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Abstract

We investigate the arithmetic properties of coefficients of Maass forms in
three contexts. First, we discuss connections to invariants of real and imagi-
nary quadratic fields, expanding on the work of Zagier and Duke-Imamoglu-
Toéth. Next, we examine the deep relationship between sums of Kloosterman
sums and Maass cusp forms, motivated by work of Kuznetsov and Sarnak-
Tsimerman, among others. Finally, we focus on the classical mock theta
functions of Ramanujan, and give a simple proof of the mock theta conjec-
tures using the modern theory of harmonic Maass forms, especially work
of Zwegers and Bringmann-Ono, together with the theory of vector-valued

modular forms.
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Introduction

A weak Maass form of weight k is a real analytic function on the upper-half
plane H which satisfies a modular transformation in weight k with respect
to some subgroup of the modular group SLs(Z), is an eigenfunction of the
weight k hyperbolic Laplacian, and has at most linear exponential growth
at the Cusps.E] Weak Maass forms with Laplace eigenvalue 0 are called
harmonic Maass forms, and those which are holomorphic on H are called
weakly holomorphic modular forms.

Each weak Maass form f has a Fourier expansion of the form

f(r)= ) aln,ye(nz).

neQ
n>—oo

Here, and throughout, 7 = = 4+ iy € H and e(x) := exp(2miz). Motivated by
the general principle that important sequences in number theory are often
related to the coefficients of modular forms, a natural problem is to determine
what arithmetic data, if any, is encoded in the coefficients of weak Maass
forms.

In this thesis, we investigate the arithmetic properties of coefficients of
Maass forms in three directions. First, we discuss connections to invariants
of real and imaginary quadratic fields, expanding on the work of Zagier and
Duke-Imamoglu-Téth. Next, we examine the deep relationship between sums
of Kloosterman sums and Maass cusp forms, motivated by work of Kuznetsov
and Sarnak-Tsimerman, among others. Finally, we focus on the classical mock
theta functions of Ramanujan, and give a simple proof of the mock theta
conjectures using the modern theory of harmonic Maass forms, especially work
of Zwegers and Bringmann-Ono, together with the theory of vector-valued

modular formsPl

!There are a few different conventions used in defining Maass forms, the Laplacian, etc.,
even in this thesis. In the introduction we will be intentionally vague and wait until later
to sort this all out.

2The work on sums of Kloosterman sums (Chapter |5) and the mock theta conjectures



1.1 Invariants of quadratic fields and mock

modular forms

At the 1932 International Congress of Mathematicians in Zurich, David
Hilbert said that “the theory of complex multiplication (of elliptic modular
functions) which forms a powerful link between number theory and analysis,
is not only the most beautiful part of mathematics but also of all science”
(see [Sc]). The theory of complex multiplication involves special values of the

modular j-invariant

1 .
§(7) == + 744+ 196884q + -+,  qi= ¥,
q

which is a weakly holomorphic modular form of weight 0 on SLy(Z). For any

triple of integers (a, b, ¢) for which a > 0 and d := b*> — 4ac < 0, the values
[ —b+d
j ( _ ) (1.1.1)

are algebraic integers called singular moduli. One of the most beautiful results

in the theory of complex multiplication asserts that if d is a fundamental
discriminant (i.e. the discriminant of Q(v/d)) then the singular modulus
generates the Hilbert class field of Q(v/d). More generally, every
abelian extension of Q(v/d) can be generated by the singular moduli, together
with roots of unity and special values of certain elliptic functions (see [Cox],
§11] for an excellent treatment of this story).

Hilbert’s twelfth problem asks for the generalization of this theory to
abelian extensions of any number field. Despite heroic efforts, essentially
nothing is known about the next (supposedly) simplest case, that of the
real quadratic fields. However, many fascinating connections between real
quadratic fields and modular forms exist; for instance, the groundbreaking
work of Duke, Imamoglu, and Téth [DIT] connects invariants of real and

imaginary quadratic fields to coefficients of harmonic Maass forms.

(Chapter @ together represent the completion of the research proposed in the author’s
Dissertation Completion Fellowship proposal.

The results of Section together with the corresponding Chapters |3[and 4 appeared
in the papers [Al] and [A2].



Briefly, a harmonic Maass form is a weak Maass form which is annihilated
by the hyperbolic Laplacian (i.e. has eigenvalue 0). Such forms have a
canonical decomposition f = f* + f~ into the holomorphic part f* (also
called a mock modular form) and the nonholomorphic part f~. There is a
differential operator &, which sends harmonic Maass forms of weight k to
weakly holomorphic modular forms of weight 2 — k, and the modular form
& f = & f is called the shadow of f7.

For a nonzero integer d = 0,1 (mod 4), let 2, denote the set of integral
binary quadratic forms Q(z,y) = [a, b, ¢] = az* + bxy + cy? with discriminant
d = b* — 4ac which are positive definite if d < 0. The modular group
I'y = PSLy(Z) acts on these quadratic forms as

A B
(v-Q)(z,y) = Q(Dzr — By, —Cx + Ay)  fory= (c D) el
It is well-known that the set I';\2,; forms a finite abelian group under
Gaussian composition. For ) € 2y, let I' denote the stabilizer of @ in I';.
Suppose first that d < 0. If @ € 2, then Q(r, 1) has exactly one root 7

in H, namely

b+ Vd

Q 2a

Here I'g = {1} unless @ ~ [a,0,a] or @ ~ [a, a,a], in which case ['g has order
2 or 3, respectively. For f € C[j], we define the modular trace of f by

Ta(f) = S ——f(ra) (1.12)

oo, Tgl

A theorem of Zagier [Z1] states that, for j; := j — 744, the series

(1) = Looo > TraGg*

0>d=0,1(4)

is in Mg /2> the space of weakly holomorphic modular forms of weight 3/2
on I'g(4) which satisfy the plus space condition (see Section [3.2|for details).
Zagier further showed that g, is the first member of a basis {gp }o<p=0,1(1) for

Mé Jo- Each function gp is uniquely determined by having a Fourier expansion



of the form

gp(r)=q "= > aDdqg" (1.1.3)

0>d=0,1(4)

The coefficients a(D, d) with D a fundamental discriminant are given by
(I(D, d) = — Tl"d7D<j1),

where Trgq p denotes the twisted trace

_ L xp(Q) .
Trd,D(f) . \/EQerl\QdD ‘FQl f( Q)? (114>

and xp : Qyp — {£1} is defined in below.

The coefficients of the forms in Zagier’s basis {gp} also appear as coeffi-
cients of forms in the basis { fp }o>p=0,1(1) given by Borcherds in Section 14
of [Bo|. Borcherds showed that the coefficients of the fp are the exponents
in the infinite product expansions of certain meromorphic modular forms.

Suppose now that ) has positive nonsquare discriminant; then Q(7,1)
has two irrational real roots. Let Sg denote the geodesic in H connecting the
roots, oriented counter-clockwise if a > 0 and clockwise if a < 0. In this case
the stabilizer I'¢ is infinite cyclic, and Cg := I'g\Sg defines a closed geodesic
on the modular curve. In analogy with we define, for dD > 0 not a

square,

dr
Q(r, 1)

Trop(f) ;:2i > wl@ [ 1) (1.1.5)

T

Qer\Zip
Let Mf/z denote the space of mock modular forms of weight 1/2 on I'y(4)
satisfying the plus space condition (see Section [3.2|for definitions). A beautiful
result of Duke, Imamoglu, and Téth [DIT] shows that the twisted traces
(1.1.4) and (1.1.5) appear as coefficients of mock modular forms in a basis
{fp}p=01(2) fOr MT/Q. When D < 0, the form fp is a weakly holomorphic
modular form, and is uniquely determined by having a Fourier expansion of
the form

fo(r)=4¢"+ > ald,D)g"
0<d=0,1(4)

The coefficients a(d, D) are the same as those in (1.1.3). Therefore, when

D is a fundamental discriminant, they are given in terms of twisted traces.



When D > 0 the mock modular form fp is uniquely determined by being

holomorphic at oo and having shadow equal to 2gp. Let

folr)=>_ a(d,D)q¢’

0<d=0,1(4)

If D is a fundamental discriminant and dD is not a square, then Theorem 3
of [DIT] shows that

a(d, D) = Trd,D(jl)-

In |[DIT] the coefficients a(d, D) for square dD are defined as infinite series
involving Kloosterman sums and the J-Bessel function. The authors leave
an arithmetic or geometric interpretation of these coefficients as an open
problem.

When the discriminant of () is a square, the stabilizer I'g is trivial. In
this case the geodesic Cg connects two elements of P*(Q), but since any

f € CJ[j] has a pole at co (which is I'j-equivalent to every element of P1(Q)),

dr
/CQ F(7) I8 (1.1.6)

diverges. This is the obstruction to a geometric interpretation of the modular

the integral

trace for square discriminants. In a recent paper, Bruinier, Funke, and
Imamoglu [BFI] address this issue by regularizing the integral (1.1.6) and

showing that the corresponding modular traces

Trali) =57 2. /c =

QEF \ 24

give the coefficients of f;. Their proof is quite different than the argument
given in [DIT] for nonsquare discriminants. It involves a regularized theta lift
and applies to a much more general class of modular functions (specifically,
weak harmonic Maass forms of weight 0 on any congruence subgroup of I'y).

Here we provide an alternate definition of Try p when dD is a square and
show that the corresponding coefficients of fp are given in terms of convergent
integrals of functions j; ¢ which are related to j;. Furthermore, using this
definition we show that a suitable modification of the proof of Theorem 3 of
[DIT] for nonsquare discriminants works for all discriminants.

We first define a sequence of modular functions {j,, }m>o which forms a



basis for the space C[j]. We let jo := 1 and for m > 1 we define j,, to be the

unique modular function of the form
Jm(T) ="+ em(n)g"™.

Note that j; = 7 — 744 was already defined above.
We define the functions j,, o as follows. When the discriminant of @) is
a square, each root of Q(x,y) corresponds to a cusp o = £ € P'(Q) with

* %

(r,s) = 1. Let 7, := (% %) € I'1 be a matrix that sends a to oo, and define

Jm.o(T) = Jm(T) — 2 Z sinh(27rm Im v,7) e(m Re v, 7).

ae{roots of Q}

Note that there are only two terms in the sum. When dD > 0 is a square, we

define the twisted trace of j,, by

dr
Q(r, 1)

Taplin) = 3= 3 x0l@) [ ine(?) (1.1.7)

Qel\2qp

Remark. If ais a root of Q) and o € I'1, then oa is a root of 0@ (see (3.1.1))

below). Since V,00 = Y, We have j, ,o(07) = jm.o(7). Together with (3.1.3)
below and the fact that xp(cQ) = xp(Q), this shows that the summands in
(1.1.7) remain unchanged by @ — o). Therefore Try p(jy,,) is well-defined.

Theorem 1. Suppose that 0 < d = 0,1 (mod 4) and that D > 0 is a
fundamental discriminant. With Try p(j1) defined in (L.1.5) and (1.1.7) for

nonsquare and square dD, respectively, the function

fo(r) =Y Trap(ji)q’
(4)

0<d=0,1
is a mock modular form of weight 1/2 for I'y(4) with shadow 2gp.

It is instructive to consider the special case d = D = 1. In this case, there
is one quadratic form @ = [0, 1,0] with roots 0 and oo, so Cy is the upper

half of the imaginary axis. Then

Jm.0(1y) = jm(1y) — 2sinh(2rmy) — 2sinh(27m/y),



and we have . .
lim Jmq(iy)
y—0+ Yy

= —4mm.
Since jimo(iy)/y = O(1/y?) as y — oo, the integral

1 d

: <, \dy
Tr1,1(]m) = %/0 ]m,Q(Zy)? (1.1.8)

converges. Theorem |1 shows that Try1(j1) = —16.028. .. is the coefficient of

¢ in the mock modular form f;.

Remark. The regularization in [BFIL eq. (1.10)] of the integral (1.1.6)) essen-

tially amounts to replacing the divergent integral

/ooe%y@ = /_ooe_t@
1 Y —om t

by —107.47 ..., which is the Cauchy principal value of the integral

o dt
/ et
-2 t

This is equivalent to assigning the value 0 to the integral
< : dy
(2sinh(27y) + 2sinh(27/y)) —=,
0 Y

so the values of Try 1 (j1) in [BFI] and (1.1.8) agree.

The modular traces Try p () for m > 1 are also related to the coeflicients
a(D,d). With the modular trace now defined when dD is a square, we obtain
Theorem 3 of [DIT] with the condition “dD not a square” removed. Theorem![l]

follows as a corollary.

Theorem 2. Let a(D,d) be the coefficients defined above. For 0 < d = 0,1

(mod 4) and D > 0 a fundamental discriminant we have

, D
Tryp(jm) = Elz (m—/n) na(n®D,d). (1.1.9)

It is natural to ask whether there are other spaces of harmonic Maass
forms which have bases whose coefficients encode real and imaginary quadratic

data. This is indeed the case; here we turn our attention to H} /o(x), the

7



space of harmonic Maass forms of weight g which transform as

F(yr) = x(Y)(er + )2 f(r)  forall y = (24) € SLy(Z).
Here x is the multiplier system defined by

n(yT)

x(7) = —WCZTI(T)

where 7 is the Dedekind eta-function

for any 7 € H,

n(r) =g [J(1 - ") (1.1.10)

k>1

We will show that the coefficients of forms in Hj /2 (x) are given by traces
of singular invariants, that is, sums of CM values of certain weight 0 weak
Maass forms on I'g(6) in the imaginary quadratic case, or cycle integrals of

those forms over geodesics on the modular curve

in the real quadratic case.

In [AA1], the author and Ahlgren constructed an infinite basis {hn, }m=1(24
for H} Jo(x). For m <0 the h,, are holomorphic, while for m > 0 they are
nonholomorphic harmonic Maass forms whose shadows are weakly holomor-

phic modular forms of weight —%. The first element, P := h;, has Fourier

expansionf

P( —Zq24—{— Z 1nq24

0<n=1(24)

—iB(—y)g¥ + Y Inlp(Ln)B(Inly)e%, (1.1.11)
0>n=1(24)

where B(y) is the normalized incomplete gamma function

r (_§7 7r_y) 3 o0 5
By) = 2767 — e 't 2dt.
INE)) 47 Jx

3Note that here, and in 1.1.12) and (1.1.18)), we have renormalized the functions P

and h,, from [AAI]. See (4.4.1) below.



The function P(7) is of particular interest since &s/o(P) is proportional to

Inl
n- ( =q 24_|_ Z 12— g2,

0>n=1(24)

where p (1) is the ordinary partition function. Corollary 2 of [AAT] shows
that that for negative n =1 (mod 24) we have p(1,n) = /|n|p (52).

Building on work of Hardy and Ramanujan [HR], Rademacher [R1, [R2]
proved an exact formula for p(k) (see Section |1.2)). Using Rademacher’s
formula, Bringmann and Ono [BOI] showed that p(k) can be written as a
sum of CM values of a certain nonholomorphic Maass-Poincaré series on I'y(6).
Later Bruinier and Ono [BrO] refined the results of [BO1|; by applying a
theta lift to a certain weight —2 modular form, they obtained a new formula
for p(k) as a finite sum of algebraic numbers.

The formula of Bruinier and Ono involves a certain nonholomorphic,
I'0(6)-invariant function P(7), which the authors define in the following way.
Let

1 Ey(7) — 2B(27) — 3Ex(37) + 6Ep(67)
2 (n(T)n(2r)n(37)n(67))? =

F(r) = 1 -10-29¢— ...,

where Fy denotes the weight 2 quasi-modular Eisenstein series

Ey(r):=1— 24§: > dg".

n=1 d|n

The function F(7) is in M',(To(6), 1, —1), the space of weakly holomorphic
modular forms of weight —2 on I'y(6), having eigenvalues 1 and —1 under
the Atkin-Lehner involutions W and W5, respectively (see Section for
definitions). The function P(7) is the weak Maass form given by

P i= R () == (a3, + 5 ) FO)

where R_, is the Maass raising operator of weight —2 (see Section .
For each n =1 (mod 24) and r € {1,5,7,11}, let

Q" = {[a,b,c] € 2, :6|aand b=r (mod 12)}.



Here [a, b, c| denotes the quadratic form ax?® + bxy + cy?. The group I'g :=
I'0(6)/{£1} acts on 9. and for each r we have the canonical isomorphism
(see |[GKZ, Section I])

r\Q" = 1\2,. (1.1.12)

Bruinier and Ono [BrO, Theorem 1.1] proved the finite algebraic formula

p(5) =17 D> Pl (1.1.13)

Qerg\ol

foreach 0 > n =1 (mod 24). Therefore the coefficients of the nonholomorphic
part of P(7) are given in terms of singular invariants (note the similarity
with the expression (|1.1.2))).

For the holomorphic part of P(7) one might suspect by analogy with

(1.1.5) that the traces

(1.1.14)
Qergia® 7@

give the coefficients p(1,n). However, as we show in the remarks following
Proposition |3 below, the traces (({1.1.14]) are identically zero whenever n is not
a square. In order to describe the arithmetic nature of the coefficients p(1,n),
we must introduce the function P(7,s), of which P(7) is the specialization
at s = 2 (see Section for the definition of P(r,s)). Similarly, for each
Q € 0"V whose discriminant is a square, we will define Py(7, s), a dampened
version of P(7,s) (see Section [4.2). These are analogues of the functions
J1,0(7) and are defined in below. Then, for each n =1 (mod 24) we

define the trace

)
1
Z P(1g) if n <0,
i Qerg\oy

|- ﬁ

Z / QP(T ) dr ifn>0
0 g ds 7 7|,_,] Q(r,1) s not a square,

QEFG\Qn

Z QP (7, 5) dr iftn>0
9s @7 wo] Q(7,1) s a square.

C
QEFG\QS) @

|-

\

(1.1.15)

We have the following theorem which provides an arithmetic interpretation

10



for the coefficients of P(7) by relating them to the traces (1.1.15). It is a

special case of Theorem [4] below.

Theorem 3. For each n =1 (mod 24) we have
p(1,n) = Tr(n). (1.1.16)

Remark. Since p(1,n) = +/|n|p (52) for 0 > n =1 (mod 24), Theoreml
recovers the algebraic formula ((1.1.13]) of Bruinier and Ono. However, our
proof is quite different than the proof given in [BrO].

Recall that P = h; is the first element of an infinite basis {hy, } for Hs/2(x)-
We turn to the other harmonic Maass forms h,, for general m =1 (mod 24).

For negative m, we have the Fourier expansion (see [AAI, Theorem 1])

hon(7) = m|2q% — 3" |mn| p(m, n)q. (1.1.17)

0<n=1(24)

These forms are holomorphic on H and can be constructed using n(7) and

Jj'(r) = —q%j(ﬂ. We list a few examples here.

23 2h g5 =15’
=g 3 — g2 — 19688531 — ...,
47_%]1—47 =nJ'(j — 743)
47 1 25
=g 2 — 22 — 216906453 — ...,
T1 2 h_m = 1§/ (2 — 1487j + 355910)
= g% — 3¢ — 886187500 ¢2 — .. ..

For positive m, we have the Fourier expansion (see [AA1l, Theorem 1])

hy, = im%q% + Z mn p(m, n)qi
0<n=1(24)

. 3 m n
_ZmQﬁ(—my)qu—l— E ’mnlp(m7n)ﬁ(|n’y)q24_ (1'1.18>
0>n=1(24)

For these m, the shadow of h,, is proportional to the weight —% form
In|

gm<7') =m 2q 24 + Z |mn| 2p n m)q24
0>n=1(24)

11



with p(n,m) as in (1.1.17). When mn < 0, we have the relation p(n,m) =

—p(m,n). The first few examples of these forms are

g =n"
= g 4 g3+ 2q% +3q5 +5q% +Tq + ...,
52025 =0~ (j — 745)
— 3 + 196885 g2 + 21690645 ¢ + . ..,
T gu0 = 0 (52 — 14895 + 160 511)
— g % + 42790636 g5 + 40513206272 ¢% + . ...

We also have the relation p(m,n) = p(n,m) when m,n > 0 (see [AAIL
Corollary 2]).

In order to give an arithmetic interpretation for the coefficients p(m,n)
for general m, we require a family of functions {P,(7,s)},en whose first
member is Pi(7,s) = P(7,s). We construct these functions in Section
using nonholomorphic Maass-Poincaré series. The specializations P,(7) :=
P,(7,2) can be obtained by raising the elements of a certain basis {F, },en of
M_5(T'o(6),1,—1) to weight 0. The functions F), are uniquely determined by
having Fourier expansion F,(7) = ¢~ 4+ O(1). They are easily constructed
from F' and the I'g(6)-Hauptmodul

_ (@) ' nBrm6n)\ )
Jo(T) := (—77(37')77(67')) + (3—77(7)77(27) > q 44 79q + 352¢° + .. ..

For example, F} = F' and

Fy=F(Js+14)=q*-50—-832¢—...,
Fy=F(J;+18J5+27) =q * —190 - 7371q — ...,
Fy = F(J2 +22J2 +20Js — 1160) = ¢~* — 370 — 48640 — .. ..

We also require functions P, (7,s) for each quadratic form with square
discriminant. These are dampened versions of the functions P, (7, s), and are
constructed in Section [£.2]

With y,, : RSN {-1,0,1} as in below, we define the general

12



twisted traces for m,n =1 (mod 24) by

(

\/m_ . \Qm
L 0 dr if mn >0
Tl"v m,n) .= 5 Xm(Q)/ [_PU(T, 3) :| is not a
| | 272?61?\95%21 cq LOS s=2| Q(7,1) square,
: 4 dr if mn >0
il . Ip | i
o 2\: (3( (Q)/CQ {83 o(1,8) 32} 50T is a square.
\ Q€els\Qm

(1.1.19)
The following theorem relates the coefficients p(m,n) to these twisted
traces, giving an arithmetic interpretation of the coefficients p(m,n) for all

m,n.

Theorem 4. Suppose that m,n =1 (mod 24) and that m is squarefree. For

each v >1 coprime to 6 we have

Tey(mn) = Y d <U/d) (12> p(dm, n). (1.1.20)

dlv

Remark. The construction of the harmonic Maass forms h,, for m > 0 relies
heavily on the fact that the space of cusp forms of weight 5/2 with multiplier
system Yy is trivial (see [AAT1L §3.3]). It would be interesting to generalize
Theorem 4| to other weights; however, the presence of cusp forms in higher

weights would add significant complications.

In the proof of Theorem [4| we will encounter the Kloosterman sum

K(a,bie)= Y @ (daﬂlb), (1.1.21)

C

d mod ¢

(d,e)=1

where d denotes the inverse of d modulo c. Here s(d, ¢) is the Dedekind sum

[y

Sdo) = : <d—cr - {@J - %) (1.1.22)

which appears in the transformation formula for n(z) (see Section 2.8 of
[12]). The presence of the factor e™*(®¢) makes the Kloosterman sum quite

difficult to evaluate. The following formula, proved by Whiteman in [Wh], is
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attributed to Selberg and gives an evaluation in the special case a = 0:

c 60+ 1
K(0,b; > (-1 : 1.
c) \/7 (—1)"cos ( ” 71') (1.1.23)
¢ mod 2¢
(36240) /2=b(c)

Theorem [5| below is a generalization of (|1.1.23)) which is of independent
interest. For each v with (v,6) = 1 and for each pair m,n =1 (mod 24) with

m squarefree, define

Sy (m,n;24c) = Y (%) o ( (66,6, 2522 ]) € (%) (1.1.24)

b mod 24c
b2=mn(24c)

It is not difficult to show (see (4.3.3) below) that the right-hand side of

(1.1.23]) is equal to

i S1(1,24b + 1; 24¢).

Theorem 5. Suppose that n = 24n’ + 1 and that M = v?’m = 24M’' + 1,

where m is squarefree and (v,6) = 1. Then

K(M',n >_4\/; <12}2>Zu(u)(%)@v/u(m,n;%lc/u). (1.1.25)

ul(v,c)

Using Theorem [5| we obtain a bound for the size of the individual Kloost-

erman sums K (a, b, ¢) which is reminiscent of Weil’s bound [W]
1S(m, n, )| < 7(c)(m,n,c)zv/e (1.1.26)

for the ordinary Kloosterman sums (see Section[L.2), where 7(c) is the number

of divisors of c.

Corollary 1. Assuming the notation of Theorem[5, we have

K(M' n's¢) < 7((v,¢))7(c)(mn, c)2V/e. (1.1.27)

14



1.2 Kloosterman sums and Maass cusp

forms of half-integral weight

The ordinary Kloosterman sum

S(m,n.c)= > e (M)

s
plays a leading part in analytic number theory. Indeed, many problems can
be reduced to estimates for sums of Kloosterman sums (see, for example, [HB]
or [Sa]). The sums S(m,n,c) arise in the theory of modular forms of even
integral weight on SLy(Z) with trivial multiplier. Kloosterman sums with
general weights and multipliers on subgroups of SLy(Z) have been studied
by Bruggeman [Br2], Goldfeld-Sarnak [GS], and Pribitkin [P1], among others.
Here we focus on the multiplier system x for the Dedekind eta function and

the associated Kloosterman sums

_ b ma + nd _ 23
S(m,n,c,x) = Z X((Z d))e<7), mi=m— 5.

0<a,d<c
(¢ &)esta(@
(1.2.1)

In this section we follow the notation of [GS]; in the notation of the previous
section, we have S(m,n,c,x) = Vi K(m —1,n—1;¢). The sums S(m,n, c, x)
are intimately connected to the partition function p(n), and we begin by
discussing an application of our main theorem to a classical problem.

In the first of countless important applications of the circle method, Hardy
and Ramanujan [HR] proved the asymptotic formula

1 my/2n/3
p(n) ~ e

(and in fact developed an asymptotic series for p(n)). Perfecting their method,

The results of Section together with those of Chapter [5) are joint with Scott
Ahlgren and appear in the paper [AA2].
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Rademacher |[R1) [R2] proved that

p(n) = Y i AC (W‘ 2in = 1) , (1.2.2)

6¢

c=1

where I3 is an I-Bessel function,
2

and s(d, c) is a Dedekind sum (see (2.1.4) below). The Kloosterman sum
A.(n) is a special case of (|1.2.1)); in particular we have (see §2.3.7| below)

Ac(n) =V—=1S(1,1 —n,c, x). (1.2.3)
The series (1.2.2)) converges rapidly. For example, the first four terms give

p(100) =~ 190 568 944.783 + 348.872 — 2.598 + 0.685
= 190569 291.742,

while the actual value is p(100) = 190 569 292.

A natural problem is to estimate the error which results from truncating
the series after the Nth term, or in other words to estimate the
quantity R(n, N) defined by

N
AC m/24n — 1
p(n) = > (
(24n — 1) 6¢

) + R(n,N). (1.2.4)

c=1

Since I,(x) grows exponentially as x — oo, one must assume that N > /n
in order to obtain reasonable estimates. For a > 0, Rademacher [R1l (8.1)]
showed that

R(n, av/n) <4 ni.

Lehmer [LI, Theorem 8| proved the sharp Weil-type bound

|Ac(n)] < 2¢°09/c, (1.2.5)

where w,(c) is the number of distinct odd primes dividing ¢. Shortly thereafter
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[L.2] he used this bound to prove that
R(n,oan/n) <o n 2 logn. (1.2.6)

In 1938, values of p(n) had been tabulated for n < 600 [Gu]. Using (1.2.5),
Lehmer showed [L1, Theorem 13| that p(n) is the nearest integer to the series
truncated at +/n for all n > 600.

Building on work of Selberg and Whiteman [Wh|, Rademacher [R3] later
simplified Lehmer’s treatment of the sums A.(n). Rademacher’s book [R4,
Chapter IV] gives a relatively simple derivation of the error bound n-s using
these ideas.

Using equidistribution results for Heegner points on the modular curve
Xo(6), Folsom and Masri [EM] improved Lehmer’s estimate. They proved
that if 24n — 1 is squarefree, then

1
R <n, \/g) <« n 2% for some § > 0. (1.2.7)

Using the estimates for sums of Kloosterman sums below, we obtain an
improvement in the exponent, and we (basically) remove the assumption that
24n — 1 is squarefree. For simplicity in stating the results, we will assume
that

24n — 1 is not divisible by 5* or 7. (1.2.8)

As the proof will show (c.f. Section the exponent 4 in ((1.2.8]) can be

replaced by any positive integer m; such a change would have the effect of
changing the implied constants in (1.2.9)) and (|1.2.10)).
Theorem 6. Suppose that o > 0. Forn > 1 satisfying (1.2.8) we have

R(n,an%) Lae n2 st (1.2.9)

Our method optimizes when N is slightly larger with respect to n.

Theorem 7. Suppose that o > 0. Forn > 1 satisfying (1.2.8) we have

5

R(n,an%+252) Lae nrTE e (1.2.10)

Remark. Suppose, for example, that 24n — 1 is divisible by 5* Then n
has the form n = 625m + 599, so that p(n) = 0 (mod 625) by work of
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Ramanujan [BeOl Section 22]. A sharp estimate for R(n, N) for such n is less
important since p(n) can be determined by showing that |R(n, N)| < 312.5.

The situation is similar for any power of 5 or 7.

Remark. The estimates in Theorems [6] and [7] depend on progress toward the
Ramanujan-Lindelof conjecture for coefficients of certain Maass cusp forms
of weight 1/2. Assuming the conjecture, we can use the present methods to
prove

1 11
R(n,an?) <, n 2 167

The analogue of Linnik and Selberg’s conjecture (([1.2.12)) below) would give
R(n, om%) Lo noate,

Computations suggest that this bound would be optimal.

Theorems [0 and [7] follow from estimates for weighted sums of the Klooster-
man sums (1.2.1). For the ordinary Kloosterman sum S(m,n, ¢), Linnik [Li]
and Selberg [Se| conjectured that there should be considerable cancellation

in the sums
Z M (1.2.11)
c

c<zx
Sarnak and Tsimerman [ST]| studied these weighted sums for varying m,n
and put forth the following modification of Linnik and Selberg’s conjecture

with an “e-safety valve” in m,n:

3 M <. (Imn|z)". (1.2.12)

c<x

Using the Weil bound [W]

1

|S(m,n,c)| < 7(c)(m,n,c)2/c, (1.2.13)

where 7(c) is the number of divisors of ¢, one obtains

Z M < 7((m,n))z? log z.

c<zx

Thus the conjecture ((1.2.12]) represents full square-root cancellation.
The best current bound in the z-aspect for the sums (|1.2.11]) was obtained

18



by Kuznetsov [Kul|, who proved for m,n > 0 that

S
> o gt
C
c<x

Recently, Sarnak and Tsimerman [ST] refined Kuznetsov’s method, making

the dependence on m and n explicit. They proved that for m, n > 0 we have

Z M < <x% + (mn)s + (m + n)%(mn)g> (mnx)F,

<z
where 6 is an admissible exponent toward the Ramanujan—Petersson conjecture
for coefficients of weight 0 Maass cusp forms. By work of Kim and Sarnak
[Ki, Appendix 2|, the exponent § = 7/64 is available. A generalization of
their results to sums taken over ¢ which are divisible by a fixed integer ¢ is
given by Ganguly and Sengupta [GSe].

We study sums of the Kloosterman sums S(m,n, ¢, x) defined in ([1.2.1]).

In view of we consider the case when m and n have mixed sign (as
will be seen in the proof, this brings up a number of difficulties which are not

present in the case when m, n > 0).

Theorem 8. For m > 0, n <0 we have

S(m,n,c,
Z ( X)

< (.1'% + ]mnﬁ) |mn|®log .
c

<z

While Theorem [§ matches [ST] in the x aspect, it falls short in the mn
aspect. As we discuss in more detail below, this is due to the unsatisfactory
Hecke theory in half-integral weight. This bound is also insufficient to improve
the estimate for R(n, N); for this we sacrifice the bound in the -
aspect for an improvement in the n-aspect. The resulting theorem, which for

convenience we state in terms of A.(n), leads to the estimates of Theorems 6]
and [

Theorem 9. Fiz 0 < 0 < 1/2. Suppose that n > 1 satisfies (1.2.8). Then

Z Ac(n) OIS o e L (ni‘ﬁ“ + .75%_5) log .
C b

c<zx
As in [Ku] and [ST], the basic tool is a version of Kuznetsov’s trace
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formula. This relates sums of the Kloosterman sums S(m,n, ¢, x) weighted
by a suitable test function to sums involving Fourier coefficients of Maass
cusp forms of weight 1/2 and multiplier y. Proskurin [P2] proved such a
formula for general weight and multiplier when mn > 0; in Section we
give a proof in the case mn < 0. (Blomer [BI] has recorded this formula for
twists of the theta-multiplier by a Dirichlet character.)

The Maass cusp forms of interesﬂﬂ are functions which transform like
Im(7)an(7) and which are eigenfunctions of the weight 1/2 Laplacian A, /2
(see Section for details). To each Maass cusp form F' we attach an

eigenvalue A and a spectral parameter r which are defined via
A 1 F+MF=0

and
_ L e
)\—4—1—7’.

We denote the space spanned by these Maass cusp forms by S 1 (1,x)-
Denote by {u;(7)} an orthonormal basis of Maass cusp forms for this space,
and let r; denote the spectral parameter attached to each u;. Then (recalling
23)

the notation n =n — u; has a Fourier expansion of the form

=> piln Weenen (47 [1]y)e(nz),
n#0

where W, ,(y) is the W-Whittaker function (see §2.3.2). In Section [5.2| we
will prove that

(Tj)7
(1.2.14)

where ¢ is a suitable test function and ¢ is the K-Bessel transform

5 St (V) oy - B

c chr rj
c>0

e
_mm/)mw “ (1.2.15)

In Section [5.3| we introduce theta lifts (as in Niwa [N], Shintani [Sh]) which

4These are a different kind of Maass form than those of the previous section.
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give a Shimura-type correspondence
S1(N,¢hx,r) — So(6N, ¥?, 2r). (1.2.16)

Here Si(N, v, r) denotes the space of Maass cusp forms of weight k& on I'g(NV)
with multiplier v and spectral parameter r. These lifts commute with the
action of the Hecke operators on the respective spaces, and in particular allow
us to control the size of the weight 1/2 Hecke eigenvalues, which becomes
important in Section 5.6, The existence of these lifts shows that there are no
small eigenvalues; this fact is used in Sections [5.4] and p.7 In particular,
from (1.2.16) it will follow that if S1/5(1,x,7r) # 0 then either r = i/4 or
r>1.9.

To estimate the right-hand side of , we first obtain a mean value

estimate for the sums ()] )
~ pj n
7] Z chmr;

0<r;<z

In analogy with Kuznetsov’s result [Ku, Theorem 6] in weight 0, we prove in
Section a general mean value result for weight +1/2 Maass cusp forms

which has the following as a corollary.

Theorem 10. With notation as above, we have

5
€xr2 3 l+€ l) .
P | 5 O (atloga + nfirat) ifn <o,
Al Yy =1
Gor s Chﬂ'T’j €T2 1 14 .
<rj<wz ﬁ—{_OE <ZL‘2 logm—{—nﬁ 6) an>0.
m

We then require uniform estimates for the Bessel transform , which
are made subtle by the oscillatory nature of K;,.(z) for small z and by the
transitional range of the K-Bessel function. In Section [5.4] we obtain estimates
for ¢(r) which, together with Theorem suffice to prove Theorem .

To prove Theorem [9 we require a second estimate for the Fourier coefficients

p;j(n). In [ST] such an estimate is obtained via the simple relationship

satisfied by the coefficients a(n) of a Hecke eigenform with eigenvalue A(n).

This relationship is not available in half-integral weight (the best which one
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can do is to relate coefficients of index m?n to those of index n). As a
substitute, we employ an average version of a theorem of Duke [DI].

Duke proved that if a(n) is the n-th coefficient of a normalized Maass cusp
form in S /5(N, (D) vg, 1) (g is the theta-multiplier defined in then for

squarefree n we have

_ sgn(n)

la(n)| <. [n|"FFe|r| 25 en ().

This is not strong enough in the r-aspect for our purposes (Baruch and Mao
[BM] have obtained a bound which is stronger in the n-aspect, but even
weaker in the r-aspect).

Here we modify Duke’s argument to obtain an average version of his result.
We prove in Theorem [15] that if the u; as above are eigenforms of the Hecke
operators T'(p?), p1 6, then we have

y 2 sgn n
3 Ipfl(_n)[ <. || Freat S (1.2.17)
0cr <z T

for any collection of values of n such that 24n—23 is not divisible by arbitrarily

large powers of 5 or 7.

1.3 The mock theta conjectures

In his last letter to Hardy, dated three months before his death in early
1920, Ramanujan briefly described a new class of functions which he called
mock theta functions, and he listed 17 examples [BR] p. 220]. These he
separated into three groups: four of third order, ten of fifth order, and three
of seventh order. The fifth order mock theta functions he further divided into

The results of Section and Chapter |§| appear in the paper [A3].
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two groupsﬂ; for example, four of these fifth order functions are

T i WA i
q) = ) q) = )
g, Y = (g0
& 2n2 & 2n(n+1)
q q
Fo(g) =) . R =)
o(a) —~ (¢;¢*)n 1(a) = (¢;¢%)n+1

Here we have used the g-Pochhammer notation (a; ), := H"m_:lo(l —aq™).

The mock theta conjectures are ten identities found in Ramanujan’s lost
notebook, each involving one of the fifth-order mock theta functions. The
identities for the four mock theta functions listed above are (following the
notation of [GMI p. 206], and correcting a sign error in the fourth identity
in that paper; see also [AG, [GM2])

fola) = ~2¢*M (5,4) + 6:(0,4°)G(a), (1:3.1)
fila) = =20"M (3,0") +04(0,4") H (q), (1:32)
Fola) =1 =M (5.4°) = av(a) H(a?), (1.3.3)
Filg) = M (5,0°) + U(a")Gla?). (1.3.4)

Here

> n(n—1)
- Z r ’ ’

“— (¢ 0)n(qd" " q)n
the functions 64(0, ¢) and ¥ (q) are theta functions, and G(q) and H(q) are the

Rogers-Ramanujan functions (see Section for definitions). Andrews and
Garvan [AG] showed that the mock theta conjectures fall naturally into two
families of five identities each (according to Ramanujan’s original grouping),
and that within each family the truth of any one of the identities implies
the truth of the others via straightforward g-series manipulations. Shortly
thereafter Hickerson [H| proved the mock theta conjectures by establishing the
identities involving fy(q) and f1(g). According to Gordon and McIntosh [GM2),
p. 106], the mock theta conjectures together form “one of the fundamental
results of the theory of [mock theta functions]” and Hickerson’s proof is a

“tour de force.”

5While Ramanujan reused the letters f, ¢, v, x, and F in each group, the usual
convention is to write those in the first group with a subscript ‘0’ and those in the second
group with a subscript ‘1°.
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In his PhD thesis [Zw], Zwegers showed that the mock theta functions can
be completed to real analytic modular forms of weight 1/2 by multiplying by
a suitable rational power of ¢ and adding nonholomorphic integrals of certain
unary theta series of weight 3/2. This allows the mock theta functions to be
studied using the theory of harmonic Maass forms. Bringmann, Ono, and
Rhoades remark in [BORL p. 1087] that their Theorem 1.1, together with
the work of Zwegers, reduces the proof of the mock theta conjectures to “the
verification of two simple identities for classical weakly holomorphic modular
forms.” Zagier makes a similar comment in [Z2] §6]. Following their approach,
Folsom [Fo] reduced the proof of the x((¢) and x1(q) mock theta conjectures
to the verification of two identities in the space of modular forms of weight
1/2 for the subgroup G = I';(144 - 10? - 5%). Since [SLy(Z) : G] > 5 x 103
this computation is currently infeasible.

In Chapter [6] we provide a conceptual, unified proof of the mock theta
conjectures that relies neither on computational verification nor on the work
Andrews and Garvan [AG]. Our method proves four of the ten mock theta
conjectures simultaneously; two from each family (namely the identities
f above). Four of the remaining six conjectures can be proved
using the same method, and the remaining two follow easily from the others
(see Section [6.4)).

To accomplish our goal, we recast the mock theta conjectures in terms
of an equality between two nonholomorphic vector-valued modular forms
F and G of weight 1/2 on SLy(Z) which transform according to the Weil
representation (see Lemma 21| below), and we show that the difference F—G is
a holomorphic vector-valued modular form. Employing a natural isomorphism
between the space of such forms and the space J; gp of Jacobi forms of weight
1 and index 60, together with the result of Skoruppa that .J; ,,, = {0} for all
m, we conclude that F' = G.
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Background

In this chapter, we give some background information on multiplier systems,
holomorphic modular forms, and two types of nonholomorphic modular forms:
harmonic Maass forms and Maass cusp forms. In the literature it is typical to
see two different definitions of Maass forms. In this thesis, the first definition
is used in Chapters[3} [4] and [6], while the second is used in Chapter 5] We will
remind the reader of the local definitions at the beginning of each chapter.
While we are primarily interested in Maass forms of integral or half-integral
weight, it is often no more complicated to describe the general case. Thus,

until stated otherwise, k is a real number.

2.1 Multiplier systems

Suppose that I' is a congruence subgroup of level N for some N > 1;i.e. I’
contains the subgroup

T(N) = {(Z Z) € SLy(Z) - (Z Z) - (3 (1)) (mod N)}.

We will primarily work with the congruence subgroups

Ty(N) = {(Z Z) € SLy(Z) : (Z Z) (0 ) (mod N)}
Ty (N) = {(Z Z) € SLy(Z) : (Z Z) ((1) 1) (mod N)}.

We say that v : I' — C* is a multiplier system of weight k if
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(iif) v(1172) J (172, 7)* = v(n)v(r2) J (2, 7)"T (11, 727)* for all 71,7, €
I', where J(v,7) =cr +d for v=(}}).

If v is a multiplier system of weight £, then it is also a multiplier system of
weight k" for any &' = k (mod 2), and the conjugate 7 is a multiplier system
of weight —k. If v; and 15 are multiplier systems of weights k; and ky for
the same group I', then their product v,v4 is a multiplier system of weight
ki + ko for T.

When £ is an integer, a multiplier system of weight k for T' is simply a
character of I' which satisfies v(—1I) = e ™*. If 1 is an even (resp. odd)
Dirichlet character modulo NV, we can extend % to a multiplier system of even
(resp. odd) integral weight for I" by setting ¢ (v) := ¢(d) for v = (2 4).

Given a cusp a let I'y := {v € I' : va = a} denote its stabilizer in I', and
let 0, denote the unique (up to translation by £ ({7) on the right) matrix

in SLy(R) satisfying 0,00 = a and o, 'T'yo, = T'w. Define a4 € [0,1) by the

(o1 )er) = e

We say that a is singular with respect to v if v is trivial on T'y, that is, if

condition

a,q = 0. For convenience we write o, for a,, o when a = oo. Note that if
o, > 0 then
oy =1—q,. (2.1.1)

We are primarily interested in the multiplier system y of weight 1/2 on
SLy(Z) (and its conjugate X of weight —1/2) where

won =xoVer v dnm,  v= (" 1) es@, (212

and 7 is the Dedekind eta function defined in (1.1.10). From condition (ii)
above we have x(—I) = —i. From the definition of n(7) we have x((§1)) =
e(1/24); it follows that

23 1
ay=5; and agx= 5,
so the unique cusp oo of SLy(Z) is singular neither with respect to x nor with
respect to .

For v = (%) with ¢ > 0 there are two useful formulas for y. Rademacher

26



(see, for instance, (74.11), (74.12), and (71.21) of [R4]) showed that

) = v e (400 (213

where s(d, ¢) is the Dedekind sum
s(d,c) = ZIE (d—cr - Ld—ch - %) . (2.1.4)

r=1

On the other hand, Petersson (see, for instance, §4.1 of [K]) showed that
) (g) e(i [(a+d)e — ba(e — 1) = 3¢] ) if ¢ is odd,

o= (g) e(i [(a+ d)c—bd(c> — 1) 4 3d — 3 — 3cd] ) if ¢ is zeven.)
2.1.5

We will also encounter the multiplier system vy of weight 1/2 on T'g(4N)
defined by
O(y1) = ve(y)Ver +do(T), v € T(4N),

where

0(r) = Z e(n*7).

nez

” ((Z Z)) - <§> e7, (2.1.6)

where (-) is the extension of the Kronecker symbol given e.g. in [S] and

Explicitly, we have

éjd:(,1>§ 1 ifd=1 (mod4),
d i ifd=3 (mod4).

Let I'y(N, M) denote the subgroup of I'g(/N) consisting of matrices whose
upper-right entry is divisible by M. Equation (2.1.5) shows that

v =(5)e(57)  fora= (Z Z) € Tp(24,24),
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This implies that

x((c/aM ij)) () (G)at for (‘2 2) €To(576),  (2.1.7)

which allows one to relate Maass forms with multiplier xy on SLy(Z) to those
with multiplier (12) v on T'o(576).

2.2 Harmonic Maass forms

Harmonic Maass forms are usually defined in such a way that weakly holo-
morphic modular forms are also harmonic Maass forms. The definitions of
the slash operator and the Laplacian are local to this section, and will be
changed in the next section.

For v = (2%) € GL (Q) (the subgroup of GL,(Q) consisting of matrices

with positive determinant) we define the weight & slash operator { . by

(f17) (1) = (det )" (cr +d)7"f (ZTTL?) '

A holomorphic function f : H — C is a modular form of weight k£ and

multiplier v on T if it satisfies the following conditions:

(T) For all v € I' we have
flyy =vnf. (2.2.1)

(C) For each cusp a of T, the function f(o,7) has a Fourier expansion of

the form

floaT) = Z c(m)q™.
MmEZ—aw,q
m>0

If the condition m > 0 in (C) is replaced by m > 0 then f is called a cusp
form; if it is replaced by m > —oo then f is called a weakly holomorphic
modular form.

A weak Maass form of weight k&, multiplier v, and Laplace eigenvalue \ is

a smooth function f : H — C satisfying

(T) flyy=v()f forall y €T,
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(H) Axf = Af, where

0* 0 9] 0
Bii= =y <8J;2 * 8@/2) iy (8x * Z@y) (22.2)

is the weight £ hyperbolic Laplacian, and
(C) f has at most linear exponential growth at each cusp of T

If A =0, we say that f is a harmonic Maass form. The differential operator

0
950k
&g = 21y 7

plays an important role in the theory of harmonic Maass forms. It commutes

with the slash operator; that is,

& (1) = (&) |,

Thus, if f has weight k& then &, f has weight 2 — k. The Laplacian A,

decomposes as
Ay ==& 1o,

which shows that & maps harmonic Maass forms to weakly holomorphic
modular forms.
If f is a harmonic Maass form of weight k£ # 1, then there is a canonical

decomposition
f@) =)+ ()

where f* is the holomorphic part (also called a mock modular form)

and f~ is the nonholomorphic part

f(r) =b0)y" " + Z b(n)T'(1 — k,4mny)q™".

n€Z+au
n>—o00,n#0

Here I'(s, y) is the incomplete gamma function which, for y > 0, is defined by
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the integral

L(s,y) ::/ e_tts%.
v

The function &, f = &,/ is called the shadow of f.

2.3 Maass cusp forms

We follow the convention of, e.g., [DFI] in defining Maass forms. As in the
last section, the definitions of the slash operator and Laplacian below are
local to this section. Section [2.3.3] explains the relation between Maass cusp

forms and holomorphic modular forms.

2.3.1 Eigenfunctions of the Laplacian

For v = (2%) € SLy(R) we define the weight k slash operator by

CT + d o ei arg(ct+d)
- 9

floy=itnm) ™ fr),  dly,T) = o d

where we always choose the argument in (—m, 7.

The weight k£ Laplacian

0? 0? 0
Ak = y2 (@ + 7) — Zkya_l‘

commutes with the weight k slash operator for every v € SLy(R). The

operator Aj can be written as

k k
Ay = —Ry_sLy — 5(1 - 5), (2.3.1)
Ay = — Ly oRy + §<1 + g) (2.3.2)

where Ry, is the Maass raising operator

R._E+2'£_E+' 2_2
BTy T T T Y G T ey )

and Ly is the Maass lowering operator

L= o kL (22
BT T e T TG T ey )
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These raise and lower the weight by 2: we have

Ry, (ﬂlﬂ) - (R’ff)|k+27 and Ly, (ﬂlﬂ) - (ka)’kﬂ’y.

From (12.3.1) and ([2.3.2]) we obtain the relations
RkAk = Ak+2Rk and LkAk = Ak,QLk. (233)

A real analytic function f : H — C is an eigenfunction of A, with

eigenvalue \ if
Apf+Af=0. (2.3.4)

If f satisfies (2.3.4]), then for notational convenience we write

_1

A= Z +r s
and we refer to r as the spectral parameter of f. From (2.3.3)) it follows that
if f is an eigenfunction of Ay with eigenvalue A\ then Ry f (resp. Lxf) is an

eigenfunction of Ag,o (resp. Ag_s) with eigenvalue A.

2.3.2 Maass forms

A function f : H — C is automorphic of weight k£ and multiplier v for
['=Ty(N) if
floy=vinf for all v € I'. (2.3.5)

Let Ak (N, v) denote the space of all such functions. A smooth, automorphic
function which is also an eigenfunction of Ay and which satisfies the growth
condition

fir)y <y +yt° for some o, for all 7 € H, (2.3.6)

is called a Maass form. We let Ai(N,v,r) denote the vector space of
Maass forms with spectral parameter r. From the preceeding discussion,
the raising (resp. lowering) operator maps Ag(N,v,r) into Agio(N,v,r)
(resp. Ap_2(N,v,r)). Also, complex conjugation f — f gives a bijection
Ap(N,v,r) «— A_(N,7,7).
If f € Ag(n,v,r), then it satisfies f(7 + 1) = e(—a,)f(7). For n € Z
define
n, :=mn—aq,. (2.3.7)
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Then f has a Fourier expansion of the form

o0

f(r) = Z a(n,y)e(n,). (2.3.8)

n=—oo

By imposing condition (2.3.4) on the Fourier expansion we find that for

n, # 0, the function a(n,y) satisfies

a’(n,y) < 1/4+7r*  ksgn(n,) 1

— ——)a(n,y) =0.
Gy T \ Gy T sy 4) (n.9)

The Whittaker functions M, ,(y) and W, ,(y) are the two linearly independent
solutions to Whittaker’s equation [DLl §13.14]

1/4 — 2 1
W (M Wy
y? y 4

As y — o0, the former solution grows exponentially, while the latter decays

exponentially. Since f satisfies the growth condition ([2.3.6]), we must have

a(n,y) = a(n)Wg 47t|n,|y) (2.3.9)

sgn n,,,z'r(

for some constant a(n). For n, = 0 we have
a(n,y) = a(0)y*™" +a'(0)y* "

We call the numbers a(n) (and a’(0)) the Fourier coefficients of f. For
Re(pn — Kk + 1/2) > 0 we have the integral representation [DL, (13.14.3),
(13.4.4)]

e—v/? yrtl /2

Win(y) = ] /0 eV TR (1 4 1) L (2.3.10)

M(p—r+3
When x = 0 we have |[DL, (13.18.9)]

Wonly) = % K, (5/2)

where K, is a K-Bessel function. For Maass forms of weight 0, many authors
normalize the Fourier coefficients in (2.3.9) so that a(n) is the coefficient of
VY Kir(27|n, y), which has the effect of multiplying a(n) by 2|n, |'/2.
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By [DL, (13.15.26)], we have

d

yd_ywn,u(y) = (% - ’f) Wn,u(y) - Wn—l—l,u(y)
1

= (k=D W) + (= 3) (k== 3) Warr(0):

This, together with [DL, (13.15.11)] shows that

Li (W sty (4l ly)e(n,)
(k—1)?

—(r?*+
(4m|n, |y)e(n,x) x ( 4
1 if n, <0,

) if n, > 0,

sgn(n,).ir

from which it follows that if f; := Ly f has coefficients ar(n), then

— (r2 - u) a(n) ifn, >0,

ap(n) = 4 (2.3.11)
a(n) if n, <O0.
Similarly, for the coefficients agr(n) of fr := Ry f, we have
—a(n) if n, >0,
(2.3.12)

ag(n) = (7’2 L (k+1)2

1 )a(n) if n, <O0.

From the integral representation (2.3.10) we find that W, ,(y) = W z(y)
when y, k € R, so W, ,(y) is real when p € R or (by [DL, (13.14.31)]) when 4
is purely imaginary. Suppose that f has multiplier v and that a,, # 0. Then

by ([2.1.1)) we have —n,, = (1 — n)y, so the coefficients a.(n) of f, := f satisfy

ac(n) = a(l —n). (2.3.13)

2.3.3 The spectrum of A,

Let L,(N,v) denote the L2-space of automorphic functions with respect to

the Petersson inner product

()= | e dn,  dp= T
I\H

(2.3.14)
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Let By (N, v) denote the subspace of L;(N,v) consisting of smooth functions
f such that f and Agf are bounded on H. By (2.3.1), (2.3.2)), and Green’s

formula, we have the relations (see also §3 of [Rol)

(f, —Arg) = (Bif, Rrg) — §<1 - g><f7 q9) (2.3.15)
= (Lif Lng) + 5 (1= 5){F:9) (2.3.16)

for any f,g € Bp(N,v). It follows that A is symmetric and that

(g I

(fo=Bef) = 2®)(F L) olk) =5 (15 ). (2:317)

By Friedrichs’ extension theorem (see e.g. [[3, Appendix A.1]) the operator
Ay has a unique self-adjoint extension to L;(V,v) (denoted also by by Ag).
From we see that the spectrum of Ay is real and contained in
[Ao(k), 00). The holomorphic forms correspond to the bottom of the spectrum.
To be precise, if fo € Lix(N,v) has eigenvalue Ag(k) then the equations above
show that
ys F(r)  if k>0,

) ="
y 2 F(r) ifk <0,

where F': H — C is a holomorphic cusp form of weight k. In particular, \g(k)
is not an eigenvalue when the space of cusp forms is trivial. Note also that if

ag(n) are the coefficients of fy, then
ap(n) =0 when sgn(n,) = —sgn(k). (2.3.18)

The spectrum of Ay on Li(N,v) consists of an absolutely continuous
spectrum of multiplicity equal to the number of singular cusps, and a discrete
spectrum of finite multiplicity. The Eisenstein series, of which there is one for
each singular cusp a, give rise to the continuous spectrum, which is bounded
below by 1/4. When (k,v) = (1/2,x) or (=1/2,%) and I" = SLy(Z) there are
no Eisenstein series since the only cusp is not singular.

Let Sg(N,v) denote the orthogonal complement in L (N, v) of the space
generated by Eisenstein series. The spectrum of Ay on S(N, ) is countable
and of finite multiplicity with no limit points except co. The exceptional
eigenvalues are those which lie in (\g(k), 1/4). Let A\ (NN, v, k) denote the

smallest eigenvalue larger than A¢(k) in the spectrum of Ay on Si(N,v).
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Selberg’s eigenvalue conjecture states that

A(N,1,0) > 1,

i.e., there are no exceptional eigenvalues. Selberg [Se] showed that
M(N,1,0) > =
1( ) ) ) — 16

The best progress toward this conjecture was made by Kim and Sarnak [Ki|

Appendix 2|, who proved that

1 7\%2 975
as a consequence of Langlands functoriality for the symmetric fourth power

of an automorphic representation on GLs.

2.3.4 Maass cusp forms

The subspace Sg(V, v) consists of functions f whose zeroth Fourier coefficient
at each singular cusp vanishes. Eigenfunctions of Ay in Sg(N,v) are called
Maass cusp forms. Let {f;} be an orthonormal basis of Si(N,v), and for
each j let

2
+ 75

)\.:

J

B~ =

denote the Laplace eigenvalue and {a;(n)} the Fourier coefficients. Then we

have the Fourier expansion

fim) =Y @i (MW g, ar, (47|00 [y)e(n ). (2.3.19)
n, 70

Suppose that f has spectral parameter r. Then by (|2.3.16)) we have
kE—1)2
IEf I = (72 + %) FII% (2.3.20)

Weyl’s law describes the distribution of the spectral parameters r;. Theo-
rem 2.28 of [He] shows that

T
S -k ﬁ(lﬂ-t) dt = YO 2 Ko py om0, (2.3.21)
or 4 4 2 4 T
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where ¢(s) and Ky are the determinant (see [He, p. 298]) and dimension (see
[Hel p. 281]), respectively, of the scattering matrix ®(s) whose entries are

given in terms of constant terms of Eisenstein series. In particular we have

SN 1= TP OT)  for (ky) = (%x) (2.3.22)

OS'I‘j ST

In Chapter |5 we will be working mostly in the space S% (1, x). Throughout
that chapter we will denote an orthonormal basis for this space by {u;}, and

we will write the Fourier expansions as

ui(7) =Y pi(n)Wesn i, (dnlfilye(fiz),  7i=n— L (2.3.23)
n#0

2.3.5 Hecke operators

We introduce Hecke operators on the spaces So(N,1) and S 1 (1,x). For each
prime p { N the Hecke operator T}, acts on a Maass form f € Ag(N,1) as

T,f(7) ZP_%< > oof (T;j> +f<pT))~

j mod p

The T, commute with each other and with the Laplacian Ag, so T}, acts on
each So(V, 1,7). The action of T}, on the Fourier expansion of f € So(N,1,7)

is given by

T,f(T) = Z (p%a(pn) +p_%a(n/p)>WO,iT(47r|n|y)e(nx). (2.3.24)
n#0

Hecke operators on half-integral weight spaces have been defined for the
theta multiplier (see e.g. [KS]). We define Hecke operators T),2 for p > 5 on
Ai2(1, x) directly by

(D@ G ) ()]
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One can show that

aenly(y1) e () s ma @enly())) =V @a)

1
2
and that 7,2 commutes with A%, so Tp2 is an endomorphism of S%(l, X T)-
To describe the action of T},» on Fourier expansions, it is convenient to write
fe S%(l,x,r) in the form

) = S alnWesgn, (TG e (57)-

n#0

Then a standard computation gives

7}fﬁ)=§:bmﬂﬁ%@ﬁ<ﬂzw>eeg), (2.3.26)

n#0

where
b(n) = pa(pn) + ¢ (122) a(n) + " a(n/p?).

2.3.6 Further operators

The reflection operator

flx+iy) = f(—z +iy)

defines an involution on Sy(N, 1) which commutes with Ay and the Hecke
operators. We say that a Maass cusp form is even if it is fixed by reflection;

such a form has Fourier expansion
f(r) = Z a(n)Wor(4m|nly) cos(2mn).
n#0

We also have the operator
f(r) = fldr)

which in general raises the level and changes the multiplier. We will only
need this operator in the case d = 24 on S;/5(1, x), where (2.1.7)) shows that

F(r) i A7) = 831, x7) = 8y (576, () vour). (2.3.27)

1
2
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2.3.7 Generalized Kloosterman sums

In Chapter [} our main objects of study will be the generalized Kloosterman

sums given by

S(m,n,c,v):= Y ﬁ(v)e(w> (2.3.28)

C
0<a,d<c
1= G)er
_ mya + n,d
=Y e (e
V€L \I'/T'oo
=(27)

(to see that these are equal, one checks that each summand is invariant under
the substitutions v — (§1)~y and v — v (§ 1) using axiom (iii) for multiplier
systems and (2.3.7)). When I' = SLy(Z) and v = 1 we recover the ordinary

Kloosterman sums

md + nd
C )

S(m,n,c) = S(m,n,c,1)= Y e (

d mod ¢
(d,c)=1

where dd = 1 (mod ¢). For the eta-multiplier, (2.1.3) gives

C

S(myn,c,x) =Vi Y (e <(m —1)d+ (n— 1)d) |

d mod ¢
(d,e)=1

so the sums A.(n) appearing in Rademacher’s formula are given by
Ac(n) =v—=iS(1,1 —n,c, x). (2.3.29)

We recall the bounds (1.2.5) and (1.2.13]) from the introduction. The Weil-
type bound for S(m,n,c,x) given in Corollary (1| has the following useful

consequence (the “trivial” bound):

S 1
s 5 e | xktog X manf, (2.3.30)
C
c<X

which follows from a standard argument involving the mean value estimate

for 7(c).
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Periods of the j-function along
infinite geodesics

This chapter contains the proof of Theorem [2] which has Theorem [I] as
an immediate corollary. In Section we recall some facts about binary
quadratic forms, focusing on forms of square discriminant. In Section
we define mock modular forms and describe the functions j,, ¢ in terms of
Poincaré series. The proof of Theorem [2] is in Section [3.3] We follow the
proof given in [DIT] for nonsquare discriminants, modifying as needed when

the discriminant is a square.

Notation. In this chapter we use the definitions given in Section [2.2] In
particular, the slash operator is defined by

(% 1) = =0+ s (222)

and the Laplacian Ay is defined by
0? 0? 0 0
. 2 . .
Ay = —y <_8x2 + _8y2) + iky <_8ac + z—ay> .

3.1 Binary quadratic forms

In this section, we recall some basic facts about binary quadratic forms and

the characters xp, and we give an explicit description of the classes I'\ .2,

when d > 0 is a square. Throughout, we assume that d, D = 0,1 (mod 4).
Recall that the action of v = (4 B) € I' on Q(z,y) is given by

(vQ)(z,y) = Q(Dx — By, —Cz + Ay). (3.1.1)

AT+B

crp on the

This action is compatible with the linear fractional action y7 =
roots of Q(7,1); if 7¢ is a root of ), then y7¢ is a root of Q.

Suppose that D is a fundamental discriminant. If Q = [a, b, ] € Zyp, we
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define

(%) if (a,b,c, D) =1 and @ represents r with (r, D) = 1,
xp(Q) =
0  if(a,bc,D)> 1.

(3.1.2)
The basic theory of these characters is presented nicely in [GKZ, Section 2].
It turns out that yp is well-defined on classes I'\ Z;p and that

Xp(=Q) = (sgn D)xp(Q).

If Q@ =[a,b,c] € 24 with d > 0 then the cycle Sg is the curve in H defined
by the equation
alt]* +bReT +c = 0.

When a = 0, Sg is the vertical line ReT = —c¢/b oriented upward. When
a # 0, Sg is a semicircle oriented counterclockwise if a > 0 and clockwise if
a < 0. If y € T" then we have vSg = S,o. We define

B \/EdT

0 = 0y

so that if 7/ = 7 for some v € I", we have
drlg = drq. (3.1.3)

When d > 0 is a square, we can describe a set of representatives for I'\ 2,

explicitly, as the next lemma shows.

Lemma 1. Suppose that d = b* for some b € N. Then the set
{la,b,0] : 0 < a < b}

is a complete set of representatives for '\ 2.
Proof. Let Q € 2;. We will show that
1. Q ~ [a,b,0] for some a with 0 < a < b, and
2. if [a,b,0] ~ [d@’,b,0] then a = a' (mod b).
The roots of Q(z,y) in P}(Q) are of the form —s/r for some integers r, s

with (r,s) = 1. If vy = (L) € I' then vQ = [a,<b,0] for some ¢ € {£1}
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and some a € Z. Since (}V)[a,eb,0] = [a — kb, eb, 0] we may assume that
0 < a < b. Suppose that ¢ = —1. Let g = (a,b) and define @ by the conditions
aa = g*> (mod b) and 0 < @ < b. Then

x a/g

(a/g —b/g) [a, —b,0] = [a, b, 0],

and claim (i) follows.
Suppose that [a,b,0] ~ [a’,b,0]. Then there exists (2 5) € I' with A > 0
such that

D(aD —bC) = d, (3.1.4)
b(AD + BC) — 2aBD = b, (3.1.5)
B(aB — Ab) = 0. (3.1.6)

Let ¢ = (a,b). If aB — Ab = 0 then A = a/g and B = b/g, so
implies that AD — BC' = —1, a contradiction. So by we have B =0
which, together with , implies that AD = 1. Then shows that
a' = aD? = a (mod b). This proves claim (ii). O

3.2 Poincaré series

Suppose that f is a mock modular form of weight k with multiplier 3¢ on 'y(4).
We say that f = > a(n)q" satisfies the plus space condition if the coefficients
a(n) are supported on integers n > —oo with (—1)*~1/2n = 0,1 mod 4.

In Section 2 of [DIT], the mock modular forms fp are constructed explicitly
using nonholomorphic Maass-Poincaré series. For D > 0 the form fp is the
holomorphic part of D~'/2hp, where hp is defined in Proposition 1 of [DIT].
If

fo(r)= Y a(d D)’

0<d=0,1(4)

then by (2.15), (2.21), (2.29), and Lemma 5 of [DIT] we havd|

(3.2.1)

3+
S~>4

a(d, D) = (dD)"7 lim (b(d,D,s)_ b(d,o,s)b(o,D,s))

b(0,0,s)

Note that b(d, D, s) = bg(D, s) in the notation of [DIT].
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where

b(d,D,s) = K(d,D;4c)

c=1

23 n(dD)ie oy (M) it dD > 0,

X Q27475 (d + D) i if dD=0andd+D#0, (32.2)
226573 (2s) 28 if d=D = 0.

Here Jo,_1 is the J-Bessel function and K (d, D;4c) is the modified Kloost-

erinan suin

_ Ui |
K*(d,D;4c) := (1 —1) Z (%) ege (d€+D€) y if ¢ is even

it VL Ae 2 otherwise,

where ¢ denotes the inverse of ¢ modulo 4c. Equation (3.2.2) shows that
b(d,D,s) =b(D,d,s), so for d, D > 0 we have

a(d, D) = a(D, d). (3.2.3)

To prove Theorem [2| we need to express jmo(7,s) in terms of certain
modified Poincaré series G, o(7,s). Let ¢ : RT — C be a smooth function
satisfying ¢(y) = O(y'™¢) for any € > 0, and let m € Z. Define the Poincaré

series associated to ¢ by

Gu(T,0) == Z e(—mRe~y7)p(Im ). (3.2.4)

YET o \I'

As in [F] and [Ni], we make the specialization

y® if m=20,
(YY) = Gms(y) = L (3.2.5)
2riml|zy21,_1(2w[mly) if m # 0,

1
2
where 1'37% is the /-Bessel function and Re s > 1 (to guarantee convergence).

We write G,,,(7, 5) := G (T, ¢ s) and we define

27 2t S ggy_ 1 (M)
(s + De@s 1)

Jm(T,8) = G (T, 8) — Go(T, s). (3.2.6)
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As explained in Section 4 of [DIT] and Section 6.4 of [BFI|, when m > 0
the function G,,(7, s) has an analytic continuation to Res > 3/4, and when
m = 0 the function G,,(7,s) has a pole at s = 1 arising from its constant
term. The factor multiplied by Gy(7,s) in is chosen to cancel the
pole of Gy(7,s) at s = 1 and to eliminate the constant term of G,,(7,1).
Furthermore, we have j,,,(7,1) = j (7).

Recall that for d > 0 a square and () € 2, the functions j,, o(7) are
defined as

Im,Q(T) = jm(T) — 2 Z sinh(2rm Im~,7) e(mRev,7).  (3.2.7)

ac{roots of Q}

Since ¢p,1(y) = 2sinh(27|mly), the two terms subtracted from j,,(7) in
(3.2.7)) are the terms in the Poincaré series (3.2.4) corresponding to v, for the

roots a of ). It turns out that these are the terms which cause the integral

dr
/CQ Cnm a0

to diverge. In analogy with (3.2.6) and (3.2.7]), we define

21t am! S0y, _1(m)
I(s + Dcs 1)

Jm@(7,8) = Gmo(T,s) — Goo(T, s), (3.2.8)

where G, (7, s) is the modified Poincaré series

Gmo(T,s) = Z e(—mRe 7)o s(Im 7).
YEL o \I'
Y F# Yo

Since the two terms subtracted from Gy (7, s) are killed by the pole of ((2s—1),

we conclude that
Imo(T, 1) = Jm.o(T). (3.2.9)

Therefore, to compute the cycle integrals of the functions j,, o(7), it is enough

to compute the cycle integrals of the functions Gy, (7, s).
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3.3 Proof of Theorem [2

Throughout this section we assume that dD > 0 is a square. The main
ingredient in the proof of Theorem [2| is the following proposition, which
computes the traces of the functions G,,o(7,s) in terms of the J-Bessel

function and the exponential sum

Su(d Dide) = Y XD([c,b,bQZjD}>e(g—f).

b mod 4c
b?=dD mod 4c

See Proposition 4 of [DIT] for the analogous formula for the traces of the

functions G,, (7, s).

Proposition 1. Let Res > 1 and m > 0. Suppose that dD > 0 is a square.

Then
Z XB]?T(?/ Gm,o(T,8)drg
QeM\24p Co
%m%(dp)i i:; WL}S% <M) if m > 0,
) 2771(dD)? f: —60(6[’6? 40 if m =0,

where B(s) := 2°T'(£)*/T(s).

Proof. Let b = vdD. By Lemma , a complete set of representatives for
['\Z,p is given by
{Qo=1a,0,0]:0<a<b}.

Let g = (a,b). Then the roots of @, = ax?®+bxy in Pl(@) are 0 and (3 := _Z_/H

where ¢’ = a/g and b/ = b/g. The corresponding matrices are

_0—1 [
o= 1 0)’ e av)
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Thus, replacing 7 by v~!7 in the integral, we have

> (@ [ Gualrs)drg

QeM\Zip Ce
= Z xp([a,b,0]) Z / —mRe )P (Im7) drq.
a mod b YEL o \I'

YF# 0,8

The map (7, Q) — ~Q is a bijection
FOO\F X F\de <—— Foo\QdD

which sends (7o, [a,b,0]) to [0,—b,a] and (vs,[a,b,0]) to [0,b,ga’], where
d'a’ = 1mod b and g = (a,b). Since ({%)[0,b,c] = [0,b,c — kb], we conclude
that

> 0@ [ Gualrs)drg

Qer\2yp Ce

= 2 XD(Q)/C e(=mRe7)m,s(Im7) drg.

Qeroo\a@dD
Q[0 £b,]

The remainder of the proof follows the proofs of Lemmas 7 and 8 and
Proposition 4 of [DIT].
Since we have eliminated those terms in the sum with a = 0, we can

parametrize each cycle Cg with @ = [a, b, ¢] by

Re 1o + e Im T, if a > 0,
T = ? ‘ ? 0<o<r
ReTg — e Im7rg ifa <0,

where
B b vdD

TQ = —%—Flm

is the apex of the semicircle. We then have

dD | e¥? —1 if a >0,
Q(Tal) =

da | =20 _ 1 ifq <0,
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which gives drg = df/sinf. Hence for a # 0 we have

/ e(—mRe 7)oy, (Im7) drg
Cq

mb T mvdD vdD do
= — — ——— si . 3.1
e (2@) /0 e ( o cos@) GOm.s < oal sm9> e~ (3.3.1)

Consider the sum of the terms corresponding to @ and —@Q, where @ = [a, b, (]
and a > 0. Since xp(Q) = xp(—Q) we find that

XD(Q)/C Gm.o(T, ) dTQ—l—XD(—Q)/C Gm—q(T,8)dT_¢g
Q

-Q

mb T amydD VidD do
=2xp(Q)e (%) /0 cos (T cos 9> Om.s ( 5, Sin 9> et
(3.3.2)

In what follows, we assume that m > 0 (the m = 0 case is similar). By (3.2.5))
above and Lemma 9 of [DIT], the right-hand side of ([3.3.2)) equals

22 (D) B(s) xn(Q) € (’;’L—b) Jos (M> .

a 2 a

Therefore

> (@ [ Gualrs)drg

QeMZip “e
B 1 xp(Q) (mb mmydD
=mV2m(dD)iB(s) > Ja e<% Jos|——]
QGF;;\OQdD

Let 21, = {la,b,c] € Z4p : a > 0}. Since (3 %) [a,b,c] = [a,b — 2ka, ], we
have a bijection
la, b, c] +— (a,bmod 2a)
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between I',,\ 2, and {(a,b) : @ € N and 0 < b < 2a}. Therefore,

a

b2—dD mb

<30 () e (52)
b(2a)
>—dD

4a

The latter sum is equal to %Gm(d, D, 4a), so we conclude (after replacing a
by ¢) that

Xp(Q)
B(S) /CQ GmyQ(T, S) dTQ

QeMZup

This completes the proof. O

We now complete the proof of Theorem [2], following the proof of Theorem
3 in [DIT]. Let

Tn(s) == Z XBD((g) /CQ Gmo(T,s)drg.

QeM\Zyp

Recall that drg = vdD dr/Q(7,1). By (3.2.8) and (3.2.3), to prove Theorem

@] we need to show that

(2) e (059

nlm
21t e m! 5oy, 1 (m)
T+ 325 — 1)

= (dD)"2 lim (Tm(s) -

s—1

T0(5)> . (3.3.3)
By Proposition 3 of [DIT] we have

Suld.Dide) =4 3 (8)\JEK* (1.285),
)

n|(m,c
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which, together with Proposition [T}, gives

Tu(s) = som#(dD): Y (2)n7

nlm
x YK (42 Didc) g,y (TR (3.3.4)
c=1
if m > 0, and
To(s) = 2772(dD)3 Y (2) n™ )" ¢ 2 K7 (d, 0; 4c). (3.3.5)
n=1 c=1
Comparing (3.3.4)) and (3.3.5) with (3.2.2]), we see that
> (2) b(d, =D, 5 +1) if m >0,
T(s) = { nm (3.3.6)

T2IDILp(s)b(d, 0,5+ 1) ifm =0,

.

where Lp(s) = > ., (£2)n~* is the Dirichlet L-function. By (3.2.1]) and
(3.3.6)), the left-hand side of (3.3.3)) equals

s+1

—L.. 2!’ s D73 D m?D s | 1
(dD)72 lim | Ty (s) — Lo (5)5(0.0 §+1)T0(3) > " (2) b0, =L 5+ 1)
Vg Ty

It remains to show that

_ 2°D3m! %09,y (m)m3 Lp(s)
[(s+3)¢(2s — 1) ’

b(0,0,5+ )7 D (2)b(0, 52 5 + 1)

nlm

which follows from Lemma 4 of [DIT] since b(d,D,s) = by(D,s) in the

notation of that paper.
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Harmonic Maass forms of
weight 5/2

In this chapter, we prove Theorem 4, which has Theorem [3] as an immediate
corollary. Our proof of Theorem [4] follows the method of Duke, Imamoglu,
and Téth [DIT] in the case when mn is not a square, and the author [A]
in the case when mn is a square. We construct the functions P,(7,s) and
P, o(7,s) as Poincaré series and then evaluate the traces of these Poincaré
series directly. We match these evaluations to the formulas given in [AAT]
for the coefficients p(m,n).

In Section [4.1] we review some facts about weak Maass forms and construct
the functions P,(7, s). In Section 4.2 we discuss binary quadratic forms and
establish some facts which we will need for the proof of the main theorem.
We construct the functions P, (7, s) at the end of Section [£.2] In Section
we prove a proposition which is equivalent to Theorem [5[ and is a crucial
ingredient in the proof of Theorem [l The proof of Theorem [4] is in Section
4.4

Notation. In this chapter we use the definitions given in Section [2.2] In
particular, the slash operator is defined by

ar +b

f\kC Z) = (ad — be) (er + ) f (25)

and the Laplacian Ay is defined by
0? 0? 0 0
s A T i — ’_
Ap =y (8952 T 8y2> +iky <8x +Z8y> )

4.1 Poincaré series and P,(T, s)

In this section we construct the weak Maass forms P, (7, s) in terms of Poincaré
series. We first show how weak Maass forms can be constructed using Poincaré
series associated with Whittaker functions. We then discuss the Atkin-Lehner

involutions Wy which are used to build the functions P, (7, s).
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4.1.1 Weak Maass forms and Poincaré series

Define
We follow Section 2.6 of [BrO] in constructing Poincaré series for I's attached
to special values of the M-Whittaker function M, ,(y) (see Section 13.14 of

[DIL] for the definition and relevant properties). Let v be a positive integer,
and for s € C and y > 0, define

Mr(y) =y "M o 5-1)2(y) (4.1.1)

and
(T, 8, k) = M, p(dmvy)e(—vx).

Then
bo(T, 5, k) < YR k2 a5y — 0. (4.1.2)

Letting ', := {($ 1)} C I's denote the stabilizer of oo, we define the Poincaré

series

Fo(7, s, k) == m%;rﬁ(mm(m, k). (4.1.3)

On compact subsets of H, we have (by (4.1.2))) the bound

IF, (7, 5, k)| < yRe) /2 Z e + d| 2R,

(& §)eTe0\Ts

so F,(7,s, k) converges absolutely uniformly on compact subsets of H for
Re(s) > 1. A computation involving [DL, 13.14.1] shows that

Ag Op(T,8, k) = (s — k/2)(1 — k/2 — 5)dy(T, 8, k).

Since [, clearly satisfies ]Fv‘ﬂ =T, for all v € I'g, we see that, for fixed s
with Re(s) > 1, the function F,(7, s, k) is a weak Maass form of weight & and
Laplace eigenvalue (s — k/2)(1 — k/2 — s).

We are primarily interested in the case when k is negative. In this case
the special value F, (7,1 — k/2, k) is a harmonic Maass form. Its principal
part at oo is given by ¢7¥ 4 ¢¢ for some ¢y € C, while its principal parts at the

other cusps are constant. Thus, {F, (7,1 — k/2, k) is a cusp form of weight
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2 —kon .

4.1.2 Atkin-Lehner involutions

We recall some basic facts about Atkin-Lehner involutions (see, for example,
Section IX.7 of [Kna] or Section 2.4 of [O]). Suppose that N is a positive
squarefree integer and that d | N. Let W; = W2 denote any matrix with

W, — <da B)
N~ do

with «, 8,7,0 € Z. The relation

determinant d of the form

Wa To(N) Wit =T(N) (4.1.4)

shows that the map f — f ‘de (called the Atkin-Lehner involution W) is
independent of the choices of «, 3,7, and defines an involution on the space
of weight k forms on T'o(V). If d and d’ are divisors of N, then

f‘de’de’ = f‘de*d’a

where dxd’ = dd'/(d,d')>. When d = N it is convenient to take Wy = (5 ')
Finally, the Atkin-Lehner involutions act transitively on the cusps of I'o(N);
that is, for each cusp a € To(N)\P}(Q), there exists a unique d | N such that
Wy00 = a.

Recall that F,(7) = ¢=¥ + O(1) is a weakly holomorphic modular form of
weight —2 on I'y(6) with eigenvalues 1 and —1 under Wy and W5, respectively.
We claim that

Fy(r) =Y u(d) (FU}_zwd) (7,2, -2). (4.1.5)

d|6

To prove this, let F,(7) denote the right-hand side of (#.1.5). Since the
function £ oI, (7,2, —2) lies in the one-dimensional space of cusp forms of

weight 4 on I'y(6), it must be proportional to

g(r) = (n(r)n(27)n(37)n(67))*.
Since &, commutes with the slash operator and ¢(7) is invariant under Wy
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for each d | 6, we have, for some o € C, the relation

EoF(r) = a Y uld)g(r) = 0.

dl6

Thus F,(7) — F,(7) is holomorphic on H and vanishes at every cusp. Hence
F,(1) = F (7).

4.1.3 The functions P,(7), P,(T,s)

To construct the functions P,(7) and P,(7, s), we require the Maass raising
operator
0 k
Ry =21— + — 4.1.6
g “or Y ( )
which raises the weight of a weak Maass form by 2. For each v > 1, we define
1

P,(7) = y—- R_oF, (7).

Then P,(7) is a weak Maass form of weight 0 and Laplace eigenvalue —2. By
(4.1.5) and Proposition 2.2 of [BrO] this is equivalent to defining

Py(r) = p(d)Fy(WyT,2,0)

d|6
1
:6 Z :u(d) Z ¢U (fYWd T, 27 0) :
d/6 ~€T oo\

Similarly, we define P,(7, s) as

Py(r,s) :=C(s) > _ p(d)F,(Wy,s,0)

d|6
C(s)
o) 20 2 eOMars® (D

where

C(s) = 21 (S+1)2. (4.1.8)

52



We have chosen the non-standard normalizing factor C'(s) so that later results
are cleaner to state. Note that C'(2) = 1, so

P,(7,2) = Py(7). (4.1.9)

In the next section we will define the dampened functions P, (7, s).

4.2 Binary quadratic forms and P, (7, s)

In this section we recall some basic facts about binary quadratic forms and
the genus characters x,,. A good reference for this material is Section I of
|GKZ]. Throughout this section, we assume that m,n = 1 (mod 24) and
that m is squarefree. The latter condition ensures that m is a fundamental
discriminant.

Suppose that r € {1,5,7,11}. We recall that

Qg}) = {a$2+bxy+cy2:62—4ac:n7
6|a, b=r(mod 12), and a > 0 if n < 0}.

Let I'y denote the group generated by I's = I'g(6)/{£1} and the Atkin-Lehner

involutions Wy for d | 6. Matrices v = (4 B) € T’ act on such forms on the

left by

1
= ——Q(Dx — By, —Cz + Ay).
7Q(x, y) dem@( x — By, —Cz + Ay)
It is easy to check that this action is compatible with the action y7 := g::IB)
on the roots of Q): for all v € I'*, we have
YTQ = TvQ- (4.2.1)

The set F\Qf:?5 forms a finite group under Gaussian composition which is
isomorphic to the narrow class group of Q(y/n)/Q when n is a fundamental

discriminant. Let Q,, ¢ denote the union

Qn,6 = U QS:)G

re{1,5,7,11}

For d | 6, the Atkin-Lehner involution W, = (‘éi C%) acts on quadratic
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forms by
1
Wy Q(z,y) == 7 Q(déx — By, —6vx + day). (4.2.2)

A computation involving (4.2.2) and the relation dad — $5y = 1 shows that
Wy [6a,b,c] = [6%,b(1+ 28y) + 12, %] . (4.2.3)

It is convenient to choose Wo = (§ Z3) and W3 = (¢34). Then (4.2.3) shows
that

Wy : Q) «— QU (4.2.4)
is a bijection, where
1 ifd=1,
, 7 ifd=2,
r=r x4 (mod 12). (4.2.5)
5 ifd=3,
11 if d =6,
Moreover, we have
Qne = U Wy QT(;% (4.2.6)
dj6

for any r € {1,5,7,11}.

We turn now to the extended genus character x,,. For Q) € Q,,,, ¢, define

(—) if (a,b,c,m) =1 and @ represents r with (r,m) =1,

0 if (a,b,c,m) > 1.
(4.2.7)

The following lemma lists some properties of x,,.

Lemma 2. Suppose that m,n =1 (mod 24) and that m is squarefree.

P1) The map Xm : T6\Qmne — {—1,0,1} is well-defined; i.e. xm(7Q) =
Xm(Q) for all v € T.

P2) If (a,a’) =1 then

Xm([6ad’, b, c]) = xm([6a,b, d'c])xm([6d’, b, ac]).

o4



P3) For each d | 6 we have
Xm (@) = xm(Wa Q).

Pj) Suppose that [6a,b,c|] € Qung, and let g := +(a, m), where the sign is
chosen so that g =1 (mod 4). Then

Xm([6a, b, c])

() (2.
P5) We have X (—Q) = sgn(m)xm(Q).

Proof. Property P3 for d = 1,6 and P1, P2, and P4 are special cases of
Proposition 1 of [GKZ]. Property P5 follows easily from P4. A generalization
of P3 is stated without proof in [GKZ], so we provide a proof here for our

special case.
We want to show that P3 holds for d = 2,3. Suppose that

Q = [6a,b, ¢] with (a,b,c,m) = 1.
Choosing W, = (§ Z3) and W5 = (1), we find that

Wy [6a,b, c] = [6(2a + b+ 3¢), *,3a + b + 2|,
W3 [6a,b,c] = [6(3a — b+ 2¢), *,2a — b+ 3¢].

We will use P4. For W5, we want to show that

<6(2a Téng 3c)> <3a +Z+2c> - (né_(/lg> (%) (4.2.8)

Since g divides mn + 4ac = b* and g is squarefree, we see that g | b, so

(brs)-(O6) 429

If a =0 then g = m, and (4.2.8)) follows from (4.2.9) and the fact that m =1
(mod 8). If a # 0, then the relation

8a(2a + b+ 3c) = (4a +b)* —m
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shows that

m/g m/g\ _ (m/g
6(2a + b+ 3c¢) 6a 2 )
Together with (4.2.9), this completes the proof for Ws. The proof for Wy is

similar. O

The remainder of this section follows Sections 3 and 4 of [DIT] and Section
3 of [Al]. Let I'g denote the stabilizer of ) in I's¢ = I'g(6)/{£1}. When the
discriminant of () is negative or a positive square, the group I'g is trivial.
However, when the discriminant n > 0 is not a square, the group I'g is infinite
cyclic. If @ = [a,b,c] € Q, 6 with (a,b,¢) = 1, we have I'g = (gg), where

t+bu cu
9o =1\ °
—au t}bu

and ¢, u are the smallest positive integral solutions to Pell’s equation t? —nu? =
4. When (a,b,c) = > 1, we have I'g = (gq/s)-

For Q = [a,b,c] € Q,6 with n > 0, let Sy denote the geodesic in H
connecting the two roots of Q(7,1). Explicitly, S¢ is the curve in H defined
by

alT|* + bRe(r) + ¢ = 0.

When a # 0, Sq is a semicircle, which we orient counter-clockwise if a > 0
and clockwise if a < 0. When a = 0, Sg is the vertical line Re(7) = —¢/b,

which we orient upward. If v € I'y then we have
’)/SQ = S’YQ (4.2.10)

Fix any z € Sg and define the cycle C as the directed arc on Sg from 2 to
ggz. We define

_y/ndr

dro : , 4.2.11
RCICAY R

so that if 7/ = 7 for some v € I'§, we have
drlo = drq. (4.2.12)

Suppose that ) has positive non-square discriminant and that f is a ['g-

invariant function that is continuous on Sg. A straightforward generalization
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of Lemma 6 of [DIT] shows that the integral
f(7)drq
Cq

is a well-defined (i.e. independent of the choice of z € Sg) invariant of the
equivalence class of Q).

We now define the functions P, (7, s). Let Q = [a,b,c|] be a binary
quadratic form with square discriminant. Then the equation Q(x,y) = 0 has
two inequivalent solutions [ry : s;] and [ry : s3] in P1(Q), which we write as
fractions a; := r;/s;, with (r;,s;) = 1 and possibly s; = 0. For each i, there is
a unique d; such that

Wdi a; ~pg O0.

Thus, up to translation, there is a unique ~; € I'g such that
"}/Z'Wdi a; = Q.

The function P, o(7,s) is defined by deleting the two terms of P,(7,s) in
(4.1.7) corresponding to the pairs (v;, Wy,); that is,

P, q(T,s) = Cls) Zﬂ(d) Z O (YWy T, 5,0). (4.2.13)
['(2s) a6 V%F@;Fs

Suppose that o € I'. Then by (4.2.1]), the roots of 0@ are oa; and oay, and
we find (using (4.1.4)) that

P, ,q(oT,s) = P, g(T, ).

Together with (4.2.10)) and (4.2.12)), this shows that the integral

/CQ Pv,Q(T)S>Q(7_’ 1)

is invariant under @ — ().
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4.3 Kloosterman sums and the proof of
Theorem [5|

In this section we prove an identity (Proposition [2] below) connecting the
Kloosterman sum with the twisted quadratic Weyl sum . This
is an essential ingredient in the proof of Theorem 4 and is equivalent to the
evaluation of the Kloosterman sum in Theorem [l

Throughout this section, v is a positive integer coprime to 6 and m,n =1

(mod 24) with m squarefree. We will use the notation

a,'_a—l
A

whenever ¢ =1 (mod 24). The Kloosterman sum is defined as

. da + db
K(a,b;c) == Z em3(d0)e ( a—cl— ) )
d(c)

where d(c)* indicates that the sum is taken over residue classes coprime to

mwis(d,c

¢, and d denotes the inverse of d modulo ¢. The factor e ) makes the

Kloosterman sum very difficult to evaluate. The following lemma shows that

e™5(4) is related to the Gauss-type sums

Hy(0) := % D e (M) (4.3.1)

. 24c
3(2¢)
which were introduced by Fischer in [Fi.
Lemma 3. Suppose that (v,6) = (¢,d) = 1 and define

a:=1-—dec— dv,
B:=1—dc+ dv,

with d chosen such that

_ 1 (mod ¢) if ¢ is odd,

L
Il

1 (mod 2¢) if c is even.
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Then we have
12 d(v? —1 :
@(_) e( (v )) i s(dic)

=e (M) H_d,c<06) +e <_21)QT_’_CdﬁQ) H—d,c(ﬁ)- (432>

Proof. Define

12 2v + da? — d(v? — 1)
_> e ( e H,dﬁ(oz).

We will prove by showing that f(v) 4+ f(—v) = v/3ce™ (),

We first show that for fixed d, ¢, the function f(v) depends only on v mod 6.
By (3.8) of [Wh] we find that H_4 () depends only on o mod 6. Define
e€{—1,1} by v=¢ (mod 6). Then () = ¢ (%), and we have

(1@_2) . (2v + do?z:lj(v? - 1))

. (UQE(de— )je  (dd—1)je—dd =1 & | d(de— 1) +a>

o= (

v

S 12 12 2c

This depends only on v mod 6 since v?> =1 (mod 24) and, by definition,

dd — 1

Cc

Now f(v)+ f(—v) = f(¢) + f(—¢) is independent of v, so to prove (4.3.2))
it suffices to show that f(1)+ f(—1) = v/3ce™*(®4). This is proved in Section
4 of [Wh]. O

—dd’ -1 €27

The quadratic Weyl sum &, (m, n; 24c) is defined as

2 bv
. . b“—mn
S,(m,n; 24c) == E X12(0) Xm ([60, b, 5 ]) e <_12c) ,

b(24c)
b2=mn(24c)

where X, is defined in (4.2.7)). We clearly have &,(m, n;24c) = &,(m, n; 24¢),

so the exponential e (f—z”c) may be replaced by cos (bg—:) When m = 1, we

obtain a simpler expression for &;(1, n;24c) as follows. The summands of
Re(6,(1,n;24c¢)) are invariant under both b +— b+ 12¢ and b — —b, so we
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may sum over those b modulo 12¢ for which b =1 (mod 6), and multiply the
sum by 4. Writing b = 6/ + 1, we obtain (cf. formula (1.1.23))

M) . (4.3.3)

Si(1,n;24c) =4 Z (—1)* cos (( >
¢ mod 2¢
(36240) /2=n’(c)
The following proposition gives an expression for &,(m,n;24c) in terms

of Kloosterman sums. Its proof occupies most of the remainder of the section.
Theorem [5| follows from (4.3.4])) by Mébius inversion in two variables.

Proposition 2. Suppose that m,n =1 (mod 24) and that m is squarefree.
Suppose that c,v > 0 and that (v,6) = 1. Then

&, (m,n;24c) = 4v3 Y (Ul/—Qu) (%) \/gK ((ui m)/,n’;g) . (4.3.4)

ul(v,c)

Remark. Proposition 2| resembles Proposition 3 of [DIT], which is proved using
a slight modification of Kohnen’s argument in [Kol, Proposition 5]. Using an
elegant idea of T6th [To], Duke [D2] greatly simplified Kohnen’s proof for the
case m = D =1 (in the notation of [DIT]). Jenkins [J] later extended this
argument to the case of general m. However, Kohnen’s argument remains the
only proof of the general case.

Although special cases of are amenable to the methods of Duke
and Jenkins, we prove Proposition [2] in full generality by adapting Kohnen’s

argument. The proof is quite technical.

In the proof of Proposition [2] we will encounter the quadratic Gauss sum

Gla,bc) = e <a‘r2—+bm> . >0, (4.3.5)

c
z(c)
For any d | (a,c), we see by replacing x by = + ¢/d that

G(a,b,c) =€ (%) G(a,b,c). (4.3.6)

b
d

This implies that G(a,b,c) = 0 unless d | b. In that case,

ab c
G(a,b, C) =d-G (87 C—Z, ZZ) . (437)
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If (a,c) = 1, we have the well-known evaluations (see Theorems 1.5.1, 1.5.2,

and 1.5.4 of [BEW])

0 if 2| ¢,
G(a,0,c) = ¢ (L+i)e,tv/e (8) if4d]e, (4.3.8)
ecv/c (%) if ¢ is odd,

where
1 ifa=1 (mod4),

i ifa=3 (mod 4).

Eq 1=

If4 | cand (a,c) = 1 then, by replacing « by z+¢/2, we find that G(a, b,c) =0
if b is odd. If b is even and 4 | ¢, or if ¢ is odd, then by completing the square
and using (4.3.8)), we find that

—ab? N c o
e{— (1+14)e, Ve (—) if b is even and 4 | c,
c

a

G(a,b,c) = — (4.3.9)
—4ab a e
e ea/c <—> if ¢ is odd.
c c
Finally, these Gauss sums satisfy the multiplicative property
G(a,b,qr) = G(ar,b,q) G(ag,b,7),  (¢,7) =1 (4.3.10)

which is a straightforward generalization of [BEW| Lemma 1.2.5].
We will need an explicit formula for x,,([6¢, b, 1722_%]), which follows from
P4 of Lemma 2] (see also Proposition 6 of [Ko]). For each odd prime p, let

pri=(=1)=p
so that () = (%*) If m is squarefree, then
2 m m/p* P
X ([6c, b, T521]) = <—> ( > ( ) 4.3.11
( et ) pl;[ P pl:[ p* ) \(0* —mn)/p? (a1
m plm

Proof of Proposition |3 Both sides of (4.3.4) are periodic in v with period

12¢, so it suffices to show that their Fourier transforms are equal. For each
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h € Z we will show that
1 —hv
— 24
12¢ £ ° ( 12¢ ) So(m, n; 24¢)
v(12¢)

U Co P CHIOIER(CORE)]

ul(e,v)

(4.3.12)

Let L(h) and R(h) denote the left- and right-hand sides of (4.3.12)), respec-

tively. Then we have

1= X b (e B5e) gy 3 ()
)

b2=mn(24c) v(12¢

2 h) Xm ( 6c, h, =mn ) if 2 =mn (mod 24c),
_ X12(h) Xm ([ 2c ] ( ) (4.3.13)
0 otherwise.

For the right-hand side, we have

=m0V 2 () (55)
i s(d,c/u) (v*m)’ + dn’
" ; e ( T )
1 m 1 dn
w2 () w2 (T

- —d 12 dmuv? — 2hv
i s(d,u) v -~ wes Ay
XU(IZ2)€ e(24u><v>e< 24u )

Using Lemma , (4.3.1)), and the fact that u + v is even, we find that

e e [ — — | = e
24u v 24/3u 24u

B (R () ()

J(2u)
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Thus we obtain

R = o3 (L)t e () 30 (FHEEE L )

ule d(u)* J(2u)
x (G(d(m —1)/2,6§ + 1 — h,12u) + G(d(m — 1)/2,—6j — 1 — h,12u)) ,
(4.3.14)

where G(a,b,c) is the quadratic Gauss sum defined in (4.3.5). Since 12 |
(m —1)/2, we see by (4.3.7)) that

G(d(m —1)/2,£(65 + 1) — h, 12u)

126G (Em', %u) ifh==+(6j+1) (mod 12),

0 otherwise.

In particular, R(h) = 0 unless h = £1 (mod 6).
For the remainder of the proof, we assume that h =1 (mod 6) (the other

case is analogous). Then in (4.3.14]) the second Gauss sum is zero, and we
take only those j for which j = % (mod 2). We write j = 2k + %; then

e (—M + 1) G(d(m —1)/2,67 + 1 — h,12u)

‘ U 2
7(2u)

= 12¢ (h R U 1)/24> > e (—w) G(dm', k, u).

12 U U
E(u)

Since e(221) = x12(h) we have

R(h) = %Xm(h) Z (%) w L (1), (4.3.15)
where
Fi(u) = d(;)*e (g (n - hz; 1)) %e (M) G’ k).

We show that Fj,(u) is multiplicative as a function of u. To prove this,
suppose that (¢,7) = 1, and choose 7 and g such that 7 + ¢qg = 1. Let
a:=n'— (h? —1)/24, and write d = rTx + qqy and k = kyr + keq. Using
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(4.3.5) and (4.3.10) we find that

Fagr) =Y e (m—o‘) S e (_m(%” i h)) Glram', kyr, q)

z(q)* q ki(q) 4

<Y e (@TO‘) S ("“Qymf?“ h)> G(qgm’, kag, 7).

y(r)* ka2 (r)

Replacing k1, ko, x, and y by k17, koq, xr, and yq, respectively, we conclude
that
Fi(qr) = Fu(q)Fu(r).

Clearly 2 Dl (%) u™' F,(u) is multiplicative as a function of ¢. Thus,

by (4.3.11)), (4.3.13), and (4.3.15)), to show that L(h) = R(h) it suffices to

show that for each prime power p* || ¢ we have

5)

p—*;(pzj)p_%(pj): (m/p*)( p* ) if p | m,

P (h* —mn)/p*

(4.3.16)
when h? = mn (mod 24p*), and 0 otherwise.

Suppose first that p is an odd prime. Set
P = (m/,p?).

Then G(dm', k,p’) = 0 unless p* | k. In the latter case, using (£.3.7) and
(4.3.9), we find that

G(Zlm’, k,pj) = €pj7up‘T (

Writing k = p*¢, we find that

Fu(p’) = epien <ﬂ;;/_€#> Py <piu> ¢ <% ("I - h22; 1))

d(p)*
y . (—d(6p” + (4! [p)) 2 — dht
(i)

) . (4.3.17)

pj—ﬂ
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Since
(4m! [pr)m = (4m [p#) (24p/'m! [p" + 1) = 6p* + (4m//p)  (mod p*),
the inner sum is equal to
G(—dm(4m/ [pr), —dh, ).

We first consider the case where p 4 m, and we choose m such that mm = 1

(mod 24p*). Using (4.3.9) again, we find that

E(p) =p (pjﬁ) eij_# Z e (g (n’ _h 2;1 mm’h2)> '

d(p?)*

Note that b g
n — 2; +mm'h* = % (mod p*).

-1
pj_#

Since ezjw = ( ) and m =1 (mod p") we conclude that the quantity in

(#.3.16) is

n — mh?

if p* | o

m
P

0 otherwise.

N———

The condition p* | (n — mh?)/24 is equivalent to h? = mn (mod 24p*), so
(4.3.16)) is true in the case where p is an odd prime not dividing m.

We turn now to the case where p | m. Then p{m/, so p =0 in (4.3.17)),
and since m is squarefree, (m/p, p) = 1. Furthermore, all of the terms in the

sum on the left-hand side of (4.3.16|) vanish except for the term 7 = A. From
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(4.3.17)) we have

d\ (d [, h—1 S \
X d(z;) (?) e (Z? (n ~ 31 )) G(—dm(4m’), —dh,p"),
_

which is zero unless p | h. Assume that p | h; then, using (4.3.9)), we obtain

(G
B0 (-2

I h =1 + (m/p)m’h2
24 D '

Set

a:=n

Replacing d by d 4 p, we see that the sum

= G ()

is zero unless p* ! | . Assume that p*~! | a. Then

5 (2 () - () () e

d(p)

=

()

where the last equality uses Theorem 1.1.5 of [BEW] and (4.3.8). We have
p # 3 since m =1 (mod 24), so <ﬂ’> = <_724>. Therefore

p

i) = (202 (220

pMt p

We have

240 p(n — h?) + (m/p)24m’h?
P >
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which, together with the fact that (m/p)m = p (mod p*!), yields

24 (m/p) [mn — mh* + 24m’'h*] _ (m/p) [mn — h?

mod p).
Pl » A ( )

Therefore

)= (S5) (B3 = () ()

under the assumption that p*~* | a. This assumption is equivalent to h? = mn

(mod 24p*) and implies that p | h, which justifies our previous assumption.

Thus we conclude that

Fu(p*) = P (msz*) ((hz _]::m)/p,\> if B2 =mn  (mod 24p*),

0 otherwise,

(4.3.18)
which verifies (4.3.16)) in the case where p is an odd prime dividing m.
Now suppose that p = 2. Since 2 { m and (%) =1, we want to show that

AL . 28 if k2 =mn  (mod 24 - 2%),
> 27R,(2) = (4.3.19)

=0 0 otherwise.

We recall the definition

Fy(u):=) e (g <n — hz; 1)) kz(u:)e (-M) G(dm', k, u).

Define u by
2k = (m/,27).
Then
o 4G (dm! J2H, k21,207 H) if 24 | K,
G(dm' k,27) =
0 otherwise.
Let )
Bi=n'———+h*mm/, withmm=1 (mod 24-2").

24
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We claim that

Fu(2)=2") e (Z—?) . (4.3.20)

d(27)*
If u = j then G(dm'/2# k/2",297#) = 1 and 27 | m’, so
. , dp
Fu(2)=2" ) e (2—]) .
d(27)*
If =7 —1 then

2 if k/2" is odd,

G(dm' /2" k /2", 271 =
0 if k/2" is even.

Since 2971 | m’ and m is odd, we have 3 =n' — (h* —1)/24 —2"'h (mod 27),
which yields

: : d(, h*—1 d-29716-2771 + h)
R =2 3 (g (-5 ) -G

d(27)*
. dg
— 9 _
—o Y (Y,
d(27)*

If 4 < j — 2 then by (4.3.9) we have

G(dm' /2" k /2", 217 1) =
2( o )e<_d(m’/2ﬂ)(k:/2“)2> £ k/2 s ove,

(1+14)

5_1
dm/ 2+ Em’/?“ 9J—p+2
0 if k/2" is odd.

Writing k = 2#71¢, we have

, j d h?—1 2I~H
7\ . itu el r_ —1
Fu(2) = (1+9)2%5 3 e <2j (n - )) = <_d—m,/2“)

d(29)*
d- 22706 - 2010+ B d(md 202
¢(23—n-1)
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Since (m//2#) + 24 -2 = (m//2#)m (mod 277*), the inner sum equals

1 PR .
iG(—dm(m’/Zﬂ), —2dh, 277H)
i J— I 2=/
= (1+14)27 et 2 (dimmy
—dm(m’/2+) —dm(m’/Z“) 27

-1 -1 o
gam’/Qﬂg—dm(m’ﬂ“) =7

Fu(2)=2" ) e (2—?) .

d(29)*

Since

we have

We conclude in every case that

A A d8
SR =3 Y o (P)
Jj=0 Jj=0 d (27)*
B ag\ J2* ifh*=mn (mod 24-2%),
N d(2>\)6 (5) N 0  otherwise,
which completes the proof. O

We now prove the Weil-type bound of Corollary [T} namely
K(M',n';¢) < 7((v,¢))r(c)(mn, c)2/e. (4.3.21)

Proof of Corollary[]l Estimating the right-hand side of ([1.1.25)) trivially, we
find that

|K(M',n;c)| < T((U,C))C%R(mn,24c), (4.3.22)

Sl

where

R(y,?) = #{x mod ¢ : ° = y mod (}.

The function R(y, ¢) is multiplicative in £. If p is prime and p t y, then

2 if pis odd,
R(y,p°) < (4.3.23)
4 ifp=2.
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If y = p%y/ with p {4y then R(y,p?) < p¥2R(y’,p°¢). It follows that

R(y,0) <2-2°0(y, 0)%, (4.3.24)

where w(¢) is the number of primes dividing ¢. By (4.3.22)), (4.3.23)), (4.3.24),
and the fact that 2¢) < 7(¢), we obtain (4.3.21)). ]

4.4 Proof of Theorem 4]

We begin by recording exact formulas for the coefficients p(m,n) in terms
of Kloosterman sums and the I- and J-Bessel functions I,(x) and J,(z).
The following formulas are found in Proposition 11 of [AAT]. Let h,, denote
the functions in that paper; then our functions h,, described in and
(1.1.17) are normalized as

3m3/2 :
hy, ifm>0,
B =4 V7 (4.4.1)

im[*2h,, if m < 0.

Suppose that m,n =1 (mod 24) are not both negative. By Propositions 8
and 11 of [AAT] we have

2 K (m',n';
ﬁlz (m,n,c)[§ T/ |mn| it mn < 0,
’mn|1 c>0 ¢ ’ 6e
4 1 ZK(m’,n';c) QJS_L T/ mn
(mn)1 ‘= c Os °72 6c

p(m,n) =

} if mn > 0.
s=2

(4.4.2)

To prove Theorem (4| we will show that the traces Tr,(m,n) can also be
expressed as infinite series involving Kloosterman sums and Bessel functions.
This is essentially accomplished in the following proposition. To simplify the
statement of the proposition for square and non-square positive discriminants,

we set P, (T, s) := P,(, s) whenever () has positive non-square discriminant.

The functions P,(7), P,(7,s), and P, (7, s) are defined in (4.1.9)), (4.1.7)),
and (4.2.13)), respectively.

Proposition 3. Suppose that m,n =1 (mod 24) and that m is squarefree.
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If mn < 0 then

LY w@P()

[ Qer\gﬁizg

N |mn| Zf <12) (v/d) Z K«d%?/’n/m)[% (W lgzmn|> '

If Re(s) > 1 and m,n > 0 then

1 dr
% Z Xm(Q) /CQ PU,Q<T7 S)Q(T,l)

QEM\Qy, 6
() (G p et (+0)

c>0

(4.4.4)

Before proving Proposition [3] we remark that when s = 2, the right-hand
side of (4.4.4)) is often identically zero. This follows from equation (3.15) of
[AAT], which states that

K(m/,n';c) T/ mn 0 if m # n,
Z c Ja2 6c -

1 .
>0 5 ifm=n.

The only situation in which the right-hand side of (4.4.4]) does not vanish
is when n = mt? for some integer ¢t and v = t/{, for some integer ¢ with

(¢,m) = 1. In that case (4.4.4) becomes

> i@ [ Pt = 7 (7) (F)

QEQ<1

(mt)2,6

Proof of Proposition[3 Suppose that mn < 0, and let L, (m,n) denote the

left-hand side of (4.4.3)). Using the definition of P,(7) = P,(7,2) in (4.1.7)),
we find that

Ly(mn)=4mn[2Y " 3 > Q) ¢ (YWa70,2,0).

d|6 6)261—‘6\9571%7 'yEFoo\Fg
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Using P1 and P3 of Lemma [2 and equation (4.2.1]), this becomes

Lytmn)=3mnl 23" 3" N w(d) XYW Q) 60 (7w, 2,0).

d|6 QEFG\QEL,G YET 5 \I's

By (4.2.4) and (4.2.6]) the map (v,d, Q) — YWy Q@ gives a bijection
To\Lo % {1,2,3,6} x T\ Q'Y 6 ¢ Too\ Qs (4.4.5)

If Q € Qf) ¢ and Q' = WyQ = [a,b,c] then pu(d) = (12) by (£2.4) and ([E25).
With M, ,(y) as in (4.1.1]), we have

L, (m,n) = mn|71/? Z (22) Xm(Q)Map(4mv Im 7 )e(—v Re 70).

QEFOO\an,G
Q:[C’ﬂb?c}

Since Qn e contains only positive definite forms (those with a > 0), we have

b V|mn|

TQ:—%—FZ' 2%,

By |DL, (13.18.8)], we have

My o(dmvy) = Mo sa(4dmvy) = 1213/ vy I3)5(2m0y),

which gives

=P 5 () () ()

Qeroo\an,G
Q:[avbvc]

(4.4.6)

Now suppose that m and n are both positive, and let L} (m,n) denote

the left-hand side of (4.4.4)). Asin (4.2.11)), we write

B vmndr

= 5r)
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If mn is not a square, then by (4.1.7) we have

oy = C8)
Lf(m,n) T (2s) W%M(d)%%:gmxm(@

Xy bu(YWyt,5,0)drg.  (4.4.7)

VGFOO\FG CQ

For each @, let I'g C T's denote the stabilizer of (). We rewrite the sum

over I'o\I's as a sum over v € ' ,\I's/I'g and a sum over g € I'g. Since
S = Uger,Cq, the inner sum in (4.4.7) becomes

Z b (YWa,s,0) drg.

'YEFOO\FG/FQ SQ

In each integral, we replace 7 by W;'y~17. Using ([£.2.12) and P1 and P3 of
Lemma [2| we obtain

Limn) ==Y ¥ % Wi

d|6 QEFS\Q'E’YILL,G Y€l \I'6 /T

x/ (7, 5,0)dTyw, - (4.4.8)
SywgQ

As in (4.4.5), we have the bijection
T \Ls/To x {1,2,3,6} x T\ QW) ¢ ¢ T\ Quns

given by (v,d, Q) — yW; Q. Thus

Lf(m,n) =

12
X Z (?) Xm (Q) M o(dmvImT)e(—vReT)drg. (4.4.9)
Qeroo\gmn,G SQ
Q:[CL,b,C]

In order to treat the square case together with the non-square case, we will
show that, with the added condition a # 0 in the sum, (4.4.9) holds when mn

is a square. Of course, a # 0 is implied in (4.4.9) when mn is not a square.
1)

mn,6

Suppose that mn > 0 is a square. For each Q € Q define a; ¢ =

73



rio/siq as in (4.2.13). The stabilizer I'g is trivial for all @ € Q6 and,

using (4.2.13), we have (4.4.8) with the added condition YWy a; o # oo on
the third sum; that is,

Limn) = o= 5 X udn0WiQ)

dl6 QGF\Q'E}VZL,ﬁ vElo\T's

YWa ai,g7F#o0

« / 6o(7,5,0) ATy, (4.4.10)
SywyQ

The quadratic forms @ having co = [1,0] as a root are of the form @ =
[0, £b, %], where b = \/mn. Thus the condition YW a; o # oo is equivalent to
YWy Q # [0, £b, x]. Applying the bijection (4.4.5)), which holds in this case
since I'g is trivial, we obtain with the restriction a # 0 on the sum.
Treating the square and non-square case together, we assume that m and
n are arbitrary positive integers satisfying m,n =1 (mod 24). Suppose that

Q@ = [a,b,c|. The apex of the semicircle Sy is

b A/mn

% o

so we parametrize Sg by

b v mn ei sgn(a)f

T=—-——+
2a 2a
b V
—— T cos 0 + i gin g, 0<0<m. (4.4.11)
2a 2a 2|a|

Then we have

Q(T, 1) _ %(62isgn(a)9 . ]_)7

which gives

vmndr B do
Q(r,1)  sin@’

Combining (4.4.9), (4.4.11)), and (4.4.12)), we obtain

dro = (4.4.12)

C(s)
Lt S SV E R
v (m7 n) 27_(_1'\(28)\/% QEF \Q Q(m7 n)?
[e) mn,6
Q:[a7b76]7a¢0
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where
Rgo(m,n) =
2) @ (52) [ Mo (FEE g ) (DL cong) L2
b 2a /) J, ’ |al 2a sin 0

For each @ = [a,b, ¢] € I'so\ Qpn e with a > 0, we have (using P5 of Lemma

2)

Ro(m,n) + R_g(m,n) = 2 (1_b2> on(Q)e (z;_z)

X / M (27TUT ' in (9) cos (w Ccos 9) i
0

a sinf’

By [DLL (13.18.8)] we have

Mo(y) = Mos—12(y) =227 T(s + 1/2) /y Ly—1/2(y/2),

hence
2257120 (8)T(s + 1/2) 12 v (b
L (m,m) = : () w@y/2e(5)
v Y /4 m
VT T'(28)(mn) vy b a \2a
x/ I )9 (mj mnsin@) cos wcos&) — . (4.4.13)
0 a a sin ¢

where Q4 consists of those @ = [a,b,c] with a > 0. Lemma 9 of [DIT]

asserts that for Res > 0 we have

" e T2
/0cos(tcos@)]s_l/Q(tmn@)m—2 I(s) Js—1/2(t).
Since
23573/2C(s)I(s + 1/2)T'(5/2)? _
NACO I DR
we obtain
2V/2v 12 m b U/ Mmn
O )T g 6(7>X¢(§2 e () s ()
’ (4.4.14)
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Combining (4.4.6) and m we have

Lf(m,n>=|ﬁ 2. <%) XWQ(aQ)e@_Z)@i (WTW>

QEFOO\an 6
Q=la.byd
(4.4.15)
where
p~(x) = ml3(x),
e (x) = 2J5_12().
Since (3 %) [a, b, c] = [a,b — 2ka, %], we have a bijection
L \Qns ¢— {(a,b) :a>0, 6]a, 0<b<2a},
which gives
Limm) = 20 5 a2
‘mn,i a>0 a
6la
Y <?) Xom ([ b, B ]) e <%) . (4.4.16)
b mod 2a
bz—mnez
4a

We write a = 6¢ and find that the inner sum in (4.4.16|) equals %6v(m, n; 24c)
(see ((1.1.24), so

24c U/ |mnl
Ly (m.n (. :240) oy (Tov/Imnl )

c>0

Applying Proposition 2, we obtain

LE(m,n) ‘mn’ Z —1/2 5% (”“W)
<3 () (e () o).
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We replace ¢ by cu and switch the order of summation to obtain

Lf(m, n) =

2

[mnl s

12
v/u

m

u

v

e
() ) o= (o).

>

ulv

)

XZ%K

c>0

Finally, letting d = v/u we conclude that

L (m,n)
2

jmnl s

from which Proposition 3| follows.

;: Vi (%) (%) Z K((d?n?cn';c) " (wngm ) |

]

Theorem [4] now follows easily from Proposition [3

Proof of Theorem[f As above, we let P, q(7,s) := P,(7,s) when @ has

positive non-square discriminant. Then the definition of the traces in (1.1.15))

becomes

Tr,(m,n) =

(|mn|_1/2 Z Xm(Q) Py (7q) if mn <0,
QEM\Q;,), 6
1 9 dr
o m _P’U ) f >0
= X W@ [ Q {as ors) } o it
Qemall)

When mn < 0, (1.1.20) follows immediately from (4.4.2)) and (4.4.3). When

m,n > 0, we take the derivative of each side with respect to s, then set s = 2.

Comparing the resulting equation with (4.4.2) gives (1.1.20)).

]
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Kloosterman sums and Maass
cusp forms

In this chapter we prove the theorems contained in Section of the intro-
duction. The material in this chapter is joint with Scott Ahlgren and appears
in [AA2].

We begin by proving a general version of Theorem [I0]in Section 5.1} The
basic tool relating Kloosterman sums and Maass cusp forms is a version of
Kuznetsov’s trace formula, which we prove in Section [5.2 In Section
we introduce theta lifts which give a Shimura-type correspondence from
Maass cusp forms of half-integral weight with the eta multiplier to Maass
cusp forms of integral weight on I'g(6). In Section we obtain estimates
for the K-Bessel transform QE(T) appearing in the Kuznetsov trace formula
which, together with Theorem [10] suffice to prove Theorem [§] (Section [5.5)).
In Section we prove Theorem [15] which gives an estimate for sums of
coefficients of Maass cusp forms of half-integral weight. In Section we use
Theorem [15] and a modification of the argument of [ST] to prove Theorems [9]
[6] and [7.

Notation. In this chapter we follow the definitions given in Section [2.3.2, In

particular, the slash operator is defined as

a b cT +d " at +b
f’k(c d) - (|c7'+d|> f(c7'+d)

and the Laplacian is given by

02  0? 5,
N I S
Ar=y (8902 * 8y2> Zkyax'

Furthermore, throughout this chapter, € denotes an arbitrarily small positive
number whose value is allowed to change with each occurence. Implied
constants in any equation which contains € are allowed to depend on €. For all

other parameters, we will use a subscript (e.g. <) to signify dependencies

in the implied constant.
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5.1 A mean value estimate for coeflicients of

Maass cusp forms

In this section we prove a general version of Theorem [10| which applies to the
Fourier coefficients of weight +1/2 Maass cusp forms with multiplier v for

[Co(N), where v satisfies the following assumptions:

1. There exists § = (3, € (1/2,1) such that

|S(n,n,c,v)| .
ch—+6 <L, n. (5.1.1)

c>0

2. None of the cusps of I'y(NV) is singular for v.

By the multipliers x and Y on SLy(Z) satisfy these assumptions with
B=1/2+ce.

Fix an orthonormal basis of cusp forms {f;} for S;(I'o(IV),v). For each
J, let a;(n) denote the n-th Fourier coefficient of f; and let r; denote the

spectral parameter.

Theorem 11. Suppose that k = £1/2 and that v satisfies conditions (1) and
(2) above. Then for all x > 2 and n > 1 we have

nj

X i B+e ; —
Z la;(n)]2 ﬁ—l—Oy (I‘ logz +n ) if k=1/2,
v char; ] 28 s )
O<rjse ] + 0, (3:5 log z + nﬁ“a:?) if k= —1/2.
T

(5.1.2)

The n > 0 case of Theorem follows from a direct application of
Theorem [11| when (k,v) = (1/2, x). For n < 0, we apply Theorem [L1| to the

case (k,v) = (—1/2,%) and use the relation (2.3.13)).

5.1.1 An auxiliary version of the Kuznetsov trace

formula

We begin with an auxiliary version of Kuznetsov’s formula ([Ku, §5]) which is
Lemma 3 of [P2] with m = n. By assumption (2) there are no Eisenstein series

for the multiplier system v. While Proskurin assumes that & > 0 throughout
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his paper, this lemma is still valid for £ < 0 by the same proof. We include
the term I'(20 — 1) which is omitted on the right-hand side of [P2, Lemma 3].

Lemma 4. Suppose that k = £1/2 and that v satisfies conditions (1) and
(2) above. Forn >0,t e R, and o > 1 we have

1 S(n,n,c,v) 47n 1\20-2 ['(20 —1)
- E P K@-< ”)( _> b=l = —=~ /7
2 20 /L t\e )4ty ¢ - aq 4(27n, )2

21720' 2—20,,2—20

— it it
iy > laj(n)PA (U + 50— 5.75), (5.13)
2 rj

Fo—Lt+Hr(c-1%

where L is the contour |q| = 1, Re(q) > 0, from —i to i and
1 . 1 . 1 . 1 .
A(sq, 89,7) =T (51—5—17") r <51—5+zr> r (52—5—17") r (82—§+ZT> )

We justify substituting ¢ = 1 in this lemma. Suppose that ¢t € R and
write a = 4mn,/c and ¢ = € with —7/2 < § < /2. By [DIL, (10.27.4),
(10.25.2), and (5.6.7)] we have, for ¢ sufficiently large,

uild]

Kit(aew) Le 2z (eet + e_et).

So K (aq) < 1 on L and the integral over L is bounded uniformly in a. By
this and the assumption ([5.1.1)), the left-hand side of (5.1.3) is absolutely

uniformly convergent for o € [1,2]. In this range we have

L(o+ 3+
(o t+i)| =Dl o |p (o4 ).
2 o — 5 + 1y 2

Using this together with the fact that A (0’ + %t, o— %t, rj) is positive, we see
that the convergence of the right hand side of for ¢ > 1 implies the
uniform convergence of the right hand side for o € [1,2]. We may therefore
take o = 1.

To evaluate the integral on the left-hand side of we require the

following lemma.
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Lemma 5. Suppose that a > 0. Then

/Kit(GQ)qk_l dg =iv2a™*
L
/a ue /OO cos(t€) (cos(u ch§) — sin(uchf)) dédu  if k= %,
% JJo 0

/00 u? /OO cos(t&) (cos(uch&) + sin(uch§)) dédu  if k= —%.
a 0
(5.1.4)

Proof. The case k = 1/2 follows from equation (44) in [P2] (correcting a
typo in the upper limit of integration) and the integral representation [DLL
(10.9.8)].

For k = —1/2, we write

—1 iR
/Kit(GQ)qk_ldq =— </ +/ +/ ) Ki(aq)q" " dg,
L —ir Ji Li

where the first two integrals are along the imaginary axis, and Lg is the
semicircle |¢| = R, Re(q) > 0, traversed clockwise. By [DL, (10.40.10)], the
integral over Lg approaches zero as R — oo. For the first and second integrals

we change variables to ¢ = —iu/a and ¢ = 1u/a, respectively, to obtain
o d
/Kit(GQ)qkl dg = —\/a/ (V —i K (i) — ﬂKz’t(‘”)) u3_1;2
L a

The lemma follows from writing K;;(diu) as a linear combination of J;(u)
and J_;(u) using [DLL (10.27.9), (10.27.3)] and applying the integral repre-
sentation [DL, (10.9.8)]. O

Starting with (5.1.3) with o = 1 and using the fact that

71_2

ch(mr + mt) ch(mr — wt)’

A +it,1—it,r) = (5.1.5)

we replace t by 2t, multiply by

4n,,
72 g

2
t), where g(t) := |I' 1—E—|—z’t shrt,
(1 ‘
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and integrate on t from 0 to z. Applying Lemma [5] to the result, we obtain

|a;(n)|?
n,,; chr; ha(75)

— s [owans QL 2V 5 St (e s

273 jkg2+k c2—k
c>0
where N o hirt ch
sh 7t ch 7r
hy(r) = dt 5.1.7
(r) /0 ch(mr 4 mt) ch(mr — wt) ( )
and
( x a 1 [e%e]
g(t)/ u2/ cos(2t¢)
/ if k= %
I(ra) = 0 X (COS uch§) — sm(uchf)) d¢ du dt (5.18)

/Og(t) ) u2/0 cos(2t€) ifk:—%.
\ X (Cos uché) +sm(uch§)) d§ du dt

5.1.2 The function ¢(¢) and the main term

A computation involving [DL (5.11.3), (5.11.11)] shows that for fixed = and
y > 1 we have

D+ iyl —iy) = 2my* e (14+0(5))
from which it follows that
g(t) =mt'F + O™ as t — o0. (5.1.9)

We have
gt) =7l (1 -5t +0(?)  ast—0. (5.1.10)

This gives the main term

3
2

X 1 . 1
53 g = 3 L
2m? 0 % e — 1

57T2 ( ) rh=-5
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5.1.3 Preparing to estimate the error term

The error term in is obtained by uniformly estimating the integral
I(x,a) in the ranges a < 1 and a > 1. The analysis is similar in spirit to
[Ku, Section 5], but the nature of the function ¢(¢) introduces substantial
difficulties. In this section we collect a number of facts which we will require
for these estimates.

Given an interval [a, b], let var f denote the total variation of f on [a, D]

which, for f differentiable, is given by

b
var f = / |f/(z)| dz. (5.1.12)

We begin by collecting some facts about the functions ¢'(t), (g(t)/t)’, and
t(g(t)/t)"

Lemma 6. Let k = £1/2. If x > 1 then on the interval [0, x] we have

var (g(t)/t) < 14+ 2717k, (5.1.13)
var t(g(t)/t) < 1 +a7F. (5.1.14)

For t > 0 we have
g(t) >0, sgn (g(t)/t) = —sgnk. (5.1.15)

Proof. Let 0 =1 — k/2. Taking the logarithmic derivative of ¢(t)/t, we find

that ,
(@) = g(t)h(t), (5.1.16)
where
h(t) := % [i(¢(a +it) — (o —it)) — % + mothyrt] , = FF
We have

g'(t) =g@t) [i(¢¥(o +it) — (o —it)) + 7w coth 7] ,
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and

h) 1 [w’(o— +it) + ' (o —it) — tiQ + 7% (csch t)? | .

W) === =3

At t = 0 we have the Taylor series

o(t) = 7o)t + 7T (0 (% —v'(0)) P + .., (5.1.17)
h(t) = — 20/(0) + (30" (0) - Z—;)ﬂ +o (5.1.18)

Thus we have the estimates
gty <t, Jt)<1, h(t)<1l, and K(t)<t ast—0. (5.1.19)

For large t we use [DLl (5.11.2) and (5.15.8)] to obtain the asymptotic

expansions

i(V(o + it) — (o — it)) = —2arctan (g) - %th? + O(%), (5.1.20)
, , , , 2 22 1
V(o +it) + (o —it) = — jt2 + (; o o(t—g). (5.1.21)

By (5.1.9), (5.1.20), and (5.1.21)) we have the estimates

1 1
gty < t'7F gty < t7F ht) < x and h(t) < 5 t — o0.
(5.1.22)

From and it follows that
war g0)/t) = [ Lo () + o Oho)] dt < 1407
and
var t(g(t)/t) = /Ox it g(t)W (t) +t g (H)h(t) + g(t)h(t)| dt < 1 + 27"

Using [DL (4.36.3), (5.7.6)] we have

- 1 1

n=1
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The second claim in (5.1.15)) follows from (5.1.16)). The first is simpler. [

Suppose that f > 0 and ¢ are of bounded variation on [a,b] with no
common points of discontinuity. By Corollary 2 of [Kno], there exists [«, 5] C
la, b] such that

b B
/ Fdo = (inf f + var f) / do, (5.1.23)

where the integrals are of Riemann-Stieltjes type. We obtain the following by
taking ¢(x) = [ G(t) dt.

Lemma 7. Suppose that F > 0 and G are of bounded variation on |a,b] and

/j G(z)dx

We will frequently make use of the following well-known estimates for

that G is continuous. Then

/a  F(2)G(e) da

< (inf F +var F)) sup
[, 8]C a,b]

. (5.1.24)

oscillatory integrals (see, for instance, [T}, Chapter IV, p. 61]).

Lemma 8 (First derivative estimate). Suppose that F and G are real-valued
functions on [a,b] with F differentiable, such that G(x)/F'(x) is monotonic.
If |F'(x)/G(x)] > m >0 then

m

/bG(a:)e(F(:c)) de < +.

Lemma 9 (Second derivative estimate). Suppose that F' and G are real-
valued functions on [a,b] with F' twice differentiable, such that G(z)/F'(z) is
monotonic. If |G(z)| < M and |F"(x)| > m > 0 then

b
/ G(z)e(F(z))dr < %

5.1.4 The first error estimate

We estimate the error arising from I(z,a) (recall (5.1.8)) when k& = 1/2.

Proposition 4. Suppose that k = 1/2. For a > 0 we have

va(log(l/a)+1) ifa<1,
1 if a > 1.

I(z,a) < (5.1.25)
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Proof. We write I(x,a) as a difference of integrals, one involving cos(uch§),
the other involving sin(uch ). We will estimate the first integral, the second

being similar. We have

00 T
/ cos(2t€) cos(uch &) d§ = / cos(2t€) cos(uch§) dé + Ry(u,t),
0 0

where, by the second derivatve estimate,

N

Ry(u,t) < u2e 7.

For 0 < £ < a we have, using (5.1.9)),

T

/ g(t)/ u_%RT(u,t) dudt < e 2 %(\ loga| + [loge|) =0 as T — oo.
0 €
So our goal is to estimate

lim lim I(x,¢,a,T),

e—0t T'—oo

where

T
I(x,e,a,T) / / 2/ cos(2t€) cos(uch &) d€ du dt.
0

Integrating the innermost integral by parts, we find that

I(z,e,a,T) = ;/ 9(t) sin(2tT) dt/ uz cos(uchT) du

+—/ h§/ T~ sin(2t€) dt/ Vu sin(uch&)dudé. (5.1.26)

The first derivative estimate (recalling (5.1.10) and (5.1.15))) gives

ot 1 ¢ 1
/0 # sin(2tT) dt < T and /5 u~ 2 cos(uchT)du < NG
(5.1.27)
so the first term on the right-hand side of ([5.1.26|) approaches zero as T" — oo.

Turning to the second term, set

G.(&) == /01 %t)sin(%f) dt
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Integrating by parts gives

G (€) = WFQ(E) - gf) cosf;g) +%/j (@) cos(2t€) dt.  (5.1.28)

Applying Lemma m and ((5.1.13) to the integral in ([5.1.28)) we find that

1
ANy d -
5/ ( ) cos(2t§) dt <« £O<zglﬂ)<z

On the other hand, ((5.1.15]) gives

E/O (@) cos(2t§)dt‘ %/ - (@)ﬁt«é (5.1.29)

It follows that

f 1
/a cos(2t€) dt‘ < e

Gal(6) = WFz% - g(f) Cosfsxg) +0 (min(€,67)). (5.130)

The integral

/a Vu sin(uch€) du

evaluates to H(a,§) — H(g,§), where

__Vucos(uch§) /2 2uch§
H(u,§) := he + (ché)%c ( = > : (5.1.31)
and C(z) denotes the Fresnel integral
C@)= [ %) dt
(x) /o Cos (2 )
For u > 0, write
J(z,u) = / " sh e G () H (u, €) dt. (5.1.32)
0

To show that J(z,u) converges, suppose that B > A > T. By (j5.1.30)),
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(5.1.31)), and the bound C(z) < 1 we have

/A She G (€) H (u, ) de

. /AB e (Wrgp o)) o(gl)) ¢

B gshe
O d
(/ ()] 5)

<uze Mgy AT 4 e A2,

where we have used the first derivative estimate in the last inequality. We
have
lim lim I(x,e,a,T) = ;J(x,a) — = lim J(z,¢), (5.1.33)

e—0t T'—oo e—0t

so it remains only to estimate J(z,u) in the ranges u < 1 and u > 1.
First, suppose that u < 1. We estimate each of the six terms obtained
by multiplying (5.1.30) and (5.1.31)) in (5.1.32)). Starting with the terms

involving cos(uch§), we have

Oothf B log% [e'e) %
\/ﬂ/o Tcos(uchg)dﬁ—\/ﬂ(/o +/logi> : cos(uch &) d¢

< Vu (log(1/u) + 1)

by applying the second derivative estimate to the second integral. By the

same method,

\/ﬂ? /OO %COS(2$£) cos(uch§) d¢ < v/u (log(1/u) + 1),

0

since g(z)/z < 1. For the third term we have

\/ﬂ/oo th & cos(uch &) min(671, €72) dé¢
0

<<\/_/th§

thg

d§+\/_/ d¢ < u.

For the terms involving the Fresnel integral, we use the trivial estimate
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C(x) < min(z,1). For the first of these terms we have

/°° sh¢ ( 2uch)
c 4/ de
L < Vu (log(1/u) +1).

£(ch &)z
log 3, th§
<<\/_/ log% vChf

By the same method, the remaining two terms are < /u (log(1/u) +1). 1

(5.1.34)

follows that
for u < 1.

J(z,u) < vu (log(1/u) + 1)

For u > 1 we show that J(z,u) < 1. Write
1/va
J(z,u) = Ji(z,u) + Jo(z,u) : / / shé G (&) H (u, &) dE
1/vu
Since G,(§) < €71 and H(u,§) < /u/ch&, we have
N
df < 1.

Ji(z,u) < Vu /
We break Jo(z,u) into six terms, using (5.1.28)) in place of (5.1.30)). We start

with the terms involving 71'(3/4)%?/2¢. By the first derivative estimate we

have h
Vu —Scos(uchﬁ) d¢ < 1.
Vi

Estimating the Fresnel integral trivially, we have

/Oo Shgso(\/m)d“/ Vg €

1/va §(chg)
The two terms involving cos(2z&)/¢ are treated similarly, and are < 1. The

term involving the integral in ([5.1.28)) and the Fresnel integral can be estimated

trivially using ((5.1.29)); it is also < 1
The final term,
Ju > sh&cos(uché) /“ (g(t)
1/va §chg 0 t

) cos(2t€) dt d¢,
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is more delicate. We write the integral as

Ju M{gchg/ ( )lcos(2t§)dt}«{shﬁcos(uch&)d&}

o0

=Vu Udv

1/Vu

and integrate by parts. By (5.1.29)) we have

\/EUV‘I/ < V- (1/\/_) —<L

Write U’ = R+ S, where

— (gclhg)//ox <@),cos(2t§) dt, §ch§ (#) sin(2t§) dt

By (5.1.29) we have

1 /1 (£2ch&)™ i E<T,
R< —— (-+th) <
§ché (5 é) (Eché)t  ifE> 1.

Applying Lemma m and the estimate ([5.1.14)) we find that

1
S —_
< €2 che
Thus we have

= 1 g
V dU )
ﬁ/uf <V Vu /\fﬁ \/_/ §chg <!

We conclude that

J(z,u) < 1 for u > 1. (5.1.35)

The proposition follows from ((5.1.33), (5.1.34)), and ([5.1.35)). H

5.1.5 The second error estimate

In the case when k = —1/2 we must keep track of the dependence on z.
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Proposition 5. Suppose that k = —1/2. For a > 0 we have

a: (log(1/a) +1) ifa <1,

(5.1.36)
a™? if a > 1.

I(z,a) <z X {
Proof. As before, we estimate the term involving cos(uch§) and we write

/OO cos(2t€) cos(uch &) d§
0

= L@ W)+ 2 [ shesin(2e) sin(uche) de + R
_2—tsm(t ) cos(uc )+2_t/0 sh & sin(2t€) sin(uch ) d€ + Ry(u,t),

(5.1.37)
with Ry(u,t) < u='/2¢77/2, Recalling and (5.1.10), we have
/I g(t) /OO u’%RT(u, t)dudt < a'z2e™? 50 asT — oo
0 a
and, by the first derivative estimate,
9(t)

/ " sin(2tT) dt/ w2 cos(uchT) du < afzieT 50 asT — oo.
0 a

Our goal is to estimate

J(x,a) = /000 shéG,(&)H (a, ) dE, (5.1.38)
where
G.(§) = /x 9(t) sin(2t&) dt (5.1.39)
xX T 0 t <L
and -
H(a,§) ::/ e sin(u ch &) du. (5.1.40)

The integral defining J(x,a) converges by an argument as in the proof of
Proposition [
Together with (5.1.9)) and (5.1.15)), the first derivative estimate gives

G.(6) < g (5.1.41)
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For a better estimate, we integrate by parts in (5.1.39) to get

G () = ”FQ%) - 9(5) Cosfgf) +%/0$ (@) cos(2t€) dt.  (5.1.42)

We estimate the third term in two ways. Taking absolute values and using

(B-1.15), it is < v/2/&; by (5-1.13) and Lemmal7]it is < 1/£2. Thus

Vo 1 >
== ] cos(2t§) dt < min < ) 5.1.43
3 / ( > ) £ ¢ ( )
We also need two estimates for H(a,&). The first derivative estimate applied
to ((5.1.40) gives
1
H 5.1.44
while integrating (5.1.40)) by parts and applying the first derivative estimate
gives
cos(ach§) 1
H(a§t)=—F——"""+0| ——— 5.1.45
(@.8) Va ch§ ( 2(ch§)? ) (5:1.45)

First suppose that a < 1. Write

J(z,a) = Ji(z,a) + Jo(x,a) = (/Ua /a>sh£G H(a,§)d¢.

By (5.1.41)) and (5.1.44)) we have

Ji(e.a f(/ / ) d5<<\[(1+1og(1/a)).

By (5.1.45)), (5.1.41), (5.1.42), and the second bound in (5.1.43)) we have

VT [* she >
a’ Ja £(Ch5>2 %

SIS

o0

Jo(z,a) = % y th& G(§) cos(ach§) dé + O (

\}_ oo%Cos(aché’)ﬁ
+i(\:jz OO%COS(QZL‘S)COS(CLChg )d§ ++/x/a.

Applying the first derivative estimate to each integral above, we find that
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Jo(x,a) < y/x/a, from which it follows that

J(x,a) < (log(1/a) + 1) for a < 1. (5.1.46)

BE

Now suppose that a > 1. Using ([5.1.41]), we find that the contribution to
J(x,a) from the second term in ([5.1.45) is

a

[S]Y)

> Shf _%
| arepteod < aive

We break the integral involving cos(ach§) at 1/y/a. By (5.1.41)) the contri-
bution from the initial segment is < a~!y/x. It remains to estimate
1 o
Vva
which we break into three terms using (5.1.42). For the first two terms the

first derivative estimate gives

th& G, (&) cos(ach§) dE,

1 o0 thgcos(achg)d§<<1
1/va
v / M% cos(206) cos(ach ) dé < -

The remaining term,

% ;Of t};{f cos(ach§) /Ox (@)lsin(%g) dt d,

requires more care, but we follow the estimate for the corresponding term in
the proof of Proposition 4] I using Lemmam and ([5.1.14)). The details are similar,
and the contribution is < X2 , which, together with ( , completes the
proof. O]

5.1.6 Proof of Theorem 11l

We give the proof for the case k = 1/2, as the other case is analogous. By

Proposition [4] we have

I(z,a) < min(1,a*?log(1/a)) <5 @’ for any 0 <6 < 1/2.
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So by (5.1.6) and (5.1.11)) we have

|a (n)|? w2 1 1 |S(n,n,c,v)|
n,,z chrr; ha(r;) = 3m2 + 05 (22 +m2 Z B3/2+0 :

c>0

Setting 0 =  — 1/2, with 8 as in (5.1.1]), this becomes

3

. 2 2 1
n'/z |aj(n)]' ha(r;) = ) (;ﬁ + n5+6> _ (5.1.47)
j

372

The function h,(r) (recall (5.1.7))) is a smooth approximation to the
characteristic function of [0, z]. We recall some properties from [Kul, (5.4)—
(5.7)] for z > 1:

hy(r) = %arctan(e”’”) +0(e ™) forr>1, (5.1.48)
he(r)=1+0(x> +e ™) for 1 <r <z —logzx, (5.1.49)
ha(r) < e ™) for r >z +logx, (5.1.50)
0<h(r)<1 for r > 0. (5.1.51)

For x > 1 and 0 < r < x we bound h,(r) uniformly from below as follows. If

r > 1 we have

£ sh 7t 2chmr [" 1
h,(r) = 4ch dt > hrtdt > -,
(r) ¢ 7TT/O ch2mr +ch2nt  — ch27rr/0 ST 4

while if » < 1 we have

! ht ! ht
hy(7) Z4ch7rr/ sl dt24/ S LA TR
0 0

ch 2mr + ch 27t ch 2w + ch 2xt 100°

Similarly, we have h,(r) > 2/5 for r € i[0,1/4].

> jay(n)
a;(n
A(x) :=n, i AShEA .1.52
() " 2 chmr; (5.1.52)
org";e'i]R
Hhen () ()
ai(n ai(n
A v J hm 1 v 2 h/m 1
() <m Z< chmr; (rj) <n Z chmr; (rj)
r;<z T
or r;€iR
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which, together with ((5.1.47)), gives
Alz) < 7 + e, (5.1.53)

Let A*(z) denote the sum restricted to 1 <r; <. By with
r = 1 we have A(z) = A*(z) + O(n’€), so in what follows we work with
A*(x).

Assume that x > 2 and set X = x4+ 2logx so that X —log X > z. Then
by there exist ¢, co > 0 such that

|a;(n)[? 1 laj(n)]? __
Y E hx(r;) > A* (1——)— y E I e
" = chr; x(r) = A() 3 cn = chr; ¢

|a;(n)[? z3 1
’ hx(r) = 3 + 0 (231 ).
n Z j x(rj) - + O (z2logxr +n
By (5.1.53) we have

n, Z |a;(n) =i — Z Z |ag o~
chm’ chm“]

1<r;<z (=1 4<r;<t41

< Ze (62 +nt) < nfte) (5.1.54)

so that

3

A (r) < =—=+0 (:c% log x —|—n5+6> : (5.1.55)

- 37T2

Similarly, replacing « by x —log x in ([5.1.47)) and using ([5.1.50), (5.1.51)) gives

X2 1 la; .
A* > 2 O ( 2] B—i—e) ( —7r(rj —a:+log;r)>'
(z) 2 32 HO\rE g Z ch 7T7“J
T'J x
Arguing as in ([5.1.54)), we see that the error term is < 7+ nStez=3, from

which we obtain

N

T

A*(z) > =

+0 (952 logx + n5+6> : (5.1.56)
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Equations (5.1.55)) and (5.1.56|) together give Theorem . O]

5.2 The Kuznetsov trace formula

We require a variant of Kuznetsov’s formula [Ku, Theorem 1|, which relates
weighted sums of the Kloosterman sums S(m,n, ¢, x) on one side to spectral
data on the other side (in this case, weighted sums of coefficients of Maass
cusp forms). In [P2], Proskurin generalized Kuznetsov’s theorem to any
weight k and multiplier system v, but only for the case m,n > 0. Here we
treat the mixed sign case when k = 1/2 and v = x; the proof follows the same
lines. Blomer [Bl] has recorded this formula for twists of the theta-multiplier
by a Dirichlet character; we provide a sketch of the proof in the present case
since there are some details which are unique to this situation.

Suppose that ¢ : [0, 00) — C is four times continuously differentiable and

satisfies
$(0)=¢(0)=0, ¢V ()< 27 (j=0,....,4) asz—oo (52.1)

for some € > 0. Define

du

o(r) == chnr /000 ng(u)gb(u)z (5.2.2)

We state the analogue of the main result of [P2] in this case.

Theorem 12. Suppose that ¢ satisfies the conditions (5.2.1]). As in (2.3.23)
let pj(n) denote the coefficients of an orthornomal basis {u;} for Si2(1,x)

with spectral parameters ;. If m >0 and n <0 then

5 Sl m.e. (b(wcﬁ%lﬁl) _ Vi S ) 5,

c chmr;
c>0

The proof involves evaluating the inner product of Poincaré series in
two ways. Let 7 = x+iy € Hand s = o+t € C. Let k£ € R and let
v be a multiplier system for I' in weight k. For m > 0 the Poincaré series

Uy (T, 8, k,v) is defined by

Un(T,s,k,v) = Y v(7)j(y,7) FIm(y7)e(mr), o >1. (5.2.3)
YET o \I'
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This function satisfies the transformation law
Z/{m(',S,k,I/)|k7:V(’Y)Z/{m(‘,S,k,l/) for aHfYEF

and has Fourier expansion (see equation (15) of [P2])

S(m, ¢
U (1,8, k,v) = y’e(m,T) +y° Z Z %B(C, my, ly,y, s, k)e(l,x),
LeZ c>0

(5.2.4)

where

B(e,my, 4,9y, s, k)

o[ e () (k) oty 029

In the next two lemmas we will obtain expressions for the inner product

(U (31.5.3) - U (52 -3.7))

The first lemma is stated in such a way that symmetry may be exploited in
its proof.

Lemma 10. Suppose that (k,v) is one of the pairs (1/2,x) or (—1/2,%).
Suppose that m > 0, n < 0. Then for Res; > 1, Resy > 1 we have

<um(~,sl,k, V), ul_n(~,s2,—k,ﬁ)>

- sy — i F(S + §9 — 1)
— k23 S1—S2 my 2 1
! i ( ) T(s1 — k/2)T(s2 + k/2)

S(m,n,c,v) (47r\/m,,|n,,|
D ]

C

). (5.2.6)

Proof of Lemma[10. We will prove (5.2.6) under the assumption Resy >
Re s1. Recall the definitions (2.3.28]), (2.1.1]), and (2.3.7]), and recall that

(1 —=n)y=—n,. (5.2.7)
Replacing v by —y~! in (2.3.28) and using v(—1) = e ™* we find that
S(m,n,c,v) =e"*S(1—n,1—m,c,D).
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The case Re s; > Re sy then follows since both sides of the putative identity
are invariant under the changes s; <> so, k <> —k, v <> 7, m <> 1 —n (see

DLl (10.27.3)]). The case Re s; = Re sy follows by continuity.

Let I, (51, s2) denote the inner product on the left-hand side of (5.2.6]).
Unfolding using (5.2.4)) and (5.2.3)), we find that

Lyn(s1,82) = / U (T, 51, k, v)(Im 7)*2e(—n,) du
oo \H

oo S ,
- g2 3 SO .1k 2y
0

6251
c>0

(5.2.8)
By [P2, (17)] we have

1-2Res; ,—m|n
B(C’ My, Ny, Y, 817k) <<51 ) te | U‘y.

Therefore the integral in (5.2.8)) is majorized by the convergent (since Re sy >
Re s1) integral

[eS)
/ yReSQ—Resl—lefiTmyy dy
0

Interchanging the integral and sum in (5.2.8)) and using (5.2.5)), we find that

Im,n(81752) — Z W /OO < u -+ >k (U/2 + 1)*31

|+ 1]
c>0

> so—s1—1 —Mmy . 21,y
X </0 Y e <—02y(u+i) nl,yu> e dy) du.
Set w = 2mn, (iu — 1)y and a = 4w+/m,|n,|/c. Then the inner integral equals

(1—iu)oo 2 d
(2mn, (iu — 1))%1 7 / exp (—w - a_> v

0 dw ) wsi—s2+1

We may shift the path of integration to the positive real axis since

(1—iw)T a2 dw
—_ - - *Re(slfsz) -T
/T exp < w 4w> T <T e as T — oo.

Using the integral representation |[DL (10.32.10)] for the K-Bessel function,
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we find that the inner integral is equal to

32_31
v . _ _ 4/ my|n,
2 (%) ’ (1 —du)™ 72 "2 K, (¥> .

c

It follows that

my\ T S(m,n,c,v) 4 /my|ny|
O R D e N G
c>0
- ute e =S1(1 _ 7, \S1—52
X/oo<|u+i> (u”+ 1) (1 — u) du.
Lemma [10] follows after using [DI, (5.12.8)] to evaluate the integral. O

Recall the definition
A(s1,89,7) =T(s1— 5 —ir)T(s1— 3 +ir)(sa— 2 —ir)[(so— 5 +ir). (5.2.9)

Lemma 11. Suppose that Res; > 1,Resy > 1. As in (2.3.23)) let pj(n) and
rj denote the coefficients and spectral parameters of an orthornomal basis
{u;} for Si)2(1,x). If m >0 and n <0, then

(U (51:3.%)  thn (52 —5.%) )

. (47TTTL )1 81 47T|nx‘ 1 52 Z
= Tsy — 1/D)(ss + 1/2) 2= 71"

51, S92, T'j). (5210)

Proof of Lemma([11] In this situation there are no Eisenstein series. So for
any fi, fa € 6%(1, X) we have the Parseval identity [P2, (27)]

(fro fo) =D (frow) (o). (5.2.11)
By [P2] (32)] we have
(Un (2,51,5.x) 1) = pj(m) (4mmy ) '~ s~ 3 _Fig;jl)l:(?)— 3 T i?“j)‘

(5.2.12)
Unfolding as in the last lemma using the definition (5.2.3)) for ¢;_,, and the
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Fourier expansion (2.3.23)) for u; gives

(U (s = 5.0 w5) = (s (52 =3.%) )

= Pj(”)/o YW L, (Arln, [y)e*™™ dy.

Using [DL, (13.23.4) and (16.2.5)] we find that the latter expression equals

o T(s2 — L ir)(sy — L +iry)
pj(n)(4mlny[)' = 2 2 I

F(SQ —+ éll)
The lemma follows from this together with (5.2.11)) and (5.2.12]). O

We are now ready to prove Theorem . Recall the notation n = n,,.

Proof of Theorem[19 Equating the right-hand sides of Lemmas [10] (for k& =
1/2) and [L1] and setting

we obtain (for o > 1)

1 NI
73250 (20 1)) Slminse, ) g (—” m'"')
C

20
C
c>0

= (dmi) = (i) 0 S oy (A (o + %o — ). (5.2.13)

Ty

We justify the substitution of o = 1 in (5.2.13). By [DLL (10.45.7)] we

have

Ky(r) < (tshat) ™12 asx — 0.

Using ([2.3.30)) we see that the left side of ([5.2.13]) converges absolutely

uniformly for ¢ € [1,2]. For the right-hand side we use the inequality
lpj(m)p;j(n)| < |pj(m)|*+ |p;j(n)]*. The argument which follows Lemma
shows that the right side converges absolutely uniformly for o € [1,2].

Using ((5.1.5)), we find that

1 S(m,n,c, 47/ mln T i(m)pi(n
iy S ><>Kit( v ||>:‘Zm< 2.y (n)

2 c 2 t—r;)chm(s4r))

(5.2.14)

c>0 Tj
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Letting ¢ be a function satisfying the conditions ({5.2.1)), multiply both sides
of (5.2.14) by
2 > du

and integrate from 0 to co. We apply the Kontorovich-Lebedev transform
(IP1, (35)] or [DL (10.43.30-31)])

to the left-hand side of (5.2.14)) and the transform [P1l (39)]

> tsht 2 .
Ki(u dt =
/0 chr(s+r)chnm(L (/ il ) chqub(r)

(recalling the definition (5.2.2))) to the right-hand side. Then ([5.2.14]) becomes

—1/2

7 S(m,n,c,x) dmt/m pj
47r\/mZ c ¢< > Z chm’ 7‘]),

| c>0

and Theorem [12 follows. O

5.3 A theta lift for Maass cusp forms

In this section we construct a version of the Shimura correspondence as in
[Sal §3] and [KS| §4] for Maass forms of weight 1/2 on I'g(N) with the eta
multiplier twisted by a Dirichlet character.

Throughout this section, N = 1 mod 24 is a positive integer and 1 is
an even Dirichlet character modulo N. When working with the Shimura
correspondence and the Hecke operators, it is convenient to write the Fourier
expansion of G € 8%(]\7, vx,T) as

G(r) = z:mmW%@”C@ﬂegg. (5.3.1)

n=1(24)

When G = u; as in (2.3.23) we have the relation

w(jf):qm. (5.3.2)
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For each t = 1 mod 24, the following theorem gives a map

S : (N an )—>50(6N7¢2727")-

l
2
We will only apply this theorem in the case N = 1. The proof in the case
N =t =1 is simpler than the general proof given below; we must work in
this generality since the proof in the case t > 1 requires the map Sy on I'y(?)

forms.

Theorem 13. Let N = 1 mod 24 be squarefree. Suppose that G € S%(N, X, T)
with v # i/4 has Fourier expansion (5.3.1)). Let t = 1 mod 24 be a squarefree

positive integer and define coefficients by(n) by the relation
- = 712\ a(tn?
Z (s+1Lv () (5) <S_), (5.3.3)

n=1 n
where L(s,) is the usual Dirichlet L-function. Then the function Si(QG)
defined by

N =

Z be(n)Wo i (4ny) cos(2mna)

is an even Maass cusp form in Sy(6N, 1?2, 2r).

An important property of the Shimura correspondence is Hecke equiv-
ariance. Since we only need this fact for N = 1, we state it only in that

case.

Corollary 2. Suppose that G € S% (1,x,7) with v # i/4 and that t =

1 mod 24 s a squarefree positive integer. Then for any prime p > 5 we have
12
T, S,(G) = (;) Si(T,2G).

Proof. We prove this in the case p J( t; the other case is similar, and easier.
Let G have coefficients a(n) as in . The coefficients b;(n) of Sy(G) are

given by ) N 2
o= 3 (2)(2) B

and the coefficients A(n) of T,2G are given by

12n

A(n) = pa(p'n) +p7F (=) aln) +p"a(n/p?).
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We must show that

pEby(pn) + p~3by(n/p) = (%) S G) (%) “]—.EAQ/#). (5.3.4)

jk=n

Writing n = p®n’ with p 1 n/, the left-hand side of (5.3.4)) equals

a+1 a—1
pe > S +pt > S
=0 =0

where

s () (20 X () (2) St

jk=n'

A computation shows that the right-hand side of ([5.3.4) equals
1 1 1
P2y S +p 28 +p2 Y Se,
=0 =1

and the corollary follows. O

Using Theorem [13| we can rule out the existence of exceptional eigenvalues
in Si/2(1,x) and obtain a lower bound on the second smallest eigenvalue
Al = i +r? (we note that Bruggeman [Brl, Theorem 2.15] obtained \; > }l
using different methods). Theorem |13| shows that 2r; is bounded below by
the smallest spectral parameter for Sy(6,1). Huxley [HI, [H2] studied the
problem of exceptional eigenvalues in weight 0 for subgroups of SLy(Z) whose
fundamental domains are “hedgehog” shaped. On page 247 of [H1] we find a
lower bound which, for N = 6, gives 2r; > 0.4. Computations of Stromberg
[LMF] suggest (since 2r; corresponds to an even Maass cusp form) that
2r, =~ 3.84467. Using work of Booker and Strombergsson [BS| on Selberg’s

eigenvalue conjecture we can prove the following lower bound.
Corollary 3. Let \; = % + 1% be as above. Then ry > 1.9.

Proof. Let {r;} denote the set of spectral parameters corresponding to even
forms in Sy(6,1). We show that each 7; > 3.8 using the method described in
[BS| Section 4] in the case of level 6 and trivial character. We are thankful

to the authors of that paper for providing the numerical details of this

103



computation. Given a suitable test function h such that A(t) > 0 on R and
h(t) > 1 on [—3.8,3.8], we compute via an explicit version of the Selberg
trace formula [BS, Theorem 4] that

> h(F) <1, (5.3.5)

so we cannot have 7; < 3.8 for any j. Let

1= () Sen (3)

where

xo = 1.167099688946872,
x1 = 1.735437017086616,
9 = 0.660025094420283.

With h = f2, we compute that the sum in (5.3.5) is approximately 0.976. [

The proof of Theorem [13| occupies the remainder of this section. We first
modify the theta functions introduced by Shintani [Sh] and Niwa [NJ Next,
we construct the Shimura lift for ¢ = 1 and derive the relation in that
case. The function S;(G) is obtained by applying the lift S; to the form G(t7).
We conclude the section by showing that S;(G) has the desired level.

5.3.1 The theta functions of Shintani and Niwa

In this subsection we adopt the notation of [N] for easier comparison with

that paper. Let Q) = 121N ( 1 _2), and for z,y € R3 define

1
(z,y) =2"Qy = N(372y2 — 221Y3 — 223Y1).
The signature of @ is (2,1). Let L C L’ C L* denote the lattices

L =NZ®12NZ ®6NZ,
I'= 7Z® NZ&®6NZ,
L*= Z& 7& 6L
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Then L* is the dual lattice of L, and for z,y € L we have (z,y) € Z
and (z,z) € 2Z. Let f : R® — C be a Schwarz function satisfying the
conditions of [N, Corollary 0] for k = 1. If ¢ is a character mod N and
h = (h1,Nhy,0) € L'/L, define

valh) = () (52).

For z = uw + iv we define

0(z, f.h) =071 [ro(02)f] (x+ D)

z€eL

and

0(z, f) = D i(W)b(z f,h), (5.3.6)

hel!/L

where o — ry(0) is the Weil representation (see [N} p. 149]) and

1
V2 UV 2
o, = , z=u-+1w e H.
0 v~

The following lemma gives the transformation law for 6(z, f).

N[

=

Lemma 12. Suppose that N = 1 (mod 24) and that o = (24) € To(N).
With 0(z, f) defined as in (5.3.6) we have

(o=, £) = 9(d) () x(0) ez + d)36(z, £), (5.7

where x is the eta multiplier (2.1.2)).

In the proof of Lemma [12| we will encounter the quadratic Gauss sum

Glabe= 3 e (‘”‘”2%[””)

x mod ¢

With g = (a, c), we have

Clab,c) = 9Gl(a/g,b/g,c/g) ifglb, (5.38)

0 otherwise.
We require the following identity relating the Dedekind sums s(d, ¢) to these
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Gauss sums.

Lemma 13. Suppose that (c,d) = 1 and that k € Z. Let d satisfy dd = 1
(mod ¢). Then

- ¥ (9) e(m - ﬁ)@(—@‘d, dh+k,c). (5.3.9)

c 12¢

Proof. First suppose that (k,6) = 1. If ¢ is even and dd = 1 (mod 2c), or if
¢ is odd, then by Lemma [3| and (4.3.1)) we have

V12¢ (E) G(M) emis(dic)

k 24c
ok —3dj% — dj + j(c+ k)
_6<1_20> Z 6( 2c )
j mod 2¢
—k —3dj2 — dj + j(c — k)
—i—e(E:) 3 e( : ) (5.3.10)
j mod 2¢

If ¢ is even and dd # 1 (mod 2¢) then, applying with d replaced by
d + ¢, we see that is true in this case as well. Splitting each of the
sums in into two sums by writing 7 = 2z or j = 2z + 1 shows that
equals the right-hand side of .

It remains to show that the right-hand side of is zero when ¢ :=
(k,6) > 1. If (§,¢) > 1 then shows that (32) G(—6d,dh + k,c) = 0. If
(6,¢) = 1, write

A(R) =

[~ bk
c 12¢

)G(—6d, dh + k,c).

If § = 2 or 6 then a computation shows that, replacing z by z — 2 in
G(—6d,dh + k,c), we have A(h) = A(h — 6) for (h,6) = 1. Similarly, if 6 =3
and ¢ is odd then, replacing = by 2+ 6h, we find that A(h) = —A(—h). Finally,
if § = 3 and c is even then, replacing = by = — 3, we find that A(1) = A(5)
and A(7) = A(11). In each case we find that

3 (%) A(h) = 0. O

h mod 12
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Proof of Lemma[13. Since 0,11 = (1) 0., Proposition 0 of [N] gives

1

V0= £.h) = e (57) 00z ).

0(z+1,f) = Z e(]\gzg

hel!/L

For 0 = (2%) € I'o(N) with ¢ > 0 we have, by Corollary 0 of [N],

0oz, f)=(cz+d)2 > 0z f.k) V=i > G(h)e(hk)o,

keL*/L hel!/L

where

c(h, k) — (Nc)lgx/l_Q e (d</;,ck>) TE%:CLB (a(h + gch +r) (K hc+ r)) .

(5.3.11)
For h € L'/L, k € L*/L, and r € L/cL, we write h = (hy, Nhy,0), k =
(k1, ko, 6ks), and r = (Nry,12Nry,6Nr3). Then the sum on r in ((5.3.11])

equals

CLNh% — thkg
e —_—
24c

) G(6aN,aNhy — ks, ¢) S(c), (5.3.12)

where (recalling that N | ¢),

o hlk?g —aerrg — CLh17”3 + 7“1:1{33 + 7“3]{71
= (3) 3 (Pt

r1,r3(c)

dk k!
Nce( é3> if k3 = Nkj and k; = ah;  (mod N),

(5.3.13)
0 otherwise.

So by (5.3.12)), (5.3.13)), and (5.3.8)) we have

c(h,k), =0 unless k= (ki, Nk}, 6Nk;) € L,

in which case k; = ahy (mod N). For such k we have

S G (h)e(h. k),
hel’/L

U(dky) [ d(k))? 12\ [ ah2 — 2hsk, o
T Ve -\ 24 2. (E)e “oae ) GBnah k).

ho mod 12
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Applying Lemma [13| we have

VIS el = BBV Te (G ) erete)

heLl'/L

By (68.4) and (68.5) of [R4] we have s(—a, ) = —s(a, ) = —s(d, ). There-

fore
O(cz, f) = P(d)y ((CLI A;)) (cz + d)%e(z,f).

C

By (2.15) and the assumption N = 1 (mod 24), we have x((47%})) =
(%) x((¢%)), from which the lemma follows. 0

Forw=¢+imeH and 0 <60 < 2m, let

1€ 77% 0 cosf sind
= g(w,0) = ) € SLy(R).
9=9(w,6) (0 1> (O 7]‘2) (—sin@ cos&) 2(R)

The action of SLy(R) on R? is given by g.z = 2/, where

/ / 2 2
" xQI/ A (5.3.14)
xh/2 To/2 x3

1 x2/2

Since (z,z) = —5% det (x2/2 - ) we have (gz, gr) = (x,x). The action of
SLy(R) on functions f : R3 — C is given by gf(x) := f(g 'z).
We specialize to f = f3, with

™

f3(z) = exp <— N (227 + 23 + 2x§))

as in [N, Example 3], and we consider the function 6(z,¢gfs). Let k(f) =
(cos85in8). Since f3(k(f)z) = f3(z), the function 6(z, gf3) is independent

—sinf cosf

of the variable . Therefore it makes sense to define

I(z,w) = 0(z,g(w,0)f3) = v2 Z Py (z)e <g<x, fL‘>> fs (Wvoy'z),
< (5.3.15)

where the second equality follows from

3

[ro(02) fl(x) = vie (5(z, 2)) (Vo).
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To determine the transformation of ¥(z,w) in the variable w, we use the

relation
ngzyawk‘(arg(cijd)), v=(25) € SLy(R).

Suppose that v = (2¢8) € T'o(6N). If 2/ = vz, then by (5.3.14)) we have

r) = a®x, + abxg + b* a3, (5.3.16)
ry = 2acxy + (14 2bc) xy + 2bd x3, (5.3.17)
zh = xy + cdxy + d° x3. (5.3.18)

It follows that vyL' = L’ and that (') = v*(a)y1(z). Thus
I(z,yw) = P*(d)d(z,w)  for all vy € Ty (6N). (5.3.19)

A computation shows that replacing w = +in by w’ = —+in in f3(y/vo,, ')

has the same effect as replacing xo by —x5, so

Wz, =& +in) = I(z, € +in). (5.3.20)

5.3.2 Proof of Theorem [13]in the case t = 1

Suppose that F € S%(N,E(g) X,7) with » # /4. For z = u + iv and
w = & +in we define

o) = /D A0, W) F(2)dp, (5.3.21)

where D = I'o(N)\H and dp = ¢ Note that the integral is well-defined
by Lemma [I2] There is no issue with convergence since ¥ and F are both
rapidly decreasing at the cusps.

Let D™ denote the Casimir operator for SLy(R) defined by

2 o o2
(w) 22 . 2 | _
D =m (09 * anQ) Tocon

To show that Wp is an eigenform of Aéw), we use Lemmas 1.4 and 1.5 of [Sh],
which give

1

vin(0) D f = A [0 Eno(02) )
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Since W is constant with respect to #, we have Aéw)\IlF = DO\, By the
lemma on p. 304 of [Sal, it follows that

AP Wp+ (5 +(2)?) U =0,

This, together with the transformation law shows that W is a Maass
form. The following lemma shows that Wz is a cusp form. This is the only
point where we use the assumption that N is squarefree. It would be possible
to remove this assumption with added complications by arguing as in [C].
For the remainder of this section, to avoid confusion with the eta function,

we write w = & + iy.

Lemma 14. Suppose that N = 1 (mod 24) is squarefree and that F €
Sé(N,@(g) X.7). Let ny(w) := yin(Nw). For each cusp a = v,00 there

exists ¢q € C such that as y — oo we have

. Co (M, F) y+O()  if b is principal,
(Pr|y7a)(iy) = , (5.3.22)
O(1) otherwise.

Proof. For each d | 6N, let f+— f ‘OWd be the Atkin-Lehner involution [ALL
§2] given by any matrix W, € SLy(R) of the form

d:< Vda  B/Vd

: ,B,7,0 € Z.
6N/ ﬂa) “ 0

Since N = 1 (mod 24) is squarefree, every cusp of I'((6/N) is of the form
Wa00 for some d. Thus it suffices to establish ([5.3.22)) for v, = Wj.
By (5.3.16)(5.3.18) we have W,L' = L', so

Da(z,w) =0z, Waw) = v? Z b, (Wyz)e <%<x,x>> fs (Vvo,'z).

zel’

To determine the asymptotic behavior of ¥4(z,iy) as y — 0o, we follow the
method of Cipra [C| §4.3]. We write

. 1 —-
Va(z,iy) = v} Y (War)e(grz3) exp (= gret) +e(z0), (5:3.23)
xel’
r3=0
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where

1 - —Tv —moy?
le(z,y)| < vz Z exp (6N 2x1> Z exp (mxg) Z exp ( N x%)

1 EZ xoE€Z 370

1
< (v I ;)yefcwyz

for some ¢; > 0 (see [C, Appendix B]). As in [C, Proposition B.3], the
contribution of £(z,y) to (\I/FIOWd)(iy) is o(1) as y — oco. For x3 = 0 and

Wax = (2}, x}, x%) we have

:L‘ll = do’r; (mod N),

(1 + @75>x2 (mod 12)

(in particular, 1, (Wyz) = 0 unless d € {1,2,3,6}). Thus for some c, the
main term of (5.3.23)) equals

c2v® Y () exp ( - G;ngf) ZZ (12> <2:N 2)

T1E€EZL To€

:20277(]\/'7:)1)% Z w(h)91(12N27h>N)»

h mod N

where 0;(-,h, N) is as in |Cl Theorem 1.10(i)]. By the first two assertions of

that theorem we have

v Y w(h)el(uw, : [ > U +O0x(V).

h mod N h mod N

The latter sum is zero unless v is principal. In that case we have
. 1———
(Ul W) = cay | o ONZIF(:) di +O(1)
D

for some c3 € C; otherwise U is O(1) at the cusps. O

If the spectral parameter of F' is not /4, then F is orthogonal to ny.
Since a Maass form that is bounded at the cusps is a cusp form, we obtain

the following proposition (recall ([5.3.20))).

Proposition 6. Suppose that F' € S%(N,J (g) X,7), where N =1 (mod 24)
is squarefree andr # i/4. Then Vg is an even Maass cusp form in Sp(6N, EQ, 2r).
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With G as in Theorem [13{let F' := G}le, where

(0 -yvA
wN = \/N 0

is the Fricke involution. To obtain the t = 1 case of Theorem [13] we will

compute the Fourier expansion of
Op(w) :=Vp(—1/6Nw). (5.3.24)

Once we show that the coefficients of @ satisfy the relation ([5.3.3)), Proposi-
tion [0] completes the proof. We first show that F' defined in this way satisfies
the hypotheses of Proposition [6]

Lemma 15. Suppose that N =1 (mod 24). IfG € S%(N, vx,r) and F =
thN, then F' € S% (N,E (%) X,T).

Proof. Since the slash operator commutes with Ay, it suffices to show that
F transforms with mutliplier @(%)X Writing v = (2%) € T'o(N) and
v = wyywy' = (_ZN *CG/N> we have

Fliy =4¢(d)x(y) F.

N|=

Thus it suffices to show that x(7') = (N

E) X (7). For this we argue as in [S)

Proposition 1.4].
Write wy = SV, where

-1 vV
S = 0 , V= N0 .
10 0 1/VN
Let 7j(w) = y*/*n(w) and let g := 7|, V. Then by (2.1.5), g transforms on
2
To(N) with multiplier (£) y. We compute

X(wyywy) 7 =i|swnywyt = vV—iglywy!
- (N _ N ~
=i (g) x(Mg| wy' = (g) X(0)7.
This completes the proof. n

We will determine the Fourier coefficients of ®r by computing its Mellin
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transform Q(s) in two ways. We have
P i QY L.
Qs) == / Op(iy)y*— = (6N) / Ve (i/y)y'—. (5.3.25)
0 Y 0 Y
For w purely imaginary, the sum in ([5.3.15)) simplifies to

V(z,1y) = 01(2)02(2,y),

where 91(z) = 2n(Nz) and

(2, y) = v? Z P(m)e(—umn) exp (—m (6222 +6N 92”2))

m,ne€z
T 2
(_GNy21)|mZ + n| ) :

The latter equality follows from Poisson summation on n.

m NEZ

Setting A := &=|mz + n|* for the moment, we find that

Q(s) = 2(6N) S"Zw /1)477 Nz2)F(z )/OooyseAyzdyd,u.

(ﬂ), so we have

For Re(s) > 1 the inner integral evaluates to 3 s

1 s+1

Vin(N2)F(2) (L) N

|mz + n|?

Replacing z by wyz, recalling that G = F| 1wy and using the fact that v is

even, we obtain

o) = YV (‘9“)Zw ) [ ot >G<>(m)sy p.

G 2

For (m, N) = 1, write m = gd and Nn = gc with g = (m,n) = (m, Nn) so
that

S o) () S L0 S w0)Inbe)

Y€l \L'o (V)
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where

\fN4 (
6§7ré§1

Since 1(7)v'/*n(2)G(2) = Im(y2)*n(v2)G(yz2) for v € I, we have

) L(s+ 1,9).

s+1

Q(s) :c(s)/F \Hv > +ip(2)G(z) dp.

Recall that G has the Fourier expansion

= 5 i, () (3).

n=1(24)

Thus we have

By [DLL (13.23.4) and (16.2.5)], the integral evaluates to

6 \IID(s+L+ir)T(5+1—ir)
F() ’

so we conclude that
ms):ﬂ(ﬂ) TED (5 L i) D (24 L —r)

6
x L(s + 1,¢)§: (%) @

n=1 n

N

On the other hand, since ¥ is an even Maass cusp form, it follows that
®r is also even. Since @ has eigenvalue }L + (2r)?, it has a Fourier expansion

of the form

=2 Z b(n)Wo.2ir(dmny) cos(2mnz).
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By the definition ((5.3.25]) of Q(s) and [DL (13.18.9) and (10.43.19)] we have

5) =43 Vab(n) / Koip (2ny)y** dy
n=1 0

[e.e]

AT (g i) D (34 - i)

So the coefficients b(n) are given by the relation
o
n
n=1

This proves Theorem [13]in the case t = 1 since b(n) is a constant multiple of
the function by(n) in (5.3.3).

— Vi (%)4 L(s +1,0) i (2) aln’) (5.3.26)

ns"2

n=1

5.3.3 The caset > 1

For squarefree ¢ =1 (mod 24) with ¢ > 1 we argue as in Section 3 of [N]. For
a function f on H define f;(7) := f(¢7). We apply Theorem |13| to

Gur) = 3 aln/tWeasto, (T52) e (57) €Sy (N0 (D) xor)

n=1(24)

The coefficients ¢(n) of S1(G;) € So(6Nt, ), 2r) are given by

S () 3 () D

n=1 n=1

~LrLu )ty (2)d)

Thus ¢(n) = 0 unless ¢t | n, in which case ¢(n) = v/tb/(n/t), where by(n)
are the coefficients of S;(G). We conclude that S;(Gy) = vt [S:(G)];. By a

standard argument (see e.g. [Nl Section 3]) we have
S,(G) € Sy(6N, 42, 2r).

This completes the proof of Theorem [13]
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5.4 Estimates for a K-Bessel transform

This section contains uniform estimates for the K-Bessel transform ¢(r) which

are required in Sections 5.5 and [5.7] Recall that

gﬁ(r) = chnr /000 Ko (u)p(u) d_u’

u

where ¢ is a suitable test function (see (5.2.1))). Given a,z,T > 0 with

1

ng and T = z'7°, 0<5<§,

we choose ¢ = ¢, .1 : [0,00) — [0,1] to be a smooth function satisfying

2x
. a
(ii) ¢(t):0f0rt<2 2Tandt> —,
1 2
/ a a x
(i) (1) < (57— %) < o7 and

(iv) ¢ and ¢’ are piecewise monotone on a fixed number of intervals

(whose number is independent of a, x, and T').

In Theorem , the function QB(T) is evaluated at the spectral parameters
r; corresponding to the eigenfunctions u; as in (2.3.23). In view of Corollary
we require estimates only for r > 1. We will prove the following theorem.

Theorem 14. Suppose that a,z,T, and ¢ = ¢o 1 are as above. Then

r3e7T/2 if 1<r< %,

~ — . a a

ory < g if max (g, 1) <r <, (5.4.1)
min (r’%,r’g%) if T > max (%, 1).

To prove Theorem (14| we require estimates for K;,(vz) which are uniform

for z € (0,00) and v € [1, 00).

5.4.1 Uniform estimates for the K-Bessel function
We estimate K;,(vz) in the following ranges as v — oc:
(A) the oscillatory range 0 < z < 1 — O(v_%),

116



2

(B) the transitional range 1 — O(v™3) < 2 < 1+ O(v™3), and
(C) the decaying range z > 1 + O(v_%).

Suppose that ¢ is a positive constant. In the transitional range there is

a significant “bump” in the K-Bessel function. By [BST, (14) and (21)] we
have

e Kiy(v2) <, v for z > 1 — cv™ 3. (5.4.2)

In the decaying range the K-Bessel function is positive and decreasing. By
[BST], (14)] we have

e—'UH(Z)

e Ky (v2) <o — for 2 > 1+ cv3, (5.4.3)

v2(22 — 1)1

where

(z) == V22 — 1 — arccos (%)

The oscillatory range is much more delicate. Balogh [Bal gives a uniform
asymptotic expansion for K;,(vz) in terms of the Airy function Ai and its
derivative Ai’. For z € (0,1) define

w(z) := arccosh (%) —V1-22

and define ¢ and & by

Njw

N
I
<
wln
N

Wl o

¢

= —iw(z),

Taking m = 1 in equation (2) of [Ba] we have

o Kiy(vz) = 1Y ( < )i {Ai(é) ll + Al(go]

v \1—22 v

BO (C) eivw(z)
1
3
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uniformly for v € [1, 00), where

455 7(32% 4 2) 81z% 4 30022 + 4
A = — — 5.4.5
1(¢) 10368 w(z)? 1728(1 — 22)%10(2) 1152(1 — 22)3 7 ( )
2\3 eXm/3 322 +2 5
B == — . 5.4.6
o(¢) <3> w(z)% (24(1 - ZQ)% 72w(z)> ( )

A computation shows that A;(¢) and By(¢) have finite limits as z — 0 and
as z — 17, so both functions are O(1) for z € (0, 1).
Note that arg§ = —%. In order to work on the real line, we apply [DL,
(9.6.2-3)] to obtain
1

Ai€) = (3)"" gz vw(=) HD (vu(2)),

Ai(§) = = ()" FmwE) HY (v (),

where H il) and H él) are Hankel functions of the first kind. So we have
3 3

e%v (vz) = zezﬂi/3LZ)% (1) vw(z Al(g)
Ki(vz) = 5 (1_22)%11% (vw(2)) [1+ = }
n (%)1/3 Eefm/s&)ngél)(vw(z))Bo_(o +0 (%) . (54.7)

2 (1—22)7 3 v 1—22)1

Since w(z) — 0o as z — 0 and (1 — 22)"1 — 0o as z — 1, we derive
more convenient expressions for (5.4.7) for z in the intervals (0,3/4] and
3/16,1 — cv3).

Proposition 7. Suppose that z € (0,3/4] and that v > 1. Then

o ) 1 tvw(z) 32249
e2 Ky(vz) = e/ (g) : % 1— ZL;
vz(l —22)1 24v(1 — 2%)2

Proof. Since (1 —2z?) > 1 for z < 3/4, the error term in (5.4.7) is < V73, By

118



[DL) (10.17.5) and §10.17(iii)] we have

1 T a1 () ? 5
HP o) = (7)ot SO (1 s ) o (we )

HY (vw(z)) = (E)i 6_7”i/12—6ivw(2) +0 ((vw(Z))_%) .

3 g (v ()}

In particular, this implies that

w(z)2 A (¢ _s
so by (5.4.7) we have
o ) 1 ww(z) 54
K. —emi/a ()2 __° 1

e 2 w(UZ) e <2> U%(l — ZQ)i 72vw(z)

1
—Tmi 3\3 lBO(C)
+e /6 <§) (2)3 ” +O0(v2)

Using ((5.4.6)), we obtain (5.4.8)). O

We require some notation for the next proposition. Let J,(x) and Y, (z)
denote the J and Y-Bessel functions, and define

=V Ji(x) + V().

Proposition 8. Suppose that ¢ > 0. Suppose that v > 1 and that % <z<
1—cv5. Then

1 .
_ z6271'i/3 ’U)(Z) 2 M. (’U'UJ(Z))EZO% (vw(2))

e%Kw(vz) 5 - 22)% 1

+ 0. (v™3),  (5.4.9)

where Gi(x) 15 a real-valued continuous function satisfying

2

(z) = G (5.4.10)

/
01
3

Proof. Since (1 — 22) >, v™3 for z < 1 — cv™3, the error term in (5.4.7) is
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<. v~ 5. The modulus and phase of H&l)(:c) are given by [DL §10.18]
HO (2) = M, ()@,

where M2(z)0 (z) = 2/mx. A straightforward computation shows that
w(z) > (1 - z)2. Tt follows that vw(z) >, 1 for z <1 — ™3, so by [DL,
(10.18.17)] we obtain

1
M, (vw(z e ————-
) o o

This, together with (5.4.7)) and the fact that A;(¢) and By(¢) are O(1), gives
6.4.9). 0

5.4.2 Estimates for é(r)

We treat each of the three ranges considered in Theorem (14| separately in
the following propositions. We will make frequent use of an integral estimate

which is an immediate corollary of the second mean value theorem for integrals.

Lemma 16. Suppose that f and g are continuous functions on [a,b] and that

/jf(:c)dx :

Proposition 9. With the notation of Theorem suppose that 1 < r < a/8zx.
Then

g 1s piecewise monotonic on M intervals. Then

[ ) as

< 2M sup |g(z)| sup
z€[a,b] [a,8]C]a,b]

(5.4.11)

d(r) < rze /2 (5.4.12)

Proof. Since r < a/8x and T' < x/3, we have
in ((5.4.3) gives

a 3 : __9—1/3
m25 Tak1ngc-2 /

2(:L'ilT)’r'

~ d o0 d
¢(r) = ch 7T7“/ Ko (2ry)o(2ry) il < r 3 / e~ 2ri(y) . Yy -
T Y : y(y* — 1)

Since p/(y) = /y? — 1/y we have

> d
or) < r73 / (e W) o232,
3 (y? —1)7
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which, together with ©(3/2) & .277 proves the proposition. O

Proposition 10. With the notation of Theorem[1]], suppose that
max(a/8z,1) <r <a/x.

Then
o(r) < r . (5.4.13)

Before proving Proposition [L0} we require a lemma describing the behavior
of the function M) (z) in Proposition .

Lemma 17. The function M(z) = xM?(x) is increasing on [0,00) with
__ 3
n M) =%

—

Proof. We will prove that w(z) := V M(z) is increasing. From [DL| (10.7.3-4),
(10.18.17)] we have

and  lim ]T/[/(x) ==

T—r00

M@O0)=0, 0<M(z)<

3w

It is therefore enough to show that w”(z) < 0 for all z > 0. In view of the
second order differential equation [DL (10.18.14)] satisfied by w it will suffice

to prove that
—~ 122

M(z) > —F——.
(@) ™ 3622 + 5
The inequality (5.4.14) can be proved numerically, using the expansions
of M(z) at 0 and co. By [DL, §10.18(iii)] we have

(5.4.14)

2 2k:—1( —D(E-9)--- (2 - (2k—1)%)
M (x %<1+Z 7 ) Z (2@2:

(5.4.15)
for odd n > 1. Taking n = 3 in (5.4.13)), we verify numerically that
holds for x > 2.34.

From [DL (10.2.3)] we have

—~ 4x

M(x) = = (F(@) = Ty () (@) + 7% (x)

So by [DL, (10.8.3)] it follows that the series for M(x) at 0 is alternating,

and that M (x) is larger than the truncation of this series after the term with
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exponent 47/3. Moreover, this truncation is larger than —222_— for x < 2.45.

/362215
The claim ([5.4.14)) follows. n

Proof of Proposition[1(. Fix ¢ = % and write

G(r) = ¢1(r) + ga(r) + P3(r)

l—cr 3 1+cer™ 3 dy
/ / / ch mr Ko, (2ry)p(2ry)—
'r*% 1+cr— % Yy

4(’I‘+T)’l‘
We will show that ¢;(r) < r—* for i = 1,2, 3. Note that i 2 3.
By Proposition [§ we have
ey My (2rw(y)Jw(y) 26 (2ry)
hi(r) < £ re) v,
TErTr y(1—y?)a

The error term is O(r~%/3). Using (5.4.10) and the fact that w'(y) =
—+v/1 —y?/y, the first term in (5.4.16) equals

w

_2 2
|ty (Zre@MgErew)
3 e 3 5 3 ¢(2ry) dy N
2(2r)7 |/ e (1—y?)

Note that the function w(y) is decreasing, so by Lemma the function
2rw(y)M?(2rw(y)) is decreasing. We apply Lemma |16] three times; first with
3

the decreasing function

3

9y) = (2re)My 2rew)” < 1,

next with the increasing function

Y

<<r%,

g(y) = 1 —y*)"

and then with g(y) = ¢(2ry). We conclude that ¢, (r) < r'.
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For ¢4(r) we apply (5.4.2) to obtain

2
3

1+cr™
/ dy < r .
1

_2
—cr 3

Po(r) < r

Wl

For ¢3(r) we argue as in the proof of Proposition |§| to obtain

. & d
o3(r) < 7“_3/ , (—e‘zr“(y))l—y .
1+cr™3 (y2 — 1)Z

For y > 1+ ¢r~3 we have (y2 — 1)1 > 172, s0 ¢3(r) < L. O

Proposition 11. Suppose that r > max(a/x,1). Then

O(r) < min (r7, r-g%) . (5.4.17)

Proof. Since r > a/x and T < /3, the interval on which ¢(2ry) # 0 is
contained in (0,3/4]. So by Proposition [7| we have

: T d
d(r) < 2| Io| + 13| L] + 3 = (5.4.18)
==
where .
— 2==T)r e2i7‘w(y) ¢<2Ty) (3y2 + 2)a
a = I3,
m y(l - y2)4+2
The third term in (5.4.18]) equals
rs log 2(33_+11:) <rs.
For the other terms we use w'(y) = —y/1 — y?/y to write
W, . 2ry) (312 + 2)*
I, <! (e2re®)’ 2ry)( v+ ) (5.4.19)
__a_ (1 — y2)1+§o‘
A4(x+T)r

Since y < 3/4 we have
3 2 _|_2 «@
<,
(L —y?)itz
so by Lemma |16/ we obtain I, < r~! and therefore ¢(r) < rs.

For large r, we obtain a better estimate by integrating by parts in ((5.4.19))
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for « = 0. Since ¢(2ry) = 0 at the limits of integration, we find that

T . 2 T /(2
[0 < 7,71 / e21rw(y) ygb( Ty)z dy _i_rfl / e2zrw(y) T¢( ry)é dy‘
@+ T)r (1 - y2)4 @t T)r (1 - y2)4
= J1 + JQ.

As above, Lemma [16] gives

< r 2.

T, 2¢(2
J < 7,,—2 / r (6217"111(3/))/ Y ¢( Ty) dy

9
eEzoT (1—y2)s

For J,, we apply Lemmal[L6]with the estimates ¢/(2ry) < 22/aT and y < a/rx

to obtain

T . /(2
(2’ ye'2ry)

; = dy <<r*2£
W‘T)r (l_y)4

JQZTil T

So Iy < r~2x/T. This, together with ([5.4.18)) and our estimate for I; above,
gives . O

5.5 Application to sums of Kloosterman

suimms

We are in a position to prove Theorem |8 which asserts that for m > 0, n < 0

we have

S
3 S(m,nex) (35 + fman|* ) [mn|Tog X. (5.5.1)
&

c<X

This will follow from an estimate for dyadic sums.

Proposition 12. If m >0, n <0 and x > 47/ m|n|, then

S(m,n,c,
Z ( X)

1 1
< (xé log z + |mn|1> |mn|®
¢

r<cL22z
To obtain Theorem [8| from the proposition, we estimate using (|2.3.30)) to
see that the initial segment ¢ < 4m\/m[n] of (5.5.1) contributes O(|mn|i**).
We break the rest of the sum into dyadic pieces x < ¢ < 2z with 47\/m|n| <
x < X/2. Estimating each of these with Proposition [12{ and summing their
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contributions gives (5.5.1]).
Proof of Proposition[13. Let

a = 4w/ m|n|, T = 3;§7

and suppose that z > a. We apply Theorem [12] using a test function ¢ which
satisfies conditions (i)—(iv) of Section [5.4, Corollary [I] and the mean value

bound for the divisor function give

iS(m,Z,C,X)(b(%)_ Z S(m,z,c,x)

c=1 <c<2zx
S(m,n,c, Tlogx
Z | ( X)| < g |
r—T<c<lz ¢ \/E

2<c<2zx+2T

< mn|® < |mn|€x% logz. (5.5.2)

Therefore, by Theorem [12] it will suffice to obtain the stated estimate for the
quantity

io:S(mnCX) ( >_8\/_\/_ij

C
c=1 1<r;

5.5.3
Ch T] TJ)? ( )

where we have used Corollary [3| and the fact that the eigenvalue ro = i/4
makes no contribution since n is negative.

We break the sum (5.5.3)) into dyadic intervals A <r; < 2A. Using the
Cauchy-Schwarz inequality together with Theorems [10| and [14] (recall that
a/r <1 <r;) we obtain

VARl 3

A<r; <24

<<min<A_%,A_gx%> m Z M 17 Z lp;(n)[?

chrr; chrr
A<rj<24 J A<r;<2A4 J

2 éry)

chr

N|=

1
3

< min (A*a,A*% ) (Az +mz+€) <A2 +|n|3re A )

Wl

_1
LA 2

NI

< min (A > (1 FmATATE 4+ |niT AT 4 |mn|i+6A_%> .
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Summing the contribution from the dyadic intervals gives

== 2y (m)py(n) 5 Ly e
VR Y S () <ot o fmnfi

1<r;

and Proposition [12] follows. O

5.6 A second estimate for coefficients of

Maass cusp forms

In the case m = 1 we can improve the estimate of Proposition [12| by using a
second estimate for the sum of the Fourier coefficients of Maass cusp forms in
S1(1,x). The next theorem is an improvement on Theorem [10j only when n

is much larger than x.

Theorem 15. Suppose that {u;} is an orthonormal basis of S%(l,x) with
spectral parameters r; and coefficients pj(n) as in . Suppose that the
u; are eigenforms of the Hecke operators T2 for p 1 6. If 24n — 23 is not
divisible by 5* or 7* then

2
3 —|pil<n)| < |n|"THe a5, (5.6.1)
0<r;j<z (

Remark. As the proof will show, the exponent 4 in the assumption on n in
Theorem [15 can be replaced by any positive integer m. Increasing m has the

effect of increasing the implied constant in (5.6.1]).

We require an average version of an estimate of Duke [D1, Theorem 5].
Let vy denote the weight 1/2 multiplier for I'g(4) defined in (2.1.6).

Proposition 13. Let D be an even fundamental discriminant, let N be a

positive integer with D | N, and let

() o ()

Suppose that {v;} is an orthonormal basis of Sp(N, v) with spectral parameters
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r; and coefficients bj(n). If n > 0 is squarefree then

bi(n)|?
Z ‘ ](n)| <<N,D n—%-f—&‘lf)—k. (562)

Sketch of proof. Let gzﬁ,(g be as in the proof of Theorem 5 of [D1]. Then
$(r) > 0 and
B(r) ~ 5lr[5 s || — oo. (5.6.3)

Set

[b;(n)*
(r,m) —nz ch7r7"]

By Theorem 2 of [DI] we have ]Vl(n,n) +Va(n,n)| < |Sn|+|Va(n,n)|, where
Sy is defined in the proof of Theorem 5 and V5, V3 are defined in Section 3 of

that paper. Since Vj(n,n) and Va(n,n) are visibly non-negative, we have
Vi(n,n) < |Sy| + |Vs(n,n)|. (5.6.4)

The terms Sy and V3(n,n) are estimated by averaging over the level. For
P > (41og2n)? let

Q = {pN : p prime, P < p < 2P, p{2n}.
Summing (5.6.4)) gives
D Vi@ mn) < Y 1Sol+ Y Vs (nm)l, (5.6.5)

QeQ QeQ QeQ

where Vl(Q), Sg, and VS(Q) are the analogues of Vj, Sy, and V3 for I'y(Q).
For each Q € @, the functions {[To(N) : To(Q)]*2u;(7)} form an or-
thonormal subset of Si(Q,v). It follows that

Vi9(n,n) >

|b;( Vi(n,n)
[Fo Z Ch 7T7” [Fo(N) . Fo(Q)] '
Since [['o(N) : T'o(Q)] < p+ 1 < P we find that

Vi(n,n) < PVi9n,n) forall Q € Q.

127



Since |@Q| < P/log P we conclude that

Vi(n,n) <log P> V{9 (n,n). (5.6.6)
QeQ

In the proof of Theorem 5 of [D1], Duke gives the estimates

STV mn) <npnt and Y [Sol <wp ((0/P)2 + (nP)F)nf
QeQ QeQ
(5.6. 7)

which follow from work of Iwaniec [I1]. By ([5.6.5! - -, and -

conclude that

ool
\1\0;

Vi(n,n) <n,p log P((n/P)? + (nP)s +n7)n.

Choosing P = n!'/7, we find that Vi(n,n) <yp n*"¢. By (5.6.3) we have

D D L A 1 i R SR )

ch7r;
0<r;<z

from which ([5.6.2)) follows. O
We turn to the proof of Theorem [I5]

Proof of Theorem[13. Set a := [[g(1) : Ty(24,24)]*/2. With {u;} as in the
hypotheses, and recalling (2.3.20]), define

vi(7) = Lu;(247) = > by( W1 sgnnir, (47 |0|y)e(n),
n=1(24)
i
U;-(T) = é (7"]2 + 1—16) 2 LIUJ (247) Z b' 7sgnmr (4r|nly)e(nx).
n=23(24)

By (2.1.7)) we have

v € Sy (576,55 (2)), v € S3 (576,75 (2)).

J

From (2.3.14) and (2.3.20) we see that {v;}, {v}} are orthonormal sets which
can be extended to orthonormal bases for these spaces. Using (2.3.11)) and
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(2.3.13]) and comparing Fourier expansions, we find for positive n that

1 n + 23 / 1l e 1 -3 —n+23
bj(n)—apj (—24 )7 bj(n)—a (TJ_'_E) ij (—24 >
It follows from Proposition (13| that for squarefree n we have
n+23) ‘2

‘pj (T _4,, 5_senn
> Ch—maj<<|n| Tt (5.6.8)

0<r;<z

To establish for non-squarefree n we use the assumption that the
{u;} are Hecke eigenforms. Recall the definition of the lift S; from Theorem
For each j there exists some squarefree positive t = 1 (mod 24) for which
Si(uj) # 0. Denote by \;(p) the eigenvalue of u; under T)2. From Corollary
it follows that (%))\j (p) is a Hecke eigenvalue of the weight zero Maass cusp

form S;(u;). For these eigenvalues we have the estimate
Ai(p)] < pii 4 p e

due to Kim and Sarnak [Kil Appendix 2].

The Hecke action ([2.3.26)) gives

p?n + 23
pPp; 24
n+ 23 _1 /12n n+ 23 _ n/p? + 23
= Ai(p)pj (T) —p 2 (7) Pj (T) —p'p (T) . (5.6.9)

Suppose that p* { n. Then

2 .
p°n + 23 _57 _1 _3 n+ 23
pj( 24 >‘<_(p “rp Ep 2) pj(T)‘

1.25p~% ifp=5or7,

- 4

pT if p>11.

Thus (5.6.8)) holds whenever n is not divisible by p* for any p.

To treat the remaining cases, assume that p > 11 and that for p* { n we

20
pe'n+ 23 _4e n+ 23
Pj(T)‘SPWJ‘( )‘ b=m—1

24
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Then for m > 2, the relation (5.6.9) gives

2m 2m—2
p ""n+23 _57 _n D n+23
Pi (2—4)‘ = (p " 64) Pi <2—4)
71 am

57 7\ 4 _9y8] _4m
§|:(p 64+p 64)p7+p 7i|p 7

+p 2

2m—4
P n+23
n+ 23

For p > 11 the quantity in brackets is < 1. It follows that ([5.6.8]) holds for
all n which are not divisible by 5% or 7%. O

5.7 Sums of Kloosterman sums and

Rademacher’s formula

Throughout this section, n will denote a negative integer. In our application
to the error term in Rademacher’s formula we need a estimate for sums of
the Kloosterman sums S(1,n, ¢, x) which improves the bound of Theorem

with respect to n. We will also make the assumption throughout that
24n — 23 is not divisible by 5* or 7* (5.7.1)

so that we may apply Theorem (15| (see the remark after that theorem).

Theorem 16. For 0 < § < 1/2 and n < 0 satisfying (5.7.1]) we have

s( 1 u 1
Z ( » 1V, G, X) <5 |n‘5—2+sX%6 + <|n|@+5 + Xﬁf‘;) log X. (5.7.2)
&

c<X
Theorem [16| will follow from an estimate for dyadic sums.

Proposition 14. Suppose that 0 < § < 1/2 and that n < 0 satisfies (5.7.1)).
Then
S S(1,n,cx)
c

<5 |n|=team3 4 |n|seterid 4 z2 0 log a, (5.7.3)
r<cl2z

Deduction of Theorem [16 from Proposition[1j]. We break the sum in ([5.7.2))
into an initial segment corresponding to ¢ < |n|* and dyadic intervals of the
form (5.7.3) with x > |n|*. Estimating the initial segment using Lehmer’s
bound and applying Proposition |14] to each of the dyadic intervals, we
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find that

Z S(l,n,c, X) <<6,a ‘n‘%Jre + |n|%+sX%6 4 Om%f%oﬁs —|—X%76) logX.
C
c<X

Theorem [16| follows upon setting av = 41/84. O

Proof of Proposition |14 Let T satisfy

8

T=<2'" and T< 3 (5.7.4)

where 0 < § < 1/2 is a parameter to be chosen later, and set
a = 4m\/|n|.

Arguing as in (5.5.2)) (using Lehmer’s bound ([1.2.5)) to remove the dependence

on n) we have

iS(LTZC,X)Cb<2>_ Z S(l,z,c,x)

c=1 r<c<2x

< dr2 0 log x, (5.7.5)

Let {u;} be an orthonormal basis for S%(l, X) as in ([2.3.23]) which consists of
eigenforms for the Hecke operators T, with p { 6. Theorem [12| gives

iS(lncX) ()-8\/_\/_ij

C
c=1

3(r;). (5.7.6)

ch7r T;

We break the sum on r; into ranges corresponding to the three ranges of the

K-Bessel function:

. a
(1> Ty < 57

.. a a
(11) 37 <r; < o

(iii) r; >

HI@

We may restrict our attention to r; > 1 by Corollary [3] (the eigenvalue 7o = /4
does not contribute).
For the first range, Theorem [14] gives gives ¢(r;) < rj_g/ %¢=1i/2, By
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Theorem [15] we have

p;(1)

\ehmr;

Combining these estimates gives

i
<

, >¢<m>

7
< njire 37 rzeT < Infiite, (5.7.7)

1<T‘j§§%

VA Y |

I<r;<g- =

where we have used (12.3.22) to conclude that the latter sum over r; is O(1).

For the other ranges we need the mean value estimates of Theorem [I0}

(112
D ‘pfl( s, (5.7.8)
1o, < TG
ZID DR (579)
1<r;<z J

as well as the average version of Duke’s estimate (Theorem [L5)):

[ \Z| <<y |7 (5.7.10)

T’JCE

Using ((5.7.8) and (5.7.9) with the Cauchy-Schwarz inequality, we find that

1
E |p] << i (932 + |n|z >2 < 22+ |n|itex,
Ch?T?"J

ri<z

Using ((5.7.8)) and (| m we obtain

1
VY |p] pa | « 43 <|n|%+ex%>2 < |n|ii+ess, (5.7.11)

ri<x

In the second range Theorem 14| gives gzvﬁ(rj) < 7“]-_1. It follows from ([5.7.11))
(assuming as we may that a/x > 1) that

5

. a
<t (4) <t (5ra2)

VIRl D

a . a
8s <ri<y

pi(Dpj(n) ;
T¢<Tj)
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In the third range Theorem [14] gives

: VAR B ¥
¢(rj) < min (rj ;T ?> :
We use dyadic sums corresponding to intervals A < r; < 24 with A >

max (%, 1). For such a sum we have

(n) +

VIial > |

A<r; <24

ch 777"]
< min (A*%, A3 %) min (A2 + |n\i+sA, ]n]%JrEA%)
< min (A%, A*%%) (1 + |n|%+a4i>
< |n|5 " min <A%, A*%%> :

where we have used the fact that for positive B, C', and D we have

min(B,C + D) < min(B, C) + min(C, D) and min(B,C) < VBC.

Combining the dyadic sums, we find that

3

pﬂ pj )<<|n|%+€(%>4<<5|n|%+€x%5. (5.7.13)

V_Z

Using (5.7.6) with (5.7.7)), (5.7.12)), and (5.7.13) we obtain

Z S(,n,c, X)é( > <5 |n|%+ax—§ + |n|£+ax%6‘

c=1
Proposition (14| follows from this estimate together with (5.7.5)). O

We now use Theorem [16] to prove Theorems [6] and [7] Recall that we wish
to bound R(n, N), where

N
Acln 7r\/24n—1)

n = + R(n,N),

pln) = 2471_14;:1) ( = (n. N)

and

A (n) =v—=iS(1,1—n,c,x).
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To match the notation of the previous sections, we assume that n < 0 satisfies

(5.7.1) and we provide a bound for

RO —n, N) = 22f|n| ZM@ (), (5.7.14)

c>N

= \/gw 7. (5.7.15)

We will apply partial summation to (5.7.14]). For fixed v, M > 0 and
0 < z < M, the asymptotic formula [DLL (10.30.1)] gives

where

I(2) <1 2" (5.7.16)

We have a straightforward lemma.

Lemma 18. Suppose that a > 0 and that o > 0. Then for é > « we have
(I3(a/t)) <o a2t s,

Proof. By [DL| (10.29.1)] we have

It follows that
(Is(a/t) = ~5p (11 (a/t) + Is(a/t)). (5.7.17)

For ﬁ > «, equations ((5.7.16]) and (5.7.17) give
(I%(a/t))l <o a2t s +ait o,

and the lemma follows. O]

Proof of Theorems [0 and[7. Let a be as in (5.7.15)). Then

Z S(1,n,c, X)Ig (g) .

c>N

R(1—n,N) < |f| "%

Let 501
S(n, X) = Z—( ’n’C’X),

C
c<X
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so that Theorem [16| (for 0 < 0 < 1/2) gives
S(n, X) < |n|5re X1 + (my%+€ + X%*‘S) log X.

By partial summation using ([5.7.16)) we have

oo

3 M[g (2) = —S(n,N)Is (a/N) —/ S(n, t)(fgm/t)),dt'

C C
c>N N

Let a > 0 be fixed and take
N = a|n|%+ﬁ
where 3 € [0,1/2] is to be chosen. By we have
Is (a/N) <a In|iN"2
and by Lemma |18 we have
(Ig(a/t))/ < |n|%7f_g for t > N.
Thus
S(n, N)Iy (a/N) s [n[EN73 (0|8 NI 4 | + N30 e,

and the same bound holds for the integral term. Therefore

s |n|(§+ﬂ)( 0-$)tggte 4 |n|—%(%+ﬁ)+%+5+ |n|—(%+ﬁ)(1+5)+s' (5.7.18)
When g = 0, the estimate (5.7.18)) becomes

R(1 - n,aln|?) Lsa |30 56t 4 |p| tes e 4 |p| 220t

1 2

For any choice of § € [g;, &5

| this gives
R(1 = n,an|?) < fn| 727w,

Theorem [6] follows after replacing n by 1 — n.
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o _ 5 _ 4
To optimize, we choose 8 = 555 and § = 4,

exponents in (5.7.18]) equal to —% — %. This gives Theorem O

which makes all three
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The mock theta conjectures

In this chapter we prove the mock theta conjectures. The material in this
chapter and in Section of the Introduction appear in the paper [A3].

6.1 Definitions and transformations

In this section, we define the functions M(%, q), 04(0,¢), ¥ (q), G(q), and H(q)
and describe the transformation behavior for these functions and the mock

theta functions under the generators

T := (1 1) and S := (O _1>
01 1 0
of SLy(Z). We employ the |, notation, defined for k € 3Z and v = (2}4) €
SLy(Z) by

(=) = (e + ) (25).

For k € Z we have f|kAB = f|kA‘kB, but for general k we have
f‘kAB - eik(arng(Bi)+argj}3(i)_arngB(i))f|kA‘kB7 (6.1.1)

where j,(2) = cz+d for v = (5 ) (see [I2, §2.6]). We always take arg z €
(—m, 7). Much of the arithmetic here and throughout the paper takes place
in the splitting field of the polynomial z* — 522 + 5, which has roots

= 5_2\6 and [ :=1/ 5+2\/5. (6.1.2)

We begin by giving the modular transformations satisfied by the mock

theta functions fy, fi1, Fo, and F; which are given in Section 4.4 of [Zw].

The nonholomorphic completions are given in terms of the integral (see [Zwl,
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Proposition 4.2])

100

Ya, b()

\/—z +z "

where g, (see [Zw), §1.5]) is the unary theta function

q b I/BWW z+27rwb
a, E
vea+7Z

Rop(z) == —

We will simplify the components of G5 1(7) on page 75 of [Zw] by using the

relation

90(2) = Guy10(2) = 36275, 1 (2/4)
and Proposition 1.15 of [Zw]. As usual, ¢ := exp(2miz). We define
(2) = 4% ola) = Guo (G Ry + G Ry 4 ) (302), (6.1.3
Ji(2) = a% (@) = G (G Ry + G R 1) (302), (6
(=) (
(=) (

D
=
o

&
—_
ot

)
)

_ 1 -1
=q 120(F0(Q)—1)+—C10 (G2 Ry + Gio Ry y) (152), )
= Q%Fﬁ( )+ G <<12 R7 1 +C12RT7) )

6.1.6

1
2

> (152).

The following is Proposition 4.10 of [Zw]. The vector (6.1.7) below equals the
vector Fs1(7) — G51(7) of that paper (some computation is required to see

this for the fifth and sixth components).

Proposition 15. The vector

))’

(6.1.7)

F(z)i= (Jo2) i) Bo(3)0 Fi(3)s G Fo (352) . Gt P (551

satisfies the transformations

F|,T =My F and F|S= gsl\/ngF,
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where

(o0 0 0 0 0 0
0 ¢t o 0 0 0
0 0 0 0 Gi o
MT— C240
00 0 0 0 &k
0 0 ¢ 0 0 0
0 0 0 ¢, 0 0
and
0 0 aa 8 0 0
0 0 B —a 0 0
e B8
u @ 2 0 0 0 0
1220 0 0 o0
2 2
Jé] «
0.0 0 0 % %
0.0 0 0 % _%

Next we define the functions on the right-hand side of ([1.3.1)—(1.3.4) and
give their transformation properties. Following [BO2l (GMI], we define, for
a € {1,2,3,4}, the functions

> n(n—1)

M (g Z> R AT ot (J) (618

N(%.2) = 1+i

n=1

(¢2q; q)n Cg, GO)n (6.1.9)

Clearly we have M (1—¢%,z) = M(%,2) and N(1—%,2) = N(g,2). Bringmann
and Ono [BO2] also define auxiliary functions M (a, b, 5, z) and N(a,b, 5, z)
for 0 < a <4and 1 < b < 4. Together, the completed versions of these
functions form a set that is closed (up to multiplication by roots of unity)
under the action of SLy(Z) (see [BO2, Theorem 3.4]). Garvan [G] made the
definitions of these functions and their transformations more explicit, so in
what follows we reference his paper.

The nonholomorphic completions for M(%,z) and N(%,z) are given in
terms of integrals of weight 3/2 theta functions ©:(%, z) and ©,(0, —a, 5, 2)
(defined in Section 2 of [G]). A straightforward computation shows that

©1(0,~a.5,2) = 15Vl (G5 gsgse 3 (82) + Cuaguags 4 (32)).
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Following (2.1), (2.2), (3.5), and (3.6) of [G], we define

M (5,2) = 20807073 M (5,2) 4 o (6ol Roacsy + CuaResas 1) (32),
(6.1.10)
N (82) = ese (D) o (B) o [ i @)

The functions M(a,b, z) = Gy(a,b,5;2) and N(a, b,z) = Gi(a,b,5;z) are
defined in (3.7) and (3.8) of that paper. By Theorems 3.1 and 3.2 of [G] we

have

— — ho  ifa=1,
M (5.2) [, 15 =M (3.2) x Gz 1Ea (6.1.12)
2 (e ifa=2,
N(g,z) \T =GN (gz) (6.1.13)
and
M(%.2) ], =GN (5.2). (6.1.14)
5 3 5

The theta functions 04(0, ¢) and 1(q) are defined by

. 2 2
94(07 ):_ (q7Q)oo _TI <

_ _ (3
(%¢%)  n(22)

_(@d®) _
U(g) = G ¢

where n(2) = ¢"/*(¢; ¢)s is the Dedekind eta function. The transforma-

tion properties of these functions are easily obtained using the well-known

transformation
n(—1/z) = vV—izn(z). (6.1.15)
The Rogers-Ramanujan functions are defined by
1
Glq :
9 (¢;¢°) (0% ¢°)
1
H(q)
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It will be more convenient for us to use the functions
9(2) :=q ©G(q) and  h(z):=q™H(q).
They satisfy the transformations (see [GMI) p. 207])

9l,S =atg+57"h,
h|OS =pBtlg—ath

(6.1.16)

(6.1.17)
(6.1.18)

Using the completed functions, the mock theta conjectures (|1.3.1))—(|1.3.4)

are implied by the corresponding completed versions:

(o) = =7 (1.202) + Z8)
filz) = —M (g 102) Zii‘zz))h(z)
Foz) = 3 M (% 52) - ”;Eég')z)h@z),
R = 331 (252) + L0000

(10 + F
37 (210:) + 280,
L1 52\ (52
G(z) == Qﬂj(i? _ ;((E—?)MZ) ’
2V (53) + g o)
b (5,557 - g e
LR (3 2552) + Gyt

(6.1.19)
(6.1.20)
(6.1.21)

(6.1.22)

(6.1.23)

where we have used n(z + 1) = (un(2), g(z + 1) = (55'9(2), and h(z + 1) =
CLin(z) to simplify the second terms of the fifth and sixth components.
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To prove that F' = G we begin by showing that they transform in the

same way.

Proposition 16. The vector G(z) defined in (6.1.23) satisfies the transfor-

mations

G|.T=MrG and G|IS:§81\/§MSG, (6.1.24)

where My and Mg are as in Proposition [15,

Before proving this proposition, we state two identities that will be in-
dispensable in the proof. Equivalent identities can be found in [GMI] (3.8)
and (3.9)], where they are proved using g-series methods. In Section [6.5 we

provide a purely modular proof.

Lemma 19. Let a and § be as in (6.1.2). Then

N (% z) + aﬁ(é,%z) n 5]\7(%,25%)

= 277:787) (@ 'g(102) 4+ B7"h(102))
9 7372((5503 (89(102) — ah(102)). (6.1.25)

Before proving Lemma [19| we deduce an immediate consequence. Note
that the right-hand side of is holomorphic; this implies that the non-
holomorphic completion terms on the left-hand side sum to zero. By ,
the coefficients of N (%, 2) lie in Q(¢s + ¢; ) = Q(V/5), and the automorphism
o = (V5 — —/5) maps N(},z) to N(%,z). By and the fact that

ra 271 ifa=1,
cse <—) =
2671 ifa=2,

it follows that the coefficients of both sides of (6.1.25)) lie in Q(«v). The Galois
group of Q(«) is cyclic of order 4, generated by 7 = (o +— 8, 5 — —a). Since
V5 = af3, we have T ]Q( VE)= 0. Applying 7 to Lemma [19| gives the following
identity.
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Lemma 20. Let o« and 8 be as in (6.1.2)). Then

N <§z> +,3J\7(%,25z> _ aﬁ(g,%z)

— 2”;8? (87'9(102) — a~'h(102))
1*(502)
W (ag(10z) + B h(102)). (6.1.26)

Proof of Proposition |16, The transformation with respect to 7" follows imme-

diately from (|6.1.12)).
Let G,;(z) denote the j-th component of G(z). By (6.1.14]), (6.1.15]), and

(6.1.17) we have

Gl =2 (-5 (i) + Z<(—§ (a7'9(:) + 5'n(:))

— Csl\/g (aGs(z) + BGa(2)),

where we used Lemma with z replaced by lio in the second line. For G,
the situation is analogous, using Lemma 20} For G3 and G, we note that the

transformations for GG; and G5 imply that

Gy = gg\/g (56l,5+56],5).
Gy = gg\/g (G118 -56),59).

By (6.1.1)) we have f’lShS = f|. (1) = —if, and we obtain the transfor-
mations for G5 and Gy4.

For G5, we first observe that

(1 5> <0 —1) :T3ST25<1 1).
02/\1 0 02
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Using Theorems 3.1 and 3.2 of [G] we compute

M( ) |, T*ST253 ( (503g24) M(1,3, 2 \ ST?S
_307N03z\5 ¢la M M (0,3, 2).

By (4.12) of [G] this equals (5, N(2, 2), so we conclude that

— 1 5245 1 2 2/5+1
M(5,T)} S =Gl = N ( . ) (6.1.27)
Slmllarly, ' n(ZEL) which, together with (6.1.15)) and
gives
2(52) 1 ()
B, s =t 2 LB (g o). (6129
n(*= 2 ( 10 2>

Replacing z by & + 3 in Lemma [20| and using (6.1.12)) yields
N<5’10 )JF%O < 2 )_O‘GOM(S’ 2 )
2(z
n (%) L o n*(5z2)
———25- (879(2) —a  h(2)) — 22—~ (ag(z) + Bh(z)). (6.1.29)
eyl ) =2

Putting (6.1.27)), (6.1.28)), and (6.1.29) together we obtain

=2

N[

S

1 5245 n*(52)
_C240 (5, 5 >— Zgn(%ﬁ(z)’;

1 B—~(1 5245 a 2 5245
Z—Cgl(C240§M<g, 5 >+C24512 (5’T>

V5
- BT o)+ 60() )
n(>5=)
~ J2G (BGs(2) +aGal2).
The transformation for Gg(z) is similarly obtained by using Lemma 3. [
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6.2 Vector-valued modular forms and the

Welil representation

In this section we define vector-valued modular forms which transform ac-
cording to the Weil representation, and we construct such a form from the
components of F' — G. A good reference for this material is [Brl, §1.1].

Let L = 7Z be the lattice with associated bilinear form (z,y) = —120zy
and quadratic form ¢(z) = —602®. The dual lattice is L' = 735Z. Let

{en : 1% € 35Z/Z} denote the standard basis for C[L'/L]. Let Mpy(R)
denote the metaplectic two-fold cover of SLy(R); the elements of this group
are pairs (M, ¢), where M = (2%) € SLy(R) and ¢?(2) = cz +d. Let Mp,(Z)
denote the inverse image of SLy(Z) under the covering map; this group is
generated by

T:=(T,1) and S:=(S,v2).

The Weil representation can be defined by its action on these generators,

namely

pr(T, Dy := Gl ey, (6.2.1)

1 '
S \V2)e = e 6.2.2
PL( \/—) h \/Twh,(;m)gmo h ( )

A holomorphic function F : H — C[L'/L] is a vector-valued modular form

of weight % and representation py, if

F(vz) = ¢(2)pr(y, ) F(2) for all (7, ¢) € Mpy(Z) (6.2.3)

and if F is holomorphic at oo (i.e. if the components of F are holomorphic
at oo in the usual sense). The following lemma shows how to construct such
forms from vectors that transform as in Propositions [I5] and [16]

Lemma 21. Suppose that H = (Hy, ..., Hg) satisfies

H|,T=MrH and H|,S= Cgl\/gMSH,
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where My and Mg are as in Proposition |15, and define

H(z):= > (anHs(2) +bHs(2) (en —en) — > Hi(2)(en — )

0<h<60 0<h<60
h=+1(10) h=+2(10)
(h,60)=1 (h,60)=2
+ Y (anHa(2) + bHe(2) (en—en) — D> Ha(2)(en —en),
0<h<60 0<h<60
h=13(10) h=%4(10)
(h,60)=1 (h,60)=2
where
+1  4f0< h <30,
ap =
—1  otherwise,
and

; +1  ifh=+1,£13 (mod 60),
h p—
—1  otherwise.

Then H(z) satisfies (6.2.3]).

Proof. The proof is a straightforward but tedious verification involving (6.2.1)
and (6.2.2)) that is best carried out with the aid of a computer algebra system;
the author used MATHEMATICA. O

6.3 Proof of the mock theta conjectures

Let F and G be as in Section [6.1 To prove (6.1.19)—(6.1.22) it suffices to
prove that F' = G. Let H := F—G. It is easy to see that the nonholomorphic

parts of F' and G agree, as do the terms in the Fourier expansion involving

negative powers of ¢. It follows that the function H defined in Lemma
is a vector-valued modular form of weight % with representation pr. By
Theorem 5.1 of [EZ], the space of such forms is canonically isomorphic to
the space Jj g9 of Jacobi forms of weight 1 and index 60. By a theorem of
Skoruppa [SK, Satz 6.1] (see also [EZ, Theorem 5.7]), we have J; ,,, = {0} for
all m; therefore H = 0. The mock theta conjectures f follow. [
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6.4 The six remaining identities

Four of the six remaining identities, those involving the mock theta functions
o, V1, ¢o, and ¢y (see [AG] for definitions), can be proved using the methods
of Sections For suitable completed nonholomorphic functions 7}0, Jl,
o, and ¢1, these conjectures are (see [GMT] p. 206))

200(z) = M (é 102) 4 20101 (2)7(102) A (2), (6.4.1)
291(2) = M (£,102) + 2m05(2)n(102)g(2), (6.4.2)

dolz) = —3 M (% 5z) + %ﬁ(%)h(z), (6.4.3)
—G1(2) = —5 M (5,52) +%h2( 2)g(2), (6.4.4)

where 7, :(z) is defined in [Rob2|]. Here we have used that g(z)h(z) = %
in the third and fourth formulas. Following Section 6.1, we construct two
six-dimensional vectors F; and G out of the functions on the left-hand
and right-hand sides, respectively, of f. The transformation
properties of F are given in Proposition 4.13 of [Zw], and the corresponding
properties of G follow from an argument similar to that given in the proof
of Proposition [16| For the latter argument, we use the following identity

(together with the identity obtained by applying the automorphism 7 as in

Lemma :

(o) o))
o 12 )( MZNEZ) (10520 4 3 (52))? (g(102) — B h(102))

— 2n(502) (ami0,1(52)h(52) + Bmos(52)g(52)). (6.4.5)

/‘\
\_/

The proof of is analogous to the proof of Lemma , and requires the
transformation properties of 1101 and 7193, given in [Rob2]. The proof that
F, = G, follows exactly as in Section [6.3]

The two remaining identities involve the mock theta functions y, and ;.

Using the relations (discovered by Ramanujan and proved by Watson [Wal,
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(Bo) and (B)])

Fo(q) — ¢o(—q),

Xo(q) =2
2F1(q) +q '¢1(—q),

x1(q)

these mock theta conjectures (see [GMI, p. 206]) are implied by the identities

~ ~ 3 (1 “(2)

2Fy(2) = dofz) = 5 M (5.52) = n62) 5 (6.4.6)
T 3T P (2)

2F(2) + d(z) = 5 M <§ 5z) H(52) 5 (6.4.7)

By (6.1.21)), (6.1.22)), (6.4.3), and (6.4.4)), equations (6.4.6]) and (6.4.7) follow

from the identities (see [Robll (1.25) and (1.26)] for a proof using modular

forms)

§(2)h(22) — B*(2)g(22) = 2h(2)h*(22)

9 (2)h(22) + h*(2)g(22) = 29(2)g"(22)

This completes the proof of the remaining mock theta conjectures.

6.5 Proof of Lemma 19

Let L(z) and R(z) denote the left-hand and right-hand sides of ([6.1.25)),

respectively. Let I' denote the congruence subgroup

a b

F:F0(5O)QF1(5):{( ):CEOmodSOanda,dzlmodS}.
C

We claim that
n(z)L(z),n(z)R(z) € Mi(T'), (6.5.1)

where My, (G) (resp. M.(G)) denotes the space of holomorphic (resp. weakly
holomorphic) modular forms of weight k£ on G C SLy(Z). We have

SISLy(Z) : T = 15,
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so once ([6.5.1)) is established it suffices to check that the first 16 coefficients
of n(z)L(z) and n(z)R(z) agree. A computation shows that the Fourier

expansion of each function begins

(B-a’B¢ —aB¢+ 8¢ —a’Bq’
+ 2028 ¢"° — ?B ¢ — af? ¢ + 2067 ¢ + . .. )

Sl

To prove (6.5.1), we first note that Theorem 5.1 of |[G] shows that
n(252)L(2) € M{(T'o(25) N T'1(5)); since n(z)/n(252) € Mj(Ty(25)) it fol-
lows that n(z)L(z) € M{(T). Suppose that v = (¢%) € T, and let

[ a nb
e = e/n d)
Then (29)v =7, (2?). By a result of Biagioli [Bl, Proposition 2.5] we have

g(lOz)‘Ofy = v,174(710) g(10z) and h(lOz)‘O'y = v, (710) (102), (6.5.2)

where v, is the multiplier system for 7(z) (see [Bl, (2.5)]). For d odd we have
o) = (~1)"F I, (6.5:3)

We have n2(22)|17 = v} (72)n°(22) and 172(502)‘17 = 07 (750)7°(502). A com-
putation involving (6.5.3)) shows that

vr(72) vy (10) = Vi (Ys0) vy (10) = 1.

It follows that n(z)R(z) € M(T).
It remains to show that n(z)L(z) and n(z)R(z) are holomorphic at the
cusps. Using MAGMA we compute a set of ['-inequivalent cusp representatives:
T A
o0, Y 8 157 77207 67 57 507 157 40’ 25’ 10’
7T 9 11 2 8 11 3 7 29 11 4
%% W5 W 500w 5y (659
Given a cusp a € P}(Q) and a meromorphic modular form f of weight k

with Fourier expansion f(2) =}, o a(n)q¢", the invariant order of f at a is
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defined as

ord(f,00) := min{n : a(n) # 0},
ord(f,a) := 0rd(f|kfya, 00),

where v, € SLy(Z) sends oo to a. For N € N, we have the relation (see e.g.

B, (1.7)])

NE ord(f, ). (6.5.5)

ord(f(Nz),7) = !

We extend this definition to functions f in the set

S={M(%,z2),N(& z2):a=1,2}
U{]\Aj(a,b,z),ﬁ(a,b,z):0§a§4,1§b§4}

by defining the orders of these functions at co to be the orders of their
holomorphic parts at co (see Section 6.2 and (2.1)—(2.4) of |G]); that is,

ord <M (%,z) 7oo) = ord (M(a, b, z),oo) = i’—g (1 — %) — 2—14, (6.5.6)

ord <N (%,z) ,oo) = —i, (6.5.7)
3v? 1

= =5 (658)

ord <ﬁ(a, b, z),oo) = gk(b, 5) —
where k(b,5) = 1if b € {1,2} and 2 if b € {3,4}. Lastly, for f € S we define
ord (f,a) := ord(f‘%’ya, 00). (6.5.9)
This is well-defined since S is closed (up to multiplication by roots of unity)

under the action of SLy(Z). By this same fact we have

min ord (N(%,z), a) > minord(f,00) = L

Join i 51 (6.5.10)

from which it follows that

ord (n(z)N(%, ), a) >0 for all a.
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To determine the order of n(z)M(%, 252) at the cusps of I', we write

n(z)M(%, 25z) = ?77(]2(;)2)7%(25@, where m(z) = 77(2)M(2 ).
The cusps of I'g(25) are oo and ¢, 0 < r < 4. By the function
n(z)/n(252) is holomorphic at every cusp except for those which are I'y(25)-
equivalent to oo (the latter are %, %, and % in (6.5.4)); there we have
ord(n(z)/n(25z),00) = —1. Since M(%, z) also satisfies (6.5.10]), it suffices to
check £, L and %. By (6.5.5), [G, Theorems 3.1 and 3.2], the fact that

507 257

($§)=T°5""T"25, and (6.1.1), we have

ord <m(25z), %) = 250rd (m(z), ?)
1 —~ 9 ifa= 1,
=25 (ﬂ + ord (M(Ba mod 5, a, z), oo)) =
6 ifa=2.

A similar computation shows that ord(m(252), 5), ord(m(25z), 5) > 4. Since

L(z) is holomorphic on H, we have, for each cusp a, the inequality

ord(n(z)L(z),a) >
min {ord (n(2)f(2),a) : f(z) = N(L,2), M(L,252), M(2, 252)} > 0.

We turn to n(z)R(z). For this we require Theorem 3.3 of [B]:

n if5|sand r =42 (mod 5),

ord(g,£) = ¢ 69, . (6.5.11)
~%0 otherwise,
n if 5|sand r =41 (mod 5),

ord(h, L) = ¢ 60, (6.5.12)
~%0 otherwise.

Here we have corrected a typo in (3.2) of [B] (see (2.9) and Lemma 3.2 of
that paper). By (6.5.5)), (6.5.11), and (6.5.12]) we have

10,52 . 1 50,82— 25,82 2,82
ord (n(z)R(2), %) > —% + min {ﬂ + (50, 5) 600( ) 7 ( 24) } '

Since the latter expression is nonnegative for all s | 50, it follows that n(z)R(2)

is holomorphic at the cusps. This completes the proof. O
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