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Abstract

In this thesis we construct concrete examples of quasispheres and quasisymmetric spheres. These ex-
amples are double-dome type surfaces in R® over planar Jordan domains 2. The thesis consists of three
parts.

Let €2 be a Jordan domain and ¢ a self homeomorphism of [0,400). In the Geometric construction, the
surface is the graphs of +p(dist(z,dQ)). We examine the properties of the Jordan domains Q and of the
height functions ¢ ensuring that these surfaces are either quasispheres or quasisymmetric equivalent to S2.
As it turns out, the geometry of the sets of constant distance from 0f2 plays a key role in the geometry of
these surfaces.

The Geometric construction is the motivation of the second part, the study of sets of constant distance
from a planar Jordan curve I'. We ask what properties of I' ensure that these sets are Jordan curves, or
uniform quasicircles, or uniform chord-arc curves for all sufficiently small e. Sufficient conditions are given
in term of a scaled invariant parameter for measuring the local deviation of subarcs from their chords. The
chordal conditions given are sharp.

In the third part, we discuss the Analytic construction. In this construction, the level sets of the height
of the surface built over a Jordan domain € are the level sets of | f| for some quasiconformal function f that
maps {2 onto the unit disk. We investigate the properties of f which guarantee that these surfaces are either

bi-Lipschitz or quasisymmetric equivalent to S2.
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Chapter 1

Introduction

A homeomorphism f: D — D’ between two domains in R? is called conformal if f € C'!' and it satisfies
the Cauchy-Riemann equations. An interesting property of conformal maps is that they “map infinitesimal
disks to infinitesimal disks”. Conformal maps can be defined in higher dimensions as follows. A sense

preserving homeomorphism f from a a domain D C R” into a domain R" is conformal if, for each x € D,

Hy(w) = timsup 2P @) = f@)I: Jy —al =r}

S (@) W)y =r) -

While there are plenty of conformal maps between planar domains, by Liouville’s rigidity theorem, only trivial
examples exist in higher dimensions, namely the restrictions of Mobius transformations. This result was first
proved under the assumption that f € C* by Liouville in 1850, and in its present form by Gehring [12].

Quasiconformal maps are generalizations of conformal maps. A homeomorphism f of a domain D in R"
into R™ is said to be K-quasiconformal, K > 1, if for all x € D,

Hf(x) < K.

Conformal mappings are 1-quasiconformal. Roughly speaking, quasiconformal mappings map “infinitesimal
balls” to “infinitesimal ellipsoids of uniformly bounded eccentricity”. The above definitions of quasiconformal
mappings is known as the metric definition. Equivalent definitions of quasiconformality have been given in
terms of the conformal modulus of curve families [39, Theorem 34.1], and of the distortion |D f(z)|"/|J¢ ()|
[39, Theorem 34.6]. Here, Df denotes the formal differential matrix and Jy the Jacobian of f.

Planar quasiconformal mappings first appeared in 1932 in a paper of Grotzsch [19] and under this name
in a paper of Ahlfors [1]. Since then, they have been one of the most important developments in Complex
Analysis. A rigorous treatment of quasiconformal mappings in higher dimensions can be found in [39].

Quasisymmetric mappings are generalizations of quasiconformal mappings to abstract metric spaces.
These mappings first appeared in R as the boundary values of quasiconformal self maps of the upper

half-plane Ri in a paper of Beurling and Ahlfors [4], and were first studied in general metric spaces by



Tukia and Viisala in [37]. An embedding f of a metric space (X,d) into a metric space (Y,d’) is called
n-quasisymmetric if there exists a homeomorphism 7: [0,00) — [0, 00) such that, for all z,a,b € X and t > 0
with d(z,a) < td(z,b),

d'(f(x), f(a)) < n(®)d'(f(x), f()).

Quasisymmetric mappings distort relative distances by a bounded amount.

It follows from its definition that an nm-quasisymmetric embedding of a domain D in R" into R"™ is
n(1)-quasiconformal. Quasisymmetry is a global notion while quasiconformality is an infinitesimal one. A
K-quasiconformal mapping defined on a domain D in R”™ is n-quasisymmetric on each compact set G C D
with 1 depending on K,n and diam G/dist(G,0D) quantitatively [40, Theorem 2.4]. In R™ these two
notions coincide: if f: R™ — R" is K-quasiconformal then it is 7k ,-quasisymmetric. For the basic theory

of quasisymmetric mappings, the reader is referred to [37] and [20].

1.1 Quasispheres and quasisymmetric spheres

An n-dimensional quasisphere is the image of the unit sphere S™ under a quasiconformal self map of
R"*1. Unlike the case n = 1, where various characterizations of quasicircles have been found, little is known
of quasispheres in higher dimensions. The only known characterization, until today, is due to Gehring [13]
for n = 2, and Viisild [41], for n > 3; a metric n-sphere ¥ in R"*! is a quasisphere if and only if the
bounded component of R**1\ ¥ is quasiconformally homeomorphic to B"*! and the unbounded component
of R*1\ ¥ is quasiconformally homeomorphic to R+ \ Br+1,

A consequence of an extension theorem of Viisild [42] is that a smooth metric n-sphere in R"*! is a
quasisphere. However, quasispheres can have interesting fractal type structure.

Several examples of fractal-like quasispheres have been found. Bishop [5] constructed quasispheres in R?
that contain no rectifiable curves. The same year, David and Toro [8] constructed quasispheres in R**! with
some snowflake property: for each positive « sufficiently close to 0, they constructed a quasiconformal self
map f of R? satisfying | f(z) — f(y)| = |z —y|' =2 for all z,y € R? x {0} with |z —y| < 1. Lewis and Vogel [26]
built quasispheres in R™*!, for each n > 2, which are pseudospheres; that is, non-trivial metric n-spheres
Y., for which the n-dimensional Hausdorff measure equals the harmonic measure on Y with respect to a
fixed point. Meyer [30,31] introduced snowballs in R?, domains whose boundaries are fractal type surfaces
analogue to that of von Koch snowflakes in R?, and proved that their boundaries are quasispheres. Recently,
Pankka and Wu [32] showed that the decomposition spaces of S by Antoine’s necklaces constructed using

long chains of tori, when equipped with a Semmes-type metric, are quasispheres in R*.



The search for intrinsic necessary and sufficient conditions for quasispheres remains a longstanding prob-
lem in the study of Geometric Analysis. At the moment, a geometric characterization of quasispheres seems
to be out of reach.

Quasisymmetric spheres generalize quasispheres beyond the Euclidean setting. A metric n-sphere is
defined to be a quasisymmetric n-sphere if it is quasisymmetric to S™. In R? quasisymmetric circles are
exactly the quasicircles; while in R**!, for n > 2, the notion of quasisymmetric spheres is weaker than that
of quasispheres. Complete characterizations of quasisymmetric spheres have been given in dimension 1 by
Tukia and Véiséla [37] and in dimension 2 by Bonk and Kleiner [6]. There is no known characterization of
quasisymmetric n-spheres for n > 3.

A necessary property for quasisymmetric spheres, and hence for quasispheres, is linear local contractibility.
Moreover, a consequence of the main theorem in [6] states that a metric space which is a metric 2-sphere
(topological condition), linearly locally contractible (geometric condition) and Ahlfors 2-regular (measure
theoretic condition) is a quasisymmetric sphere. However, in R*, Semmes [34] constructed a metric 3-sphere
which is linearly locally contractible and Ahlfors 3-regular but admits no quasisymmetric parametrization.
Examples that satisfy the above conditions but fail to be quasisymmetric spheres have been constructed by
Heinonen and Wu [21] in R™ for all dimensions n > 4.

The motivation of this thesis comes from the work of Gehring on slit domains [15] and the work of
Viiséla on products of curves [43] and on cylindrical domains [44]. Gehring proved that if 2 is a planar
domain then R3\ Q is quasiconformally homeomorphic to the exterior of the unit ball B in R? if and only
if Q2 is a quasidisk. Vaisédla proved that the product of a simple arc I" with an interval I is quasisymmetric
embeddable into R? if and only if T satisfies the chord-arc condition (2.2.2). Finally, Viiséld [44] showed
among other results that if Q is a Jordan domain in R? then the cylindrical domain €2 x R is quasiconformally
homeomorphic to the unit ball B? if and only if 99 satisfies the chord-arc condition (2.2.2).

In this thesis, we examine double-dome-like surfaces in R? defined by the graphs of two functions on a
Jordan domain Q C R?. If the height above each point of  is constant zero, then the exterior of the surface
resembles a slit domain. On the other hand, a cylindrical domain occurs if the height above each point of €2

is infinite.

1.2 Geometric Construction

Define

F ={¢: [0,+00) = [0,+00) , ¢ is a homeomorphism}.



In the first construction, to which we refer as the Geometric construction, the height of the surface above
and below a point x €  is a function of the distance of 2 from the boundary 9€2. Precisely, if I' = 9Q and

@ € F, then define the 2-dimensional surface
ST, ¢) = {(z,2): x € Q, 2z = Tp(dist(z,T))}.

Our aim is to find the right conditions on the geometry of the base {2 and the growth of the gauge ¢ in order
for these surfaces to be quasispheres, or quasisymmetric spheres, or bi-Lipschitz equivalent to S2.

In terms of this setting, a slit domain R? \ 2 may be regarded as the complement of (9, ) when
¢ = 0, and a cylindrical domain © x R may be regarded as the domain enclosed by X(9%, ¢) by choosing
© = oo.

For the gauge functions of the form ¢(t) = t* with a € (0, 1), the surface X(T', ¢) near T x {0} resembles
I’ x I for some small interval I. In view of Viisdld’s result on products of curves [43], one expects that
(T, 1) is quasisymmetric to S? if and only if T is a chord-arc curve. As it turns out, the chord-arc property
is necessary but not sufficient.

The geometry of the level sets . of T plays a key role in the properties of X(T', ). For € > 0, the e-level
set of I' is defined to be

Ye = {z € Q: dist(x, ) = €}.

A Jordan curve T is said to satisfy the level chord-arc property (or LCA property), if there exist g > 0 and
C > 1 such that v, is a C-chord-arc curve for every 0 < € < €.

The behaviour of ¢ near 0 is crucial in the behaviour of X(T, ). More specifically, if ¢ satisfies
liminf; .o p(t)/t = 0 then, for any Jordan curve I', the surface X(T', ) is not quasisymmetric to S?; see

Theorem 4.4.2. Therefore, we consider the following sub-collection of F in the study of these surfaces:
Fi={peF: lim i(?f ©(t)/t > 0 and ¢ is Lipschitz in [r, +o00) for all » > 0}.
—

The main result from this construction is the following theorem.
Theorem 1.2.1. Let I' be a Jordan curve.
1. IfT has the level chord-arc property then X(T, @) is a quasisymmetric sphere for all functions ¢ in Fi.

2. If T does not have the level chord-arc property, then there exists a function ¢ in F1 which satisfies

lim; 0 @(t)/t = +00 such that S(T, @) is not a quasisymmetric sphere.



The assumption that ¢ is Lipschitz away from zero is necessary for the first claim; see Remark 4.4.1.
If ¢ € F; is bi-Lipschitz in a neighbourhood of 0 (e.g. ¢(t) = t) and T is a quasicircle, the surface (T, )

is a quasisphere. A partial converse is also true.
Theorem 1.2.2. Suppose that I is a Jordan curve.

1. If T is a quasicircle then (T, @) is a quasisphere for every ¢ € Fy which is bi-Lipschitz in a neigh-
bourhood of 0.

2. If X(T, ) is a quasisymmetric sphere for some ¢ € Fy which is bi-Lipschitz in a neighbourhood of 0

then I' is a quasicircle.

The method of constructing quasispheres in Theorem 1.2.2 produces quasispheres in all dimensions; see

Theorem 5.0.5.

If T is not a chord-arc curve then it does not satisfy the LCA property and, by Theorem 1.2.1, (T, ¢)
is not a quasisymmetric sphere for some ¢ € F; with lim;, ¢(t)/t = co. If moreover we assume that I'

has Assouad dimension larger than 1 (see Chapter 6 for definition) then we have the following result.

Theorem 1.2.3. Let T’ be a quasicircle with Assouad dimension larger than 1. Then, for any a € (0,1),

the surface X(T',t*) is not a quasisymmetric sphere.

Since the Assouad dimension is larger than the Hausdorff, upper box counting and lower box-counting

dimensions, the conclusion of Theorem 1.2.3 holds if any of these dimensions is bigger than 1.

1.3 Level sets of Jordan curves and chordal flatness

Sufficient conditions for a curve to satisfy the LCA property can be given in terms of the following flatness
module. For z,y € I" denote with I'(z,y) the subarc of I" connecting = and y that has a smaller diameter

and denote with [, , the infinite line passing through z,y. Define

Cr(z,y) = sup  dist(z,lzy)-

|$ - yl z€l(z,y)

Under this module of flatness, we prove the following result in Theorem 3.0.4, Theorem 3.0.5 and Theorem

3.0.6.

Theorem 1.3.1. Suppose that I is a Jordan curve.



1. If there exists 1o > 0 such that (r(x,y) < 1/2 for all x,y € T with |z — y| < ro then, there is g > 0

depending on ro such that for each € € (0,¢€p), the level set v, is a Jordan curve.

2. If there exists 1o > 0 and (p € (0,1/2) such that (r(z,y) < (o for all z,y € T with |z — y| < ro then,
there is €9 > 0 depending on ro and K depending on ro, (o such that for each € € (0,¢€g), the level set

Ve 18 a K-quasicircle.

3. The curve T' has the level chord-arc property if and only if it is a chord-arc curve and for some

K > 1,e0 > 0 each level set 7., € € (0,¢p) is a K-quasicircle.

The number 1/2 in the first two claims is sharp; see Remark 3.3.1 and Remark 3.3.2. For the LCA
property we have the following sharp result.

Theorem 1.3.2. IfI' satisfies a local C-chord-arc property with 1 < C < 5, then I has the level chord-arc

property. Moreover, there exists a Jordan curve I satisfying a local 5 -chord-arc property that does not have

the level chord-arc property.

1.4 Analytic Construction

In the second construction, to which we refer as the Analytic construction, the level sets of the surface are
the level sets of |f|, where f is a quasiconformal mapping that maps  onto the unit disk. More precisely,

suppose that f is a quasiconformal mapping that maps € onto B2. For a function ¢ € F, define the surface

E(fo0) ={(z,2): 2 € Q2 = (1~ |f(2))}-

As with the Geometric construction, the behaviour of ¢ near zero is crucial to the behaviour of 2(f, ¢).

Define the following sub-collection of F:

1) —
Fo={peF: lilén iglf @(t)/t > 0 and limsup p(b) = ()
—

< QOy.
t—1 1-t¢ }

Note that F; C Fa. The second limit condition of F3 is satisfied by all functions ¢ which are locally Lipschitz
at 1; hence all functions ¢ in F;.

The main result from this construction is the following theorem.
Theorem 1.4.1. Suppose that Q2 is a Jordan domain and T’ = 0S).

1. IfT is a chord-arc curve then for any bi-Lipschitz mapping f from 2 onto B? and for any ¢ € Fo, the

surface i](f, ©) is the image of S* under a bi-Lipschitz self map of R3.

6



2. If T is not a chord-arc curve then for any quasiconformal mapping f from Q onto B2 there exists a

function ¢ € Fo satisfying limg_,o o(t)/t = 0o such that i(f, ©) is not a quasisymmetric sphere.

A stronger version of the second claim of Theorem 1.4.1 is proved in Proposition 7.2.1. The necessity of

the limit conditions in F5 for the first claim of Theorem 1.4.1 is illustrated in Remark 7.1.5.

1.5 Outline of the thesis

The thesis is organized as follows.

In Section 2.1 we establish our notation and in Section 2.2 we present some concepts of Geometric
Analysis that appear throughout the thesis. The linear local connectivity (or LLC property) of metric
spaces is discussed in Section 2.3 and the theory of Rohde’s snowflakes is discussed in Section 2.4.

Chapter 3 deals with the theory of the level sets of Jordan curves and the proofs of Theorem 1.3.1 and
Theorem 1.3.2. More precisely, in Section 3.1 we define the chordal flatness of Jordan curves and we compare
it with other notions of flatness. The geometry of the level sets is investigated in Section 3.2. The main
theorems of this chapter are proved in Section 3.3 and Section 3.4. In Section 3.5 we give some applications
of Theorem 1.3.1 to Rohde’s snowflakes.

Chapter 4 is devoted to the proof of Theorem 1.2.1. The proof requires the notions of linear local
connectivity and Ahlfors 2-regularity. In Section 4.1 we establish necessary and sufficient conditions for
(T, ¢) to be linearly locally connected . These conditions are given in terms of the geometry of the level
sets .. The Ahlfors 2-regularity is discussed in Section 4.2. A method of Vaiisélé is employed in Section 4.3
to complete the proof of Theorem 1.2.1, which is given in Section 4.4 along with additional remarks.

A multidimensional version of Theorem 1.2.2 is proved in Chapter 5. In Section 5.1, we compare the
Whitney decomposition of the base ) and that of the domain enclosed by (T, ¢), and in Section 5.3 we
discuss the slit domains. The proof of the main result Theorem 5.0.5 is given in Section 5.4.

The proof of Theorem 1.2.3 is given in Chapter 6. The structure of Rohde’s snowflakes enables us to use
combinatorial arguments.

Finally, the Analytic construction is presented in Chapter 7. We show the first claim of Theorem 1.4.1

in Section 7.1 and the second claim in Section 7.2.



Chapter 2

Preliminaries

2.1 Notation

The following notation is used throughout the thesis. If z,y € R™, then |z — y| denotes their Euclidean
distance. For a set £ C R", we denote with OF its boundary and with E its closure in R”.

If z € R" and r > 0, let B"(z,7) = {y € R": |z —y| < r} and S""Y(zq,7) = OB"(x¢,7). In particular,
we write B" = B"(0,1) and S”~! = 9B", the unit ball and sphere, respectively, in R™. Balls in abstract
metric spaces (X, d) are denoted with B(xz,r). In addition, let R’} , R” be the open upper, lower respectively,

half-space of R”™. For any a = (a1, ...,a,) € R™ let
7(a) = (a,...,a,-1,0)

be the projection of a on R"~! x {0}.

A metric n-sphere is a metric space homeomorphic to the standard unit sphere S™. Metric 1-spheres are
also called metric circles. A Jordan curve is a metric circle in R?. A Jordan domain is a bounded domain in
R? whose boundary is a Jordan curve.

For z,y € R", define [z, y] to be the line segment that has z,y as its endpoints and [, , to be the straight
line passing from the points z,y. Given two points x,y on a Jordan curve v, we denote with ~v(z,y) the
subarc of v connecting x and y that has a smaller diameter, or, to be either subarc when both subarcs have
the same diameter. In same fashion, we denote with 7/(z,y) the subarc of a rectifiable curve v connecting
x and y that has a shorter length, or, to be either subarc when both subarcs have the same length. The
length of a curve v is denoted by £(v).

If X is a subset of R” and a € R then, we denote with X x {a} the set {(z,a) € R"*!: 2z € X}. We
often identify the plane R™ x {0} with R™.

In the following, we write u < v (resp. u ~ v) when the ratio u/v is bounded above (resp. bounded

above and below) by positive constants. The constants, which we refer to as the comparison constants, may



vary but are made clear.

2.2 Background in Geometric Analysis

How can we decide whether two domains D, D’ in R™ are quasiconformally equivalents? Furthermore,
how can we decide if two metric spaces (X,d), (Y,d') are quasisymmetric equivalent? Both problems are

still open and only partial answers exist, even when D, D’ are topological balls or X,Y are metric spheres.

Definition 2.2.1. A Jordan curve I' in R? is called o K-quasicircle if it is the image of S' under a K-
quasiconformal self map of R%2. A metric n-sphere © C R™! is called a K-quasisphere if it is the image of

S™ under a K-quasiconformal self map of R"t'. A quasidisk is a domain enclosed by a quasicircle.

A metric space X is quasisymmetric to a metric space Y if there exists a quasisymmetric homeomorphism

from X onto Y.

Definition 2.2.2. A metric n-sphere is called a quasisymmetric sphere if it is quasisymmetric to S™.

Beurling and Ahlfors [4] showed that a curve I is a quasicircle if and only if there is a quasisymmetric map
f:S' — R? such that f(S') = I'. Therefore, quasicircles are planar quasisymmetric circles. Quasispheres in
R n > 2 are quasisymmetric spheres [40, Theorem 2.4] but the converse is not always true [40, Theorem
6.3].

A geometric characterization of quasicircles was given by Ahlfors [2] who proved that a Jordan curve T

is a quasicircle if and only if it satisfies the 2 points condition:
there exists C' > 1 such that for all z,y € v, diam~y(z,y) < Clz — y|, (2.2.1)

where the distortion K and the constant C' are quantitatively related. Rohde [33] constructed a catalogue
of snowflake curves and proved that, up to bi-Lipschitz self maps of R3, all quasicircles are these snowflake
curves; see Section 2.4. A long list of remarkably diverse characterizations of quasicircles has been found.
See the monograph of Gehring [17] for informative discussion.

Quasisymmetric circles were first classified by Tukia and Vaisila [37] who showed that a metric circle is a
quasisymmetric circle if and only if it is doubling and of bounded turning. Doubling spaces are those with finite
Assouad dimension; see Chapter 6. The bounded turning property is essentially Ahlfors condition (2.2.1)
for abstract metric circles. Herron and Meyer [22] produced a catalogue of snowflake type metric Jordan

curves, similar to that of Rohde, that describes all quasisymmetric circles up to bi-Lipschitz equivalence.



On the other hand, there are few known characterizations for high dimensional quasispheres or quasisym-
metric spheres. A necessary and sufficient condition for a metric n-sphere to be quasisphere was first given

by Gehring [13] for n = 2 and later by Vaiiséla [41] for n > 3.

Theorem 2.2.3 ( [41, Theorem 5.9], [13, Theorem]). Let n > 2 and let ¥ be a metric n-sphere in R™**1,
Suppose that the bounded, unbounded component of R"*1\ ¥ is K -quasiconformally homeomorphic to B"+1,
R™FL\ Bt respectively. Then, there exists a K'-quasiconformal self map of R™*! that maps ¥ onto S™,

with K’ depending on K and n.

Note that this theorem is false when n = 1.
Bonk and Kleiner [6] identified a necessary and sufficient condition for metric 2-spheres to be quasisym-

metric spheres. A consequence of their main theorem is the following result.

Theorem 2.2.4 ( [6, Theorem 1.1, Lemma 2.5]). Let Z be metric 2-sphere which is Ahlfors 2-reqular. Then

Z is quasisymmetric to S if and only if Z is LLC.

The LLC property is discussed in Section 2.3 and the definition of Ahlfors 2-regularity can be found in

Section 4.2.
Definition 2.2.5. A domain D C R™ is called a quasiball if it is quasiconformally homeomorphic to B™.

By the Riemann mapping theorem, the quasiballs in R? are exactly the bounded simply connected
domains in R?. For n > 2, no geometric characterization of quasiballs exists. Strong linear local connectivity
is a necessary condition for a domain D € R™, n > 3 to be quasiball [18]; see Section 2.3. The following

result of Gehring shows that one can characterize quasiballs D in terms of the part of D close to dD.

Theorem 2.2.6 ( [14, Theorem 2]). A domain D in R™, n > 3, is quasiconformally equivalent to B™ if there
exists a neighbourhood U of D and a quasiconformal mapping g of D NU into B" such that g(x) — S"~!
asx — 0D in DNU.

Definition 2.2.7. An mapping f of a metric space (X,d) into a metric space (Y,d') is called L-Lipschitz,
L>1, if forall x1,z5 € X

d'(f(z1), f(22)) < Ld(xy, x2).

An embedding [ of a metric space (X,d) into a metric space (Y,d') is called L-bi-Lipschitz, L > 1, if both
f, f~ are L — Lipschitz.
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An L-bi-Lipschitz mapping is n-quasisymmetric with n(t) = L?t. The difference between quasisymmetric
maps and bi-Lipschitz maps is that the latter distort absolute distances by a bounded amount.
A metric space X is bi-Lipschitz to a metric space Y if there exists a bi-Lipschitz homeomorphism from

X onto Y.

Definition 2.2.8. A Jordan curve I' in R? is said to be a L-bi-Lipschitz curve if it is the image of S' under
an L-bi-Lipschitz self map of R%. A metric n-sphere ¥ C R"*! is called an L-bi-Lipschitz sphere if it is the

image of S™ under an L-bi-Lipschitz self map of R*H1.

Definition 2.2.9. A rectifiable Jordan curve T' in R? is called a C-chord-arc curve, C > 1, if, for any two

points z,y € T, the length of the shorter component T (x,y) of T\ {z,y} satisfies
(I (z,y)) < Clz 3. (2.2.2)

It follows from its definition that an L-bi-Lipschitz curve is an L2-chord-arc curve. Conversely, Jerison
and Kenig [23] proved that if I is a C-chord-arc curve, then there exists L > 1 depending only on C such
that T" is an L-bi-Lipschitz curve. Moreover, a theorem by Tukia [36] implies that a curve I" is a bi-Lipschitz
curve if and only if there is a bilipschtz map f: S* — R? with f(S!) =T.

Intrinsic characterizations of n-dimensional bi-Lipschitz spheres in R**1, n > 2. are unknown. A neces-

sary condition is Ahlfors n-regularity.

2.3 The LLC property

A natural extension of Ahlfors condition (2.2.1) to general metric spaces is the linear local connectivity,

or LLC property.
Definition 2.3.1. A metric space X is A — LLC for A > 1 if the following two conditions are satisfied.

1. W=LLC,) Ifx € X, r >0 and y1,y2 € B(z,r) N X, then there exists a continuum E C B(x,\r)NX

containing yi,ys.

2. A=LLCy) Ifx € X, r >0 and y1,y2 € X \ B(x,r), then there exists a continuum E C X \ B(x,r/)\)

containing yi,ya-

Recall that a continuum is a compact connected set consisting of more than one point.
It is an easy consequence of the definition that the LLC property is invariant under quasisymmetric

mappings. As a result, the LLC property is necessary for quasisymmetric spheres and quasispheres.

11



Lemma 2.3.2. Suppose that X is \-LLC and f is an n-quasisymmetric mapping of X onto Y. Then'Y is
XN-LLC for some X depending on \, 7.

Proof. Let 7/(t) = W Recall that f~!: Y — X is 1/-quasisymmetric.

To verify the LLC; property take y € Y, r > 0 and y1,y2 € B(y,r). Without loss of generality we may
assume that |y — ya| < |y — y1|. Let x,z1, 22 be the preimages of y,y1,y2 respectively. Then, |z; — xo] <
7' (2)|z—=x1]. Since X is A—LLCy, there exists a continuum E C B(x, Ay’ (2)|z—=x1]|) containing x1, xo. Then,
f(E) is a continuum containing y1, y2. Furthermore, for each w € f(FE), since |f~1(w) — x| < M/ (2)|x — x1],
it follows that |w —y| < (A’ (2)|y — y1| < n(A'(2))r.

To verify the LLCy property take y € Y, 7 > 0 and y1,y2 € Y \ B(y,r). Let z,z1,z2 be the preimages
of y,y1,ys respectively. Without loss of generality, we may assume that |y — y2| < |y — y1|. Then, |z —
o] < n/(1)|x — x1|. Note that x1,zs are outside of the ball B(z, %%m\m — 25]). Since X is A — LLCo,
there exists a continuum E C X \ B(z, mm — x1]) containing x1,z3. Then, f(F) is a continuum

containing y1,y2. Furthermore, for each w € f(E), since |f~1(w) — z| > mm — I, it follows that

) 1
|w—y|ZW|y_y2|ZWr' )

The importance of linearly locally connected sets was first observed by Gehring and Véisila [18] and the
term first appeared as strongly locally connected sets, in a paper of Gehring [13]. In the latter, a set X C R"
is said to be A-strongly linearly locally connected ifs conditions (1) and (2) in Definition 2.3.1 are satisfied
for all x € R™ instead of only « € X.

Walker [46, Corollary 5.10] showed that strong linear local connectivity is invariant under quasiconformal
mappings. The next remark follows from Walker’s theorem and the fact that the unit circle S*(0,1) x {0}

is strongly linearly locally connected in R3.

Remark 2.3.3. If ' C R? is a K-quasicircle then T' x {0} is \-strongly linearly locally connected in R® for

some A > 1 depending on K.

Bonk and Kleiner [6] introduced the stronger notion of linearly locally contractible spaces. A metric
space is C-linearly locally contractible for some C' > 1 if every small ball is contractible inside a ball whose
radius is C times larger. The authors proved that linear local contractibility implies the LLC property;
while for compact and connected topological 2-manifolds, linear local contractibility is equivalent to the

LLC property [6, Lemma 2.5].
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2.4 Rohde’s snowflakes

In [33], Rohde gave an intrinsic characterization of planar quasicircles. He defined explicitly a family
F of snowflake-type curves, then proceeded to prove that every quasicircle in the plane is the image of a
member of this family under a bi-Lipschitz self map of R2.

Each of Rohde’s snowflakes S is constructed as follows. Fix a number p € [%, %), and let S7 be the unit
square. The polygon S, 1 is constructed by replacing each of the 4™ edges of S,, by a rescaled and rotated
copy of one of the only two polygonal arcs allowed in Figure 2.1, in such a way that the polygonal regions
are expanding. The curve S is obtained by taking the limit of S,,, just as in the construction of the usual
von Koch snowflake.

It is easy to check that every p-snowflake satisfies (2.2.1) for some C depending on p. Therefore, every

Rohde snowflake is a quasicircle. On the other hand, every quasicircle has the structure of a p-snowflake.

Theorem 2.4.1 ( [33, Theorem 1.1]). A Jordan curve ' is a quasicircle if and only if there exist a snowflake

curve S and a bi-Lipschitz self map f of R? so that T = f(S).

We call the polygonal arc on the left, the Type I arc and the the figure on the right, the Type II arc.

1/4 174 1/4 1/4

Figure 2.1: The two polygonal arcs allowed in the construction of S

Denote with Wj, = {1,2,3,4}* the set of all words with letters from the set {1,2,3,4} of length equal to
k and let W = Uy Wh- If w € Wy, set £(w) = k to be the length the word.

The structure of S can be coded in the following way. In the first step of the construction we con-
sider the unit square S; and denote with (1), (2), (3), (4) its four edges in counter clockwise order. Induc-
tively, in the n-th step we replace the edge (w) with a polygonal arc consisting of four edges, denoted with
(wl), (w2), (w3), (wd) in counterclockwise order. Let S, be the smallest subarc of S that has the same
endpoints with (w).

For each w € W let k,, € N be the number such that diam (w) = 4=4®)(4p)kw . In other words, k,, is the
number of times that the Type I arc has been used towards the construction of (w). The pair (p, k.,) is the

coding of S.
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A p-snowflake S is called homogeneous if, during the construction of S, all of the 4™ line segments of
the n-th generation are replaced by the same (rescaled and rotated) polygonal arc of Figure 2.1. In other

words, k,, depends only on £(w).
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Chapter 3

Sets of constant distance from a
Jordan curve

Let A be a compact subset of R2. For each € > 0, define the e-boundary of A to be the set
Oc(A) = {z € R?: dist(z, A) = ¢}.

Brown showed in [7] that for all but countably many e, every component of J.(A) is a point, a simple
arc, or a simple closed curve. In [9], Ferry showed, among other results, that 0.(A) is a 1-manifold for
almost all e. Fu [10] generalized Ferry’s results, and proved that for all € outside a compact set of zero
1/2-dimensional Hausdorff measure, 0.(A) is a Lipschitz 1-manifold. Papers [9] and [10] include theorems
in higher dimensional Euclidean spaces; the work for dimensions n > 3 is more demanding.

Let T be a Jordan curve in R? and € be the bounded component of R?\ T. In this chapter we investigate
the geometry of the part of d.I' which is contained in 2. The theory can easily be extended to the part of

9. contained in R? \ ©; see Corollary 3.0.7. As in Section 1.2, for € > 0 define the e-level set
Ye = {x € R?: dist(z,T) = €}

What properties of I' ensure that the e-level sets are Jordan curves, or uniform quasicircles, or uniform

chord-arc curves for all € sufficiently close to 07

Definition 3.0.2. Let I be a Jordan curve in R2.

We say that T' has the level Jordan curve property (or LJC property), if there exists eg > 0 such that the
level set 7y, is a Jordan curve for every 0 < € < ¢q.

We say that T' has the level quasicircle property (or LQC property), if there exist g > 0 and K > 1 such
that the level set 7y is a K-quasicircle for every 0 < e < €.

We say that T' has the level chord-arc property (or LCA property), if there exist g > 0 and C > 1 such

that ~y. is a C-chord-arc curve for every 0 < e < €.

It is not hard to see that if T" has the LQC property then it is a quasicircle and if T" satisfies the LCA
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Figure 3.1: A level set of a Jordan curve.

property then it is a chord-arc curve; see Theorem 3.0.6.
Modeled on the linear approzimation property of Mattila and Vuorinen [29], we define, for a Jordan curve
T" in the plane, a scaled invariant parameter to measure the local deviation of the subarcs from their chords.

For points x,y on a Jordan curve I' and the infinite line I, , through x and y, we set

(r(z,y) = sup dist(z,ly ).

|£C - y| z€l(z,y)

Definition 3.0.3. A Jordan curve I' is said to have the ((,ro)-chordal property for a certain ¢ > 0 and

ro > 0, if
sup (r(z,y) < (.
z,y€el, |z —y|<ro
We set
(r = lim sup Cr(z,y)-
ro—0

z,y€l, |z—y|<ro

This notion of chord-likeness provides us a tool for studying the geometry of level sets.

Theorem 3.0.4. Let ' be a Jordan curve in R%. If T has the (1/2,70)-chordal property for some ro > 0,

then I' has the level Jordan curve property.

Theorem 3.0.5. Let I' be a Jordan curve in R%. If (r < 1/2, then T has the level quasicircle property. In
particular, if T has the (¢, ro)-chordal property for some 0 < ¢ < 1/2 and r¢ > 0, then there exist g > 0
and K > 1 depending on (, ro and the diameter of ' so that the level sets v. are K-quasicircles for all

0<e<e.
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Lemmas 3.2.13 and 3.2.15 lead naturally to the (1/2,7¢)-chordal condition for LJC in Theorem 3.0.4;
they show that the behavior of the level set near branch points in Figure 3.1 is, in some sense, typical.

Condition (r < 1/2 in Theorem 3.0.5 is used to prove the Ahlfors 2-point condition (2.2.1) for level
Jordan curves, thereby establishing the LQC property.

The chordal conditions in both theorems are sharp. The sharpness in Theorem 3.0.4 is given in Remark

3.3.1, and the sharpness in Theorem 3.0.5 is illustrated in Remark 3.3.2.

Moreover, using a lemma of Brown [7, Lemma 1], we are able to show the following.

Theorem 3.0.6. A Jordan curve T in the plane satisfies the level chord-arc property if and only if it is a

chord-arc curve and has the level quasicircle property.
Theorem 3.0.4, Theorem 3.0.5 and Theorem 3.0.6 can easily be extended to the part of 0.I" outside of €.
Corollary 3.0.7. Suppose that Q) is a Jordan domain and I' = 0.

1. If there exists ro > 0 such that (r(z,y) < 1/2 for all x,y € T with |x — y| < ro then, there is ¢y > 0

depending on ro such that for each € € (0,¢), 0. is a Jordan curve.

2. If there exists ro > 0 and (o € (0,1/2) such that {r(x,y) < (o for all x,y € T with |x —y| < ro then,
there is €9 > 0 depending on ro and K depending on ro,(y such that for each ¢ € (0,¢€p), 9.9 is a

K -quasicircle.

3. The sets 0.0 are chord-arc curves with uniform constant if and only if T' is a chord-arc curve and 0.9

are quasicircles with uniform constant.

This chapter is organized as follows. We discuss the chordal property in Section 3.1, and study geometric
properties of level sets in Section 3.2. In Section 3.3, we prove Theorems 3.0.4 and 3.0.5 and give examples
to show the sharpness of these theorems. We give the proof of Theorem 3.0.6 and Theorem 1.3.2 in Section

3.4. Finally in Section 3.5, we provide an additional example based on Rohde’s p-snowflakes.

3.1 Chordal property of Jordan curves

For planar Jordan curves, the connection between the chordal property and the 2-point condition is easy

to establish.

Proposition 3.1.1. A Jordan curve T is a K-quasicircle if and only if T is ({,7q)-chordal for some ¢ > 0

and rg > 0. Constants K and (v are quantitatively related, with (r — 0 as K — 1.
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The converse of the second statement is not true since (r = 0 for every smooth Jordan curve I'.

Proof. Suppose that I' is a K-quasicircle and C is the constant in the Ahlfors 2-point condition (2.2.1)
associated to K. Then I' is (C, diam I")-chordal.
Next suppose that I' is (¢, rg)-chordal. We claim that I" satisfies property (2.2.1). Let z,y € T'. If

|z — y| > ro, then
diam T’

diamT'(z,y) < |z — yl.

So, we assume |z — y| < 79, and let [z, w] be the orthogonal projection of I'(z,y) on I, ,, with points z,z,y
and w listed in their natural order on the line. In the case that z # z, choose a point 2z’ € T'(z,y) whose
projection on I, is z. Denote by [ the line through = and orthogonal to [, ,, and fix a subarc o of I'(x,y)
which contains 2’ and has endpoints, called z1, z2, on I'(z,y) NI. Clearly o = I'(21, 22) and | = I, .,; and
by the ({,ro)-chordal property, dist(z,1) = dist(2’,1) < (|21 — 22| < 2¢?|x — y|. It follows that, in all cases,

|z — w| < (4¢% + 1)|x — y|. Therefore,
diam T'(z,y) < (4¢2 4+ 2¢ + )|z — y|.

So T satisfies property (2.2.1) with ¢ = max{4¢? + 2¢ + 1, %} and is a K-quasicircle for some K
depending on (, 7 and diam I

The claim that (¢ — 0 as K — 1 follows from a lemma of Gehring [16, Lemma 7], which states that for
each 1 > 0, there exists Ko = Ko(n) > 1 such that if g is a K-quasiconformal mapping of R? with K < K,

and if g fixes two points z; and zo, then
l9(2) — 2[ < mlz1 — 22|,  when [z — 21| <21 — 22].

Quasiconformality in [16] is defined using the conformal modulus of curve families, which is quantitatively
equivalent to the notion of quasiconformality given in Chapter 1. This line of reasoning has been used by

Mattila and Vuorinen in [29, Theorem 5.2]. O
By Proposition 3.1.1, the following is a corollary to Theorem 3.0.5.

Corollary 3.1.2. There exists a constant Ky > 1 such that all Ky-quasicircles have the LQC property.

Mattila and Vuorinen [29] introduced the linear approzimation property to study geometric properties of

K-quasispheres with K close to 1. Let k € {1,2,...,n—1},0<§ < 1, and 7y > 0. A set Z in R" satisfies a
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(k, d,ro)-linear approximation property if for each € Z and each 0 < r < ry there exists an affine k-plane
P through x such that

dist(z, P) < ér forall ze€ ZnNB"(x,r).

In the same year, Jones [24] introduced a parameter, now known as the Jones beta number, to measure the
oscillation of a set at all points and in all scales, for the investigation of the ”traveling salesman problem”.
Later, beta number has been used by Bishop and Jones to study problems on harmonic measures and
Kleinian groups. As it turns out, the Jones beta number and the J-parameter of Mattila and Vuorinen are
essentially equivalent.

For planar quasicircles, the chordal property and the linear approximation property are quantitatively

related as follows.

Lemma 3.1.3. Let T be a Jordan curve in R%. If T has the ((,r0)-chordal property for some 0 < ¢ < 1/4,
then it is (1,4C,r1)-linearly approzimable, where ry = min{%, dlaTmF} and C = C((,rg,diamT) > 1 is a
constant. On the other hand, if T is a K-quasicircle that has the (1,6, r¢)-linear approzimation property,

then it is (C"28,79/C")-chordal, for some constant C' = C'(K) > 1.

Proof. Suppose that T' is (¢, rg)-chordal. Then T' is a K-quasicircle by Proposition 3.1.1, hence satisfies

the 2-point condition (2.2.1) for some C > 1; here K and C depend on (,ro and diamIT". Let 0 < r <

min{%, 4L} take z € I, and o’ € T\ B*(z,r) such that |z — /| > 4L Let 21,2, be the points in
. . . . .52

I'NS!(x,r) with the property that one of the subarcs I'\ {1, 22} contains 2’ and lies entirely outside B” (z, ),

and the other subarc, called 7, contains z. Since diam(I'\7) > |z — /| —r > % —r>2Cr > Clzy — 22|,

we have diam7 < C|zq — z2| and I'(z1, z2) = 7. Trivially, dist(x, [y, »,) < 2¢r. Then, for y € I'(x1,z2) and

the line [ through x and parallel to I, 5,, we have
dist(y,1) < dist(y, lyy 2p) + dist(ley 2y, 1) < (|21 — @2| + 2¢r < 4Cr;

and the first claim follows.

For the second claim, suppose that I' is a K-quasicircle that has the (1,4d,7¢)-linear approximation
property. So I' satisfies the 2-point condition (2.2.1) for some C' = C(K) > 1. Take z,y € T' with
0<|z—y| < & and r = (C+1)|z—yl, then I'(z,y) C B*(x,r). Since r < ro, there exists a line | containing
x such that

[(z,y) C {z € B*(x,r): dist(z,1) < or}.
In particular, dist(y,l) < dr. Given z € I'(z,y), take a point 2’ € [ N B%(z,r) with |z — 2| < r; then, from
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elementary geometry we get
dist(y,1)

dist(2',15,) <
( ’y) |.I‘ _ y‘

r < (C+1)dr.

It follows that dist(z,l; ) < |z—2/|+dist(z/, 15 ) < (C+2)dr = (C+2)(C+1)d|x—y|. Hence, {(z,y) < 6C24,

and the second claim is proved. O

3.2 Geometry of level sets

Let I' be a Jordan curve in R? and € be the bounded component of R? \ T'. For any e > 0, define the
open set

A, = {z € R?: dist(z,T) > e}.

In general, A, need not be connected, and A, and A, U~ may not be equal (see Figure 3.1).

However, for any ¢ > 0, the set Q\ A, is path-connected. Indeed, given x,y € Q\ A, take 2’,y’ € T
such that |z — 2’| = dist(z,T') and |y —y'| = dist(y,T'). Note that [x,2'] and [y,y'] are entirely in Q\ A.. So

x,y can be joined in Q\ A, by the arc [z,z'] UT(z/,9') U [y, y'].

Remark 3.2.1. Given x € Q let ' € T be such that dist(z,T') = |x — 2'|. Then, for each z € [z,2'],
dist(z,T') = |z — &’|. Moreover, for each € > 0, the intersection [x,x'] N~y contains either exactly one point

(if e < |x — 2'|) or no point (if € > |z —2'|).

For the first claim observe that the ball B%(z,|z — 2’|) does not intersect with I'. Since B?(z,|z — z'])
is entirely inside B?(x, |x — 2'|) and 2’ € S'(z, |z — 2']), it follows that dist(z,T) = |z — 2/|. For the second
claim it is clear that if € > |z — 2’| then v N[z, 2] = 0. If 0 < e < |x — 2| , there is a unique point z in
[z, 2] such that |z — 2’| = e. By the first claim, z € v. N[z —2']. If y was another point in v, N [z — 2'] then,

by the first claim, |y — 2’| = € which leads to y = z.

Remark 3.2.2. Given z,y € Q, let 2',y’ be points in T with the property that |x — 2’| = dist(z,T) and
ly — | = dist(y,T'). If z,y,2',y are not collinear then the segments [x,2'], [y,y’] do not intersect except

perhaps at their endpoints.

Indeed, if there is a point z € [z, 2] N[y, y’] which is not 2’ or ¢/, then, by Remark 3.2.1, |z —2'| = |z —¢/|.

By the triangle inequality,

lz =y | <|z—2|+ |z =¥ | =]z —z| + |z — 2| = dist(z, T),
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which is a contradiction. The non-crossing property of [z, 2], [y,y'] is a special case of Monge’s observation

on optimal transportation; see [45, p. 163].

In the following, a point is considered as a degenerate arc.

Given a closed subset A of I' and a number € # 0, we define

YA = {z € 7. dist(z,A) = €}

In general, the set ’yé\ may be empty even when A is a non-trivial arc (see Figure 3.1). However, ’yeA is an

arc when 7, is a Jordan curve and A is connected, as we see from the following lemma.

Lemma 3.2.3. Let T be a Jordan curve in R?, and assume that for some € # 0, the level set 7. is a Jordan

curve. If A is a closed subarc of T' and v* is nonempty, then v* is a subarc of ..

Proof. Tt suffices to prove that if = and y are two distinct points in v then, one of the two subarcs A1, Ay
of 7. connecting = and y is entirely in v2.

We claim that if A\; \ ¥* # 0 then Ay C 42, Take z € A\; \ ¥2, 2’5’ € A and 2’ € I'\ A such that

loe—a'|=ly—y|=|2—2|=¢

and let A; be the subarc of A that joins 2, 3" (A1 could be just a point). We know that the open line segments
(z,2"), (y,9'),(2,2") and the Jordan curve 7. do not intersect one another. Let U; be the quadrilateral
(possibly degenerated in the case 2’ = 3’) enclosed by the Jordan curve [z,2'] U A\ U [y,y'] U A;. Then
the open arc A2 \ {z,y} must be contained in U;. For otherwise, Az \ {z,y} would intersect either the arc
[z,2'] U X U [y,y] or the segment [z, z]; this is impossible in view of properties of the distance function
dist(-,T"). Therefore, the quadrilateral Us enclosed by the Jordan curve [z, '] U A2 U [y, ¥'] U Ay is contained
in U;. Suppose now that Ay C v2 is false. Then, by the argument above with the roles of A\; and Ay reversed,

we get U; C Us. Hence Uy = Us, which is impossible. This proves the claim. O

We show next that when two points z,y on a level Jordan curve . have a common closest point on I'

then ~v.(z,y) is a circular arc.

Lemma 3.2.4. Let I’ be a Jordan curve in R?, and assume that the level set 7. is a Jordan curve for some
e > 0. Suppose that there exist x,y € v. and z € I’ such that |z —z| = |y — z| = €. Then v.(x,y) is a circular

arc on S*(z,€) of length at most me.
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Proof. By Lemma 3.2.3, 7%} = {w € y¢: |w — z| = €} is a subarc of v N S*(z,¢). Since {x,y} C ~é

Ye(,y) is one of the two subarcs of S(z,¢€) that connects x and y.
Suppose that £(yc(z,y)) > me. Then the domain U enclosed by the Jordan curve v (z,y) U [z, y] contains
precisely one point from I', namely the point z; all other points on I' are in the exterior of U. So, I intersects

the segment [z, y]; consequently, dist(z,T") < € and dist(y,I") < e. This is a contradiction. O
Using the above result we can prove the following lemma.

Lemma 3.2.5. Suppose that I' is a K-quasicircle in R%2. Then there exists M > 1 depending only on K

such that for any x € T and for any € > 0, dist(x,v.) < Me.

Proof. For any € > 0 let I'?’* be the points on I whose distance from ~ is e.

Since T" is a K-quasicircle, it satisfies Ahlfors condition (2.2.1) for some C' > 1 depending on K. If
x € I then dist(x,.) = € and the claim holds for M = 1. Suppose now that € I' \ I'?<. Since I'"* is
closed in T, there exists a component A of T \ I« that contains x. Denote with g/, 2’ the endpoints of A.

Then, 3/, 2" € I’ and therefore, there exist y, z € . such that
ly—9|=]z—7=e (3.2.1)

The points y, z can be chosen so that their distance is minimal over all pair of points in A satisfying (3.2.1).
Then, it follows from Lemma 3.2.3 that y = z. Otherwise, ¥* is either the subarc v.(y, 2) or I' \ 7(y, 2)

which are both nonempty. Therefore,
dist(z,7.) < |z —y|+e < diamA+e < Cly— z| + € < (2C + 1)e. O

Suppose that 0 < € < ¢’ and 7,7« are Jordan curves. The next corollary is an immediate consequence

of the simple observation that . is the (¢/ — €)-level set of ..

Corollary 3.2.6. Suppose that I' is a curve in R? for which there exist K > 1 and e¢g > 0 such that
Ye is a K-quasicircle whenever € € [0,€ey]. There exists a constant M depending only on M such that if

0<e<é <e and x € 7. then dist(z,ve) < M(e —e).

The following lemma shows that components of A, satisfy a weak form of the LLC; property introduced

in Section 2.3. In particular, A, has no inward cusps.

Lemma 3.2.7. Let T" be a Jordan curve, ¢ > 0 and D a connected component of A.. Then for any x,y € D

with | — y| < 2, there exists a polygonal arc T in D that joins x and y and has diam 7T < 5|z — y|.
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Proof. Let x,y be two points in D with |z — y| < 2e. So, for each z € [z,]
dist(z,T") > 2¢ — min{|z — y|,|z —z|} > 0

and [z, y]NT = (. Consequently, since x,y are contained in the bounded component 2 of R?\T', the segment
[, y] is contained in Q as well. Let 7/ be any curve in D that connects z to y. After approximating 7’ by
a polygonal curve, erasing the loops and making small adjustments near the segment [z, y], we may assume
that 7/ is a simple polygonal curve which intersects [z,y] in a finite set. In other words, 7’ is the union of
finitely many simple polygonal subarcs o’ in D, each of which meets [z, y] precisely at its end points. The
curve 7 in the proposition is obtained by replacing each ¢’ with a polygonal arc ¢ in D N B*(z, 3|z — yl)
with the same end points.

Fix such a subarc ¢’ having end points a,b € [z,y]. Assume that U’\EQ(x, 2|z — y|) # 0; otherwise, just
let ¢ = ¢’. Let U be the domain enclosed by the Jordan curve ¢’ U [a, b]. Since U NT' = @ and Q is simply
connected, U C . We claim that

U\ B*(z,2|lz —y|) C A..

Otherwise, take a point z € U\ (B?(z, 2|z —y|)UA,) and assume as we may, by the continuity of the distance
function, that z € 7.. Let 2’ be a point on T for which |z — 2’| = dist(2,T) = €. Since U C , 2’ ¢ U and

the open segment (z, z’) intersects OU at some point z”. If 2’ is in [a,b] C [z,y] then

dist(z,T) < |z — 2| < |o = 2"+ |2/ = 2

=lz—2"4e—|z-2"<e

a contradiction. If z” is in o’ then € = |z — 2/| > |2" — 2/| > dist(2”,T") > ¢, again a contradiction. This
proves the claim.

Let U’ be the connected component of U N B?(x, 2|z —y|) that contains the segment [a, b] in its boundary.
Since U is a polygon, U’ is simply connected and U’ is a Jordan curve. In particular, 9U’\ (a, b) is composed
of finitely many line segments in D and finitely many subarcs of S*(z,2|x — y|). In view of the claim above,
oU’ \ (a,b) is an arc contained in D. After replacing each maximal circular subarc of U’ \ (a,b) by a

polygonal arc nearby, we obtain a polygonal arc ¢ in D N B?(x, g|m — y|) connecting a to b. The arc 7 in

the proposition is given by the union of these new o’s. O

We next prove that the boundary of any connected component of A, is a Jordan curve. We need a
theorem of Lennes in [25] which gives a sufficient condition for the frontier, of a bounded planar domain,

to be a Jordan curve. Let D be a bounded domain and p a closed polygonal curve which encloses D in its
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interior. Let E’ be the set of all points in the plane that can be joined to p by a continuous curve in the
complement of D. The frontier F of D is the set of all common limit points of E’ and D, that is, F' = END.
Define moreover the interior set of the frontier F to be I = R?\ (E' UF) and the exterior set of the frontier
F tobe E = E’'\ F. Observe that all the above definitions are independent of the choice of p.
Furthermore, a point x € F' is said to be externally accessible if there exists a finite or a continuous
infinite polygonal path 7: [0,1] — R? such that 7([0,1)) C E and 7(1) = 2. And a point z € F is said to be
internally accessible if there exists a finite or a continuous infinite polygonal path 7: [0,1] — R? such that

7([0,1)) € I and 7(1) = . Lennes proved the following.

Lemma 3.2.8 ( [25, Theorem 5.3]). If every point of a frontier F possesses both the internal and the external

accessibility, then F is a Jordan curve.
We now apply the theorem of Lennes to prove the following.

Lemma 3.2.9. Let T" be a Jordan curve and € > 0. Then, the boundary of every connected component of

A, is a Jordan curve.

Proof. Recall that Q is the bounded component of R?2 \ I'. Let D be a connected component of A, and
p be a closed polygonal curve that encloses  in its interior. Every point x € Q\ D can be joined to one
of its closest points on I' by a line segment entirely outside D, then to p by a curve in R? \ Q. Therefore,
E'=R2\ D, F=E ND=98D and I = D, and any point in 0D is externally accessible.

To check the internal accessibility, we take x € 9D, and a sequence {x,, } in D with distance |z, —z| < 27 "¢
for every n > 1. By Lemma 3.2.7, there exist a family of polygonal arcs {7, }nen in D such that 7, joins
Xy to Tpi1 and has diam 7, < 5|z, — Tpg1] < 21="¢. Then, take 7 to be the infinite polygonal path
{z} U Un21 Tn- This proves that x is internally accessible, and by Lennes’ theorem, we conclude that 0D is

a Jordan curve. O
Components of A, satisfy LLCy, when T" is a quasicircle.

Lemma 3.2.10. Suppose that T is a K-quasicircle. Then, there exists a constant M > 0 depending only on
K such that for any € > 0, for any connected component D of A, and for any two points x,y € D, there

exists a curve T in D joining x and y such that diamT < M|z —y).

Proof. In view of Lemma 3.2.7, we consider points z and y in D with distance |z — y| > 2¢ only. The proof
follows closely that of Lemma 3.2.7; however, the segment [z, y] here may intersect I
Since T" is a K-quasicircle, it satisfies condition (2.2.1) for some C = C(K) > 1. Fix a simple polygonal

curve 7/ in D joining x and y that intersects [x,y] in a finite set. As in Lemma 3.2.7, we replace each
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subarc ¢’ of 7/ that has end points in [z, y] and does not intersect [z,y] anywhere else, by a new arc ¢ in
DN B?(x, (C + 2)|z — y|) having the same end points.

Fix such a subarc o’ having end points a,b € [x,y]. Assume that o’ \§2 (z,(C+2)|z—y|) # 0; otherwise,
just set 0 = ¢’. The domain U enclosed by the Jordan curve ¢’ U [a, b] may now contain points outside €.
We claim nevertheless that

U\ B*(z,(C +2)|z —y|) C A (3.2.2)

Suppose U \ B%(z, (C + 2)|z — y|) € A.. As before, we may pick a point z € (U \ B%(z, (C + 2)|z — y|)) N e
and a point 2’ € T such that |z—2'| = dist(z,T') = €. Suppose 2z’ ¢ U; the segment [z, z’'] must intersect OU at
some point z”. Because |z —y| > 2|e|, the point z” cannot be in [z, y], therefore z” € ¢’. Hence e = |z —2/| >
|2 — 2| > dist(2”,T) > ¢, a contradiction. So 2’ must be in U, therefore 2’ € (UNT)\ B?(x, (C+1)|z —y|).

Since € > 0, ' cannot be entirely in U, so T' N U # . Since U = ¢’ U [a,b] and ¢’ C D, I'N [a, b] # 0.
Let 21, 22 be the points in [a,b] NT' with the property that the open subarc IV of I' connecting z1 to zo and

containing the point 2’, is entirely in U. So |21 — 22| < |a — b| < |x — y| and
diam T > dist(2/, [21,22]) > |2/ — 2| — |z —y| > Clz — y| > C|z1 — 2.

From the 2-point condition (2.2.1) it follows that the diameter of the subarc I = T'\I" is at most C|z; — 2a|.
Therefore, I C B?(z,(C + 1)|z —y|), and T C U U B?(x, (C + 1)|x — y|).

Let w be one of the points on ¢’ that is furthest from x. Since IV \ {21, 22} is contained in the open set
U, |x —w| > maxy,er |z — ul; furthermore |z —w| > (C + 2)|x — y| > maxyer~ |z — ul. As a consequence, w,
also o', is contained in the unbounded component of R? \ I'. This is impossible because ¢/ C D C A, C Q.
Claim (3.2.2) is proved.

Let U’ be the component of U N B?(z, (C +2)|z —y|) whose boundary contains [a,b]. As in Lemma 3.2.7,
o' is replaced by the subarc o = 90U’ \ (a,b) C D C A.. The curve 7 in the proposition is the union of these

new o’s. O

Remark 3.2.11. Both Lemmas 3.2.7 and 3.2.10 can be strengthened to include the case when x and y are
in D. In such case, curves T satisfying the diameter estimates in the lemmas are contained in D with the

exception of their endpoints.

We now state an elementary geometric fact needed in the following two lemmas. Given 0 < § < € and a
point a = de'® in B%(0,¢), then
1 2 i0 10
S*(a,e)\ B“(0,e) ={a+e€e”: |0 —a] <7 — cos (2—)}7
€
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and the circular arc is contained in the sectorial region {z € R?: |argz — a| < cos™}(£)}.

Given any zy € 7., € > 0, set

rizo} = {y €T: |zg—y| =€}

Lemma 3.2.12. Suppose € > 0 and x is a non-isolated point in .. Then the set T1#0} lies entirely in a

semi-circular subarc of S*(xg,¢€).

Proof. Choose a sequence of points a, on ~. that converges to xg; set 6, = |an — ac0| and assume as we may
that 0 < 8, < €. Since dist(a,,I") = €, we have dist(a,,'t*0}) > ¢ for all n > 1. In particular I'{#o} is
contained in the part of S (zo, €) that is outside B(a,, €), which is a circular arc of length (2r—2 cos™1(42)) e.

The claim follows by letting n — oco. O

Fix a non-isolated point ¢ on 7., we examine the geometry of the level set 7, near z.

Let X = T'{#o}. Since X is compact, there exist z1,z0 € X (possibly &1 = z2) such that |z —
75| = diam X < 2¢; and by Lemma 3.2.12, X lies in a subarc ¥ (possibly degenerated) of S'(x¢,€) having
endpoints x; and x5 and of length at most me. Let U = B?(xy,¢) U B(xa,¢); clearly 7. N U = (). Set
€0 = (2 — |x1 — 29]2/4)'/2. For 0 < § < €, the set S1(0,6) \ U is a connected arc when |z; — 3| < 2¢, and

it has two components when |x; — z3| = 2¢. Let S5 be a component of S1(0,4) \ U.

Lemma 3.2.13. Suppose € > 0 and xq is a non-isolated point in v.. There exists 09 € (0,€9) such that if
0 < 0 < §g then the set v. NSy contains at most two points.

Specifically, if 0 < § < dp, a € 7.NSs, and o’ is a point in T with |a —a’| = €, then at least one of the two
components (maybe empty) S5 ,, S5, of Ss\ {a} is contained entirely in the disk B*(a',¢); in other words,

there exists j € {1,2} such that every point in Sg’a has distance strictly less than € from T.

Remark 3.2.14. For every non-isolated point xo on . and every § € (0,¢p), the set v. NS (xg,8) contains
at most two points when |xy — x2| < 2¢, and at most four points when |x; — xo| = 2e. See Figure 3.1 for

some of the possibilities.

Proof. Assume as we may that zo = 0, 2, = ee'™, zp = €*®™~7) with 7 € [r/2, 7], and that ¥ C {z: Rez <
0}. Consider from now on only those ¢ in (0,¢p). Consequently, Ss C {z: Rez > 0} when 0 < |21 — za| < 2¢
and S1(0,8) N {z: Rez > 0} C Ss when z; = 3 = —¢; assume therefore without loss of generality that
Ss C {z: Rez > 0} when |x1 — xo| = 2¢e. Tt is straightforward to check that

—(r— cos_l(%)) <argz <71 -— cos_l(%) for all z € Ss. (3.2.3)
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Fix a number § € (0, 33) depending on 7 so that 7—¢& > /2 when 7 > 7/2, and { = /48 when 7 = 7/2. Fix

also a number & € (0, €), satisfying cos™* (%) > 57 and having the property that for any a € v. N B?(0, &)

127

and any point @’ on T nearest to q, i.e., |a — a’| = €, we have
T—¢<argad <2 —T1+E. (3.2.4)

If there were no such dg, X would contain a point outside X.

Suppose the assertion in the lemma is false. Then, there exist § € (0,dy), a € 7. N Ss,a, a point ' € T
with |a —a'| = ¢, by € S5, and by € 3, such that b1,by ¢ B*(a’,¢). Assume as we may that

S )
—(r— 005—1(2—)) <argh) < arga < arghbs <7 — 008_1(?)-
€ €

Let Iy (resp. l2) be the line that bisects the segment [a, b] (resp. [a,bs]). Since |b; —a'| > € = |a — d/| for
j =1 and 2, the point a’ lies in the closure of the component of R? \ {I1,l>} that contains a. In particular
by (3.2.3),

1) aurgbl—l—arga<8Lr a,<argb2—|—arga

I ]

_ _ —1
(7 = cos™( 2 =g > 2 %

which is impossible in view of (3.2.4) and the fact that & < 7/24 < cos™'(%2). This proves the second

€

assertion and the lemma. O

Lemma 3.2.15. Suppose that for some € > 0, there exist a connected component D of A, and a connected
component G of v U A, such that D C G. Then, there exists a point xo € 0D and points x1,xo € T’ such
that xg,x1,x2 are collinear and

xo — x1| = |z0 — 22| = €.
Furthermore, T'{1#o} = {z1,22}.

Proof. Let E = G\ D. Since G is connected, we have that EN D # () and ENAJD # (. Fix a point
zo € E NOD; clearly x( is a non-isolated point in .. Define X = I'{#o} the shortest subarc ¥ of S* (20, €)
containing X, its end points z1,z2, the open set U, and the number g > 0, relative to the point x( as in
Lemma 3.2.13.

Suppose that |z1 — 22| < 2e. Then for § € (0, ), S*(z0,0) \ U is the arc S5. Since zo € dD, there exists
a number d; = 91 (zo, D, €) > 0 such that D N S5 contains a non-trivial arc for every 0 < 6 < d;. Therefore
0D N Ss contains at least two points in .. Hence, by Lemma 3.2.13, EN S5 = () when 0 < § < min{dy, é; }.

This contradicts the assumption zy € E. Therefore |1 — x2| = 2€ and xp, z1 and x4 are collinear.
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We now prove I'{#o} = {1 25}, Assume, as in Lemma 3.2.13, that zo = 0, ¥ C {Rez < 0}, 2; = ee™/?
and zo = ee™/2, Suppose there exists another point z3 € [{wo} \ {x1,22}; so Rexz < 0. Observe,
by elementary calculations, that there exists do = da(z3,€) € (0,€0) so that for any y in the half disk
B2(0,62) N {Rez < 0}, one of the numbers |y — x1|, |y — 22|, |y — 3| is strictly less than e. Therefore,
(AcU~.) N B%0,85) C {Rez > 0} \ U. Since g € D, D N S5 contains at least two points in 7, for all
sufficiently small §. As before, it follows from Lemma 3.2.13 that £ N S5 must be empty for all sufficiently

small 8, a contradiction. This proves that T'{#o} = {z1, 22}, and the lemma. O

The next two propositions lead naturally to the (1/2,7¢)-chordal condition for the LJC property in
Theorem 3.0.4.

Proposition 3.2.16. Suppose that for some ¢ > 0, A, # 0, 7. U A, is connected, and A, C 7. UA.. Then,

there exist points xog € Ve and x1,x2 € I' which are collinear such that

|£B0 71‘1| = |£L’0 7£L’2| = €.

Moreover, T'{#o} = {z1,22}.

From the assumptions, there exist a connected component D of A, and a connected component G of

ve U A, such that D € D C G. The proposition follows from Lemma 3.2.15.

Remark 3.2.17. The point xo in Proposition 3.2.16, which is chosen according to Lemma 3.2.15, lies, in

fact, on the boundary of a component of A.

Proposition 3.2.18. Suppose that A, # 0 and . U A, is not connected for some € > 0. Then, there exist

points xg € 0 and x1,x2 € I' which are collinear such that

|£C0 — .’£1| = |£L’0 — £E2| = diSt(Xo,F) < €.

Moreover, T1#0} = {1 x5}.

Proof. Choose a connected component D of A, a point z € D, and a point y in a connected component of

A. U7, that does not meet D, and define

dop = sup{d > 0: z,y are in a common component of As}.

Since €2 is path connected, dy > 0; and since = and y are in two different components of the closed set

")/€UA€, do < €.
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For 6 € (0,dp), let G5 be the component of Ay that contains z and y. Then, for 0 < § < §' < dy we
have G5» C Gs» C Gs. Since {Gig}ge(o,do) is a nested family of compact connected sets, the intersection
G = Nycseq, Gs is a connected subset of 74, U Ag, that contains D U {y}.

We claim that G is the component of vq4, U Ag, that contains z,y. Indeed, let G be the component of
Ydo U Ag, that contains z,y. Clearly G C G. Since the set U.eé B?(x,0) is open and connected for every
6 € (0,do),

Gc U B*(2,6) C Ggy_s for each 0 € (0,dp).
el

So G C G and G is the component of Ydo U Ay, that contains x,y. Hence, D C G and the proposition now

follows from Lemma 3.2.15. O

Remark 3.2.19. The point xy in Proposition 3.2.18, chosen according to Lemma 3.2.15, lies on the bound-

ary of a component of Ay, for some 0 < dy < €.

3.3 Level curves and level quasicircles

In this section, we give the proofs of Theorem 3.0.4 and Theorem 3.0.5 along with two examples that

show the sharpness of the conditions.

Proof of Theorem 3.0.4. By the assumption of the theorem, there exists rg > 0 such that {r(z,y) < 1/2, for
all z,y € T with |z — y| < ro.

First we claim that A, U, is connected for all € € (0,79/2). Otherwise, by Proposition, 3.2.18, there
exist do € (0,79/2) and collinear points xg € 4, and 1,2 € T such that T{#o} = {y € T: |zg —y| = do} =
{21, z2}. The line [ that contains ¢ and is perpendicular to I, ,, intersects I'(x1, z2) at some point z. Note

that |21 — x2| = 2dp < ¢ and that
dist(z, ly, z,) = |zo — 2| > dist(zo, ') = do.

So (r(x1,x2) > 1/2, a contradiction.

Next we claim that A, must be connected for all € € (0,r9/2). Otherwise, for some € € (0,79/2) the
open set A, would have at least two components, called Dy, Dy. By the continuity of the distance function,
each D;,j = 1,2, would contain a point z; of distance €’ to I, for some €’ € (¢,79/2). This would imply that
A¢ U~ is not connected; this contradicts the previous claim.

Therefore, by Lemma 3.2.9, A, is a Jordan curve for every e € (0,79/2). It remains to check that
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ve = OA, for all € € (0,79/2). Suppose dA. & 7, for some € € (0,79/2). Then A, & A, U~.. Therefore,
by Proposition 3.2.16, we can find collinear points xg € 7. and x1,x2 € I' such that [izo} = {z1,22}. As
before, this leads to the inequality (r(z1,z2) > 1/2, a contradiction. So v, = 0A..

This completes the proof of the theorem. O
Remark 3.3.1. The (1/2,rg)-chordal condition is sharp for the conclusion of Theorem 3.0.4.
We construct a chord-arc curve I' with (p = § which satisfies
(i) There exist two sequences of points {z,,}, {yn} on I such that |z, — y,,| = 0 and (r(zn, yp) = 5 +27"

(ii) There exists a decreasing sequence of positive numbers {e, } with €, — 0 such that ., is not a Jordan

curve.

as follows. Let I' be the boundary of the domain
o
D=[-1,2] x [-3,0]U [ J[27" =272, 27" x [0,27"*(1/2 + 27")].
n=0

Observe that I' is a Jordan curve and it is not difficult to show that I is also a chord-arc. Set, for any n € N,
T, = (27" —=2"""20) and y,, = (27,0).

Note that (r(xn,yn) = % + 27" and that it is not hard to check that {r = % Let A, = T(zn,yn)
and €, = 27"7%. Then, the set yA» = {z € 7., : dist(z,A,) = €,} is the union of the line segment
{zn +27"73} x [0,272"72] and two quarter-circles {z, + €,e: 28 <0 < 27} (J{yn + €, m < 0 < 3T}

It follows that ., is not a Jordan curve.

F_ |_| [ n_.___

Figure 3.2: A Jordan curve with (r(z,,y,) = % + 27" that does not satisfy the LJC property.

We now apply Lemma 3.2.7, Lemma 3.2.10, and Theorem 3.0.4 to prove Theorem 3.0.5. Recall from
Lemma 3.2.7 that A, if a Jordan domain, has no inward cusp. Condition {r < 1/2, together with the

estimates (3.3.1) below, shows that A, has no outward cusps.
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Proof of Theorem 3.0.5. By the assumption of the theorem, there exist ¢ € (0,1/2) and ¢ > 0 such that
Cr(z,y) < ¢ for all 2,y € T with |z — y| < rg. From Theorem 3.0.4 and its proof, . is a Jordan curve for
every € € (0,79/2); by Lemma 3.1.1, I" is a K (¢)-quasicircle, therefore satisfies the 2-point condition (2.2.1)
for some constant C'(¢) > 1. Constants below depend only on (.

We now prove that there exists K’ > 1 depending only on ¢ such that v, is a K'-quasicircle for any

. .19 diamI’
0 <e< mln{%, W(C)}

By the 2-point condition, it suffices to prove that there exists M > 1, depending only on (, such that

diamye(x,y) < M|z —y| for all x,y € 7.

Given z and y in 7., choose 2’,y’ € T such that |z — 2'| = |y — ¥/| = €; segments [z, 2] and [y, y’] do not
meet except possibly at 2’ and y’. By Remark 3.2.11, there exists a curve 7, ,, with 7, , \ {z,y} C A, that
connects z to y, and satisfies |z — y| < diam 7, , < C1({)|z — y| for some constant C;(¢) > 1. Consider the
domain D enclosed by the Jordan curve [z,2'] UT'(2",y") U [y, y'] U Ty y. Let ve(x,y)* be the component of
e \ {z, y} that is contained in D; note that v.(z,y)* and v.(z,y) are not necessarily the same arc. It suffices
to show that

diam e (2, y)* ~ [z — y|.

We consider four cases according to the ratios |z’ — y'|/e and |z — y|/e.

Case 1. |#' —y'| > 4(1 — {)e. In this case, |2’ — y'| — 2e < |x — y| < |2' — ¢'| + 2¢, which implies

1-2¢
2 -2

o' =yl <lo =yl < 5—pele’ —¥.
Since 0 < ¢ < 1/2, diam7, , ~ |z — y| and I' is a K(¢)-quasicircle, we have diam D =~ |z — y|. Hence,
diam e (x,y)* ~ |z — y|.

Case 2. ' =3y'. In this case, v(z,y)* = y(x,y). By Lemma 3.2.4, v.(z,y) is a subarc of S'(z',¢€) of
length at most e, hence diam . (z,y) = |z — y|.

Case 3. 0 < |2/ —y'| <4(1 — {)e and |z — y| > €(1 —2¢)?/10. Since diam D ~ ¢ and ~.(x,y)* C D, we
have diam v, (x,y)* ~ |z — y| ~ €.

Case 4. 0 < |2/ —y'| <4(1—-C)eand 0 < |z —y| < €(1 —2¢)?/10. In view of Lemma 3.2.10 and Remark
3.2.11, we may assume that diam 7, , < 5|z —y| < €/2. It is easy to check that in this case y(z,y)* = v(z, y).

However, there is no relation between |z — y| and |2’ — /|, and diam D may be much bigger than |z — y|.
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We construct a new domain D’ whose closure contains 7. (z,y) and has diam D’ ~ |z — y|.

First, let R(2’,y’) be the rectangular domain whose boundary has two sides parallel to the line ;s of
length a = |2’ — ¢/|, and two other sides having mid-points 2’ and y’ and of length b = 2(e — |z’ — ¢/'|).
Then define a domain

Uz',y') = B*(2',e) UB*(y/, ) U R(z', /).

It is possible that R(z’,y’) is contained in B?(z’,¢) U B%(y,€) for some pairs 2’ and y’. Nevertheless,
oU(z',y’) are K"-quasicircles for some constant K" > 1 depending only on ¢, in particular not on z’ and

y'. This observation follows from the inequalities: 0 < ¢ < 1/2,
! / 2 b / /
O<a=|z'—y| <41 - and0 < e(1 — 2¢) <§:6—C|x—y\<e. (3.3.1)

Next, we claim that U(z’,y') N A = 0. Indeed, for any z € R(z',%’) the line containing z and perpen-
dicular to I,/ ,» must intersect the arc I'(z’,y’) at some point z’. Note that dist(z,I") < dist(z,T'(2,y’)) <
|z—2"| < dist(z, Ly )+dist(2', L o) < 2+¢|2"—y'| = €. Clearly, dist(2,T') < e for all z € B2(z’,e)UB2(y/, €).

Recall that z € 0B?(2’,¢)NoU (', y') and y € dB2(y',e)NOU (2',y'). Let T}, be the subarc of U (z’,y')
connecting  to y that has the smaller diameter. Then, T, C R*\ A, and diam 7, , ~ |z — y| because
oU(z',y’) is a K"-quasicircle.

To summarize, A, is a Jordan domain, z and y are two points on 0A,, and 7, 4, Ve(z,y), and T, , are
arcs connecting x to y, with 7., \ {z,y} C A, 7e(z,y) C A, and T}, , C R?\ A..

Let D’ be the domain enclosed by the Jordan curve 7, U T, ,. We claim that 7.(z,y) is contained
in D’. Otherwise, 7, , would be contained in the closure of the domain D" enclosed by the Jordan curve
Ye(z,y)UT, . By the connectedness of A, the entire A, would be contained in D”. A preliminary estimate

of diam v, (z,y) from the fact v.(z,y) C D shows that
diam ye(x,y) < 5lz — y| + 2¢ + C(Q)2" — y'| < 7C(Q)e.

Therefore,

diam A, < diam D" < diam 7, (x,y) + diam U (2',y/)

3
<T7C()e+4e+ 2" — | <15C(C)e < Zdiamf < diam A,
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a contradiction. So 7. (z,y) C D’, and therefore
diam e (z,y) < diam D’ < diam 7, ,, + diam T} , ~ |z — y|.

This completes the proof of diam v, (z,y) ~ |z — y| for Case 4, and the theorem. O
Remark 3.3.2. The condition (r < 1/2 is sharp for the conclusion of Theorem 3.0.5.

We first make an observation. Given a € [0,7/12], let o be the circular arc {e??: o < 6 < 7 — a}, and
I’ be the infinite simple curve obtained by replacing the segment [e®, ei(”_o‘)] on lgia ci(r—ay by 0. The set
of points below I that have unit distance to IV is a simple arc 4/ consisting of two horizontal semi-infinite
lines and two circular arcs 71 and 79, where 7 is a subarc of the circle § 1(6”, 1) connecting 0 and —i + et
, and 79 is a subarc of the circle Sl(ei(”*a), 1) connecting 0 and —i + e (m=9)  Since 7, and 7 meet at an
angle 2a;, the arc 4" is a K («)-quasiline with K («a) — oo as a — 0.

Fix now a decreasing sequence a,, converging to 0 with a; = 7/12, and another sequence €, = 47 "2,
Let p, be the point having coordinates (27", —¢, sin,) and o,, be the subarc of S!(p,,€,) above the real
axis; and let w be the simple curve that has end points —1 and 1 and is the union of circular arcs Un21 On
and a countable number of horizontal segments in [0, 1]. Fix a large N € N, and let P be the boundary of a
regular N-polygon in the lower half-plane which has [—1,1] as one of its edges. Let I" be the Jordan curve
obtained from P by replacing the edge [—1,1] by w.

It is not hard to see that for sufficiently large N, I' is a K-quasicircle for some K > 1 independent of N,
that (r(z,y) < 1/2 for all z,y € T with |z —y| < 1/2, and that (r = 1/2.

On the other hand, every level curve v, is a K,-quasicircle which contains two circular arcs, with the
same curvature, meeting at an angle 2«,,. Since a,, — 0, K,,’s cannot have a uniform upper bound. So I

does not satisfy the LQC property.

Figure 3.3: A Jordan curve with (r(z,,y,) < & that does not satisfy the LQC property.
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3.4 Level chord-arc property

In this section we give the proof of Theorem 3.0.6. We start by recalling a known fact: if a bounded
starlike domain in R? satisfies a strong interior cone property then its boundary is a chord-arc curve.

For a € (0,7),h >0, z € R? and v € S!, denote by
Conl(m,v) = {2z €R?: cos(a/2)|z —z| <v-(2—x) <h}

the truncated cone with vertex z, direction v, height i and aperture a.

Suppose that U C R? is a bounded starlike domain with respect to a point zg € U, i.e., for every x € U
the line segment [xg, 2] intersects QU only at the point z. Suppose in addition (U, z) satisfies the strong
interior cone property, i.e., there exist a € (0,7),h > 0 so that the truncated cone C, (z,v;) \ {z}, in the

direction vy = (xg — x)/|xo — x|, is contained in U for every x € OU. Assume from now on zo = 0, and set
p = max{|z|: x € OU}.

We obtain, by elementary geometry, positive constants ¢; = ¢ (a, %), ca = ca(a), cs = cs(a) such that

Y

|yl

| < cslx —yl|, for all x,y € AU with \i - l| <cj.

Let ¢: OU — S' be the map = + % . Then pv is L-bi-Lipschitz for some constant L > 1 depending only

||

on a and h/p. Therefore U is a C-chord-arc curve for some constant C' > 1 depending only on a and h/p.

Essential to our proof of Theorem 3.0.6 is a lemma of Brown [7] on sets of constant distance from a

compact subset A of R%. Recall from the Introduction that for a given € > 0, the e-boundary of A is the set

Oc(A) = {x € R?: dist(z, A) = ¢}.

In Lemma 1 of his paper, Brown proved that if e > diam A, then 0.(A) is the boundary of a starlike domain
U, with respect to any point xg € A. In fact, whenever ¢ > 3diam A, (U, z() also possesses the strong
interior cone property, namely, the cone Cz < (x, (zo — x)/|zo — z]) \ {z} with vertex z € 9.(A) is contained

in U,. Since 2¢ < diam(9.(A)) < 3¢, we have the following.

Lemma 3.4.1. There is a universal constant co > 1 for the following. Suppose that A is a compact subset

of R? and that ¢ > 3diam A. Then the e-boundary d.(A) of A is a co-chord arc curve.
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We now apply Lemma 3.4.1 locally and repeatedly to prove Theorem 3.0.6.

Proof of Theorem 3.0.6. For the necessity, we only need to check that I" is a chord-arc curve. By the LCA
property, there exist L > 1, ng € N, and for each n > ng, an L-bi-Lipschitz homeomorphism f,, of R? such
that f,(B2) = T% Since f,|B2 are equicontinuous, by Arzela-Ascoli, there is a subsequence f; |B2 which
converges to a homeomorphism f. It is not hard to see that f is bi-Lipschitz and maps B2 onto Q. Therefore,
I' = f(0B?) is a chord-arc curve.

To show the sufficiency, we assume that I" is a Cj-chord-arc curve, and that there exist g > 0 and K > 1
such that the Jordan curves v, are K-quasicircles for all € € (0, ¢p]. In the rest of the proof, constants are
understood to depend on C; and K only, in particular independent of e.

For € € (0, €] and for a closed subset A C ., we set
M ={yel:|y— x| =eforsome z € \} = {y € T': dist(y,\) = €}.

In general, I'* need not be connected, and there is no relation between the diameter of A and the diameter
of TN

We prove now that ~, is a chord-arc curve. Since 7, is a K-quasicircle, it suffices to check
L(AN) Sdiam A for all subarcs A C 7.

We consider three cases according to the diameter of T'*.

Case 1. diamT* < ¢/10. Set
De(T?) = {z € R?: dist(z,T*) = €}.

After a moment of reflection, we see that A\ C J.(I'*). By Lemma 3.4.1, there exists a universal constant

co > 1 such that, for any z,y € 9.(T"),
U(0(TA)(w,y)) < colz — y;

recall that 9. (I'*)(z,y) is the subarc of 9.(T'*) connecting x and y that has the smaller diameter. We deduce
from this the following

L(N) < ¢g diam .
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To prepare for the next two cases, we take A to be the subarc of I' that contains I'* having the smallest
diameter. Subdivide A into subarcs Ay, Ao, ..., Ay which have mutually disjoint interiors and satisfy the
condition

€/100 < diam A, < €/10 foralln=1,...,N.

Since I is a quasicircle, diam A ~ diam I'*; since T is a C-chord-arc curve Ne ~ diam A. So,
N ~ ¢ tdiam A ~ ¢! diam T,

Set A, = yA» N Aforn=1,...,N. Again, after a moment of reflection, we see that A\ = Uﬁ;l An. Recall,
from Lemma 3.2.3, that yA» = {x € ~.: dist(x,A,)) = €} are arcs whenever they are nonempty, so \, are
subarcs of 7.. Note however that some of {\, } may overlap. We now apply Lemma 3.4.1 to the e-boundary

0e(Ay,) of A,,. Since A, is also a subarc of 9.(A,,), it follows, as in Case 1, that
L(\,) < cgdiam A\, <ce.

Case 2. €/10 < diam I'* < 10e. From the estimates above, we obtain

N N
() < 0(An) <> codiam Ay, < Neg diam A ~ diam \.
n=1 n=1

Note that in this case, diameter of A might be much smaller than e.

Case 3. 10e < diamT*. In this case, it is geometrically evident that
diam T? — 2¢ < diam A\ < diam M+ 2e,

hence diam A ~ diamT'*. Therefore,

N N
() <Y 0(An) <> codiam Ay, $ Ne ~ diam I ~ diam . O

n=1 n=1

Remark 3.4.2. Suppose that T is a Jordan curve. The proof of the previous theorem shows that each level
set e, with € # 0, is contained in a finite union of co-chord-arc curves, and that if v. is a quasicircle with

e #0, then it is a C(T',€)-chord-arc curve.

We conclude this section with the proof of Theorem 1.3.2. The following simple lemma is needed in the

proof.
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Lemma 3.4.3. The radial projection f: {x € R?: || > 1} — S with f(re'®) = €% is 1-Lipschitz.

Proof. Tt suffices to check the 1-Lipschitz condition for 1 = 1,25 = re®® with r > 1. We have,
|1 — x2] => V/r2 —2rcosf+ 1> V1 —2cosl+1=|f(z1) — f(z2)]- O

Proof of Theorem 1.3.2. A Jordan curve which satisfies a local 7/2-chord-arc condition but fails the LCA
property is given in Remark 3.3.2. It remains to prove the first claim. In view of Theorem 3.0.6, it suffices
to show that if T satisfies a local C-chord-arc property with C' € [1,7/2) then T satisfies the LQC property.

Fix C € [1,7/2) and suppose that there exists €y such that, for each z,y € T' with |z — y| < eq,
((I'(z,y)) < C|z — y|. We may further assume that ¢y < ;& diamT. In this case, the arc I'(z,y) of shorter
length joining z,y coincides with the arc I'(z,y) of shorter diameter joining x,y.

We claim that for any € € (0, ¢g] sufficiently small and any z € ., the set I'#} is contained in a subarc
of S'(x,€) of length at most 2Ce. By Lemma 3.2.12 we already know that T{} is contained in a semicircle
of S*(z,¢). Let S be the smallest subarc of S*(z, ¢) containing T'1#} and let 21,2 be the endpoints of S. Tt
is easy to see that 21,20 € T{#}. Since dist(z,T) = ¢ the curve I'(x1, x2) can not intersect B?(z,¢). Since
the radial projection of I'(x1,z2) on S(x,¢€) is 1-Lipschitz, and ¢(T'(z1,22)) < C|z1 — 22| < 2C¢, we have
that x1,z9 are in a subarc of S*(z,€) of length at most 2Ce and the claim follows.

Next, we show that I' has the LJC property. Suppose that for some e > 0 sufficiently small, the set A,
is not connected. Then for a suitable € € (e, 2¢), the set 7 U A, is not connected. By Proposition 3.2.18,
there exist 6 > 0 and points zg € 75, 1,22 € I' such that |zg — z1| = |zo — z2| = §. The latter contradicts
the above claim. Suppose now that for some e > 0 sufficiently small, v, UA, is connected, and A, C v UA..
Then by Proposition 3.2.16 there exist points zg € 7., 1,22 € I' such that |xg — 21| = |zg — 2| = €. The
latter contradicts the above claim again. Combining these observations with Lemma 3.2.9, we conclude that
there exists rg > 0 such that v, is a Jordan curve for each € € [0, ro].

We now prove that there exists K’ > 1 depending only on C such that 7. is a K’'-quasicircle for any

7o diamT

0<e< mln{lO,W}

By the 2-point condition, it suffices to prove that there exists M > 1, depending only on (, such that

diam v (z,y) < M|z —y| for all z,y € ..

Given z and y in 7., choose z’,y" € T such that |z — 2/| = |y — ¢/| = ¢; segments [z, 2] and [y, '] do not
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meet except possibly at ' and y'. Let 7,4, D and ~.(z,y)* be as in the proof of Theorem 3.0.5. It suffices

to show that diam v, (z,y)* ~ | —y|. We consider four cases according to the ratios |z’ —y’|/e and |z —y|/e.

Case 1. |2/ —y'| > ffce. The proof of this case is similar to that of Case 1 in Theorem 3.0.5.

Case 2. ' =y'. The proof of this case is similar to that of Case 2 in Theorem 3.0.5.

Case 3. 0 < |2/ —y| < ﬁr—”ce and | — y| > €/10. The proof of this case is similar to that of Case 3 in

Theorem 3.0.5.

Case 4. 0 < |2/ —¢/| < ﬂifrce and 0 < |z —y| < €/10. The difference between the proof of this case and

that of Case 4 in Theorem 3.0.5 is that instead of a rectangle we use a disk.

In view of Lemma 3.2.10 and Remark 3.2.11, we may assume that diam 7, , < 5|z —y| < €/2. It is easy
to check that in this case v(x,y)* = vy(z,y). However, there is no relation between |z — y| and |2’ — 3|, and
diam D may be much bigger than |z — y|. We construct a new domain D’ whose closure contains v.(z,y)
and has diam D" ~ |z — y|.

Let z be the midpoint of [2’,y'] and r = ¢ — %|:1:’ —9'|. The assumptions on ',y yield

T —2C
T+ C

d €.

c
r=e——lz' —y
m

Then define a domain
U(z',y') = B*(z',¢) U B*(y/,€) U B*(z,7).

It is possible that B(z,r) is contained in B(a’,¢) U B(y', €) for some pairs ' and y'. Nevertheless,

T —2C
T+ C

2" — /| — 2e < €
which implies that B?(z,r) intersects both B(2’,¢) and B?(y/,¢) and each intersection is a set of diameter
comparable to e. It follows that U (2',y’) are K'-quasicircles for some constant K" > 1 depending only on
C, in particular not on z’ and y/'.

Next, we claim that U(z’,y') N A, = (. Clearly, dist(z,T) < € for all z € B*(2/,¢) U B*(y/,¢). Let
r' = £lz’ —y/|. Note that I'(z/,y’) intersects Ez(z,r’). Otherwise, the radial projection of I'(z’,y’) on
S1(z,r'") would contain at least a semicircle and by Lemma 3.4.3 ¢(T'(2,y’)) > 7r' = Cla’ — y/| which
is a contradiction. Since I'(z/,y’) intersects PQ(Z,T/), for each w € B?(z,r), we have that dist(w,T) <
dist(z,T) — |w — 2| < 7’ —r = €. The latter implies that A(e) does not intersect B2(z,r’) and, consequently,
Uz, y") N A = 0.

The rest of the proof is similar to that of Case 4 in Theorem 3.0.5 replacing C(¢) with C. O
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3.5 Examples from Rohde’s snowflakes

Fix a natural number N > 4. Suppose that a regular N-gon, of unit side length, is used in place of
the unit square in the first step of Rohde’s construction, while the remaining steps are unchanged. So each
snowflake-type curve is the limit of a sequence of polygons, having N4"~! edges at the n-th stage. Let Fn
be the family of these snowflakes. Then Rohde’s argument shows that every quasicircle in R? is the image
of a curve in Fy under a bi-Lipschitz homeomorphism of R?.

Let Fn,p be the subfamily of curves in Fx constructed using only the Type I and Type II polygonal arcs

of Figure 2.1. The following result is a corollary of Theorem 3.0.5.

Corollary 3.5.1. There exist Ng > 4 and py € (i, %) for the following. Given N > Ny and 1/4 < p < po,
there exists 0 < (np < 1/2 and rnp > 0 such that every curve S € Fy,, has the ((np, TN p)-chordal

property, and therefore satisfies the LQC property.
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Chapter 4

Quasisymmetric spheres over
quasidisks — Geometric construction

Let © be a Jordan domain with boundary T' , ¢ be a homeomorphism of [0, 00) onto itself and
S, 0) ={(z,2): x € Q, 2 = +p(dist(z,T))}.

It is easy to verify that 3(T, ¢) is a topological 2-sphere. Define X1(I',¢) = X(I', ) NR3 and ¥ (T, ) =
(I, ) NRE.

The goal of this chapter is to prove Theorem 1.2.1.

In Section 4.1 we show that the LQC property of the curves I' and the LLC property of the surfaces
Y(T, ¢) are intimately related. In particular, Proposition 4.1.1 states that the surface (I, ¢) is LLC for
each p € Fy if and only if I" has the LQC property.

In Proposition 4.2.2, assuming that I' satisfies the LCA property, we show that (T, h) is Ahlfors 2-
regular for each ¢ € F;. In fact, as it turns out, the limit property of functions in JF; is not necessary.
The first claim of Theorem 1.2.1 follows from Theorem 2.2.4 of Bonk and Kleiner, Proposition 4.1.1 and
Proposition 4.2.2.

The proof of claim (2) of Theorem 1.2.1 consists of two steps. By Proposition 4.1.1, we have that if
(T, ) has the LLC property for all ¢ € F satisfying lim;_,q ¢(t)/t = co then I' has the LQC property.
The necessity of the chord-arc condition follows from Proposition 4.3.1 which states that if I' satisfies the
LQC property but is not a chord-arc then there exists some function ¢ € F; such that (T, ¢) is not
quasisymmetric to S2. Then, since I' is a chord-arc surve and has the LQC property, Proposition 3.0.6

implies that I" has the LCA property.

4.1 The LLC and the LQC properties

In this section we prove the following proposition which connects the notion of the LQC property for I’

and the LLC property for (T, ¢).
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Proposition 4.1.1. Suppose that T is a Jordan curve.
1. If T has the level quasicircle property then X(T', ) has the LLC property for all p € F7.

2. If X(T,¢) has the LLC property for all ¢ € Fy satisfying limy_ @(t)/t = oo then T' has the level

quasicircle property.

The proof of the first claim follows from Lemma 4.1.2 and Lemma 4.1.3 while the proof of the second

claim follows from Lemma 4.1.5 and Lemma 4.1.6.

Lemma 4.1.2. Suppose that T is a K-quasicircle such that . is a K-quasicircle for any € € (0,€g]. Let
¢ be a self homeomorphism of [0,+00) which is L-Lipschitz in [e9,00) and, for some M,ty > 0, satisfies

o(t) > Mt for any t € [0,t9]. Then, X(T', ) is A — LLCy with A depending on K, L, M, ty, diamT.

Proof. Let SZ, Sz, be surfaces contained in X¥(I',¢), X7 (I, ) respectively such that their projection on

€0’

R? x {0} are A.,. We start by proving that STT),ST‘O are quasisymmetric to the closed unit disc. Since

€0*

Ve, is a K-quasicircle, A, is n’-quasisymmetric to B? for some 1’ depending on K. Consider now the map

Fi: A, — SE with F(z) = (z, ¢(dist(z,T)). Since, ¢ is L-Lipschitz and the distance function is 1-Lipschitz,
[z =yl < |[F(x) = F(y)| < |z —y| + le(dist(z, I') — (dist(y, T)| < (L + )|z —y].

Thus, F is (L + 1)-bi-Lipschitz and A, is n-quasisymmetric to B? with 1 depending only on K, L. We work
similarly for S, .

Now we prove the LLC; property for X(T", ¢). It suffices to show that there exists a A > 1 such that, for
any two points y1,y2 € X(T, ), there exists a curve v in (T, ¢) joining y1, yo such that diam~y < My, — ya|.
The latter implies that (T, ¢) is (1 + 2)\) — LLC;.

Since all level curves {7e}o<e<e, are K-quasicircles, they satisfy the 2-points condition (2.2.1) for some
C > 1. The proof is now divided into the following three cases.

Case 1. Suppose that y1,ys € STJB or Yi,Ys € ST_O Since B2 is 1 — LLC; and F is n-quasisymmetric then
Sié; and ST_O are A’ — LLC; for some X\ depending on 7, thus on K, L.

Case 2. Suppose that y; ¢ ST‘E U ST‘E and yp,y2 are in the same half-space. Assume, for instance, that
y1,y2 € ST(T, @) and y1 ¢ SF. Let e < e be such that 7(y1) € v, and 7(y2) € 7ye,. Take yj in B(T, ) NRY

such that w(y]) € v, and |7(y2) — w(y])| = €2 — €1.
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Since ¢ is increasing in [e1, €2] we have that

lya = y1] < |m(y2) — (Y1) + @(e2) — p(er)
< |m(y2) — 7(y1)| + @lea) — w(er)

< 2ly1 — yo|

and

v —y1l = |m(y1) — 7 (y))]
< |m(y1) — w(y2)| + [7(y2) — 7(yy)]
<2|m(y1) — 7(y2)|

< 2ly1 — yal.

Since 7., satisfies (2.2.1) for some C' > 1, there exists a path ¢} C 7., joining 7(y}), 7 (y1) such that

diam o} < Cln(y)) — n(y1)| < Cly) — | < 2C|y1 — yol.

Denote with 07 C X7 (T, ¢) the path joining y},y; such that 7w(c1) = o). Let o2 be a curve on X7 (T, )

such that m(o2) = [m(y2),7(y1)]. Since ¢ is increasing,

diam oy < p(e2) — p(e1) + €2 — 1 < 2|y2 — y1| < 4lyr — yal.

Then, 0 = 01 Uos C X(T, ) joins y1,y2 and diamo < (2C + 4)|y1 — ya|-.

Case 3. Suppose that y1, 9o are in different half-spaces. Assume, for instance, that y; € X7 (T, ¢) and
y2 € X7 (T, ). If m(y1) € ve, and ya € 7m(7e,) then |y1 — ya| > w(e1) + p(e2). From the assumption for ¢ it
follows that ¢(t) > M't for all ¢ € [0,diam '] with M’ = M,/ diamT.

Take y1,y5 € I' such that |7(y1) — yi| = €1 and |7(y2) — y4| = €2. There are paths o1 C X(I', ) N R,
oy C X(T, ) NRE joining y1,y] and ya, yh respectively, such that w(o1) = [7(y1), ] and 7(o2) = [7(y2), y5]-

Since ¢ is increasing in [0, €] and in [0, €3],

diamoy < |y — 9| <e1+pler) < (L+1/M)p(er) < (1+1/M')|y1 — 2|

Similarly, diamos < (1 + 1/M")|y1 — yo|-
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Since T' is K-quasicircle, there exists path o3 C T joining v, v5 such that diamos < Cly; — yb| with

C > 1 as above. It follows that

diamag § C(|’/T(y1) 77T(y2)| + €1 +62) S C(2+ ]./MI)‘yl 7y2|.

Note that the path o = 01 U oy U o3 joins y1,y2 in X(T, ) and

diamo < C(4 + 3/M")|y1 — ya|- O

Lemma 4.1.3. Suppose that T is a K-quasicircle such that v is a K-quasicircle for any € € (0,€g]. Let ¢
be a self homeomorphism of [0,+0c) which is L-Lipschitz in [eg/3,00). Then, 3(T,¢) is A — LLCy with X

depending on K, L, €y, ¢ and diamT.

Proof. Let © € B(T', @), r > 0 and y1,y2 € B(T, @) \ B(z,r). If the set X(I', ¢) \ B(z,r) is nonempty then

r < diam (T, ¢) < diam T + 2¢p(diamT").

We need to prove that there exists a A > 1 such that for any y1,y2 € (', ) \ B3(z,r) there exists a

continuum E C (T, ) \ B3(x,7/)\) that contains y;,y2. It suffices to show this claim for some A’ > 1 when

r <r* =min{ey/3, ¢(c0/3)}.

Then, if 7 > r*, note that yi, y2 can be connected in 3(T, ) \ B3(z,r/(HX')) where

_ diam T+ 2¢p(diamT")
-

As in Lemma 4.1.2, for each € > 0, we denote with S (resp. S.) the subset of X7 (T, ¢) (resp. X7 (T, ¢))
whose projection 7(SF) (resp. m(S7)) is the domain A.. Since r < €/3, it is enough to divide the proof in
the following two cases.

Case 1. Suppose that B3(z,r)NX(T, ¢) C S qU S . Assume that z € S . Note that since 7(z) €
Agyy3, 7 < p(€0/3) and ¢ is increasing we have that B3(ar7 7") NR? =) and, thus, (x, r)NE(T, ) C S:(:/3
We know from the proof of Lemma 4.1.2 that % is 7-quasisymmetric to B2 where 1 depends only on

K, L. Since the LLC property is invariant under quasisymmetric maps and B2 x {0} is 1 — LLC, we have
that S’jo/?’ is A\; — LLC, for some \; depending on K, L.

Case 1.1. If yy,y2 € Sjo/?), since S:;/g is Ay — LLCs, we can find a curve v C 5’;/3 \ B3(z,7/)\1) that
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connects y; with ys.

Case 1.2. If y1,y2 € (T, ) \Sjo/?)’ then note that £ = 3(T', ¢) \SJF/3 is a continuum in X(T', )\ B(z, )
that contains y1, yo.

Case 1.5. If y; € S6 /3 and ys € (T ) \S+/3, let 37 be a point in ., /3 x {¢(€/3)} that does not
belong to B3(x,r). Then, apply Case 1.1 for y;, %, and Case 1.2 for ya, .

Case 2. Suppose that B*(x,r) N (SH US,) = 0. Note that B*(w(z),r) N A, = 0.

Case 2.1. If y1,y2 € S or y1,y2 € S, note that both SF \ B*(z,r) and S, \ B3(z,r) are continua.

Case 2.2. If y1,y2 € B(T, ) \ (SE USZ) let e1,€2 € [0,€] be such that 7(y1) € v, and 7(y2) € Ye,-
For simplicity, we may assume that y; € R3 7 and y; € R3 . The other cases are treated similarly. Fix
ro € A,, and a half-line | C R?, with starting point xq, such that B2(w(z),7) Nl = (. We use the line
[ and the continuity of the distance function to find points v, v5 € X(T', ¢) such that v = (w(y1),(€1)),
yh = (m(y2), —p(e2)) and mw(y]), w(y4) € . Since 7, , 7., are K-quasicircles, by Remark 2.3.3, there exists Ag
depending on K, such that y1, 3} are contained in a curve v; C X(T, @)\ B3(z,7/\2) and ya, y4 are contained
in a curve 72 C %(T, )\ B3(x,7/)2). Finally, consider a curve 3 C (T, ) which joins 41,5 and 7(y3) C L.
Then, y1,y2 can be joined in X(T', ) \ B3(x,7/\2) via v =71 Uz U~s.

Case 2.3. If y; € B(T,¢) \ (SH US,) and y2 € ST U S, as with Case 2.2, fix a half-line I’ C R? with
starting point 7(y2) that does not intersect B?(w(x),r). Since the distance function is continuous, there
exists a point y5 € (T, ) on the same horizontal plane as yo such that 7(y5) € 7, N1’. Now apply Case
2.1 for ya, y5 and Case 2.2 for y1, y5.

Case 2.4. If y; € S;'g and yo € S¢, then, as with Case 2.1, fix half-lines l1,l C R? such that for each
i = 1,2 the line I; has starting point 7(y;) and does not intersect B2(w(x),r). For each i = 1,2 find point
yi € X(T, ), on the same horizontal plane as y; such that 7(y.) € v, Nl;. Now apply Case 2.1 for the pairs

y1,y; and yo,y5 and Case 2.2 for the pair yi, v5. O
We now turn to the proof of the second claim of Proposition 4.1.

Lemma 4.1.4. Suppose that U is a Jordan curve and that ¢ is a function in F whose almost everywhere
derivative satisfies limy_,o ¢'(t) = +oo. If (T, ) is A — LLC) then there exists g > 0 depending on A, ¢

such that the set e is Jordan curve for any 0 < € < €.

Proof. Suppose that X(T', ¢) is A — LLCy for some A > 1. Since lim;_,q ¢’ (t) = +00, there exists ty such that
(p(tg) — (p(tl) > 6)\(t2 — tl) for any 0 < t; <tg < ty. (411)

The proof contains two steps. In the first step we prove that the set A, is connected when € < .
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By Lemma 3.2.9, the latter implies that A, is a Jordan domain. Then, in the second step, we prove that

Ye = 0A. when € < tg which, combined with Step 1, gives that =, is a Jordan curve when € < .

Step 1. We claim that for any 0 < € < tg, the open set A, is connected. On the contrary, assume that
there exists € < to such that 7. U A, is not connected. Then, the open set A, would have at least two
components, called Dy, D>. By the continuity of the distance function, each D;,j = 1,2, would contain a
point z; of distance €’ to I', for some €’ € (¢,tp). This would imply that A U~ is not connected.

By Remark 3.2.19, there exist dy < €/, a component D of Ay, and three distinct co-linear points zg € 9D

and x1,xo € I' such that

‘.’EO —xl\ = |$0 —.’E2| = do.

By Lemma 3.2.9, we know that D is a Jordan domain. Moreover, we observe that D is exterior to balls
EZ(xl, dp) and EZ(Q:Q, do), therefore D has a cusp at zo and that I' N B?(zg, do) = 0.

Fix a point wy € D and a simple arc o in D U {zg} joining wy to xg. We observe that the set
W ={(z,2): z € g,|z| < ¢(dist(z,T))}

may be served as a tall, wide wall, that prevents two points on two sides of W, but near each other, to be
joined by a path without travelling far. This contradicts the LLC;.

To this end, we pick a point yg € o such that

|y0 — $0| < min{

[wo = o]~ do
2 T16M [

and let 7o = |yo — xo|. Simple geometric consideration shows that

dist(yo, B (x-d))<r—(2]<r—0
Yo, i Ao = d 6N

Set 6o = do — g%. Since dist(yo,I") > do, by the continuity of the distance function we can find points

z1 € [Yo, 1] N0 and 22 € [yo, 2] Ns,- Note that for ¢ = 1,2,
50 < IZl — .Z‘i‘ < do.

The lower estimate follows from that fact that z1, 22 are on 7;,; the second inequality, if false, would imply

dist(z;,I") > dist(yo, ') — |2: —yo| > do — 7@ > do, a contradiction. Therefore, z; and 2o are in two different

45



components of B2(yg, 7o) \ o, and for i = 1,2

To To 37’0
. — = — 1| — L — s < — _—
|2i — yol = [yo — 4| — |2s — 4] 3\ + 16X 16\

Let Z1 = (z1,¢(dp)) and 22 = (22, ©(d0)) be the lifts of z; and zo on 3(T', ¢). Since

A 3ro
21— 2] = |21 — z2] < lyo — 21| + lyo — 22| < o

%21 and 29 are contained in the ball
3T0
B=DB%(2%,-—).
(213 8)\)

Since X(T, ¢) is A — LLCq, the points 21, 25 are contained in a continuum E in AB N X(T, ), where AB =
3ro
8

B3 (21,2%). If w € m(AB), then

3 3
Bro 8o

— ol < lw— — gl <
lw—yo| < |w— 21|+ |21 —yo| < 3 16X

which implies that 7(E) C 7(AB) C B?(yo,70).

Note for any w € AB that w = (w(w), ¢(dist(7m(w),I"))) and

|o(dist(m(w), T)) = (80))| < l(dist(m(w),T)) = (dist(z1,I)| < |w — 21| < %0

However, since dgy < tg, by (4.1.1),

3’["0
¢(do) — ¢(d0) > %

It follows that dist(7(2),I') < dp for any z € F, and as a consequence m(E) does not intersect o. The latter

contradicts the fact that 7(F) is a continuum joining two points z; and z, lying in two separate components

of B2(y077”0) \o.

Step 2. We claim that 0A, = 7, for each € < ty. Suppose the contrary. Pick € < tg such that A, ; Ye-
Then, by Remark 3.2.17, there exists a component D of A, and collinear points g € dD and z1,29 € T

such that

|LIZO — l‘l| = |£TJ() — IL’2| = €.
The rest of the proof for this step is similar to the proof in Step 1. O

We have proved that, if ¥(I',) is A — LLC; for some ¢ € F; then, for all € small enough, v, is a

46



Jordan curve. In the next lemma we show that if T" is not a quasicircle, then there exists f € F; such that

lim; 0 ¢(t)/t = 400 and (T, ¢) is not quasisymmetric to S?.

Lemma 4.1.5. Suppose that T is a Jordan curve. IfT is not a quasicircle then there exists a height function

@ € F1 such that lim_,o ¢(t)/t = 400 and X(T', @) is not LLC,.

Proof. Suppose that T" is not a quasicircle. Then, for any C' > 1, the curve T' does not satisfy (2.2.1). In
particular, for any n € N, we can find points x,,z, € T' such that if 7,,7,, are the two components of
T\ {zy,z),} then

min{diam v, diam~,,} > 2n|z, — z|.

Furthermore, we may choose z,,, x/ "I} is decreasing and convergent to 0.

' so that the sequence {n|z, — x

Find points y,, € v, and ¥/, € 7/, such that
min{|z, — Yul, |20 — yp|} > nle, — 23,].

After choosing the points x,, ), Yn, y,,, we fix a path o, C  that joins y,, y.,.

Consider the ball B = B3(x,, 2|z, — z,|) and note that z,,,2!, € BN X(T,¢) for any ¢ € F. Define
. n
€n, = dist(o, N §7r(B)7I‘).

Note that since yy,y,, are not in g7(B), the number €, is nonzero. Choosing o, carefully we may assume

that e, is decreasing and €, < (n|z, — 2/,|)?.

Define a function ¢: {e,} — R4 with ¢(e,) = n|z, — z},|. By our assumptions for x,, /€, it follows
that ¢ is increasing and lim,_, ¢(e,) = 0. Moreover, ¢(e,) > /€, for any n € N. Therefore, ¢ can be
extended to a function ¢ € F; that satisfies p(t) > v/%.

It remains to prove that 3(T', ) is not LLC;. Fix n € N. We claim that x,,, z], are in different components
of X(T', ) N §B. Suppose, otherwise, that there exists a continuum E C (T, ) N § B containing x,,, z;,.
Then, 7(E) is a continuum in 7(%B) N Q that contains x,,],. However, 7(E) intersects with o, which
implies that there exists a point z € E such that 7(z) € o. Hence, dist(7(2),T") > €, which, by the choice of
¢(€n), implies that z ¢ §B. The claim follows from this contradiction and we conclude that (I, ¢) is not

2 — LLC; for any n € N. ]

We show next that if T" is a quasicircle and X (T, ) is A—LLC; for some ¢ € F satisfying lim;_, ¢(t)/t+

00, then I' satisfies the LQC property.
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Lemma 4.1.6. Suppose that T is a K-quasicircle and ¢ is a function in F whose almost everywhere
derivative satisfies lim ' (t) — oo ast — 0. If X(T',¢) is A — LLC; then T satisfies LQC. In particular,
there exist eg > 0 depending on A, and K' > 1 depending on K, X such that . is a K'-quasicircle for any

GS €0.-

Proof. Since T is a K-quasicircle, there exists C' > 1 depending on K so that

diamT'(z,y) < Clz —y|, forall z,y eT.

Fix tg > 0 so that

©'(t) > 10X a.e. t € (0,to). (4.1.2)

By Lemma 4.1.4, there exists ¢y € (0,t9) depending on A, ¢ such that 7. is a Jordan curve for any € < €.

It suffices to show that for every e € (0, €p), the curve v, satisfies the 2-points condition

diamy(z,y) < 50AClx —y|, for all z,y € ~.. (4.1.3)

The latter implies that there exists K/ = K'(\, C) such that 7. is a K’-quasicircle. Assume the opposite.
Then there exist € € (0,€) and points x1, 22, x3, 24 on 7. in cyclic order such that z3 and x4 are on two

different components of 7. \ {x1,z2} and that

|zg — x1], |4 — 21| > 25AC 21 — 22).

We claim that

€
— < —.
[or = @l < G5

Set d = |z —xo|. Fix, for each i = 1,...,4, a point p; on I that is nearest to x;, so |p; — z;| = e. By Lemma
3.2.3, points p1, pa, p3, ps4 follow the same order as that of z1, x5, x3, x4. Note, however, that some of the

points p; might coincide. Note that [p; — pa| < 2€ + |x1 — x2|. On the other hand, the 2-points condition
(2.2.1) on T yields

Clp1 — p2| = min{|p1 — ps3l, [p1 — pal}
> min{|z; — z3|, |x1 — 24|} — 2¢

> 25AClxy — xo| — 2e.
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Hence, |21 — 22| < §-

Since p; is a nearest point on I' to x;, the intersection [z;, p;] N Y.—q contains a single point, let us call
this point z;. Let Z; = (z;, ¢(e — d)) be the lift of z; on the surface X(T', ¢).

Consider the ball B = B3(21,5d). Since |21 — 22| < |21 — 21| + |71 — 22| + |22 — 22| < 3d we have that
29 € B. By the A — LLCy, there is a continuum E in AB N (T, ¢) that contains Z1, 2.

Note for any w € AB that w = (w(w), ¢(dist(7(w),I"))) and that
10A |7 (w) — 21| < Jp(dist(m(w),T)) — p(dist(21,T))| < |w — 21| < 5Ad.

Thus 7(E) is contained in the annular region A = A._ 4\ A, bordered by two Jordan curves 7._4 and
Ye. Since m(E) is a continuum in 7w(AB) N € that contains 21, 2o, it must intersect at least one of the two

components in A\ ([x3,ps] U [z4, ps]). From this it follows that
diam(7(E)) > min{|xz1 — x3|, |z1 — 24|} — |21 — 21| — |22 — 22| > 25AC'd — 12d > 10)d,

which is a contradiction to E C AB. Therefore (4.1.3) must hold. O

4.2 Ahlfors 2-regularity

Definition 4.2.1. A metric space X is called Ahlfors Q-reqular if there is a constant C' > 0 such that the

Q-dimensional Hausdorff measure HCP of every open ball B(a,r) in X satisfies
C~4r9 < HY(B(a,r)) < Or¥, (4.2.1)

whenever 0 < r < diam X.

Our goal in this section is to prove the following proposition which, combined with Theorem 2.2.4 and

Proposition 4.1.1, completes the proof of the first claim of Theorem 1.2.1.

Proposition 4.2.2. Suppose that T' satisfies the level chord-arc property and ¢ € Fy. Then (T, p) is
Ahlfors 2-regular.

The statement is quantitative in the following sense: Suppose that, for some ¢y > 0 and ¢ > 1, the level
set v, is a c-chord-arc curve for every e € [0, €p]. Suppose also that ¢ is a self-homeomorphism of [0, c0)

which is L-Lipschitz in [ep/3,00). Then X(T, ) satisfies (4.2.1) with C' depending only on €, ¢, L, diamT.
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If a € (T, ¢) then by symmetry of (T, ) with respect to R? x {0} we have
H?(B*(a,r) N SH (T, ¢)) < H*(BP(a,r) N B(T, ) < 2H*(B%(a,r) N EF(T, ).

Therefore, it is sufficient to show that there exists a constant C' > 1 depending on €, ¢, L, diam I" such that

for all r < diam X(T, ¢) and a € X7 (T, ¢),
r?)C < HA(B*(a,r) N ST, ) < Cr2.

Recall that S:g/g is the piece of X (T, ¢) such that the projection 71'(52;/3) is the domain A, /3 of all
points enclosed by I' that their distance from I' is greater than €¢p/3. Recall also that S:g/?) is (L + 1)-
bi-Lipschitz to A, /3. Since 7.,/3 is a c-chord-arc curve, the domain A /3 is Ahlfors 2-regular with the
constant depending on L, c. Hence, Sjo /3 is the graph of a Lipschitz function defined on a 2-regular domain
and therefore, S;/S is Ahlfors 2-regular. Suppose that (a) € As, /3. Then, B3(a,7) NS(T, @) C S:ro/g and
H2(B3(a,7)NE(T, ¢)) = r2. Thus, for the rest of this section, we may assume that 7(a) € 7. with e < 2¢y/3.

Furthermore, we may assume that » < min{ey/3, ﬁ diam vy, 3}

The 2-regularity of X7 (T, ) is first checked for some rectangular pieces on LV (T, ) which we define

below.

Suppose that x1,y1, 2, y2 are points in X7 (T, ¢) such that

m(x1), (Y1) € Y, and 7w(x2), w(y2) € Y1, for some 0 < to <ty < €q, (4.2.2)
[m(21) — w(22)| = [w(y1) — 7(y2)| = t1 — to, (4.2.3)
diam 7,

3z — xo] < |z —y1| < (4.2.4)

10c

Property (4.2.2) implies that z; is on the same horizontal plane with y; and x5 is on the same horizontal
plane with yo. Thus, |7(21) — 7(y1)| = |z1 — 1| and |7(a2) — 7(y2)| = |r2 — y2|. By property (4.2.3),
m(x2) is a point in 74, which is closest to m(x1) and 7(y2) is a point in 7, which is closest to 7(y1). Hence
|21 — 22| = |y1 — v

By Remark 3.2.2, the segments [7(z1),7(22)] and [7(y1),7(y2)] do not cross each other; see the dis-
cussion in the beginning of Section 3.2. Moreover, by Remark 3.2.1, each of the curves 7, (w(x1),7(y1)),
Ve, ((22), 7(y2)) intersect with each of the segments [7(z1), w(x2)], [7(y1), 7(y2)] at exactly one point. Define

D = D(x1,y1,22,y2) to be the subset of X7 (T, ¢) such that its projection is the Jordan domain bounded

by the following four arcs: [m(x1), 7(z2)], [m(y1), 7(y2)], Y, (7(21), 7(y1)), Ve (7 (22), T(Y2))-
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Remark 4.2.3. Ift € [to, t1], € y: N [w(22), 7(x1)] and y € v N [7(y2), 7(y1)] then v (x,y) C 7(D).

To prove the remark, note first that both v N[7(z2), 7(x1)] and v N [7(y2), 7(y1)] contain only one point.
Consider the components 7',y of v \ {z,y} and observe that if v/ C 7(D) then diam~' < 4c|zy — 1| <
£ diam ., < 3 diam~y,. Hence, 7/ = v;(z,y) and the remark follows.

Remark 4.2.4. The diameter of D satisfies |x1 — y1| < diam D < 6¢|zy — y1].

To prove the remark, note that
diam vy, (7(22), 7(y2)) < clzg — yo| < clzr — yi] + 2|z — x| < 2¢fzy — Y1
which yields
diam 7(D) < 2|zy — x2| + diam v, (7(z1), 7(y1)) + diam vz, (7(x2), 7(y2)) < 4de|zy — y1].

Moreover, if x € D we have that

|z — @2| < dist(z, v, x {h(t2)}) + diam e, (7(22), 7(y2))
< |zy — 22| + 2¢|z1 — Y1

< 3clzy — 1]

Therefore, |z1 — y1| < diam D < 6¢|xz; — y1].

Suppose that the points z1,91,%2,y2 are in X1 (T', ) and satisfy (4.2.2) — (4.2.4). We say that the
rectangular piece D(x1,y1,x2,y2) is a square piece if é|m1 — 1| < 3|z — 22|

In Lemma 4.2.5,we show that B3(a,r) N X7 (T, ¢) contains and is contained to two square pieces of

diameters comparable to 7. Then, it follows from Lemma 4.2.6 that each square piece D satisfies H?(D) ~

(diam D)2,

Lemma 4.2.5. Let I' be a chord-arc curve such that, for some rq > 0, ¢ > 1, each level set ., with
€ € [0,3rq], is a c-chord-arc curve. Then, for each a € X7 (T, )\ S5, and each r < min{ro, 155 diam y, },

there exist two square pieces Dy, Dy on YT (T', h) with diam Dy > %r, diam Dy < 96¢3r and
Dy C B(a,r)NXT(T,¢) C Ds.

Proof. We first construct D;. Set p = 55. There exists unique ¢ > ¢ such that the graph of ¢ from
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(e, 0(€)) to (€¢/,(¢')) has length equal to p. Note that ¢ — e < p. By Corollary 3.2.6, we can find a point

x1 € Yer X {p(€')} such that |7(a) — m(x1)| < 3c(¢’ — €). Choose a point y; € v X {p(€')} such that

((yer (1), m(y1))) = 3ep

and points x2,y2 € v X {¢(€)} such that
[m(21) = m(@2)| = [7(y1) — 7(y2)| = € —e.
Observe that the points z1, y1, 2, y2 satisfy (4.2.2) — (4.2.4) and let Dy = D(x1,y1,22,y2). If z € D,
|z —a| < |21 —a| +diam D < |z — a| + 6¢c|z; —y1| < 21c%p < 7~

Thus, D; C B3(a,r). Moreover diam Dy > |z; — y1| > Tg’czr.

We now construct Do. Suppose that 7(a) € 4.. Define €1, €2 be the maximum, respectively minimum, of
numbers ¢ > 0 for which the closed ball Eg(a, r) intersects with v5 X {p(8)}. Note that 0 < es < e < €1 < 3rg
and |e; — €| <7 for each i = 1,2. Let 21 € 7., x {¢(€e1)} be such that |a — z1| < 7.

Take distinct points x1,y1 € v, X {®(€1)} such that m(z1) € v, (7(x1), 7(y1)) and

g(’yel (7T(SC1), 7"(21))) = Z('Vq (77(31)7 7"(?41))) = 8cr.

Take also points 2, y2 € e, X {p(e2)} such that
m(21) = m(w2)| = |m(y1) — 7(y2)| = €1 — e < 2r.

We claim that x1,y1,x9,ys satisfy (4.2.2) — (4.2.4). The properties (4.2.2) — (4.2.3) are immediate; we
verify (4.2.4). Since |z1 — y1| = |7 (x1) — m(y1)|, we have 16r < |x; — y1| < 16¢r. On the other hand, it

is easy to see that the distance of v., x {¢(e1)} and 7., X {®p(e2)} is at least r and at most 2r. Hence,

L

|z1 — y1| < |1 — 22| < 16¢f2y — 2. Finally, [21 — 1| < 16er < 152

diam v;,, and the claim follows.
Define the square piece Dy = D(21,y1,¥2,¥2). Note that diam Dy < 6¢|a1 — y1| < 96¢3r. To show that

B3(a,r) N XT(T, ) is contained in Dy we first prove that a € D. Let z2 € 7., x {p(e2)} be such that
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|m(22) — w(a)| = € — ea < r. Note that

m(22) = w(x2)| = |m(21) = 7w(@1)| = [7m(z1) = 7(22)| = |7 (21) — 7(2)]
> 8cr — (|m(z1) = m(a)| = |7(z2) — 7(a)]) - (e1 = €2)

> (8¢ —4)r.

The same lower bound can be obtained for |7(z2) — 7w(y2)|. Let 0 = e, \ Ve, (7(22), 7(y2)). Then

dist(m(a), o) > dist(n(22),0) — |7(a) — 7(22)]|

> Lninfr(z2) = m(a)|.In(z2) — ()]} ~ [r(a) — 7(zo)
> (8 — % - r

> 3r.

The latter implies that zo € v, (7(2z2),7(y2)) and, by Lemma 3.2.3, w(a) € w(D). Therefore, if x €
B3(a,r) NIH(T, @),

dist(m(x),v2) > dist(m(a),v2) — |7 (z) — w(a)| > 2r
which implies that 7(z) € w(Ds). It follows that B3(a,r) N X (T, ¢) C Ds. O

The proof of Proposition 4.2.2 follows now from the next lemma.

Lemma 4.2.6. Suppose that ¢ € F and I' is a chord-arc curve such that, for some ¢ > 1 and ¢y > 0,
the level set v, is a c-chord-arc curve for each € € [0,¢0]. Let x1,y1,%2,y2 be points in X (T, ) satisfying
properties (4.2.2) — (4.2.4) and D(z1,y1, %2, y2) be the rectangular piece on ¥ (T, @) defined as above. Then,

there exists C' > 1 depending only on ¢ such that

-1 < HQ(D($17y1,$2792))
|~T1 - y1||ff1 - $2|

c <C.

Proof. For simplicity we write D = D(z1,y1, %2, y2). Since ¢ is increasing,

1
§(t1 —ta +p(t1) — p(t2)) < |z1 — 22| = |y1 — ya| <t —ta + @(t1) — @(t2). (4.2.5)

For the lower bound we consider the following two cases.
Case 1. Suppose that t; — to < @(t1) — ¢(t2). It follows from (4.2.5) that ¢(t1) — ¢(t2) > |x1 — z2|/2.

Let lx(z,),x(y;) Pe the infinite straight line passing through m(x1),7(y1). We claim that there exists a line
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segment [a,b] C lx(z,),x(y1), Of length |z1 —1]/3, such that the projection of D on the plane lr(z,) r(y,) X R

contains the rectangle [a, b] X [¢(t2), p(t1)]. Assuming the claim,

H2(D) > H2(a,b] x [p(ta), p(1)]) > L= 22N o],

Let a,b be the points in [7(z1),m(y1)] such that a € S (7w(x1),|z1 — 22|) and b € SY(w(y1), |z1 — 22]).
Such points exist since |x1 — y1| > 2|z1 — z2|. Note that |a — b > |z1 — y1| — 2|1 — x| > |21 — y1|/3. Let
t € [ta2,t1] and w be a point on the segment [a, b]. We show that there exists a point w’ € D whose projection
on [a,b] x [h(t2), h(t1)] is the point (w,h(t)). Let & € v N [x1,22] and y € ¢ N [y1,y2]. By Remark 4.2.3,
~e(z,y) C m(D). Observe that the line I perpendicular to [a, b] and passing through w, separates x,y. Thus,
there exists a point w” € v (x,y) NI. Let w’ = (w”, h(t)) and note that w’ projected on [a, b] X [h(t2), h(t1)]
is the point (w, h(t)).

Case 2. Suppose that t; —ta > @(t1) — @(t2). By (4.2.5), t; — ta > |z1 — 22|/2. We claim that, 7(D)

contains at least |21 — y1|/|z1 — 22| mutually disjoint discs of radius |z — x5|/8. Assuming the claim,

2 2 |21 — w1 o1 — 22| _ |1 — |71 — o
H*(D) > D)) >

Set t3 = (t1 + t2)/2 and let z3,ys € D be such that 7(z3) € v, N [21, 22] and 7(ys) € V2, N [y1,y2]. By
Remark 4.2.3, (D) contains 7, (7(x3), 7(y3)). Note that

diam vz, (7(23), 7(y3)) > diam~y, (7(z1), 7(y1)) — 2|21 — 22| > clzy — y1].

Since ¢, is rectifiable, we can find consecutive points m(z3) = 20, 21,...,2n = 7(y3) on v, (7(x3), 7(y3))
such that

%(tl —t2) < (15 (205 2i41)) < ety —t2).
Since £(ve, (m(23), m(y3))) > clr1 — yil,

Ly (m(23), m(y3))) o |21 =l o |21 —
C(tl—tg) - tl—tg - |(E1—(E2‘

n=

The c-chord-arc property of v, implies that, for any ¢ # j,

(s (205 25)) o T —t2
c = 2

|zi — 25| >
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Moreover, for any i = 1,2,...,n — 1, we have that

t1 — 12
2

diSt(Zi,’}/tl) = diSt(zia ’YtQ) =

and
t1 —1 t1 —t
1 2 > 1 2 )

dist(z;, [m(z1), T(22)]) > |20 — 21| — 4 = 4

Similarly, dist(z;, [r(z1), 7(22)]) > 2522, Therefore, the balls B?(z;, 252) are mutually disjoint and inside
m(D).
To establish the upper bound, we claim that, for every € € (0, |z1 — 22|/3), D can be covered by at most

%kﬂl — y1||x1 — x2| balls of radius e. Assuming the claim,

64c
H?(D) < 6—2|x1 —y1l|lz1 — 29]€® < 6delry — yi||z1 — o).
Fix € € (0,]|z1 — x2|/3). Since ¢ is a homeomorphism, by Lemma 7.1.2, its graph is a 2-chord-arc curve
and we can find numbers

tQZTn<'-'<Ti+1<Ti<"'<7'0:t1

such that the length of the graph of ¢ from 7,41 to 7; satisfies
/4 <L{(t,p(t): Tip1 <t < 7)) < €/2.

Then,
({t o) te St <)) _ 201 —wa| _ 8lan — ay

<
"= e/4 - €/d €

Fix i € {0,...,n} and let 0 = v,, X {¢(7;)} and w,w’ be the unique points on o such that 7(w) €
[m(z1), m(x2)] N yr, and w(w') € [7(y1), 7(y2)] N 7r,. Since the curve o(w, w’) is rectifiable, it can be divided
into disjoint subarcs o1, ...,on such that €/4 < ¢(o;) < /2. The c-chord-arc property of ., yields that

clw —w'| <4c\$1—311|+2|$1—332| < 80|371_3/1|.
e/4 = € B €

N<

For each j = 1,...,N let w; € o; and note that o; C B3(w;,€/2). Consequently, the e/2-neighborhood of
o(w,w’) can be covered by at most %|x1 — 1| balls of radius e. Therefore, the part of D which is between
the planes R? x {¢(7;)} and R? x {¢(7;41)} can be covered by at most 2¢|z; — y;| balls of radius € centered

at 7, X {¢(7;)}. It follows that D can be covered by at most %5¢|z — y1||z1 — 2| balls of radius e. O
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4.3 Chord-arc curves and Vaisala’s method

In this section we prove that the chord-arc property of I' is necessary for X(I', ) to be quasisymmetric
to S for all ¢ € Fy with lim;_,¢ (t)/t = co. Combined with Proposition 4.1.6 and Proposition 3.0.6, the

following proposition completes the proof of the second claim of Theorem 1.2.1.

Proposition 4.3.1. Suppose that T is a quasicircle but not a chord-arc curve. Then, there exists ¢ € F1

with lim;_q ©(t)/t = 0o such that X(T', ) is not quasisymmetric to S2.

If T" does not satisfy the LQC property then the conclusion of the proposition is immediate by Proposition
4.1.6. Thus, we can assume that there exists g > 0 and C' > 1 such that for each € € [0, €], the set 7. is a
quasicircle satisfying (2.2.1) with constant C.

We define inductively numbers €,, > 0 and arcs I',, C I as follows. Let €y be as above and set and I'g = T'.

Suppose that €,_1, I',_1 have been defined. Since I is not a chord-arc curve, there exists a subarc I';, C T’

such that diamI’,, < %diam I'n—1 and 4(T,) > 2ndiamT,. Find consecutive points a7, z%, ... , T, on I,
such that for i € 1,..., N, — 1, 2}, — 2}| < =+ and

N,

Z |2l — 2 ;] > ndiamT,,. (4.3.1)

i=1
Define

1 . . .
€n = 362 mm{lglgnN |l — 2 |, (diamT,,)?}.

Each of the subarcs I'(z!_;,z?) is compact and can be further subdivided so that the new collection of

%

endpoints, which by abuse of nations we still denote with x7,..., 2% , satisfies

9Ce < |xf —x 1] < 36Ck.

It follows from their constructions that the sequences {¢,}nen, {diamD'y,},en are decreasing and con-
verging to zero. Define

©: {entnen = R with  ¢(e,) = diamT,,.

Note that ¢(e,) > /e,. We extend ¢ on [0,400) so that the extension is in F; and satisfies (t) > v/t for
all £ > 0. Clearly, lim;_,o ¢(t)/t = oco.

The proof of Proposition 4.3.1 follows now from the next lemma. The main idea is due to Vaisald [43].

Lemma 4.3.2. Let T be a quasicircle such that for any e € [0, o], the level set v, is a quasicircle satisfying
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2.2.1) for some C > 1. Suppose that for any n € N there exist consecutive points x7,...,z% onT and a
1 N,

positive number €, < min{gg diamI'(z], 2% ), €0} such that
N’Vbil n n 1 n n
1Y a —ap | 2 ndlamf(:co,:an)
2. 9Cep, < |20 — 2l 4| foralli=1,...,N, — 1.

Let ¢ € F be such that, for some L > 1 and for each n € N
L~ diamT'(z7, 2% ) < ¢(e,) < Ldiam (2], 2% )

Then X(T, @) is not quasisymmetric to S%.

Proof. Suppose, on the contrary, that there exists an 7-quasisymmetric mapping that maps (T, ) onto S2.
Post-composing this mapping with an inversion, we may assume that there exists an n-quasisymmetric map
F: Y71, ) — B2

Fix n € N. For simplicity we write N = N,,, ' = x;, €, = € and the dependence of quantities, points
and sets on n is not recorded. However, the comparison constants in ~ and < depend only on C, 7.

As in the discussion before Lemma 4.3.2, by adding points in the collection {z;} we may further assume
that, for each i =1,..., N — 1, we have |z;41 — x;| < 36Ce.

Since T is a quasicircle, by Lemma 3.2.5, for each i = 1,..., N there exists w; € 7. such that |z; — w;| <
3Ce. Choose also points w; € T' such that |w; — w}| = e. Note that w, € B?(z;,4Ce) N T and thus the
points wi, ..., w% have the same orientation as the points z1,...,zy. By Lemma 3.2.3, wy,...,wy have
the same orientation as the points z1,...,zy. The points w] have been chosen so that the line segments
[w;, w}] intersect every level set at most once. This intersecting property follows from Remark 3.2.1 and is
not necessarily true for the segments [x;, w;].

Observe that for 4,5 € {1,2,..., N} with i # j,
|w; —w;| > |z; — ;| — |zi — wi] — |z; —w;| > 9Ce —6Ce 2 €

and

lw; —wit1| < |z — x| + |20 — wil + |21 — wiga] Se.

Similarly we deduce |w] — wj | ~ e. Note that

diam I'(w], wly) =~ diam v (w1, wy) =~ |w; — wn| = |Jw] — wiy| =~ o(e). (4.3.2)
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Moreover, since 7, satisfies (2.2.1), foralli=1,...,N —1

diam I'(w], w; ;) >~ diam v (w;, wip1) = |w; — wig1| = |w) — w] | ~ e

Denote by A the subset of X (T, ¢) whose projection on R? is the Jordan domain bounded by the curves
D(wh, wh), [wi,w], [wn, wy] and ve(w1, wy). As with the square pieces defined in Section 4.2, the piece
A is well defined. In fact, the points X7 = (wf}, h(e)), Y1 = (why, h(e)), X2 = (w1,0), Yo = (wn,0) satisfy
properties (4.2.2)-(4.2.3). They also satisfy property (4.2.4) but with different constants. From (4.3.2) it
follows that diam A ~ ¢(e).

Define

8 = min{|F(z) — F(y)|: @ € T(w), wh) . y € ve(wn, wx) x {(e)}}.

We claim that

B2n < HA(F(N)). (4.3.3)

Assume for the moment the claim; the proof then completes as follows. Let z* € I'(wj,wl) and y* €
Ye(wy,wn) x {p(e)} be the points for which 8 is realized. Then, for any « € A, |z — z*| < |2* — y*| which
implies that |F(z) — F(z*)] < 8 and H2(F(A)) < 82 Since 8 # 0, the last inequality and (4.3.3) imply that
n < C for some C depending on 7, which is a contradiction.

We now show (4.3.3). For i = 1,..., N — 1 define A; be the subset of A whose projection on R? is the
Jordan domain bounded by the curves I'(wj, w;, ), [w;, wi], [wiy1,w; ] and ye(w;, wit1).

Let k be the integer part of ¢(e)/e — 1. The curves

r for j =0,
T5 =\ V1o X {Je}  for 1 <j<k

vex{p(@}  forj—k+1.

divide A into horizontal strips. Therefore, A is divided into smaller square-like pieces A;; with i =1,..., N
and j = 1,...k + 1. More precisely, A;; is the subset of A whose projection on R? is the Jordan domain
bounded by [w;, w;], [Wiy1, Wi 1] Yo-10Ge)s Vo1 ((+1)e)-

Foreachi=1,...,N—11let 7, = {(z, o(dist(z,T))): = € [w;, w}]}. Note that 7; is isometric to the graph

of ¢ from 0 to e.
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Fix a piece A;; and define its four vertices
Aij = T; ﬂaj 5 Bij = Ti+1 OO']' y Cij = Ti+1 mJj+1 5 Dij = T; ﬂaj+1.

Since

diamo'j(Aij, Blj) ~ dlam Uj(cij7 DZ]) ~ €
there exist points y” € 0,(A;j, Bi;), ¥ € 0;(Cij;, D;;) and

Y € Nij N (Vo-1((G41/2)0)) X {(J +1/2)e})
such that

dist(y, 7i+1(Bij, Cij)) = dist(y', Ti+1(Bij, Cij)) = dist(y”, 7i41(Bij, Cij)) > €

diSt(y,Ti(Aij,Dij)) ~ diSt(yl,Ti(Aij, D”)) ~ diSt(y”,Ti(Aij, D”)) ~ €

and

dist(y, 7i(Aij, Dij)) == dist(y, Ti+1(Bij, Cij)) ~ €.

In a sense, the points y,y’,y” are the “centers” of A;j,0,(Cij, Dij),0;(A;j, Bij) respectively.

Write 5;; = |F(y") — F(y')|. Let u € 9A;; be the point at which
[F(u) = F(y)| = dist(F(y), OF (Aij)) = 7

Then, |u—y| 2 |w;—wj, | and since |y—y'| < |w;—wj | the quasisymmetry of F' implies that |F(y)—F(y")| <

r. The same inequality is true with y’ replaced by y”. Hence, 3;; < 7 which implies 8% < H?(F(Ai;)). By

~ 1]

Schwarz inequality this yields
k+1
B< | By | S k+1HAF(A)).
j=1

Note that (k + 1)e ~ (k + 1)|w; — wj | ~ diamI'(zo, zn). Thus,
B2 w) — wiy | < diam T (w0, zn )H2(F(A;)).

Since |w; — w}_| ~ |z; — x;—1], summing over i we obtain (4.3.3) from (4.3.1). O
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4.4 Proof of Theorem 1.2.1

In this section we give the proof of Theorem 1.2.1 and some remarks on the assumptions of the theorem.

Proof of Theorem 1.2.1. Suppose that I' satisfies the LCA property and ¢ € F;. By Proposition 4.1, the
surface X(T', ) is LLC and by Proposition 4.2.2, the surface (T, ¢) is 2-regular. The first claim follows
now from Theorem 2.2.4.

Conversely, suppose that X(T',¢) is a quasisymmetric sphere for all functions ¢ € F; which satisfy
lim; 0 (t)/t = co. By Proposition 4.1, we know that I' is a quasicircle that satisfies the LQC property.
Then, Proposition 4.3.1 gives that I' is a chord-arc curve and the second claim follows from Proposition

3.0.6. O

Remark 4.4.1. The assumption that liminf; o @(t)/t > 0 is necessary for the first claim of Theorem 1.2.1.

For example, if ¢(t) =t and ' = S! then it is easy to see that %(T', ) is not LLC; and therefore not

quasisymmetric to S?. With some effort this observation can be generalized into the following result.

Theorem 4.4.2. Let ¢ be a self homeomorphism of [0,+00) that satisfies liminf, .o @(t)/t = 0. Then, for

any Jordan curve T, the surface X(T, ) is not LLC).

Proof. Contrary to the claim, assume that (T, ¢) is A-LLC;.

Fix 2o € Q and find to € (0, dist(xo,T')/2) such that h(ty)/to < (4A)~!. Suppose that yo € T is such that
dist(xo,T) = |zo — yo|- It is easy to see that for any x € [z, yol, dist(x,T") = |x — yo| which implies that
B(z, |x — yo|) C Q. Let 29 € [z0, 0] NY(to), 21 = (20, ¢(to)) and zo = (20, —p(to)).

Consider the ball B = B3(z1,3¢(ty)) and note that 21,20 € B. Suppose that there is a continuum
E Cc ABNX(T,¢) containing 21, z3. Then, E intersects T' x {0}. However the choice of ¢y implies that

7(E) C w(AB) C Q and thus ENT x {0} = 0. O

Remark 4.4.3. The assumption that ¢ is Lipschitz in [e,+00) for any € > 0 is necessary for Theorem 1.2.1.

In particular, let Fj be the set of all ¢ € F such that liminf; ,o ¢(¢)/t > 0 and ¢ is Lipschitz in [d, c0)
for some § > 0. Clearly F; C F; and the inclusion is strict. For ¢ € F] it turns out that the property
"%(T, ) is quasisymmetric to S?” is not in general invariant under dilations, that is, there exists h € Fj,
quasicircle ' and a dilation function 7" such that X(T, ¢) is quasisymmetric to S? but 3(T(T), ¢) is not. For
example, if [' = S!, T'(x) = 2/2 and

1-Vi—t telo,1]
o(t) =
t tel,+o0)
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then, by Theorem 1.2.1, S(T(S'), ) is quasisymmetric to S? but the surface X(S',¢) is not LLCy and
therefore not quasisymmetric to S2. With a slight modification in the proofs of Lemma 4.1.2, Lemma 4.1.3

and Proposition 4.2.2, the following result can be deduced.

Corollary 4.4.4. Let T' be a quasicircle. If T' satisfies the level chord-arc property and ¢ € F| then there

exists a dilation T such that the surface L(T(T), ) is quasisymmetric to S%.
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Chapter 5

Quasispheres constructed over
quasidisks

In this chapter we show that an iteration of the Geometric construction, using functions @1 (t), pa(t),- - €
F1 which are bi-Lipschitz when ¢ is close to 0, yields quasispheres of any dimension. Theorem 1.2.2 follows
as a corollary.

Let I' be a Jordan curve and
Fy ={¢ € Fi: ¢ is bi-Lipschitz in a neighborhood of 0}.

Suppose that ¢ is L-bi-Lipschitz in [0, €] and L-Lipschitz in [e, +00). In the following, the numbers €, L are
called the data of .
Let 1,2, --- € Fy and I be a planar Jordan curve. Define ¥; = I" and {25 to be the bounded component

of R2\ T'. For n € N, define inductively
Y =280 1, 0n-1) = {(z,2) € Q, x R: 2z = Hdist(z,S,_1)}

and Q, .1 to be the bounded component of R"*!1 \ ¥, The main result of this chapter is the following

theorem.
Theorem 5.0.5. Let @1, 92, -+ € F; be such that, for any n € N, the function ¢y, is Ly-bi-Lipschitz in
[0,€,] and Ly,-Lipschitz in [e,,0).
1. If T is a K-quasicircle then, for each n € N, the surface ¥, is an n-dimensional K'-quasisphere in
R with K' depending on K,n,diamT and the data of ¢1,...,0n_1.
2. If T is a C-chord-arc curve then, for each n € N, the surface ¥, is an n-dimensional L'-bi-Lipschitz

sphere in R™"Y with L' depending on C,n,diamT and the data of ©1,...,0n_1.

For the first part of Theorem 5.0.5 we use Theorem 2.2.3. In Section 5.2 we prove that the bounded
component of R"*1\ ¥, is quasiconformally homeomorphic to B"*! and in Section 5.4 we show that the

unbounded component of R"*1\ ¥, is quasiconformally homeomorphic to R"**\ B?+1,
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The second part is proved in Section 5.4 by constructing a piecewise bi-Lipschitz self map of R™*! that

maps ¥, onto S” and showing that this mapping is bi-Lipschitz in R**1.

5.1 Whitney decomposition

For the following, we define the dyadic Whitney decomposition of an open set. Recall that a dyadic cube

W C R" is a set of the form
W =2"(k+[0,1]") ={2"(k+z): z € [0,1]"}

for some m € Z and k € Z™. Two such dyadic cubes W7, W5 are called disjoint if they have disjoint interiors.
Note that if Wy, W5 are two dyadic cubes of R™ with a common interior point then, either W; C W5 or
Wy C Wh.

Setting ¢ = 3y/n in the proof in [35, pp. 167-168], the following lemma can be established.

Lemma 5.1.1 ( [35, Theorem IV.1.1]). Let Q C R™ be an open set which is not all of R™. Then, there exists

a collection D = {Wy,Ws, ...} of dyadic cubes so that
1. the cubes Wy, are mutually disjoint,
2. 2=Uwep W,
3. 2diam W < dist(W, 0Q) < 6diam W, for each W € D.

As a result of the proof, we can further require that if a cube W € D, of edge length 27%, intersects the
set

Q(k) = {z: 3vn27F < dist(x, 00) < 3\/7;2—k+1)}

then, either W € D or W is a subset of a cube W’ € D. Therefore, if a cube W € D intersects (k) then
Vn27F 1t < diam W < 3y/n27*.

For a domain Q C R™, a collection D satisfying the above properties is called a dyadic Whitney decom-
position of  and its elements are called Whitney cubes.

For each n € N, we fix D,, a dyadic Whitney decomposition of B" and &,, a dyadic Whitney decomposition
of the double cone

C"={(z,2) € B* ! x R: |z] < 1—|z|}.
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Remark 5.1.2. For any W € &, there exists a unique W' € D,,_1 such that the projection ©(W) is

contained in W'.

Assume that W € €,, and diam W = 27%,/n. Then diam 7(W) = 27%y/n — 1 and by Lemma 5.1.1,
dist(r(W), 0B~ 1) > dist(W, dC,,) > 2'7%v/n — 1.

Suppose that (W) intersects B"~1(k). Then either 7(W) € D,,_; or 7(W) C W' for some W’ € D,,_;.

Suppose that (W) does not intersect the annulus B"~*(k). Then, we have that
dist(m(W),0B" 1) > 27FF13y/n — 1.

It W C m(W) for some W’ € D,,_; then

dist (W, 0B"~1) _ dist(r(W), 9B" )

diam W’ - diam (W) >0

which is false by Lemma 5.1.1. Hence 7#(W) C W’ for some W’ € D,,_;.

For the uniqueness, note that if there are W/, W"” € D, _; such that #(W) C W', W" then, since
W' NW" # (), we would have that either W’ Cc W or W” C W'. Since both are Whitney cubes, it follows
that W/ = W' and the the proof of Remark 5.1.2 is complete.

We conclude this section with the following result by Gehring [12].

Lemma 5.1.3 ( [12, Theorem 11]). Let F be a K-quasiconformal mapping of a domain D C R™ onto a
domain D' C R™. If OD is not empty, then 0D’ is not empty. Moreover, there exists a strictly increasing

and continuous function O : [0,1) — [0, +00) such that

|F'(z) — F(y)| |z — y]
dist(F(z),0D") = Ox <dist(3:, aD)>

for all x,y in D with |x—y| < dist(x,0D). The function Ok depends only on K and satisfies lim;_,1 Ok (t) =

+00.

As a corollary note that if f: Q — Q' is K-quasiconformal, D is a dyadic Whitney decomposition of {2
and W € D then for all z,y € W,

|F'(z) = F(y)| |z —y| diam W
dist(F (), 00) < Ox <CW> <Ok (dlS‘ﬁ(VV,@Q)) < OK(1/2).
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Therefore, there exists a number C;(K) such that

diam F'(W)
e, o = 1

In similar fashion, using the function F~!, we have that

diam F'(W)
——~ > (Oy(K
dist(F (W), 00) = 2(K)
for some positive number Cs(K).
It is clear now that, if D’ is a dyadic Whitney decomposition of D’, the image of a Whitney cube W € D
intersects a finite number of cubes in D’. In particular, the number of cubes in D’ that W intersects, is

bounded by a constant depending on K. Indeed, suppose that & € N is the smallest natural number such

that dist(F(W), Q) > 3y/n27%. Then,
3C(K)y/n27% < diam F(W) < 6C, (K)v/n27".

Following the discussion after Lemma 5.1.1, if W’ € D’ intersects F(W) then diam W’ > 2,/n2~%. Thus,
F(W) can be covered with at most (64/nC1(K))™ Whitney cubes of D’. Therefore, it is natural to say that

quasiconformal functions map Whitney cubes to “Whitney type objects”.

5.2 A class of quasiballs

We show that for any bounded simply connected domain 2 and for any ¢i1,¢2,...,pn—2 € F7, the

domain enclosed by the double-dome-like surface ¥, _1 is quasiconformally equivalent to the unit ball B™.

Proposition 5.2.1. Let Qs C R? be a simply connected domain and @1, pa,--- € Fi. Suppose that, for
each n € N, the function @, is L,-bi-Lipschitz in [0,€,] and L,-Lipschitz in [e,,+00). For n > 2, define
inductively

Qn ={(z,2) € Qo1 X R: 2| < pp_a(dist(z,00,-1))}.

Then, there exists a quasiconformal mapping F that maps B™ onto Q,,. Moreover, if D,, = {Wj }ken, then F
is a (A, L)-quasisimilarity in every Whitney cube Wy, with L > 1 depending on n, the data of ¢1,...,¢0n—2

and diam Q5.

65



Recall that a a mapping f between two domains D, D’ C R™ is a (A, L)-quasisimilarity if

2oyl < fle — F@)] < ALle —y)

for all z,y € D and some constants L > 1 and A > 0.

Suppose that D, D’ C R™ and D is a Whitney decomposition of D. It is easy to see that if F': D — D’
is a (A\g, L)-quasisimilarity in each Wy € D, then F is K-quasicondormal for some K > 1 depending only on
L.

The proof of Proposition 5.2.1 is done by induction. For the first step of the induction we use some

well-known inequalities from the classical function theory.

Lemma 5.2.2 (Koebe 1/4-Theorem). Let f be a conformal map from the unit disk B? onto a simply-

connected domain Q. Then for all z € B?

1, ., dist(f(z),00) ,
fre) < BAEID oy,

For a proof of Koebe 1/4-Theorem see J. Garnett and D. Marshall [11, Theorem.4.3]. The next corollary

is an easy consequence of Koebe’s theorem.

Corollary 5.2.3. There is an absolute constant A > 0 such that if f is a conformal map from the unit disk

B2 onto a simply-connected domain Q. Then f is (A, L)-quasisimilarity in each Whitney cube Wy, € Ds.
The induction step is proved in the following lemma.

Lemma 5.2.4. Suppose that Q is a domain in R™ and f is a K-quasiconformal map that maps B™ onto Q
and is a (A, L)-quasisimilarity in each dyadic cube wy, € D,,. Given a function ¢ which is Lo-bi-Lipschitz

in [0,€] and Lo-Lipschitz in [e,+00) consider the domain
K(Q,¢) ={(z,2) € QxR: |z| < o(dist(z,00))}.

Then, there exists a K'-quasiconformal function F that maps B+ onto K(Q, ) and is (X, L')-quasisimilarity

in each Whitney cube of Wy, € Dyy1. Here L' depend only on L, n, diam Q and the data of ¢.

Proof. Recall that for n € N,
C"M = {(z,2) €B" xR: |2| < 1—|z|}

denotes the double cone constructed over B™. It is easy to see that C"*! is C,,, 1-bi-Lipschitz to B"*! with
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Cp+1 depending only on n+1. Therefore, it is sufficient to construct a function that maps C"** onto K(2, ¢)
and satisfies the properties of the lemma.

By Lemma 5.1.3, there exist constants 0 < ¢ < C depending on K, hence on L, such that

diam f(wg)

© < Tt lon) O C. (5.2.1)

Consider the fixed dyadic Whitney decomposition &, 11 = {Wj}ren of C**L, satisfying the properties of
Lemma 5.1.1. By Remark 5.1.2, the projection of each Wy € &£,41 on R™ x {0} is contained in a unique
Whitney cube w; € D,, with j = j(k).

Define the homeomorphism G': C" ™t — K(€, ¢) such that for (x,z) € C**!

G(z,z) = (f(x), Myz) where M, = p(dist(f(z), 92))
’ o ’ T—Ja]

For the rest of the proof let d(y) = dist(y, 0Q2) when y € Q.
Take (z1,21), (®2,22) € Wi. By Lemma 5.1.2, there exists unique j = j(k) € N such that z1, 22 € wj.

Note that,

|(1 = |22[)p(6(f(21))) = (1 — |21 )p(6(f (2)))]
(1 = fa[)(1 = [z2])
< (L= [22]) Lol0(f (1)) — 6(f(z2))| + p(0(f (22))) |21 — @2
- (1= lz2[)(1 = [a2])
Lo/\jL|l‘1 — $2| |JJ1 — J)Ql
A

‘Mxl - sz‘ =

These inequalities follow from the fact that the distance function 6(z) is 1-Lipschitz, ¢ is Lo-Lipschitz and
fis (N}, L)-quasisimilarity in w;.

We claim that if € w; then M, ~ X\;. Applying (5.2.1), we have that

Loé(f(x)) <I diam f(w;) + dist(f(w;), 0Q) < )\jLOL(chl).

M, <
- 11— |z 0 dist(w;, Sn—1) - 2¢

For the lower bound of M,, take z € w; and consider two cases. If 6(f(z)) < € then

> LG, L dnGw)on
Lo 1—1z| — L diam w; + dist(w;,S*~!) = 7TLyCL
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If 6(f(x)) > € then

M. > w(e) < € < Aje
* = diamw; + dist(wj, S*~1) ~ 7TLgdiamw; — 7LoL diam Q’

Combining the two estimates, it follows that, for x € wy,

1
7N < Mo S R

where R > 1 depends only on L, L, €, diam 2.

Therefore, for (21, 21), (2, 22) € Wy,

Lo)\'L|ZE1 — $2| I(El — IEQ‘
M, — M, J M,
| 1 2|7 1—|$1| + 21_|1|
|71 — @
< (LoL+ R)X
( ol + ) J 17|l‘1|

Set A = LoL + R and take (x1,21), (22, 22) in Wi. The inequalities above yield

|G (21, 21) — G(w2, 22)| < [f(21) — fw2)] + [ My, 21 — My, 22|
< LAjlor — @a| + My, |21 — 22| + |21|| Moy, — My, |

S (L + A))\J|CC1 — .’E2| + A>\j|2’1 — 22‘

S 4A)\j|(.’171,21) — (332,22)|.
Set B =1+ 2A% If |21 — 22| < B|zy — 73] then,

(Glar, 1) = Glaa )] 2 (@) = flaa)| 2 P = 2] 2 2o, 1) = (22, 22)]

-y
2L
On the other hand, if |21 — 25| > B|z1 — z2| then,

|G(21,21) — G(22,22)| > | My, 21 — My, 22

2 MzQ‘Zl - 22| - |(Mr1 - Mm2)21|

A\
Z Zjlzl—22|—A/\j|.’L‘1—$2|
> (e, 21) - (22, 22)]
=94 I, 21 xT2,22)|.
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Set Ax = \j(k) and A = max{4A,2L}. Then, for (z1,21), (z2, 22) € W,

A < |G(21, 21) — G(2, 22)|

AT (z1,21) — (22, 22)]

< AAg.

Thus, G is a (Ag, A)-quasisimilarity in every Whitney cube Wi.

Observe that the distortion of G in the interior of each W} depends only on A. Hence G is K-
quasiconformal in each cube Wj with K; depending only on A. By a theorem of Viiséla for removable
singularities [39, Theorem 35.1], G is Ka-quasiconformal on C"*! for some K depending only on A.

Suppose that H is a C,, 1 -bi-Lipschitz self map of R"*! that maps B"*! onto C"*!. Then, F = G o H
is K»C-quasiconformal and maps B"*! onto (€2, h).

If D1 = {Qm}men is the fixed Whitney decomposition of B"*! then the image of each Whitney cube
Q. intersects with at most N(C,,) Whitney cubes of &,1. Therefore, F' is a (A, A')-quasisimilarity with

L' depending only on L, Lg, n, €, diam . O
We now prove Proposition 5.2.1

Proof of Proposition 5.2.1. We first prove the statement for n = 2 and then apply induction on n.
By Riemann Mapping Theorem, there exists a conformal mapping F' that maps the unit disc B2 onto €.
Let Dy = {W}.}ren be the fixed Whitney decomposition of B2. By Lemma 5.1.1 and Lemma 5.2.2, for any

ke Nand z € W,
2 diam F'(Wy) y diam F'(Wy,)
- Y |F <l4—.
T damw, S F @l s W=

Set \p = diam F (W)

Tam Wy - It follows that F' is 1-quasiconformal and a (A, 14)-quasisimilarity in every Whitney

square Wry.
Suppose now that the claim holds true for some n. By Lemma 5.2.4 it follows that the claim is also true

for n + 1 and the induction is complete. O

5.3 Slit domains

A domain D C R" is called a slit domain if R" \ D C R*~! x {0}. When n = 3, Gehring discovered the

following elegant characterization of quasidisks.

Theorem 5.3.1 ( [15, Theorem 5]). Suppose that Q2 is a planar Jordan domain. Then the slit domain R3\ Q

is quasiconformally homeomorphic to R® \ B3 if and only if Q is a quasidisk.
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The sufficiency of this theorem can easily be generalized in higher dimensions by the Tukia and Viisala
extension theorem [38, Theorem 3.11]. The necessity is much more demanding.
It follows from Proposition 5.2.1 that the bounded component of R"*1\ ¥, is quasiconformally equivalent

to B"*1. For the unbounded component of R"*!\ ¥, we use the following lemma.

Lemma 5.3.2. Suppose that h: R™ — R is an L-Lipschitz function for some L > 0. Then the function
G(z,2) = (2,2 + h(z)): R*T1 — R s 2(L + 2)-bi-Lipschitz.

Proof. Note first that
G (21, 21) = G2, 20)| < 2(L +2)[(21, 21) — (22, 22)]-

For the lower bound we consider two cases. If |21 — 29| < (L + 1)|z1 — 22| then

(71, 21) — (w2, 22)|

|G(z1,21) — G(zg — 22)| > |x1 — 22| > L12

If |21 — 22| > (L + 1)|z1 — x2| then

|G(21,21) — G(w2 — 22)| > |21 — 22| — [M(21) — h(z2)| > |(:c1,z1£:r(2$2722)\

As a corollary we deduce that R™ \ Q,, is quasiconformally equivalent to a slit domain.

Corollary 5.3.3. Let D be a bounded domain in R™ and hy, ho: R® — R be two L-Lipschitz functions

satisfying h1 = ho =0 in R® \ D and hy < hy in D. Then the domain
R\ {(z,2): 2 € D, hy(x) < 2 < by (2)}

is K-quasiconformal to the slit domain R" T\ D for some constant K > 1 depending only on L.

Proof. Define H: R"™1\ D — R"1\ {(x,2): 2 € D, ha(x) < 2 < hy(x)} with

(r,z+hi(z)) ifxzeD,z>0
H(z,2) = (z,24 ha(z)) ifzeD,z2<0

(x,0) ifz¢gD.

Since H is (L+2)-bi-Lipschitz in each of the half-spaces RTFI and R™*!, and is homeomorphism on R™*! \D,

it is locally (L + 2)-bi-Lipschitz, therefore K-quasiconformal for some K depending only L. O
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5.4 Proof of Theorem 5.0.5

We are now ready to prove the first part of Theorem 5.0.5. It is enough to show that R™ \ Q, is

quasiconformally homeomorphic to R™ \ B".

Proof of the first claim of Theorem 5.0.5. We apply induction on n. For n = 1, 3; = I which is a quasicircle
and the claim holds true.

Suppose that 3, is a K,-quasisphere in R"*! with K, depending on n, K, diamI and the data of
©1y--,pn—1. Define ¥, 11 and let €, 42 be the bounded component of R +2 \ X,41. In view of Theorem
2.2.3 it is sufficient to show that Q, o is quasiconformally homeomorphic to B"*2? and R"*2\ Q, o is
quasiconformally homeomorphic to R**+?2 \W The first equivalence follows from Proposition 5.2.1. The
rest of the proof is essentially a generalization of the proof of Theorem 5.3.1. We repeat it for the shake of
completeness.

Since the distance function §(-) = dist(-,3,) is 1-Lipschitz, by Corollary 5.3.3, we can find a K’-
quasiconformal map G; that maps R"*2\ Q,, 15 onto R"*2\ Q,, ;1 and a K”-quasiconformal map G5 that
maps R"2\ C7*+2 onto R"+2 \ Bn+1 with K’, K" being absolute constants.

By the induction step, there exists a K,-quasiconformal mapping f,,: R**! — R*"*! with f,(B"*!) =
Qn41. By an extension theorem of Tukia and Véisala [38, Theorem 3.12], f,, can be extended to a K/ -
quasiconformal function F: R"*2 — R"*2, Here, K/, depends only on K,,n, hence only on K,n and the
data of @1,...,0n_1.

Finally, there exists a C,, ; o-bi-Lipschitz map H: R"t2 — R"2 that maps R"*2\B"+2 onto R"+2\ Cn+2,

where C,, o depends only on n + 2. Define f,,1: R"*2\ B*+2 — R"+2\ Q,, 5 with

frny1=(G1) ' o FoGyoH.

Note that f,41 is a Cp12K'K"” K/ -quasiconformal and maps R"*2 \ B"*2 onto R"*2 \ Q,, 5. O
We now give the proof of Theorem 1.2.2.

Proof of Theorem 1.2.2. The first claim of Theorem 1.2.2 is a special case of Theorem 5.0.5. It remains to
show the second claim.

Suppose that h is L-Lipschitz and X(I', ¢) is a quasisymmetric sphere. So X(T", ¢) is A — LLC for some
A > 1 depending on the distortion K and the Lipschitz constant L. We claim that I' satisfies the 2-point

condition with C' = 16L)\2.
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Suppose the claim is false. Then there exist consecutive points x1, s, 3,24 € I' such that,

|zo — 21, |24 — 21| > 16LA? |23 — 21]. (5.4.1)

Define

d = inf{diamo: o C Q is a continuum that contains x; and z3}.

We consider the following two cases.

Case 1. Suppose that d > 2\|z1 — z3|. Note that z; and x3 are included in %(T', p) N B3(z1, 2|21 — z3]).
The A — LLC; condition implies the existence of a continuum E C (T, ¢) N B3(z1,2\|z; — x3|) containing
x1, 3. Its projection 7(E) on R? is a continuum in Q that contains x1,z3 and has diam7(E) < diam E <
2M|z1 — x3| < d, which contradicts the definition of d.

Case 2. Suppose that d < 2A\|z; — x3|. Let 0 C 2 be a path joining z; with x3 satisfying diam o

IN

V

3A|z1 — x3|. Observe that each path v C Q, which joins zo with x4, intersects o and satisfies diam~
(16LA? — 3)\)|z1 — w3]. The first observation is trivial. For the second, note that if v C € is a path joining

xo with 24 of diameter less than (16LA% — 3)\)|z; — x3| then

|x1 — 22| < diam v + diamo < 16L)\2\a:1 — 3

which contradicts (5.4.1).

Consider the ball B = B3(x1,8L\%|z; — x3|). Using (5.4.1), note that z2,24 € X(T', ) \ B and xa, 74 €
(T, ¢) \ +B. Suppose that E C X(I',¢) is a continuum that contains z2,z4. Then, 7(E) C Q is a
continuum that contains xs, x4 and, therefore, intersects o. Suppose that « € F is such that 7(z) € o. Since

@ is L-Lipschitz,

|z —z1| < |7(z) — x1] + Liw(x) — z1| < 2L diamo < 6LA|zy — 3).

Thus, * € B and EN B # (. The latter implies that X(T', ¢) is not A — LLCy, which is a contradiction.

Moreover, o, x4 are in different components of (T, ) \ %B. O

For the proof of the second claim of Theorem 5.0.5, we construct a self homeomorphism of R™ that maps
S™ onto ¥,, which is of bounded length distortion.

Recall that a continuous map f between two path connected metric spaces is of bounded length distortion
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(abbv. A-BLD map) if for every rectifiable path v C X,

£(v)

=SB < a((7)) < M)

Trivially, every L-bi-Lipschitz map is L-BLD but the converse is not always true, even locally. However,

if f: R™ — R™ is a A-BLD homeomorphism, then it is A-bi-Lipschitz [28, Corollary 2.13].

Proof of the second claim of Theorem 5.0.5. We apply induction on n.

For n =1, 31 =T is a C-chord-arc curve and by a theorem of Jerison and Kenig [23, Proposition 1.13],
there exists a A;-bi-Lipschitz transformation f: R? — R? with f(I') = S' and A; depending only on C' and
diamI". Hence, the claim holds for n = 1.

Suppose that there exists a A,-bi-Lipschitz map f, : R®*! — R"*! that maps 3, onto S™ with A,

depending only on C,n,diam T and the data of ¢1,...,¢, 1. For (z,2) € R*! x R define the function

(fn(z), My2) if (z,2) € C"*2
(al@)z— 1+ lol — @(3(fu(@) itz € B 251 ]
(fa(@),z+1—=|z| +0(8(fu(z)) ifzeB ™ z<|z -1

(fn(2), 2) otherwise

where M, is as in the proof of Lemma 5.2.4 and (-) = dist(-, X,,).

First, observe that F is a homeomorphism of R**2 onto itself that maps the double cone C**2 onto
Q42. Since the boundary of the double cone is a C),42-bi-Lipschitz sphere, for some C,,;2 depending on
n + 2, it suffices to show that F' is bi-Lipschitz.

Clearly, F is A,-bi-Lipschitz in (R"*1\ Q, 1) x R. Also, following the proof of Lemma 5.2.4, it is easy
to show that F is L(M-bi-Lipschitz in "2 for some L") > 1 depending on C,n,diamI" and the data of
©1,...,¢n. Furthermore, applying the proof of Corollary 5.3.3 twice, we conclude that F' is L(?)-bi-Lipschitz
in (B"*! x R) \ C"*2 for some L(?) > 1 depending only on A,, and the data of .

Note that F is piecewise L(3)-bi-Lipschitz with L) = max{L®" L}, Consequently, F is L(*-BLD
homeomorphism, hence L(®)-bi-Lipschitz with L) depending only on C,n, diam I" and the data of 1, ..., ©,.

O
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Chapter 6

Snowflake curves and Assouad
dimension

In this chapter we use the theory of Rohde’s snowflakes for the proof of Theorem 1.2.3. The basic notation
for Rohde’s snowflakes is presented in Section 2.4. In Section 6.1, we create an index that measures, on small
scale, the deviation of a quasicircle from being a chord-arc curve. The proof of Theorem 1.2.3 is given in
Section 6.2. Finally, in Section 6.3 we give examples of quasicircles I' that have Assouad dimensions equal

to 1, satisfy the level quasicircle property and (T, %) is not quasisymmetric to S? for any a € (0, 1).

Definition 6.0.1. The Assouad dimension of a metric space (X,d) is the infimum of all s > 0 that satisfy
the following property: There exists C > 1 such that for any € > 0, any Y C X can be covered by at most

Ce™* subsets of diameter at most ediamY .

This dimension was first introduced by Assouad [3] under the name metric dimension as a tool to study
the metric spaces which are bi-Lipschitz embeddable into some Euclidean space R”. If (X, d) is a metric

space, we always have

dimy (X) < dimp(X) < dimp(X) < dima(X)

where dimg,dimp,dimp,dimy are the Hausdorff, lower box-counting, upper box-counting and Assouad
dimension respectively. The main difference between Hausdorff and Assouad dimension is that that the
former is related to the average small scale structure of sets, while the latter measures the size of sets in all

scales. A detailed survey of the concept can be found in [27].

6.1 Coding of quasicircles and a chord-arc index

Let I be a quasicircle. Suppose that S is a p-snowflake and f a bi-Lipschitz self map of R? that maps S
onto I'. The coding (p, k,,) of the construction of S, as in Section 2.4, induces a coding of I'. In particular,
the subdivision {S, }wew, induces a subdivision of T" by setting Iy, = f(S,). The quadruple (p, kw, T, f)

is called a coding of I' and S is called the snowflake associated to the given coding.
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Note that if f is L-bi-Lipschitz then for any w,u € W

diam Iy, . o) 2 .
Tz < diam Ty, < min{p*™ L2 1} diamT,,. (6.1.1)

Fix a quasicircle T and a coding (p, kw, Tw, f). We define an index that measures, on small scale, how
much a subarc Iy, deviates from being a chord-arc curve. For w € W and ¢ € (0,1) denote with A(T, ¢)

the set of all words u € W that satisfy
1. diamT,,, > cdiamT,,
2. diamT'y; < cdiamT,, for some i € {1,2,3,4},

3. the words in A(T'y, ¢) are minimal in the sense that if u is a word satisfying the above two conditions,

then uv ¢ A(Ty, ¢) for each v € W.

We think of A(T'y,c) as a decomposition of T',, into disjoint subarcs I'y, C T, that have diameter
comparable to ¢diamT',,. Denote with N (T, c¢) the number of elements in A(T,,c). The dependence on
the chosen coding is suppressed.

For w € W and ¢ € (0, 1) define

1
= — i Twu- 1.
dam T, diam Iy, (6.1.2)

u€A([Tw,c)

M(Ty,c)

The number M (T',,¢) is an approximation of the number ¢(T,)/diamT",, with ¢ being the scale of ap-
proximation. Since all the subarcs I',, have diameter comparable to cdiamT',,, it easily follows that

M(Ty,c) = cN(Ty, ). The following lemma summarizes the properties of this index.
Lemma 6.1.1. Let T be a quasicircle, (p, kw,Tw, f) be a coding of T' and f be L-bi-Lipschitz.
1. If c€(0,1) and w € W then M (T, c) ~ c¢N(T'y,c) with the comparison constants depending on L.

2. If0 < c1 <cog <1 then M(Ty,c0) < M(Toy,c1) < mM (T, c2) with m > 1 depending on p, L and the

ratio co/cy.

3. Suppose that S is the p-snowflake associated to the given coding. If ¢ € (0,1) and w € W then

M (T, ¢) = M(Sy, c) with the comparison constants depending on p, L.
4. For any w € W,
£(Ty,
lim M (T, c) W)

=0 diam T,

(0]



Proof. Property (1) is an immediate consequence of the definition.

For property (2) consider the sets Gq = {T'y: w € ATy, 1)} and Go = {T'y,: w € A(Ty, c2)}. To obtain
G we subdivide, if necessary, each of the subarcs of G5 until they satisfy the properties in the definition of
ATy, c1). Thus, M (T, c1) > M (T, c2). To show the other inequality, by property (1) of Lemma 6.1.1, it
suffices to check the ratio N(I'y,c1)/N(I'y,c2). Fix a subarc 'y, € G2 and assume that Iy € G1. We

claim that ¢(u) < N = N(p, L, ca/c1). Assuming the claim we have that
N(Ty,c1) <4VN(Ty, c2).
To show the claim apply (6.1.1) twice and note that for some ¢ € {1, 2, 3,4}
cirdiamT,, < diam Ty, < LZpZ(“) diamI',, < 4L4pe(“) diam Iy < 4L4pe(“)02 diam Ty,

To prove (3), it suffices to show that N(I'y, ¢) ~ N (S, c) with the comparison constants depending on

p, L. Let

Jd—  min diam I,
n vEA(Sy,c) diam Ty ’

Since f is L-bi-Lipschitz, the ratio ¢/c’ is bounded above and below by constants depending on L. By (2)
of Lemma 6.1.1, N(S,,¢) < N(T'y,¢') S N(T'y, ). Similarly we obtain the inverse inequality.

For the proof of (4), fix w € W and assume that £(T";,) < oo. Similar arguments apply in the case
¢(Ty,) = 4o00. Let € > 0 and zg,...,zx € 'y, be consecutive points such that g,z are the endpoints of
Ty, and vazl |x; —2;-1] > £(Ty,) —ediamT,,. For each i € {0,..., N} find v; € W such that one of the two

endpoints ' of I',, satisfies |z; — 2}| < 27 "1diamT,,. If ¢ = (4L*diamT',,) ! min;<;<y diam 'y, then,

N

1 . 0(Ty)
M@y, c) > —— Pt > ——— i —miq| —e> /Y 2. ]
(T, ) 2 diamT,, z=Z1 [ = il 2 diamT,, ; |2 = wia| =€ 2 diamT,, ¢

6.2 Proof of Theorem 1.2.3

The following lemma is a variation of Lemma 4.3.2 and gives a necessary condition for I' and ¢ so that

(T, ) is quasisymmetric to S?.

Lemma 6.2.1. Let T" be a quasicircle which has the level quasicircle property, (p,kw,Tw, f) a coding of T
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and ¢ € F. Suppose that there exists a sequence {T'y,, }nen such that for each n € N,

71 .
e~ (diamTy,,)
n — = 1
¢ diamTI',,, <

and lim,,_, oo M(Ty,, ,c,) = +00. Then X(T, ¢) is not quasisymmetric to S2.

Proof. Suppose that there exist € > 0 and K > 1 such that v, is a K-quasicircle for all € € [0, €g]. Then, for
all € € [0, o], the curves ~, satisfy Ahlfors 2-point condition (2.2.1) for the same C' > 1. Suppose also that
f is L-bi-Lipschitz.

For each n € N set ¢, = ¢, diamT, and ¢, = 9C%¢c,. By Lemma 6.1.1 we have that M (T, ,c,) >
LM(Ty,,cn) for some m = m(L) > 1. Passing to a subsequence, we may assume that M (T, ,c},) > Cn.
Let z7,..., 2% be the endpoints of the subarcs I'y,,, v € A(Ty,,c;,). We may assume that z7,..., 2%

Wn =N

are consecutive. Then,

1 My, ,c.)diamT,, )
Z |lof — 24| > = diam Iy, , = (L, ¢n) diam Ly, > ndiam T'(af, 2 ).
, C C n
i=1 vEATw, )
Moreover, for all i = 1,..., N, =1, |27 —a?" 4| > &}, diam T, = 9Ce,. Finally, ¢(e,) = diam(T' (27, 2, ).
The assumptions of Lemma 4.3.2 are satisfied and 3(I', ) is not quasisymmetric to S2. O

To prove Theorem 1.2.3 we need to show that if the Assouad dimension of a quasicircle I" is bigger than
1 and p(t) = t* with a € (0, 1) then T, p satisfy the assumptions of Lemma 6.2.1. The following two lemmas

are required for the proof of Theorem 1.2.3.

Lemma 6.2.2. Suppose that T has a coding (p, kw, w, f) and f is L-bi-Lipschitz. There exist o = a(p) > 0
and A = A(L) > 0 with the following property: If Ty, CT, § <& <1 and M(Ty,,d) > M for some M > 1

then there exists 'y C Ty such that M (T g, 0") > AM® T

Proof. Suppose that S is the p-snowflake associated to the given coding.
For v € W and n € N, define p(I'y,n) = 47" o) (4p)Fwu=kw Tt is easy to see that if v € W and

n € N then

1 1
Fva = T o di vu = T di Fvu
#(Tv;m) diam S, Z am & diam T’ Z ram
ueEW,, u€EWn,

with the comparison constants depending on L. Like M(T',,-), the index u(T',, ) is an approximation of the
number £(T',)/diam T, but in a different sense. While in M (T, -) we divide T', into subarcs of roughly the

same diameter, in p(T",, ) we divide I',, into subarcs of same generation.
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If v € W, ny < ng then p(Ty,n1) > p(Ty, n2). We claim that, for any n € N and v € W
M(Ty,p") S p(ly,n) S M(Ly,477)
with the comparison constants depending on L. Indeed, since M (T, ¢) ~ M(S,,c) for any ¢ < 1 we only
need to prove the replacing I with S. If vu € A(S,,4™™) then £(u) > n. Thus,

1 1
M 4—7L = 3 ;> . )
(Sv,477) Jiams, Z Z diam Sy > diam S, u;\/ diam Sy,

UEW, uu' €A(S,,477)

n

We work similarly for the lower bound.

Let m be the integer part of —logd’/log4 and N be the integer part of logd/logp. Since § < &', it is
easy to see that m < N with the comparison constants depending on p. Take N’ to be the smallest multiple
of m that is bigger than N. If m > N then N’ = m while if m < N then N’ < N + m. In each case,
N ~ N’. Hence,

U(Towgs N') > p(Copy, N) 2 M (T, 0) > M.

- ~

Set C' = pu(Ty,, N'). We claim that there exists w € W with £(w) < N’ — m such that pu(Tygw,m) >

cm/N', Assuming the claim,

log /
1

M (T 8') 2 Ty m) > C™N' > Mo Toks

with a > 0 depending on p and the comparison constants depending on L.
To prove the claim, assume the opposite. That is, for all w € W with £(w) < N'—m we have p(Tygw, m) <

C™/N' . We apply induction to show that p(Ty,,im) < C/N' for all i € {1,...,N’/m}. For i = 1, it is
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true by our assumption. Suppose it is true for i. Then,

T (i Tym) = 47D ™ ()b

WEW(i11)m

D DD DN €L
UEWim VEWnm,

e (gppies 3 (g
UEWim vEWm

=47 0FDm N (dp)FeonReo 4™ (T, m)
UEWim

< 47imem/N' (D, im) 4T

< Cm(i+1)/N’.

By induction the claim holds for ¢ = N'/m contradicting the fact that p(Ty,,n) = C. O

Lemma 6.2.3. Suppose that € > 0, T’ is a quasicircle and (p, ky,Tw, f) is a coding of T'. If the Assouad
dimension of T is greater than 1+ €, then, for any n € N, there exist w, € W and §,, € (0,1) such that
N(Ty,,6,) > néy 1.

Proof. Suppose that f is L-bi-Lipschitz.

Assume the opposite, that is, N(I'y,d) <8~ 1F) for all § > 0 and T,,. Fix a é € (0,1) and aset X C T
such that diam X < diamT"/10. Let I'" be the smallest subarc of I' that contains X. Since I' satisfies (2.2.1),
diam IV < C'diam X for some C' > 1 depending only on I'. Choose a maximal word w such that IV C T,.

Suppose that I’ contains a subarc T'y; for some i = 1,2,3,4. If v € A(T,,6C~1(2L)~*) and j €

{1,2,3,4}, using (6.1.1) twice, we see that

ddiamTI', ddiamT,;
diam Ty, < 4L diam Ly < 1atn < Jdiam

< i .
<oz = - < ddiam X

Therefore,

X C U qu
UEA(D,,6C—1(2L)~4)

where all such subarcs I',,, have diameter less or equal to § diam X and
N(Dy,6C ™1 (2L)™%) < 60+,
Suppose that I does not contain one of the subarcs T'y1, Do, Tws, Twa. Then, there exist ¢ € {1,2,3}
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and maximal natural numbers r, ¢ such that IV C T'y;4r U [y(it1y1a- In that case repeat the above argument
for the subarcs IV N Tyisr and IV N Ty (i41)10-
In both cases, X can be covered by at most M5~ (11¢) subsets of diameter at most § and I" has Assouad

dimension less or equal to 1 + e. O

We are now ready to prove Theorem 1.2.3. The basic idea of the proof is to show that if the Assouad

dimension of T" is bigger than 1 and « € (0,1) then I" and ¢(t) = ¢* satisfy the assumptions of Lemma 6.2.1.

Proof of Theorem 1.2.3. Suppose that T is a quasicircle with a coding (p, kw, T'w, f) and Assouad dimension
bigger than 1 + € for some € > 0. Suppose also that f is L-bi-Lipschitz. In view of Proposition 4.1.6, we

may assume that I' satisfies the LQC property.

By Lemma 6.2.3, for each n > 0 there exist w, € W and §,, € (0,1) such that N(T'y, ,d,) > né, .

We may assume that the sequence {3, }nen is decreasing and converges to 0. By Lemma 6.1.1, it follows

.
that M (T, ,0,) 2 1o, ¢. Set ¢, = e WiamBuy) and consider the following two cases.

diam Iy, ,,

Case 1. Suppose that ¢, < 6,. Then, by Lemma 6.1.1,
MLy, cn) 2 M(Tw,,0n) Z nd, 20

with the similarity constants depending on L.

Case 2. Suppose that ¢, > 6,,. By Lemma 6.2.2, there exists I, , C Iy, such that

log cn,

—eaqg s _
MT oy, vyCn) 2 0n 5" =,

~y n

¢ '(diam Ty, )
diam 'y, »

with the similarity constants depending on L. Set ¢}, = and note that ¢/, < ¢,,. It follows that

Mo, v, Ch) > M(Top, 0y ) 2 €.

~ n

— 1/ 9.
¢~ ‘(diamT,,)
diam I then

vp,

By Case 1 and Case 2, there exists a sequence I, of subarcs of I' such that if ¢, =

lim, 00 M (T, , ¢) = 00. The theorem follows now from Lemma 6.2.1. O

6.3 Further examples from Rohde’s snowflakes

For the rest of this section we give an example of quasicircles with Assouad dimension equal to 1, satisfying

the LQC property such that the surface (T, t®) is not quasisymmetric to S? for any « € (0, 1).
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Let N > 4 be a natural number. As in Section 3.5, an (N, p)-snowflake is a snowflake constructed with
Rohde’s method except for the first step where a regular N-gon of side length 1 is used in place of the unit
square.

Also, as in Section 2.4, S is called homogeneous if, for any n, at the n-th step of the construction of S,
all edges of the n-th generation are replaced by the same polygonal arc. In other words, k,, depends only on
¢(w). If S is homogeneous then, for n € N, define k(n) = k,, for some w € W,,. Intuitively, k(n) represents
the number of times that the Type I arc of Figure 2.1 was used in the first n steps.

By Corollary 3.5.1, there exist Ny € N and py € (1/4,1/2) such that, every (N,p)-snowflake, with

N > Ny and p < pyg, satisfies the LQC property.

Proposition 6.3.1. Let a, 8 € (0,1), p(t) = t* and S be a homogenous (N, p)-snowflake with N < Ny,
p < po and k(n) equal to the integer part of n®. Then, S has the level quasicircle property, has Assouad

dimension equal to 1 and X(S, ) is not quasisymmetric to S.
The proof requires the following simple lemma.

Lemma 6.3.2. Let 8 € (0,1). For any ¢ > 0 there exists M > 0 such that, for any x > M and y > 0,

j2? — 4P| < ez —yl.
Proof. Let M = (2/e)ﬁ. If £ > M and y > M/2, by Mean Value Theorem, it is easy to see that
|2 — 98| < elx —y|. If 2 > M and y < M/2 then

1
x—y>g>zm5>g(a¢5—yﬁ). O

For the proof of Proposition 6.3.1, we need to show that S and ¢ satisfy the assumptions of Lemma 6.2.1.

Proof of Proposition 6.3.1. Since N > Ny and p < pg, by Corollary 3.5.1, the (N, p)-snowflake S satisfies
the LQC property.

Fix € > 0; we claim that S has Assouad dimension less than 1+e¢. Take § > 0 and w € W,, for some n € N.
Since S is homogenous, there exists m > n such that A(S,,d) = Wy—n. Then, 4”*m(4p)k(m)*k(”) >4
which implies that

(m —n)log4 — (m? —nP)log4p < log <;) +C (6.3.1)

for some C > 0 depending only on p, 5. By Lemma 6.3.2, there exists M > 0 such that for xt > M and x >y

log 4
xﬂ_yﬂ< € og

= 15 ¢ log(4p) (x —y). (6.3.2)
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)1+6

If m < M then clearly N(S,,8) = 4™ <4M (1 . If m > M then by (6.3.2)

log4
—

(m —n)log4 — (m” —nP)logdp >
1+e

m—n)

and (6.3.1) yields

1 1+e
(m —n)log4 <log (6) + 2C5.

Therefore,

1+e€
N(Sy,d) = 4™~ < 4M 202 (;)

and the claim is proved. Since € was chosen arbitrarily, it follows that S has Assouad dimension equal to 1.
We prove now that X(S, ) is not quasisymmetric to S?. Take n € N, w € W, and assume that
A(Sy, (diam Sy)a 1) = Wiy _p. If v € A(S,, (diam S,))= 1) then

p®(diam S,y ) < diam S, < (diam Sy )
and for some 0 < A; < Ay depending on p, a,

A (4—m(4p)m‘3)a <47map)’ < A, (4—m(4p)mﬁ)

Therefore,

s (o B (o (2) ot < P2

m

Note that as n goes to infinity, m goes to infinity and n/m goes arbitrarily close to «. Hence, for any

1 m 1/a—1

€ > 0 we can find sufficiently large n so that |- — ™| < e. Therefore, if ¢ = diam S,,

M(Sw,¢) = N(Sy, c)e = (dp)™ =" > (4p)(1/a=0~1)n”

which goes to infinity as n goes to infinity. The proposition follows from Lemma 6.2.1. O
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Chapter 7

Quasisymmetric spheres over
quasidisks — Analytic construction

Suppose that f is a quasiconformal mapping that maps a Jordan domain €2 onto the unit disk B2. For a
function ¢ € F we write

E(fo0) ={(z,2): 2 €Dz = (1~ |f(2))}-

This chapter is devoted to the proof of Theorem 1.4.1.

7.1 Surfaces obtained by rotations of decreasing functions

Suppose that ¢ € F5. Define
S(p) = 2(id, ) = {(z,2) € B2 x R: z = £p(1 — |z[)}.

Write R? = {(t,s,2): t,s,z € R}. Note that 3(¢) is the surface generated by first revolving the graph of
o(1—1t), t €]0,1] around the vertical axis {t = s = 0} and then reflecting the resulting surface with respect
to the horizontal plane {z = 0}.

To prove the first claim of Theorem 1.4.1, we first show the following result.

Proposition 7.1.1. Suppose that p € F is such that for some 6 € (0,1) and M > 0, ©(t) > Mt for each
t € (0,0) and ©(1) — p(t) < M(1 —t) for each t € (1 —§,1). Then, the surface %(y) is a 2-dimensional

bi-Lipschitz sphere.
The following two simple observations are needed for the proof of Proposition 7.1.1.

Lemma 7.1.2. If ¢ : (a,b) — R is a monotone continuous function, then the graph of ¢ is a 2-chord-arc

curve. More precisely, if o+, +, i the graph of ¢ from t1 to to with t1 < to, then,

(et 1,) < 20, (t)) = (t2, p(E2))]-
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Proof. First observe that

([t1 = ta| + p(t1) — p(t2)])

N |

diam @y, 1, = |(t1, p(t1)) — (t2, p(t2))] >

Let t1 = a9 < 21 < -+ < xp =ty and z; = (x4, p(x;)). Then

n n
Z |2i — zi—1| < Z (lzr = i1l + lo(zi) — (zi-1)])
=1 i=1

= [t1 — ta] + |p(t1) — w(t2)]-

Therefore, £(¢4, 1,) < |[t1 — ta| + |p(t1) — ¢(t2)| and the lemma follows. O

Lemma 7.1.3. Suppose that f = (f1, f2): Rx[0,400) = R X [0, +00) is an L-bi-Lipschitz homeomorphism.
Forr > 0,v €S and z € R define F(rv,z) = (fi(r, 2)v, f2(r,2)). Then F is an L'-bi-Lipschitz self map of

R3 with L' depending only on L.

Proof. Let r,7' >0, v,/ € S' and z € R. We have that

|F(rv,z) = F(r', 20 = |1 (r', 20" = fu(r, 2)v] + 1 2(r, 2) = fa(r, 2)]
~ (', 2) = Al 2l + 2l =V + 1207, 2) = fa(r, 2)]
~ A0 2) = [l ) 4 ()l =V + [ 20, 2) = fa(r, 2)]
~ |(r,2)[[v = V[ +](r,2) = (', 2)]

~ |(rv,2) — (r'V', &)

with the comparison constants depending at most on L. O]

Proof of Proposition 7.1.1. Let (t) = (1 —t), t € [0,1]. By Lemma 7.1.2, the graph o satisfies the
chord-arc condition. Consider the points a; = (0,0), az = (1,0), az = (0,1) and a4 = (0,¢(1)). The two
limit conditions of F5 imply that the union of 1 with the line segments [a1, a2] and [a1,a4] is a C-chord-
arc curve for some C' depending on M, . Using arc-length parametrization, it is easy to find a bi-Lipschitz
mapping ¢ that maps 19 ; onto the line segment [az, ag], the points ay, az,as to ay, az, as respectively, and
the half-lines {(0,¢): ¢ > 0}, {(¢,0): t > 0} onto themselves. By Tukia’s extension theorem [36, Theorem
A], g can be extended to an L;-bi-Lipschitz map G = (g1, g2) of the first quadrant [0, +00) x [0, +00) onto

itself. Here L; > 1 depends only on C.
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Consider now the mapping F': R? — R3 such that for each v € S', » > 0 and z > 0
F(rv,z) = (g1(r, 2)v, g2(r, 2)) and F(rv, z) = (g1(r, =2)v, g2(r, —2)).

Clearly, F maps %(¢) onto the boundary of the double cone C* = {(z, z): # € B?,|2| < 1— |z|}. By Lemma
7.1.3 we have that F is bi-Lipschitz and the claim follows from the fact that C? is the image of S? under a

bi-Lipschitz self map of R3. O

Proof of the first claim of Theorem 1.4.1. Suppose that f: Q — B? is L-bi-Lipschitz. It is easy to show that
f can be extended to an L-bi-Lipschitz map of 2. Moreover, by Tukia’s extension theorem [36, Theorem A],
f can be extended to an L’-bi-Lipschitz self map of R? for some L’ > 1 depending on L. Consider the function

G : R? —» R? with G(z,2) = (f(x), 2), where z € R? and 2 € R. Note that, for each (1, 21), (22, 22) € R?,

|G (21, 21) = Gz, 2)| < [f (1) = fl@2)[ + |21 — 22 < (L4 D)[(21,21) — (22, 22)]

1 1
|G (21, 21) = G2, 22)] 2 51 f(21) = fl@2)l + Slor — z2f 2 |21, 21) — (22, 22)].
Hence, G is a bi-Lipschitz self map of R? that maps %(¢) onto %(f,¢). By Proposition 7.1.1, 3(f, ¢) is a
bi-Lipschitz sphere. O

Remark 7.1.4. Suppose that f: B? — Q is bi-Lipschitz and @1, ps € Fa. Define Yy =T and F, = f. By
Theorem 1.4.1, there exists a bi-Lipschitz mapping Fy: R3 — R3 that maps the surface Lo = f](Fl, 1) onto

S2. Let Q' be the domain enclosed by Xo. Consider the 3-dimensional surface in R*

S5 = 5(Fo, 02) = {(z,2) e R*: w € UV, 2 = 205 (1 — | Fy(2)])}-
The proof of the first part of Theorem 1.4.1 shows that 3 is the image of S* under a bi-Lipschitz self map
of R*.

Remark 7.1.5. The limit assumptions of the functions ¢ € Fo are necessary for the first claim of Theorem

1.4.1.

For the necessity of the first limit assumption, take I' = S', f = Id and o(t) = t2. It is not hard

to see that f)( f, ) is not LLC; and thus not quasisymmetric to S2. For the necessity of the second limit
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assumption, take I = S', f = Id and

1-v1-t tel0,1]

t t € [1,+00).

p(t) =

It is easy to see that f]( f, %) is not LLCy and therefore not quasisymmetric to S2.

7.2 Proof of the second claim of Theorem 1.4.1

In this section we prove a statement stronger than the second part of Theorem 1.4.1. For each r € [0, 1]

let B, = B%(O,r) and S, = 0B,.

Proposition 7.2.1. Suppose that f is a quasiconformal mapping of a Jordan domain 2 onto B? such that
S(f, @) is quasisymmetric to S* for all ¢ € Fy satisfying limy_o ¢(t)/t = +00. Then, for some ro € (0,1),

the pre-images f~1(S,) are chord-arc curves for each r € [rg, 1].

Suppose that €, f satisfy the assumptions of Proposition 7.2.1. In Lemma 7.2.2 we show that 9 is a
quasidisk. Then, in Proposition 7.2.3 we show that for some ry € (0, 1), the pre-images f~!(S,.) are chord-arc
curves for each r € [rg, 1). The proof in the case r = 1 is identical to that of Proposition 7.2.3; see Corollary

7.2.6.

Lemma 7.2.2. Suppose that f is quasiconformal mapping of a Jordan domain Q onto B2. If 00 is not a
quasicircle then, there exists a function ¢ € Fy satisfying limy_o @(t)/t = +o0, such that the surface $(f, )

is not quasisymmetric to S2.

Proof. The proof is quite similar to that of Lemma 4.1.5.

Suppose that 2, z., yn, v, and €,, 0, are as in the proof of Lemma 4.1.5. We construct ¢ so that f](f, ©)
fails the LLC; property.

Since  is a Jordan domain, f can be extended to a homeomorphism of Q onto B2. For each n € N, find
Tn € (0, €,) such that dist(f~1(S,,),T) < €,. The sequence {r, },en can be chosen to be decreasing. Define
a function

o: {rn} — Ry with o(r,) = nl|z, —2)].

The arguments in the proof of Lemma 4.1.5 show that X(f,¢) is not LLCy. O
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Proposition 7.2.3. Let f be a quasiconformal mapping of a quasidisk @ onto B?. Suppose that for a
sequence {r,} C (0,1) with 7, 1 1, the pre-images f~1(S,,) are not chord-arc curves. Then, there exists a

function ¢ € Fa, satisfying limy_,q p(t)/t = +00, such that i(f, ©) is not quasisymmetric to S%.

It is well known that any quasiconformal map of a quasidisk © onto B2 can be extended to a quasicon-
formal self map of R2. Therefore, f: Q@ — B2 is n-quasisymmetric for some homeomorphism 7 depending on
the quasiconformal constant K of f.

For the rest we write I, = f~1(S,) and O = (0,0).

Fix an increasing sequence {ry}nen C (0, 1) such that limr, = 1 and I',, are not chord-arc curves. For
each n € N, we define inductively a positive number 7}, and an arc J,, C I, . Set v, = 7o and Jy = T').
Suppose that 7],_;, J,—1 have been defined. Since I';.  is not a chord-arc curve, there exists J, C I, such

that £(J,) > ndiam J,,. Moreover, J,, can be chosen so that

1
diam J,, < 5(\/1 — 1 — V1 —1). (7.2.1)

Indeed, since I', is not a chord-arc curve, it contains arbitrarily small subarcs which are not chord-arc

curves.

Find consecutive points P, ..., P} € J, such that I, (P{*, Py ) = J, and
Nn
> IP — Pl > ndiam J,,. (7.2.2)

i=1

Define also p? = f(P}"). By adding more points in the collection {p?}fi"l, we may assume that, for each
i,7€{1,...,Np},

1
i = Pl < pja — 0| < 2lpis — pi'l-
Since f is n-quasisymmetric, for each z € ' (P, P{} 1),

| P _ijnﬂl >l ( Ip} _p%l‘ ) >0l (1).
|Z_Pi+1| |f(z)_pi+1|

Therefore, for each i € {1,..., N, — 1}, diam I, (P/*, P{\ ;) < n,%(lﬂPl” — Pl

By uniform continuity of f, there exists a number r/, € (r,—1,7,) such that

dist(I'y Iy, ) < min {|P%, — PP}
i=1,..., "
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We may also assume that 7/, is close enough to r,, so that

T — 1l < 1) i mm {|P[j_1 P} (7.2.3)

and

V1=r, — /1 -7, <diam J,. (7.2.4)

Define p: {1 — ry}nen U {1l — 7}, tnen — (0, 400) with
e(l—r,)=+v1—7r, and ¢(1—7))=+1-r,+diamJ,.

It follows from (7.2.1) and (7.2.4) that ¢ is increasing. Moreover, by (7.2.4), o(1 — 1) > /1 . Extend
¢ in [0,1] so that ¢(t) > /t for each t € [0,1]. The extension, which we still denote by ¢, is in F» and
satisfies lim;_,q p(¢t)/t =

The following lemma concludes the proof of Proposition 7.2.3.
Lemma 7.2.4. Let f and ¢ be as above. Then, i(f7 ©) is not quasisymmetric to S%.

Proof. Suppose, on the contrary, that there exists a quasisymmetric mapping that maps f)( f, ) onto S2.

Post-composing this mapping with an inversion, we may assume that there exists a #-quasisymmetric map
F:35(f,¢)NRE — B2,

Fix n € N. For simplicity we write J,, = J, N, = N, r, = r, v, =1/, P* = P;, p* = p; and
the dependence of quantities, points and sets on n will not be recorded. However, the constants in the
comparisons ~ and < are depending only on 7,6 and not on n.

Foreachi=1,...,N let ¢; € S,» N[O, p;] and Q; = f~*(g;). Then, the points q,...,qx are consecutive

with ¢1, gy being the first and last points respectively. Moreover, by (7.2.3),

|Pi — Pial| " <|pz’—Pz‘+1|> >3
|Q: — Pi| — lgi —pil )~

Therefore, for any : =1,..., N — 1,

Qi — Qiv1| <Py — Piga| + | Py — Qi| + | Piy1 — Qiga| < 2|P — Pyl

and

1
Qi — Qiv1| > | Py — Piya| — | P — Qil — [Piy1 — Qiga| > §|Pi = Pl
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Thus, |P; — Pir1| ~ |Qi — Qir1| which yields SN 7" |Qiy1 — Qs = ndiam J.
Let A be the piece of i( f,h) whose projection on R? is the Jordan domain bounded by the arcs

Lo (Pr, Py)), T (Q1, Qn), f(Ip1, @a])s f([pwsan]). Define also
B =min{|F(z) - F(y)|: w € T, (P1, Py)) x {p(1 =)}, y € T (Q1, Q) x {p(1 —1')}}.
As in the proof of Lemma 4.3.2, to finish the proof it suffices to show that
B%n < HA(F(A)). (7.2.5)

For each i = 1,...,N — 1 let A; be the piece of A whose projection is the Jordan domain bounded by
the four arcs T'.(P;, Piy1)), T (Qi, Qix1)), f([Pisail), f([Pit1,¢is1]). Denote with 7; the arc on A such that
(1) = f([¢i, p:])- Clearly, 7;, 7;+1 are boundary arcs of A;.

Foreachi=1,...,N—1let §; = |P, — Pi41|, d; = and k; be the integer part of — — 1. Note that

- dlamJ
ki|P; — Piyq| =~ diam T (P, Py) ~ (1 —7") — (1 — 7).

Fixie{l,...,N—1}. For j=1,...,k; +1, let p;; € (0,1) be such that
©(1 — pi;) = (1 — 1) + jd; diam J.

The curves
T xo(l=r) for j =0,
Tij =\ Tpyy x {01 = pij)}  for 1 <j <k

T x {1 —1")} for j =k, +1

subdivide A; into pieces A;; with 1 < j < k; + 1. More precisely, A;; is the piece of A whose projection on
R? is the Jordan domain bounded by f([pi, @), f([pit1, @iv1])s Lpiis Tpijiny- The choice of p;; implies that
the height of each piece A;; is in the range [d;, 24;].

Fix a piece A;; and define
Aij =700y, Bij =Tis1Noyy , Cij = Tig1 Noig41) , Dij = 7 Noyj11)-

The points A;j, B;j, Cij, Di; can be thought as the four vertices of the piece A;;.

ijy Pigr “ig

Since A;

ij» Bij are on the same horizontal plane, |A;; — B;;| = |w(A;;) —7(Bjj;)|. Since w(A;j), m(B;j) are
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in I'y,, and since f is n-quasisymmetric,

[P — Pisal -1 < Pi — Pit] > -1 <|Pz' —Pi+1|>
A o =" T A 12" ] =3
|m(Asj) — Bi |f(m(Aij)) — pil lgi — pil
Therefore, %52 < |A” - B'ij| < 26, SlIIllla,I‘ly7 ‘Cij — DZ]| >~ 5@ = |Pz - Pi+1|~

Since f is quasisymmetric, it is easy to show that the curves {T';}; satisfy (2.2.1) with C = n%(l) Thus,

there exist points 2" € 04;(Aij, Bij), 2’ € 04(j41)(Cij, Dyj) such that

diSt(Z7 Ti+1 (Bij, Cl])) ~ diSt(Z/, Ti+1(Bij, C”)) ~ diSt(Z”7 Ti+1(Bija C”)) ~ (5,

dist(z, 73 (Aij, Dij)) ~ dist(2', 7 (Aij, Dij)) ~ dist(2", 7:(Aij, Dij)) =~ 6;

Moreover, if p}; € (pi(j+1),pij) satisfies (1 — pi;) = ©(1 — pij) + 16;, then there exists a point z €
AN (Fp;j x {¢(pi;)}) such that

dist(y, 73 (Aij, Dij)) =~ dist(y, Tit1(Bij, Cij)) = d;.

We think of the points 2/, 2" as the “centers” of o;(j41)(Cyj, Dij), 04j(Asj, Bij) respectively, and z as the
“center” of Aj.

Set B;; = |F(2") — F(2")| and let uw € OA;; be the point at which
|F(u) — F(z)| = dist(F(z), 0F (A;5)) = R.

Then, |u — z| 2 |P; — P;y1| and by the quasisymmetry of F, since |z — 2’| < |P; — P41, it follows that

< R which implies

~

|F(2) — F(#')] £ R. The same inequality is true with 2z’ replaced by 2. Hence, f;;
BZ < H2(F(Aij)). By Schwarz inequality, this yields

i o~

ki+1

B< | Y By | S (ki + DH(F(A)).
j=1
Since (k; +1)0; = (k; + 1)|Piy1 — P;| =~ diamT',.(Py, Py) we have
B2|P; — Piy1| < diam T, (Py, Py )H2(F(A;)).

Summing over i, by (7.2.2), we obtain (7.2.5). O
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Remark 7.2.5. The function ¢ constructed for the proof of Proposition 7.2.3 is in JFi.

Corollary 7.2.6. Let f be a quasiconformal mapping of B® onto a quasidisk Q. Suppose that 0S) is not a
chord-arc curve. Then, there exists p € Fp with lim;_,o @(t)/t = 400 such that (f, ) is not quasisymmetric

to S2.

Proof. For the proof of the corollary, simply set 7, = 1 in the proof of Proposition 7.2.3 and follow the same
arguments. The only thing that changes is the definition of the arcs J,.

Define inductively numbers r/, > 0 and arcs J,, C I" as follows. Set 7, = 0 and Jy = T'. Given r/,_; and
Jn_1 C T, let J, C T be such that diam J, < %diam Jn—1 and £(J,) > ndiam J,. Let P*,... Py € J,
satisfying (7.2.2) and I'(Pl*, Py ) = J,. For the rest of the proof, repeat the arguments in the proof of

Proposition 7.2.3 setting r, = 1. O
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