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ABSTRACT

This thesis numerically investigates the elastic deformation response of a two-phase soft
composite under externally applied concentric tension and its properties as a band gap structure.
By carefully designing the inclusion pattern, it is possible to induce corrugations normal to the
direction of stretch. By stacking 1D composite fibers to form 2D membranes, these corrugations
collectively lead to the formation of membrane channels with shapes and sizes tunable by the
level of stretch and enable the interfaces to progressively soften and evolve into non-planar
geometries characterized by the nucleation and stable growth of interfacial channels of irregular
shapes. It is also possible to modulate the band gap profile of the composite structure as a result
of interfacial deformations and the corresponding microstructural evolution. Furthermore, by
using specific inclusion patterns in laminated plates, it is possible to create pop-ups and troughs
enabling the development of complex 3D geometries from planar construction. The corrugation
amplitude increases with the stiffness of inclusion and its eccentricity from the tension axis. The
techniques discussed in this thesis provide greater flexibility and controllability in pattern design
and have potential applications in providing a novel framework for harnessing controlled damage
in the development of targeted acoustic band gaps and optimizing damping properties of
composites.
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CHAPTER 1

INTRODUCTION

Composites are frequently found as building blocks of tough biological structures[1]–[4]. Among

those, bone is a typical example exhibiting remarkable combination of stiffness and toughness[5].

The basic block of bone at the micro scale is the mineralized collagen fibril (MCF) in which the

soft collagen matrix is reinforced by stiff hydrated calcium phosphates[6]. The MCFs are glued

together using interfaces of non-collagenous proteins with sacrificial bonds and hidden length

structure[7]–[10]. Another example is seashell nacre which endows dramatic improvement of

stiffness and toughness compared to its constituent phases independently[11]. The enhancement

of toughness in those biological materials is partially attributed to wavy surfaces and cohesive

interaction along the interfaces between bulk materials[12]–[14]. These interfaces are sacrificial

in the sense that they represent weak spots where energy gets dissipated by progressive

accumulation of damage while the rest of the composite remains intact and elastic. The naturally

optimized properties of stiffness, strength, and toughness, suggest that there is a link between

geometric patterning, sacrificial interfaces, and improved mechanical performance. More

recently, it has also been hypothesized that the origin of these improved properties may be linked

to the ability of generating multiple band gaps[15].

Developing complex and 3D controllable geometries, especially at nano and micro scales, is a
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topic of immense interests in a variety of fields[16]–[19]. Significant progress has been made in

that field in the last 10 years with the advancement of 3D printing techniques[20] as well as the

exploitation of certain mechanical effects such as compressive buckling[18]. Here we show,

numerically, that the application of a tensile loading to a reinforced elastomeric fiber with

designed inclusion patterns induces local bending deformation modes in the form of corrugations

normal to the load application directions. By controlling the distribution of the stiff inclusions

within the soft matrix, in a way that is inspired by the staggered patterns of elongated mineral

particles in MCF, we are able to control the location, amplitude, and wavelength of these

corrugations. This opens new opportunities for hierarchical material design in 2D and 3D.

Composite materials with periodic microstructure are capable of generating a band gap structure

through which elastic and acoustic wave propagation may be controlled[21]–[25]. Waves with

frequencies falling into the band gap are barred by the periodic structure. The band gap

phenomenon in composite material is caused by to two mechanisms:  Bragg diffraction and

local resonance[26], [27]. The Bragg diffraction occurs when the elastic wave length is

comparable to the periodicity of the microstructure. The position and the width of the band gap

may be controlled by careful design of the microstructure materials[28]–[31]. Moreover,

mechanically triggered large deformation[32] and instability-induced interfacial wrinkling[33],

[34] are found of capacity to tune the evolution of band gap profile. Local resonance happens

when the phases of composite material have strong elastic properties contrast. Banded

frequencies caused by local resonance are generally lower than those caused by Bragg
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diffraction[35] and may exist even in absence of periodicity and symmetry [26], [36]. Designing

such band gap structures enables the application of wave filtering, wave guiding, acoustic

mirrors and vibration isolators[37]–[43].

The remainder of this thesis is organized as follows. We describe the material model and the

numerical algorithm for modeling both uniaxial stretch and wave propagation in Chapter 2. We

summarize our results related to tension-induced corrugations in 1D, 2D, and 3D in Chapter 3.

There we examine the different factors affecting the corrugation amplitude such as the elastic

moduli ratio of the composite constituents, the aspect ratio of the mineral plates and their

location relative to the fibril axis. Then, in Chapter 4, we investigate the changes in the

dispersion diagrams as a function of stretch. We consider both the monolithic and layered

composites. We also give the evolution of band gap structure as a function of stretch for different

composite microstructure and cohesive interfaces properties. In Chapter 5, we conclude by

discussing the main findings, and potential applications.
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CHAPTER 2

THEORY AND SIMULATION

2.1 Geometry and FEM

Our starting point is a long and slender polymer fibril (Fig.1) of total length L and depth h

 L h . The fibril is reinforced with two rows of staggered platelets with length Li, width t,

offset / 2c t from the fibril axis and inter-platelet spacing 2iL s . If 0s  , the platelets in

the two rows are overlapping. A typical unit cell representing the fibril composition is shown in

Fig. 1. We choose 1000L m , 30h m and 7.5t m for manufacturing convenience

but specific values are irrelevant since elasticity equations are scale free. We vary the remaining

parameters in a controlled way to explore the design space. We choose micrometer ( m ) as a

unit of length, and Giga Pascal ( GPa ) as a unit of stress.

Fig. 1 Geometrical dimensions of unit cell of single composite fibril.
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We construct 2D membranes and 3D plates using the composite fibril as a template.

Two examples are shown in Fig. 2. The 2D membrane is constructed by gluing the

fibrils along their longer edges using a weak polymeric adhesive. The 3D composite

plate is constructed by extruding the fibril in the y-direction (normal to the plane of

2D model in Fig.2a). The inclusions are represented by square plates of thickness t.

Fig. 2 Geometrical illustration of (a) 2D membranes and (b) 3D plates.

For band gap structure, we consider layered composites made up of stacks of fibrils that are

glued along their longer dimension as shown in Fig.3. We choose fibril thickness 30h m ,

length of inclusion 75iL m , inclusion thickness 7.5t m , inclusion spacing 40S m and

inclusion eccentricity from center line of fibril 4.5c m . We consider two types of inclusion

pattern: (1) symmetrically aligned inclusions (Fig. 3a), and (2) staggered inclusions (Fig. 3b). An

extensive analysis of the effect of geometry and material properties on the response of these

composites under longitudinal stretch are reported in a previous paper[44]. The unit cell is

discretized using 8-node bi-quadrilateral elements (Q8). Reduced integration is applied for

quadrature and the nonlinear problem is solved with full Newton Raphson method.
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(a) (b)

Fig. 3 Representative unit cell of (a) composite with symmetrically aligned inclusion pattern and (b) composite with

staggered inclusion pattern (dashed lines indicate the cohesive interfaces which do not exist in monolithic models).

2.2 Constitutive laws

The material deformation is described as a mapping from reference configuration X to the

deformed configuration x

tx = (X, ) , (1)

The displacement of a material point form is

tu = x - X = χ(X, ) - X . (2)

The deformation gradient tensor is defined as

 


 
x u

F = I +
X X

, (3)

where I is the identity matrix and its Jacobian is det( )J  F .
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Two different soft materials are building up the composite (Fig. 3). Each material is assumed to

be homogeneous and isotropic with hyperelastic response. We use the generalized Neo-Hookean

solid[45], [46] model with strain energy density proposed by

1( 3) ( 1)
2 2

K
W I J


    , (4)

where 2/3
1 1 /I I J making it more convenient for nearly incompressible materials,  and

K are the shear modulus and bulk modulus of the material respectively.

The stress-strain relation and tangent stiffness follow as

5/3

1
( - ) ( 1)

3 1I K J -
J


B I I  , (5)

and

12 2
( { } ) (2 )

3 3 3ijkl ik jl jk il kl ij ij kl ij kl ij kl2 / 3

Iμ
C = δ B δ B δ B δ B δ δ + K J -1 Jδ δ

J
    . (6)

Here, the initial Young’s modulus of the matrix soft material is 5mE MPa whereas the stiffer

inclusions have initial Young’s modulus of 50iE MPa .  Both materials are assumed to have

Poisson’s ratio 0.495m i   to approximate the incompressibility of rubber-like material. The

density of both matrix and inclusion materials is assumed to be 31500 /kg m  . The initial

transverse speed of sound in the matrix material is 0 / 33.4 /t mc m s   , and the

corresponding value in the inclusions is 0 ' / 105.6 /t ic m s   , where

, , ,/ 2(1 )m i m i m iE   is the initial shear modulus of matrix and inclusion material respectively.
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2.3 Cohesive interaction

The interaction between two composite fibrils is simulated by a traction-separation relation. In

this thesis, we use the bilinear law for simplicity but the qualitative nature of the results depends

weakly on the specific form of the cohesive law. The two-dimensional bilinear cohesive law is

defined by[47], [48]

, ,

, ,

,

,

0,

n s n s c

f
n s n s c f

c f

f

K

T K

  
 

  
 

 

 


   
 

. (7)

where ,n sT , ,n sK , ,n s is the normal or tangent traction, stiffness and separation respectively.

 is the magnitude of total separation given by 2 2
n s    . c and f determine the damage

initialization and complete failure respectively (Fig. 4).

Fig. 4 Bilinear cohesive law of inter-fibril interaction.
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The parameters of cohesive law between two fibrils are calculated by assuming an equivalent

cohesive material[10], [49] with Young’s modulus of 1cohE kPa , Poisson’s ratio 0.495coh  ,

and initial thickness 1coht m . Then we have / 2(1 )coh coh cohE   , /n coh op cohK E t t and

/s coh cohK t t , where opt is the out-of-plane thickness of unit cell. The following characteristic

displacements 5c m  and 10f m  are used to determine the damage behavior of

cohesive law (Fig. 4). These values are used to represent a weak sacrificial glue layer. From a

computational perspective, the tangential stiffness matrix of the interface, which is negative

during the softening regime,  is added to the stiffness matrix of the composite fibrils to form the

global stiffness matrix of the system.

2.4 Wave propagation

The equations of motion are given by

2

2t

 
 

 
σ u

x
,

(8)

in absence of body force, where σ is the Cauchy stress and  is the density which varies for

different material in composite.

The propagation of elastic wave in periodic composites may be analyzed by Bloch’s theorem[50]

and further developed in the following way[51]. We start by decomposing the solution as

iwtt eu(X, ) = U(X) , (9)
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where U(X) is a complex valued function of X .

Accordingly we also have the following decomposition for stress

iwtt e(X, ) = (X)  . (10)

Eq. (8) now becomes

2

 


U

x


. (11)

Due to periodicity, the displacement is constrained by

ie kLU(X) = U(X + L) . (12)

where L is the vector connecting equivalent points in periodic structure, k is the wave vector

contain the information of wave length and direction.

Similarly, the stress also satisfies

ie kL(X) = (X + L)  . (13)

Decomposing the displacement field into real and imaginary parts,

Re ImiU(X) = U (X) + U (X) . (14)

The displacement constraint becomes

Re Re Im( ) cos( ) ( )sin( )  U (X) = U X L kL U X L kL . (15)
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Im Im Re( ) cos( ) ( )sin( )  U (X) = U X L kL U X L kL . (16)

The periodic boundary condition may thus be expressed in matrix form as

Re

Re Re
1
Re Re
2 2
Im Im

Im Im
1 2
Im
2

i

i

i i

 
              
   
     
  

u

u u

u u
u Q

u u

u u

u

, where

 
 
 
 
 
 
 
 
 

I 0 0 0

0 C 0 S

0 I 0 0
Q =

0 0 I 0

0 -S 0 C

0 0 0 I

. (17)

Upper scripts of displacement denote the real or imaginary part and lower script i denotes the

internal nodes, 1 and 2 denote the corresponding equivalent node pairs. C and S are

corresponding cosine and sine values in Eq. (15) and Eq. (16) in terms of k and L .

The wave vector is chosen from the first Brillouin zone in reciprocal lattice for the representative

unit cell as shown in Fig. 3. The reciprocal lattice is defined by base vectors 1A and 2A and

1
1 22 , 2 ,

a a
 
 

 2a e e a
A A (18)

where 1a , 2a are base vector in direct lattice (Fig. 3) , 1 2a  a a and 1 2 ae = (a a ) / so that

2i j ijA a (19)

It is suggested in the literature that the band gap information may be obtained by surfing only the

points along boundaries of this zone[52]. While this is not rigorously proven, we adopt the same

procedure in the current paper.
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Fig. 5 First Brillouin zone of periodic composite fibril unit cell.

The wave propagation response may then be analyzed by solving the eigenvalue problem of

2K - M = 0 , (20)

where T  
 
 

K 0
K = Q Q

0 K
, T  

 
 

M 0
M = Q Q

0 M
.

The sub-matrices K and M are the stiffness and mass matrix generated from the standard

finite element non-linear analysis at different stretch level.  The meshes for imaginary and real

parts are same which enable us to solve two problems connected by the periodic boundary

condition. The solutions of  are double eigenvalues and give the eigen-frequencies of wave

propagating within the elastic material.

We implemented the above framework in an in-house code developed for modeling nonlinear

hyperelastic materials and eigenvalue analysis.
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2.5 Loading condition

To investigate the deformation pattern, one end of fibirl is stretched at a constant rate along the

longitudinal direction to represent displacement controlled loading while the other end is fixed.

Both plane stain and plane stress cases are modeled to bound the limits of deformation in finite

thickness case. In 3D plate models, we clamp two opposite faces for which one face is kept fixed

and the other is stretched in the same manner as in the 2D case. In all cases, the stretching rate is

small enough to ensure quasi-static loading.

For band gap structure, we consider uniaxial stretch applied to the infinite periodic composite

solid parallel to the layering direction (i.e. horizontally in this case). In order to represent this on

the unit cell scale, we apply displacement constraint on upper and lower boundaries and impose

prescribed displacement on left and right boundaries. Thus the displacement field in the unit cell

is given by:

0
0

ˆ
U

U
L

   
                  

u I 0
u

u u I 0 Tu
u

u 0 I

, (21)

where Uu and Lu are the displacement vectors of upper and lower boundaries, 0u is the

displacement vector for the interior points and points on the lateral boundaries.

Using the transformation matrices in Eq. (21), the original problem Ku = f becomes
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ˆˆ ˆKu = f , (22)

where ˆ TK = T KT , ˆ Tf = T f , K and f are the stiffness matrix and external force computed

from finite element analysis.
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CHAPTER 3

MULTI-DIMENSIONAL COMPOSITE DEFORMATION

PATTERNS

3.1 1D fibrils

If a homogenous elastomeric fibril is stretched, its length increases and width decreases due to

the positive Poisson’s effect (Fig. 6a). However, if the fibril is reinforced with staggered

inclusions as shown in Fig 1a, it develops a corrugation pattern under stretching. For example,

for a modulus ratio r = 30 and spacing s = 40 m , the fibril deforms periodically in the direction

normal to its axis (Fig. 6b). For an elongation of 100 m (i.e. a stretch value of 1.1) in the

plane stress case, the amplitude of corrugation is 6.97 m (23% of the fibril depth). The

corrugation amplitude A is defined as the difference between peak and valley along one side of

composite fibril.
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Fig. 6 Deformations of (a) Homogeneous fibril and (b) heterogeneous composite fibril with polymeric inclusions,

corrugations develop in plane stress case of the composite fibril. Results are shown for stretch value of 1.10.

Figure 7 shows the evolution of corrugation amplitude as a function of stretch for both the plane

strain (a) and plane stress (b) cases. Initial deformation is smooth along longitudinal axis (Fig. 7,

stretch = 1.02). As stretching continues, the inclusions starts to bend and corrugation amplitude

increases rapidly (Fig. 7, stretch = 1.10). In the limit of large stretch (>1.30) most of the

deformation concentrates in the matrix material and axial deformations of the elastomer becomes

dominant over the bending deformation (Fig. 7 stretch = 1.30). This leads to a reduction in the

rate of the growth of the corrugation.  The corrugations rate is initially high (up to stretch value

~ 1.1). After that, the growth rate decreases and eventually saturates. The plane stress case shows

systematically higher corrugation values (for the same value of stretch) and lower Von-Mises

stresses than the plane strain case.
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Fig. 7 Corrugation development as a function of stretch. Successive plots show the deformed shape of the fibril

when stretch is 1.02, 1.1 and 1.3 in (a) plane strain and (b) plane stress cases.

The development of corrugation under global tensile loading may be explained using the

transformation rule for composites. Static equilibrium for the unit cell shown in Fig. 7 requires

that applied tension load at one end is balanced by an equal and opposite collinear load at the

other end. Thus the two equilibrating forces are acting along the axis of the fibril. However, due

to the presence of inclusions with a different modulus, the center of area of the mineralized

section does not coincide with the geometric center. The center of area of a heterogeneous
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section is computed by transforming the section into an equivalent homogenous one. This is

done by multiplying the area of the stiffer inclusion by the modulus ratio to transform it into an

equivalent area of the matrix material. As a results the center of area of the homogenized section

is shifted towards the location of the inclusion (see Fig. 7, stretch = 1.10, 1.30). While the

loading is uniformly applied at the fibril ends, the shifting in the center of area in the interior

section causes eccentricities that follow the periodic inclusion patterns. Accordingly internal

moments develop and periodic bending deformation is triggered. As the corrugation amplitude

increases, the center of area of the equivalent homogenous section is pushed towards the fibril

axis and the eccentricity is gradually reduced. This also explains the decrease in the rate of

growth of corrugation with increasing stretch (Fig. 7). Throughout the stretch process, the stress

level of matrix field is below the ultimate strength of rubber at 0.015GPa .

3.1.1 Effect of spacing and material contrast

To investigate the effect of material contrast we consider different values of moduli ratio r equal

to 1, 3, 6, 10, 30 and 50 respectively. In each case, we examine the influence of platelet spacing

by modeling different values 0 , 20 , 40 ,60 ,80s m m m m m     . For generalization, spacing

and corrugation are normalized by fibril height to produce dimensionless values. Contours for

maximum corrugation at stretch = 1.3 are shown as a function of stiffness ratio and normalized

spacing in Figures 8a and 8b. On one hand, for a fixed value of s, the corrugation amplitude

increases as the modulus ratio r increases but eventually levels off. On the other hand, for a fixed
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value of r , increasing the spacing has only a weak effect on the corrugation amplitude but it

does control the corrugation wavelength (not shown here). These results may be explained as

follows.

As the modulus ratio increases, the equivalent area of the inclusion becomes larger leading to a

higher eccentricity of the center of area and accordingly larger bending deformation. However, if

the inclusion modulus is high enough, the inclusion becomes harder to bend. In this case the

fibril accommodates the external loading through the stretching of the elastomeric matrix rather

than increasing the bending amplitude. The larger the spacing between the inclusions, the larger

the volume of the soft matrix that is capable of stretching freely and thus the corrugation

amplitude saturates at a lower value of r than in the case of smaller spacing.

The weak dependence of corrugation amplitude on the inclusion spacing at a fixed value of

moduli ratio is due to the fact that the spacing does not contribute to the eccentricity of the center

of area of the transformed section, the primary source of bending deformation. However, the soft

matrix between the inclusions must rotate and elongate to ensure the continuity of the deformed

curve of the corrugated beam. Since stretching dominates over bending in the background

polymer matrix, the slight rotation contributes to only a slight increase in the deflection in the

reinforced portions of the fiber.
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Fig. 8 Effect of elastic moduli ratio and inclusion spacing on normalized corrugation amplitude (corrugation/height):

polymer-polymer model of matrix material with initial Young’s modulus Em=0.005GPa, inclusion material modeled

as hyperelastic material; polymer-mineral model of matrix material with initial Young’s modulus Em=1GPa,

inclusion material modeled as elastic material .The results are presented for both (a) plane strain and (b) plane stress

cases.

3.1.2 Effect of eccentricity and inclusion aspect ratio

To investigate the effect of eccentricity and inclusion aspect ratio, we examine different values

of c and /iL t on polymer-polymer composite model. We choose 2 3 ,6 ,9c m m m   and

vary the aspect ratio between 2 and 12. The results are summarized in Fig. 9.
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Lower aspect ratio generates smaller corrugation while increasing the inclusion eccentricity leads

to larger corrugation. These observations may be explained as follows. For a fixed inclusion

thickness t, the lower the aspect ratio corresponds to shorter length and hence higher inclusion

stiffness. As a result, the bending resistance of the inclusion increases, and the wavelength of the

corrugation decreases. The deformation is primarily accommodated by elongation in the

elastomeric matrix. On the other hand, if the inclusion eccentricity increases, the center of area of

the transformed section is pushed further away from the fibril axis. As a result the internal

bending moment increases and so does the corrugation amplitude.
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Fig. 9 Effect of inclusion aspect ratio and eccentricity on normalized corrugation amplitude (corrugation/height) of

polymer-polymer model in (a) plane strain and (b) plane stress cases, results are shown corresponding to final stretch

= 1.3, , L = 1000µm, h = 30µm, t = 7.5µm, s = 40µm, moduli ratio r = 100.

3.1.3 Mesh Sensitivity Analysis

We conduct a numerical experiment to analyze the effect of mesh refinement on the results of

corrugation amplitude. The benchmark problem we study is the corrugation of single fibril under

stretch in both plane stress and plane strain cases. The material and geometric properties are the
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same as in the model used to produce the results shown in Fig. 7. The corrugation amplitudes at

stretch values 1.10 and 1.30 are illustrated in Fig. 10.

Fig. 10 Mesh sensitivity effects of single fibril under stretch.

Figure 10 suggests that the corrugation amplitude converges in the continuum limit (i.e. as the mesh

element size approaches zero). For the range of element sizes considered here, the absolute magnitude of

corrugation varies only by 0.01 m between the coarsest and finest meshes. We choose the element size

to be 1 m in the simulations conducted in this study in balance of cost and precision.

3.1.4 Effect of inclusion corners

Stretching the composite fibril causes stress concentration near the edges of the inclusions when

inclusions have sharp corners (Fig. 11a). The maximum value of hydrostatic stress (positive

when compression) within the matrix material occur near the inclusion/matrix interface. For the

case shown in Fig. B11a, this value is 0.012GPa in plane strain case and 0.0024GPa in plane

stress case. The former value may lead to cavitation instabilities. To reduce the stress
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concentration in the plane strain case, we model a system in which the inclusions have rounded

corners (Fig. 11b). The hydrostatic stress in the matrix is reduced as a result from 0.012 GPa

to 0.0047GPa . Thus, susceptibility to fracture and cavitation may be greatly reduced by tailoring

the geometry of the elongated inclusion in our system. We have found that imperfect bonding

between the inclusion and the matrix material, modeled by a traction-separation law, may further

reduce the stress concentration by allowing for some local deformation without complete

separation. This issue demands further investigation.

Fig. 11: Local hydrostatic pressure distribution in matrix near perfectly bonded inclusion in the plane strain case: (a)

Inclusion with sharp corner; (b) Inclusion with rounded corner: stretch = 1.3, fibril dimension L = 1000µm, h =

30µm, inclusion dimension Li = 75µm, t = 7.5µm, spacing s = 40µm, array distance c = 4.5µm , moduli ratio r =

30.

3.2 2D Membranes

Corrugation patterns observed above may be extended to higher dimensions. As a starting point,

we consider two composite fibrils that are glued along their longer edge using a weak adhesive

described in Chapter 3. The use of an adhesive material along the interface may be necessary for

initial assembly of the fibrils and the integrity of the manufacturing process. Also, the adhesive
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helps in sealing the inter-fibril openings at the early stages of loading that will otherwise open

right away due to fibril contraction in the transverse direction (due to positive Poisson’s effect).

Three cases with different inclusion distributions are investigated below and are shown

schematically in Fig. 12. We show our results for both the plane stress and plane strain cases in

Fig 13.

In the first case, the distribution of inclusions in the two composite fibrils is symmetric about the

glue line (Fig. 12a). Several contact regions develop. In between these regions, the fibril moves

away from one another. If the adhesive is weak enough it will resist the fibril separation for a

brief period f and then break leading to the formation of channels as shown in Fig. 13.

The existence of the adhesive ensures that the contact regions remain closed. For a stretch of 1.1

the maximum opening at the channel location is 12.87 m in plane strain case and 13.88 m in

plane stress. Recalling that the corrugation amplitude is dependent on the stretch (Fig. 7), and

since both the matrix and the inclusions are operating within their elastic regime, we argue that

the procedure introduced here may be a viable tool for constructing membranes with tunable

channel sizes. We discuss the implications of this in Chapter 5.

In the second case, the two fibrils have identical distribution of inclusions (Fig. 12b). Upon

stretching, the two fibrils conform to one another and interlock (Fig. 13). The adhesive strength

is adequate to keep the crevices size under maximum elongation f and prevent the fibrils from
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separation. The oblique orientation of the sealed crevices, however, may be useful in generating

certain band gap patterns. This will be explored elsewhere.

Fig. 12 (a) Symmetric, (b) identical and (c) non-staggered distribution of inclusions.

Fig. 13 Deformation of two composite fibrils with symmetric and identical staggered distribution of inclusions in (a)

plane strain and (b) plane stress cases: 1.1 Stretch on polymer-polymer materials with matrix initial Young’s
modulus Em=0.005GPa, inclusion material modeled as hyperelastic material, composite fibril dimension , L =

1000µm, h = 30µm, inclusion dimension Li = 75µm, t = 7.5µm, spacing s = 40µm, moduli ratio r = 30.
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In the third case, the two fibrils have identical distribution of aligned inclusions as above (Fig.

12c). Within each fibril the inclusions are symmetrically distributed about the fiber axis. Upon

stretching, no corrugation will form in either fibril as expected. However, the softer matrix

within the spacing between the inclusions contracts laterally more than the stiffened portions

(Fig. 14). In plane strain case, since the contraction within the softer regions is larger than the

adhesive capacity, the adhesive layer detaches and periodic channels form as shown in Fig. 14a.

In plane stress case, as contraction is smaller, weak adhesive ensures that the openings remains

completely sealed (Fig. 14b).

Fig. 14 Deformation of two composite fibrils with non-staggered distribution of inclusions in (a) plane strain and (b)

plane stress cases: [array distance c = 12µm, other parameter same as Fig.13].

We note that in all these cases with weak cohesive strength, the channels develop gradually in

response to the applied loading. No instability or transition to dynamic crack growth is observed.

There are two possible reasons for this. First, the weak interface has a relatively small softening

slope and hence the strength degradation occurs gradually. Second, due to the corrugation

patterns of the joined fibrils, there is always a closed contact region ahead of the crack tip
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(corresponds to fibrils moving towards one another). This local compression stabilizes the

channel growth and opening. However, with stronger cohesive strength and steeper softening

slope, the interaction between the fibril elastic stiffness and the interfacial stiffness may lead to

dynamic instability and a sudden opening of the channels.

3.2.1 Effect of cohesive interfacial strength

The dynamics of channel growth in 2D membranes is controllable by adjusting the strength of

the cohesive interface. Here we show some results from our preliminary investigations on the

effect of the cohesive interface properties on the dynamics of channel growth. We conduct a

series of simulations modeling two composite fibrils with different cohesive interfacial strength

ultT and stiffness (Fig. 15a). The results suggest that there exits three distinct regions of channel

response depending on the peak cohesive strength. For weak strength (Fig. 15b, 3ultT kPa ), the

deformation remains quasistatic, the channel expands gradually (Fig. 16a) and the interfacial

openings develop smoothly (Fig. 17a). For higher cohesive strength values (Fig.

15b, 30ultT kPa ), the glue never break completely and it continues to seal the interface with no

opening development between the two fibrils. For intermediate values of cohesive strength (Fig.

15b,3 30ultkPa T kPa  ), there will be a transient dynamic instability. The inter-fibril channels

will open abruptly (Fig. 15b), causing sudden loss of the cohesive traction (Fig.16b) and a jump

in the channel growth rate (Fig.17b).
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Fig. 15 (a) Cohesive laws with different cohesive strength (b) Effect of cohesive strength on corrugation

development.

Fig. 16 Cohesive stress (positive for tension and negative for compression) distribution along one opening position
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Fig. 17 Crack length (Opening with detachment of cohesive law)

The interaction between the elastic stiffness of the fibrils and the interfacial properties lead to a

rich behavior ranging from quasistatic deformation to transient dynamics instability. Our

preliminary investigation suggests that it may not be adequate to describe the interfacial response

by a single parameter such as fracture energy. Additional parameters such as peak cohesive

strength and softening slope may play an important role as shown above. In particular a full

characterization of the cohesive behavior may be required to investigate the transition from

ductile to brittle interfacial response (and correspondingly the switch between stable channel

growth and dynamic channel growth). Detailed study of this topic will be a focus of further

investigations.

3.3 3D plates

Tension induced corrugation may be used in designing controllable non-planar geometries from

planar sheets of material. Recall from Fig. 2 that the 3D construction is essentially a laminated

plate in which the reinforcing inclusions exist in the second and fourth layers. Here we consider

the case of a mineralized polymer composite with material properties similar to the collagen
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hydroxyapatite composite. The generated corrugation pattern depends critically on the

distribution of the stiff inclusions in-plane and through the thickness direction. Three cases are

investigated and are shown in Fig. 18 as proof-of-concept. In the first case (Fig. 18a), the

inclusions are staggered sheets placed with their longitudinal axis normal to the loading direction.

This geometry is developed by extruding composite fibril in the y-direction (See Fig. 1) and the

corrugation pattern is alternating valleys and crest regions parallel to the y-axis. In the second

case (Fig. 18b), the inclusions are square plates staggered in the thickness direction but are

aligned along the x-direction. The corrugation pattern resembles a regular egg-box. In the third

case (Fig. 18c), the inclusions are staggered in plane and through thickness. The resulting

corrugation pattern is similar to a skewed egg-box. This technique may be further used to

develop surfaces of tunable roughness profile that depends on the level of deformation by

carefully designing the inclusion pattern. Guttag and Boyce[53] have recently used a similar idea

to develop surfaces that get rougher by the application of compressive loading on a reinforced

composite.
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Fig. 18 Inclusion distribution and corrugation patterns in a composite plane: (a) inclusion platelet size =

1000 75 7.5m m m    , spacing = 32.5 m , maximum corrugation = 8.2 m at surface; (b) inclusion size =

75 75 7.5m m m    , 32.5 m spacing along stretch direction, 140 m spacing perpendicular to stretch

direction. Maximum corrugation = 5.4 m at surface; (c) inclusion size = 75 75 7.5m m m    ,

32.5 m spacing in both directions, maximum corrugation = 4.9 m at surface.
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CHAPTER 4

BAND GAP STRUCTURE

4.1 Deformation and damage

To investigate the influence of the interfaces, the deformations of both monolithic (i.e. no

interfaces) and fibril systems (with interfaces) under uniaxial stretch are simulated and

compared.

Two monolithic composites with inclusions that are arranged in (1) symmetrically aligned

pattern and (2) staggered pattern serve as a reference group. Compared to the layered system

(Fig.3), there are no interfaces in the monolithic case (Fig. 19a, 19b). The monolithic nature of

matrix material leads to strong constrain of unit cell deformation which stiffens the overall

composite under external load. In case (1), due to the bi-symmetrical geometry distribution of

material, the unit cell retains its rectangular shape and the inclusions remain parallel to each

other under uniaxial stretch (Fig. 19a). In case (2), the lack of symmetry in the lateral direction

leads to changes in the shape of the unit cell. The inclusions, however, remain parallel to each

other due to their lower compliance than matrix (Fig. 19b).
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(a) (b)

Fig. 19 Evolution of deformed shape of a unit cell as a function of stretch in (a) monolithic composite with

symmetrically aligned inclusion pattern, and (b) monolithic composite with staggered inclusion pattern.

The introduction of interfaces enables a more complex deformation pattern. Each fibril deforms

according to the inclusion distribution within matrix material. In the symmetrically aligned case,

the transverse deformation of the fibril varies spatially according to the location of the inclusion,

and separation develops between each pair of fibrils (Fig. 20a). The fibril is effectively stiffer in

the regions where inclusions exist. Accordingly, the fibrils shrink more, in the transverse

direction, in regions of the pure matrix material. The cohesive interface start to incur damage

after the separation exceeds the critical separation 5c m  . Interfacial channels grow when the

transverse separation between two fibrils is beyond the detachment separation 10f m  of

the glue material.
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In the case where inclusions are distributed in a staggered pattern, corrugations develop as shown

in Fig. 20b, 20c. Composite fibrils interlock with each other in a periodic manner. After the

separation exceeds f , channels form in an oblique orientation. Those channels undergo an

almost rigid body rotation as they grow and as the stretch level increases. Two values of c and

f are considered to evaluate the effect of cohesive interface ductility. In the first case,

where 5c m  and 10f m  , total separation in the channel regions happens at stretch =

1.30(Fig. 20b). In the second case, where 10c m  and 20f m  , because of the larger

ductility of cohesive interface, total separation will not happen even at stretch = 1.40(Fig. 20c).

Due to the large elastic compliance of the cohesive interfaces in both cases, the deformation of

the fibrils is comparably similar. However, we will see that the band gap is structure is somewhat

different in the two cases especially at large stretch.
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(a) (b) (c)

Fig. 20 Evolution of deformed shape of a unit cell as a function of stretch in (a) layered composite with

symmetrically aligned inclusion pattern and sacrificial interface with low interfacial ductility, (b) layered composite

with staggered inclusion pattern and sacrificial interface with low interfacial ductility, and (c) layered composite

with staggered inclusion pattern and sacrificial interface with high interfacial ductility (high interfacial ductility).

Damage state of the interfacial cohesive material is denoted by the color of the points where green corresponds to

deformation within elastic region, yellow marks deformation after the damage initialization (i.e. along the softening

branch) and red indicates total separation .

4.2 Band gap evolution

By solving the eigenvalue problem Eq. (20), we obtain the dispersion plots shown in Fig. 21 and

22. Here the x-axis denotes the wave vector in reciprocal lattice and y-axis denotes the

normalized eigen-frequency 0/ tf fa C , where / 2f   is the eigen-frequency,

1 2( ) / 2a a a  is half of the sum of the length and width of the deformed representative unit

cell.
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The dispersion relation of monolithic matrix material models are given in Fig. 21a and Fig. 21b.

We observe that no band gap is generated in the two cases for the specific material contrast and

inclusion spacing considered. As stretch level grows up, the eigen-frequencies of the system

increase, due to the deformation-induced stiffening of the hyperelastic materials.
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(a)

(b)

Fig. 21 Dispersion plots at different stretch levels for monolithic composites with (a) symmetrically aligned

inclusion pattern and (b) staggered inclusion pattern. No band gaps exit at any level of stretch.

For the layered composite, the behavior is completely different even for the same inclusion

pattern. In the case of the symmetrically aligned inclusions, several band gaps develop at zero

stretch (Fig. 22a). Initially, some narrow band gaps exist, mainly at high frequencies ( 3f  ).

After the damage of the interface initializes (at stretch = 1.10), some of the original band gaps
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vanish and some new band gaps appear at 3f  . When the stretch reaches 1.20, higher

frequencies are completely barred and a wider band gap exists near 1.5f  . As the total

separation begins (at stretch = 1.3 and higher), many band gaps form for both high and low

frequencies and they tend to increase in width under further stretch.

In the case of staggered inclusion pattern with 5c m  and 10f m  (Fig. 22b), fewer

band gaps are present initially compared to the symmetrically aligned case.  With the onset of

total separation in the channel regions (stretch = 1.3 and higher), more band gaps appear. In the

case where 10c m  and 20f m  (Fig. 22c), total separation in the channel regions does

not develop even at the maximum stretch level considered here due to the increased ductility of

the cohesive law. Compared with the case of lower interface ductility, thinner and fewer band

gaps exist at stretch levels of 1.30 and 1.40. This behavior suggests that interfacial properties

play an important role in band gap structure even when the interface is much weaker than the

matrix material.
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(a)

(b)

(c)

Fig. 22 Dispersion plots at different stretch levels for layered composites with (a) symmetrically aligned inclusion

pattern and sacrificial interface with low interfacial ductility, (b) staggered inclusion pattern and sacrificial interface

with low interfacial ductility, and (c) staggered inclusion pattern and sacrificial interface with high interfacial

ductility. Damage state of the interfacial cohesive material is denoted by the color of the points where green

corresponds to deformation within elastic region, yellow marks deformation after the damage initialization (i.e.

along the softening branch) and red indicates total separation .
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The evolution pattern of the band gap structure as a function of stretch is summarized in Fig. 23.

The band gaps evolve under the competing effects of two processes: (i) deformation induced

stiffening of the hyperelastic material that tend to make band gaps move towards higher

frequencies, and (ii) deformation induced softening due to damage and localized separation

along the sacrificial interface which is also accompanied by changes in local geometry.

In the symmetrically aligned case (Fig. 23a), band gaps initially exist within frequency

range 3f  . Their widths keep constant and positions shift up before initial damage begins.

When the stretch reaches 1.10, most of those initial band gaps vanish and some new band gaps

appear at [3,5]f  but fade away after stretch level of 1.20. At this stage, band gaps are most

noticeable for 1 2f  . When the total separation within the channels begins after stretch =

1.30, many band gaps show up at both high and low frequencies. In particular, as the stretch

level increases, the low frequency band gaps increase in width and number. This rich behavior

suggests that sacrificial interfaces may be an effective way in producing multiband gap structures

including low frequency band gaps.

In the staggered case (Fig. 23b, 23c), fewer band gaps appear throughout the stretch process.

Initial band gaps shift to higher frequencies and vanish after damage begins at stretch = 1.20.

New band gaps appear and widen but then vanish between stretch of 1.20 and 1.40. The main

difference is that for interfaces with increased ductility (Fig. 23c) no low frequency band gaps

( 2f  ) emerge between stretch levels of 1.25 and 1.4 whereas the composite with reduced
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interfacial ductility (Fig.23b) has a band gap there. This is because with increased interfacial

ductility, no complete separation within the channels happens and thus the interface is still

capable of conducting wave propagation. On the other hand, if complete separation happens,

waves have to diffract around the channels. This in turn may lead to band gap formation.

(a) (b) (c)

Fig. 23 Band gap evolution as a function of stretch in layered composites with (a) symmetrically aligned inclusion

pattern and sacrificial interface with low interfacial ductility, (b) staggered inclusion pattern and sacrificial interface

with low interfacial ductility, and (c) staggered inclusion pattern and sacrificial interface with high interfacial

ductility. Complete interfacial separations within the channel regions lead to the emergence of low frequency band

gaps (cases a and b) as compared to cases where the interface remains partially damaged (case c).
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CHAPTER 5

DISCUSSIONS AND CONCLUSION

In this thesis we present a numerical model for the deformation of a two-phase elastic composite

under uniaxial stretch and explore some of its possible design implications. One phase is chosen

to be a polymer while the inclusion phase may be either a mineral or another polymer. Such

composites are abundant in natural materials such as bone[54]–[56] and sea sponge[57] as well

as in engineered materials such as fiber reinforced concrete[58], asphalt concrete[59] and

nanofiller reinforced rubber[60]. Extensive studies have been carried out, using homogenization

theory, to characterize the effective properties of these composites at the macroscale based on

their microstructure[61]–[63]. A point of departure in the current investigation is the use of

inclusions of comparable dimensions to the overall composite dimensions and thus the whole

composite is analyzed and not just a representative unit cell. This opens new opportunities for

identifying unexpected deformation patterns that may be suppressed in the homogenized

representation.

The development of corrugation in a single composite fibril may be explained on the basis of the

transformation theory of composites. While the external load is concentric, the inclusions change

the effective stiffness along the fibril length leading to the development of internal eccentricities

and thus bending deformation. The resulting corrugations increase with the inclusion stiffness
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and eccentricity from the fibril axis. The corrugation amplitude also weakly depends on the

inclusion spacing.

While corrugations in a single fibril may be of little interest in its own, the potential for

exploiting this phenomenon in 2D and 3D may lead to several interesting applications. For

example, we show that by assembling composite fibers with different inclusion distributions in

the plane, the stretch-induced corrugation in each individual fibril may collectively lead to the

formation of channels of different shapes and orientation within the composite sheet. The size of

these channels is a function of the applied stretch and hence is tunable. The elasticity of the

constituent materials ensures that the deformations, including the opening of the channels, is

reversible and hence may be reproduced repeatedly. In this particular case, effect of fatigue

response must be considered. This is beyond the scope of the current paper.

The interfacial glue used in constructing 2D membranes from 1D fibrils is modeled using

cohesive elements. This modeling assumption may be justified by the confinement of separation

between the fibrils to the well-defined interfacial region and the small thickness of the glue layer

relative to the dimensions of the joined fibrils. In case of thicker interfaces, or if distributed

damage is expected to occur outside the interfacial region, a more refined model may be required.

For example, the glue may be modeled explicitly as a layer with its own bulk finite elements or

alternatively the membrane response may be enriched by a continuum damage model. However,

our simulations suggest that the fibrils remain within their elastic limits even after interfacial
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separation and channel opening. This may support the adequacy of the cohesive element

implementation for the current purposes. Furthermore, this suggests that the fibril deformation

may be reversed upon reducing the stretch and that the channels may be closed if desired (since

the fibrils remain elastic). The closure of the channels may provide an opportunity for the

self-healing of the glue layer if its chemistry allows. An example of such self-healing interfaces

may be polymers with hindered urea bonds[64]. This facilitates the full reversibility of the

process.

It was previously shown that it is possible to change the void patterns in an elastomer through

compressive buckling leading to tunable band gaps and auxetic response[65]. The current

approach may provide additional flexibility and more controllability over this process. In

particular the void shapes and sizes in the current case are tuned by the amplitude of stretch.

Tension-like loading is more easily controlled than instabilities induced by buckling. Moreover,

tension loading will not induce undesired out of plane instabilities that may sometimes occur

under compressive loading. The voids are not introduced a priori in the elastomer but they

develop and are patterned following the inclusion distribution. This may be a more flexible way,

from a manufacturing perspective, to generate holes in the polymer matrix, than to precisely

machine these holes from the beginning.

Developing complex 3D geometries, especially at nano and micro scale, is a topic of immense

interests in a variety of fields[16]–[19]. The recent advances in 3D printing[20] as well as in
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origami engineering[66], [67] have opened new opportunities in that realm that were not thought

of a few years back. Here we show that by designing the distribution of inclusions in a polymer

laminated plate, it is possible to create pop-ups and valleys in the plate with controllable pattern.

While the amplitude of corrugations is about 25% of the plate thickness, we hypothesize that it

may play a role in increasing the plate toughness by adding geometric non-planarity in the crack

path. This mechanism has been identified previously in several systems including graphene

sheets[68] and rough faults[69]. We conjecture that this inclusion-patterned non-planarity may

be playing a role in the toughness of biological composites such as mineralized collagen fibril.

This is a topic of further investigation.

While the system investigated in this paper has several exciting features and potential

applications, it does suffer from a number of limitations. For example, we have observed that the

corrugation saturates beyond a certain value of stretch. Currently we are able to achieve

maximum corrugation amplitude 25-30% of the fibril thickness. Moreover, due to the elasticity

of the system the deformations are recovered upon removal of loads. While this may be a

desirable property, it points to the fact that the loads have to be kept on the system during its

operation in order to maintain the desired corrugation amplitude or channel geometry. While we

do not see this as a problem in the envisioned applications, we acknowledge that this may be a

limitation compared to other systems in which complex geometries are produced by plastic

deformation or inelastic buckling. Finally, we have observed some stress concentration at the

matrix-inclusion interfaces especially if the inclusion has sharp edges. We ran another simulation
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in which we use inclusions with rounded corners. Our preliminary result suggests that, by

rounding the inclusion corner the stress concentration is greatly reduced. This preliminary

investigation suggests that the problem of stress concentration is controllable and will not have a

detrimental impact on the performance of the system. We also note that the stretch magnitude

considered here (<1.3) is relatively small and we do not expect cavitation phenomena to limit the

response. Detailed investigation of the interfacial response as well as the potential for cavitation

will be reported elsewhere.

We have numerically demonstrated the capability of modulating band gap structure in soft

composites using sacrificial interfaces. While several approaches have been used previously to

achieve this purpose, including designing of hierarchical composite structure[28], [42], triggered

instabilities in monolithic periodic material[32], [70], and instability-induced interfacial

wrinkling[33], [34], this is the first time, to the best of our knowledge, that sacrificial interfaces

with controlled damage behavior is used to tune the band gap behavior.

The introduction of interfaces to a monolithic composite enriches the deformability of the system

and provides a mean to alter the band gap structure. The interfacial deformation along composite

fibrils is controlled by the inclusion pattern. Symmetrical aligned inclusion pattern results in the

formation of parallel horizontal array of holes, while the staggered inclusion pattern leads to

oblique orientation of holes. In both cases the composite microstructure is evolving gradually

with the introduction of a new phase (i.e. voids). The softening introduced by interfacial damage
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as well as the new diffraction patterns generated by the nucleation and growth of voids as a

function of stretch, compete with the deformation induced stiffening of the hyperelastic

composite and lead to the emergence of a complex pattern of multiple band gaps.

While we have not computed the transmission spectrum explicitly in this study, we hypothesize

that the band gap evolution in our system is facilitated by both Bragg diffraction and local

resonance. The interfacial channels represent a new periodic inclusion of degrading stiffness and

irregular boundary geometry. The periodicity of the channels provides additional diffraction

paths for wave propagations. Moreover, wave reflection and refraction at the channel/matrix

interface is opposite in polarity to wave dynamics at the matrix/stiffer inclusion interface

(Channel stiffness < matrix stiffness < inclusion stiffness) and this may contribute to local

resonance.

In the current study, the composite is elastic throughout the deformation and damage is only

localized to the interfaces between fibrils. With the use of self-healing interfaces[71], [72] , the

phenomena we are describing here are completely reversible. Furthermore, even if the interface

remains damaged, the channels nucleate and grow to complex irregular shapes that interfere with

the wave propagation and cause more complex behavior and possibly more frequency band gaps

than composites with regular holes[70], [73].

In general, band gaps of the composite fibril system tend to shift to higher frequency region as

stretch level increases. Initial band gaps vanish after damage initialization and more and wider
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band gaps appear as stretch level becomes higher and total separation within the channel regions

occurs. No band gap shows up in the monolithic composite even with the same inclusion pattern

as the layered composite. It is the interaction between the inclusion pattern and the sacrificial

interfaces which manipulate wave diffraction and interference leading to the creation of multiple

frequency band gaps. For the cases considered in this paper, we show that band gaps are

generated in the low frequency range after total separation within the channel regions. More

band gaps are observed in symmetrically aligned pattern than those in staggered pattern.

Interfacial damage plays an essential role in the evolution of these band gaps. The more ductile

interface delays the complete separation and prevents the appearance of band gap in lower

frequencies.

A future extension of this study will involve investigation of different potential applications of

controllable tension-induced corrugations. For example, the ability to control the void sizes and

shapes may be very useful in fluid treatment applications and may be advantageous over filters

with constant mesh size. The effect of tension-induced non-planarity in 3D plates on fracture

toughness and surface roughness development warrants further investigation particularly in the

context of biological composites. Further applications and optimization of the tunable band gap

structure can be explored. For example, the emergence of multiple band gaps under large stretch

may have applications in wave filtering, sound isolation, and vibration damping. Furthermore,

the width of the band gaps may be maximized through topology optimization so that the tunable

band gaps, observed in the current study, may extend over wider regions of frequencies. Finally,
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the connection between band gap structure and the effective toughness of the composite material

is a topic that requires further exploration. In particular, it may be possible, through careful

designing of the inclusion pattern and sacrificial interfaces, to be able to control crack nucleation

and propagation by varying the band gap structure in the composite as a function of deformation.
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