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Abstract

We introduce the notion of filtered representations of quivers, which is related to usual quiver representations,
but is a systematic generalization of conjugacy classes of n x n matrices to (block) upper triangular matrices
up to conjugation by invertible (block) upper triangular matrices. With this notion in mind, we describe
the ring of invariant polynomials for interesting families of quivers, namely, finite ADE-Dynkin quivers
and affine type Z—Dynkin quivers. We then study their relation to an important and fundamental object
in representation theory called the Grothendieck-Springer resolution, and we conclude by stating several

conjectures, suggesting further research.
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Chapter 1

Introduction

This dissertation studies a refinement of the notion of a representation of a quiver by attaching filtrations
of vector spaces to the space of quiver representations and restricting to the subspace of representations
that preserves the filtration. It is related to very interesting developments in algebraic geometry and
representation theory, in particular, to Khovanov-Lauda and Rouquier algebras (KLR-algebras) which are
graded algebras whose representation theory is related to categorification of quantum groups ([KL09], [KLI1I],
[Rou08], [Bruld]), graded cyclotomic ¢g-Schur algebras as a quotient of a convolution algebra in the study
of quiver varieties via a subset of quiver representations with a notion of a flag ([HM11] and [SW1I]),
generalized Grothendieck-Springer resolutions whose fibers are quiver flag varieties (JCG10]), etc. In the case
of KLR-algebras, KLR-algebras of type A are isomorphic to cyclotomic Hecke algebras ([BK09|, [Rou08]),
which in turn are isomorphic to cyclotomic quiver Schur algebras ([SW11], Theorem 6.3). However, these
developments will not be treated here. Instead, we focus on the most basic algebraic problem about such
spaces, namely to describe their function theory. This amounts to a generalization of classical problems of
invariant theory to this new context.

We begin with some definitions. Let Q = (Qo, Q1) be a quiver with vertices Qo, arrows @1, and head
Q1 KN Qo and tail Q4 BN Qo maps. A dimension vector § for a quiver @ is an element of Zgg; in other words,

a dimension vector consists of a choice of non-negative integer g; for each i € Qg. Let

Rep(Q,ﬂ) = @ HOmC(C’B‘(@)7(CBh(a)).

a€Q1

An element of Rep(Q, 3) is determined by a choice of linear map CPt( Aoy CBro for each a € Q1. There is

a natural action of the group Gz := H GLg,(C) on Rep(Q, B) where each factor GLg,(C) acts via change
1€Qo
of basis in CF.
We say a quiver is an (affine) Dynkin quiver if the underlying graph has the structure of an (affine)

Dynkin graph. We say a quiver is a k-Kronecker quiver if the quiver has two vertices and exactly k arrows

(of any direction) between them, and we say a quiver is an m-Jordan quiver if the quiver has exactly one



vertex and m arrows at that vertex such that ta = ha for each arrow a.

Example 1.0.1. The quiver e Q 1s called a 1-Jordan quiver while e —— o s called a 1-Kronecker
quiver or an As-Dynkin quiver. These are examples of more general classes of quivers described in Sec-
tion [2 1.1l

Let @Q denote the 1-Jordan quiver and choose the dimension vector 8 =mn. Then Rep(Q, () = gl,,, the
space of n x n matrices, and Gg = GL,(C) acts by conjugation on gl,,.

Let Q' denote the 1-Kronecker quiver and let B/ = (m,n). Then Rep(Q’, ') = Mpuxm is the space of
n x m matrices, and Gg = GL,,(C) x GL,,(C) acts on Myxm via (g,h).A = hAg™!.

The study of the space Rep(Q, ) with its Gg-action represents a far-reaching generalization of the

classical study of similarity classes of matrices, i.e., the study of linear operators up to change of basis.

Now, we introduce a new, refined analogue of quiver representations. Given a quiver ) and a dimension
vector 3 = (Bi)icq,, choose a sequence v1,72,..., v~ = 3 of dimension vectors so that for each k and each

vertex i € Qq, V¥ < 'ny. For each i € Qq, one gets a filtration of C% by taking
CHcCric...CcCh

to be the standard sequence in which each C* is spanned by the first k standard basis vectors. For example,
if 8; = n for every i, we could take ¥ = k for every i and k: then we are choosing the standard filtration by
coordinate subspaces at each vertex of the quiver Q.

Given a sequence v',~72,..., 7" = 8 of dimension vectors as above, let F* Rep(Q, 3) denote the subspace
of Rep(Q, B) consisting of those representations (A,)qeq, whose linear maps A, preserve a fixed sequence
of vector spaces at every level: that is, AG(C'Y?W) C O for every k and a. Let P, C GLg,(C) be the
subgroup of linear automorphisms preserving the filtration of vector spaces at vertex i; this is a parabolic

subgroup. Then the product Pg := H P; of parabolic groups acts on F'*Rep(Q, 3) as a change-of-basis.
1€Q0

Example 1.0.2. Consider the 1-Jordan quiver. Equip C™ with the complete standard flag of vector spaces,
{ojcClcC?c---cC.

Then F*Rep(Q, ) = b, the vector space of upper triangular matrices, and the group Pg = B of invertible
upper triangular matrices acts on b via conjugation.
Now consider the 1-Kronecker quiver and let m =n (so ' = (n,n)). Let F* be the complete standard

filtration of vector spaces at each vertex. Then F*Rep(Q',3') = b, and we have Pgr = B x B acting on b via

2



the left-right action: (b,d).A = dAb~!.

The study of the space F'* Rep(Q, §) with its Pg-action thus represents a generalization of the study of
upper triangular linear operators up to upper-triangular change of basis.
Next, we introduce some definitions from invariant theory. Let xy : G — C* be an algebraic group

homomorphism from a group G to the multiplicative group C* of C; the map x is called a character of G.

Definition 1.0.3. Let X be a G-space and let f € C[X]. If f(g-z) = f(x) for all g € G and for all z € X,
then f is called an invariant polynomial. If f(g-x) = x(g)f(z) for all g € G and x € X, where x is a

character of G, then f is called a x-semi-invariant polynomial.

Definition 1.0.4. We define
CIX]¢:={feC[X]: f(g-x)=f(z) forallg € G and x € X} and

(C[X]G’X ={feC[X]: f(g-x)=x(9)f(z) for allg € G and x € X}.

Ga:X for a quiver @ and all algebraic characters x

The problem of characterizing the spaces C[Rep(Q, §)]
of Gg is the problem of describing the semi-invariants of quivers.

Let det’ be the i*" power of the determinant function, as a polynomial function of a matrix.

Example 1.0.5. If Q is the 1-Jordan quiver and 3 = n, then C[gl,]%"»(©) = C[tr(A), ..., det(A)], the ring of

]GL"(C)’dEti o (C[g[n]GL"(C) since there

symmetric functions in the eigenvalues of an n X n matriz, and @(C[g[n
i€l

are no det'-semi-invariants (|i| > 0) for the GL,(C)-adjoint action on gl,,. If Q' is the 1-Kronecker quiver

and ' = (n,n), then GL,(C) x GL,(C)-invariants are C[M, x| ©*GLn(C) = C, while semi-invariants

are @) ClMy, | FLn©xTEn(@dett e Cfdeg(4)).
(i,5)€22

The semi-invariants of quivers were completely described in work of Derksen-Weyman, Schofield-Van den
Bergh, and Domokos-Zubkov (cf. [DW02], [SvdB01], [DZ01]), following work of many authors over a number
of years.

The principal problem addressed in this dissertation is the characterization of C[F*® Rep(Q, 8)]F5°X, i.e.,
of semi-invariants of filtered quz'versﬂ The techniques of Derksen-Weyman, Schofield-Van den Bergh, and
Domokos-Zubkov are based on classical invariant theory of semisimple or reductive groups and do not apply
in the filtered situation. As a result, the problem seems to be much harder, and we do not achieve a complete
solution here. However, we achieve results in many cases of interest in representation theory and algebraic

geometry.

1Note that this terminology is slightly abusive, since it is the representations, not the quivers themselves, that are filtered.

3



As a sample of the results presented here, consider ADE-Dynkin quivers and affine type AT—Dynkin
quivers. If @ if an ADE-Dynkin quiver, we will write r to mean @ has r vertices and r — 1 arrows.

Let Pg = H P; be a product of parabolic groups as defined above. We will write the ring of Ps-
1€Q0
semi-invariant polynomials as @(C[F *Rep(Q, B)]F#X. Let t, be the space of complex diagonal matrices in

X
gl,,.

Theorem 1.0.6.

1. If Q is an ADE-Dynkin quiver and 8 = (n,...,n) € Zgg, then

PClF®Rep(Q, B)]F#X = Clt" .

X

2. If Q is an affine type /L—Dynkm quiver and = (n,...,n) € Zgg, then

EDCIF* Rep(Q, B)P* = C[27H].

X

More general versions of this theorem are given in Section (Theorem and Section (Theo-
rem and Theorem .

In Chapter [2] we review some background essential to the results in this thesis. In Chapter [3] we relate
filtered quiver varieties to quiver Grassmannians and quiver flag varieties through objects called universal
quiver Grassmannian (cf. Section and universal quiver flag (cf. Section . In Chapter 4] we explain
Wolf’s construction of reflection functors for quiver flag varieties ([Wol09], Theorem 5.16) and in Chapter |5}
we study the ring of semi-invariant polynomials for various families of filtered quiver varieties.

In Chapter [6] we study the Hamiltonian reduction of the cotangent bundle of the enhanced Grothendieck-
Springer resolution restricted to the regular semisimple locus, and in Chapter [7} we conclude this thesis with
a precise description of open problems and statements of conjectures, further motivating and suggesting

research in the direction of filtered quiver varieties.



Chapter 2

Background

2.1 Representations of quivers

We refer to lecture notes by Michel Brion [Bri08], William Crawley-Boevey [CB92], Victor Ginzburg [Gin09],
and Alastair King [Kin94] for an in-depth discussion of algebraic and geometric aspects of quiver varieties.

Here, we mention some basic properties of quivers.

2.1.1 Introduction to quivers

We begin with a definition of a quiver.

Definition 2.1.1. A quiver Q = (Qo, Q1) is a directed graph: that is, it has a set Qo = {1,2,...,p} of
vertices and a set Q1 = {a1,as,...,aq} of arrows, which come equipped with two functions: for each arrow
2%%, t:Q1— Qo mapst(a) =ta=1i and h: Q1 — Qo maps h(a) = ha = j. We will call t(a) the tail of

arrow a and h(a) the head of arrow a.

Definition 2.1.2. We say a quiver Q = (Qo, Q1) is nontrivial if |Qo| > 1, finite if |Qo| < 0o and |Q1] < oo,

and connected if the underlying graph is connected.
In this thesis, we will restrict all discussions to nontrivial, finite, and connected quivers.

Definition 2.1.3. We say a vertex i € Qo is a sink if it is not the head of some arrow of the quiver and the

vertex is a source if it is not the tail of some arrow of the quiver.

Definition 2.1.4. We say a vertex i € Qo is +-admissible if ¢ is a sink and it is —admissible if i is a

AN

source, i.e.,




Definition 2.1.5. We say Q is an ADE-Dynkin quiver if the underlying graph of Q is of type A, D,, Fg,

E7, OT'Eg.'
Type Graph
1 2 r—1 r
A, ° ° ° °
r—1
D, °
1 2 r—2
° ° °
\T
°
4
FEs °
1 2 3 5 6
o—9o—0o—0o—0o
4
Er °
1 2 3 5 6 7
o— 9o —90o—0—0—o
4
Eg °
1 2 3 5 6 7 8
o— 90— 90—0—0—0—0o

If Q if an ADE-Dynkin quiver, we will assume @) has r vertices and r — 1 arrows.

Definition 2.1.6. We say Q is of affine (type) ET-Dynkin if the underlying graph is the affine gr-Dynkin
graph:

5
[

N
~.

4
o .

Note that /To has one vertex and one arrow whose head equals its tail, and ﬁl has two vertices joined by

two edges. Next, we will give two important classical constructions using quivers.

Definition 2.1.7. Let Q = (Qo, Q1) be a quiver. The quiver Qf = (QS,QJ{) is called a framed quiver if
(T) = QOHQB where for each vertex i € Qo, there is a copy i% of i in Qg such that |Q(h)| = |Qol, and

QI =0Q1]] QE, where th contains arrows of the form o-tise for each pair of vertices i and ', i € Qo.

Other notions of framings are given in [Nak94], [Nak98] and [CB01]. Nakajima defines his framing as in
Definition , except the arrows in QE are in opposite orientation ([Gin09], Section 3), while Crawley-Boevey

adjoins exactly one framed vertex, calls it co, and adds ; additional arrows from vertex ¢ € Qg to oo, for

6



each vertex i € Qo ([CBO1], page 261).

Definition 2.1.8. Let Q = (Qo, Q1) be a quiver. The quiver Q = (Q,,Q;) is called a double quiver if
Qo = Qo and Q, = Q11 Q7?, where for each arrow a € Q1, there is an additional arrow a®? € Q7 such

that ta®? = ha and ha®? = ta, with |Q77| = |Q1].

2.1.2 Paths of a quiver

Definition 2.1.9. A nontrivial path in Q is a sequence p = ay ---asa; (k > 1) of arrows which satisfies

t(ai+1) = h(a;) for all1 <i<k—1.

The path p = ay, - - - aza; begins at the tail of a; and ends at the head of aj, and we will write h(p) = h(ay)

and t(p) = t(a1).
Definition 2.1.10. The length I(p) of a path p is the number of arrows in the path.
If p=ay - - aza;y is a nontrivial path, then I(p) = k.

Definition 2.1.11. To each vertex i € Qp, we associate a path e; called the trivial (empty) path whose head

and tail are at 1.
We say the length of an empty path is 0.

Definition 2.1.12. If the tail of a nontrivial path equals the head of the path, then the path is said to be a
cycle, and we say a quiver is acyclic if it has no cycles. If the nontrivial path is actually a single arrow whose

tail equals its head, then the arrow is said to be a loop.

2.1.3 The path algebra of a quiver

Definition 2.1.13. The path algebra CQ of @ is the C-algebra with basis the paths in @, with the product

of two montrivial paths p and q given by

pq, concatenation of sequences if tp = hq,
pogq=
0 if tp # hq,

and trivial paths having the following properties:

e, ifi=j p iftp=1 p ifhp=1
e;e; 1= , pe; = ,  epi= , and Z e; =
0 ifizg 0 iftp#i 0 ifhp#i i€Qo



The e;’s are called (mutually) orthogonal idempotents and Z e; = 1 is the identity element in CQ.
1€Q0

Since the composition of paths is associative, C(Q) is an associative algebra. We may identify Q¢ with
the trivial paths while we many identify )7 with the set of all paths of length 1. If we identify @Q,, with the

set of all paths of length n, then CQ, is a subspace of CQ spanned by @,, i.e., CQ = @ CQ,,, and since
n>0

l(pq) = I(p)+1(q) whenever the composition of p and ¢ is defined, we have the inclusion (CQ)(CQ;) C CQyi.

Thus, the path algebra is a graded algebra.

Note that CQ is a finite-dimensional vector space if and only if () contains no cycles.

Example 2.1.14. Let Q be an Az-Dynkin quiver:

The path algebra of @ is CQ = Ce; @ Cegy @ Cez @ Cay & Cas @ Casaq, which is 6 dimensional, and CQ is

isomorphic to the space of 3 X 3 upper triangular matrices via the following map:

0 0 0 0 0 0 1 00
et— |10 0 0], €= |0 1 0|, e—= 0 0 0f,;

0 0 1 0 0 0 0 0 0

0 0 0 010 0 01
ar—10 0 1|, a@2—=10 0 0|, aa—= {0 0 O

0 0 0 0 0 0 0 0 0

One extends the above map by linearity to have

C C C
CQ=l10 C C
0 0 C

Example 2.1.15. Let Q be a 3-Kronecker equioriented (all arrows are pointing in the same direction) quiver:
ay

as . . Then the path algebra CQ = Cey & Ces ® Cay ® Cas @ Cag is isomorphic to

as

1
[ ]

U1 w 3
tv1,v3 € C,bw e C
0 (%]



with product defined as
!/ / / /
V1w v w V1V] VW + Vow

/
0 vy 0 vy 0 Vg Uy

0 (0,0,0) 1 (0,0,0)
e — , €2k )
0 1 0 0
0 (1,0,0) 0 (0,1,0) 0 (0,0,1)
a — s as — s as —
0 0 0 0 0 0
Example 2.1.16. Let Q@ be the 1-Jordan quiver ig a . Then paths of Q consist of e1,a,a?,.... Thus

there exists an isomorphism CQ — Clz|, sending e; — 1 and a — .

Example 2.1.17. Let Q be the 4-Jordan quiver:

1
ag [ ] az .

Then the map CQ = C(x1, o, 23, 24) given by e; — 1,a; — x; for 1 <i < 4 implies CQ is a free algebra

on 4 noncommuting variables.
Definition [2.1.18]is given by Michel Brion.

Definition 2.1.18. A relation of a quiver Q is a subspace of CQ spanned by linear combinations of paths
having a common source and a common target, and of length at least 2. A quiver with relations is a pair
(Q, 1), where Q is a quiver and I is a two-sided ideal of CQ generated by relations. The quotient algebra
CQ/I is the path algebra of (Q,I).

Example 2.1.19. Let Q be an As-Dynkin quiver given in Example|2.1.14] and let T = (aza1), an ideal in

CQ. Then CQ/{aza1) = bz/u3, where by is the space of 3 x 3 complex upper triangular matrices and

0 0 Uu1s3
uy = 00 0 |:uwseC
0 0 O



Next, we introduce the following concepts since we restrict to quivers with specific properties in Section [5.3

Definition 2.1.20. Let Q = (Qo, @1) be a quiver. Let p = ay, ---agay be a path where a; € Q1 are arrows.

If p is a cycle, then we define p™ to be the path composed with itself m times, i.e.,

p"i=popo-op=(ay---asar) - (ag--azar) = (ak - azar)™.

m

A path p is reduced if [p] # 0 in CQ/{q* : ¢ € CQ,l(q) > 1).

Definition 2.1.21. A pathway from vertex i to vertex j is a reduced path from i to j. We define pathways

of a quiver Q to be the set of all pathways from vertex i to vertex j, where i,j € Q.

Note that pathways (of a quiver @) include trivial paths and they form a finite set since @ is a finite

quiver. We will now give an example of Definition [2.1.21

Example 2.1.22. Consider the 2-Jordan quiver:

w5 Dm
Then a3a; is a path but not a pathway since it is not reduced. However, the path aza; is a pathway.

2.1.4 Spaces of quiver representations

Definition 2.1.23. A representation W of a quiver @ assigns a vector space W (i) = W, to each vertex

i € Qo and a linear map W(a) : W(ta) — W(ha) to each arrow a € Q1.

Definition 2.1.24. A representation W = (W (i)icq,, W(a)acq,) of @ is finite dimensional if each vector

space W (1) is finite dimensional over C.

Definition 2.1.25. A subrepresentation of a representation W of Q is a subspace V.C W which is invariant

under all operators: W(a)(V (ta)) C V(ha), where a € Q1.

Definition 2.1.26. A nonzero representation W of QQ is irreducible, or simple, if the only subrepresentations

of W are 0 and itself.

Let V, W be representations of Q. Then V @& W has the structure of a representation of @ given by
Via)® W(a) : V(ta) ® W(ta) — V(ha) ® W(ha) for all a € Q1.

Definition 2.1.27. A nonzero representation W of Q is indecomposable if it is not isomorphic to a direct

sum of two nonzero representations.
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A map W — V of finite-dimensional representations W and V = (V(i)ieq,, V(a)acq, ) is a family of

C-linear maps ¢; : W(i) — V(i) for i € Qo such that the diagram

commutes for all a € Q1. We will write ¢ = (¢;)icq, to mean the family of linear maps for W — V. The
composition of maps of representations

w-tv LU

is given by (¢ 0 ¢)icq, := (¥i © ¢:)icq,- Thus the composition of maps is associative and we will write
Idw := (Idw(;))icq, to be the identity map of representations.

The definition of a dimension vector g € Zgg is given in Chapter

Definition 2.1.28. We define ¢; € Zgg to be the dimension vector with 1 in the coordinate corresponding to

1 € Qo and 0 elsewhere.
Definition [2.1.29| and Definition [2.1.30]| are important in Section and Chapter

Definition 2.1.29. We define {(«, 5) := Z ;8 — Z 0tafha to be the Euler inner product (or Euler

1€EQo acQ1
bilinear form or Ringel form) on dimension vectors a and f3.

Definition 2.1.30. We define (o, 8)g = (o, 8) + (B, a) to be the symmetrization of the Ringel form on

dimension vectors o and (3.
Definition 2.1.31. We will define S; to be the representation of a quiver @ of dimension vector €; € Zgg.

That is, S; is the representation with a 1-dimensional vector space at vertex i € Qg and 0 elsewhere.
Now, let W be a representation of () of dimension vector S € Zgg Upon fixing a basis for each finite-

W(ta) W(a) W(ha)
[ ] —_— [ ]

dimensional vector space W (i), each W (i) is identified with C% and each linear map may

be identified with a 8, X [, matrix. We will thus define

Rep(Q, 8) := @ HomC(CB‘“,CB’”)

a€Q

throughout this thesis. Points in Rep(Q, 8) parameterize finite-dimensional representations of @ of dimension

vector 3, and there is a natural Gg = H GLg, (C)-action on Rep(Q, 8) as a change-of-basis; that is, given
1€Qo
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(9p:)icqo € Gp and W € Rep(Q, f),
(gﬁi)iGQo'(W(a))GGQl = (gﬁhaW(a)g[ii)GGQl'

Whenever the composition pg of paths is defined, we set W (pq) := W (p)W(q), i.e., the representation of a
composition of paths is the product of representations of the paths.

When we write “general matrix” or “general representation” of a quiver, we will mean a matrix or
representation whose entries are indeterminates.

Recall Definition We will write gt := (8, %) € (Zgg)Z, where 3 € Zgg is the dimension vector for
the original set of vertices Qo and 3% € Zgg is the dimension vector for the framed vertices Qg; we will write

W () € Hom((CﬁE ,CP).

Definition 2.1.32. We define

Rep(Q', 51) == @ Home(CH=,CP) & @ Home(CH, C%)

a€Q1 1€Qo
as the framed quiver variety of QF of dimension vector 3.

Classically, a basis for vector spaces at framed vertices is fixed; thus, there is no group action on vector

spaces at framed vertices. Thus, Ggt 1= Gg = H GLg,(C) acts on Rep(QF, BT) via the following: for
1€Qo
(gﬁi)iGQO € Gﬁ and for (W(a)7 W(Li))GGQl,iEQo € Rep(QT,ﬁT)a

(98:)icqo-(W(a), W(ti))acqi,ico = (98na W(a)gﬁ_ti ;98 W (1)) acqi icQo-

Next, recall Definition Then = € Zgg since Qy = Qo-

Definition 2.1.33. We define Rep(Q, B) := Rep(Q, B) x Rep(Q°P, B) to be the double quiver variety, where
Qop = (Q07 (1710)'
The product GE := Gg of general linear matrices acts on Rep(Q, B) as a change-of-basis: given (98,)icqo €

Ggp and for (W (a), W(a?))eeq, € Rep(Q, B),

(g,&:)’iEQo (W(a)7 W(aop))aEQl = (gﬁhaw(a)gﬁ_’ia gﬁmW(aop)gﬁ_hla )CLEQl :

Now, given any two finite-dimensional vector spaces V and W, there exists a canonical perfect pairing

Hom(V, W) x Hom(W, V) — C, where (f,g) — tr(fog) = tr(go f). This means the opposite representation
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space Rep(Q°P, B) is isomorphic to the dual Rep(Q, B)* of Rep(Q, 3). So Rep(Q, B) = Rep(Q, B) x Rep(Q, B)*
=~ T*Rep(Q, B). The group G acts on T* Rep(Q, B) by inducing the action of Gz on Rep(Q, ) to Rep(Q, B).

The variety T*Rep(Q, ) is called the cotangent bundle of Rep(Q, ). Associated to the Gg-action is a

tr
moment map ug : T*Rep(Q, 5) — g5 = g, where gg := H glg,. Further discussion is given in Section
1€Qo
Example 2.1.34. Let Q be a 2-Dynkin quiver o— o andlet B = (1,2). Then Rep(Q,B) = C?. Let

Gg = GL1(C) x GL2(C) act on Rep(Q, B) via (g,h).W(a) = hW (a)g~t. Then the double quiver Q of Q is

a

ica and T* Rep(Q, B) = C? x (C?)*, where (C?)* is the dual vector space to C*. For (g,h) € Gg and

a®?

(W(a), W (a)) € T*Rep(Q, B), we have (g,h).(W(a), W (a?)) = (hW (a)g~", gW (a®?)h™"). Leti=W(a)
and j = W (a°?). Then the moment map for the Gg-action is T* Rep(Q, 3) = C? x (C?)* L8y glt x gl where

(t,5) = (ji, ij).-

2.1.5 The category of quiver representations

Let Rep(Q) be the category of finite-dimensional representations of @ and let CQ — Mod be the category of

finitely generated left CQ-modules.
Proposition 2.1.35. We have an equivalence of categories: Rep(Q) ~ CQ — Mod.

Proof. Let W = (W (i)icq,, W(a)aeq,) be a finite-dimensional representation of @, where W (i) are finite-
dimensional vector spaces and W (a) is a linear map from W (ta) to W(ha). Let M := @ W (i), a C-vector
1€Qo

space. We define CQ-module structure on M as follows: for each e;,a € Q1 and 7 € g, e; and a act on

m € M as follows:

m=m; ifmeW() W(a)(my) if m € W(ta)

e;.m = and a.m :=

0 if m ¢ W(i) 0 if m & W(ta),

and we extend the above actions linearly. This gives us a functor F' : Rep(Q) — CQ — Mod. Conversely,
let’s construct the functor G : CQ — Mod — Rep(Q). So let M be a CQ-module. We set W (i) := Me; for
i € Qo and for each a € @, define the linear maps W(a) : W(ta) — W(ha) as m — a.m. We will now
check that the maps of representations of () are precisely CQ-module homomorphisms.

So suppose {¢; : W(i) = V(i),i € Qo} is a map of representations W and V of ). Then we construct
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CQ-module homomorphisms by

M := @ W (i) LN = @ V (i), where

1€Q0 1€Qo
#i(m) if m € W (i) dra(W(a)(me)) if m € W(ta)
Y(e;m) = and Y(a.m) =
0 if m & W(4) 0 if m & W(ta).

Since {¢; : i € Qo} is a collection of linear maps, we have

a(erqg.m) = a.p(mi,) = V(a)(dwa(meg)) and ¥(a.me,) = (W (a)(mia)) = dna(W(a)(my,)), where a € Q.

So a.1)(mye) = ¥ (a.msg) since {¢;} is a map of representations. Thus 1) is a CQ-module homomorphism.
On the other hand, let M y Nbea CQ-module homomorphism. Then we define {¢; : i € Qg} as
follows:

@i : W (i) = V(i) where ¢;(e;.m) := 1(e;.m) for all i € Qo.

If m € W(i), we will write ¢;(m;) = ¥(m;). Now, we will show that {¢; : i € Qp} is a homomorphism of

representations of ). Since

Pha(W(a)(mia)) = (W (a)(mia)) = P(am) and V(a)(dra(mia)) = V(a)(¥(mia)) = a-th(mia),

we have ¢pq(W(a)(miq)) = V(a)(dta(mia)) since ¢ is a CQ-module homomorphism.

F
Now consider the two functors F and G in Rep(Q) CQ — Mod defined above. Since it is clear
G
that the two functors are mutually inverses, i.e., F o G =1Id and G o F' = Id, we are done. O]

2.1.6 Reflection functors

We will now define BGP reflection functors as introduced in [BGP73]. Let 0;(Q) denote the quiver obtained

from @ by inverting all arrows whose head or tail is i. For each vertex i € @,
0; 1 ZQo — ZQo, B B — (B, €)qei

where ¢; € Zgg is given in Definition [2.1.28 and (8, €;)¢ is the symmetrization of the Ringel form on £ and

€; (Definition [2.1.30)). If Q has no loops at i € Qg, then o283 = .
Let i be a +-admissible vertex and Q' = 0;(Q). Let W € Rep(Q, 8) and W; := W (i) is the vector space at
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vertex i. We define the functor S;" : Rep(Q, 3) — Rep(Q’, 8') as follows: let W' = S;F (W), where W] = W;
if j # i and W/ = ker ¢V, where

(bl/v = Z py:@Wj%Wi,
J

v=(j—1)EQ1

and for each inverted arrow v = (i — j) € Qf, we define p, : W/ — W; = W as the natural projection on

the component W; € @ Wj.
J
If i is a —admissible vertex and Q' = 0;(Q), then we define the functor S;” : Rep(Q, 8) — Rep(Q’, 8') as

follows: let W' = S;” (W), where W} = W; for i # j and W/ = coker %W, where

¢¥V = Z pVZWi%@Wj,

v=(i—J)EQ1 J

and for each v = (j — i) € Q7, we define p;, : W; = W — W/ by restriction of the projection @Wj —
J
coker ¢}V to W;.

Let S; be the representation defined in Definition Theorems [2.1.36] and [2.1.37] are classical results

used to relate representations of two quivers.
Theorem 2.1.36. Let W be an indecomposable representation of Q.
1. Leti € Qo be +-admissible. Then S;"(W) =0 if and only if W = S;. If W # S;, then S;7 (W) = W' is

an indecomposable representation,

dim W/ =" dim W; — dim W, (2.1)
J—1
and S; SH(W)=W.
2. Leti € Qo be —-admissible. Then S; (W) =0 if and only if W = S;. If W # S;, then S; (W) =W’ is

indecomposable, (2.1)) holds, and Sj'SZ-_(W) ~W.

Let @ be a quiver and let Q' = 0;(Q). Let S be the representation of @’ with one dimensional vector

space at vertex ¢ and zero dimensional vector space elsewhere.

Theorem 2.1.37. Let i € Qo be +-admissible and let Q' = 0;(Q). Then S;” and S; establish a bijection
between indecomposable representations of Q (nonisomorphic to S;) and indecomposable representations of Q'

(nonisomorphic to S.).
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2.2 Invariants of quiver varieties

The coordinate ring C[Rep(Q, 3)] has two gradings. One way is called Q-grading, where the ring is graded

by Z®! since the quiver variety Rep(Q, 8) = GB Mg (hayxa(ta)(C) is a product of matrices. The second way

a€Q1
is called Qg-grading, where the ring is graded by Z%°. To explain further, there exists a natural action

of GL(C) := Gg = H GLg,(C) on Rep(Q, ) which induces an action on the ring C[Rep(Q, 5)]. So
H C* acts on (C[Repl(eg:]ﬁ)] via the characters of the group, where C* is the set of all units in C. Thus,
i:eQZlecompose the ring as a direct sum of weight spaces for the action of H C*. Let C[Rep(Q, B)]“Ls(©)e
= EB(C[Rep(Q, B)]¢Ls(©x where y is a character of GLg(C). Then pol;if)?;nials f € C[Rep(Q, B)]GLs(C)e

X
are homogeneous with respect to (Qp-grading.

Recall from Definition that a polynomial f € C[Rep(Q, f)] is an invariant polynomial if g.f = f
for all ¢ € GLg(C), and the polynomial f is x-semi-invariant if g.f = x(g)f for all g € GLg(C), where
X : GLg(C) — C* is a group homomorphism. We will refer (semi-)invariant polynomials as (semi-)invariants.
Semi-invariants under the GLg(C)-action are invariants for SLg(C) := H SLg, (C)-action and SLg(C)-
invariant polynomials that are homogeneous with respect to the Qo—gr;cigfg are also semi-invariant (for
some ) for the GLg(C)-action. Therefore, C[Rep(Q, 8)]%%#(©)* = C[Rep(Q, 3)]%%#(©). In the literature,
one writes ST(Rep(Q, 8)) to mean C[Rep(Q, 3)]3%#(©). Although [Kac80], [Sch91] and [Sch92] are some of
the earlier works in the study of invariants of quiver varieties, we will focus on techniques given in [DW00],
IDZ01], and [SvdBO01].

The following techniques were constructed independently by a number of mathematicians. In 1999,
Schofield-van den Bergh wrote down all semi-invariant polynomials for any quiver variety, in 2000, Derksen-
Weyman gave a strategy to produce all semi-invariant polynomials for acyclic quivers by using representation
theory techniques, and in 2001, Domokos-Zubkov gave a strategy on producing all semi-invariant polynomials
for all quiver varieties using combinatorical techniques and a notion of a large matrix. We will summarize

each technique in the following sections.

2.2.1 Derksen-Weyman technique

The following technique is found in [DWO0Q]. For a fixed quiver Q = (Qo, @1) and a dimension vector 5 € Z>0,

consider the vector space Rep(Q, 8) under SLg(C) := H SLg, (C)-action as a change-of-basis. Let W be a
1€Qo

general representation of Rep(@, ().

Let a € ZQO be a dimension vector. Recall the Ringel form on o and g from Section It follows
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from [ABWS2] that («, 8) = dimHom(V, W) — dim Ext(V, W) where V' € Rep(Q,a) and W € Rep(Q, 3).
We choose « such that the Euler form (a, ) equals zero and a general representation in Rep(Q, «) is
indecomposable (we will follow Derksen and Weyman’s technique with some examples). Let V be a general

representation of the vector space Rep(Q, «). Consider

@D Hom(V (i), W (1)) % @) Hom(V(ta), W (ha)). where (Xi..... Xqy) = (W(a)Xeo — XnaV(@))uccr.
1€Qo a€Qy
where X; € Hom(V (i), W (7)) is (not necessarily a square) matrix with variables as coordinates, V' (a) is a
general a(ha) x a(ta) matrix, and W (a) is a general 3(ha) x B(ta) matrix. Write the map d}j; in terms of

the basis {X; : i € Qo}. Since Z ;B = Z QtaBha, d‘v/v is a square matrix so taking the determinant of

1€Qo a€Q1
d};; makes sense. Consider ¢, = det(dy;) € C[Rep(Q, ) x Rep(Q, 3)]; collect the polynomial coefficients of

{V(a):a € Q1}.

Theorem 2.2.1 (Derksen-Weyman). Let Q be an acyclic quiver and let 8 be a dimension vector. Let SLg(C)
naturally act on Rep(Q, B) and let a be a dimension vector such that (o, ) = 0. Let V € Rep(Q, a) be an
indecomposable general representation. Then the polynomial coefficients of {V(a) : a € Q1} obtained from C‘V{/

generate the ring of SLg(C)-invariant polynomials.

Example 2.2.2. Let Q be the 1-Kronecker quiver . %% and let = (2,2). We will write down the

map dy, from the diagram
W(1 W(a) C?=w(2)
L)

L

V(1) V(a) V(2)
e — % o

Since we want («, B) = 2a1 + 2ay — 2a1 to equal zero, this implies ae = 0. So regardless of the choice of v,

V(a) is the zero matriz. Let ay =1, W(a) = A, and X1 = X (note that we may let Xo =0). Then
dyy
Hom(C!,C?) ———————— Hom(C!,C?), X — AX,

and the map [dYy]x in terms of the basis X is A. Therefore, we have Clgly]5L2*5L2 = C[det(A)].

a

Example 2.2.3. Let Q be the 2-Kronecker quiver 33% and let B = (2,2). Since (a, ) = 207 +

b
2ai0 — 201 — 21 = 0, we must have oy = a. Let ap = 1. Since V is an indecomposable representation in

Rep(Q, ), let V(a) =1 and V(b) = X. Let W(a) = A,W(b) = B, X1 = X, Xo =Y, where a and b are the

two arrows of Q. Let’s write the coordinates of the matrices as follows: A = (ai;), B = (bi;), X = (x;), and
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Y = (yj). So we have

c2oway V@
[}

-
W (b)
Xl\ TX2)
1

ct ct
R ——
A

C?=w(2)
[ ]

\4
where Hom(C!, C?) @ Hom(C?, C?) A, Hom(C!, C?) @ Hom(C!, C?) is the map

(X,Y) —~ (AX —Y,BX — \Y)

a11 @12 T Y1 bir b2 Mo Ay1
= — s —
a1  A22 X2 Y2 bar  bag T2 AY2
a1121 + a1222 — Y1 b1y + biawe — Ayy
= )
2121 + a22%2 — Y2 ba1x1 + baaTa — Ay

So the matriz [d“//v])Qy in terms of basis X and Y is

Z1 T2 Y1 Y2

and det(d“,/v) = (a11a22 — (112&21))\2 — (a11b22 — a12b21 - (121b12 + (122()11))\ + (b11b22 — b12b21). We conclude

C[g[gﬁ]SLQXSLQ = (C[det(A), a11b22 — a12b21 — a21b12 + a22b11, det(B)]

2.2.2 Domokos-Zubkov technique

The following strategy is proved in [DZ01]. Let Q@ = (Qo, Q1) be an arbitary quiver (where cycles are allowed)

and let 8 be a dimension vector. Choose a set vy,..., vy, w1,..., W, € Qo of vertices (possibly repeating)
such that
n m
D Bvi) =D Bw;). (2:2)
i=1 j=1
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Let W € Rep(Q, 3) be a general representation and consider

n m
M: P W) — P W(w,),
i=1 j=1
where M = (m;;), with each m,; being a linear combination of a general representation of paths in @ from

v; to wj, including the zero path which corresponds to the zero matrix and the identity matrix if v; = w;.

Theorem 2.2.4 (Domokos-Zubkov). Polynomial coefficients of the determinant of M are in the algebra
C[Rep(Q, B)]*F#. Choose all possible combination of vertices satisfying [2.2)) and all possible combination of

representations of paths to obtain polynomial generators of C[Rep(Q, B)]°Ls.

Example 2.2.5. Let () be the 1-Jordan quiver :Da and let B = 2. Let W(a) = (a;;) be a general
representation of Rep(Q, ). Let n=m =1 with vy = w; = 1. Let M : W(1) = C* — W(1) = C?, where
M = (tW(a)). Then det(M) = t>det(W(a)). So det(W(a)) is an invariant polynomial. Now let n =m = 2
withvy =vg = w1 = wo = 1. Then M : C?2 @ C%2 — C? ¢ C?, and let

Sa11  Sai12 t 0
sWi(a) tIa sas1 Sazy 0t
uls Vs Uu 0 v 0

0 U 0 v

where s,t,u,v are formal variables. Then
det(M) = t*u® — (a1 + ago)stuv + (a11a99 — a12a01)s%v?,

and tr(W(a)) = a1y + agg is also an invariant polynomial. Thus, C[Rep(Q, B)]°F# = C[tr(W (a)), det(W (a))],
which coincides with the classical result that generators of the ring of invariant polynomials are precisely the

coefficients of the characteristic polynomial of W (a).
. 1 .
Example 2.2.6. Let Q be the 2-Jordan quiver a C ° Q b andlet 8 =2. Let n=m = 2 with vy = vy =

wy =wy = 1. First, let M : C?> ® C? — C?> @ C?, where

sai1 Ssai2 t 0
sWi(a) tls sas1 Sass 0 ¢

uls v 12 U 0 v 0
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Then

det(M) = t2u? — (a11 + age)stuv + (ay1a22 — a12a21)52v2.

So tr(W(a)) and det(W(a)) are invariant polynomials. Continuing to let m =n = 2, we replace W (a) with
W (b) to conclude that tr(W (b)) and det(W (b)) are invariant polynomials. Next, consider M : C* @ C? —
C? @ C?, where

sai1  saiz  thir  thbio
sW(a) tW(b) Sa21 SQ22 tbgl tb22
uls v]s u 0 v 0
0 u 0 v
Then det(M) = det(W (b))t?u? — (a11ba — ai2ba1 + az2b1y — azibyz)stuv +det(W(a))s?v?. We obtain another
SLz(C)

polynomial a11boo — a12bo1 + ag0b11 — as1bi2, which is, in fact, an invariant polynomial. Thus, C[g[?z]

= (C[det(W(a)), tI‘(W(G,)), det(W(b)), tI‘(W(b)), a11b22 — a12b21 + &22()11 — a21b12].

2.2.3 Schofield-van den Bergh technique

Schofield and van den Bergh’s strategy ([SvdB01], Theorem 2.3) to produce semi-invariants for any quiver
is to prove that (homogeneous multilinear) semi-invariants of Rep(Q, ) are spanned by determinantal

semi-invariants. Since this technique is similar to Domokos and Zubkov’s technique, we will omit the details.
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Chapter 3

Filtered quiver varieties

3.1 Construction of filtered quiver varieties

Parabolic group actions arise naturally in mathematics. For example, let B be the standard Borel in GL,,(C)
(the set of complex invertible upper triangular matrices) and let b = Lie(B) be the set of upper triangular
matrices in gl,,, where gl,, is the set of all n x n matrices. We are interested in studying the orbit structure
of B acting on b by conjugation or, in another way to put it, we are interested in studying a variety that has
a certain notion of filtrations associated to it. Let g be the Grothendieck-Springer resolution (cf. Section
and let G = GL,,(C). Lemma [6.4.2] gives the isomorphism b/B 2 §/G so the B-orbits on b are of significant
interest in and of itself.

Let us now discuss the B-adjoint action on b further. Let F* : {0} C C! C C2 C ... C C" be the
complete standard filtration of vector spaces in C”. Then b can be identified with the subspace of linear
maps C" J, € such that f(C*) C CF for all k. Since one must preserve the filtration of vector spaces while
changing the basis, we have the B-action on the domain and the codomain. So points of b/B correspond to
equivalence classes of linear maps preserving the complete standard filtration of vector spaces, where two
maps f and g are equivalent if there exists a change-of-basis that will take f to g.

We now give the construction of filtered quiver varieties in the general setting. Let @ = (Qo, Q1) be
a quiver and let 8 = (f1,...,08qg,) € Zgg be a dimension vector. Let F*:0 C CY C C¥ C ... C CP be
a filtration of vector spaces such that we have the filtration F? : 0 C i - cri C ... C CP of vector
spaces at vertex i. Let Rep(Q, 8) be the quiver variety in the classical sense (without the filtration of vector
spaces imposed). Then F'*Rep(Q, ) is a subspace of Rep(Q, 3) whose linear maps preserve the filtration
of vector spaces at every level. Let P; C GLg, (C) be the largest parabolic group preserving the filtration
of vector spaces at vertex i. Then the product Ps := H P; of parabolic groups acts on F*Rep(Q, 3) as a

1€Qo
change-of-basis.
Now, we will say a parabolic Lie algebra p = Lie(P) is in standard form if a general parabolic matrix

has indeterminates along its block diagonal and upper triangular portion of the matrix and zero below the
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diagonal blocks. We refer to [Crall] for a discussion on quiver Grassmannians and quiver flag varieties, which
are related to filtered quiver varieties but they are not the same. In the next three sections, we will discuss

quiver Grassmannians, quiver flag varieties, and filtered quiver varieties.

3.1.1 Quiver Grassmannians

Let v = (71,---,7Q,) € Zgg be a dimension vector. If each 7, < B for each k € @, then we define

Gry(B) = H Gr., (Br) to be the product of Grassmannians, where each Gr., (8;) parameterizes -
k€Qo
dimensional subspaces in a 3;-dimensional vector space. So Gr (/) has dimension Z Yi(Br — V&), which

keQo
is obtained by counting the number of indeterminates after row reducing a certain product of matrices, i.e.,

each matrix corresponding to G, (Bx) is of size v, x Bi with the rows spanning the v;-dimensional subspace.

Writing Gg := H GLg, (C), Gry(B) can also be thought of as Gg/P,, where P, := H P, CGgisa

kEQo keQo
product of largest parabolic matrices with each P,, stabilizing a -y,-dimensional subspace in a 3j-dimensional

vector space. We now define

GT?(ﬂ) = {((U(E))reqy, (W(a))acq,) : U(k) = C™ is a subspace of W (k) = C% and
W (a)U(i) CU(j), where a:i— j}
to be the universal quiver Grassmannian of y-dimensional subrepresentations in S-dimensional representations
of Q. Note that Gr,(;?(ﬁ) is a subvariety of the pair Gr,(8) x Rep(Q, ), with the product Gg of invertible

matrices acting on Gr,‘f(ﬁ) diagonally on each factor, i.e., for (¢gg, )req, € G and having chosen a basis for a

sequence (W (k))req, of vector spaces (and thus for (U(k))req, as well), the Gg-action is given as

(98 )ke@o- (k) ke, (W (a))acqr) = (98, ur)keos (98,. W (@)g5,. )acq: )

where uy, is a vector in U(k) and W (a) is a matrix in Mg,  «g,,. For notational simplicity (this will be

apparent in Section when we discuss quiver flag varieties), we may also write
Gr?(b’) ={(U,W) € Gry(B) x Rep(Q, B) : U is a subrepresentation of W}.

Now consider the projections Grg(ﬁ) 2 Gr.,(B) and Gr,ﬁ2 (B) 22 Rep(Q, B) onto the two factors, where
p1 and py are G g-equivariant maps. We will give explicit description of the fibers p;*(U) and p; ' (W). For a
fixed sequence (U(k))req, of subspaces in the product Gr,(8) of Grassmannians, we can choose a sequence

(U(k)*)keq, of complementary subspaces such that U(k) @ U(k)t = W (k) = CP* for each vertex k € Q.
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Since the preimage of (U(k))req, under the first projection map p; must satisfy W(a)U (i) C U(j) for each
arrow a : 1 — j, we have
Homq (U (i), U(j))  Homq(U(i)*, U(j))

pr'(U)=U x ' (3.1)
0 HomQ(U(i)l,U(j)L)

ai—j

Thus the fiber of p; over U is a vector space of rank

Z Bivi + (Bi —vi)(Bj —v4) = Z BiB5 +viv; — Bivi
aii—j,a€Q: a:i—j,a€Q1
since Homg (U (i), U(34)) is a vector space of dimension v;7y;, Homg (U (i)1, U(4)) is a vector space of dimension
(Bi —vi)vs, and Homg (U (i)*,U(j)*) is a vector space of dimension (3; — 7;)(8; — ;). So pi is flat.
For W € Rep(Q, ), the preimage p, (W) parameterizes all sequences (U(k))req, of subspaces of
dimension vector vy such that W(a)U (i) C U(j) for each arrow a : 4 — j in Q. Thus, we identify the fiber of
po over a fixed representation W as the quiver Grassmannian Gr.,(W) := py ' (W) of W of dimension vector

~; it essentially parameterizes all «-dimensional subrepresentations of W. Thus, ps is projective.

Example 3.1.1. Consider the A;-Dynkin quiver, and consider § = n. Then Rep(Q,5) = C", an n-
dimensional complex vector space. Now let the dimension vector v be m < n. Then the universal quiver
Grassmannian is GrQ(n) = Gry,(n) x C* with the quiver Grassmannian Gr,,(C") = Grp,(n) coinciding with
the classical notion of a Grassmannian: the space of m-dimensional subspaces in an n-dimensional complex

vector space.

Example 3.1.2. Consider the Ay-Dynkin quiver o— % o and let B = (n1,n2). Consider v = (my,ma),
with my, < ny for k =1,2. Then for W € My,xn, = Rep(Q, B), the quiver Grassmannian G7 (mm, m,) (W) is
a closed subvariety of Groy,, (C™) X Grp,(C™?) which satisfies W(U(1)) C U(2), where dim(U (¢)) = m; for

i=1,2.

3.1.2 Quiver flag varieties

In this section, we generalize Section by discussing the notion of quiver flag varieties. These varieties

also appear in the literature as quiver flag manifolds. Similar as before, let v',72,...,4/Y =g € Zgg be

dimension vectors with coordinates v¥ = (v, ... ,’ygo) satisfying ¥ < AR

T for each i € )y and for each

1 <k < N. Define Fl,.(3) := H Fl,+(B;) to be the product of flag varieties, where each Fl,s(3;) is the
1€Qo
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usual flag variety parametrizing flags of subspaces

0CULCU?C...CUN =W (i) =CP

with dim UF = ¥ for all i € Qg and for all 1 < k < N. We define the universal quiver flag to be

FIZ(B) == {(UY,...,UN W) € Fl,«(8) x Rep(Q,B) : 0 C U CU*C...cUN =W is
(3.2)
a chain of subrepresentations of W and W (a)UF C UJ’-C Va:i—jand V1 <k <N}

Consider the two Gg-equivariant projections Fl,?. (B) 2 Fly+(B) and Fl,?. (B) 2 Rep(Q, B). First, let
us view UF as subspaces in W (i) for each i € Q. The fiber of p; over the tuple (Ul,...,U") is again a

homogeneous vector bundle isomorphic to

N
b ( Hom (U}, /UL, U;’fa)> (3.3)
k=1

ac€@Q

where UE /U .= {v € U, v L u Yu € UE"'} and UD, := {0}. So p; is flat. On the other hand, p; * (W)
parameterizes all lags 0 CU' CU? C ... C UN = W of subspaces with prescribed dimension vectors vk,
with each U being a subrepresentation of U**1. So p is projective. The fiber py ' (W) = Fl,« (W) of pa

over W is called the quiver flag variety.

Example 3.1.3. Consider the Ai-Dynkin quiver and consider 3 =n. Let v* =i for 1 <i < n. Then the

quiver flag variety Fl,o(C™) is isomorphic to the complete flag variety for C™.

Example 3.1.4. Let QQ be any quiver and consider N = 2 to obtain the quiver Grassmannian from

Section [311l

It is worth mentioning that when rewriting the direct sum of vector bundles in (3.3]) as a product of
matrices (one matrix representation for each arrow a € @1), each matrix has the form of a parabolic matrix

(cf. see (3.1) when N = 2). In the next section, we will further investigate the fibers of p;.

3.1.3 Filtered quiver varieties

Filtered quiver varieties are precisely the fibers of p; over a fixed sequence of vector spaces in (3.2)). A more
direct construction is given as follows: let @ be any quiver. Fix a set of dimension vectors v',72,...,7¥ =3 €
Zgg such that *yf S’yf"’l for each i € Qp and foreach 1 <k < N. Let F*: 0CU' CU?>C...CUN =W

be a flag of subspaces such that dim UF = ¥ for each i € Qg and for each 1 < k < N.
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Definition 3.1.5. The filtered quiver variety is
F*Rep(Q, 8) := {W € Rep(Q,8) : W(U},) CUp, V1 <k <N, YaeQ}.

If P; C GLg,(C) is the largest parabolic subgroup acting as a change-of-basis while preserving the filtration

of vector spaces at vertex i € (Jo, then Pg := H P; naturally acts on F*Rep(Q, 8) as a change-of-basis.
1€Qo

Remark 3.1.6. A filtered quiver variety is a representation space where the filtration is a structure on a

representation, not on the quiver itself.

Remark 3.1.7. Recall a framed quiver in Definition[2.1.7. We construct a framed filtered quiver variety,
denoted as F*Rep(QT, B1), as follows: the filtration F* on the framed variety F*®Rep(QT, 1) modifies vector
spaces assigned to vertices in Qq, but not those vector spaces assigned to framed vertices Qg. Writing the
dimension vector for a framed quiver as BT = (B, 8%), Ps naturally acts on F*Rep(Q',3"). If the tail of
the underlying arrow of a general representation is not a framed vertezr, then a general representation must
preserve the fixed filtration F*® of vector spaces at both the head and the tail of the underlying arrow; such
representation is possibly block upper triangular and has indeterminates in those entries that are not zero.
For all other linear maps whose tail is a framed vertex, i.e., these are of the form W (i;) € Hom((CBE ,CP), we
define these general representations to have indeterminates in all coordinate entries since we do not impose a

filtration of vector spaces on framed vertices.

i L
Example 3.1.8. Consider the framed quiver 5 — . Q a , and consider 3 = (2,2). Let F? :0 C C! C
C? be the complete standard filtration of vector spaces at vertex 1. Then F*Rep(QT, 3T) = by @ Hom(C?, C?);

that is, if W is a general representation in F*Rep(QT, BT), then

T11 T a; @
W) = T while W(a) = oo

To1 22 0 ax
Remark 3.1.9. Using Definition we define the filtered double quiver variety as F*Rep(Q,[) :=

F*Rep(Q, 8) x F*Rep(Q°P, B), where Q°P = (Qo, Q7). The group Pz =Pg acts on F*Rep(Q, B) by acting
on F*Rep(Q, B) and F*Rep(Q°P, B) as a change-of-basis.

In the classical setting, a double quiver variety is the same as the cotangent bundle of a quiver variety (cf.
the paragraph following Definition |2.1.33|). However, in our setting, filtered double quiver varieties are not the
same as the cotangent bundle of filtered quiver varieties since F'®* Rep(Q°P, 3) may consist of representations

that are block upper triangular. We will give a plausible definition of the cotangent bundle of a filtered quiver

25



variety which is used throughout this thesis (cf. Definition [3.1.14)).

Example 3.1.10. Consider the double 1-Kronecker quiver i(;jDz with the following filtration:
vt =(3,1), 72 = (4,3), and 3 = B = (5,4), where the vector space representation of v¥ is the span of the

first ¥ standard basis vectors. If W is a general representation in F'*Rep(Q,3), then

Ci1 Ci2 €13 Ci4
C21 C22 C23 C24

W(a) = while W(a®?) = C31 C32 C33 C34

0 cyo 43 caa

0 0 0 Cs4

Note that both W(a) and W (a®P) are in block upper triangular form.

Next, we want to understand the cotangent bundle of filtered quiver varieties. We first begin with a

definition.

Definition 3.1.11. Let Lie(P) = p C gl,, be the (standard) parabolic Lie algebra. Define n, C p as the Lie

algebra of the intersection of the kernels of all homomorphisms from P to the multiplicative group C*.
Next, we give a lemma to reinterpret 7*(b) = b x b* as a filtered quiver variety, where b* = Homc(b, C).

Lemma 3.1.12. Let b be the standard Borel in gl,, and let n™ be the space of strictly upper triangular
matrices in b. Then b* = gl, /nT. Similarly, let Lie(P) = p C gl,, be the (standard) parabolic Lie algebra and
let ny, C p be the Lie algebra given in Definition[3.1.11 Then p* = gl /n,.

Proof. Without loss of generality, let b be the Borel in standard form (block upper triangular) and let n™ C b

be the set of strictly upper triangular matrices. Consider

gl, b = Hom(b,C), where ¥(s): b — C maps ¥(s)(r) = tr(rs).
For s € nt, tr(rs) = 0. So ¥ factors through gl,,/n™ and ker ¥ = n™. Next, we claim that ¥ : g[, /nt — b*
is a bijection and B-equivariant. It is a bijection since if ¥(3)(r) = tr(sr) = 0 for all r € b, then s € n* (so
5=0+n"); so VU is injective. For surjectivity, for tr(r—) =t € b*, it is clear that there exists 5 € gl,,/n™
such that tr(r3) = t. Finally, ¥ is B-equivariant since ¥ (bsb~1)(brb=1) = tr(r3) = ¥(3)(r). Thus we have
gl,/nt = b

Since we have a similar argument for p C gl,, and n, of p, we are done. O
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Note if b is the space of upper triangular matrices, then we can essentially think of b* as the space of lower
triangular matrices. Similarly, if p is the space of block upper triangular matrices, then we can essentially

think of p* as the space of block lower triangular matrices.

Definition 3.1.13. Let Q be a quiver and consider § = (n,...,n) € Zgg, a dimension vector. Let Q°P
be the opposite quiver and let F? be the filtration 0 C C* C C" C ... C CW-1 C C" of vector spaces at
each verter i € Q°P, where C'* 1is the vector space spanned by the first vy, standard basis vectors. Since
F*Rep(Q°P, B) = p?, we define nil(F*Rep(Q°P, ) := n?l, where ny, is defined in Definition .
Definition 3.1.14. Let F? : 0 CC" CC» C ... CCW-1 C C" be a filtration at each i € Qo, where C*
is the space spanned by the first vy, standard basis vectors. We define T*F*Rep(Q, 5) := F*Rep(Q, B) x
F*Rep(Q, B)*, where
F*Rep(Q, B)" := Rep(Q°?, B)/ nil(F* Rep(Q”", B));

T*F*Rep(Q, B) is the cotangent bundle of a filtered quiver variety.

The Pg-action on F*Rep(Q, 8) naturally extends to T*F* Rep(Q, 3).

Example 3.1.15. Let Q be the 1-Jordan quiver igand consider B = 2. Impose the complete standard
filtration of vector spaces at vertex 1. Then F* Rep(Q, B) = by = F* Rep(Q°P, B) and nil(F* Rep(Q°P, 3)) = n™.
So F*Rep(Q, B)* = gly/nt = b5 and T*F*Rep(Q, B) = by x b3.

Example 3.1.16. In the degenerate case when N = 1, i.e., the case when the filtration consists of 0-
dimensional vector spaces and the entire space C™, we have F*Rep(Q, )" = Rep(Q°P,[). Thus, the
cotangent bundle T*F* Rep(Q, ) coincides with the classical setting T* Rep(Q, ) = glgl X g[ffl.

Next, recall Definition and Remark

Definition 3.1.17. Let Q' be a framed quiver, and consider the assumptions in Definition|3.1.14. We define

the cotangent bundle of a framed filtered quiver variety as
T*F*Rep(Q", 87) = F*Rep(Q", B7) x F* Rep(Q, B1)",

where
F*Rep(QT, B1)* = (Rep(Q°P, B)/ nil(F* Rep(Q°P, B))) x Hom<<cﬁ”,cﬂ)*

> (Rep(Q°, 8)/ nil(F* Rep(Q°7, 8))) x Hom(C#,C*),
with Hom(C#*, C#)* = Hom(C#, C*) := [] Hom(C™,C%).
1€Qo

Similar as before, Pg acts on T*F*Rep(QT, 8T) in the obvious way.
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Chapter 4

Categories of filtered and graded
quiver varieties

In this chapter, we will discuss categories of associated graded, graded, and filtered quiver varieties. We

begin with some basic facts.

Definition 4.0.18. Let [a,b] be a set of integers between a € Z and b € Z. We define a filtration of a finitely
generated module F' to be

FagFa+lg~~ng

such that F, = {0} and F, = F.

Equivalently, a filtration of F' is Fj C UFk such that F, = 0 for a << 0 and F} = UFk for b > 0.
k

k
Throughout this thesis, we assume a filtration (of a module or a vector space or a ring) is separated and

exhaustive.

Definition 4.0.19. Let X; be a filtered vector space, i.e., {0} =X;0 C X;1 C ... C X x=X;. IfY; CX;
is a subspace, then the induced filtration of Y; is Y, = Y; N X;,. If X; 4 Y; is a quotient map, then the
induced filtration of Y} is defined as Y;; = o(X; ).

Definition 4.0.20. Let X; and Y; be filtered vector spaces and let X LN Y; be a linear map. We say ¢ is

filtered if p(X;,;) C Y, for each 1 <1 <k.

Definition 4.0.21. For each j € J, let X; be a filtered vector space. We define the induced filtration

Fl(@Xj) on the direct sum of X; to be Fl(@Xj) = @val’ where 1 <1 < k.
J J J

Definition 4.0.22. Let X and Y be filtered vector spaces. We define F* Hom(X,Y) C Hom(X,Y) to be the

subspace of all linear maps ¢ : X =Y such that ¢(X;) CY; for each 0 <1< k.
The following are some properties of filtered maps.
Lemma 4.0.23.

1. FEach projection @Xj EN X is a filtered map.
J
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2. Each inclusion X; — @Xj is a filtered map.
J

3. If Y; C X is a subspace of a filtered vector space X, then giving Y; the induced filtration, the inclusion

Y; — X; is a filtered map.

4. If X; = Y is a quotient map where X; is a filtered vector space, then giving Y; the induced filtration,

X; = Y; is a filtered map.
5. If X, 25 X, and X, N X, are filtered maps, then so is 1 o .

Proof. We will begin with (). Since Wj(Fl(@Xj)) = ﬂj(@X]‘J) = Xj;;, we are done. For (2), we
J J
have X;; < X;; ® 0 = F;(X; ®0). Let us now prove (3). Let Y} < X, be an inclusion. Then since

i(Yi) =i(Y; N X;,) 2Y;N X, € X, for each 0 < I < k, the inclusion i is a filtered map. For (), let
X; 4 Y; be a quotient map. Then ¢(Xj;;) =Y, since Y} has the induced filtration. Thus ¢ is a filtered

map. Finally for (5], since ¢ o o(Xa,) = ¥(¢(Xa1)) € ¥(Xp1) € Xy, ¥ 0 ¢ is a filtered map. O

forget

Definition 4.0.24. Let F*Rep(Q, 5) "— Rep(Q, ) be the forgetful functor which sends a filtered repre-
sentation to the representation in Rep(Q, ), where the data consisting of the fized filtration of vector spaces

at each vertex is ignored.
We refer the reader to Section [2.1.6] for definitions of reflection functors in the classical setting.

Proposition 4.0.25. If X is a filtered representation of Q, then S;" X and S; X with induced filtrations are
filtered representations of F*Rep(Q’, 8'), where i € Qq is a sink or a source, respectively. Furthermore, let

F*Rep(Q, ) — Rep(Q, B) be the forgetful functor. Then the maps in the diagrams

F*Rep(Q, ) ———— F* Rep(0:(Q), 0:(8)) F*Rep(Q, ) ——— F* Rep(0:(Q), :(8))
forget @) forget forget @) forget
Rep(Q. ) ———— Rep(0:(Q), 0:(8)) Rep(Q. ) ———— Rep(0:(Q), 0:(8))

commute, where i € Qq is a sink or a source, respectively.

Proof. Let Q be a quiver and let i € Qq be a sink of Q. By the definition of a reflection functor, X/ = ker ¢X,

where ¢X = Z Py @Xj — X; and for each arrow i = j € Q}, the linear map p/, : X! — X, = X
(GH)EQ J
is the natural projection on the component X, € @X ;. Thus X] — @ X is the inclusion followed by

J J
a projection onto the component X;. Since each Xj is a filtered vector space: {0} = XjoCX;1C...C
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Xk = Xj, we have (X]); :== X/ N (@ X;1) = @Xj’l — X, for each 0 <1 < k. Since (X]);—1 C (X]); for
each 1 <[ < k, the representation Xg with the inéluced filtration is a filtered representation of F'* Rep(Q’, 3').
Now for a sink i € @, consider a filtered representation X of ( with dimension vector 5. Then S;r Xisa
filtered representation of ¢;(Q) with dimension vector o;(8). Applying the forgetful functor, S;” X is now a
representation in Rep(c;Q, 0;0), which coincides with applying the forgetful functor to X followed by Sj' .
Now, suppose ¢ € Q) is a source of ). By the definition of a reflection functor, X! = coker %X with

p, + X; — X/ is given by X; = @Xﬂxjeao — @Xj — EBXj/Im@X. Since X is a filtered vector
i j F
space, the induced filtration on X is pl,(X;;) = ((@ X;)/Im¢;") N (@ X;1) = (X]); for 0 <1 < k. Since

(X])i—1 € (X)), for each 1 <[ <k, the representatiojn X' with the induéed filtration is a well-defined filtered
representation of F*Rep(Q’, 3’). Now for a source i € @, consider a filtered representation X of @ with
dimension vector 8. Then S; X is a filtered representation of 0;(Q) with dimension vector o;(5). Applying
the forgetful functor, S; X is now a representation in Rep(o;Q, 0;5), which coincides with applying the

forgetful functor to X followed by S; . O

We refer the reader to [GTLO0] for the construction of multifiltered modules over multifiltered associative
rings. Next, we will discuss the notion of strict filtered maps in the context of filtered representations of a

quiver.

Definition 4.0.26. Let M 25 N be a filtered map of left CQ-modules, where {0} = My C M; C ... C

M =M and {0} = Ny C Ny C ... C Ny = N are filtrations of M and N, respectively. If M, is maximal

with the property that o(M;) = (M) NN for all 1 <1 < k, then ¢ is called strict.

Note that ¢ is strict if the filtration on the image is induced by the filtration of the target module, i.e.,
we have M; = o~ 1(N;) for all 1 < < k.

Proposition 4.0.27. Let CQ be the path algebra of @ and let

be a sequence of filtered maps exact at N. Then

gr M grS (4.2)

is exact at gr N if and only if pp; and N are strict.
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We sometimes say the sequence is strict exact if it is exact and both ¢jp; and ¢y are strict. We will now

prove Proposition [4.0.27]

Proof. Suppose
k - k - k
@ M /M ——— @NI/NZA —F @ S1/S1-1
1=1 =1 1=1

is exact. We want to show op (M) = oy (M) NNy and on(N;) = on(N)NS;. Since M; C M, o (M;) C
eum (M). Since ¢ is a filtered map, ¢ (M;) € N;. Thus, o (M) C oa (M) N N;. Now, we will show the
other inclusion. Let n € pp (M) N N; = ker(N £ ) N N, Let’s write [n]; = n; + N;_1 € N;/N;_;. Since
on(n) =0, Py([n]) = [0];. By (4.2), there exists [m]; = my + M;_1 € M;/M;_; such that $,,([m];) = [n];.
Lifting ©,; to war, war(m) = n, where m € M,;. Thus, we have n € pp(M;).

Similarly, since N; C N, we have ¢on(N;) C pn(IN). Since ¢ is a filtered map, ¢n(N;) C S;. Thus,
on(N)) C on(N)NS;. On the other hand, suppose s € ¢ (N)NS;. This means [s]; = s;+5;-1 € S;/S;—1 and
there exists n € N such that pn(n) =s. We want to show that n € N;. Write [n]; = n; + N,;_1 € N;/N,_;.
Suppose j > I. Then @y ([n];) = [0]; = [s]; € S;/S;j—1. By ([£.2), there exists [m]; = m; + M;_; such that
D ([ml;) = [n];. Lifting B, and By to ¢ and e, respectively, oy oy (m) = on(n) =0=s. So s was
zero. If s is not zero, then the same argument implies s must be zero, which is a contradiction. Thus, j <.
If 0 # s € S; such that [s]; = [0];, then there exists smallest I such that [s]; # [0];. Rewrite the indices such
that [s]; # [0]; in S;/S;—1. Now if j < I, then [0]; = [n]; = 0+ N;—1 € N;/N;_1 implies @5 ([0];) = [s]; # [0];-
This is a contradiction and therefore, we conclude j =1 and @y is strict.

Now suppose ¢ and @y are strict, i.e., o (M) = e (M) N N; and on (V) = on(N) N S;. We want to
show the sequence in is exact. Since M 2% N 2% G is an exact sequence of filtered maps, by definition
we have @ar(M;) = ker(N; 2% S;) for all 0 < I < k. This means given the complex gr M P, gr N LN erS,

Im®,; C kerpy. We also have for all 0 <[ <k,
ker(N; 2% S)) = opr (M) N Ny, (4.3)

Suppose [n]; = n; + Nj—1 € ker py. Lifting [n]; in N;/N;_1 to n in N;, on(n) = 0. By the right-hand side of
(4.3), n € wrr(M). So there exists m € M such that ¢pr(m) = n. Since ppr (M) = op (M)NNy, opr(m) =n
implies m is really in M;. So [m]; = my + M;_1 € M;/M,_; such that B,,([m];) = [n];. So [n]; € ImP,, and

thus, we obtain that the associated graded complex is exact. O
Corollary 4.0.28. Let M 25 N be a filtered map of left CQ-modules. Then
(1) the morphism ¢ is injective and strict if and only if gr M N gr N 1is injective.
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(2) the morphism ¢ is surjective and strict if and only if gr M N gr N is surjective.

Corollary |4.0.28|is a special case of Proposition [4.0.27| by taking M = 0 (so that ¢y is injective) or S =0
(so that @ps is surjective). It follows from Proposition and Corollary [4.0.28| that a map of filtered
modules 0 = M — N — S — 0 is a strict short exact sequence if and only if 0 - grM — grN — grS — 0

is a short exact sequence.

Remark 4.0.29. Let X; and Y; be filtered vector spaces. If gr X; — grY} is injective, then X; 4 Y; is

also injective and the filtration of X; equals the filtration induced from Y;. And similarly, if gr X; — grY;
P

is surjective, then X; — Yj is also surjective and the filtration of vector spaces at X; is determined by the

filtration of vector spaces at Y.

Now let X; := X, be a filtered vector space. We extend the filtration of vector spaces such that it is

torsion-free, i.e., if X; 1 = X, is the entire vector space, then let X 4, := X, for all [ > 0.
Definition 4.0.30. The Rees vector space of X; is defined to be
Rees(X;) := @Xﬁtl.
ez
It is a graded module over the graded algebra Clt] as
St Yt = Y adan
1 k m l+k=m

Definition 4.0.31. Let X be a filtered representation of a quiver Q. We define the graded representation
Rees(X) of X to be the representation whose graded vector space at each vertex i € Qo is Rees(X); :=

Rees(Ax)
—

Rees(X;), and for each arrow i = j, the graded linear maps are Rees(X); Rees(X);, where

Rees(Ax) sends v jt! — v, t! for every l.

Definition 4.0.32. The Rees representation Rees(X) of X is decomposable if Rees(X) = Rees(Y) &
Rees(Z), where Rees(Y) and Rees(Z) are nonzero graded C[t]-representations of Q. If such decomposition

does not exist, then we say Rees(X) is an indecomposable graded representation.

Definition 4.0.33. A graded C[t]-representation of Q is a representation of @ in graded C[t]-modules. Let

GPRep(Q) be the category of graded Clt]-representations.

Lemma 4.0.34. Rees(—) defines a functor from F*®*Rep(Q) to graded Cl[t]-representations:

F*Rep(Q) —— GPRep(Q)
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by sending X — Rees(X).

Definition 4.0.35. We say a filtered representation X is decomposable if X =Y & Z, where Y and Z are
nonzero filtered representations. If such decomposition does not exist, we say X is an indecomposable filtered

representation.

Lemma 4.0.36. Let
GPRep(Q) —— F*Rep(Q)

be the functor defined as follows: writing Rees(X); = EBR”’ ift-—: Ry; — R 41 is injective for all I,
1
then Rees(X);/ Rees(X);(t — 1) is isomorphic to |J, Ri; via R;, i Rijy1.

That is, the total space at vertex i is Rees(X);/ Rees(X);(t—1). Moreover, the vector space U Rii=R;

1
has the induced filtration from Rees(X )/ Rees(X)(t — 1).

Proof. Suppose t - —: R;; — R; 41 is injective for each . We will show the existence of an isomorphism

| JRis — Rees(X);/ Rees(X);(t — 1).
l

Consider the composite

R“C$> Rees(X);

lpri
™

Rees(X);/ Rees(X);(t — 1).
Then the kernel of m; is R;; N Rees(X);(t — 1). Note that an element of Rees(X);(t — 1) is of the form
lo+k
v=(t—1) (Zvl>,
1=lo

where v; € R; 1, vy, # 0, vi+1 # 0. Expanding the product for v, we get
v ==, + v, — V41 + ...+ U4k,

where —v;, € Ry, tviy, — Vig+1 € Rilg+1s - ig+k € Rijg+k+1. Since v, # 0 by assumption and
tuy, 4+ # 0 since multiplication by ¢ is injective, any such v has nonzero components in at least two graded
module pieces. So R;; N Rees(X);(t — 1) = {0} for every [ since R;; is just one graded piece. Thus,
R, &4 Rees(X);/ Rees(X);(t — 1) is injective.
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Next, we will prove that the diagram

R, R+

Ti4+1
T

Rees(X);/ Rees(X);(t — 1)

commutes, where 7 : v v, t - — v+ tv, and 4 v > tv. Soif v € Ry, then tv —v = (t —1)v =0 in
Rees(X);/ Rees(X);(t —1). So tv = v in Rees(X),;/ Rees(X);(t — 1).
Finally, we need to show
U Imm; = Rees(X),;/ Rees(X);(t — 1).
l
lo+k

Since Rees(X);/ Rees(X);(t — 1) consists of images of elements of the form Z vy, where v; € Ry, the

1=lo
image of such element equals the image of

lo+k
lotk—1 _ . 4k k-1 k—2
E vt = Vpt" + V417 F Vg2t o+ Vg € Rijgotke
=l

O

Now, consider the map from a graded representation to a filtered representation: Xe ¢ > (X/X(t —1))e.a,
where (X/X(t —1));; = Im(X,; — X, ¢/Xie(t —1)). That is, let X be a graded C[t]-representation; so
X, = @Xi,l is a graded C[t]-module. Define

1

Filt(X.)iJ = Im(XiJ —_— XZ/XZ(t — 1))

Lemma 4.0.37. The module Filt(X,) defined above is a filtered representation of Q.

Regardless of ¢ having torsion or being torsion-free, defining Filt(X,);; as in Lemma defines a
filtration of X;/X;(t — 1) for each ¢. Note if ¢ has torsion, then multiplication by ¢ sends torsion submodules

to the zeroth graded piece while sending the rest of the module to the next graded module.

Proof. Since Filt(X,);; is naturally contained in Filt(X,); ;11 for each i and [ and for each arrow i — j,
each graded vector space X;; at vertex ¢ maps to each graded piece X;; at vertex j, Filt(X,) is indeed a

filtered representation of Q. O
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Proposition 4.0.38. Consider the Rees and the Filt functors:

Rees

° _—
F*Rep(Q) GPRep(Q).
Filt
Then Filt o Rees = Id on F*Rep(Q) while ReesoFilt = Id on the subcategory of t-torsion-free graded
modules in GPRep(Q).

Proposition [4.0.38 implies Rees o Filt(M) = M/ tors(M), where tors(M) is a ¢-torsion submodule of M.

Proof. Let X be a filtered representation. Then Filt o Rees(X; ;) = Filt(Xi’ltl) = X, for each I, so
Filt(Rees(X;;)) is naturally contained inside Filt(Rees(X; 4+1)). It is then clear that for each ! and for each
arrow ¢ — 7, linear maps of the form Filt o Rees(X;;) — Filt o Rees(Xj;) are compatible with filtered linear

maps X;; — Xj;. On the other hand, let @ Xi,ltl be t-torsion-free graded module. Then Rees o Filt(Xutl)
leZ
= Rees(X; ;) = X, t!, so we are done.

Now, we will show that the functors preserve direct sums. Suppose X is an indecomposable filtered
representation in F'* Rep(Q). Consider Rees(X). If Rees(X) were decomposable, then Rees(X) = Rees(Y)
@ Rees(Z), where Rees(Y) and Rees(Z) are nonzero graded Cl[t]-representations. This means for each

. a .
arrow ¢ — j, we have

Rees(X); Rees(Y); Rees(Z2);
Rees(Ax) =t Rees(Ay) @ Rees(Ayz)
Rees(X); Rees(Y); Rees(Z);.

Applying the functor GPRep(Q) — F*Rep(Q), which maps Rees(X) — Rees(X)/Rees(X)(t — 1), where

Rees(X);/ Rees(X);(t — 1) = U X1, we have
lez

UXi,l UYi,l UZm
1 1

It
S

UXj,z UYj,z UZj,la
] ]

l

where Im(X; ;) C X;;, Im(Y; ;) C Y, Im(Z;;) C Z,,; for all [ since X is a filtered representation. So X is

decomposable, which is a contradiction. Thus Rees(X) is indecomposable.
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Now suppose Rees(X) is indecomposable. For a contradiction, suppose X is a decomposable filtered
representation. This means X is isomorphic to Y & Z, where Y and Z are nonzero filtered representations.
Applying Rees(—), we have Rees(X) = Rees(Y @ Z), where the graded vector space at vertex i is
Rees(Y & 7Z); = Rees(Y); ®Rees(Z); and Rees(Y ©Z); - Rees(Y & 7); is the map Rees(Y); $Rees(2);
— Rees(Y);@Rees(Z);, which decomposes as Rees(Y'); — Rees(Y'); together with Rees(Z); — Rees(2);.
So since Rees(Y @ Z) = Rees(Y') @ Rees(Z), Rees(X) must be decomposable, which is a contradiction.

Thus, X is an indecomposable filtered representation. O
Since Proposition [£.0.38] preserves direct sums, Corollary [£.0.39] follows.

Corollary 4.0.39. The filtered representation X is indecomposable in F'*®Rep(Q) if and only if the graded

Clt]-representation Rees(X) is indecomposable in GPRep(Q).

Lemma 4.0.40. Let
GPRep(Q)) —— GRep(Q)

be the functor defined as follows: writing Rees(X); = @R“, ift-—: R — R 41 is torsion-free for all l,
1

then Rees(X);/ Rees(X); - t is isomorphic to gr(X);.

That is, the associated graded vector space at vertex ¢ is Rees(X);/ Rees(X); - t. Furthermore, gr(X);

is a gr(; C[t]-module.

Proof. Suppose t - — : R;; — R; 41 is injective for all [. We will show that
gr(X); — Rees(X);/ Rees(X); - t
is an isomorphism. Consider the composite

R“H(* Rees(X);

pr;
Ti4+1

Rees(X);/ Rees(X); - t.

Show that the kernel of R; ;11 NRees(X), -t is R;; -t. Consider v =tv; € R;; - t, where v; € R;; = Xivltl.
Then tv; € Xiylt”l - )(’1-71Jr1tlJrl = R;41. Since v € Rees(X); - ¢ and since ¢ is injective, the kernel is indeed

R;; - t, and thus, R; ;41/Ri; -t = X 141/Xi1 — Rees(X);/ Rees(X); - t is injective. Since

) /() - Xiag1/Xig = Xigs2/Xii1s
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we conclude that Rees(X);/ Rees(X); -t = gr(X);. O

Definition 4.0.41. Let F* Rep(Q, 5) 1N GRep(Q, B) be the associated graded functor which sends a filtered

representation to its associated graded representation.

Recall that S; is the representation of @ with C at vertex ¢ and 0 in all other vertices (Definition [2.1.31]),

and also recall that if 7 is a sink, then Sf (S;) is the the zero representation, and if 7 is a source, then

S;(S;) =0 (Theorem [2.1.36).

Example 4.0.42. Consider the As-quiver with dimension vector = (2,2,2) and representation

X . Q2 0 1 C2? 0 O C2?

ct ct ct

One calculates that Sy gr X % gr S5 X.

It would be interesting to find appropriate conditions such that Sj' gr X = gr Sj Xand S; grX =grS; X
for any ¢ € Qy. More interestingly, it remains an open problem to construct a new filtration o; F'® such that
D: F*Rep(Q, B) — (0:F*)Rep(Q°P, ') is an isomorphism of varieties, and if ¢ is a sink, construct a map
Sj' : F*Rep(Q, 8) — (0;F*)Rep(0;Q, 0;8) such that Do S;" =S5, o D.

Now, we will discuss Stefan Wolf’s construction of reflection functors S, and S, ([Wol09], Theorem
5.16) for quiver flag varieties Fl,e (W), i.e., these are precisely the fibers of ps over W € Rep(Q, ) of the
universal quiver flag given in . We refer to Section for reflection functors for quiver varieties in the
classical setting. Let @ be a quiver and let § € Zgg be a dimension vector. Let W € Rep(Q, 8). This means

dim W; = §3; for each i € Q. Let a be a sink and consider ¢! : @Wj — W,, where « is an arrow from
j3>a
vertex j to vertex a. Let 0,(Q) be the reflection of the arrows at vertex a € Qq, that is, o, : ZQo — ZQo is

the map 04(8) = 8 — (8, €a)Q€a, Where (5, €q)0 = (B, €a) + (€q, ) is the symmetrization of the Ringel form
(cf. Definition [2.1.30) and ¢, is the dimension vector with 1 in the component corresponding to vertex a and
zero elsewhere. Let 71,... vV € Zgg such that v < 4% dimUF = ~F, W(a)UF, C U}, and UN = W for

each k, i € Qp, and a € Q1. So U*: U’ = {0} CU' CU? C ... CUN =W is a quiver flag of W. We will
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construct S;‘ U* as follows. For each 0 < i < N, we have a short exact sequence of vector spaces:

U’i—l o
00— (Sfui-1y, —>@jﬁa Uu;~ 1¢"—>Im¢f{1 [
] ] i
. ¢!’ ;
0——— (SiU)y ——— P, U ———— Im ¢ ———0,

where g and h are injective. This implies that f must also be injective. So S U*® defined in the commutative
diagram is the new quiver flag of S;7W. Thus given v = (=0} <yt <2 <. <A =), 0q is

defined in the following way: for s := 3, — rk ¢}V being the codimension of Im ¢!" in the vector space W,

we have
eq = dim (S W), Z Bi — rk¢W
a=(i—a)
=Ba—(Ba—0)=(Ba— > Bi)+Ba—1kol
a=(i—a)

= ﬁa - (<ﬁa5a> + <5a76>) +ﬂa - rk¢y

= Ba - (ﬁvea)Q + 5= ﬁa -5 (B - Seaaea)Q~
Therefore,

dim(S; W) = 0,(8 — s€a) = B — s€a — (B — S€a,€a)0€a = B — 564 — (B — S€a,€a)€a — (€a, B — S€4)€q

=3 — s€, — (ﬁa — 85— Z ﬁc)ea - (ﬂa - 3)611 =8- (ﬁa - Z /Bc)ea — Ba€a + s€q

(c=a)e@n (c—a)e@:

= 5 - <ﬂvea>5a - <6a35>5a + s€q = ﬂ - (ﬂaea)Qea + s€q = Ja(ﬁ) + se€q

and eJ := dim(S;}U7), Z - rkgbU
a=(i—a)

Since the dimension of S;"U? depends on the rank of ¢an, Wolf gives the next definition. Recall that

dim Hom(W, S,) = B, — tk ¢}V for a representation W € Rep(Q, ), where

S, is the representation of () with one dimensional vector space at vertex a and zero dimensional vector

space elsewhere

(cf. Definition [2.1.31). In general, we have dimHom(U?,S,) = dimU: — tk¢!U’ for a representation
U' € Rep(Q,7").

Definition 4.0.43. Let a be a sink and 8 € Zgg be a dimension vector. Let s € Z. Define

Rep(Q, B){a)® :=={W € Rep(Q, B) : dim Hom(W, S,) = s}.
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Let v = (" =0<t <42 < ... < AN = B) be a tuple of dimension vectors, where v € Zgg for all

0<i<N. Let 7= (rrt, ...,7N) be a tuple of integers. Then for each W € Rep(Q, ),

FL,(W){a)" := {U® € Fl,e(W) : dim Hom(U*, S,) = r'}.

We let Rep(Q, B)(a) := Rep(Q, 5)(a)® and Fl(W)(a) := Fll(W)<a>5.

Note that Fl,s(W) = H Fll(W)<a>F. Now suppose b € (g is a source in Q. Since b°? € Q°P is a sink in
7>0
Q°P, we will dualize via the functor D := Homc(—, C).

Definition 4.0.44. Let U® € Fl,«(W) be a quiver flag of W € Rep(Q, ). Let eN=" = 4N — i, Let
e= (e <e! <...<eN). Define

D: Flye(W) — FI?(DW), U®ws (D(U*))" := ker(DW — DU") = D(W/U").

Note that D? 1 and D is an isomorphism of varieties.

Definition 4.0.45. Let b be a source, S € Zgg, and s € Z. Define
Rep(Q, 5)(b)° := {W € Rep(Q, B) : dimHom(S,, W) = s}.

Let v = (P <At <42 <. <N = B) be a tuple of dimension vectors, where v € Zgg forall0 <i < N.

Let 7= (r0, 7, ..., 7N) be a tuple of integers. Then for each W € Rep(Q, ),

FL,(W)(b) := {U* € Flo(W) : dim Hom(S,, W/U*) = r'}.

Moreover, we let Rep(Q, 3)(b) := Rep(Q, 8)(b)° and Fl,(W)(b) == Fll(W)<b>0.
Remark 4.0.46. We have U® € Fll(W)<b>’7 if and only if DU® € Flgp(DW)<b>F.

Theorem 4.0.47 (Wolf). Let a be a sink of Q, v be a tuple of dimension vectors, and W € Rep(Q, 8)(a).
Then
Sy Fly(W){a) — FIZ:Q(SFW)(a), U®w— SFU*

is an isomorphism of varieties with inverse Do St oD =S, .
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Proof. For each i, we have the commutative diagram

0 0 0 (4.4)
, oU’ .
0 (S U B, U — Ui 0
d)W
0 (SW)s ————— @, . W - W, 0
. L gt
0 —— (SgW/SgU")a — (B, W/U"); ————— (W/U")g ——0

where the columns are exact. The first two rows are exact, which imply the third row is also exact by the

snake lemma. Therefore, we have an inclusion

(SEW/SFU)———— (D W/U");
j—a
of modules and SFW/SHU" € Rep(04Q, 7a(B — 7)) {a). The diagram ([.4) also gives Do S o Do S = Id.
Since S is a functor where all choices were natural, we have S is a natural transformation between the

functors of points of the two varieties Fl,(W){a) and Flgz?(S;'W) (a). Thus, S; is a morphism of varieties

and dually, S; o Do S} o D =1Id. O
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Chapter 5

Semi-invariants of filtered quiver
varieties

In the following sections, we will give an explicit description of (semi)-invariants that generate the subring of

invariant polynomials.

5.1 Filtered quiver varieties associated to finite type ADE
Dynkin graphs
We introduce multi-index notation.

Notation 5.1.1. Let K = (ky,...,ky_1) € Z"~! be an r — 1-tuple of nonnegative integers and let

r—1
K .__ ko
Gij = H () @i
a=1

Recall our basic assumption: F'® is the complete standard filtration of vector spaces at each nonframed
vertex and F*Rep(Q, ) is a subspace of Rep(Q, 5) whose representations preserve F'®; the product Ug of
maximal unipotent subgroups acts on F*Rep(Q, 3) as a change-of-basis. Recall that a quiver is a Dynkin
quiver if the underlying graph has the structure of a Dynkin graph (cf. Section .

Let t, be the set of complex diagonal matrices in the set gl,, of n x n complex matrices.

Theorem 5.1.2. If Q is an A,., D,., or E.-Dynkin quiver and 8= (n,...,n) € Zgg, then C[F* Rep(Q, 3)]Vs
= C[tF1].
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We list the AD E-Dynkin graphs with a preferred orientation.

Type Graph Preferred Orientation
1 2 -1 1 2 —1
A, ° ° "o . ° ° "o .
-1 —1
D, "o "o
1 2 r—2 1 2 r—2
° L] [ ] [ ] [ ] [ ]
\r \r
[ ] L]
4 4
EG [ ] [ ]
1 2 3 5 6 1 2 3 5 6
o — 00— 06— 00— 0 *e—H0—0—0—0
4 4
E7 [ ] [ ]
1 2 3 5 6 7 1 2 3 6 7
o —0 — 0 —0—0— 0o e—0 — 0 —> —> 0 —> 0
4 4
ES [ ] °
1 2 3 5 6 7 8 1 2 3 5 6 7 8
e — 00— 0 —0—0—0— 0 *e—H0 —H0—H0—0—>0—0

We will now prove Theorem

Proof. If Q is a quiver on A,-Dynkin graph, then writing a,, to be the arrow connecting vertices o and a+ 1,

define

€(aa)

If @ is a quiver on D,-Dynkin graph, then writing a, to be the arrow connecting vertices o and o + 1 when

1

0

if a, is in the preferred orientation,

otherwise.

a <r—1and a,_1 is the arrow connecting vertices r — 2 and r, define

1 if a, is in the preferred orientation and v < r — 1,

e(aa)
0

and define

elar—1) =

If @Q is a quiver on E,.-Dynkin graph, where r = 6,7, 8, then letting a,, to be the arrow connecting vertices «

1

-1

otherwise and e < r — 1

if a,_1 is in the preferred orientation,

otherwise.
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and a + 1 if a # 4, or else, a4 is the arrow connecting vertices 3 and 5, we have

1 if a, is in the preferred orientation and « # 4,
€(aq) =
0 otherwise and o # 4

and

1 if a4 is in the preferred orientation,
6(0.4) =
—1  otherwise.

Let Q be a quiver on a Dynkin graph of finite type. Then the filtered quiver variety F®Rep(Q, ) is b1,
where the product Ug := U" of unipotent groups acts as a change-of-basis. We will prove the theorem by

cases.

Type A. In the A, type, letting u,, be an unipotent matrix at vertex a and writing A, to be a general

representation of arrow a,

(’U,l, ce ,ur).(Al, ce 7Ar—1)
-1 -1 -1
= (u1+€(al)A1u176(a1)+1’ T 7ua+5(aa)Aaua,€(aa)+17 T ’urflJFE(ar—1)AT*1ur7176(a7v,1)+1)'

On the level of functions,

(ul, PPN ,u,.).f(Al, ey A,-_l)

— #(y ! -1 —1
- f(u1+e(a1)A1u1—E(ﬂ1)+1’ T ua+e(aa)AO‘u0‘—€(aa)+1’ T urf1+e(ar,1)A"'*1uT_1_€(aT—l)+1)'

Since it is clear that C[t2"—1] C C[6$"~1]Ys, we will prove the converse containment. Let the coordinate
variables of A, be (4)ast. Fix a total ordering < on pairs (i, j), where 1 <4 < j < n, by defining (4, j) < (', j')

if either
e i< i or
e ;=1 and j > j'.

Let f € C[F*Rep(Q, 8)]V¢. Then for each (i,7), we can write
f = Zaf]('fij,Kv where fiij € C[{(a)ast : (Svt) 7é (7’3])}}7 (51)
K

where afj{ is the multi-index notation in Notation Fix the least pair (under <) (¢,7) with ¢ < j for

which there exists K # (0,...,0) with f;; k # 0; we will continue to denote it by (4, j). If no such (i, j) exists,
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then f € C[(4)ai;] and we are done.

Let K = (k1,...,kr—1). Let m > 1 be the least integer satisfying the following: for all p < m, if some com-
ponent k, in K is strictly greater than 0, then f;; k = 0. Let U;; be the subgroup of matrices of the form u;; :=
(Tny oy Ly Uy Ly - .-, 1), where I, is the n x n identity matrix and @, is the matrix with 1 along the diagonal,
the variable u in the (4, j)-entry, and 0 elsewhere. Let u;jl = (L, ..., L, Iy ..., 1), Then since uy;
acts on f via w;;. f(A41,..., A1) = f(u;jl.(Al, o Arl)) = (4, a’rinlfl«ke(amfl)Am*lam_l_e(am,—l)+17
ar;i»e(am)Amam_ﬁ(am)"‘l’ ooy Ap_q), where Uy, —1 :=1,, Upq1 :=1,,, and Uy, is the unipotent matrix defined
as before,

(m)@ij + myasiw  if a =m, (s,t) = (i,7), and €(am,) =1,
Uij-(a) st = \ (m)@ij — myajju  if & =m,(s,t) = (i,7), and e(am) = 0, (5.2)

() @st ifs>diors=17andt<j.

Now write

f= Z (m)aijk, where Fy, € C[{(a)ast : (s,t) > (4,7) and if (s,t) = (4,7), then a > m}].
k>0

Let Ry := C[{(a)ast : (5,t) > (4,7) and if (s,t) = (4,5), then a > m}]. If ¢(a,,) = 1, then

k
k—1 L1
O:Uij-f_fzz Z (m)aij (m)aiiu <Z)Fk

k>11<I<k

Now {(m)afj_lul :1 <1 <k,k >0} is linearly independent over Ry. If €(a,,) = 0, then

_ k
0= u”f — f = Z Z (—1)l(m)afj l(m)aé»jul(l)Fk,

k>11<i<k

and {(m)afj_lul :1 <1<k, k >0} is linearly independent over Ry. Hence each F}, = 0 for k > 1, contradicting
the choices of (i, j) and m. It follows that f € C[(,)as] as claimed.
Type D. Next, consider the D,-Dynkin quiver. Let A := (A1,..., A, _2,A,_1) € b&"~1 be a tuple of

matrices, where A, is a general representation at arrow a,, and let (uq,...,u,) € Ug act on A by

(uh N ,’U,r).(Ah e ,Arfl)
—1 —1

= (u1+6(a1)A1u1_6(a1)+1, v ’ua+€(acx)Aaua—e(aa)+1’ ey

-1 -1
ur—2+e(ar_2)Ar72u7ﬁ,2,6(ar72)+17 uT—1+€(ar_1)A’f‘*lurflfe(aril))'
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On the level of functions, we have

(ul, e ,ur).f(Al, . 714,«_1)

= f(u;ie(al)Alul_e(al)_i_l, e

—1
u

r—2+e(ar—2)

-1
7ua+6(au)Aaua—e(aa)+la ceey

-1
Ar—2u7—2—e(ar,2)+ly UT_1+5(aT71)A7‘—1u1‘—1—6(ar71))'

The argument for this quiver is the same as before if m <7 —3. If m = r — 2, then the variable (,._sya;; is of

interest; this variable corresponds to a general matrix A,_s which is associated to the arrow a,_o pointing

northeast or southwest. So let U;; be the subgroup of matrices of the form (I,,...,I,,4,_1,1,), where the

entries of %,_, are the following: w in the (7, j)-entry, 1 along the diagonal, and 0 otherwise. Thus, u;; € U,

acts on (,_g)as in the following way:

Wig-(r—2)Ast =

(r—2)Qij = (r—2)0j;U
(r—2)0it — (r—2)@5tU
(r—2)@ij T (r—2) @il
(r—2)0sj T (r—2)0siU

(r—2) st

if (s,t) = (4,7) and e(a,—2) = 1,
if s=14,t> j and €(a,_2) =1,
if (s,t) = (4,4) and e(ay—2) =0,
if s <i,t =7 and e(a,_2) =0,

otherwise.

If m = r — 1, then the variable (,._1ya;; is of interest; this variable corresponds to a general matrix A, _;

which is associated to the arrow a,_; pointing southeast or northwest. In this case, let U;; be the subgroup

of matrices of the form (I,,...,1,,a,), where the entries of the matrix @, are u in the (i, j)-entry, 1 along

the main diagonal, and 0 otherwise. Thus,

Uij-(r—1)Ast =

(r=1)@ij = (r—1)dj5U
(r—1)4it — (r—1)05tW
(r—1)@ij + (r—1)GiU
(r—1)0sj + (r—1)@siU

(r—1)0st

if (s,t) = (4,7) and €(a,—1) =1,
if s=14,t>j, and e(a,—1) =1,
if (s,t) = (4,j) and €(a,—1) = —1,
if s <i,t =7, and e(a,—1) = —1,

otherwise.

Soif m=r—2and e(a,—2) =1orm=r—1and e(a,—1) = 1, we have

_ k
0 = ’U,Uf — f = Z Z (—1)l(m)afj l(m)aé»jul (l)Fk

E>11<I<k
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Ifm=r—2ande(a,—2) =0orm=r—1and e(a,—1) = —1, we have

O0=uy.f—f= Z Z (m)afjfl(m)aﬁiul <I;> Fy,.
E>11<i<k
Since {(m)afflul :1 <1<k, k >0} is linearly independent over Ry, we conclude that f € C[(4)as].
Type E. Finally, consider the E,-Dynkin quiver, where r = 6,7, 8. Since there exists a natural embedding
of Eg — E7 — Ly, the filtered representation space for £, embeds into the filtered representation space for
E 1. Sofor r=6,7,8, let u, be an unipotent matrix at vertex o and let A, be a general representation of

arrow aq. Then (ug,...,u,) € Ug acts on (A4y,...,4,_1) via

(Ul, ey UT).(Al, ey A,,n_l)
-1 -1 -1
= (u1+€(al)A1u176(a1)+1’ T 7u4+5(a4)A4u476(a4)’ uD‘JFE(aa)AO‘uafe(aa)«Fl’ Tt
u’"_1+5(‘1’r7I)Ar_lu;—ll—e(aT_l)+l)'

We use similar strategy as in the A, type setting when 1 < m < 8 but not when m = 3 or 4. If m = 3, then
let U;; be the subgroup of matrices of the form (I,,,I,,I,, U4, . .., 1), where @y has w in (4, j)-entry, 1 along
the diagonal, and 0 elsewhere. Under the action by w;; € U,;, the coordinates of F*Rep(Q, 5) change as
follows:

(3)0i; — (3)aj;u if a=3,(s,t) = (i,7), and e(az) = 1,
3)ait — 3)a5cu  if a=3,s=1i,t > j, and €(a3z) = 1,
Uij-(a)@st = § (3ya4j + (3yasu  if a =3,(s,t) = (4,7), and €(a3) = 0,

(3)0sj + (3)asiu if o= 3,5 <i,t =7, and e(az) =0,

(a)0st otherwise,

which will give us

5)— . k .
O=wuy.f = f= (_1)e(a3) 1 Z Z (_1)1(3)% l(g)aéj’u/l (Z)Fk if e(az) =1

or

- - k .
0=ui.f = f= (=D Y @l l(améz—ul(z)F i if €(ag) = 0.

E>11<I<k
Since {(3)afj7lul :1 <1<k, k >0} is linearly independent over Ry, we conclude f € C[()as).

Finally, if m = 4, then we use U; to be the subgroup of matrices of the form (I,,I,,us,1,,...,1,), where
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U3 has u in (i, j)-entry, 1 along the diagonal entries, and 0 elsewhere. This implies

@)@ij + @azu  if a=4,(s,t) = (i,5), and e(ag) = 1,
(4)asj + @yasiu  if a=4,5 <i,t=j, and €(as) = 1,
Uij-(a)@st = \ (gyaij — yaj;u  if a =4,(s,t) = (i,7), and €(as) = 0,

@it — @ajru  ifa=4,s=1dt>j and e(as) =0,

(a)0st otherwise,

which will give us
_ _ k .
0=uy.f—f= (D@ el wal! (l)Fk if e(as) =1
E>11<I<k

or

k
e(aq l k—1 1.1 :
0=wy.f—f=(-1) (aq)=1 g E (-1) (4) 055 (4)05; (l)Fk if e(as) = 0.

k>11<I<k

Since {(4)a§j_lul :1 <1<k, k >0} is linearly independent over Ry, f € C[(q)a].
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Recall the affine Dynkin graphs: 5T, EG, E7, and Egi

Type Graph
.57« rJ.rl r;l
\2 r—2/
[} [ ]
1/ \r
[ ] [ )
~ 7
E6 °
4
[ ]
1 2 3 5 6
o —0 — 0 —0 — 0
~ 4
E7 [ ]
8 1 2 3 5 6 7
o — 00— 06— 06— 06— 06— 0
~ 4
Eg °
1 2 3 5 6 7 8 9
o — 0 — 00— 06— 06— 06— 06— 0.

Corollary 5.1.3. For an affine lN)T, E(;, E7, or Eg-quiver with no framing and B = (n,...,n) € Zgg with

the complete standard filtration of vector spaces at each vertex of the quiver, we have C[b®@1])Us = C[t9@1].

Since the proof of Corollary is essentially the same as the proof of Theorem we omit the

details.

5.2 (Framed) filtered quiver varieties associated to affine Dynkin

type A,

Let A= (A1 > Ay > ... > N\ > 0) be a partition of size |\ = 22:1 Ai. One identifies to A a left-justified

shape of [ rows of boxes of length A1, As, ..., A;, which is called the Young diagram associated to \. A

(Young) filling or a Young tableau of A assigns a positive integer to each box of Young diagram.
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Example 5.2.1. Associated to A = (5,3,3,1) is the Young diagram

[ ]

and a Young tableau

31415
215 ]|6
1

Definition 5.2.2. A Young tableau is normal if the entries in each row are strictly increasing from left to
right. It is called standard if it is normal and the entries in each column are nondecreasing from top to
bottom. A bitableau J|I is a pair of Young tableaux J and I having the same shape and the bitableau is

called standard if both J and I are standard Young tableauz.

The bideterminant (J|I) of a bitableau is defined in the following way: the positive integer entries in J
in a fixed row correspond to the rows of a matrix while the positive integer entries in I in the same row
correspond to the columns of a matrix. Take the determinant of these minors of a matrix and repeat for each
row in J|I to obtain the bideterminant (J|I).

Note that the bideterminant (J|I) associated to a bitableau J|I is a product of minors of a matrix, where
J are the row indices and I are the column indices. Furthermore, a matrix (or a product of matrices) must
be specified when calculating the bideterminant associated to a bitableau; such specification will be denoted

on the lower-right corner of each row of the bitableau (and the bideterminant), i.e., see (5.4) and (5.5).

Example 5.2.3. Consider the two Young tableauz:

1 2 4 1 2 4
J = and I =

2 4 2 4

1 4 2 5

J is normal but not standard (since the entries in the first column are not nondecreasing when reading from

top to bottom), while I is standard.

From this point forward, we will not draw a box around each entry of a Young (bi)tableau or the

bideterminant of a bitableau.
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Let @ be a quiver with one framed vertex labelled as 1’ and all other (nonframed) vertices labelled as 1, 2,
..+ |Qo| — 1, and the arrows labelled as ag, a1, ..., a|q,|—1, where tag = 1" and hag = 1. Let Ay, be a general
representation of the arrow ag,. The product Ay, Ag, —1A44,—2 - Ao of general matrices is associated to the

quiver path ag,a4,-10¢,—2 - ag. Moreover, Ay, Ay, —1A4,—2 - Ao is uniquely associated to the sequence

P, = [¢ua¢u717¢u72a"'70} (5'3)

of integers obtained by reading the indices of Ay, Ag,—1A44,—2 - Ao from right to left. Consider all ®,
whose quiver paths begin at the framed vertex; we will fix a partial ordering < on these finite sequences of

nonnegative integers. We say

(}u = [¢u7¢u_17¢u_27"'70] < [¢’U7¢U_17¢U_2""’0] = (I’V

if the number of integers in @, is less than the number of integers in ®,, or if the number of integers in
®,, equals the number of integers in ®,, and the right-most nonzero entry in ®, — ®, is positive when

subtracting component-wise.

Definition 5.2.4. The st" row of the bitableau

(1) (1 (1) .1 (1 (1

j£ ) jé b 351) |zg ) zg > Zl(’l)Amon

(2) (2 (2) 1.(2) (2 (2

j£ ) jé b 352) |zg ) zé > “()2)A¢2~~Ao (5.4)
RO (1 ORI (1

IR L U U U 050 4, Ao

18 defined to be the bitableau associated to rows j?), jés), s jl(,j) and columns igs), igs), e 11(,5) in the

product Ay, Ag,—1 -+ Ao of general matrices. The bideterminant

Gy gt s Y i) i) A,
(2) (2 (2 (2) (2 (2
G s e Y i) a0 -
MO (1 NOR( (1
(]E) jé) ‘71()1) |z§) @é) zgl))A¢l...A0
18 the product of bideterminants
G i) A s
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(5) ;(s) (s)

obtained by taking the determinant of minors of rows j; ™, js 5., Jv )il ()

A8 .
and columns iy ,i5 ',..., %, in the

product Ay, Ag,—1--- Ao of general matrices.

Note that the s row of is associated to the sequence ®g of integers (cf. ) We say the bitableau
(5.4) is in block standard form if the sequence ®4 of integers associated to each row of the bitableau is in
nondecreasing order (with respect to the partial ordering < defined earlier in this section) when ascending
down the rows and in the case the sequence ®4 of integers for multiple rows are identical, then these rows
are in standard form as defined in Definition In the case that the bitableau is in block standard

form, we will interchangeably say the bideterminant (associated to the bitableau) is in block standard form.

Example 5.2.5. Let
11 T12 a1 ai2
Ag = and A, =
T21 T22 0 az

Then

]

—
—
hS
(=}

— [\]
[\
~—
b
(=}

2| I 2 )Ale

~—~ o~ o~

[N}

=
N—
s
hS
o

s a bideterminant in block standard form.

Example 5.2.6. The polynomial associated to the bideterminant in Example[5.2.5] is

T21T22 det(Ale) : (A1A0)2,1 = $21$22a11a22($11$22 - $12$21)022$21

= &3 022011 055 (T11 722 — T12221)-
The following is Theorem 13.1 in [Gro97].

Theorem 5.2.7. Let R=C[{z;; : 1 <i<n,1<j<m}|. Then bideterminants of standard bitableauz form

a basis over C of R.

Lemma 5.2.8. Let invertible upper triangular matrices B C GLp,(C) act on My xm via left translation.
n

Consider the character x,(b) = Hbii of Bandlet f = (p p+1---nli1-in—pt1) € C[Mpxm]| where
i=p

1<i1 <ig<...<ip—py1 <m. Then b.f = x,(b)f.

Proof. Write b = tu, where t = (¢;;) € T and u € U, T is the maximal torus in B and U is the maximal

unipotent subgroup of B. Then t.f = H tiif = xp(t)f and for the subgroup U; ; which has 1 along the main

i=p
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diagonal, the variable u in the (7, j)-entry and 0 elsewhere, we will show that U; ; fixes f. So let u € U; ;.

Then since u.f(z) = f(ut.2) = f(u'x),

T —xju if s =1,
U.Tst =

Tot otherwise.

Sou.f=f—-upp+1l---j---j---nlix:ip_pp1) = fif p<iand 4.f = f if p > i. This concludes the

proof. [

We will call the graph

5
[

r+1
[ ]
1/
[ ]
\2 3
-

N
e

the framed affine A, -Dynkin diagram.

Set-up 5.2.9. Let Q be a quiver whose underlying graph is the framed affine ZT-Dynkm diagram, where the
orientation of the arrow between vertices 1’ and 1 starts at 1’ and ends at 1. Let 8 = (n,...,n,m) € Z"2
be the dimension vector of ), where m corresponds to the dimension at the framed vertex 1'. We impose
the complete standard filtration of vector spaces only at the monframed vertices. Let F*Rep(Q, () be the
representation subspace of Rep(Q, B) whose representations preserve the filtration of vector spaces and suppose
the product Ug := U™ of mazimal unipotent subgroups of Gg = (GL,(C))"*! acts on F*Rep(Q,B) as a
change-of-basis. Let Ay be a general representation of the arrow between vertices k and k+1 where 1 < k <r,
Ari1 be a general matriz of the arrow between vertices 1 and v+ 1, and Ag be a general representation of the
arrow ag from the framed vertex 1’ to vertex 1 (we note that Ay is a general representation corresponding to

a map from C™ to C™).
The following lemma generalizes Lemma [5.2.8

Lemma 5.2.10. Consider the equioriented (all arrows are pointing in the same direction) quiver

where the dimension of the vector space at the framed vertex is m and the dimension of the vector space at

nonframed vertices is n. Impose the complete standard filtration F'* of vector spaces at the nonframed vertices.
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Let Ug C B"™"1 be the product of mazimal unipotent subgroups and let A,, be a general matriz associated to

arrow a,, for each 0 < m <r. Then F*Rep(Q, ) = Myxm ® b®" and standard bideterminants of the form

(Pp+1---nlitis - fp_pt1)An--Ag where 1 <p<nand 0<m<r, (5.6)

are Ug-invariant polynomials.

Note that the polynomial (5.6|) is a row of (5.5)).

Proof. For u = (uy,...,ur+1) € Ug and (Ag, A1,..., Ar) € My ® b7,

-1 -1 -1
’LL.(A(),Al,...7Ar) = (ule,UQAlul ,...,uaﬂAaua ,...,ur+1AruT )

We will write the entries of the product A, ---Ag of matrices as ((a)¥st), where ((0)yst) = (Tst) € Mpxm.

Then for the subgroup U;; of Ug which is

Uij = {uij = (In, ..., Um, ..., 1) : Up, is the matrix with the variable u in the (7, j)-entry, where i < j,

1 along the diagonal entries, and 0 elsewhere},

u;; € Uy, acts on ((a)yst) € An -+ A1 Ap as follows: U;; changes the coordinate polynomial (,)ys: via

(m—1)Yit — (m-1)¥Yjtu  ifa=m —1and s =1,
Uij-(a)Yst =
() Yst otherwise.

So for f = (p p+ 1. n‘ll 7;2 o 'in—p+1)Aa~~~Aoa

f—ulpp+1l---j--j---nlirie - ip_pr1)a, 14, =f fa=m—1andp<i,
uij.f =
f otherwise.

Thus standard bideterminants of the form (p p+1 --- n|i1ds - -+ ip—p+1)a,,...4, are Ug-invariant polynomials,

where 1 <p<nand 0<m<r. O]
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Definition 5.2.11. Assume Basic Set-up[5.2.9. Define

. . (1 (1 (1
(i s1+1 ... n |Z§ ) Zg - thzjﬁl)f“mw“o
o (2)  (2) i(2)
(jo jot+1 ... m |z(2 i v i ) Ay, A
(J|I)‘I>¢1‘I’¢2“"I’m = 1 2 Ja+1/)Agy Ao (5.7)
. ) (1 (1 (1
G a+1 ... n |Z§) Zé) ZgL)—le)Ac»,---Ao

as the bideterminant in block standard form, where Ay, --- Ao is a general representation of the quiver path

ag, - -+ ag which begins at the framed vertes.

Note that each sequence ®4_ of integers associated to each row of corresponds to a general
representation of a quiver path that begins at the framed vertex (this is important as this will imply the
uniqueness of : if (J|I)q>¢lq>¢2...q>¢l = (J/|I/)q>¢,14>¢,2...4>
are in block standard form, then J = J', I = I’, and ®4, = ®4 forall 1 <s <1).

o where (J|I)q’¢1q>¢2"'q>¢1 and (J/|I/)q>¢/1 .;.¢,2...¢¢i

Theorem 5.2.12. Assume Basic Set-Up . Then F*Rep(Q, B) = b9t @ M, ., and C[F* Rep(Q, B)]V#
=~ C[t®" ] ¢ C[{f}], where

f = Zgu((a)ast)(Ju|IV)<I>¢1{>¢2-~~<I>¢l7 (58)

where g, ((ayast) € CH¥" 1] and (Jullo)®,, ®,,@,, is the block standard bideterminant given in Defini-

tion [5.2.111

Proof. The identification F*Rep(Q, ) = bt & M, ,,, is clear. Let (4)as be the entries of the general
matrix A, and let x4 be the entries of the general matrix Ag.

First, we prove that invariant polynomials independent of x4 must be coming from the diagonal entries of
A,. We then prove that invariants involving s must be of the form (5.8). So suppose f € C[F*Rep(Q, )]V
such that f is a polynomial in only (4)as, i-e., f does not depend on zg. Writing a, to be the arrow

connecting vertices @ and v+ 1 for 1 < o < r and a,4+1 to be the arrow connecting vertices r +1 and 1, define

1 if a, points in the counterclockwise direction,
€(aa) =
0 if a, points in the clockwise direction.

Writing U, to be the maximal unipotent group acting as a change-of-basis of the filtration of vector spaces at
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vertex a, for u, € Uy, we have

(ul, e ,UT+1).(A1, P aAr+1)

— (u1+e(a1)A1uffe(a1>+1, U e(ag) Aatiy c(an)41r 0 Ulr+lte(ars)] Arﬂufjﬂﬁ(am)m)’
where
|7 +1+e(arg1)] := 1 if e(ar41) =1,
r+1 if e(ar1) =0,
and

r+1 ife(ary1) =1,
[r+1—e(ary1) +1] :=

1 if e(a,41) = 0.
On the level of functions, we have
(ula s 7u7"+1)'f(A17 s 7AT+1)
= f(u;ie(al)Alul—e(a1)+la oo 7U;Jlr6(aa)Aaua—e(aa)+la e 7u|_77‘1<‘rl+6(a7»+1)J AT+1uLT+1—E(ar+1)+lJ )

If f is a polynomial only in (,)a;;, then f € C[t®"*!] and we are done. So suppose not. Fix a total

ordering < on pairs (4, ), where 1 <i < j < n, by defining (7, ) < (¢, 5) if either
o i <i or
e ;=1 and j > j'.

Let f € C[F*Rep(Q, 8)]V#. For each (i,7), we can write

r+1

= Zafj{fij,;(, where f;; k € C[{(a)ast :(s,t) # (4,4)} and a = H (a)a” . (5.9)
K

Fix the least pair (under <) (i,7) with ¢ < j for which there exists K # (0,...,0) with f;; x # 0; we will
continue to denote it by (4,7). If no such (4, j) exists, then f € C[(4)as;] and we are done.

Let K = (ki,...,kr+1). Let m > 1 be the least integer satisfying the following: for all p < m,
if some component k, in K is strictly greater than 0, then f;; x = 0. Let U;; be the subgroup of
matrices of the form w;; = (I,,...,1,, Um, Iy, ..., 1,), where I,, is the n x n identity matrix and @, is
the matrix with 1 along the diagonal, the variable u in the (4, j)-entry, and O elsewhere. Let u;jl =
(Lo, .., Lo, ut Iny ..., 1), Then since u;; acts on f via wgy.f(A1,..., Apy1) = f( (Al,...,ATJrl)) =

! ~ ~1 ~ ~ L ~
f(Ah cees U 1+€(am7I)Amflumflfe(am_1)+l7 um_i_e(am)Amumfe(am)Jrla cee 7AT+1>7 where Up,—1 = Iy, Um+1
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=1, and U, is the unipotent matrix defined as before, u;; changes coordinate variables of b7+ as follows:

(m)@ij + (m) il if a =m,(s,t) = (4,7), and €(ay,) =1,
(mfl)aij - (mfl)ajju lf @ =m — 17 (Svt) = (Za.])7 and e(anb—l) - 17
Ui (@) Ast =\ ()i — ()51 if o = m, (s,4) = (i, ), and €(a) =0, (5.10)

(m—1)Qij + (m—1)AiW ifa=m-—1, (Svt) = (Zaj)v and e(amfl) =0,

(a)Ost ifs>iors=1andt<j,

where m —1:=r+1if m=1.

First, suppose m > 1. Write

f= Z (m)aijk, where Fy, € C[{(a)ast : (5,t) > (4,7) and if (s,t) = (4,7), then a > m}].
k>0
Let Ry := C[{(a)ast : (s,t) > (4,7) and if (s,t) = (i,7), then o > m}]. If e(a,,) = 1, then wij.(nya; =

(m) Qij + (m) QiU So

k
k=l 11
0=wy.f—f= E E (m)@ij  (m)Qi U (l)Flw

k>11<I<k
and {(m)af{lul : 1 <1 < k,k > 1} is linearly independent over Ry. If €(am) = 0, then ugj.(myai; =

(m)@ij = (m) @5t SO

_ k
O=uy.f—f=2 > (=D'malj l(m)@i-j“l(l)F’“’

E>11<I<k
and {(m)afjflul : 1 <1< k,k>1} is again linearly independent over Ry. Hence each Fj, = 0 for k > 1,
contradicting the choices of (7, j) and m.
Now suppose m = 1. If the least pair for A,,_1 := A, is strictly greater than the least pair for A, = Ay,
then this case reduces to the previous case by choosing U;; as above. If the least pair for A,,_1 = A, 41

equals the least pair for A,, = Ay, then writing m — 1 to mean r + 1 (since m = 1), write

_ k k'F
[= (m—1)Q45 (m) Q45 L'k, k7 5
k<dk'<d’'

where Fj € C[{(ayast : (s,t) > (4,7) and if (s,) = (4,7), then o # m — 1,m}] and d,d" > 1. Let
Ry := C[{(ayast : (s,t) > (4,7) and if (s,t) = (¢,7), then o # m — 1,m}]. If e(ay,) = 1 and €(am-1) = 1,
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then

0=wy.f—f
= Z ((m-1)@ij — (mfl)ajju)k((m)aij + (m)az‘iu)k Frp — Z (mfl)a?j(m)a?j Fio
k<d,k'<d’ k<d,k'<d’

kN (K I ,
> > (1) (l/>(m—1>afj Lomyay T (= 1)) (my i B

k<d,k'<d’ 1<i+1' <k+k’
1<k, /<K'

Since {(m,l)af{l(m)agfl/u“‘l/ 1 <I4+U <k+K,l <kl <Kk} is linearly independent over Ry, we have
Fyxr =0 for all k + k' > 1, which contradicts the choices of (i,7) and m = 1. Thus f € C[t®"*!] as claimed.
Moreover, we have similar arguments when €(a,,) = 0 or €¢(a;,—1) = 0.

Finally, suppose f is a Ug-invariant polynomial in x; (and possibly of (4)as:). Without loss of generality,
if f(2st, (0)ast) = 9(Zsts (a)@st) + M((a)@is), where all the monomials of g are divisible by some z; for some
s and t and h € C[t®"*1], then we only consider g by subtracting off h since we have already proved that
h = h((a)as;) is an invariant polynomial. One may check directly that the polynomial in is a Ug-invariant
polynomial. Now suppose there exists a polynomial not in C[t®""1] or not of the form which is in
C[F*Rep(Q,8)]Vs. That is, suppose there exists f € C[F*Rep(Q, B8)] fixed by U, with at least one of its
monomials divisible by x; for some s and ¢, which cannot be written as . Let 5 <n —1 be the biggest

integer which satisfies the following:

there exists a Ug-invariant F' € C[F'*Rep(Q, B)] such that when F' is written in terms of the block standard
basis, i.e., F'=)", gv((a)ast)(Jy|IU)<I>¢1<I>¢2..A<I>¢1 with each (JV|IV)<I>¢1<1>¢2...<I>¢1 a standard Young
bideterminant in block standard form and each g, # 0, then there exists a v and a row in J, where j is not

followed by j + 1. Let us label this choice of j as (}).

Let ag be the arrow associated to a general representation Ag. Writing hag to be the head of the arrow
ag, let Uj ;41 be the subgroup consisting of matrices of the form u; ;11 = (I, ..., Unay, - - -, In) where hag
has diagonal entries 1, the variable —u in (j,j 4+ 1)-entry, and 0 elsewhere. Let’s write the entries of the

product A, - -+ Ag of matrices as ys. Then for u; 11 € Uj 11,

Yt T UYj+1.t ifa =¢ and s = j,
Uj,j+1-Yst =
Yst otherwise

since A, - - - Ag is a general representation of the quiver path a,, - - - ag. To explain further, if the path a, - - - ag

includes ay somewhere strictly in the middle of the path, i.e., aq -+ ag = aq - ag - - - ag, then although up,,
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acts by left multiplication on Ay, upa, acts by right (inverse) multiplication on the general representation of
the arrow in the path immediately following aq (this is the arrow which is immediately to the left of a4 in
the concatenation of the arrows a, - --ag). Thus, the action by up,, is canceled. So for any «a, u fixes every

minor of the form

Now let us write

F= Zgu((a)ast)(JV|Iy)<I>¢1‘I>¢2---‘I>¢l + Zg'y((a)ast)(J'y|I'y)'I>¢1<I>¢2---<I>¢l;
v v

with the following properties:
e the g, are nonzero,
e there exists at least one row in each J, which contains j but not j + 1,
e if j appears in any row of J,, then so does j + 1,

e the (L|L)s,,®,, @, and (J,|I,)s, @,, &, are unique.

By Lemma [5.2.10, U fixes each row of (J,|1;)s,, @,, @, - Since (Jy|I,)s,, ,, @, isthe product of the

rows in the bideterminant, Ug fixes (J,|1;)s,, ,, @, , Which in turn fixes Zgy((a)ast)(JﬁL,)q%l¢¢2...¢¢1.
%l
Among those rows with identical sequence ®,, in each J,, in block standard form, the only possible occurrences

of j and j + 1 in its rows are as follows:
[[1]] J is followed by j + 1,
[[2]] j is followed by an integer larger than j + 1,
[[3]] 7 ends in a row,
[[4]] 7+ 1 is preceded by an integer smaller than j,
[[5]] Jj+ 1 starts a row.

Since J, is in block standard form, all rows of type [[i]] must occur above all rows of type [[i + 1]] within each
block.
Since each (J,,|I,,)q,¢1<1>¢2...<1>¢1 is unique, after re-numbering the indices v, let J; have the greatest

number of rows, say M, of types [[2]] and [[3]]. There may be other Young tableaux, say Jo,...,Jy in
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(Lll)s,, ®,, @, , with M rows of types [[2]] and [[3]], but we ignore them for now. We label the sequence

®, of integers associated to the rows of (JV|IV)‘P¢1‘1’¢2""1’¢1 as Py ) < Pyo) < o0 < Py (). Let

Ujit1 :=A{ujj+1 = (In, ... s Uhay, 1y - s Yhag, (1)) - - - 1) Uhay, (1) = - - = Uhay, (1) I the matrix with

1 along the diagonal, the same variable u in (j, j + 1)-entry, and 0 elsewhere}.

Applying u; j+1 € Uj j+1 to F, we see that gl((a)ast)(J1|Il)q>¢1 ®,,-®, Sives a term
M1 ((@yas) (T )@y, @,y @y,

where J{ is obtained from J; by replacing each j in rows of type [[2]] and [[3]] by j + 1; furthermore,
(J{\Il)<p¢1¢¢2...¢¢l is block standard. Thus, the tableau J; uniquely determines .J; for the following reasons:
first, all rows of type [[3]] have been changed to rows ending with j + 1; such rows must end with j + 1 in
J1 by our choice of j. Otherwise, to obtain J;, we change j + 1 to j in M rows of Jj reading from top to
bottom (while ignoring those rows which contain both j and j + 1).

Now, in u; j+1.F, any other occurrence of (J{|Il)q>¢lq>¢2...q> is with a coefficient ukg’((a)ast) where

#1
k < M since j was carefully chosen such that j is the biggest integer satisfying (f). Since F' is a polynomial
over a field of characteristic 0, the coefficient of (J1|1)s,, ®,, ®,, depends on u. Thus, F' is not fixed by Ug.
This shows that j cannot appear in a row of J, without j + 1, which shows that Ug-invariant polynomials

must be of the form (5.8). Thus, if some of the terms of a Ug-invariant polynomial f are divisible by x4 for

some s and t, then we write f as

f(xst; (oc)ast) = g(xsta (a)ast) + h((a)ast)7

where all the terms in g are divisible by z; for some s and ¢ and h is a polynomial in (4)as. By the first part
of this proof, h € C[t®"*!] while g must be of the form (5.8). It is immediate by the first part of the proof
that if none of the terms in a Ug-invariant polynomial are divisible by x5 for all 1 <s <nand 1 <t <m,

then the polynomial is in C[t®"1]. This concludes our proof. O

Corollary 5.2.13. For an affine gr-quiver with no framing and 8 = (n,...,n) with the complete standard

filtration of vector spaces at each vertex of the quiver, we have C[b®"+1]Us = C[¢®r+1].

’

Example 5.2.14. Consider the framed 1-Jordan quiver: o SN . Q ar . Let 8= (2,2) and let F* be

the complete standard filtration of vector spaces. Then F*Rep(Q, ) = by ® Maxo. Let (A1, Ag) € by ® Moyo,
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where

Al 5 A(): )
0 ax To1 T22

let ue U C B act on (A1, Ag) via (uAu=t,uAy). By Theorem

Clbs & Maxs]Y = Clai1, ase, x21, T2, det(Ao), (A1 40)2,1, (A1A0)2,2, det (A1 Ag)]

= Cla11, agz, T21, T22, det(Ao)].

Note that the polynomial f(xst,ast) = agaxag can be written as f = (2|2) 4,4, or as

f = an(@2)a, = 21200, @2)0, = OO (5.11)

(212) 4,
but (5.11)) is not in the form (5.7)) since a general representation of the quiver path in the second row does

not begin at the framed vertex.

5.3 Quivers with at most two pathways between any two vertices

We refer to Definition for the definition of pathways. Recall our basic assumption: given any quiver @,
let F'* be the complete standard filtration of vector spaces at the nonframed vertices of @ and let Ug be a

product of the maximal unipotent subgroup of the standard Borel acting on F'®* Rep(Q, 8) as a change-of-basis.

Theorem 5.3.1. Let Q be a quiver and let B = (n,...,n), a dimension vector. Then Q is a nonframed
quiver with at most two distinct pathways between any two vertices if and only if C[F* Rep(Q, B)]V# = C[t®@1],

where Q1 is the set of arrows whose tail and head are nonframed vertices.

Theorem has a number of important consequences, with one being that if Ug-invariants for filtered
quiver varieties only come from diagonal blocks (i.e., the semisimple part), then @ has at most two pathways

between any two vertices.

Theorem 5.3.2. Let Q = (Qo, Q1) be a framed quiver with at most two distinct pathways between any
two wvertices, where Q@ has one arrow from the framed vertex to any of the nonframed vertices. Let 3 =

(n,...,n,m) € Z9 be a dimension vector, where the framed vertex has dimension m. Then C[F*Rep(Q, 3)]"s

= C[t*@ ' ®c C[{f}] where f is of the form (5.8).
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In Section [5.5] we will give a reason for the condition for the quiver to have at most two distinct pathways
between any two vertices. Furthermore, this implies that Domokos-Zubkov’s technique in Section [2.2.2]is
applicable in the (nontrivially) filtered setting only when a quiver has at most two pathways between any
two vertices.

We will first prove Theorem [5.3.1

Proof. First, we will prove from right to left. Assume C[F*Rep(Q, 5)]Y# = C[t®?1], where Q, is the set of

/ ao

arrows whose tail and head are nonframed vertices. If @ has a framing at some vertex, say at 1: 5 — . ,
then consider a representation of vertices 1’ and 1 and the arrow ag: cT L) Co" where Ag € My, xm is a
general matrix. Consider the maximal unipotent subgroup U C GL,(C) acting on Ag via left multiplication:
u.Ag = uAp. By direct calculation, it is clear that for each 1 < k < m, (n,k)-entry of Ag is an invariant
polynomial. By assumption, invariant polynomials only come from general representation of arrows whose
tail and head are nonframed vertices. This implies that ) cannot be a framed quiver.

Next, we will prove that @) has at most two distinct pathways at each vertex. For a contradiction, suppose

@ has 3 or more pathways at some vertices. There are two cases to consider:

[1] @ has 3 or more pathways from a vertex to itself, e.g., C . D

[2] @ has 3 or more pathways from vertex i to vertex j, where i # j, e.g., . 82 or e 3 . Q
iy ] i ]
or .\_M.\/r. or .*}.M. .

O

Consider Case . Label the vertex as 1 and label the pathways from vertex 1 to itself as

a1 = Py Pigys A2 = Djy  Djays +oo s Gm = Dhy D,

am

where m > 2. Write a general representation of ai,...,a,, as Aj,..., A, each of which is in b with
polynomial entries (as long as a; is not the trivial path). Without loss of generality, suppose A1 = ((1ya;) and

A = ((2)a;) are general representations corresponding to a nontrivial pathway and consider the polynomial

f(Ah s ,Am) = ((1)6111 - (1)a22)(2)a12 - ((2)011 - (2)%2)(1)012-

ForueU=UxI,%7! C Us where u.(A1,...,Ap) = (wAju™, ... Jud,u™!), the coordinate variable
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(1)a12 — a1z + ’ulg((l)agg — (z)au) under the group action. So

u.f(Ar, ..., Am)
= ((mya11 — (1)a22)((2)a12 + u12((2)a22 — (2)a11)) — ((2)011 — (2)@22)((1) @12 + w12((1)@22 — (1)@11))
= ((1)6111 - (1)a22)(2)a12 - ((2)a11 - (2)022)(1)012

+ u12((1)a11 - (1)a22)((2)a22 - (2)a11) - U12((2)a11 - (2)G22)((1)G22 - (1)6111)

= f(Avse ey Am).

This implies C[F'®* Rep(Q, 8)]V# # C[t®?1], which is a contradiction.

Now consider Case [2]. Suppose

a1 = Piy Pigys A2 = Djy Djays coe s Gk = Ply Dl

are pathways from vertex i to vertex j, where ¢ # j and k > 3. Write a general representation of the pathways
ai,...,a as Ay = ((1)asj), ..., Ax = (()aij) € b. Consider the Ug-action on F'*Rep(Q, 3). In particular,

consider 1,9°~2 xU2 acting locally on b®* via

Ty oo Ty, v).(Ay, . Ag) = (uAo™h L udgo ™).

Consider the polynomial

f(Al, ) Ak) = ((1)011(2)6122 - (1)6122(2)@11)(3)@12 + ((3)a11(1)a22 - (3)6122(1)@11)(2)6112

+ ((2)a11(3)a22 - (2)a22(3)a11)(1)a12~

Then

(Iny oo Iy u,0) f(Ar, o Ar) = (()a11(2)a22 — (1)G22(2)011) ((3) @12 — (3)@22U12 + (3)@11012)
+ ((3)a11(1)a22 - (3)a22(1)a11)((2)a12 — (2)@22U12 + (2)611012)
+ ((2)011(3)022 - (2)022(3)6111)((1)@12 - (1)22U12 + (1)<111U12)
= f(A1, .-, Ag) + (()a11(2)a22 — (1)a22(2)011) (—(3)@22U12 + (3)@11V12)
+ ((3)011(1)6122 - (3)022(1)611)(—(2)0221112 + (2)61111)12)

+ ((2)a11(3)a22 - (2)a22(3)a11)(—(1)a22ul2 + (1)G11U12) = f(A1,..., Ag).

This also contradicts that C[F*Rep(Q, 8)]Vs = C[t®%1]. Thus, @ is a quiver with at most two pathways
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between any two vertices.

Now suppose @ is a nonframed quiver with at most two distinct pathways between any two vertices. The
heart of this proof is analogous to the proof of Theorem [5.1.2} we first define a notion of total ordering on
pairs and then choose the least pair. Since @ is nonframed with at most two pathways between any two
vertices, we list all possible local models of arrows of @) at a vertex. Writing a polynomial similar as in the
proof of Theorem we carefully choose a subgroup of Ug and show that the invariant polynomial must
only come from diagonal coordinates of each general matrix in the filtered representation space. We now
prove the statement.

We label the arrows of Q as ay, as, ..., ag,. It is clear that C[t®@1] C C[F*Rep(Q, 8)]Y# so we will
prove the other inclusion. Consider a general representation of F'®* Rep(Q, 3), which consists of a product of

matrices. We define total ordering < on pairs (4, j), where 1 < ¢ < j < n, by defining (i, 5) < (¢/,5’) if either
o i <i or
e ;=1 and j > j'

Consider f € C[F*Rep(Q, 3)]V#. For each (i, j), we can write

Q1
f= Z afj(»fijﬂ, where fi; k € C[{(a)ast : (5,t) # (i,j)}],afj- = H (a)afj?‘, and |K| = Z ko (5.12)
|K|<d a€Q: a=1

Fix the least pair (under <) (4,j) with ¢ < j for which there exists K # (0,...,0) with f;; x # 0; we
will continue to denote it by (i,j). If no such (i,j) exists, then f € C[)ay] and we are done. Let
K = (ki1,...,kg,). Let m > 1 be the least integer satisfying the following: for all p < m, if some component
kp in K is strictly greater than 0, then f;; x = 0. Relabel the head of the arrow corresponding to a general
representation A,, of arrow a,, as vertex m.

Let U;; be the subgroup of matrices of the form w;; := (I,,..., Iz, Um, Iy, ..., 1), where I, is the n x n
identity matrix and @, is the matrix with 1 along the diagonal, the variable w in the (i, j)-entry, and 0

elsewhere. Let ui_jl = (L,,...,Iy,u,. 1, ..., 1,). Then since ui_jl acts on f via

u;jl (Al,...,AQl) = f(uz](AlvaCh))

flAr, .. UmAny, ..., Ag,) whenever vertex m is a sink of arrow a,,’,
=N f(AL . AT Ag,) whenever vertex m is a source of arrow a,,,
F(AL, . U Ayt ... Ag,)  whenever arrow a,, is a loop at vertex m,
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—1 _
uij .(a)ast =

(m/)@ij + (m’) AU
(m")@ij — (m!)Giil
(m@ij + ((m)@jj — (mr)@ii)u

() st

if o

if o

if «

if s

=m/,(s,t) = (i,5), and m is a sink to an,,
=m/,(s,t) = (i,4), and m is a source t0 an,,

=m/,(s,t)

(1,7), and a,, is a loop at m,

>tors=d¢andt<j.

Now, locally at vertex m, @ looks like one of the following local models:

a2z

C2
Vi—1
[ ]

wyr

[ ]

Cyr
X‘

w2

c1 L4
w1

[ ]

C1

C1
vy aq m_———w
7. e———e_ e
/ Am
v2 .
° c. ap
i
[ ]
Am
U1 al m ag vl
8 L] (] )
az ap—1
v Vi—1
[ ] . [ ]
Am
V1 al m ap U1
9 L] (] )
a\/ Y]ll
v Vi—1
[ ] . [ ]
v wys
10. o °
Vo m .
e —— 0 .
az
X‘
. wo
. ag c1 [
vy w1
[ ] [
&)
U1 Am m — 4 w1
11. e e (e
S1
ar <
S
vy wy
[ ]
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Cc1 v1 1

V1 A mo W1 14.
12. ¢ ————— o °
S1
ar Cl . :
S :
(]
vy az/ m /_N wl
vy wy [
[ ] [ )
”‘1 ’r‘l//
Il Il”
° e °
V1 1
am 15. o
U1 al m {/\ w1
13. e<+—— o .
S1 .
: ar <t .
. s .
'Ul/
[}
vy wy
] [ )
7'1 ’I"l//
xl Il//
) e ®

Cases [ and 2 have been covered by Corollary [5.2.13] So consider when m is a sink, i.e., consider Cases [3]
[ and [[2] Relabel the arrows in Cases[3| [ and[12)as a4, ...,a; with Ay, ..., A; as general representations of

ai,...,ay, respectively, where A, = ((4)@st) is a general upper triangular matrix. Write

!
Z H (a)afj“ fijxrs

|K/|<d a=1

1
where K' = (ky,..., k), |K'| = Z ko, and fij o € Cl{(ayast : (s,t) # (i,5) and o & {1,...,1}}]. Define

Ry = Cl{(wyawt : (s.1) # (i) and a ¢ {L,...,1}}]. Then

l
0= ul_Jlf —f= Z H((a)ai]‘ + (a)a” fz],K’ - Z H () a” fij,K’

|K'|<d a=1 \K'\<d a=1

> 2 ( )( 2) . < )li_[ g ‘R‘H @)j3)" fij i

1<|K'|<d  Ta<ka

! !
where |R| = Z T«, and we see that {H (Q)aff_r”ulRl i1rq < ko for all 1 < o <1} is linearly independent

a=1 a=1
over Ro.

Next, consider Cases [f] [6] [ and Relabel the arrows in the following way: write a1, ...,q

if ta; = m, where 1 <4 <[, and write ci,...,c if he; = m, where 1 < j < k. Write Ay = ((o)ast) as a
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general representation of a, and C, = ((,)cs) as a general representation of ¢,. Let us write

f: Z H (a)au H (’Y)Czj fZJK r

|K/|4[T]<d a=1

where K' = (ky,..., k), T' = (u1,...,ux), |K'| = Zka, T = ZMV’ and fij kv € Cl{(a)asts ()Cst *
y=1
(s,t) # (i,7) and a ¢ {1,...,l} and v ¢& {1,...,k}}]. Define R3 := (C[{(a)ast, (7)Cst (s,t) # (i,7) and

adg{l,....,l} and v ¢ {1,...,k}}]. Then

k

l
O=uz'f=f= > Jllwas+@aw* [[(mes = meaw) fier

|K'\+\r|<d a=1 y=1

B Z H ((’)alj H (’Y)Czj fl] K’

|K/|+|T|<d  a=1
k

l
ko—7a Hry =8
I wais ™ 11 enefs

e Z ()G D)+ () et I

S'v_#'y
I k
ul BIFIS] H((a )ra H mc“ S fii KD
a=1 ~y=1
!
where |R| = Zra and |S| = st We see that {H Ko —ra H ey Tl FIHISE < ko, sy <oy

a=1 y=1
foralll <a <[ andforalll S ’y < k} is linearly 1ndependent over Rs.

Finally, consider Cases 8] [0} and Relabel the arrows in the following way: write ay,...,q; if ta; = m,
c1,...,cx if he; =m, and ( if ¢ is the loop at m. Write the general representations of a, as Aq = ((a)@st),

¢y as Cy = ((4)Cst), and ¢ as Z = ((s¢). Write

f= Z H (a)aw H %37 fijp.xcr.rs

pHK'|+|T|<d  a=1

where K' = (k1,..., k), T' = (p1, ..., px), |[K'| = Z ko, |T| = Z”V’ and fij kv € Cl{(a)@st, (7)Csts Cst

a=1 y=1

(s,t) # (4,7) and o € {1,...,1} and v & {1,...,k}}]. Define Ry := C[{(a)ast, (v)Cst,Cst: (5,1) # (,7)
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and a¢{l,...,1} and v ¢{1,...,k}}|. Then

1 k
—1 ko
O=u; . f—f= Z (Gi + (G — Giau H ((@)@ij + (a)aj51) H((W)Cij = (nCii)" fijp,rc 1
p+IK’|+|T|<d a=1 =1
1

P ko My g
- > ij 11 (0@ H(v)%— fijp, 7,0

p+|K'|+|T|<d a=1 =1

P ST DI (4169 [t et 9 1689 (60 R 9]

'r‘01<k:0(,s,,,<,u,,Y

l l k
p—T —r My —S T+|R|+|S Tﬂ
ST T @aiy ™ H (et SN G — Gy H @5)" [ (=) Fisprc v
a=1 a=1 ~y=1
! k
where |R| = E ro and |S| = g sy, and we see that {(/; TH (a)afﬁ_m H (7)0237_37u7+|R|HS| i <
y=1 a=1 ~=1

PiTa < ka, Sy g :“v for all 1 < o <1 and for all 1 <~ <k} is linearly independent over Ry. In all cases, we
conclude that fi; k7, fij x’,r, and fij , k.0 = 0 for all |K’| > 1, |I'| > 1, and p > 1, which contradict our

choices of (i,j) and m. We conclude that f € C[t®?1]. O

Note that one needs to handle with care of the gluing of the arrows and vertices in the itemized list in
the proof of Theorem [5.3.1} or else, () will have more than two pathways between some of its vertices so
Theorem will not hold for such quivers.

Now, we will discuss Theorem By Theorem it suffices to find all (semi-)invariants for paths
starting at a framed vertex, but since the proof is essentially the same as the proof of Theorem [5.2.12] we

will omit the details.

5.4 Other interesting family of quivers

A comet-shaped quiver (of any orientation) has k legs, each of length sj, with 1 loop on the central vertex,

e.g.,
[1,s1] [1,2] [1,1]
e — e —— o e e — o
[2.32] . R o [2‘2] [2‘1] 1 Q
[kssk] [k12] [k,l]
° L 0 ¢ ° .o e — o
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and a star-shaped quiver is a comet-shaped quiver with k legs, each of length s, but with no loops:

L N DU 20

[2,s2] [2,2] [2,1]
° Y s ® R ° °

[

[k,sk] [k,2] [k,1]
o ——eoi—— o cee e — e

Theorem holds for all families of comet-shaped and star-shaped quivers.
Since Theorem [5.2.12] holds for a quiver whose arrows are of any orientation with the underlying graph

being the affine Dynkin gr—grauph7 consider the quiver with orientation

/0 ’—Cn\l‘ o\ (5.14)
° m o

where the quiver has at least one source and one sink. Note that Theorem [5.2.12]is being applied for a quiver
without a framing. We will call the quiver (5.14) the generalized 2-Kronecker quiver Ko m, m,. Consider
when r =1, i.e., Zl—quiver, with the above orientation:

Suppose the dimension at each vertex is n and suppose we impose the complete standard filtration of vector

spaces at each vertex. By Corollary [5.2.13] Ug-invariants are coming from the diagonal coordinates of b%2,
i.e., C[F*Rep(Ay, (n,n))]'s = C[t®2]. Thus, the following corollary follows:

Corollary 5.4.1. Let K3, m, = (Qo, Q1) be the generalized 2-Kronecker quiver with at least one source
and one sink as in (5.14). Let 8 = (n,...,n) € Zgg and let F'* be the complete standard filtration of vector

spaces at each vertex. Let Ug := U9, Then C[F*Rep(K2.m, m,,)|"? = C[t®?].

68



Since the proof of Corollary is analogous to the proof of Theorem [5.2.12] we will omit the details.
We will now generalize the generalized 2-Kronecker quiver in (5.14) in the following way. Consider the

graph I'g(pr,n), where M = (my,...,mg) and N = (n,...,n):

mg
~~

i/. -2 .\ /. - \ / .\ ' /. .\ktl (5.15)
NN\ LS N LS

where m; + 2 and n; + 2 denote the number of edges between vertices ¢ and i + 1. As long as the vertices
labeled as 2,3, ...,k are a source or a sink (in any order), then the quiver associated to I (5, 5y has at most
two pathways. This implies Theorem may also be applied quivers whose underlying graph is T'g(ar, n)

with the above source/sink condition.

Lemma 5.4.2. Let Q be a quiver whose graph is I'g(prny as in (5.15). Assume the vertices labeled by
1,2,...,k+1 are a source or a sink. Let B = (n,...,n) € 790 and let F* be the complete standard filtration
of vector spaces. Then C[F*Rep(Q, 3)]Vs = C[t®?].

Example 5.4.3. For the 1-Jordan quiver with the complete standard filtration of vector spaces imposed
with dimension B = 2, we have Clbg]V = C[b2]?? = Clai1,a2] = Cltz] = C[C?]. For the 2-Jordan
quiver with the complete standard filtration of vector spaces imposed with f = 2, we have C[b?Q‘}U )
Clai1,a92,c11, Ca2, (11 — ¢22)a1z — (a11 — ase)c1a]. For the 3-Jordan quiver with the complete standard

filtration of vector spaces imposed with 8 = 2, we have

C[bges]U 2 C[au,azm C11, €22, S11, 522, (au - a22)C12 - (611 - ng)alg,

(811 - 822)a12 - (Cl11 - 022)8127 (511 - 322)012 - (011 - 022)312]

(C[flvf2791792,h1,h2,k1ak27k3]
((h1 — ha)ky — (g1 — g2)ka + (f1 — f2)ks)’

Filtered representations of the 2-Jordan and the 3-Jordan quivers have semi-invariants coming from the
nilradical of the Borel since they have more than two pathways at a verter. Recall that B = TU, where T is
the (reductive) Levi factor while U is the unipotent radical of B, with u = Lie(U) being the nilradical of B.
We believe that the two inclusions above are, in fact, equalities, and we will discuss this further in Section[5.5]

and in Section[7.2-1] as open problems.
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Notation 5.4.4. We define an empty sum or a summation whose indices are not defined to be zero, i.e.,

-
Zf(a) := 0 where v >y or Zsko := 0 if sko s not one of the coordinates of s € b*.

a=t k

Furthermore, we will set all variables that are not defined to be zero, i.e., if j € (C™)* is a covector with

entries jo, = Yo where 1 < a < n, then yg := 0.
Lemma 5.4.5. For B-adjoint action on b*, where b* = gl,,/n*, we have C[b*]B = C[tr(s)].

Proof. Let F be a polynomial in C[tr(s)]. Since F(tr(bsb™ 1)) = F(tr(sb~1b)) = F(tr(s)) for any b € B, F is
in the B-invariant subring C[b*]5.

Now suppose F' € C[b*]? and let s € b*. Then for a 1-parameter subgroup \;(¢) with coordinates

tlif L=
A(t)y =
0 ife#~,
x  ife<ny
(A1 (t)-8)iry = M (®)sMi (1) 7)1y = E |

U sy if e >

Taking the limit as ¢ — 0, we have

x if o <7y
hm(/\l(t)s)w = Su if L = ¥

t—0

0 if v > 7.

Since off-diagonal entries of s are zero, our B-invariant polynomial F' is independent of the coordinates

{817 }i>~. Now consider another 1-parameter subgroup Az(t), where

thif L <y
Ao(t) iy =
0 ife>n.
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Then (A2(t).8)y =

* ife <y

n n — 7ZSkL 1+ Z Sk lfL:FY (516)
! (Zsk”f _ZSI@,~/1> if 0 >~ k=u+1

k= k=t = (Z Sky — Z sk,'yl) if v > .

k=t k=

* if o <y

Since F(s) = F(s') for any s’ € B.s (the polynomial F must take the same value on any orbit closure),
the equality }in(lJ F(\(t).s) = 71111(1J F(A2(t).s) must hold for any values of {sag}a>p. So foreach 1 <1 <n
— —

(starting with « = 1 in ascending order), choose {sg, }x>, in Z Sk, such that
<k<n

— Z Sk = S, — Zs;“ 1- (5.17)

k=u+1

Move the sum in (5.17) to the left-hand side so that for each 1 <1 < n, Z Sk—1 — Z Sk, = S,
1—1<k<n 1<k<n

which implies the sum of all such sum as ¢ varies over 1 ton — 1 is

k=t k=141 1=2 k=1 =1 k=141

:_E Sknl_ESLL

k=n

By (5.16) and by choosing appropriate choices for {sag}ta>s in , we have (Aa(t).s),, = 0 for each

1 < < n while (A2(t).8)nn = Snn — Z Skn—1 = tr(s). This means all coordinate entries are zero except
n—1<k<n
the (n,n)-entry, which is tr(s). Thus for F in C[b*]Z, F(s) must be of the form F(s’), where all coordinates

of s’ are zero except the entry s/, , which equals tr(s). So F is a polynomial in tr(s). O

Lemma 5.4.6. Let B act on b x C" by b.(r,i) = (brb=1,bi), where b € B and (r,i) € B x C". Then
C[b x C")B = CJt] = C[C"] while C[b x C"|Y = C[t] ®¢ C[z,] = C[C" ], where x,, is the last component of

1eCn.
Proof. The lemma holds by Theorem [5.3.2] O

Lemma 5.4.7. Let b* = gl,/nt and (C")* be the dual vector space to C". Let B act on b* x (C")*
via b.(s,j) = (bsb™1,jb~1), where b € B and (s,j) € b* x (C*)*. Then C[b* x (C")*]® = C[tr(s)] while
C[b* x (C™)*]Y = C[tr(s)] ®c Cly1] = C[C?], where y; is the first component of j € (C™)*.
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Proof. Let F(s,j) € C[b* x (C™)*]B. We will show that F(s,j) € C[tr(s)] since the other containment is

clear. Choose a 1-parameter subgroup A;(t) in the Borel with coordinates

i =1
Ar(t)y =
0 if ¢ # 7.
Then
x  ife<ny
(Al(t)'s)w = s, ifi=r

t 775,y if 0>y

while (A1(t).j)a =t" “yo. Take the limit as t — 0 to obtain

I
}%(Al(t)-s)m =9 s, ift=1
0 ife>ny
and
. ’ 0 ifa<n
mO (0 =1
yn if @ =n.

So the B-invariant function F(s,j) is independent of the variables {s,,},>, and {ya}a<n. Now consider

another 1-parameter subgroup

i<y
)‘Q(t)w =
0 ife>n.
Then (A2(t).s),y =
* if o<y
* ife<y n n
_ Sy — Z Sk,u—1 + Z Ske if L = Y (5 18)
o k=t k=u+1 ’

n n =
= (Z Shy — Z‘Sk»’Yl) if 0 >+
k=t k=t

n n
() (Z Sky — Z 3k,fy—1> if 0 >
k=t k=t

while (A2(t).7)a = t" *(Yo — Ya—1). Since F(s,j) = F(s',j’) for any (s',j’) € B.(s,j), the equality

%iH(l) F(A(t).(s,9)) = }in(l) F(A2(t).(s,7)) must hold regardless of the values of {s,,} >, and {ya }a<n. So for
— —
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each 1 < < n (starting with ¢ = 1 in ascending order), choose {sg, }r>, in Z Sk, so that
<k<n

n

— Z Sy = S, — Z Sku—1 (5.19)

k=t+1 k=

and choose y,,_1 so that y,_1 = yn.

Rewrite (5.19) so that for each 1 <t < n, Z Sk,u—1 — Z Sk, = S,,, which implies the sum of all
1—1<k<n <k<n

such sum as ¢ varies over 1 ton — 1 is

n—1 n n n n—1 n n—2 n n
(z S ) Y ot (zzsm Ty ) Y s
k=1 k=n

k=t k=1+1 =2 k= =1 k=1+1

n n—1
= - E Skn—1 = § Sue-
k=n =1

By (5.18)) and by making appropriate choices for {s,,},>, and y,_1, we have (A2(t).s),, = 0 for each

1 < v < n while (A2(£).8)nn = Snn — Z Sk,n—1 = tr(s). Furthermore, all entries of j are zero, so the
n—1<k<n
entries of the covector j do not contribute as B-invariant polynomials.

Thus for F in C[b* x (C™)*]B, F(s,j) = F(s',5'), where all entries of s’ are zero except the entry s/,
(which equals tr(s)), and all entries of j are zero. Thus in order for F' to be a B-invariant polynomial, F’
must a polynomial in tr(s).

The second statement of the lemma holds due to this proof and Theorem [5.3.2 O

5.5 Comment regarding at most two pathways

Revisiting Theorems [5.3.1] and we will now discuss the restriction of having at most two pathways at
each vertex of a quiver.
. . 1 . .
Consider the 2-Jordan quiver: a: C . Q a2 where f = 2 and F'*® is the complete standard filtration of
vector spaces. Then this quiver has seven pathways at vertex 1: ey, a1, as, ajas, asa1, ajasar, and asaias.

The filtered representation space is F'® Rep(Q,2) = bgﬁ, and let

1w air a2 Ci1 C12

u = elU, A= € by, and C = € bo.
0 1 O a99 O C22
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Then

a1l aiz2 — (411 — a22)U12 €11 C12 — (€11 — C22)U12
u.(A,C) = (uAu™ uCu™t) = ( ) , ( )
0 a2 0 c22
We can easily check that
C[b?Q]U 2 Clai1, azz, c11, c22, (a11 — azz)erz — (c11 — c22)aral. (5.20)

Thus C[6$?)V D C[t$?]. Furthermore, it remains an open problem that the containment in (5.20) in the
other direction holds. We refer the reader to Section [7.2.1] for statements of open problems related to the
m-Jordan quiver.

Now consider the 3-Jordan quiver:

with 8 = 3 and F* the complete standard filtration of vector spaces. Then F*Rep(Q, ) = b?3 and under
the maximal unipotent subgroup U C B action, C[tJ”] C C[F*Rep(Q, 8)]Y due to the following reason. Let
(A,C,S) € by?, where

a1l a2 ais €11 C12 (13 S11 S12 S13
A=10 a a3, C=[0 co caz| S=| 0 522 803
0 0 ass 0 0 C33 0 0 833

Consider the polynomial f(A,C,S) = (a11 — ag2)c12 — (¢11 — ¢22)aiz. Then for u € U, where

1w ugs

u.f(A,C,8) = f(uAut uCu™t, uSu™)
= (a11 — a22)(c12 + (c22 — c11)u12) — (€11 — ca2)(a12 + (@22 — a11)u12)

= (a11 — a22)c12 + (a11 — ag)(ca2 — c11)ui2 — (€11 — €22)a12 — (€11 — €22)(a22 — a11)U12
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Thus, f is a polynomial in C[F* Rep(Q, 8)]Y but not in C[tJ*]. Similarly, we obtain the following U-invariant
polynomials:

(611 - 022)812*(811 - 522)012, (a11 - (122)512 - (511 - 522)012,
(a2 — asz)caz—(co2 — c33)ags, (ag2 — asz)saz — (S22 — s33)ass,
(022 - 633)823 - (522 - 833)623-

We believe that there are other invariant polynomials, possibly of degree 3 (for this particular example
F* Rep(3-Jordan, 3)), such that at least one of their monomials is divisible by the variable a13, ¢13, or s13. In

fact, for the m-Jordan quiver, we conjecture that for m > 1,
dimc béBm//U = dim(c bEBm - dim([j U.

1

Note that by setting the coordinates s;; = 0, we obtain the 2-Jordan quiver a: C ° Q az | which is still a
quiver with more than 2 distinct pathways, and it is clear that for the 2-Jordan quiver, C[t®?] C C[6®2/U]
as we have seen earlier this section. Returning to the 3-Jordan quiver, there are relations among the degree 1

and the degree 2 polynomials, i.e., let

fi=a11, fa=az, g1 =ci, g2 = ca,
hi = s11, ha = s22, k1 = (a11 — aga2)c12 — (€11 — €22)a12,
ko = (011 - 022)812 - (511 - 822)0127 k3 = (all - 022)812 - (811 - 822)1112~
Then (hy — ha)ki — (91 — g2)k2 + (f1 — f2)ks = 0. We conjecture that there are relations (of higher degree)

among all the invariant generators. The m-Jordan quiver is revisited in Section [7.2:1]

Now, consider the 3-Kronecker quiver:

=
on

which has 3 pathways from vertex 1 to 2. Let (A,C,S5) € b§e37 where

a1 a2 ais i1 C12 (€13 S11 812 S13
A=10 a2 apa|, C=[0 co ca|: S=| 0 520 503
0 0 ass 0 0 C33 0 0 533

(0]



Suppose (u,v) € Ug := UZ acts on (A,C,S) by (uAv=, uCv~1, uSv~1), where

1 U2  U13 1 V12 V13
u=10 1 oz | > V=10 1 V23
0 0 1 0 O 1

Consider f(A7 C, 5) = (a11¢22 — a22C11)812 + (511022 — S22011)C12 + (011822 - 022511)a12~ Then

(u,v).f(A,C,8) = fu" ' Av,u™*Cv,u'Sv)
= (a11¢22 — az2c11)(S12 — S22u12 + S11V12) + (811022 — S22a11)(C12 — C22U12 + C11V12)

+ (C11822 - 622811)(a12 — G22U12 + a111)12) = f(A, 07 S)-
(5.21)

Thus f is an invariant polynomial which is not in (C[tg??’]. Analogously, we obtain one other degree 3 polynomial

(@22c33 — @33C22)823 — C23(A22533 — A33522) + A23(C22533 — C33522) (5.22)

and we believe that there is at least one polynomial of degree 6 with at least one of its terms divisible
by ai3, ci13, or s13. Thus, we conjecture that C[h?B]U3XU3 is generated polynomials of degrees 1, 3 and
6. In general, we conjecture that for the k-Kronecker quiver, C[6®*¥]U*U is generated by polynomials

d(d+1)
2

of degrees for each 1 < d < n, where b C gl,,. Furthermore, we conjecture that for £ > 1,
dimc b®* JU x U = dim¢ %% — dimc U x U.
One final remark is the following observation: note that the polynomial f in (5.21) is the determinant of

the matrix

a1 €11 S11
a2 C22 522

a12 Ci12  S12

and note that the polynomial in (5.22)) is the determinant of the matrix

a22 C22 S22
a3z €33 S33

@23 C23 S23

We believe that this observation may help us in finding other invariant polynomials of higher degrees. The

k-Kronecker quiver is revisited in Section [7.2.2]
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Chapter 6

The B-moment map restricted to the
regular semisimple locus

6.1 Introduction

Notation 6.1.1. Let B be the set of all upper triangular matrices in the general linear group GL(n,C). We

will call B the Borel subgroup, or the Borel.

Notation 6.1.2. We will write b to denote the Lie algebra of B. It is the tangent space of B at the identity

element.

Motivation 6.1.3. Let B act on the vector space b x C™ with group action b.(r,i) = (brb=1,bi). This action

is induced onto the cotangent bundle T*(b x C™) = b x b* x C" x (C™)* of b x C™ as:
b.(r,8,4,7) = (Ady(r), Ad}(s),bi, b~ ) = (brb=*, bsb™t, bi, 5o ).

The infinitesimal action of G induces the map a : b — Vect(b x C") which is given as a(v)(r,i) =
4 (g,.(r,1))|t=0 = ([v,7],vi) where g; = exp(tv). Dualizing this map gives the moment map p : T* (b x C") —
b* where (r,s,1,) is mapped to ad’(s) + ij, which is [r,s] +ij in our case, with T : g* — b* being the
projection map. For each character x : B — C*, we are interested in understanding p=*(0)/B.

Another main motivation for an interest in understanding the affine and GIT quotients of the above
moment map is because =1 (0)/B is isomorphic to the cotangent bundle T*(G x g b x C"/G) of a well-known
stack where G = GL(n,C). We refer the reader to [Nevldl] for the construction of the cotangent bundle of the
Grothendieck-Springer resolution and to Chapter 3 of [CG10] and Section 6 of [Gin98] for some background

on the Grothendieck-Springer resolution.
We begin by restricting b to its regular semisimple locus.
Notation 6.1.4. Let =1(0)"* be the set of quadruples
{(r,s,i,) € p=1(0) : r has distinct eigenvalues}.
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Notation 6.1.5. Let r = (r,,) be an n x n matriz. We write diag(r) to mean the diagonal matriz with

entries (111,722, - .-, "nn) along its main diagonal.

Trace 6.1.6. For (r,s,i,7) in p~(0)"%, choose b € B as in Proposition so that
(brb™t, bsb™!, bi, jb~ 1) = (diag(r), s’, i, 5").

We prove in Proposition that each diagonal coordinate function of s' = (s;.,) is

n p—t—1
s —s, + 2: TupSpe + E: 2: Tk ThopSpe H Tkukut1
L = Su
(ro, — Tkiky Yy — 7 1T T Thugikuta

Ty —T
p=c+1 \ Y Hp v=1 1<k <...<ky<p )
=1 t—vy—1
r"/LsL‘y Tyl Tlz0Suy Tiglay
’ Tu — Ty " (TLL - rl~l~)(ru T’y'y Tlsls
y=1 v =1 y<li<..<lz<e vy =1 uti

v—1
n 2 : Ty TopSpy 4 2 : 2 : 2 : Tyl Tl Mo Spy H Tlalata
(ru - Tlglg)(ru - TWW)(TLL - Tuu) a1 Tow — Tigly

(o = TW)(T” - r““) p=t+l =1 y<hi<...<lz<t

Yy | (T
p=t+l v=1 1<k <..<ky,<p (TLL_TV'Y)(T“_Tklkl)(T“ TMM a1 T T Thugikuya

p—t—1 t—y—1
Tyly Tl Tk Vo Sy

" Z Z Z Z Z (Tu - rlala)(ﬁb - 777)(7"LL - rk1k1)(ru - Tuu).

p=t+1 v=1 1<ki1<..<k,<p =1 y<1<..<lz<e

v—1 v—1
. H Tkukut1 H Tlglasa
P— T — rku+1k}u+1 =1 Ty — ’rlﬂlﬂ

which is compactly written as

s, = |tr H I (r) tr H Ie(r) s

1<k<n,k#. 1<k<n,k#.

where l(r) =1 — rigl.

Notation 6.1.7. We denote A, C C*" to be the set {(z11,...,Tnn,0,...,0) : 2, = Ty for some v # v}.

Thus C?" \ A,, is the locus

{11, s Zpn, Y11, - - s Ynn) : Tow # Ty Whenever ¢ # v},

We now state the main Propositions proved in this paper.
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Proposition 6.1.8. The map
P M_l(O)TSS s (C2n \ An

given by sending

(T,S,i,j) — (rlla~--aTnnvS/llv"'?S;Ln)7

where s,, is defined as in Tmce is a regqular, well-defined, and B-invariant surjective map separating

orbit closures.

Proposition 6.1.9. The map given in Proposition[6.1.8, which descends to a set-theoretic bijective homeo-

morphism p : p=1(0)"° ) B — C?" \ A,,, where
B.(r,8,1,5) = (P11, Tans 8115 - -+ 5 Siym)

with s, given as above, induces an isomorphism of varieties.

6.2 Moduli spaces, geometric invariant theory, and Hilbert
schemes

Applications of quivers are prominent in many areas of mathematics, i.e., Hilbert schemes and almost-
commuting varieties [GG0G], symplectic geometry [CG10], representation theory [Nak94], [Nak9g|, [Gin98],
coding theory [Slo77], [MMST72], [GRBYS]|, etc. We begin by discussing moduli spaces.

6.2.1 Moduli spaces

Important problems in mathematics include not only on understanding the geometry of various spaces, but on
classifying a family of geometric objects. Moduli theory is the study of the geometry of families of algebraic
objects by limiting the objects of study, deciding how two objects are considered equivalent, and how the
objects will be parameterized. Some references include [HM98], [DM69], [Gei06], and [Kin94].

Invariants and semi-invariants are important for the description of the moduli spaces of representations of
a quiver for fixed dimension vector. Thus, the notion of (semi-)stability from geometric invariant theory is
important in moduli problems. Furthermore, constructions from the previous section apply to quiver varieties
([Kin94] and [SvdB01]): a representation W of a quiver variety Rep(Q, /3) is thought of as a point in an affine
variety, and a point in the representation space is semistable if some nonconstant semi-invariant polynomial

does not vanish at the point. If the orbit G.W is closed of dimension dim G, then W is called a stable point. It
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is also a classical notion that the character x is called generic if all y-semi-stable representations are y-stable.

6.2.2 Geometric invariant theory

An extensive treatment on geometric invariant theory is given in [MEK94] and [New09]. Another important
reference connecting quiver representations and geometric invariant theory is A. King’s [Kin94]. In this
section, we will give some of the key ideas in this area of mathematics that are used in this thesis. Geometric
invariant theory focuses on studying geometric interpretations of orbit spaces since group actions on a variety
naturally arise in many areas of mathematics.

Let X be an affine variety with an algebraic G-action. Then G acts on C[X] by

(9-)(@) = fg~" ).

Throughout this section, let x : G — C* be a group homomorphism from G to the units C* in C. We refer
to Chapter [I] for the definition of invariant and semi-invariant polynomials, and the definition of invariant
subring.

Using Definition [[.0.4] we have the following constructions:

X/G = Spec(C[X]®), X/,G := Proj(@ (C[X}Gﬁxi)_

Definition 6.2.1. A 1-parameter subgroup A : C* — G is a group homomorphism from C* to G.

Since the G-action on X is linear, we have a composition of maps
C* 25 G -% GLyyi(C)
with the property that there exists a basis eq, ..., e, € C*T! such that

£ 0
ogo(t) =

0 ten

Next we closely follow A. King in [Kin94] which specializes to the case of a reductive group G acting on
a finite dimensional vector space X. For the rest of this section, we will write x : G — C* as a character

of the group G and A : C* — G as a 1-parameter subgroup. Given a character x, G acts on the trivial line
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bundle L, i.e., the total space X x C of L7}, via g.(z,2) = (g.7,x '(g9)z). Then an invariant section of
L™ is f(z)2" € C[X x C], where f(z) € C[X]%X". When C[X]® = C, then X/, G is a projective variety.
Furthermore, X/, G has a geometric description as the quotient of the open set XX~*° of y-semistable points
by the equivalence relation that x ~ y if and only if G.x N G.y # @ in XX~*5. Two semistable points (or
orbits) under this identification is called “GIT equivalent.” Each orbit closure contains a unique closed orbit,
so the points of the quotient are in 1-1 correspondence with the closed orbits in XX~%%, This implies that
there is an open subset of the quotient corresponding to y-stable orbits, all of which are closed. A. King

allows a representation to have a kernel A.

Lemma 6.2.2. Let (x,2) € X x C be a lift of x € X, with z # 0. Then

1. x is x-semistable if and only if G.(z,z) C X x C is disjoint from the zero section X x {0}. In particular,
X(A) must be {1}.

2. x is x-stable if and only if G.(x,2) is closed and the stabilizer group G, ) of (x,z) contains A with

finite index.

The GIT equivalence relation on XX~%° can also be interpreted by x ~ y if and only if there exist lifts

(z,2) and (y,w) for which G.(z,2) N G.(y,w) # @ in X x C. In particular, the orbits G.« which are closed

in XX~ are precisely those whose lifted orbits G.(z, z) are closed in X x C.

Lemma 6.2.3 (Hilbert’s Lemma). Let (x,z) € X x C be a lift of v € X. Then
1. x is x-semistable if and only if for all 1-parameter subgroups \, tli_r)r(l))\(t).(a?, z) & X x {0}.
2. x is x-stable if and only if A is a 1-parameter subgroup such that %i_r}(l))\(t).(x, z) exists, then X is in A.
King also introduces the integral pairing between A and x, defined by (x, A\) = m if x(A(¢t)) = t™.

Proposition 6.2.4 (Mumford’s Numerical Criterion). A point x € X is x-semistable if and only if x(A) =
{1} and every X\ for which tlin(l)/\(t).x exists, then (x,A) > 0. Such a point is x-stable if and only if \ is a
—

1-parameter subgroup of G for which }irr(l)/\(t).x exists and (x,\) =0, then X is in A.
—
Proposition 6.2.5.

1. An orbit G.z is closed in XX~%° if and only if for each A\ with (x,\) =0 and }ir%)\(t).;v exists, then
—

limA(t).x € G.x.
50

2. For x,y € XX™% & ~ vy if and only if there exist A1, \a : C* — G such that {x, 1) = (x,A2) =0 and

%gr(l))\l(t).x, %g%)\g(t).y € G.x.
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Since it is possible to approximate X/G in more than one way, another interesting aspect is to study
polarization and wall-crossing, which are interesting in their own right. Such problems are known as variational

GIT, or VGIT (cf. [DHIS8] and [Tha96]).

6.2.3 Hilbert schemes

Some references for this section are [Nit05], [HS04], [Hui06], [MS10], and [Har77]. Hilbert scheme is a scheme
which is a parameter (moduli) space for the closed subschemes of some projective scheme. More precisely,
let M be a finitely generated graded module over a polynomial ring R = C|xo,...,2,]. Then the Hilbert
function is defined as Hy;(t) = dim¢ My, where dime means the dimension of M, as a vector space over C,
and it is a well-known fact that if M is a finitely generated R-module, then a unique polynomial Py, exists
such that for all ¢t >> 0, Hps(t) = Par(t). Pas is called the Hilbert polynomial of M.

Let p(t) € Q[t] be a polynomial such that p(Z) C Z. Let n > 0 and let X C P" be a closed subscheme

with Hilbert polynomial p(t) = Px ().

Theorem 6.2.6. A projective scheme Hilb,, exists which represents flat families of subschemes of P™ with

Hilbert polynomial p.

Specifying a map ¢ : R — Hilb,, is equivalent to giving a flat family 7 : X — R of closed subschemes in
P with Hilbert polynomial p. Thus there exists a universal flat family ¢/ — Hilb,, such that X = U Xy, R.
It may be worth mentioning that the Hilbert scheme of closed schemes in a fixed subscheme of P" with

Hilbert polynomial p exists, which is the following proposition.

Proposition 6.2.7. For a fized closed subscheme W C P", there exists a projective scheme Hilb, w which

represents flat families of subschemes of W with Hilbert polynomial p.

We will now restrict to the Hilbert scheme parametrizing n points in X; the Hilbert polynomial of such
subscheme Z is a constant polynomial since the degree of the Hilbert polynomial of a variety is equal to the
dimension of the variety, i.e., Pz(t) = n. We will write the parameter scheme as X" := Hilbg(X). The points

of X[ are 0-dimensional subvarieties supported at at most n points in X satisfying dim H%(Z, Oz) = n.

Example 6.2.8. If {p1,...,pn} is the set of n distinct closed points of X, then the sheaf Oy is the direct

sum of the skyscraper sheaves over each point p;, where 1 < i < n.

Next, we restrict to an open subset X of a projective space and state a result of the Hilbert scheme of n

points on X.
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Theorem 6.2.9. Let X be irreducible, quasi-projective and smooth of dimension d = 1,2. Then X" is

smooth and irreducible of dimension dn. If X is connected, then X" is connected.

Let M,, := M, (C) be the space of all n x n complex matrices. The following is a result by Nakajima
(INak99], Theorem 1.9).

Theorem 6.2.10. Let GL,(C) act on M,, x M, x C" by g.(r,s,i) = (grg~t,gsg~1, gi). Then

(CHIM = {(r,5,4) € My x My, xC": [r,s] =0 and VS C C" s.t. i€ S,rS ¢ S and sS ¢ S}/GL,(C).

Proof. We will first construct a map from right to left. Let ®, ,, : Clz1, 22] — C™ be the map f — f(r, s)i.
Consider S =Im®, ;. Since 7S C S and 55 C 5, S = C". So ker @, ;; is an ideal of codimension n. We
send the triple (r,s,7) to ker @, ; ;, and we see that ker ®, , ; is invariant under the G L, (C)-action.

We will now construct a map from left to right. Since points of (C?)I" are ideals I C R = C[zy, 25 such
that dim¢ R/I = n, we choose an isomorphism R/I = C". Let r € M,, be the action of z1, s € M,, be the
action of z9, and i € C" equal 1 € R/I. Since R/I = C", any nonzero vector i € C" is cyclic and since z;
and zy commute, [r, s] = 0. Since our choices of 7, s, and ¢ are unique up to the GL,, (C)-action, this gives us

a map from left to right, which, indeed, induces a bijection. O

Next, we will give an explicit correspondence between (r,s,i) and its represented ideal in C[zy, 22].
Suppose the matrices r and s have distinct eigenvalues. Then they are simultaneously diagonalizable by
some g € GL,(C). Let ¢ = (1,...,1) € C™. Suppose the eigenvalues of r are denoted as A,..., A, and
the eigenvalues of s are denoted as p1,..., t,. Then the corresponding ideal consists of all polynomials
f € Clz1, 22] such that f(A;, ;) = 0 for all 1 <4 < n. Thus this closed subscheme represents n distinct
points on C2. In general, since 7s = sr, we can simultaneously put » and s into upper triangular matrices
under the GL, (C)-adjoint action. Let Ay, ..., A, be the diagonal entries of r and uq, ..., iy, be the diagonal

entries of s. Let S, be the symmetric group of n letters.

Theorem 6.2.11 (Hilbert-Chow morphism, [Fog68]). The morphism

(CHM 5 §nC2 = C? x -+ x C?/S,, where (r,8,i) = {(A1,001), -, Ay fin) }

is proper, surjective, and a resolution of singularities of the symmetric product.
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6.3 Hamiltonian reduction construction in symplectic geometry

Let G be a complex Lie group and suppose G acts on a smooth, complex symplectic variety M = (M,w)
preserving the symplectic form, i.e., w(gz, gy) = w(z,y) for all ¢ € G and for all z,y € T,,, M, m € M. Taking

the derivative of the G-action, we get
g = Lie(G) — Vect(M).
Definition 6.3.1. A symplectic G-action is Hamiltonian if given a G-action on M and a map O

g

J

C[M] —2 Vect(M),

where 0 : f — &5, the vector field at f, there exists a Lie algebra homomorphism H : g — C[M], i.e.,

H([X,Y])={HX,HY}, where {e, 0} is the Poisson bracket on C[M], such that the above diagram commutes.

In the case that the Hamiltonian G-action exists, we call H the comoment map and H (X)) the Hamiltonian

for the vector field X# on M generated by the 1-parameter subgroup {exp(tX):t € R} C G.

Definition 6.3.2. The map p: M — g* such that u(m) : g — C with p(m)(X) = H(X)(m) is called the

moment map.

We explain another (more explicit) way to construct moment maps for symplectic varieties with a G-action
and we include some details from symplectic geometry in [CdS01] for completeness. Let (M, w) be a symplectic
variety with a Lie group G-action. Let ¢ : G — Sympl(M,w) be a group homomorphism such that the
evaluation map evy (g, p) = ty(p) is smooth. For each X € g, let y: M — g* and let uX : M — R such that
wX (p) := (u(p), X), which is the component of ;1 along X. Let X# be the vector field on M generated by

the 1-parameter subgroup given as above.
Definition 6.3.3. The action v is Hamiltonian if there exists a map p: M — g* such that
1. for each X € g, dpX = d{u, X) = tx»w,

2. w is equivariant with respect to the given action v of G on M and the coadjoint action Ad* of G on g*,
i.e., we have p o, = Ad; o forallg € G.
We say pX is the Hamiltonian function for the vector field X#. The function H(X) from earlier this

section is the function u*X. The quadruple (M,w,G, u) is called a Hamiltonian G-space and p is called a
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moment map. If G is connected, then p is G-equivariant. Note that for all g € G, (u(g.p), X) = (u(p), g~ 1.X).

More precisely, any X in the Lie algebra g = Lie(G) gives rise to a vector field X# on M by

(X-F)(p) = 5 F(exp(~1X) D)o,

That is, the flow of the vector field X# is the 1-parameter group of global diffeomorphisms p + exp(—tX).p,
where we make the map X + X# a Lie algebra homomorphism from g to the Lie algebra of vector fields on
M: [X,Y]# = [X# Y#]. We will give two examples connecting our moment map definition to linear and

angular momentum in classical mechanics.

Example 6.3.4. Let a = (a1,az,a3),r = (v1,72,23) € R3. Let R? act on R? wia the linear translation:

a.x =z + a. The R3-action is induced to T*(R?) ~ RS by a.(x,y) = (v + a,y), where y = (y1,y2,y3) € R3.
3
0 0 0
Let w = Z dx; A dy; and for notational purposes, let X = X# = a; — + ag—— +az——. Then
i—1 O0xq 0xo O3

3 3 3 3 3
0 0
dp® = 1xw=w(X) = g da:i/\dyi(g aj%):— g dyi/\dzi(g aj%):f E a;dy;.
i=1 j=1 J i=1 j=1 J i=1

3

So pX : RS — R is pX(z,y) = — Zaiyi = —a oy, which is the usual dot product between two vectors, and
=1

wX(z,y) = (u(x,y),a) imply the moment map p : T*R3 — R is p(z,y) = —y.

Example 6.3.5. Let SO(3) = {A € GL3(R) : det(A) = 1, AA' = 13} act on R® by rotation. Then

50(3) = {A € gl3(R) : A+ A =0} is isomorphic to R? via the identification

0 —as a9
A= a4 0 —a; | —a=(a,az,a3).
—as aq 0

Let x = (21, 22,73) € R3. Consider the left multiplication

—a3xo + 23

Ax = asri — a1T3 =a X

—Q2%1 + G172

This implies (AB — BA)x = A(Bx) — B(Az) = A(B x ) — B(A x ) = (A x B)z; thus, [A,B] = A X B.
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Furthermore, the infinitesimal SO(3)-action on R? is g.x = g x x. So the Hamiltonian is
p¥ (2,y) = (A x 2,y) = det(A, z,y) = det(z,y, A) = (& x y, 4) = (u(z,y), A),

and p: T*R3 — R3 ~ s50(3)* is precisely u(z,y) = x X y.
We refer the reader to [Kos66] for more background on symplectic geometry and representation theory.

Proposition 6.3.6. Let G be a Lie group and let X be a G-variety. The G-action on X induces a Hamiltonian

action on T*X.

Now, let us discuss the Hamiltonian reduction of a moment map. The Hamiltonian reduction is a procedure
to construct quotient symplectic and Poisson varieties in the Hamiltonian category. It is a systematic method
to get intuition on symmetric systems as well as to reduce the number of coordinates. Let G be a Lie group

and suppose N is a G-variety. Differentiate the group action to get

g = Lie(C) % Veet(N),  a(0)(p) = o (exp(tv)p)li=o

and then dualize a to get the moment map
T*N -5 g*.

The Hamiltonian reduction of N by G is defined to be u~1(0)/G.

Example 6.3.7. Let G = GL,(C) and let N = g x C" be a matriz variety, where g = Lie(G). Let G act on

N wia g.(r,i) = (grg~',gi). The infinitesimal action is given by
a ) d . )
g — Vect(g x C"), a(v)(r,i) = g(exp(tv).(r,z))hzo = ([v, r], vi)
since

i(exp(tv).r)\t:o = i(exp(tv)r exp(—tv))|i=o = i((ln +tv + O(t*)r (I, —tv + O(t*)))]i=o0

dt dt dt
d d
- %((7‘ + tor + O(tQ))(In —tv + O(tz)))|t:0 = %(T + tor — tro + (’)(tQ))|t:0

=ovr —rv+ O(t)|t=0 = [v,7]
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and

A (0 40+ OE2)) )0 = L (i + tvi + O2)) oo = vi + OE) s = vi.

d .
— (exp(tv).i)|t=0 = o o

dt

Then identifying g* = g via g X g — C, (A, B) — tr(AB), the moment map p := a* is
T*(gx C") 2 gx g xC"x (C")* s g* =g, (rs,i,5) — [r,s] +ij.

Theorem 6.3.8 (Gan-Ginzburg, [GG06], Theorem 1.1.2). The subscheme p=1(0) in Example is a

complete intersection with n + 1 irreducible components; p=1(0) is reduced of dimension n? + 2n.

The subscheme given in Theorem [6.3.8] is called an almost-commuting variety. An important result

connecting Sections and is the following theorem in [Nak99].

Theorem 6.3.9 (Nakajima, Theorem 3.24 and Exercise 3.26). Let pu be the moment map given in Exam-
ple[6-37 Then we have

(C*) 22 17 (0) faet GLn(C) = 1™ H(0) faer-1GLn(C) and S"C? 2 17 (0) G L (C).

We also refer the reader to Remark for computational details when n = 2. In [CB01], Crawley-Boevey
extended Theorem to all of Nakajima’s quiver varieties. Definition [2.1.8 and lecture notes by Ginzburg
[Gin09] thoroughly discuss the notion of doubling quiver varieties, which is crucial in the construction of

Nakajima quiver varieties.

6.4 Grothendieck-Springer resolution

The Grothendieck-Springer resolution plays one of the fundamental roles in geometric representation theory
(cf. [CGI0]).

Let G be a complex reductive group, where Lie(G) = g, and W = N(T)/Z(T) be its corresponding
Weyl group, where T is any torus in G. Let G/B be the variety of Borel subalgebras b C g. For each b,
let u C b be Lie(U), where U C B is the maximal unipotent subgroup of B. Let h = b/u be the Cartan
subalgebra. Let g = {(z,b) € g x G/B : x € b} be the Grothendieck-Springer space of pairs and let
N = {(z,b) € N x G/B : z € b} be the Springer space of pairs, where A’ C g is the nilpotent cone, i.c.,

N is the variety of nilpotent elements in g. For example, if A € g = gl,, is a nilpotent matrix, then the
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characteristic polynomial of A is pa(t) = det(t1,, —A) = t". It follows that we have the natural maps

T*(G/B) = N § d b
: iy s ‘/h
G/B NC : g bW,
{0} =N)G—"—g/G

where p, pu 7, {15 are projections, h is a geometric quotient, 57, ug are moment maps, where 57, pg (z,b) — z,
the maps i,? are inclusions, ¢ is the affine adjoint quotient map, and ¢ maps the pair (z, b) to the class of x
in b/u. Note that N and g are smooth and projective and N> Mg are proper, with yz being generically finite
of degree |IW|. Note that in the case G = GL,(C), then g/ G = Spec(C[tr(A), ..., det(A)]) = C", where A is
a general matrix in g.

Now let g"*° C g be the regular semisimple locus and let h™ C b denote the W-regular locus. If we let g to
be the space of all n x n matrices, then g"*° is the subset of these matrices with pairwise distinct eigenvalues.

Then the above diagram restricts as the following;:

“g'rss 4q , hr
88 q i
gt ————— "W
gT’SS//G
Note that g 15, g factors as follows:
~ ¢ P
g— g Xywh——g,

where ¢ is a resolution of singularities and ) is a finite projection. Now let g"®¢ C g be the subspace of regular
elements. Centralizers of g"®9 have minimum possible dimension and they are not necessarily semisimple (if
g = gl,,, then a matrix is regular if and only if its Jordan canonical form contains a single Jordan block for
each distinct eigenvalue). Let "¢ := py '(g"¢9). Then ¢ induces an isomorphism gr®? = g x,, sw b. Note

that W acts on g"%Y via its action on the second factor.
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Lemma is also given in Chriss and Ginzburg (JCGI0], Corollary 3.1.33); we will discuss this

identification further in Section [6.51
Lemma 6.4.1. We have g = (G x b)/B, where the B-action on the pair G x b is (g, X).b = (gb~ !, Ady(X)).

Proof. There are natural projection maps

flat proj
G/B 9

where both m; and 75 are G-equivariant. The fiber of x via 7y consist of the set of all flags b’ satisfying
xz € b’. Since any two Borels are conjugate under the G-action, x is in b’ for some b’ C g. Fibers of m
consist of Borels preserving a flag in G/B, so m is flat with fiber b’. The B-action on G x b is free since
gb~1 = g implies b is the identity element in B. So the map G x b/B — g, where (g, ) — (929~ ", (9.B)/B),

is G-equivariant and is an isomorphism. O
Finally, we end this section by proving §/G = b/B.
Lemma 6.4.2. We have g/G =2 b/B as orbit spaces.

Proof. Consider the map (G x b)/B =g — b/B where (g,7) — gzg~!. The map is well-defined up to the
B-conjugation action. Since the map is G-equivariant, it descends to an isomorphism g/G = b/B as orbit

spaces. O

6.5 The cotangent bundle of the enhanced
Grothendieck-Springer resolution

The details of the construction of the cotangent bundle of the enhanced Grothendieck-Springer resolution are
given in [NevId]. In this section, we will go through the details as an additional source for the construction.

If V is a linear space and N/ = N (V) is the set of nilpotent linear endomorphisms of V', then the enhanced
nilpotent cone of V is the set NV x V; here, GL(V) acts on N x V. In the similar manner, if V = C" is a
linear space and b is the set of linear endomorphisms ¢ such that ¢(C*) C CF for all 1 < k < n, then the
enhanced Grothendieck-Springer resolution of V is b x V; here, B acts on b x V as a change-of-basis. We

refer to Syu Kato’s work for an extensive treatment on enhanced nilpotent representations.
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We refer to Section for the relationship between the Springer resolution and the Grothendieck-Springer

resolution. A symplectic resolution X — X is a resolution of singularities such that the symplectic 2-form
tr

~

on X pulls back to a nondegenerate and closed symplectic 2-form on all of X. The map g s, g =g
in Section is a symplectic resolution which encapsulates the cotangent bundle T*(G/B) = N C g of
the flag variety. The map pj is also a (projective) moment map for the G-action on g with each fiber of
xz € b’ being a flag variety satisfying x. Furthermore, the Springer resolution N = N of the nilpotent
cone in a semisimple Lie algebra is a semi-small morphism while the Grothendieck-Springer simultaneous
resolution is a small morphism. Here, we use definitions of small and semi-small in the sense according to
Goresky-MacPherson; a proper morphism f : X — Y is semi-small if dim(X xy X) < dim X and small if
dim(X xy X \ A(X)) < dim X, where A(X) is the diagonal of X in X xy X. There are other interesting
properties of these examples which have had a significant impact in representation theory, but we will not

exhaustively list all of them. We begin with some propositions in symplectic geometry.

Proposition 6.5.1. Let G be a Lie group with Hamiltonian action on symplectic manifolds (My,w:1) and
(Ms,ws) with moment maps py : My — g* and po : My — g*. Then the diagonal action of G on My x My is

Hamiltonian with p : My x My — g*, where pu(p1, p2) = p1(p1) + pa(p2) for p; € M;.

Consider M = T*(G x b x C") under the G x B action. We want to relate M with T*(G xg b x C") =
T*(g x C") under the B-action. Let B act on G x b via b.(g,7) = (gb~*,brb=1), Chriss and Ginzburg prove
the identification G xg b = {(z,b) € g x G/B : z € g} ([CGI0], Corollary 3.1.33). Let (C")* be the dual of
C™. That is, if we think of i € C™ as a column vector, then we should think of j € (C")* as a row vector. Let

G x B act on T*(G x b x C™) in the following way: for g € G and (¢’,0,7,s,7,j) € G x gxbxb* x C" x (C™)*,

9.(g',0,7,5,4,5) = (g9~ 909" 75,90, 597 ") (6.1)
and for b € B and (¢',0,r,s,1,7),
b.(g',0,7,8,0,5) = (g'b" ", b0b~ " brb L bsb ™1 i, ). (6.2)

From (6.1) and (6.2)), we have the following moment maps:

T*(G) o~ G X g* - 9*7 (9176) — 97 T*(cn) [ (Cn X (Cn)* — 9*7 (27.7) — —Zj,

T (G)=Gxg* —b*, (¢,0)—8, T (b)=bxb —b* (rs)[rs],
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where T : g* = g — b* is a projection. By Proposition T*(G x b xC") — g* x b* is the map

(¢',0,7, 5,0, 5) = (6 — ij, [, 5] +0).

1xtr
We will explain how to obtain some of the above moment maps. Let G act on T*(G) =G x g* = G x g

o+

via g.(¢/,0) = (¢'97 1,909 1). Let g; be the coordinates of ¢/, §; be the coordinates of @, and let w =
= dg; Adf; = df; Adg; be a symplectic form on T*(G). Let X =Y 9/dg;. Then

dp™ = 1xw = Zdﬁi = w(X).

So uX = ZGZ-. Viewing 6 € g as a vector in C"’, 291- =0o(1,...,1). Since uX(g’,0) = (u(g',0),1) where
tr
p:T*G—g* =g, ulg,0) =0.
n
Suppose G acts on T*C" via ¢.(i,5) = (gi,jg*). Let w = dei A dy;, where (z;) are the coordinates

i=1
of C™ and (y;) are the coordinates of (C™)*. We will explicitly write down the moment map for n = 2. Let

X = Eq1 € gly, which is a 2 x 2 matrix with 1 in the (1,1) entry and 0 elsewhere. Since

d 10\ 10\ (o 10
Liespt | )i 7)o = (o w)
0 0 0 0 Ta 0 0

0 0
let X =21— —y1=—. Th
(S Ilaxl ylayl en

0

0
du™ = = (dx1 N d dzs Nd — =1
pX = o = (dan Adyy +da Ady) (o5~ )

= —(z1dy1 + yr1dz)

imples u~X = —x1y1. So uX = (u(i,5), X) = (u(i,5), E11) = —x1y1, and the (1, 1)-entry of the moment map

pis p(i, )11 = —T1y1-
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Now let X = F1q, with 1 in the (1,2) entry and 0 elsewhere. Then we have

d 0 1) 0 1) (= 0 1
4 explt ).(603)) e = - (y y)
0 0 0f \z 0 0

T2 (0 ) 0 0
= s — = Xro———— — -,
0 Y1 2 8l‘1 Y1 8y2

0 0

which implies duX = ixw = (dzy A dyy + das A dyg)(xga— — yla—) = —(z2dy; + y1dzs). Thus we obtain
Z1 Y2

the Hamiltonian ,uX = —x2y1. Repeat the above calculation for Fos to get X = xo—— Since

9o~ gy

X = —29ys. Finally, let X = Fy; € g* to get that the infinitesimal action

dp™ = 1xw = —(z2dys + yadxs), p
0

is given in coordinates as xla— — yga—. Then dp™ = 1xw = —(z1dy2 + y2dx1) implies uX = —x1y2. Thus
T2 Y1

we get four Hamiltonian functions from 7%(C?) — C, which are —x1y1, —71y2, —22y1, and —z2y2. Since

wX = (u(i,7), X) and since the derivative dy : TM = T*M — g* of the moment map p : M — g* is the

transpose of the derivative a : g — Vect(M) of the G-action, the moment map is given as

o T1Y1 T1Y2 .
(i, j) = — = —ij.
T2Y1 T2Y2

6.5.1 Hamiltonian reduction in stages

Next, we will discuss a concept known as reduction in stages in symplectic geometry. We will closely
follow the manuscript [Nevll] so the reader may skip the rest of this section if desired to do so. Let
GxbxC L a x g b x C" be a principle B-bundle, i.e. B acts freely and transitively on the fibers of
G x b x C™. The map f preserves the fibers of G x b x C", i.e., if y € (G x b x C"), is a point in the fiber of
x, then b.y € (G x b x C™),, still lies in the fiber of = for all b € B. Thus each fiber is homeomorphic to B
and (G x b x C")/B = G xpbx C". Next, note that f has a G-action which commutes with the B-action,

i.e., the map from above

T*(G X b x (Cn) Mﬁ)B 9* X b*, (9,797T757i7j) — (0 - 7’]’ [T7 S] +0)7
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is G x B-equivariant. Let ¢g : T*(G x b x C") — g* and ¢p : T*(G x b x C") — b* be the projection maps

obtained from pgyp. Consider 1/5"(0) C T*(G x b x C"). Since B acts freely on 5" (0),
Y5 (0)/B=T*(G x b xC"/B)~T*(G xpbxC")

is a reduced space.

Now consider G acting on ¢§1(0), which commutes with the B-action. Since G preserves the symplectic
form, say w, on T*(G x b x C"), G acts symplectically on the reduced space (5" (0)/B,w’), where «’ is the
symplectic form on 15" (0)/B. Since B preserves ¢ : T*(G'xbxC") — g*, B preserves )gor; : 5 (0) — g*.

So 9 o 11 is constant on fibers of ¥ (0) 2% 5 (0)/B. Thus, there exists a smooth map
pe Y5 (0)/B~T*(G xpbxC") — g*

such that pgop; =¥goty : z/;,;l(O) — g*.
Proposition 6.5.2.
1. pe :T*(G xp b x C™) — g* is a moment map for G acting on (T*(G xp b x C"),uw’).

o~

2. Since G acts freely on M&le(O); G acts freely on yél(O) and a symplectomorphism ual(O)/G
o 5(0)/G x B erists.

Now, consider the reduction of T*(G x b x C™) by G first:
v (0) ={(g,0,r,5,4,§) €T*(G x bx C"): 0 —ij =0} = {(¢,ij,7,5,i,5) € T*(G x b x C")}.
Since the G-action is transitive, we will identify
T*(b x C™) = {(1,ij,7,8,i,7) € T*(G x b x C")} ~ 5" (0)/G.

As above, up : T*(b x C") — b* is a moment map for B acting on (T*(b x C"),wp), where wp is the
symplectic form on T*(b x C"). Secondly, since B acts freely on ugL 5(0), B acts freely on " (0) and we

have

15 (0)/B = gl 5(0)/G x B.

Thus studying the G-orbits on T*(G x g b x C") is equivalent to studying the B-orbits on T*(b x C™).

Now, let B be the set of invertible upper triangular matrices and let b = Lie(B). The adjoint action of B
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on b x C" is b.(r,i) = (brb=', bi), which is induced onto T*(b x C") via b.(r,s,i,j) = (brb=1,bsb™1, bi, jb=1).
In terms of Section we will explain how T%(b x C™) is identified as the cotangent bundle of filtered
quiver variety.
Let @ be the 1-Jordan quiver 33 a and let § = n. Let F'* be the complete standard filtration of
vector spaces of C". Then F*Rep(Q,n) = b. Now we adjoin a framing to the 1-Jordan quiver to get
1% 1

Qf: o ——— e Q a. Let B = (n,1) where F'* is imposed only on the representation at the nonframed

vertex. This gives us a B-action on F*Rep(Qt, 3") = b x C™. One doubles this quiver Q to obtain

a

(1

L1
1f 1
oy “e

O

a’P

and we have the identification T*(F*®Rep(QT, 7)) = T*(b x C™).

One fact we would like to mention is that by defining Rep(Q, ) := G xp F*Rep(Q, ), it follows

immediately from Lemma that we have an isomorphism Rep(Q, 3)/G = F*Rep(Q, 8)/P as orbit spaces,

where G := H GLg,(C) and P := H P;. We refer the reader to Section |7.3.2| for further discussion on
i€Qo 1€Qo

—_~—

Rep(Q, B).

6.6 Preliminaries

6.6.1 Orthonormal projection operators in B

We begin with a discussion on a certain set of orthonormal projection operators in B.

Notation 6.6.1. We will use the convention that an empty sum is defined to be 0 while an empty product is

defined to be 1; that is,
v

> f(k) =0 and J] f(k):=1
k=t

Y
k=t

if v < t. We also like to remark that

> flki) =0

1<k1<...<ky<p

ifv>pu—ut.
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Notation 6.6.2. For l;(r) =r — rippl, we will write

L' = |tr I u» I &»

1<k<n,k#. 1<k<n,k#.

and will write

Lfm = tr H Ig (1) H Iy (r)

1<k<n,k#. 1<k<n,k#.
Yo

to denote coordinate functions of L*.

For Lemma [6.6.11] and in Section [6.9.2] (Prop [6.9.8| and [6.9.9), we will write L*(r), instead of L* since L*

depends on 7.

Lemma 6.6.3. The operator L' in Notation[6.6.9 has coordinate functions

0 if <t

t—y—1

Ty —T T — Ti=1-)\T — Tl-1~
Y =1 ’Y<l1<...<lf,<b( L lvlv)( L laly
1 ify=t=p
, nw—r—1 R v—1 r
k1Tk Kok .
L + LRl kol +1 Zf’y =Lt <
0 ify >t
L — < TyTop
ke (Toe = Ty ) (T = Tpups)
t—y—1
3> o ] e
(Tu - Tl;,lg)(ru - T’Y’Y) T — TML = —Tigla

=1 y<hi<..<lz<e a=1
p—e—1

v—1
Ty Tk Theyp Thukut1 .
—I—Z Z (o = — Hr“— ify <u<p.
1

v=1 i<ki<.. <ky<p o) (Pee = Pl ) (e = Tpups) a— Tkut1kuta

t—vy—1

p—r—1
DD DD DD T
(TLL - ’rl;,l;,)(ru - -

v=1 1<k1<..<k,<p =1 y<hi<..<l3<e TW—Y)(TLL rklkzl)(ru_r’ﬁu)

v—1 -1
H Tkykut1 H Tlalatr
T — Tk Tow —Tigly

u=1 ut1Rutt g

Lemma 6.6.4. The L"’s form mutually orthonormal projection matrices. That is, we have
det(L') =1, (L)?> =L and L'LY =0
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for any v # . In particular, any row of L* is orthogonal to any column of L7 for v # ~.

n

We like to mention that L‘’s in Lemma [6.6.4] are n idempotents satisfying Z L' =1,.
=1

Proof. We refer to Lemma for the coordinates of L*. It is clear that det(L*) = 1 since L;,, =0 if >

or a < ¢, and the only nonzero diagonal entry is L;, = 1.

Suppose ¢ = . Then

Lio=0if p>vora<i and

L, =0ifa>ctorv<..

So
=L,L,

2 2
,uaLow

e ~ 0 byl |
(L L ),uz/ = Z L,uaLau y_ ZL
a=1 a=t

L, =1L, ifpu<iyv=u
1L =Ly, ifp=uv=
=4 L,=1L,, ifp=uv>

Ly, (seet) ifp<i,v>0

0 =L ifpu>corv<u,

ng

where t from above is

Tlalata

N
r r Tl
L L i He E E pllze
L,LLLLLI/ - +
Ty — (ru,

- rlilﬂ)(rbb - TMM) T = Tigly

1

1

—1

H Thukut1
=1

u

v
T Tok1Tkyv
r + Z (TLL —Tkk )(TLL - Tl/l/)
v=1 1<k <...<ky<v .

<
Il
M
=
A
=
A
A
B
A
A

Too = Thugtrkutt

I

U

1

m
_ T/J,LTLV + 2 : 2 : TﬂllrlgLrbu Tlali+1

(TLL - TMA)(TLL - Tuy) Tl p<li<.<lz<i (TLL - Tl;,l;,)(ru - TMA)(TLL - Tuy) a1 T — Tigly

v—1
Z Tk Thyv H Tkuku+1
T
) u=1""

V=1 i<ki<..<ky<v (TLL - Tup)(ru - Tklkl)('ru —Tw ¢ 7 Thytikuys

v—1—1 t—p—1

+ Z Z Tuly Tl Tk Thyv

(TLL - rlgl;)(TLL - T;L/,L)(TLL - Tklkl)(ru - Tuu)

v—1—1

_|_

v=1 1<k1<..<k,<v =1 p<hh<..<lz<e
v—1 v—1
Tkukut1 Tlglat
u=1 T — Tku+1ku+1 =1 T — ,rlﬁlﬁ
.
= LIW
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For ¢ > v,
(L'L),, = Y Lyald, =0
a=1

since L;,, = 0 for each o < ¢ and L], = 0 for each a > . Thus L*L” = 0 whenever ¢ > 7.
Finally for ¢ < 7,
L'L"=L"L"=0

since L*’s commute and by previous case. O

Corollary 6.6.5. The product of matrices

H lk(r) and H Iz(r)

1<k<n ke 1<k<n kv

18 zero for any v # . In particular, any row of

1<k<n,k#.
1s orthogonal to any column of
1<k<n,k#y
for v #£ .
Proof. This follows from Lemma by clearing the denominators of L* and L. O

Lemma 6.6.6. For cach 1 < <n,

I«

1<k<n,k#.

is zero strictly to the left of &' column or strictly below (! row.

Proof. This follows from Lemma [6.6.3] O

Lemma 6.6.7. For each vy andr € b,
(L'1)yy = (rL")yy = 1L

2
el

Proof. For a fixed ¢, it is clear that L‘r = rL* since r and L* commute. We will thus show for each =,
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(L*r)yy = ru Lt . So

g

n
L _ L
(L T)W - Z L’YMTWY
p=1
n
= ZL%#T#’Y since Ly, =0 for p <y
n=t

n
ZO-?"WzoznbLLw ifv>u
=

n L
L l L _ _ L : _
= E L,y = E Lrp=mr.-1=r,L, ifvy=1
= H=L

n n
i .
ZL%#T“’Y :ZL;#'OZT“L% if v <,
=t p=t

where 1 holds since 7,4 = 0 for all 4 > v and since v = ¢, and { holds since r,,, = 0 for all x > 7 and since u

ranges over ¢ < pu < n. O

Lemma 6.6.8. For each ¢ and for any r € b,
H lk(ryr=r H Ig (1)
k#L k#L

is zero strictly to the left of &' column or strictly below (' row.

Proof. We have

n

(Lbr)'yu = Lfy,u,rldzl/
p=1
n
= ZLﬁer since L7, =0 for u <t
pn=t
n
ZO'TW:O ify>
— H=t
n n
S Lt =Y L, 0=0 ify<iv<e
n=t n=t
since r,, = 0 for each > v. Clear the denominator to obtain the result. O

Lemma 6.6.9. For each v and for any s € b*,

l(r) s
1<k<n,k#.

is zero strictly below *" row.
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Unlike the case in Lemma [6.6.8, we make a note that H Ik (r) s is not zero strictly to the left of
1<k<n,k#.

1 column.

Proof. For ~v >,

1<k<n,k#. k=1 \1<k<n,k#¢ k=1

where 1 holds by Lemma O
The following Corollary will be used in the proof of Proposition [6.6.19}

Corollary 6.6.10. For each v >, (L's),, = 0.

Proof. This follows from Lemma O
We will see an application of the following Lemma in Section [6.9.2

Lemma 6.6.11. For any d € B, L*(d.r) = d.L*(r), where the B-action on the operator is by conjugation.

Proof. For any d € B,

_ -1
L'(d.r) = |tr ( H drd=' — riid H drd=' — rppl
1<k<n,k#. 1<k<n,k#.
- 1
= |tr|d I r—rwl|d? d Il r—rwl|d?
L 1<k<n,k#. 1<k<n,k#.

-1
=d |:t1“ H r— el H (r —rixd) d-!

1<k<n,k#. 1<k<n,k#.

6.6.2 On the fixed points by the Borel

We now prove some basic facts about the action of B. Proposition [6.6.12| shows that the diagonal entries of

an upper triangular matrix do not change under B-conjugation whilst Lemma [6.6.13| shows that diagonal

entries of a diagonal matrix are preserved under B-conjugation.
Proposition 6.6.12. For any r in b and for any b in B, we have diag(brb=!) = diag(r).
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/

', respectively, with b/, = b;,'. Then (br),, =

Proof. Denote the entries of b, r, and b~! as by, Ty, and b
n

Z b,kTky. Since b, and 7, equal O whenever ¢ > k,
k=1

5
Z bbkrky if 1 < vy
k=t

br),, =
(br) " b,,r.. if o =+

0 if o> 7.

Renaming (br),; as d,, we obtain (brb™!),, = Zdbkbgv. Since d,x and b/, equal 0 whenever ¢ > k,
k=1

,
> duaby,  ifu<y
k=

brb 1Y), =
Ca d,.b,, ifo=1r

0 if ¢t > 7.

Since (brv=1),, = d,. b, = b,,r,,b, =r,,, we are done. O
Lemma 6.6.13. Let s = diag(s). For any b in B, diag(bsb™!) = diag(s).
Proof. Restrict r in Proposition [6.6.12 to those in b N b* = . O

Remark 6.6.14. For a diagonal matriz v in b and for a general b in B, brb=! need not equal r (that is,
brb=! need not be diagonal). However, for a diagonal matriz s in b* and for any b in B, bsb™! = s (i.e.,

b diag(s) b=! = diag(s)) always holds in b* = b/n since the strictly upper triangular part is killed in b*.

Proposition 6.6.15. For each ¢,

r,, = tr(L'r).

Proof. We have tr(L‘r) = tr(r,, L*) = r,, where the first equality holds by Lemma and the second
equality holds by Lemma W (L:. is 0if v # ¢ and equals 1 if v = ¢). O

Proposition 6.6.16. For each 1 <y <v <n,
(P = 7o) ™ = (L — L)),
Proof. Applying Proposition [6.6.15, we have tr(LYr — L7r) = tr(L¥r) — tr(L7r) = 7y — Tyy. O
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We now apply the operators from Notation for the following

Proposition 6.6.17. For each r in b"%%, there exists b in the Borel with coordinates

0 ifo >
b — bLL 'lf L=
Ly —
r ! Toer T vt r
kiTk, kukay .
by [ —2—+ D ) L = ifv<nv
T = Tyy V=1 i<ki<.<hy <y (Pee = Thyky ) (Toe = Tyy) el T T Thupakuta

which diagonalizes r. This b can be written as
b= E, diag(b)L, (6.4)
=1

where L* is from Notation and E,, has 1 in (1,t)-entry and 0’s elsewhere.

One may deduce from the proof of Proposition|6.6.17|that one may replace diag(b) with b on the right-hand
side of (6.4) and still obtain a matrix that diagonalizes r.

Proof. For r = (r;;), we will show brb~! = diag(r), or equivalently, br = diag(r)b. So

- -1

tr H Ik (7) E,, diag(b) H le(r) | r

1<k<n,k#. 1<k<n,k#.

=

3

Il
(]

(\
Il
_

3

tr H i (r) buE,r H li(r)

=1 1<k<n,k#L 1<k<n,k#.
0
~1
n
= E tr H Ik (r) b,,T, H I1(r) | where 7, is the (' row of r
=1 1<k<n,k#¢ . 1<k<n,k#.
0

- 1-1

= Z tr H l(r) b.r.E., H l(r) | by Lemma
1<k<n,k#. 1<k<n,k#¢
- 4 -1

= Z tr H Ik (r) diag(r)E,, diag(b) H Ig(r)

=1 1<k<n,k+#. 1<k<n ke

@
l
—

= diag(r)b.
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Corollary 6.6.18. The inverse of b in Proposition has coordinates

0 ift>7

1 e
(b’l) B b’w ift=r

vy —
r ! Tk T vl
1 v k1 Tk, kukuy1 .
by | —2—+ D > T ifv <~
Tyy = Tuw V=1 i<ki <. <hy<y (T = Thoky ) (Ty — T1) w1 Ty T Thuky

with matriz representation

bt =) L' diag(h) ! E...
=1

Proof. We will prove that bb~' = I,. The ' row of b is e*diag(b)L* and the 7" column of b~! is

LY diag(b)*ley where e, is an elementary column vector and e is an elementary covector. By Lemma

1 ife=7y
er diag(b)L* L7 diag(b) ‘e, =

0 ife#n.

Proposition 6.6.19. For each ¢,
(bsb™1),, = tr(L's),

where b is from Proposition and L* is from Notation [6.6.9

Strategy 6.6.20. We outline a proof for Proposition|6.6.19 For a fized v and for each v < ¢, consider the

entry

(bs)iy = Z bupuSpry-
n=t

Then

L

(bSbil)u = Z(bs)uy(bil)w

y=1

since (bs),(b™"')y, = 0 for each v > 1. Now considering the product of matrices L's, (L's)yy = 0 for all

~ > by Corollary|6.6.10. We will thus show

(bs)w(bil)w = (LLS)W
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for each v, which implies
L

(bSb_l)u = Z (bs)w(b_l)w =5,

7=1
(L*s)y~y

We now prove Proposition [6.6.19] thus deriving Trace

Proof. Fix ¢ and let v < . We will adopt Notation [6.6.2| near the end of the proof. Since

n
v = E :bwsw
p=t

pn—t—1 — v—1 r
tk1 ko kuwkut1
= busiy + Z bu. P > > (Foe — 7001 ) (e — 7 )HT — Sy
p=it1 e v=1 i<k <. <ky<p L k1k1 L up) g e kut1kut1
we have
L
-1
(bsb™") Z(bs)w(b )y
v=1
t—1
= § [(/bILSI’y
y=1
p—t—1 v—1
T Tk Thyp Tkykut1
+Zﬁu _ +Z Z (o — ), — )H _ Sy
p=t+1 Tup v=1 1<k1<...<k,<p T Thiky )\Tw Tup u=1 T Thut1kuta
—y—1 v—1
ey % oy [T, e
I
Ty —T Ty —Ti=1-)\Ty, — T Ty —Tl-1~
I yetnerctpee T T Tt (T = Tyy) 25 T = T

p—e—1 v—1

TL/I, Tik1Tkyp Tkykut1 -1
+ /bLLSLL+§ /bu + E E - H Sue /bu

Ty —T Ty — 7T Ty — 7T
p=u+1 v=1 1<ki<...<ky <#( w k1k1)( w ;Lu) a1 et kut1kut1

for Y=t
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=1 v—1
Toyly Tl Sey Tlzla

(rLL - rlgl;)(rbb - 71')”/) a—1 Tu

a+1
—Tigly

Ly Y

T, —T
R =1 y<li<..<lg<e

=1

n t—vy—1
T"{ll’rlf,L

rlulu+1

_|_

TopSpy Tye
Too = Tpp \ Te = Tyy - = (T = T35 ) (T = Ty =
p=t+1 =1 y<hi<..<ly<e v u=

n  p—u—1 v—1

DDV

p=t+1 v=1 1<k1<...<k,<p

Tk Ty uSpy Tkukutt

(TLL - rklkl)(ru -

TWJ«) a1 Tw T Thupikuta

t—y—1 -1

e NS

T
1=1y<i <...<l5<

Tyt Pl "l

(T = 7150, ) (T = Tyy) 22

at1
— Tlgly

r
1 122

u—r—1 v—1

TLkl Tkv |

r
1 122

— Tizly

Thukus

sut Y

p=t+1

et 2 2 T

—Tr T
v=1 i<k <<k < O M k) (T

- TML

— Tup) et Tw

S
m
- rku+1ku,+l

for Y=t

t—y—1 v—1

+

Tyl TlseSey Tl

(TLL - Tlgl;,)('ru - T’Y’y) =1 Tu

a1
— Tlaly

TSy

2 |\x

>

—r
¢ Y T=1 y<h<..<lz<e

n t—y—1
Tyl M5 M opSpy

Tlglg

Ty TopSpy
= Ty ) (s —

2 2. X

p=1+1 =1 ~y<h<..<lz<e

+ +
p=t1 (7w Tup)

u—t—1 v—1
Ty Tiky Pk pSpy Tkukut1

(TLL - Tlgl;,)(ru - )(TLL
Yy

— 1y

Y Y Y

p=1+1 v=1 1<ki1<..<ky,<p

ut1Kut1

- T,ll,,u,) u=1 Tu

(TLL - r’y'y)(ru - Tklkl)(TLL

t—y—1 v—1
Tyl Tl ok Thy uSpry Tku.ku,+1

— Tlaly

) L7

n p—t—1

DI BED'D

p=t+1 v=1 1<ki<..<k,<p

v—1
Tlalayr

T

(TLL - Tlglg)(ru - r'yv)(ru - Tklkl)(rn - TMM) u=1

=1 y<h<..<lz<e
p—t—1 v—1

Tk1Tkyp

¢ T Thuyikusr 55

Ty — rlala

rku ku+1

e MD S

v=1 1<k1<...<ky<p

n
Sut Y

p=t+1

T (TLL - rklkl)(rLL - r##) u—1

~ Tup

Ty —

S
e
LY

for Y=t

L
L—y L

t—y—1 v—1

pesa ) DR D

=1 y<hi<...<ly<e

t—1
Tlalgia

- ?ﬂl{;lﬂ

Tyl Tl
(o = Tig15) (T — T’Y’Y) e

Ty

Ty —T r
=1 Yy 1 L

t—y—1
Ty Top

Toyli T T ep

RN

=1 y<hi<..<lg<e

>

p=uv+1

Tlgl;,)(ru, -

v—1

(Toe = T ) (T = Tpp) (ru —

pn—t
r'ybrbk:l Tkvu

Ty ) (T —

II —

7'“” =1 Tigls

Tkukut1

> ¥

1<k1<..<k,<p (TLL - TFY’Y)(TLL - Tklkl)(r“

— Tup) et Tw

T Tkug1kutr

Tyl Tl Tk Thyp

> Y %

<k1<..<ky<p =1 y<h<..<lg<e

+
v=1
+
; (T'LL - rlglg)(ru
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v—1

-1
Tkykut1 H Tlglgia .
. s L, s, + E L s
H T — Tk r Hy L LS pL
u=1

wtrkupr 25 T ™ Tigly

p=uv+1
L, which includes all terms for «+1<u<n for y=.
t—1 n
y=1 \p=t
(LLS)’Y’Y (L¢s)u.

O

Remark 6.6.21. Suppose we multiply bsb=1 from right to left than from left to right as in Strategy|6.6.20

That is, for v >,
L
- o= Z Sw(b_l)m
p=1

with

(bsb™* wa (sb™1).,

then we have

biry (sb71)50 = (sL')

Yy

and similar as before, for v <,

biy(sb™ 1)y =0 = (sL"),,

Remark 6.6.22. Proposition may also be thought of as obtaining I1-dimensional eigenspaces for

k k
(o ()

each eigenvalue of r. First writing v as (r,y), find a nonzero vector v, = yeeyUn ) in the null space

N(r —riil) of r — riil starting with k = 1 and iterate the process for each k > 1, i.e., for each fized k,

11 — Tkk

T22 — Tkk Ty
(7‘ — rkk-[)vk = VE = 0.

Tnn — Tkk 1

We obtain v,(cli)l,...,vflk) = 0 from the above constraints. Apply backward substitution to the rest of the

relations

(r,, — rkk)vfk) + TL,LHUL(_]T_)l + ...+ rLkv,(ck) =0
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for 1 < < k and obtain vy to be

Tk—1,k
(*,...,*,—,1,0,..‘,0> ,
Tk—1,k—1 — Tkk

where x’s are uniquely determined by the relations. By putting the eigenvectors vy, ..., v, n a matrix form
E = [v1...v,] with respect to the standard basis for C", we see that E is in the Borel and rE = E diag(r),
or equivalently, E-'rE = diag(r). Thus the matriz b in the proof for Proposition is precisely E~1

after choosing each b;* to equal UL(L).

6.7 DB-orbits on the rss-locus

We now analyze the affine quotient of x~1(0)"*¢ by B.

Proposition 6.7.1. For (r,s,0,0) in u=1(0)"%, s is diagonal.
We prove Proposition [6.7.1] using strong induction.

Proof. Let r = (r,) and s = (s,,). Let n =2. Then

] 11 T12 s;1 0 s;1 0 11 T12
r, s = —
0 722 821 S22 821 S22 0 722
711511 + T12521 * 711511 *
T92521 7925922 T11521 T22822 + 521712
T12521 *
(rog —711)S21  —S21712

Since r € "%, s91 = 0 and since s = diag(s), we are done.

Now assuming that the proposition holds when the rank of r is n — 1, consider r’ and s’ where

T T , s 0
r = and s’ =

0 7pn Sny  Snn

which are n X n matrices whose upper left block are matrices r and s, respectively, with (/,s’,0,0) in
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p=1(0)"%. Then [r',s'] = 0 in b*, and r,, distinct from ry; for all [ < n. So

0 ife<y
.
(I, 8]y = .
(Toy — Toymy) Sy + E Tk Sky — E SukThy 1f 0>,
k>0 k<y
We rewrite [, s'] as the sum
[r,s] 0O
0 0
T1nSn1
T2nSn1 T2n5n2
T3nSn1 T3nSn2 T3nSn3
4
TinSnl T'ynSn2 T'inSn3
2
(Tnn - 7’11)5711 (Tnn - T22)5n2 — Sn1T12 (Tnn - 7’33)5713 - ZL:l SnuT'3 - Zk<n SnkTkn

Since [r, s] = 0, the large matrix on the right hand side of the sum equals zero. Now consider the entry in the
lower left corner of the large matrix. Since the eigenvalues of ' are pairwise distinct, s,; = 0. Moving over
one column to the right, and remaining in the last row, we see that s,2 = 0 as well. Continue recursively
until we get to the last column in the large matrix: each term in the sum in the bottom right entry equals
zero since each s, = 0 for all k& < n. By the strong induction hypothesis, s = diag(s) and by the above

argument, s’ = diag(s’) and this completes the proof. O
Corollary 6.7.2. If (r,s,i,5) is in u~1(0)"° with i or j equaling zero, then s is diagonal.
Proof. This is immediate from Proposition [6.7.1 O

Lemma 6.7.3. Let (r,5,0,0) be in p=*(0)"**. Then there exists b € B such that (brb=! bsb=1,0,0) =
(diag(r), diag(s),0,0).

We note the subtlety in Lemma that the B-action on the points in B.(r,s,0,0) does not change the

diagonal coordinates of r and s.

Proof. By Proposition s is diagonal. By Proposition [6.6.17] there exists a matrix b in the Borel so that
brb~! is diagonal. By the second statement in Remark [6.6.14] we see that bsb~! in b* is always diagonal. By
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Proposition [6.6.12| and Lemma [6.6.13] we see that the diagonal coordinates of r and s are not affected by the

B-action. O

Proposition 6.7.4. Each B-orbit containing the quadruple (r,s,0,0), where r is reqular semisimple and the

commutator of r and s is zero, is closed.

Proof. By Proposition s must be diagonal. Choose an appropriate 1-parameter subgroup A(t) so that

lim A(¢).(r, diag(s), 0,0) = (diag(r), diag(s),0,0).

t—0

Since (diag(r),diag(s),0,0) is in the B-orbit by Lemma we are done. O
Corollary 6.7.5. The affine quotient {(r,s,0,0) : r regular, [r,s] = 0}//B consists of closed orbits.
Proof. This follows from Proposition [6.7.4] O

Corollary 6.7.6. If the points (diag(r),diag(s),0,0) and (diag(r’),diag(s’),0,0) are distinct, then the

B-orbits B.(diag(r), diag(s),0,0) and B.(diag(r’),diag(s’),0,0) are disjoint.

Proof. Suppose the B-orbits are not disjoint. We will show that the quadruples (diag(r),diag(s),0,0)
are (diag(r'),diag(s’),0,0) are the same point in T*(b x C™). By assumption, the intersection of the
B-orbits is nomempty, so choose b € B so that b.(diag(r),diag(s),0,0) = (diag(r’), diag(s"),0,0). This
implies (bdiag(r)b~!,bdiag(s)b~1,0,0) = (diag(r’), diag(s’), 0, 0). Setting the first coordinates equal,
bdiag(r)b~! = diag(r’). So bdiag(r)b~! is diagonal. By Lemma diag(r) is fixed under the B-action:
bdiag(r)b—! = diag(r) = diag(r’'). Next, we see that bdiag(s)b~! = diag(s) = diag(s’), where the first
equality holds by the second sentence in Remark O

Remark 6.7.7. Proposition together with Proposition show that all closed B-orbits in pu=1(0)"**

contain points of the form, and thus must be of the form, (r,s,0,0).
Proposition 6.7.8. Each orbit closure in 1=(0)"** ) B contains a point of the form (diag(r), diag(s’),0,0).

Proof. For (r,s,i,j) be in u~1(0)"**, we will show that there exists a quadruple of the form (diag(r), diag(s’),
0, 0) in its B-orbit closure, where s’ is some other element in b*.

Firstly, consider points of the form (r,s,0,0). By Lemma we are done. Thus consider points of
the form (r,s,4,7) in ©=(0)"** with i or j not necessarily 0. By Proposition there is b € B so that

(brb=1, bsb™t, bi, jb~ 1) = (diag(r),s’, 7', j'). Let us write r = (), s’ = (s],), ¢ = («}), and j' = (y,). Since
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w is B-equivariant, [r, s] 4+ ij = 0 implies [diag(r), s'] +4'j’ = 0 in b*. Since

0 ifoe <y
([diag(r), s'] +14'5")y = xly! if L =1

(roe = Tyn)s0, + iyl i >,

x! =0 or y/ =0 for each ¢. At this point, we give a recipe for choosing the a,’s in the 1-parameter subgroup

A(t) = diag(t®,...,t*) where a, € Z. Choose

1 ifz,#0
a, = —1 1fy:7é0

0 ifal =y =0.
Now consider A(t).(diag(r), s’,4’, '), which equals

S11 ,
ai
t"

diag(?"), . ) ) tial yll e tia" y;L
a,—a / c.
t ’YSL"‘/ ta"],‘fn

Snn

If z; # 0, then we have tz;. If y/, # 0, then we also have ty’. If s, # 0, then since s, = —27y’ /(1 — 7)),

we have tgsiw. We conclude
lim A(t).(diag(r), s", @', ') = (diag(r), diag(s'), 0, 0).
—

O

Remark 6.7.9. We would like to mention that the proof for Proposition includes showing that the

closure of each B-orbit on u=t(0)"*% B contains at most one point of the form (diag(r), diag(s’),0,0).

Remark 6.7.10. It is clear that if B.P; N B.Py = & where Py, Py € T*(b x C"), then B.P,N B.P, = @.

6.8 Proof of Proposition [6.1.§

We now prove Proposition [6.1.8]
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Proof. Tt is clear that P is regular and by Proposition [6.6.12] and [6.6.19] P is B-invariant. By Remark

closed orbits are precisely those that contain a point of the form (r,s,0,0) as orbits that contain a point of

the form (r, s, ,7), where 7 or j is nonzero, are not closed. Since each closed orbit contains a unique point of
the form (diag(r),diag(s),0,0) by Lemma and by Corollary it is clear that two such points go to
different points in C2" \ A,, via the map P. In particular, we see that two B-orbits B.(diag(r), diag(s),0,0)
and B.(diag(r’),diag(s’),0,0) cannot be in the same B-orbit closure for if it were nonempty, then two such
closed orbits would not be separated by P. Thus each B-orbit closure contains a unique closed orbit, and
exactly 1 point of the form (diag(r), diag(s),0,0). Thus P is injective on orbit closures.

We will now show that P is surjective. Consider (211, ..., %nn, Y11, - - -, Ynn) in C2*\ A,,. A point (r,s,1, 7)

in £=1(0)"*% is constrained by [r, s] +ij = 0. Since

0 ifo <y
.. Z T kSke — Z SikThe + Z.Y, if o =1

([r s] +25)1y = v<k<n 1<k<:
Z TikSky — Z SukThy +2Yy 10>,

1<k<n 1<k<~y

none of the coordinate functions of [r, s] + i involve s,,’s. So s,, is a free parameter. Take s,, to equal

n p—e—1 v—1
_ rL;LSp,L Tk ThypuSue Tkukytr
Su = Yu = r + (r Thyky ) (T Tun) T T
p=it1 o v=1 1<ki<...<ko<p L kiky L pp) 21 e kut1kusr
—1 t—vy—1
TSy Tyl Tlz0Suy TlﬁlﬁJrl
* Tu — Tyy * (TLL - rl~l~)(ru - T’yw —Tigly
~=1 =1 7<l1< <l <L vl a=1 uta
n t—y—1

Ty TopS Toyly Tl TS T Tlalas
+ D St > Z > T a——i H
13 =1 -

Pt (TLL - T'y'y)("”u - Tuu pmtl Gl y<li<..<lz<i (TLL - Tlglg)(ru - 7"77)(""LL Tu Tizls

n p—t—1

yyY 5
(TLL - T’Y’y)(TLL - Tklkl)(ru - Tuu)

p=+l v=1 1<ki<...<ky,<p

-1

<

Tkykut1

[fam

a1 Tt T Thugakuta

n p—t—1 t—y—1

XY Y Y % '
(ro — rlala)(ru - 7“77)(7““ = Thyky ) (T — Tuu)

p=r+l v=1 1<k <. <k, <p =1 y<h1<..<lz<e

v—1 v—1
) H Tkykyt1 H Tlalata
3
Ty — Ty — Tigly

u=1 Tkut1kust a—1

and take r,, to equal z,,. Then a quadruple (r,s,4,J) satisfying such conditions, whose B-orbit closure

contains the unique point (diag(z,,), diag(y.,),0,0), will map to (Z11,.- ., Tnn, Y115« - > Ynn)- O
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6.9 The coordinate ring of the rss-locus

We will prove that the coordinate ring of the affine quotient =1(0)"** /B is isomorphic to the coordinate

ring of pairwise diagonal matrices in p=1(0)"**.

6.9.1 Changing coordinates

Definition 6.9.1. Let (a,,) be a matriz. Level k subdiagonal entries consist of those coordinates a, below

the main diagonal that satisfy o — v = k.

Example 6.9.2. For an n x n matriz, level 0 subdiagonal entries are precisely those along the main diagonal.
Level 1 subdiagonal entries are those immediately below the main diagonal. Level n — 1 subdiagonal entry is

the (n,1)-entry, in the lower left corner.

In the next Proposition, we prove that for ¢ >+, (u(r, s, 4, 7)),y may be solved for the coordinate function
5.y, which depends on those s;; satisfying ¢ — j > ¢ — . That is, each s,, is a regular function of s;;’s in

level k subdiagonal, where k > ¢ — 7.

Proposition 6.9.3. For each . > 7, the coordinate function ([r,s] + ij).,, may be solved for s,., which is in

Im (C[{ry;} i<y {rim Yics {865 im im0 oyl (1 = 747) 71— Clu™1(0)]) .

Proof. For « > =, the sequence of equalities

0=([r,s]+ij)y = ansﬂ - Z S1iTiy + Yy = (T — Tyy) Sy + Zrusﬂ - st'riv + 2,y

t<j 1<y t<j 1<y
implies

1
SL’Y = g rLij'y - E SLiri’y + mby’y
r'yw —Tu . .
<J 1<y

O

Systematic Procedure (off-diag coords of C[u=1(0)"**]) 6.9.4. We apply Proposition starting
from level n — 1 subdiagonal of [r,s] +ij, add (rnn, —r11)~" to, and thus will be able to remove the parameter
sn1 from, the coordinate ring Clu=1(0)"*%]. We then move to level n — 2 subdiagonal and repeat the procedure
by adding (rp—1,n-1 — ru)_l to the ring and then removing sp,—1.1, and then adding (rp, — 7’22)_1 to the

coordinate ring and then removing spe. Continue by moving up to the next subdiagonal.
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Corollary 6.9.5. It follows from Proposition[6.9.3 that s, is in
Im( Cl{rij}j>ize or icj<ydontize {whia {0 = 155) ™ izjzims]
— Clu™1(0)™]).

Corollary shows each s,, (where ¢ > 7) may be solved so that it does not depend on any of the

entries of s € b*.

Proof. Exhaust Systematic Procedure recursively decreasing to the next sublevel (and thus moving

closer to the main diagonal). O
Corollary 6.9.6. After replacing each parameter s, in the coordinate function ([r,s] +ij),, by recursively
applying Systematic Procedure we obtain that ([r,s] + 7)., is in the image

I (Clrij, {xx iz {yhi<[(ri —755) ™ = Clu™(0)"*)).
Proof. This follows from Corollary since for each ¢ > v, s,, may be solved so that it is independent of
the coordinates of s, and also since s,, are not constrained under the moment map. O

Corollary 6.9.7. Writing F, := (u(r, 8,1, 7)).., the image under the map given in Corollary[6.9.6 is

- TpZply g Ty Thy n T pY vt r
Teptpde k1T koY kukuy1
F, =xy + § + E : E : g H —
p=uv+1 T = Tup v=1 1<k1<...<k,<p (TLL N rklkl)(r“ - TMM) u=1 T = Thugikuta
1—1 t—y—1 -1
i 7'%517/2/7 + Z Tyl Tl Yy Tlalata
T T —Ti=1-)\Ty, — T Ty —Ti-1~
=1 L =1 y<li<..<ly<i ( L l,ulv)( L 'y'y) g1 lgla
n t—y—1 -1

TLL

Ty ) (Tes = Tpupe) (Tee = T1515) (T = 7)) (e = Tupa) aeq Tw ~ Tala

p=t+1 p=t+1 =1 y<hi<..<lz<e
n p—t—1 v—1
+ 2 : } : 2 : Ty Tky Tk nT Yy H Tkukut1
p=1+1 v=1 1<ki1<...<k,<p (r“ N r'y'y)(ru - rklkl)(r“’ - T“'U’) u=1 T — Tk“+1k“+1

p—e—1 t—y—1

n 2
+ > > X X e b

pmtl =1 i<ki<. <ko<p Tol y<h<..<ly< (T = T155) (Tus = T ) (T = Theybey ) (Tew = Tpups)

v—1 v—1

H Thykut1 H Tlglgst
u—1 T — rku,+1ku+1 a1 T — Tigly

which is compactly written as jL'i with L' as defined in Notation[6.6.2
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6.9.2 B-invariant functions

We will show that B-invariant functions on p=1(0)"** include F, (involving r, i, and j) as in Proposition
G, (involving r and s) as in Proposition H, (involving ) as in Proposition [6.9.10} and K, (involving
the inverse of the difference of the diagonal coordinates of r) as in Proposition [6.9.12] They are summarized

in the box

F,(r,s,i,5) = tr(jL")
G, (r,s,1,5) = tr (L"s)
H,(r,s,i,7) = tr(L'r)

Ko (r,s,4,5) = [tr((L” = L7)r)] ™!

where 1 <:<nand 1<y <v<n.

Proposition 6.9.8. Denoting F,(r,s,i,j) := ([r,s] +ij). from Corollary[6.9.7,

-1

Fi(rsig)= |t | J[ &) i JI w)]i
1<k<n,kt 1<k<n,k#t
18 B-invariant.
Proof. For any d € B,
F,(d.(r,s,i,5)) = tr(jd~*L*(d.r)di)
= tr(jd~' dL*(r)d~" di) by Lemma

— tx(jL'(r)i) = F,(r, 5,0, ).

Proposition 6.9.9. Denoting G,(r,s,i,j) := s], from Trace[6.1.6,

G,(r,s,4,7) = |tr H I (r) tr H lk(r) s

1<k<n,k#. 1<k<n,k#¢.

is B-invariant.
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Proof. For any d € B,

G, (d.(r,s,i,5)) = tr(L*(d.r)dsd™")
= tr(dL"(r)d"' dsd™') by Lemmal[6.6.1]|
= tr(dL'(r)sd™ 1)

= tr(L'(r)s) = G,(r, 5,1, 7).

Proposition 6.9.10. Denoting H,(r,s,1,j) :=r,, from Proposition

-1

H,(r,s,i,5) = |tr H Ig (1) tr H lg(r) r

1<k<n,k#. 1<k<n,k#.

is B-invariant.

Proof. This proof is analogous to the proof of Proposition [6.9.9} to prove this Proposition, we would need to

replace s with 7. O

Corollary 6.9.11. H,(r,s,i,j) in Proposition|6.9.10] may be written as € r e,, where e, is the standard

basis vector for C" and €* is an elementary covector.
L

Proof. This is clear, and the product e r e, of matrices is B-invariant since for any d € B, (drd~!),, =

-1 _
dLLTLLdLL =Tu- O

Proposition 6.9.12. Denoting K., (r, s,4,7) := (Tyy —7T~y) " from Proposition where 1 < v <v <n,
Ko (ry8,1,5) = [tr((LY = L7)r)) 7!

is B-invariant.

Proof. For any 1 <~y <v <mn,

K., (r si,7j L= tr(LYr — L) = tr(LYr) — tr(L7r
¥ J
—— —
B—inv B—inv

implies (K.,,)~! is B-invariant. Since it is never vanishing, K., is B-invariant. O

Corollary 6.9.13. K,,(r,s,1,j) in Proposition may be written as (e}(r — ry,I)e,) ™, where e, is

the standard basis vector for C* and e}, is its dual.

114



Proof. This is clear, and the product of matrices (e} (r — 7,,1)e, )" is B-invariant since for any d € B and
for any v < v, (d(r — ryyD)d™ 1), = (drd™ — ryy 1)y, = (drd=')yy — (r441) . = Ty — 7y, Which is never

zero; so its inverse is well-defined. O]

6.9.3 The initial ideal and regular sequence
Notation 6.9.14. We will define 2\ := TR fori £ .
Tii = Tjj
. . . . . . (k1)
Remark (Weight Function) 6.9.15. Using Notation |6.9.14, the coordinate ring Clxk, yi, 2;; '] has the

following integral weight on each variable: wt (z) = 1, wt (y;) = 1, wt (zl(]kl)) =0.

Weighted Monomial Order 6.9.16. We fiz a term order > on Clzy, yi, szl)] via the following refinement:

write
a o b by (kL) eED al al, bl by (kL)Y /
m:xll...xz Y, yll(zu )m >lex,rev wll...zn”yn”...yll(zij )t; =1m
if
(k1) / - ;o (kD)
(@15 ey ny b, b1, 05 ) —(al, .. oyan, b, 1:Cij )>0

in the sense that the left-most nonzero coordinate of the difference of the exponent vector is positive.

ki)

We impose any ordering on the zi(j as long as they succeed the ordering on the x,’s and the y,’s; thus,

we will view them as constants, which coincide with their weights as imposed in Remark [6.9.15,.
We will write > rather than >jex rev throughout this section.

Remark 6.9.17. Total ordering by total degree in Monomial Ordering does not need to be mentioned
(k1)

ij

as a rational

h

2

since each F, is a homogeneous quadratic function. Furthermore, if we want to view z
function (rather than as a constant) and impose an ordering, one may define such ordering by > i—; )
J192 > fa01.

Remark 6.9.18. We have imposed lexicographical order on the x;’s, and reversed the indices on the y;’s and
applied lex on the y;’s (caution: this is not the same as reverse lex order since that has infinite descending
sequences; thus it is not a monomial order), with the ordering on the x;’s preceding the y;’s. Monomial
Ordering of Clag, yi, zi(;-d)] is multiplicative (i.e., if m > m/, then mm > m’'m) and artinian (m > 1

for all nonunit monomials m).
Lemma 6.9.19. With respect to Monomial Ordering the initial term In(F,) of each F, equals x,y,.

Proof. Since each monomial corresponds to a unique exponent vector, write the exponents of each monomial

of F, as a pair of multi-indices a = (a1,...,a,) and b = (by,...,b,), i.e., a and b may be thought of as
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column vectors living in 72, (for the time being, we omit keeping track of zz(jkl)) It is clear by Corollary
that both a and b are in {ej,...,e,}, where e; is the standard basis vector for Z", since exactly one of the
exponents for z,’s and one of the exponents for y,’s are nonzero for each monomial of F;. Since the degree
of each monomial of F; is 2, higher powers of z, or y, cannot occur.

Now for a fixed F,, we inspect the monomials in Corollary to conclude the inclusion of sets
{a: a is the multi-index of some monomial of F,} D {e,,...,e,}.

The vector a corresponding to the first term x,y, is e, while all the other summations show that a is in
{e.41,.-.,€en}. When a = ¢,, the possibilities for its corresponding b-vector take on all values ey, ..., e,
which one may check by looking at the monomials in Corollary [6.9.7] In order to determine the leading term,
if a = e,, we want a to be as small as possible since we have imposed lex on the z,’s, and if b = eg, we want

[ to be as big as possible since we have imposed a reverse ordering on the y,’s. Since x,y, occurs once in F,
(k1)

with coefficient 1 with ¢; =0, the initial term of F, is z,y,. O

Lemma 6.9.20. The initial terms of {F,}1<,<n form a regular sequence.
Proof. This follows from Lemma [6.9.19 O
Lemma 6.9.21. The set {F,}1<,<n of functions is C[T*(b x C™)"**]-regular.

Proof. The F,’s form a regular sequence since their initial terms form a regular sequence by Proposition

15.15 in [Eis95). O

6.10 Proof of Proposition [6.1.9

The following proves Proposition [6.1.9

Proof. We have
Clu™(0)"*] = C[T™ (b x C™)"**]/{ (uu(r, 5,5, 7)) )

~ (C[Taﬂa T, yl]KrW - rvv)_l] s s
- (8] + i) ) @ Clen sl
(C[T,lg, o, Yl [(rvy — 7’77)71]

= (F,(r,s,i,7)) @ C[s11, - - - Snnl,

where the second isomorphism holds by Corollary [6.9.6] and the third equality holds by Corollary [6.9.7} The
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locus p~1(0)"* is a complete intersection by Lemma [6.9.21] By Propositions [6.9.8} [6.9.9] [6.9.10] and [6.9.12]

(C [FL<T7S7i7j)7GL<r7s7i)j)7HL(r78)i7j)] [K’YV(Tvsaimjﬂ
<E(T757i7j)>

(1155 Tom, Slllv ) S{rm] [(TW - 7’77)71]

Clu(0)]? =

1%

C
C

1%

[C\ An].

6.11 Extension to a general flag

The results in this paper may be generalized in the following way. Let F : V ={0} CV,, € ... CV,, =C" be
a flag with dim(V;,) = d,, for each 1 <1 < k. Let n,, =d,, — d,,_, with d,, := 0. Let P be the corresponding
parabolic group fixing F', and let p = Lie(P).

Analogous to the construction for the complete flag, consider T*(p x C*) £5 p* where (r,s,i, ) —
ad’(s) +ij. Then the Hamiltonian reduction pup'(0)/P is isomorphic to T*(G x p p x C*/G) where G is
the general linear group over C. Using Notations and we believe that u;l(O)rss J/ P is scheme-
theoretically isomorphic to the dense open subset C2* \ A,,. Laying out the key ideas for such a proof, we
first view the parabolic subgroup P whose block diagonal matrices are in GL(n,,,C), where 1 <1 < k. There
exists an element in GL(n,,,C) putting the corresponding entries End(V;,) in p into an upper triangular
form, i.e., gn, rn,, g;i is upper triangular (this amounts to imposing a finer refinement of the fixed flag by

ordering and choosing a basis). Putting

g"’hl * * * *
* * *
p = gnLl k b3 E P,
*
L gnLk .

prp~! is now in b7**, and we are now working with (prp=1,psp~!,pi,jip~t) € T*(b x C"). Modify b € B

in Proposition |6.6.17 appropriately (replace all coordinates in r to those in prp~!) to obtain that as b

1 we simultaneously obtain P-invariant functions coming from psp~!. We believe that an

diagonalizes prp~
analogous form of traces will appear as P-invariants, and by mimicking the above proof, we may conclude

that up'(0)7° P = C?"\ A,,.
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Chapter 7

Future direction and statements of
conjectures

7.1 Reflection functors for filtered quiver varieties

Relating the category of filtered quiver representations and the category of associated graded quiver repre-
sentations remains an open problem. Furthermore, let X be a general representation in F'*Rep(Q, )
and let S,j' and S; be reflection functors at vertex ¢ € Qo. Analogous to the classical setting, it
would be interesting to find appropriate conditions such that S;r grX = gr Si"' X and S; grX = grS; X
for any i € Q. Furthermore, it is interesting to construct a new filtration o;F*® of F*® such that
D: F*Rep(Q, B) — (0;F*)Rep(Q°P, ') is an isomorphism of varieties, where 5’ need not equal 8, and if
i is a sink, construct a map S;" : F*Rep(Q,8) — (0:F*)Rep(c:Q,0:3) such that Do St =80 D (cf.

Theorem |4.0.47]).

7.2 Semi-invariants for generalized filtered quiver varieties

7.2.1 m-Jordan quiver

Consider the m-Jordan quiver () where m > 2:

ar( e Jom.

The first question we would like to ask is describe C[F*Rep(Q, 3)]V#. In the case when 8 = n and F* is
the complete standard filtration of vector spaces over vertex 1, we believe that C[6®™]Us is generated by
polynomials of degrees d, for each 1 < d < n. We refer the reader to Section for the example when @ is
the 2-Jordan quiver a1 C . D az and f = 2. In that example, we produce 5 algebraically independent
polynomials invariant under the U-action, where U C B C G Ly(C): four polynomials of degree 1 and one

polynomial of degree 2. If C[b¥™]Ys is generated by polynomials of degree d, where 1 < d < n, then the
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upper bound on the degrees of invariant polynomial generators is n. After writing down the relations among
the generators, it is natural to identify the quotient space b®™ JU with well-known algebraic spaces. We
believe that for all m > 1,

dim@ b@m//U = dim@ b®m - dimc U.

Finally, for any two characters x and y’ of the standard Borel B C GL,(C), it would be interesting to

construct birational maps

i

Proj(@@o C[beam]B’Xi) - - = 9Proj(@izo (C[b@m]B’Xl )
and study the birational geometry of GIT quotients.

7.2.2 k-Kronecker quiver
Consider the k-Kronecker quiver where k > 3:

al

"
\;/

ag

1 2
[ ] e .

We refer the reader to Section for the example of the 3-Kronecker quiver when 8 = (3,3) and F* is the
complete standard filtration of vector spaces at each vertex. For the k-Kronecker quiver, a problem we would
like to suggest is give a complete description of C[F*® Rep(Q, 3)]#. In the case when B = (n,n) and F*® is the

complete standard filtration of vector spaces, then we believe that C[b®*]U*V

d(d+1)
2

is generated by polynomials
of degrees , for each 1 < d < n; if this is true, then the upper bound on the degrees of invariant
polynomial generators is n(n + 1)/2. Next, after finding all generators, write down the relations among the
generators and identify the quotient space b®* JU x U with well-known algebraic spaces. For k > 1, we

believe that

dime b%* JU x U = dime b®* — dime U x U,

and finally, for any two characters x and x’ of B?, it would be interesting to study birational maps
Proj(@izo C[b@k]BXB’Xi) - Proj(@izo C[[’@k]BXB’X/i)

to understand the birational geometry of GIT quotients.
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7.2.3 Generalized dimension vector, generalized flags, and quivers with more

than 2 pathways

We refer the reader to Definition [2.1.21] for the definition of a pathway at a vertex. It remains an open
problem to vary the dimension vector 5 € Zgg and the filtration of vector spaces F'® to study the natural

Pg-action on F*Rep(Q, 3), where some vertices of ) may have more than 2 pathways.

Example 7.2.1. Consider an As-Dynkin quiver: o 13" 3 and consider g = (3,3,3). Let
v =(1,2,1), where C" is the space spanned by the first ; standard basis vectors. Then a general representation

W in F*Rep(Q, B) is of the form

aip a2 as €11 C12 (13
W(al) = laoy ass asg and W(ag) = 0 0 Co3
0 ase Q33 0 0 C33

Under Pg = Py x Py x Ps-action, where a general point in Pg has coordinates

P11 P12 P13 q11 412 {413 i1 Ti2 Ti13
P =| 0 poo pos| €P1 8= |qo1 @2 qoz | €F2 and psy =1 0 1o o3| € Pss
0 p32 ps33 0 0 ¢33 0 732 733

we believe that EB(C[F’R@])(Q, B)]FeX = Cldet(W (ay))].
X

7.3 Moment maps and GIT for filtered quiver varieties

7.3.1 B-moment map

Returning to the moment map T*(b x C") £5 b*, where pgp : (r,s,4,7) — [r, s] +ij, it would be interesting
to identify the affine quotient 15" (0)/B of the entire locus with other varieties. In this section, we will show

the calculations to p"(0)/ B for n = 2 since p5'(0) is a complete intersection when n = 2. So consider

o 12821 + X141 *
pi(r,s,i,j) = €b* =gly/ut.
(rog —r11)S21 + Tay1  —Ti2521 + Tayo

By Theorem classical techniques are applicable for this B-action on b x C™ setting (since the framed

1-Jordan quiver has at most 2 pathways at each vertex). So using Domokos-Zubkov’s technique (Section [2.2.2))
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and omiting those polynomials that vanish mod the ideal (r19891 +x1y1, —712821 + T2y2, (ro2 — r11)821 +T241),

the following are B-invariant generators on T (b x C?):

T11, T2, S11+ S22 = tr(s), xiy1 + xoys = tr(ij),
f = (7"11 - 7"22)511 +7r12821, 9= (7’11 - 7‘22)522 — T12521,

h =111811 + 122822 + 112821, k = 711822 + 122511 — r12521-

Since

1 _ C[T*(b x C?)] . C[T*(b x C?)]
Cls (O] = I(ug'(0)  (ri2sa1 +@1y1, —r12821 + Tayo, (ro2 — r11)s21 + T2y1)
C[T*(b x C2)]

(r12821 + T1Y1, T1Y1 + Taye, (ree — T11)S21 + T2y1) ’

(C[Mgl (0)}3 = (C[m7@7 s11 + 522, T1Y1 + 332192,?7?, h7E] where ? = f mod I(/J’El(o))

= C[Fi1,723, 511 + 822, [, G, b, k] since 191 + 2292 € I(puj'(0))
= C[r11,722, 511 + 822, [, G, h] since f—g—h+k=0

= C[r11, 722, 511 + 822, f, 9]  since §—711(S11 +522) + h =0

C[RDRQ’T’ 51752] C[RI;R27TNS’1>SQ]

<R1S1 + RSy + RiRT — R%T> <R1(S1 + S5 + (RQ — Rl)T)>

In Remark we write down the details to ug'(0)/G for the classical setting (cf., [GG06], [Nak99))
when n = 2 since it is interesting to relate it to the affine quotient u5"(0)/B.

Remark 7.3.1 (G-moment map). Consider the G := GL,,(C)-adjoint action on gl,, x C", i.e., g.(r,i) =

(grg=1,gi), which induces the moment map:
MG:T*(g[nX(Cn)—}g*a /.Lgl(T,S,Z',j)H[T,S]‘FZ.j.

Using coordinates C[C? x C?] = C[ri1, 722, 511, s22], we have ug'(0))G = S*C? by Nakajima (see also
Theorem , with

C[5%C?) = C[C?% x C?/8,] = C[C? x C**>

2 2 2 2
= C[ri1 + 722, 511 + 822,771 + 739,511 + 852, 711511 + r22522]

_ C[R17517R2a527T]
<—2T2 +2R151T 4+ 2R5S5 — SQR% — R25%> '

So S2C? is a singular 4 dimensional variety sitting in C°.
Next, it is worth pointing out that it is interesting to study the singular locus of u5z'(0)/B. Note
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that the singular locus of ugl(O) //B is precisely the points where all the partials of ¢ vanish, where ¢ =
R1S51+ RS2+ R1RT — R%T. So

¢r, = 51+ S22+ RoT —2RiT, ¢gr, = RiT,

¢r = Ri(Re — R1), ¢s, = Ri, ¢s, = I,
imply the singular locus of the affine quotient consists of the points where R; = 0 and S; + Sz + R2T = 0. In
terms of the coordinates r;; and s;;, R = r11 = 0 while

S1 4+ 82 4+ RoT = (111 — 722)811 + T12821 + (111 — 722) S22 — r12821 + r22(811 + S22) = 0,

which simplifies as (r11 — ro2)(s11 + $22) + r22(811 + $22) = 0. So the singular locus is when r1; = 0.

Remark 7.3.2 (Singular locus of the G-moment map). Since

C[Ry, 51, Ra, 52, T]
<—2T2 + 2R151T + 2R5S5 — SQR% - RQS%) ’

Clug' (0)]¢ =
we will calculate the partials of ¥ = —2T% 4+ 2R,51T + 2R3 — S2Rf — RQS% :

Vr, = 25T — 2SoRy, g, = 2R T — 2R,Sh,

VYR, =28 — 57, s, =2Rs — R}, 1 = 2R 51 —4T.

Singular locus is precisely when So = S%/2, Ry = R}/2, and T = R1S1/2. In terms of r; and s;;, we have

S3/2 = (s11 + $22)%/2 = 83, + 835 = Sa. This gives s3; + s34 + 2811520 = 253, + 2535, which simplifies as

$2, — 2811822 + 835 = (811 — 822)% = 0. We also have R3/2 = (ri1 + ra2)?/2 = r}) + 13, = Ra. This gives

T2, 4 139 + 211700 = 2r3 + 2r3,, which simplifies as 3] — 2r11792 + 139 = (111 — 722)% = 0. Lastly, we have
R1S1 (r11 +r22)(s11 + s22)

= = 711511 + 722820 = T
2 2

FEzpanding the left-hand side and moving all terms to one side, we have 11811 — T22511 — r11S22 + T22S22 =
(r11 — ro2)(s11 — s22) = 0. Thus the singular locus is precisely the points when ri; = ros and $11 = Sa3.

Geometrically, this is precisely the locus when the two points (111, 511) and (ra2, s22) on C? are the same.

Next, we discuss the irreducible components of u5'(0). Tt is given in [Nevii] that u5'(0) has at least
2™ irreducible components. If the moment map up is a complete intersection, then ,ugl(O) has at most

2" irreducible components corresponding to the vector ¢ = ej, or the covector j = e}, where e;, (e}) is an
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elementary vector (covector), 1 < k < n. After having shown that the generators of I(uj' (0)) form a regular
sequence, we may try to single out an irreducible component with a stability condition. That is, given

characters x and x’ of the standard Borel, construct the morphisms

()
-1 / Yex! 0 1
py (0)/xB > up (0)/yB
\) /
pg (0)/B

and then fix x(b) = det(b) and relate the map p5"(0)/aet B — p5'(0)/B to the Hilbert-Chow morphism
(€ 24 S"C?; 1y, 5 is known as wall-crossing from one chamber to another. Since we have found at least
one semi-invariant polynomial for each character y of the Borel, this means MEI(O) //xB can never be the

empty scheme.

7.3.2 Pzg-moment map

Let @ be any (framed) quiver and let F'* be any filtration of vector spaces. Let § € Zgg be a dimension

vector. Let Gg = H GLg,(C) and Pg = H Pg,, Pg, C GLg,(C), where Gg acts on Rep(Q, 3) and Pg

1€Q0 i€Qo

e~

acts on F'*Rep(Q, ) as a change-of-basis. Let Rep(Q, ) := {(W, F*Rep(Q, ) € Rep(Q,B) x Gg/Ps : W €
F*Rep(Q, B)} be the generalized Grothendieck-Springer space of pairs and let V' be an m-dimensional complex
vector space. Then Gg xp, F'*Rep(Q, ) = Re;)—(\C_Q/,B), Repj_(\Q/,/B)/G/g = F*Rep(Q, B)/Ps as orbit spaces,
and Gg-orbits on the cotangent bundle T*(Repj_(\é)/, B) x V) of the extended generalized Grothendieck-Springer
resolution correspond to Pg-orbits on the cotangent bundle T*(F*Rep(Q, 5) x V) of the extended filtered
quiver variety. This motivates us to generalize Section [7.3.1] and study the Hamiltonian reduction of the

Ps-equivariant moment map
yn
T*(F*Rep(Q. ) x V) — > Lie(Ps)"

using GIT and symplectic geometry techniques, where p, is the moment map for Pg-action on F** Rep(Q, j3).
After determining the criteria for which uﬁﬁl(O) is a complete intersection, find the semi-stable locus ;L]gﬂl (0)®®
and analyze when uﬁﬂl(O)ss — ,u];;(O)//X]P’ﬁ = Proj(@ C[p]gﬁl(O)]P‘*’Xi) is surjective for we know that

i>0
projectivity and the existence of a proper map follows from classical GIT in the reductive setting. Construct
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the maps

B O s = = == === — = > sl Ps

\ /

,uﬁ; (0))Pg = Spec((C[uI;ﬁ1 (0)]%#)

for any two characters x and x’ of Pg. Note that the moduli space parameterizes isomorphic classes of
Ps-orbits of x (or x’)-semi-stable representations of () with dimension vector .

Finally, it may be interesting to determine when the space Mi. (@, B) == F*Rep(Q, B) /s is a projective
variety, and if § is indivisible, i.e., it is not a nontrivial multiple of another integer vector, the stable locus
/\/l§<D : (Q, B)° is a fine moduli space for families of y-stable representations. Finally, stating a remark from
[Kin94] (Remark 5.4), if 8 is indivisible, then the set of generic characters (cf. Section is dense, and for

any such character y, we believe that /\/lfz' (Q,B)° = ./\/lfz' (Q, B) is smooth.
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