisfies the 2-EVP if and only if it has an even circuit.

Proof. (Sufficiency) If G has an even circuit, then alternating edges along it provides two subgraphs
witnessing the 2-EVP.

(Necessity) Let Hy and Hs be two subgraphs witnessing the 2-EVP in G. Since H; and Hs have
the same number of edges and have equal degree at each vertex, their union H is a nontrivial graph
whose components have an even number of edges and have even degree at each vertex. Hence H
decomposes into cycles. If any such cycle has even length, then G contains an even circuit.

Otherwise, all cycles in the decomposition of a nontrivial component of H have odd length, and
there are an even number of them. Since a connected union of cycles has no cut-edge, two such
odd cycles C and C’ are joined by two edge-disjoint paths P and P’ in H. The endpoints of P
and P’ on C are connected by two paths of opposite parity along C, and the same is true along
C’. Hence the union of P, P’, and appropriate paths connecting them in C' and C’ is a subgraph

traversed by an even circuit. O

A cactus is a connected graph in which every edge is in at most one cycle. A strict odd cactus

is a cactus in which every cycle has odd length and no two cycles share a vertex.
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Theorem 4.2.10. A graph G fails to satisfy the 2-EVP if and only if every component is a strict

odd cactus.

Proof. (Sufficiency) Theorem B=Z9 applies, since a strict odd cactus contains no even circuit.

(Necessity) We use induction on n, where n = |V(G)|. Let G be an n-vertex graph not satisfying
the 2-EVP. For n < 3, the statement is true. For larger n, since every tree is a strict odd cactus, we
may assume that G has a cycle C'; avoiding the 2-EVP requires C' to be odd. If G = C, then G is a
strict odd cactus. Otherwise, both G — V(C') and C have fewer than n vertices and do not satisfy
the 2-EVP. By the induction hypothesis, each component of G — V(C) is a strict odd cactus. If at
most one edge joins V(C') to any such component H, then again every component of G is a strict
odd cactus.

Finally, consider edges zy and 'y’ with x,2' € V(C) and y,y’ € V(H). Combining these two
edges with a y,1y/-path in H yields an x,2’-path that is disjoint from C' except for its endpoints.
Now adding one of the paths from z to 2’ along C' completes an even circuit, witnessing the 2-EVP

for G. Hence this possibility does not occur, and every component of G is a strict odd cactus. [

Theorem 4.2.11. If an n-vertex graph G does not satisfy the 2-EVP, then |E(G)| < L%nJ — 1.

Also, the bound is sharp, so Va(n,2) = [3n] — 1.

Proof. By Theorem EZZT10, every component of G is a strict odd cactus. A largest such graph on
n vertices is connected. If G has k cycles, then k& < |n/3], since each cycle has length at least
3 and the cycles share no vertices. Also, deleting one edge from each cycle yields a tree. Hence
|E(G)] =n—1+k < |3n| — 1. Equality holds for any strict odd cactus having [n/3] triangles

and j vertices not in triangles, where n = j mod 3 with j € {0,1,2}. O

4.2.2 The t-EVP for Graphs

In this section we study Va(n,t). We give an upper bound in Theorem BE—ZT8 using a theorem of
Alon, Friedland, and Kalai [9]. In Theorem B-27T7, we construct a sequence of graphs to provide a
lower bound. We close the section by determining V/(n,3) exactly in Theorem B223. We begin

with two well-known facts.
Fact 4.2.12. Every graph G has a bipartite subgraph H with |E(H)| > 3| E(G)|.
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Fact 4.2.13. [21] For k > 2, there exists a prime number p such that k < p < 2k.
For g € N, a g-divisible graph is a graph where every vertex degree is a multiple of q.

Theorem 4.2.14. [9] If q is a prime power, then every n-vertex graph G with |E(G)| > (¢—1)n+1

contains a q-divisible subgraph.
Lemma 4.2.15. Every t-divisible bipartite graph G satisfies the t-EVP.

Proof. For v € V(QG), let ¢(v) = dg(v)/t. Form a graph G’ by expanding each vertex v € V(Q)
into an independent set of size ¢(v) in which each vertex inherits ¢ of the edges incident to v. The
graph G’ is t-regular and bipartite, so G’ decomposes into ¢ edge-disjoint perfect matchings. These
perfect matchings correspond to t edge-disjoint subgraphs Hy, ..., H; of G, each having degree ¢(v)
at v. Thus Hy,..., H; witness the t-EVP for G. O

Theorem 4.2.16. Ift is a prime power, then Va(n,t) < 2(t—1)n. In general, Va(n,t) < 2.4(t—1)n
and Va(n,t) < (2+o(1))(t — 1)n.

Proof. Let G be an n-vertex graph. If |[E(G)| > m implies that G satisfies the t-EVP, then
Va(n,t) < m.

Suppose first that ¢ is a prime power and |E(G)| > 2(¢t — 1)n. By Fact 212, G has a spanning
bipartite subgraph H such that |E(H)| > (¢t — 1)n. By Theorem B=2T4, H contains a ¢-divisible
subgraph Q). By Lemma BZXT3A, () satisfies the --EVP, and hence G does also.

Consider general t and |E(G)| > 2.4(t — 1)n. By the preceding paragraph, it suffices to find a
prime power ¢ between ¢t and 1.2¢. By Fact =213 (Bertrand’s Postulate), there is a prime number
between ¢ and 2t — 1. For t > 25, Nagura [A7] proved that there is a prime between ¢ and 1.2¢. For
2 <t < 24, there fails to be a prime in the desired range for ¢ € {4,8,14,24}. However, for these
values there is a prime power in the desired range.

Meanwhile, Iwaniec and Pintz [29] proved that there exists t9 € N such that for x > ¢y, there
is a prime between  — x2%/*2 and . This yields Va(n,t) < (2 + o(1))(t — 1)n in the same way as

above. The value 23/42 was further reduced to .525 in [I0]. O
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Alon, Friedland, and Kalai [9] conjectured that the conclusion of Theorem EZT4 holds even
when ¢ is not a power of a prime. This would improve the upper bound on Va(n,t) from 2.4(t—1)n
to 2(t — 1)n.

A graph is k-degenerate if every subgraph has a vertex of degree at most k. In a (t — 1)-
degenerate graph, every nontrivial subgraph has a vertex that cannot occur in the span of ¢ edge-
disjoint subgraphs, so (¢t — 1)-degenerate graphs cannot satisfy the t~-EVP. There is an n-vertex
(t — 1)-degenerate graph with as many as (3) + (t — 1)(n — t) edges, so Va(n,t) > (t — 1)(n —t/2).

We improve the leading coefficient.
Theorem 4.2.17. Vy(n,t) > (t -1+ ﬁ) (n—1)—(t—2)%

Proof. The k-fold wheel Wy, , is obtained from the complete bipartite graph K} , by adding the
edges of a cycle through the r vertices of degree k, giving them degree k 4 2. Call the vertices of
degree 1 centers, the vertices of degree k + 2 rim vertices, and the edges joining central and rim
vertices spokes. In any copy of Wi ., specify two distinct rim vertices as the head and tail. Note
that Wy, has k + r vertices and r(k + 1) edges.

For t > 2, let By,..., By be copies of W;_5;11. Let z; denote the tail of B; (and zy denote the
head of By). For 1 <i < ¢, merge z; with the head of B;;1. Add edges joining all centers of B; to
all centers of By, 1, for 1 <i < £. Let G be the resulting graph.

Note that GY has £(2t — 2) + 1 vertices and £(t + 1)(t — 1) + (£ — 1)(t — 2)? edges. Writing
n = ((2t — 2) + 1, the number of edges becomes (t — 1+ 515)(n — 1) — (¢t — 2)%. Hence it suffices
to show that G¢ does not satisfy the t-EVP.

Suppose that Hi,..., H; are subgraphs of Gf witnessing the t-EVP. Let H = Hy U --- U Hy;
each vertex degree in H is a multiple of ¢. Say that the edges of H are “used”. The edges of Gf
that are not spokes form a (¢ — 2)-degenerate graph, so some spoke must be used.

Each rim vertex other than zg, ..., z; has degree t. Let i be the least index such that some spoke
in B; is used. If only spokes incident to z; are used, then some center of B; has degree between 1
and t — 1. Hence some spoke not incident to z; is used. Since rim vertices have degree ¢t in B; and
form a connected subgraph, it follows that all edges of B; are used except possibly some spokes

incident to z;.
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If any spoke incident to z; is used, then its other endpoint has degree between ¢ + 1 and 2¢ — 1
in H (t+ 1 rim vertices and up to ¢ — 2 centers in B;11). Hence no spoke of B; at z; is used, but
all other edges of B; are used.

Now z; has two neighbors in H that are rim vertices of B;, plus up to t neighbors in B;1.
Hence dg(z;) = t. This requires the rim edges of B; at z; to belong to H, and Hj, with a # b. The
remaining vertices of B; have neighbors only in V(B;) in H, and hence H, must form a matching
there. However, |V (B;)| = 2t — 1, so no such matching is possible.

When n #1 mod 2(t — 1), we may add one small complete graph and possibly one copy of K;

to GY (where £ = |n/(2t — 2)]) to reach n vertices. O
The remainder of this section determines V5 (n,3). We start with the lower bound.
Lemma 4.2.18. A graph containing at most one even circuit does not satisfy the weak 3-EVP.

Proof. Suppose that G satisfies the weak 3-EVP, witnessed by three distinct nontrivial subgraphs
Hy, Hs, Hs having equal degrees at each vertex. Since H; and Hs are distinct and have the same
vertex degrees, the symmetric difference of H; and Hs is nontrivial, has even degree at each vertex,
and has an even number of edges in each component (the same number from both H; and Hy).
Hence each nontrivial component can be expressed as an even circuit. The same is true for H; and
Hj, which cannot have the same components since Ho and Hg are distinct. Hence G contains at

least two even circuits. O
Lemma 4.2.19. Vj(n,3) > |3n] forn > 3.

Proof. Let j be the congruence class of n modulo 3, with j € {0,1,2}. Let G be a maximal strict
odd cactus with n vertices. As computed in Theorem B0, G has L%nJ — 1 edges and no even
circuit; also G has [n/3] triangles and j vertices not in triangles. Further restrict G when n = 2
so that the vertices not in triangles are leaves with a common neighbor.

In each case, we add one edge to G. When j = 1, add one edge joining the vertex v that lies
in no triangle to a vertex of a nearest triangle; this creates one even circuit (of length 4). When
j =2, add one edge joining the two leaves not in triangles, creating one even circuit (of length 6).

By Lemma E=2ZT8, the resulting graph does not satisfy the weak 3-EVP.
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We construct an explicit example G’ for n = 6, consisting of disjoint triangles on abc and xyz
plus edges ax and by. Every proper induced subgraph of G’ has at most one even circuit and does
not satisfy the weak 3-EVP, by Lemma BZZT8. Hence by Lemma B8 subgraphs witnessing it have
degree 1 at ¢ and z and have degree 1 or 2 at the other vertices. If all have degree 1, then the
subgraphs are perfect matchings, but G’ has only two perfect matchings. If all have degree 2, then
they omit a perfect matching, and again there are only two.

Hence we may assume that exactly two vertices have degree 2. By symmetry, consider cases for
the degrees of z and y, with d(z) > d(y). If d(x) > d(y), then xz must appear in each subgraph.
By reasoning as in Lemma E28, G’ — z then satisfies the weak 3-EVP, which it does not. If
d(x) = d(y), then in each case a subgraph with the specified degrees is determined by choosing xz
or yz, so again there are only two.

For larger multiples of 3, we use this 6-vertex subgraph G’ plus a maximal strict odd cactus G
on n — 6 vertices joined to G’ by a single cut-edge e. If there exist Hy, Ho, H3 witnessing the weak
3-EVP in G, then any two of them have equal degrees at all vertices. By Observation X4, the
symmetric difference of any two cannot contain the cut-edge e. Hence all three agree on e. Hence
G — e satisfies the weak 3-EVP. This requires the weak 3-EVP to hold in G or @, which it does

not. O

The upper bound needs several lemmas.

Lemma 4.2.20. Let G be a graph.
(a) If G has [logy t| edge-disjoint even circuits, then G satisfies the weak t-EVP.

(b) If G has three edge-disjoint trails with the same endpoints whose lengths have the same

parity, then G satisfies the weak 3-EVP.

Proof. (a) Let s = [logyt], so 2° > ¢, and let C1,...,Cs be the given edge-disjoint even circuits.
There are two ways to take alternating edges on each circuit. Hence at least ¢ distinct subgraphs
of C1 U---UCs have the same degrees at all vertices.

(b) Consider three edge-disjoint u, v-trails. If all have even length, then take alternating edges
in each trail, starting at » in two of the trails. Each way of doing this yields the same degree at all

vertices. The three ways to do it yield the weak 3-EVP.
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If all have odd length, then the union of two form an even circuit. Take alternating edges from
the other so that u and v are not covered, plus alternating edges along the circuit. The three ways
to choose a pair of trails and two ways to choose edges along the circuit yield six subgraphs having

the same degree at all vertices. Thus G satisfies the weak 6-EVP. O

Lemma 4.2.21. If G has a path through w,x,y,z such that dg(x) = dg(y) = 2, then G satisfies
the weak t-EVP if and only if G' satisfies the weak t-EVP, where G' = G — {z,y} Uwz.

Proof. It H}, ..., H] witness the -EVP in G’, then modify each H/ as follows. If wz € E(H]), then
put wz,yz € E(H;) and zy ¢ E(H;), leaving the usage of all other edges the same. If wz ¢ E(H]),
then put zy € E(H;) and wz,yz ¢ E(H;), again leaving other edges as in H,. In each H;, the
degree is 1 at = and at y, and at all other vertices it is the same as in H, so Hj,..., H; witness
the t-EVP in G'.

For the converse, let Hy, ..., H; witness the t-EVP in G. If each subgraph has degree 1 at both
x and y, then the transformation above can be reversed. If the subgraphs all have degree 0 or
degree 2 at x or y, then they all have the same usage of each edge in {wz,zy,yz}. Now letting
H! = H; — {x,y} for all ¢ yields subgraphs witnessing the t-EVP in G’ (they all omit the edge
wz). O

We apply Lemma EZ2Z21 to subdivisions of K4 that arise in the proof of the upper bound.

Lemma 4.2.22. Let G be a subdivision of K4, and call the paths joining branch vertices “threads”.
If G has an odd cycle C through three branch vertices, and the cycles through exactly two threads
of C all have even length, then G satisfies the weak 3-EVP.

Proof. By Lemma =221, we may assume that every thread has length 1 or 2.

When all threads in C' have length 1, the three threads incident to the remaining vertex z
all have the same parity. If they are single edges, then use the decomposition of K, into three
matchings My, Mo, M3. Otherwise, the threads at z each have length 2. Each subgraph H; uses
one edge incident to z and a path of length 4 joining the other two neighbors of z.

If only one thread in C' has odd length, then the lengths of the two threads from its endpoints

to z have the same parity. If they have length 1, then we can treat that cycle as C' above. If they
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have length 2, then the other thread at z has length 1; now exactly two threads (with no shared
endpoints) have odd length, and our graph G is obtained from K, by subdividing the edges of a
4-cycle.

The 8-cycle has two crossing chords; call them uv and u/v'. Pairing uv with each of the two
perfect matchings in the 8-cycle generates two subgraphs with the same vertex degrees. A third
such subgraph uses «v’ and the edges at u and v other than wv. Hence G satisfies the weak

3-EVP. U

Theorem 4.2.23. Vj(n,3) = |3n]. That is, every n-vertex graph with more than |3n| edges

satisfies the weak 3-EVP, and this is sharp.

Proof. We need only prove the upper bound. Let G be an n-vertex graph with L%nJ + 1 edges. By
using the component with largest average degree, we may take G to be connected.

Let G’ be a subgraph of G with the most edges that contains no even circuit. Adding a cut-edge
joining components does not create a circuit. Hence G’ is a strict odd cactus spanning all of V(G),
by Theorem E29. By Theorem E=2T0 and Theorem B211, |E(G')| < |3n]| — 1. Thus G’ omits
at least two edges of G; choose e1,e2 € E(G) — E(G'). By the definition of G', adding e; to G’
creates an even circuit C;. If C1 and Cy share no edge, then G satisfies the weak 4-EVP, by Lemma
A220(a). Thus, we may assume that they share an edge.

Shrinking the odd cycles of G’ into vertices yields a tree T. Call the vertices of T' nodes to
distinguish them from vertices of G’; they correspond to vertices or odd cycles in G’. Note that
C1 —e1 and Cy — eg shrink to paths P; and P, in T. Since C7 and C5 are not edge-disjoint, P; and
Ps intersect in T'. If the intersection is one node of T', then C; and C5 intersect in a single nontrivial
path in G. Since both circuits have even length, the endpoints of this path are joined by three
edge-disjoint trails of the same parity. Hence G satisfies the weak 3-EVP, by Lemma B220(b).

Hence we may assume that P; and P intersect in a nontrivial path P’ in T let u and w be
its endnodes. Let U and W be the subgraphs of G’ corresponding to u and w, they may be single
vertices or odd cycles in G’. Let Qy be the subgraph of G’ corresponding to P’. Let zy and yg be

the vertices of U and W with largest degree in Qo, and let Qf be an x¢, yo-path through Q.
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For i € {1,2}, let @); be the trail obtained from C; by deleting E((Q)); note that e; € E(Q;).
Let z; and y; be the endpoints of ); in U and W, respectively.

If Q, visits an odd cycle C' in G, then let  and y be the vertices in U and W that are endpoints
of Cy — E(C}). By traversing C appropriately, we obtain a trail whose length has the same parity
as the two z, y-trails along C, and Lemma B=220(b) applies. Hence we may assume that Q2 (and
similarly (1) visits no such cycle.

Now combining @)1 and ()2 with appropriate traversals through U and W may yield an even
circuit containing @1 and (2. If this happens, and @ visits an odd cycle in G’, then again
Lemma B=220(b) applies.

Hence two cases remain. In one case, xop = x1 = 2 and yg = y1 = y2, these are the only vertices
of U and W, and @)1 and Qo are paths with opposite parity. Now Q1 U Q)2 is an odd cycle that
shares vertices with no odd cycles in G'. Letting e’ be the edge of @ incident to U, we now have
G' — ¢’ U{ey, ea} as a subgraph of G having no even circuit, contradicting the maximality of G’.

In the remaining case, the interior nodes of P’ are single vertices in G’, not odd cycles. The
x1, xg-path through U in C] and the s, x¢-path through U in Cs may or may not overlap. If they
overlap, then taking the complement within U for each of these paths makes them disjoint but
changes the parity of the circuits. However, if the same thing happens within W, then performing
the complementations at both ends of P’ leaves us with two even cycles C] and C% in G whose
intersection is the single path P’, and Lemma E-Z20(b) applies. The same holds if complementation
was not needed on either end.

We are left with the case where C7 and Cs both contain the z1, xo-path through U that avoids
xg, while in W they contain the edge-disjoint yo, y1-path and yo, yo-path. Deleting the edges and
interior vertices of the y1, yo-path (if any exist), we obtain a subdivision of K4. Three of the thread
form the odd cycle U. Each of C; and Cs is a union of four threads in this subdivision with total
length even, omitting one of the threads in U. It follows that the circuit in the subgraph obtained
by omitting the remaining thread in U also has even length. Hence Lemma B2 applies, and G
satisfies the weak 3-EVP. O
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4.2.3 The Weak t-EVP and t-EVP for Hypergraphs

In this section, we obtain further upper bounds. For the case t = 2, recall that the 2-EVP and

weak 2-EVP are equivalent.

Theorem 4.2.24. If k > 3, then Vi (n,t) < (logy k + 3logy logy k)n + logy(t — 1). In fact, more
than this many edges forces the weak t-EVP for any hypergraph whose average edge-size is at most

k.

Proof. 1t suffices to prove that an n-vertex hypergraph H with m edges of average size at most k sat-
isfies the weak t-EVP, where m = [(logy k + 3log, log, k)n + logy(t — 1)]. Let V(H) = {v1,...,vn},
and let d; = dy(v;). For every subhypergraph H’, we have dp/(v;) < d;. Hence there are at most
[1;=,(di + 1) degree lists of subhypergraphs. Since Y ;" | d; = km, it follows that []" ,(d; + 1) <
(Bm 4 1)".

With m edges in H, there are 2™ subhypergraphs of H. If 2™ > (¢t — 1) (kTm + 1)”, then some
t subhypergraphs have the same degree list. With u = m/n, we need 2% > (t — 1)"/"ku + 1. It

suffices to have u > log, k + 3log, log, k + logy(t — 1). O

The constant 3 can be decreased to a constant 1 + ¢, with ¢y > 0 by carefully considering
lower-order terms. As k — oo, actually ¢ — 0, but quite slowly. For ¢ = 2, still ¢ > 0.01 when

k = 10*2. Below we show ¢;, and m for small values of k when ¢ = 2.

elos | e ] s e | 1 ] s

Ck 1.9389 1.1314 0.8569 0.7162 0.6296 0.57041
m || <3.59377n | <4.1314n | < 4.5787n | < 4.9364n | < 5.23417n | < 5.48904n

When we say nothing about the average size of edges, Theorem still gives an upper bound
by setting k = n.

Corollary 4.2.25. V'(n,t) < n(logy n + 3log, logy n) + logsy(t — 1).

The upper bound in Theorem is not valid for Vi (n,t) when ¢ > 3 because the ¢ subhyper-
graphs found with the same degree lists need not have the same pairwise intersections. This means

there is no set of edges to discard from them all that preserves equality of degrees. To avoid this
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problem, we use the fact that large families of sets contain large subfamilies with common pairwise

intersections.

Definition 4.2.26. A family of r sets is an r-A-system if the intersections of any two sets in the
family are the same. Let f(k,r) be the least integer q such that every k-uniform family of q sets
contains an r-A-system. Let g(m,r) be the least integer q such that every family of q subsets of an

m-element set contains an r-A-system.

Theorem 4.2.27 (Kostochka [39]). For r >3 and o > 1, there exists D(r,«) such that f(k,r) <

log log log k)2
D(r, )kl "R e ).

Theorem 4.2.28 (Erd6s and Szemerédi [23]). g(m,3) < 2(m—1vm),

In proving this upper bound, Erdds and Szemerédi used f(k,3) < (1 + o(1))k!, which was the
best known upper bound at the time. Kostochka’s later improvement in Theorem E=221 yields a
better upper bound for g(m, r) when r is fixed and m is large. The proof is the same as that in [23],

just invoking the improved bound on f(k,r) at the appropriate point.

Lemma 4.2.29. Forr > 3 and € > 0, there exists N(r, €) such that g(m,r) < 2m—(1=¢)vmlogloglogm

form > N(r,e).

Theorem 4.2.30. Ift > 3 and € > 0, then V(n,t) < (4 + e)nQ(log%g%)Q forn > N(t,¢), where

N(t,e€) is defined as in Lemma F-2-23.

Proof. Let H be an n-vertex hypergraph with n > N(t,¢) and |E(H)| > (4+ e)nQ(bgﬁ%)Q. We
show that H satisfies the t-EVP.

As in Theorem B224, let V(H) = {v1,...,v,} and d; = dg(v;). For every subhypergraph H’,
we have dp/(v;) < d;. Again there are at most [} (d; + 1) degree lists of subhypergraphs. Since
0 < d; < m for all i, it follows that [[/_,(d; + 1) < (m +1)".

With m edges in H, there are 2™ subhypergraphs of H. Let ¢ = {%1, there are distinct

subhypergraphs Hy, ..., H, having the same degree list.
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2
Since m = (4 + €)n? (log}g%) , Theorem yields

logloglogn

log n 2
= m —2nlogn — nlog log loglog 1

> m— (1 —e)y/mlogloglogm — o(v/m)

> m— (1 —e€)y/mlogloglogm > log g(m,t).

1 2
logg > m—nlog(m+1) > m—nlog( 2 OB T > )

Thus, ¢ > g(m,t), which implies that among Hy,..., H,, each viewed as a subset of the set
of m edges in H, there exists a A-system of size t. That is, we obtain ¢ subhypergraphs that are
pairwise disjoint except for the same set of edges shared by all of them. Deleting that common

subset yields ¢ subhypergraphs witnessing the ¢t-EVP. O

The same argument yields a bound when the average size of edges is at most k. As in Theo-

rem E224, use [[7(d; +1) < (&2 + 1)".

2
Theorem 4.2.31. Ift > 3, k > 2, and € > 0, then Vi(n,t) < (1 + €)n? (@%) forn >

max{k, N(t,¢)}.

If the upper bound in Lemma can be improved to (2 — €,)", then we obtain an upper
bound of Cynlog k for Theorem B=2=31 and an upper bound of Cynlogn for Theorem =230, where
C; is a constant depending on t.

Erdoés and Rado conjectured that f(n,t) < (c1(t))". If this conjecture is true, then in Lemma
it yields g(n,t) < 27~cV?logn and in Theorem E=230 it yields V(n,t) < ca(t)n?, where ¢i(t) and
co(t) are functions of ¢.

We close with a simple lower bound.

Lemma 4.2.32. Let H' and H" be disjoint k-uniform hypergraphs. Fiz s with s < logs k, and form
a hypergraph H by adding s edges to H' U H" so that the ith added edge has exactly 2'=' vertices
in V(H'). If both H' and H" fail the 2-EVP, then also H fails the 2-EVP.
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Proof. Let F be the set of s added edges. Since H' and H” fail the 2-EVP, a pair {H;, Ha}
witnessing the 2-EVP in H must use some edge in F'. Since H; and Hy share no edges, and the
contributions by edges of F' to the total degree in V (H') are distinct powers of 2, the contributions
by E(Hy1) N F and E(Hz) N F to the total degree in V(H') are distinct. Since ZZU:O? -1 < k,
the difference between the two amounts is less than k. However, the total degree contributed by
edges in H' is a multiple of k (for both H; and Hs). Hence the total degrees in V(H’) for H; and

Hj are distinct, so they cannot witness the 2-EVP. 0

Corollary 4.2.33. If k > 3, then Vi(n + k — 3,2) > 1n=sL,

Proof. By Observation B2, it suffices to prove Vs(n,2) > 11”77_31

By exhaustive computer search, we know that the 7-vertex 3-uniform hypergraph with 10 edges
whose incidence matrix appears below does not satisfy the 2-EVP. Starting with r copies of this
hypergraph, r — 1 applications of Lemma B=22372 adds r — 1 edges (since [logy 3] = 1) and produces
a 3-uniform hypergraph with 7r vertices and 11r — 1 edges. Similarly, we can add one edge for
each vertex beyond a multiple of 7. Letting n = 7r 4+ j with 0 < j < 6, we obtain V3(n,2) >

11220 — 1 4 5 > Un=sl m

1 2 3 45 6 7

{1,2,3}|1 1 1. 0 0 0 0
{1,2,4}[1 1. 0 1 0 0 0
{1,2,5}{1 1 0 0 1 0 0
{1,3,4}|1 0 1 1 0 0 0
{1,5,6}{1 0 0 0 1 1 0
{1,6,7}{1 0 0 0 0 1 1
{2,3,6}|]0 1 1 0 0 1 0
{24730 1 0 1 0 0 1
{3,574/0 0 1 0 1 0 1
{4,56}{0 0 0 1 1 1 0]
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