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Abstract

Mathematical billiard is a dynamical system studying the motion of a mass point inside a
domain. The point moves along a straight line in the domain and makes specular reflections
at the boundary. The theory of billiards has developed extensively for itself and for further
applications. For example, billiards serve as natural models to many systems involving
elastic collisions. One notable example is the system of spherical gas particles, which can
be described as a billiard on a higher dimensional space with a semi-dispersing boundary.

In the first part of this dissertation, we study the collisions of a two-dimensional rigid
body using billiard dynamics. We first define a dumbbell system, which consists of two
point masses connected by a weightless rod. We assume the dumbbell moves freely in
the air and makes elastic collisions at a flat boundary. For arbitrary mass choices, we use
billiard techniques to find the sharp bound on the number of collisions of the dumbbell
system in terms of the mass ratio. In the limiting case where the mass ratio is large and the
dumbbell rotates fast, we prove that the system has an adiabatic invariant. In case the two
masses of the dumbbell are equal, we assume gravity in the system and study its infinitely
many collisions. In particular, we analytically verify that a Smale horseshoe structure is
embedded in the billiard map arising from the equal-mass dumbbell system.

The second part of this dissertation concerns the billiards in the spaces of constant cur-
vature. We provide a unified proof to classify the sets of three-period orbits in billiards on
the Euclidean plane, the hyperbolic plane and on the two-dimensional sphere. We find that
the set of three-period orbits in billiards on the hyperbolic plane has zero measure. For the
sphere, three-period orbits can form a set of positive measure if and only if a certain natural

condition on the orbit length is satisfied.
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CHAPTER 1

Introduction

Mathematical billiards is the study of the free motion of a mass point in a domain: the
point moves along a “straight line” inside the domain, and makes mirror-like reflections
at the boundary. These billiard models are simple yet they illustrate various fundamental
concepts in dynamical systems. Moreover, billiards have close connections to other fields
of mathematics as well as to other sciences. In this dissertation, we focus on mathematical
billiards and its applications to the motion of a simple rigid body. Along the way, we explore
topics from classical mechanics and chaos theory.

The plan of the paper is the following. In the remainder of this introduction, we briefly
explain our main results and provide some motivation to the study. In Chapter 2, we discuss
essential terminologies and other relevant background materials in detail. In Chapter 3, we
introduce a dumbbell system consisting of two point masses. We present the main results
regarding the dumbbell in Chapter 4 through Chapter 6. Chapter 4 concerns the dumbbell
with two arbitrary masses, whereas Chapter 5 considers the case of a limiting mass ratio and
Chapter 6 considers the case of equal masses with an extra assumption of the gravitational
force. Chapter 7 contains independent topics and results about periodic orbits in billiards
on the non-Euclidean spaces.

Let us begin with a motivation why we study the dumbbell. Many mechanical systems
which involve elastic collisions are often easier to analyze when they are considered as
billiard systems. In the 1960s, the billiard problem appeared in the context of statistical
mechanics to study a system of spherical gas particles to verify the Boltzmann ergodic hy-
pothesis [Si]. More recently, non-spherical particles, which have rotational in addition to

translational velocities, were studied to build a more realistic gas model [Co]. In this direc-



tion, it is natural to consider the behavior of “a billiard ball with two degrees of freedom”
moving inside a domain. Even in the case where the boundary is flat, the extra degree of
freedom of a moving object can generate many interesting phenomena including determin-
istic chaos and adiabatic invariance.

In Chapter 3, we introduce a dumbbell system, which consists of two point masses my,
and mg connected by a weightless rigid rod. We study the elastic collisions of the dumbbell
with a flat boundary. This is an important first step before understanding the full dynamics
of a two-dimensional object in some general planar domains.

If we assume no gravity, the dumbbell will leave the flat boundary after finitely many col-
lisions. In Chapter 4, by first considering the dumbbell system as a single point billiard then
applying the “unfolding technique” [Ta2], we estimate the maximal number of collisions of
the dumbbell in terms of the mass ratio ZZ—; [Ba2]. One of the basic questions about an ideal
gas model is to estimate the maximum number of collisions for a system of spherical gas
particles moving freely in an open space [Bu]. Our collision estimate of the dumbbell can
be useful to extend such study to a system of non-spherical gas particles.

For the previous result, we did not impose any assumptions on the two masses m;, and

mpg. We now consider the two natural special cases when the mass ratio :Z_; < 1 or when

my

= 1. In the former case, we prove that there exists a function, which depends on

the phase variables of the dumbbell system and a slowly varying parameter, such that the
function value remains “nearly constant” along an orbit. We call this function an adiabatic
invariant.

One classical example of adiabatic invariance is in the Fermi-Ulam model. It is a one-
dimensional system where an elastic particle travels between two slowly moving walls.
One can use the laws of physics to show that the product of the velocity of the particle and
the distance between the walls is an adiabatic invariant. In Chapter 5, we show that the
dumbbell system, which is a two-dimensional system, has a comparable adiabatic invariant.
If we assume the dumbbell has a small mass ratio Z—; < 1 and approaches the flat boundary
very slowly, then the adiabatic invariant of the system is given by the product of the angular

velocity of the dumbbell and the angular distance traveled by the lighter mass m, between



two consecutive collisions.

For the second case when the two masses are equal, we add gravity to the system and
interpret this scenario of the equal-mass dumbbell with gravity as a special case of a coin
toss with collisions. Previous work on the dynamics of a coin either assumes a tossed coin
is caught in hand before a collision [Di, Ke] or investigates the collision effects of a coin
using numerical simulations [Str, Vu]. Here, we present our analytic result on the collision
dynamics of a two-dimensional coin: a thin disk whose motion is restricted in the two-
dimensional space.

Note that our equal-mass dumbbell can be viewed as an equivalent model to the two-
dimensional coin. That is, despite having the different moments of inertia, the basic motions
of the equal-mass dumbbell and the two-dimensional coin are the same. Since we already
have established the billiard dynamics for the dumbbell, we continue to use the dumbbell to
study the two-dimensional coin. Our results below, which are proven using the equal-mass
dumbbell, remain true if we use the coin instead.

The main results in Chapter 6 are on the chaotic behavior of the two-dimensional coin
(equal-mass dumbbell). Since the gravity pulls the coin back to the boundary and there is no
energy loss, the coin will bounce infinitely many times. We prove that the two-dimensional
bouncing coin can produce any infinite sequence of collisions: if a collision of my, or mg
is labeled by L or R respectively, then any infinite collision sequence of L’s and R’s can be
realized by choosing an appropriate initial condition.

The proof begins by viewing the coin system as a single point gravitational billiard in
a transformed domain. Due to gravity, the mass point moves along a parabola inside the
domain. Then we show that the Smale horseshoe [Sm] is embedded in the billiard map.

Motivated from the study of a nonlinear forced oscillator, the Smale horseshoe map is
one of the famous examples of a chaotic map. The horseshoe map is defined topologically:
in the standard setting, it transforms a square into a long and thin strip and places the
strip over the square in the shape of a horseshoe. When iterated forward and backward
infinitely many times, the horseshoe map generates an invariant Cantor set in the square.

The horseshoe map acting on the invariant set is topologically conjugate to a shift map on



the set of infinite sequences of two symbols. Therefore, once we have a horseshoe, we can
use the fact that there exists an one-to-one correspondence between an infinite symbolic
sequence and a phase point to complete the proof.

One way to verify that a certain map contains a horseshoe is by showing that the map
satisfies the Conley-Moser conditions [Mo, Wi], which are a combination of geometric and
analytic criteria. If met, these conditions guarantee the existence of a horseshoe.

Although there are many systems in science and engineering that are proven to contain
a horseshoe [Lv, Ho], to the best of our knowledge, all the already-known horseshoe maps
are defined on one connected domain. For our coin system, we iterate the billiard map on
the union of two disjoint rectangles. We prove that the billiard map on the two rectangles
produces the horizontal and vertical strips satisfying the Conley-Moser conditions. The
associated set of sequences contains combinatorially more complex sequences than the
sequences for the standard horseshoe map.

These results on the bouncing coin assert the existence of chaotic behavior in the sys-
tem, which leaves the question of how the entire phase space of the coin system will evolve
over time. Since the system is highly nonlinear, only partial numerical results are known
[Mi, Stz]. The billiard boundary for the coin consists of piecewise-smooth dispersing curves
forming convex wedges of angle 7 at the discontinuities. It is known that a gravitational
billiard in a straight wedge of angle bigger than 7 is ergodic [Le, Wo]. Also, when a gravita-
tional force does not exist, all dispersing billiards are ergodic [Si]. Since the billiard system
for the coin has a boundary which is some sort of a combination of these, we expect that
the coin system is ergodic. We plan to pursue this question as future work.

In Chapter 7, we turn our attention to billiards on the hyperbolic plane and on the 2-
sphere. One important question in billiards concerns the presence of large sets of periodic
orbits. Ivrii conjectured [Iv] that, in every bounded planar billiard domain with a smooth
boundary, the set of n-period orbits has measure zero for all n. The Weyl estimate formula,
which describes eigenvalue asymptotics for the Dirichlet problem, has a certain special
form if the set of periodic orbits in the associated billiard has measure zero.

The conjecture has been proven for 2, 3 and 4-period orbits only. Since 2-period orbits
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must be normal to the boundary at both ends, we can easily see that in any billiard the set
of 2-period orbits has measure zero. The conjecture for the set of 3,4-period orbits was
proved in various literature [Gl, GI2, Ry, Sto, Wo2]. There have been extensions to other
types of billiard systems such as higher dimensional [Vo], outer [Ge, Tu], and spherical
billiards [Ba3].

We present a unified approach to study the set of 3-period orbits for the spherical and the
hyperbolic cases [Bl]. We extend the Jacobi fields approach from Wojtkowski’s paper [Wo2]
to write a (underlying geometry based) relation which must be satisfied on a neighborhood
filled with 3-period orbits. On the hyperbolic plane, we obtain a contradiction in the relation
and conclude that there cannot be an open set of 3-period orbits. For the sphere, the relation
remains true if and only if a certain natural condition on the orbit length is satisfied. Thus,
under the condition, the set of 3-period orbit can have a positive measure. Otherwise, it
has an empty interior and has measure zero.

It is expected that understanding the structure of the sets of periodic orbits in non-
Euclidean billiards would help studying eigenvalue asymptotics in non-Euclidean geome-

tries.



CHAPTER 2

Preliminaries

Before we move on to the main results, we provide some necessary background materials.
In Chapter 2.1, we exposit the basics of the Lagrangian and the Hamiltonian mechanics and
explain the notion of adiabatic invariance. Many definitions and results in this chapter come
from the book by Arnold [Ar]. In Chapter 2.2, we first discuss deterministic chaos, then give
the definition of the Smale horseshoe map and the sufficient criteria for the existence of the
map. The book by Wiggins is an excellent reference for this topic [Wi]. Finally in Chapter
2.3, we talk about mathematical billiards. For more details about billiards, we recommend

the books by Tabachnikov [Ta, Ta2] and the book by Cvitanovic [Cv].

2.1 Lagrangian and Hamiltonian mechanics

2.1.1 Lagrange’s equations

Newtonian mechanics is one branch of classical mechanics, and is indisputably a break-
through development to study the motion of bodies. However, it mainly uses Cartesian
coordinates which may lead to extremely complex calculations depending on the systems.
Lagrangian mechanics is a reformulation of Newtonian mechanics, which is better adapted
to the change of coordinates.

The configuration space is the the collection of the parameters that defines the position
of a system. These parameters which we denote by q = (¢, ...q,,) are called the generalized
coordinates. The time derivatives of the generalized coordinates, q, are called the generalized

velocities. In general, a configuration space is a differential manifold.



For a conservative mechanical system on its configuration space, the Lagrangian is de-
fined by L(q,q,t) = K — U where K is the kinetic energy and U is the potential energy
of the system.

Lagrangian mechanics is based on the calculus of variation which concerns the extremals
of functionals: functions from the space of curves to the reals. Given a Lagrangian L(q, q, t),
we call the functional ®(v) = tzl L(q, q, t)dt the action of the system. The evolution of q

is governed by the following variational condition on the action functional.

Theorem 2.1. Hamilton’s principle of least action states that between two points q(ty) and
q(t1), the motion of the system follows the curvey such that the action () = til L(q,q,t)dt

is an extremum.

Theorem 2.2. The derivative of the functional ®(v) = ftil L(q, q,t)dt is given by

o= [ [ (38 o (2]

where h is the variation of the curve 7.

to

An extremal of the action ®(+) is a curve such that F'(h) is equal to zero. From there, we

get Lagrange’s equations, which determine the trajectory of q on the configuration space.

Definition. Lagrange’s equations for the functional ® = f (q,q, t)dt are given by
d (0L oL
dt \ 0q oq

2.1.2 Hamilton’s equations

Hamiltonian mechanics is another formulation of classical mechanics, where a system is
expressed in terms of a set of canonical coordinates (¢, p). In a mechanical system, q are

L are the generalized momenta.

the generalized coordinates and p = a
We can convert a Lagrangian system to a Hamiltonian system via the Legendre transfor-

mation.



Definition. Let f(x) be a convex real-valued function. Given a number p, let

*(p) = max{pr — f(x)}.

Such z*(p) can be found by solving f’(x) = p. The Legendre transform of f(zx) is a new

function

g(p) = px*(p) — f(="(p))-

Theorem 2.3. Suppose Lagrange’s equations describe the evolution of q on an n-dimensional
configuration space. The system of Lagrange’s equations is equivalent to the system of 2n first

order differential equations, called Hamilton’s equations

where H(p,q,t) = pq — L(q,q,t) is the Legendre transform of the Lagrangian function
viewed as a function of q. We call H the Hamiltonian. In a mechanical system, the Hamilto-

nian coincides with the total energy of the system.

The evolution of the system is given by the solution to Hamilton’s equations. When
interpreted geometrically, it means that the evolution is described as the flow on a vector
field on the phase space, a 2n-dimensional symplectic manifold.

The Hamiltonian formalism allows us to canonically transform one set of canonical co-
ordinates (p, q) to another set (P, Q). That is, the transformation conserves the 2-form,

Ydp; N\ dg; = X dP; A dQ;. In the next section, we give an example of such transformation.

2.1.3 Adiabatic invariance

Consider a Hamiltonian system with one degree of freedom, which exhibits periodic mo-

tion. Suppose the system depends on a slowly varying external parameter A and H (p, ¢; \)



is a twice differentiable in .

H = H(p,q;\), pP=——- q (2.1)

Then for the system (2.1), there exists a function of the phase variables and the parameter
A, called an adiabatic invariant 1(p, q, ), such that the value of I remains nearly constant
along an orbit.

An adiabatic invariant can be intuitively found as follows. For a fixed A, the periodicity
in motion implies that an orbit on the phase space must be a closed curve. We denote the
area bounded by such a curve the action. A uniformly varying angular variable on this
phase curve is called the angle and is usually denoted by (. As A slowly changes, the closed
phase curve evolves slowly. However, the enclosed area stays nearly constant and it is the

adiabatic invariant. A formal definition of an adiabatic invariant is given below.

Definition. The quantity /(p, ¢, \) is called an adiabatic invariant if for every x > 0 there

exists an €y > 0 such thatif 0 < € < ¢g and 0 < ¢ < 1/¢, then

[1(p(t), q(t); et) — I(p(0), q(0);0)| < k.

Although we did not formally prove here, the transformation of the phase variables (p, q)
to the action-angle variables (I, ¢) is canonical. It can be done using an indirect method
involving a generating function.

If we drop the smoothness condition from the system (2.1), then it does not follow im-
mediately, even in the case of one-dimensional systems, that the action is an adiabatic in-
variant. In Chapter 5, we consider a non-smooth system with two degrees of freedom and

prove that the system has an adiabatic invariant.



2.2 'The Smale horseshoe map

2.2.1 Deterministic chaos

In dynamical systems, chaos refers to high sensitivity to initial states in a deterministic
system. Although no universal definition of chaos exists, we often determine the chaoticity
of a system using Lyapunov exponents. Below is a definition of the Lyapunov exponents in

a two-dimensional discrete map.

Definition. Let f be a smooth map on R?. Consider B(zg,d), a disk of small radius ¢
centered at xo. Then D f"(x)(B(x¢,0)) is an ellipse where the two axes have the lengths
r? > ri. These two numbers measure the separation rates of the points near x, after n-

iterations of f. The Lyapunov numbers of z are defined by

T’? 1/n ,rg 1/n
e = (5) = ()

The Lyapunov exponents of x are given by In £, and In Ls.

When the maximal Lyapunov exponent is greater than 0, we generally say the system
is chaotic. There are some counter-examples such as the Perron effects where the positive
maximal Lyapunov exponent does not indicate chaos.

The history of chaos theory goes back to the time of Poincare, when he studied the sta-
bility of the three-body problem in celestial mechanics. During his study, he introduced a
Poincareé section P, a transversal hyperplane to the flow of the system. Then he considered
the Poincaré map f defined on P, which takes the intersection of the flow with the section
P to the next intersection. If the flow is periodic, then there exists a fixed point p € P
such that f(p) = p. When D f(p) has two eigenvalues where one is smaller than 1 and one
is bigger than 1, we say p is hyperbolic and of a saddle type. Then by the stable manifold
theorem, we can find the stable manifold IWg and unstable manifold W;; on which the hy-
perbolic fixed point p lies. Since by definition p € Ws N Wy, implies f"(p) € Ws N Wy,

one intersection of the two manifolds imply infinitely many intersections of the two. This

10



creates a complicated structure which we call the homoclinic tangle.

The discovery of a homoclinic tangle is considered as the first observation of chaos. Due
to its structure, the iteration of the map separates nearby trajectories arbitrarily far. In
the next section, we introduce the Smale horseshoe map, a prototypical map possessing

homoclinic invariant points.

2.2.2  'The Smale horseshoe map

Figure 2.1: A topological picture of the Smale horseshoe map

A horseshoe map f is a diffeomorphism, defined topologically: the map take a square D
and stretch it in one direction and squeeze it in another direction to make a long thin strip.
Then the strip is placed over the square in the shape of a horseshoe (Figure 2.1).

We study set of the points which remain in the square after some forward and backward

11



iterations of f. We will call the invariant set

N
Av={plpe () f1(D)}.
n=—N
When n is sent to oo, we define A = lim,,_,, A,,.

From Figure 2.1, we see that after one forward iteration of the map, f(D) N D consists
of two horizontal strips Hy and Hpg. If we iterate f once more, all but the four thinner
horizontal strips stay inside the square. Observe that two thinner strips are nested in Hp
and Hp respectively. We define each thinner nested strip

f(Hs_,)NH,_, = H,_,, , where s; € {T, B}.

Following this way, we label the four horizontal strips Hpr, Hrr, Hrp, Hpp. If we iterate
f forward for n times, then only 2" horizontal strips remain in D. We inductively define

the 2" horizontal strips,
f(Hs , s, NHs  =H, s 6 wheres; € {T,B}.

Now we look at the backward iteration of f. We denote the preimages of the horizontal
strips Hy and Hp as Vp = f~'(Hr) and V3 = f~'(Hp). When we iterate f backward for
n times, then f~"(D) N D is the union of 2" vertical strips. The nested vertical strips are

defined
(Vi s) NV = Vi, where s; € {T, B}.

We see that A, is the intersection of 2" horizontal strips and 2" vertical strips. When
n — 00, A consists of the intersection points of infinite number of horizontal curves and
vertical curves, resulting a Cantor set structure. We assign a sequence s = (...S_25_15¢51...)
to each point p € A based on to which horizontal curve H_ ,_; and vertical curve Vs, ..

the point p belongs. From the construction, this assignment is clearly one-to-one.

12



Moreover, there is a relation between the dynamics of the points in the invariant Cantor
set and a shift map of the sequences. The horseshoe map acting on the invariant set is
topologically conjugate to a shift map on the set of infinite sequences of two symbols.

The sequence space provides a convenient setting to examine the periodicity of the orbits.

It follows that the horseshoe map contains:

1. Countably many periodic orbits of arbitrarily long period,
2. Uncountably many non-periodic orbits, and

3. A dense orbit.

2.2.3 'The Conley-Moser conditions

In general, the image of the “horseshoe map” needs not be in the shape of a horseshoe. The

key features of the horseshoe map are the following.

1. The map has stretching and contracting aspects in two different directions.

2. Disjoint regions get mapped to disjoint regions in the domain.

There is a formal criteria called the Conley-Moser conditions, which guarantee the existence
of a horseshoe if the conditions are satisfied. To state the conditions, we first need some
definitions.

Consider a rectangular domain D = [X, X;] x [Yy, V1] € R%
Definition. In D, a py,-horizontal curve is the graph of a function Y = h(X) such that
(1) Yo < h(X) <Y, and

(2) for every pair X;, X; € [Xo, X1], we have |h(X;) — h(X;)| < pn|X; — X;| for some
0 § h-

Definition. In D, a ,-vertical curve is the graph of a function X = v(Y) such that

(1) Xo <v(Y) < Xy, and

13



(2) for every pair Y;,Y; € [Yp, Y1], we have |v(Y;) — v(Y;)| < py|Y: — Y| for some 0 <

Lo

Definition. Given two non-intersecting horizontal curves h; (X) < ho(X) in D, we define

a pup-horizontal strip as

H={(X,Y):Y € [h(X),hy(X)] for X € [Xq, X1]}.

Given two non-intersecting vertical curves v, (Y) < v9(Y) in S, we define a p,-vertical

strip as

V={(X,Y):Y € [u(Y),n(Y)] forY € [¥o,V1]}.

Definition. The width of horizontal strips is defined as d(H) = max |ha(X) — hq (X)
the width of vertical strips is defined as d(V') = max |v2(Y) — vy (Y)].

,and

Consider a diffeomorphism f : D — R? and let S = {1,2,... N} be an index set.
Let | J,.q H be a set of disjoint ju,-horizontal strips, and let | J ¢ V be a set of disjoint

y-vertical strips. The Conley-Moser conditions on f are:

CM1 0 < pppy <1

CM2 f maps V,; homeomorphically onto H. Also, the horizontal (vertical) boundaries of

V; get mapped to the horizontal (vertical) boundaries of H.

CM3 Suppose H is a ju,-horizontal strip contained in | J ¢ H, then f(H) N H, is a fu;-
horizontal strip and d(f(H) N Hs) < d(H). Similarly, if V is a pu,-vertical strip
contained in | J,. ¢ Vi, then f~'(V) NV} is a yu,-vertical strip and d(f~' (V) N V;) <
d(v).

Theorem 2.4 (Moser). Suppose f satisfies the Conley-Moser conditions. Then f has an in-

variant Cantor set A on which it is topologically conjugate to a full shift on N symbols, i.e. the

14



diagram below commutes, where ¢ : A — XV is a homeomorphism and o : ¥~ — ¥V is the

shift map on the space of sequences of N symbols.

AT oA
4 ld’
Vo, 3N

2.3 Mathematical billiards

A billiard domain Q is a Riemannian manifold with a piecewise smooth boundary 0Q. A
billiard is the geodesic flow of a mass point in Q. From the view of classical mechanics,
geodesic is a curve satisfying the Hamilton’s principle of least action. At the boundary 09,
the mass point reflects such that the normal component of the velocity to the boundary

reverses its sign and the tangential component of the velocity stays the same.

m
/
o
(QO,CVO) ((]170041)
0
[(0Q)

Figure 2.2: (a) A planar billiard and the billiard map. (b) The billiard map on its phase space.

Commonly considered billiard domains are in the plane, since we can explore various
mathematical questions even in this simple setting. For planar billiards, a mass point moves
in a straight line inside a domain Q and makes mirror-like reflections at the boundary
0Q. It is sufficient to study a billiard flow by observing it at the moments of impact. A

billiard flow has a natural Poincaré section, which has coordinates (g, ), where ¢ is the arc

15



length parameter along 0Q and « is the angle between the outgoing velocity vector v, at
the footpoint ¢ and the boundary 0Q (Figure 2.2a). The Poincaré section is topologically
equivalent to a cylinder S! x [0, 7]. The Poincaré return map, which we call the billiard
map f, sends a collision (qo, «vg) to the next collision (g1, 1) (Figure 2.2b). If (g, o) =
f™(qo, @0) = (qo, ), we call the set {(qo, ®), (¢1, 1), , (Gn, @) } an n-period orbit.
The shape of a billiard domain influences the qualitative behavior of the billiard trajec-
tories in it. We can divide the domains into roughly three different categories. The first
type is of smooth convex billiards, called Birkhoff billiards, which are associated to stable
dynamics. The common topics in Birkhoft billiards are periodic orbits and the integrabil-
ity. The second type of billiards are hyperbolic billiards, which often consist of piecewise
dispersing boundaries. The most famous hyperbolic billiard is probably the Sinai billiard
whose domain is the complement of an array of circles in the plane. As we have seen in the
horseshoe map, the hyperbolicity produces chaotic dynamics. The last type of billiards are
the ones with polygonal domains. We will not say much about these, except we mention
the unfolding technique which is at times used to study the billiard trajectories in polygons.

Here, we explain the technique using a straight wedge instead.

Figure 2.3: An illustration of the unfolding technique in a straight wedge of angle .

Suppose a billiard trajectory enters a straight wedge of angle v and hits one side of the
wedge. Instead of reflecting the trajectory at the collision, we reflect the wedge across
the side and “unfold” the trajectory into a straight line (Figure 2.3). If we perform this
procedure at every collision, then we will get a straight trajectory passing through [ﬂ
wedges. Therefore, the maximal number of collisions inside the wedge of angle v is [Zﬂ
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CHAPTER 3

The dumbbell system

In the two-dimensional space with coordinates (X, Y"), let us consider a dumbbell system,
which consists of two point masses my,, mg, connected by weightless rigid rod of length
[. The coordinates of my,, mg, and the center of mass of the dumbbell are denoted by
(XL, Y1), (X, Yr), and (X,Y), respectively. Let 6 be the angular position of the vector
m measured counterclockwise from the positive X -direction (Figure 3.1a). With the
total mass of the dumbbell m = my, + mg, we define f;, = “% and g = “%. Then the
distance from the center of mass to my, and to mg are given by /g and (/..

The dumbbell moves freely in the half space Y > 0 until it reflects elastically on the floor
Y = 0. The velocity of the center of mass in the X -direction is constant since there is no
force acting on the system in that direction. Thus, we may assume that the center of mass
does not move in the X-direction. With this reduction, the dumbbell configuration space
is a two-dimensional cylinder with the natural choice of coordinates (6,Y).

On the Y plane, the dumbbell is a mass point in a transformed domain. Note that on
the XY plane, the dumbbell hits the floor when Y7, or Yz becomes zero. Therefore, using

the relations
Y, =Y —IfBrsin6 >0 YR =Y +1fsinf > 0,
we find the domain on the §Y plane
{(0,Y) : Y > max{lfr sinf, —10,sin @} for 6§ € [0,27)}.

Now we examine the motion of the dumbbell. We assume no gravity in the system. The
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dumbbell
Yy

boundary

boundary

(a) (b)

Figure 3.1: (a) The dumbbell model with the flat boundary. (b) The billiard system for the
dumbbell.

moment of inertia of the dumbbell is given by I = my,(I8r)* + mr(I8L)? = mi*BLfr. It
is convenient to rescale Y = \/%y since in this way the Lagrangian is equal to the that of
the free particle

102 my? I0* Iy

L=— = 4+ = 3.1
2 T3 SRR G

By Hamilton’s principle of least action, true orbits extremize ftl;l L(y, 0)dt. We see that the
billiard trajectories on the Ay plane are straight lines between two collisions.

We also rescale the billiard domain accordingly and get

Q= {(H,y) Ly > max{\/%sine,—\/gzsiné’} for 6 € [0, 2#)}. (3.2)
L R

The boundary 0Q has non-smooth corners at § = 0, . This is the case when the dumbbell’s

two masses hit the floor at the same time. We will not consider this degenerate case in our

paper.
At the boundary 0Q, there will be a mirror-like reflection. We use the subscript _ to

18



denote the values right before a collision and ; to denote the values right after a colli-
sion. Given the incoming velocity vector v_ and normal vector n to the boundary 09, the

outgoing velocity vector v can be found using

v_-1n

v, = -2 n+v_. (3.3)

n-n

In the case when my, hits the boundary, we have

v_=1[6_,9_] n= [—\/%0086,1].
L

Then, using (3.3), we compute v, = [9+, 9+]. Changing back to the original coordinates
(0,Y), we express the translational and the angular velocities of the dumbbell after the

collision in terms of the velocities before the collision.

i (11— 20 cos* 0 Ly 2/lcos 6
0. B - B, + Br cos? 0 ~ \ B, + Brcos?d 6
Y, g 2BuBreost \ Ly (0 2B ' '
~ \ B+ Brcos?f B Br, + Br cos?

Remark 3.1. The post-collision velocities for the other case, when mg hits the boundary,
can be obtained in a similar manner: we switch [, and (g, replace cosf and sin 6 with

—cos 6 and — sin 0, and replace Y}, with Y.
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CHAPTER 4

Estimate on the number of collisions of the

dumbbell

Consider the dumbbell with the arbitrary masses my, and mgr moving in the XY plane
where no gravity force is present. We estimate the maximal number of collisions of the
dumbbell with the floor as a function of the mass ratios. As we have seen in Chapter 3,
on the Ay plane, the dumbbell reduces to a mass point that has unit velocity in a billiard
domain on a cylinder and makes elastic reflections at the boundary.

First, we discuss the properties of the billiard boundary for the dumbbell system on the

0y plane. Recall from (3.2) that the boundary is given by

Q= {(H,y) ty > max{\/%sine,—\/%sinﬁ} for 6 € [0, 271')}. (4.1)
L R

When my, = mg, we have i, = g = 1 and the boundary is y = |sin6|. The angle
between the two sine waves is 7. When my, # mg, it follows from (4.1) that the boundary
consists of two sine waves with different heights. We will assume m;, < mg, since the case
mpg > my, is symmetric. To visualize the billiard boundary more conveniently, we measure
6 in the range [7/2, 57/2) instead of [0, 27) (Figure 4.1). It is easy to see that generically in
the limit z—; — 0 most of repeated collisions will occur between the two tall parts of the
boundary.

Let us consider the straight wedge formed by the tangent lines to y = g—i‘ sinf at
0 = m and 27. We call these tangent lines ¢, and /5, respectively. We denote the angle of
the straight wedge by . We define the hybrid wedge as the union of the sine waves when
y > 0 and the tangent lines ¢, and /5, when y < 0. See Figure 4.1 for the construction of

the wedges.
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Figure 4.2: Two different base cases for Lemma 4.1.

We introduce some notations. We denote a billiard trajectory interacting with the hy-
brid wedge by v". Similarly, a trajectory bouncing inside the straight wedge is called v*.
When v" or v* is written with the subscript i, it denotes the segment of the corresponding
trajectory between the i-th collision and the i+1-st collision. Let o/ be the angle from the
straight wedge to v!, and o denote the angle from the straight wedge to v} after the i-th
collision. Define p! as the angle deviation of the hybrid wedge from the straight wedge at
the i-th collision of v[".

The trajectory v" or v* will terminate when the sequence of angles {0/} or {0} termi-
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nates (due to the absence of the next bounce), or when there will be no more intersections

h

with the straight wedge. This will happen when the angle of intersection, o;' or o;, with

the straight wedge is less than or equal to .

Lemma 4.1. Consider the hybrid wedge and the straight wedge described above. The sequence

of angles o, 1 < i will terminate after or at the same index as the sequence of angles o, 1 < i.

Proof. Suppose that the initial segment v = v} of the dumbbell trajectory crosses the
straight wedge before it hits the hybrid wedge, as shown in Figure 4.2a. If the incoming

angle is «, then

oh=r—a-2" <1 —a=0}

When the initial segment hits the hybrid wedge before crossing the straight wedge, as

shown in Figure 4.2b, then set o = o%. Now we can proceed by induction if o, 0 > v
and if the sequence o/ has not terminated.
h h h
Oip1 =0y =7 — 2P
Oiy1 =0, =7
which implies that o, ; < 0%, .
Since azh < o7, then v will terminate at the same time or before v*. O]

Define the bridge as the smaller sine wave created by y = —,/ g—; sinf for 0 € [, 2m).
The union of the bridge with the hybrid wedge is the true boundary defined by the dumbbell
dynamics (Figure 4.1).

Lemma 4.2. The presence of the bridge in the hybrid wedge will increase the number of col-
lisions of the dumbbell by at most one from the number of collisions of the dumbbell to the

hybrid wedge.

Proof. Consider the true trajectory v that “sees” the bridge. Recall the definitions of o
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and p?. Similarly, we let o; be the angle to v; and let p; be the angle deviation of the true
boundary from the straight wedge at the i-th collision of v;.

Before v intersects the bridge, by Lemma 4.1 we have

— h _ b h _ sh h
v, =0, o;,=0;, and o =0"1—"7—2p;].

Now define 7 to be the signed angle measured from the horizontal line to the tangent line
of the bridge curve where v hits the bridge (Figure 4.3). Note that 7 takes a positive value
if v hits the left half of the bridge, and 7 takes a negative value if v hits the right half
of the bridge. We express o0, after the bounce from the bridge in terms of o;. By this
convention, the bounce from the bridge does not increase the index count. We will adjust

the index count by adding +1 at the end.

Figure 4.3: The real billiard trajectory v that sees the bridge.

Then, we have

Oiy1 =T — 0 — 21 — 2pz‘+1 (42)
h h h
Oip1 = 03 —7 = 2P
We may assume that v hits the bridge with non-positive velocity in y. If the dumbbell hits
the bridge with positive velocity in y, it will continue to move in the positive y direction

after reflection from the bridge. Then, we consider the reverse trajectory to bound the

23



number of collisions. This allows us to restrict o;. Moreover, v; naturally hits the upper part
of hybrid wedge than v!. We also assume that v hits the left half of the bridge. Otherwise,
we can reflect the orbit around the vertical line passing through the middle point of the
bridge.

Utilizing the above arguments, we have the inequalities

T+
2

<o, 0<7< %, and pﬁ‘H < Pit1- (4.3)

It is straightforward to verify that (4.2) and (4.3) imply 0,1 < o', ;.
From the i+2-nd bounce, if 0; has not terminated, we can apply the induction argument

similar to the proof of Lemma 4.1. We have the base case
<ol d > ph
Oit1 = O4y1s an Pi+1 = Piy1-

Note that p’s indicate the relative position of a collision point in the hybrid wedge. That
is, if pi1 > pl'y,, then the starting point of v;4; is located at or above that of v/, ;. Since
i1 < alhﬂ and v;, starts above Ulh+1, we know v; o will start on the hybrid wedge higher

than v ,. This implies p; 2 > pl ,. Then using the recursive relationship,

Tit2 = Oit1 — Y — 2Pit2

h _ _h h
Oig = 01 — 7 — 2P,

we obtain ;5 < 6 ,. By induction §; < 6! for all i. Taking into account the bounce on the
bridge, we conclude that the number of bounces of v will increase at most by one relative

to that of v". O

Remark 4.3. In most cases, the number of bounces of v will be less than the number of

bounces of v" (Figure 4.4).

Now we are ready to prove the main theorem of the chapter.
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Figure 4.4: (a) The bridge prevents the trajectory to travel deeper. (b) The bridge increases
the number of collisions by 1.

Theorem 4.4. The number of collisions of the dumbbell is bounded above by N, = {EW +1,
g

MR
where vy = m — 2 arctan , | —.
my,

Proof. When my, = mg, the boundary consists of two equal sine waves which form hybrid
wedges of angle 7 at § = 7, 27. Using Lemma 4.1, we conclude that the upper bound for
the number of collisions is [ 7] = 2, which is less than N, = 3.

When m;, < mg, we consider the true boundary which consists of a hybrid wedge
with the bridge. By Lemma 4.1 and Lemma 4.2, the the maximal number of collisions to
the true boundary is bounded above by N, = (H + 1. Since v = 7™ — 2arctan \/% =
m — 2arctan \/% , this completes the proof. O]
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CHAPTER 5

Adiabatic invariance in the dumbbell

mi, X

Figure 5.1: The light mass bounces many times off the floor while the large mass slowly
approaches the floor.

We consider the case when the dumbbell has m;, < mg and my, rotates around my with
a high angular velocity 6. For easy computations, we set the length of the rod | = 1. We
further assume that the center of mass has a slow downward velocity compared to 0. Since
multiplying the velocities (6, Y") by a constant does not change the orbit, we normalize 6 to
be of order 1, then Y is small. slowly approaching the floor, rotating with angular velocity
of order 1.

At some moment the small mass my, will hit the floor. If the angle 6 = 7 (or sufficiently
close to it), then the dumbbell will bounce away without experiencing any more collisions.
This situation is rather exceptional.

A simple calculation shows that |0 — 37”| will be generically of order \/ﬁ for our limit

Y — 0. In this chapter we assume this favorable scenario. For the corresponding set of
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initial conditions, we obtain an adiabatic invariant. We start by deriving approximate map
between two consecutive bounces. To avoid cumbersome use of implicit constants, we use
some standard notation when dealing with asymptotic expansions:
Notation:

fSge f=0(9) < f<CgforsomeC >0

fzgeg=0(f)

frgefSgand f2g

Lemma 5.1. Let A, = € < 1, 0_ # 0 and assume my, bounces off the floor and hits the floor
next before my does. Then there exist 6 = (¢) such that 6 /e — oo and 6 — 0 ase — 0, and

if—6 <Y_ <0and|¢p— o > \/8, the collision map is given by

. . 2 . €
b, ——6 — \/ﬁy_ i) <5> (5.1)
21 — 2arccosY_ €
Y, =Y — . K+Oﬁ“+0(—). 5.2
+ 6_ ( ) \/g ( )

Proof. We prove (5.1) in two steps. We first show that

6, — -6 — y_+o(§)

cos @

using the expression for 6 in (3.4). We have,

9+ + (é_ + CO2SQY_>

- 2(1 — BL) cos? 6 - 2 cos b : : 2
B (1 B+ (1—-75L) (30529> b+ (BL + (1 -5 COSQQ) Yot (0_ * COSQY_)

(Br, — (1 — B) cos?0)0_ — (2cosh)Y_ : 2
0_ Y
Br,sin? 0 + cos? 0 + + cos 0

) ~ (sin?
::&19f+1+2y4;£)
Br,sin? 60 + cos26 |
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- 37”| 2 Vo implies cos 2 /0. Tt follows that
. 1+2
)| s 520 )

cosf )|~ )
. 3T Y
Observe from the Figure 5.1 that 6 = - arccos . Thus,

For sufficiently small 6,

0, + <9 +

1—pL
0, + (0 +—2 Vo) =6,+6_+ 2 Y.
+ T cosO ) 0T B 3_7?_ . Y. -
cos 5 arccos -
) ) 2 . . . 2 .
:0++9_+ 2Y_:0++0_+—Y_+R1,

\/1_ (%) o

where '
2Y Y.

V(A =B -Y2)P

Using that /(1 — 31,)2 — Y2 = (1 — /) cos 6, we obtain

|Ry| < Br,

26
(1= BVl

|Ri| S e

Combining the results, we have

. ) 9 ) . ) 2 .
O, +0_+ ———Y | =10 -+ —Y_
++ +m ++( +— )’+|R1|
1+ 2
Se Vol 20 ZO(E>.
) (1 — fL))363/2 )

This completes the proof for (5.1).

Let ¢ be the time between the two consecutive collisions of my,. Then Y, = Y_ — Y_t.
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The angular distance that my, traveled is given by

Y.

— ML

) ( Y. ) Y. — Y.t
= 47T — arccos — arccos T E———
1 -5 1— 5L

1—pL

1 = 27 — arccos ( ) — arccos(Y,)

:27r—2arccos< ) + Ry = 2w — 2arccosY_ + R3 + Rs,

where R, and Rj are the error estimates for the Taylor series expansion and are given

explicitly by
Y.t
Ry <
| < N
pLY-
Rsl < .
= v e

Therefore, we have

Y, =Y. -Y.t=Y_ -Y_ (i)

Y.
=Y — — (2mr —2arccosY_ + Ry + R3)

o — 2 Y. . Y.
o om ;rccos Y_+0-—<R2+R3>.

=Y

Since my, can travel at most 27 between two collisions, ¢ is bounded by |t| < 27 /6. Also

note that R, and Rj contain the factor Y_ and 3y, respectively. We finish the proof for (5.2)
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by computing,

Y+_Y_+27r—22rccosYY’< T (Ry+ Ry)
2nY_ +B 2nY_
e AT
2m €
<@y |0 o(_).
~ \/5+6((1—BL f' )+O0\ 7

O

Corollary 5.2. Under the same assumptions as in Lemma 5.1 with the exception {gb — 37”‘ e

6F for0 < k < 1 and ¢ < 0%*, the variables after the collision are given by the similar

equations to (5.1) and (5.2) but with different error terms.

. 2
6, ——6 — ﬁy 4O (5%) (5.3)
21 — 2arccos Y_ 52
Y, =Y — - Y+O(5)+O<6k> (5.4)
Proof. When computing the error terms, use cos 8 > 6. O]

Now, we can state the adiabatic invariance theorem for the special case when the light

mass hits the floor and the dumbbell is far away from the vertical position: § = 37”

Theorem 5.3. Suppose right before the collision 0_ # 0 and 6 — 37” # 0. Then thereis 6 > 0
such that if 0 < By, = € = 6% and -0 < YO < 0, then there exists an adiabatic invariant

of the dumbbell system, given by I = |0|f(Y), where f(Y) = © — arccos Y. In other words,
|9n|f(Yn) - ’90|f(%) = O(0) after N = O(6~") collisions.

Proof. We prove this by finding f(Y') that satisfies

041 F(Y2) = [0-|F(Y=) = O(8%).
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When ¢ = ¢% and ¢ is sufficiently small, it follows from (5.4) that,

2m — 2arccos Y_
0_

VL) = F(Y) - ( e +0<62>) ).

Then, we have

0,170V = 0+ — 2 4 o) (f(Y) - (

\/1-Y2

— |6_|f(Y_) — (2 — 2arccos Y_) Y_f'(Y_) +

2w — 2arccos Y_
0_

Vo) 1))

2z
\/1—Y?2

Therefore, (V) satisfies [0, |f(Y,) — |0_]| f(Y_) = O(6%) provided

Y| F(Y2) + O(6%).

2
\/1-Y2

The solution of the above equation is given by f(Y_) = 7 — arccos Y_.

—(2m — 2arccos Y_)Y_f/(Y_) + Y_f(Y_) =0.

Let N = O(67!) and let 6y and Yy be the angular velocity and the distance after N*"

collision. Then, we have
. N .
6317 ) = ol £ (Y0) = D (16l (Vi) = 16411 f (Vi) S N 82 S 6
k=1
O

Remark 5.4. Adiabatic invariant has a natural geometric meaning: angular velocity times

the distance traveled by the light mass between two consecutive collisions.

Now, we state the theorem for a realistic scenario when a rapidly rotating dumbbell

scatters off the floor.

Theorem 5.5. Let the dumbbell approach the ﬂoorfrom infinity with _ # 0. There exists
§ > 0 such thatif 0 < B, = € = 6%, — 37| ~ /5 then, after N = O(671)
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bounces the dumbbell will leave the floor after the final bounce by my, with Iy = Iy +O(+/3).

The adiabatic invariant is defined as above I = || f(Y).

Remark 5.6. The condition on the angle |0y — —| ~ /8 comes naturally from the following
argument. If Y = —§, the dumbbell approaching from infinity will naturally hit the floor
when y > 1 — f3, — 6. Since ¢ is small, this implies [0y — 2| < V8. If Oy happens to be too
close to 37, then there is no hope to obtain adiabatic invariant and we exclude such set of
initial conditions. In the limit § — 0 the relative measure of the set where [fy— 2| = o(V/9)

tends to zero.

Proof. We will split the iterations (bounces) into two parts: before the n'" iteration and after

it, where n = L-\%J and y is sufficiently small (to be defined later). We claim that after n

bounces, |6,, — 37”| > /5. To prove this claim, we use energy conservation of the dumbbell

system (3.1), and (5.3). We have

e(1—e) (é_ n \/%YEY_ ) <§)> 2 V2= e(1-)f2 + V2 (5.5)
Next,
V2 V2 = [e(1— )2 —e(1—e) [ 6 ,+o(> 2
\/7
( a0 (5)+ A0 (5) <o (5) )|

By our assumptions, 1 — Y_ = § so it follows that

IN

Y2 - Y2 <62 (52+i+5+5—2+52) < §52
5 \/3 \/g ~ )

which implies |V, — Y_| < §%/2.

After n = L\%J bounces, Y| < 8 if yu is sufficiently small and we still have the

vertical velocity of same order, i.e. Y, ~ Yy ~ &. Then, at the n'" collision, the center of
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mass will be located at 3, < 1 — /4, which will imply |6,, — o > V9. Now using Lemma
5.1, Corollary 5.2, and Theorem 5.3, we compute the error term of the adiabatic invariant
under the assumption that the total number of collisions is bounded by N < 6! and the

heavy mass does not hit the floor.

O | £ (Yv) — |00 f(Yo)

N

= 37 (1l 1050 = el 0) + 3 (1050 = e £03)

n

_ ¢ 32y _
_\/50(5))+(5>0(5/)_0(¢5).

By Theorem 4.4 proved in the previous chapter, there is indeed a uniform bound on the
number of bounces.

If the heavy mass does hit the floor it can do so only once as shown in the next section.
We claim that the corresponding change in the adiabatic invariant will be only of order 4.

Using (3.4) and Remark 3.1 from Chapter 3, we obtain

Y, ==Y +0()
0, =6_+0(e) + O(6).

Let the pairs (6, Yy) (01, Yins1) denote the corresponding values of (6, Y) when the
light mass hits the floor right before and after the large mass hits the floor. Then, since
Y = O(0), we find that Y;,,,; — Y;, = O(8) and 6,11 — 6,, = O(6). As a consequence,

|9m+1|f<ym+1> - ’9m|f(Ym) = 0(5)

and the change in adiabatic invariant due to large mass hitting the floor is sufficiently small

AL = O(6). O
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CHAPTER 6

Chaotic dynamics of the two-dimensional coin

Using the equal-mass dumbbell model, we study the dynamics of a bouncing coin whose
motion is restricted to the two-dimensional plane. As we mentioned in the introduction,
the choice of the two-dimensional coin models does not affect our results. To simplify the
terminologies, we will refer to the equal-mass dumbbell as a coin.

We first describe the coin system as a point billiard in a transformed domain. Although
the majority of the steps overlaps with our discussion from Chapter 3, there are some ad-

ditional details we need to note.

6.1 The coin system as a gravitational billiard

Consider the coin interacting with the flat boundary under the influence of gravity. Let
all other variables be the same as in Chapter 3, except the 6 variable. We still define 6 to
be the angular position of the vector m measured counterclockwise from the positive
X-direction. However, we measure ¢ in R keeping track of the rotation number. We will
identify 0 and 6 + 277 as the same later.

The moment of inertia of the coin is given by I = my,(1)? + mg(1)? = iml® After

rescaling, the energy of the system is given by

10> mY? Ié

By considering the corresponding Lagrangian of the system and applying the Hamilton’s

principle of least action, we know that the motion of the coin between two collisions on
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X _—
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Figure 6.1: (a) The equal-mass dumbbell as a model to the two-dimensional coin. (b) The
gravitational billiard for the coin.

the 0y plane is governed by
6=0 j=—g % (6.2)

We choose m = 1,1 = 2 thus I = 1, to simplify calculations.

With the given constants, we find our billiard domain using (3.2),

Q={(0,y) :y > |sind| for § € R}. (6.3)

At the boundary 0Q, there will be mirror-like reflections. Applying (3.3) to v_ = [6_,9_]

and n = [1, cos 0 \Ssiiiaad , we find the reflection law

) -2 sin 0 )

0. _ 1 sin“ 0 2cosf Tsind] 0_ ' (6.4)
. 1+cos?0 |\ 9cospsinfd  _gin2y .

i cos 0 5 sin U

Using (6.2), (6.3), and (6.4), we build a gravitational billiard for the coin system on the
Oy plane. As in classical billiards, it is sufficient to examine the flow only at the moment
of collision. We choose to observe the flow right before a collision. Thus, when there is no

ambiguity, we drop the subscript _.
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On the natural Poincare section P

. 9’2 y2
P = {(Q,y,ﬁ,y) 2 (0,y) € 0Q, 5+5+gy—E},

we define the return map f : P — P, which takes the data of a collision to the data of the
next collision. A phase point on P can be identified with (¢, v) where ¢ is the footpoint on
the boundary 9Q and v is the inward velocity vector v at q. If we restrict our attention to

the flow pointing “downwards” at the moment of collision,

Py = {(q,v) : (q,v) EP,U-Q<O},

then we can use (6, 9) as the coordinates on P;. Combining (6.1) and (6.3), we check that

(¢,v) on Py can be represented in terms of (6, ),

q=(0,|sind)) v = (9,—\/2E—29|sin9| —92) : (6.5)

When a point and its image under f are both on P,, we write f(6,6) = (61,6;). In
general, given (0, 6’), we cannot solve for (6, 91) However, (6, 91) can be implicitly found

in the following way. First, we use (6.4) to write (6,6, ) in terms of (6, ),

0, =0 0, (¢9.sin2 0 — 2\/2E — 2g|sin | — 62 cosé’ﬂ) . (6.6)

" 1+cos?0 | sin 0]

Given (A,6,), we may use the basic laws of physics to calculate the formula for the
parabolic trajectory defined by (6., 6. ). We may do the same with (6;,0;). Since (6., 6.)

and (0y, 6,) should define the same parabolic trajectory, we obtain

0,1/2F — 2g|sinf,| — 62 0_1\/2F — 2g|sin 6| — 62
0, + o/ S S A / 1 6.7)

g . g .

2E —2¢g|sinf.| — 67 2F — 2g|sin 6| — 6?

|Sin6+‘ —+

= ]sin@ﬂ —+

2g 29
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Combining (6.6) and (6.7) lets us implicitly define (6;, ;).

6.2 'The topological picture of the billiard map

6.2.1 Construction of the domain D

We will study the topological picture of the return map f which will be fundamental to
constructing the horizontal and vertical strips satisfying the Conley-Moser conditions. We
start by choosing an appropriate domain for f.

We naturally want to pick a domain which contains the phase points corresponding to
collisions of my, and also the phase points corresponding to collisions of mp to study how
the two parts interact. From the construction of P, we see that the phase points (6, §) for
my, satisfy 2nm < 6 < (2n+1)m, and the phase points for mg satisfy (2n—1)7 < 6 < 2n.
Also, note that (6, 9) € P, is not defined when 6 = nm, since such points are associated
to the billiard trajectories hitting the corners of 0Q = |sin#|. Thus, our domain should
not include any points with § = nm. To embrace both conditions, it is apparent we must
choose two disjoint subsets as a domain.

Suppose we choose two rectangles of width 260" <7 and height 20* centered at (g, O) and
(37”, 0) as the domain. As a first step toward understanding the image of the rectangles, let
us attempt to calculate the image of one of the corner points, (1 -0, 0*) To find its image,

2

we first need to know how 6* changes right after the reflection. By (6.6),

1

b = TTaTe <(1 — sin% 0*)0* — 2sin 9*\/2}3 — 2g cos B* — (9’*)2) .

We can imagine that using the exact form of this equation in the next steps will cause
complicated calculations. However, if 6* is small and (6*)? is small compared to 2F, then

we can easily estimate the 6* and 6*, thus the equation as well, using asymptotics.

We assume the energy of the system E is large and set 6* = O(%) and 0* = O(\/LE)

We note that, with the condition 6* = O (%), we only consider the pieces of the boundary
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dQ “near” the sine peaks. The restriction in §* implies that the angle between the incoming
billiard trajectory and — at the moment of a collision is O(%), i.e. the trajectory is “close
to vertical”. Therefore, this setting guarantees that we will always have the transversal
Poincaré section.

Let D = D(E, k(E)) be the union of

1

DL:{wﬁy(aﬁeﬁge—

7r‘§

i
E?
k
= ot

W N

DR:“ammaaeﬂh

71" <
where k is a function of F satisfying the equation (6.8) in Lemma 6.2 below, and £ is bounded

by two independent constants 0 < ky < k(E) < ko.

Remark 6.1. We explain why we choose such specific k(F). As k changes, the topological

picture of f changes in the following way.

Figure 6.2: (a) When K <k. (b) When using k defined in Lemma 6.2. (c) When K >k.

1. If we instead use a constant K slightly smaller than £ when defining the domain
D = D(E,K), then f(D(F,K)) intersects D(E, K)+(27Z,0) in two horizontal

strips and four corners (Figure 6.2a).

2. As K approaches k, f(D(E, K)) becomes wider and flatter. When we use the exact
k,then f(D(E,k)) N (D(E, k)£(27Z,0)) results in six horizontal strips as in Figure
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6.2b. These six horizontal strips are the “minimal” number of strips such that, later
when we identify the angle of the coin 6 = 0 + 27Z, the image of each rectangle

intersects itself “and” the other rectangle in full horizontal strips (Figure 6.5a).

3. With K slightly bigger than k, f(D(E, K)) still intersects in (D(E, K)+(27Z,0))
in six horizontal strips as in the case of k, but it is more tedious to compute the

coordinates of f(D(E, K)).

4. As K gets bigger, the topological picture of f(D(FE, K)) changes from Figure 6.2b to
Figure 6.2c.

Lemma 6.2. Suppose we have a large enough energy of the system E. Then there exists

k = k(E) such that given a point a = (0%,0%) = (z - £, %) € Py, we have

A(E k) = 2 (e’i\/w — 2¢| sin f| — (é?f) +7=0. (6.8)
g

Remark 6.3. The equation A(E, k) = 0 implies the following physical meaning: the bil-
liard trajectory on Q defined by the initial condition a = (%, %) hits the boundary again
when 0 = 6 — 7 (Figure 6.4). In the phase space, this guarantees that a corner point a € Dy,

gets mapped to the left side of Dg — (27, 0) (Figure 6.3).

Proof. Recall from (6.5) that when * = \F’ we have g° \/2E — 2g|sin fa| — (H)2.
By (6.6),

k\ V2k ki \/ k k2
—_— 1 2_ —_— ] —_— —_— —_— —_—
1 —sin ) 2smE 2K 2gcosE (\/QEE) )

-0 (5)) 2 (2-0(2)) (-0 (2)))

1 V2k k V2k k
_1+Sin2%(—\/EJFO(ﬁ))——ﬁJrO(ﬁ). (6.9)

. 1
0 = ————
+ l—i-sinQ%(
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Then we substitute (6.9) to (6.8)

(o () (7o () -
(o () s

Since the term O(£) is small, we may assume A (E, %) < 0 and A (E, %) > 0. By

Q |

the intermediate value theorem, we can find k& € (%, %) such that A(E, k) = 0. Since

the leading term of % = —%, it follows that % # 0. From the implicit function
theorem, we know that we can write k = k(E) in terms of E. ]

6.2.2 'The image of D under the billiard map

We will use a few reference points in D and the Jacobian approximation of f to show that
f(D) are long and thin strips overlapping D and D=+ (27, 0) as in Figure 6.3. Due to the
symmetry of the coin, f(Dg) will have the same topological picture as f(Dy,), shifted by
7. Therefore, we may focus on the topological behavior of f(Dy,). We start by analyzing

the image of the top edge of Dy, under f.

Lemma 6.4. The image of the top edge of Dy, under f is a ji,-horizontal curve with i, =

O(L).

Proof. We first compute the Jacobian J ; for general (0, 9), then estimate the transformation

of a vector (1,0)” in Dy, by J;. From (6.6), we get the derivatives

90, _, 80,  —gcos®O(3 + cos20) + 20y sin 20 — 25 sin® 0
00 06 9(1 4+ cos? 0)?

%70 0, B 1 —cos?6 — (20 cosh) [y

o0 o0 14 cos?2 0 '
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By implicitly differentiating (6.7) and simplifying the results with

y = —\/QE—Zg sinf—02 g, = \/2E—2g sinf—02 g = —\/2E—29| sin 01| —(6;)2,

we obtain

(_1 + 91 COS@1> 891 B ((y1)2 — (91)2> 891 . é.;,. COS&.,_ _

() 00, 9y 00y s
o o _
g 004 B
14 9'1 COS (91 891 _ (gl)Q — ((91)2 6(91 _ <y+)2 — (9+>2
yl 39+ 9?/1 80+ gy+
o,
g 90, g’

where the £ signs depend on the sign of %. Keeping in mind that 0, = 6, we solve for

00, _ (v — 9+ cosf.,) 691 _0 00, _ (94 — 1) (Y91 + (91)2> 891 .,
s Gl Fbicosty) 9y 06 gy (41 F b1 cosby) 20,

We use the chain rule to compute

96, 96, 061 90, 90,00, 00, 90, 9% 90,
; 06 00 | 00,00 90,00 00,00 = 90, 0
T\ ob ob| | a6 00, 06, 06, 06, 00, 06, 96,

For (6,6) in Dy,

0=+0(F) 9= OWE) 0=3+0(3)
0.0, = +0(75) .01 = —O(VE) 6, =0(1).

S|

(6.10)

&
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Using (6.10), we estimate the Jacobian J ¢ for the points in Dy,

O(1)-1+O(KE)OWE) 0O(1)-0+0(WE)-1 O(E) O(E)
0-1+1-0(WE) 0-0+1-0(1) OWE) 0(1)

(6.11)

Any vector (1,0)7 in Dy, is mapped to (J;)|p, (1,0)” = (O(E), O(VE))". It is clear that
the image of the top edge of Dy, is a y,-horizontal curve with y, = O (\/LE) . Moreover, since
we were careful with the signs of the asymptotic terms, it is a monotonically increasing -

horizontal curve with p;, = O(\/LE) [

Figure 6.3: A topological picture of f(Dy, U Dg).

]

|
3= !
2
T
T

|
|
|
)
s
2
HE
T
90

o5 0
Figure 6.4: The trajectories defined by the initial points a, b, and ¢ on Q.

Now we consider the three reference points a, b, and c lying on the top edge of Dy, (see

Figure 6.3),

a= (000 = (5-£2)  b=0)= () =0 = (5.42),
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where 6° is chosen such that 0& — 0% = 0. The existence of such # can be shown by
applying the intermediate value theorem to the function 6, <9, V2FE %) See also Figure

6.4 for a geometric reason.

Proposition 6.5. The image of D overlaps D+(27Z,0) in six disjoint i, -horizontal strips
with py, = O(\/LE) (Figure 6.3).

Proof. We estimate the images of the three reference points a, b, and ¢ in Dy,

f(a) = (9?7 0?) f<b> = (‘911]7 9117) f(C) = (957 6?)

From (6.9), we know (9"f = 91 = —% + O(E’fo) To find Hé, we use the first term of

A(FE, k) from Lemma 6.2. The term represents twice the f-distance from 6, to the vertex of
the parabolic billiard trajectory determined by (6%, %), and it is set to —. In other words,

the next collision occurs when

0l =6, — 7= —— —

a

o
SIE

By construction,

F(0) = (67,67) = (6", 0).

Since the point c is associated to the trajectory hitting the boundary at the peak (Figure
6), the é—component does not change after the collision, and Hf = V2F % To estimate 6,
we observe that the parabolic billiard trajectory determined by (6°, 6’0) has the footpoint
q¢ = (0°,y°) = (5,1) on 9Q. Any footpoint on JQ, including the footpoint for the next
collision ¢ = (6, y7), has the y-coordinate less than or equal to 1. This implies that y- and
f-distances from ¢° to the vertex of the parabola is smaller than the y- and §-distances from

qi to the vertex of the parabola. In other words,

9 /. :
e (ei\/w — 9] sin 6| — (91)2) . (6.12)
g

43



We use (6.9) to get the relation §¢ = \F = |69 + O(+%5). Then we rewrite (6.12) as

25 (90 or 2021 —eo ) = (1 0(7)

= g+§< |9a|+O E]jf)))\/QE—Qgsm@“—(éi)Q—Qg(l—cos%) —O(Z—i))
_g+§( 0% + O E15>> (\/2E—2gsm9“—(9“)) O(%)))
= g + 3 (|9“ \/2E — 2gsinfe — (§2)2 )) + smaller terms,

where

smaller terms =

( |0a|0( = >+O( >\/2E—2951n0“—(9a) 0(%))

(6.13)

Q|

It can be shown that (6.13) is O(%) and is greater than or equal to % Since we know
from (6.8) that %(\6“|\/2E — 2gsinfe — (%)2)) = A(E,k) = 7, we conclude that §, =
T+E+0(5)

We plot the images of the three reference points f(a), f(b), and f(c) (Figure 6.3). Then by

Lemma 6.4, we know that the image of the top side of Dy, horizontally crosses Dy, Dg and
Dgr—(27,0). Similarly, using symmetries, we infer that the image of the bottom edge of Dy,
also crosses Dy, Dg and Dg—(27,0) horizontally. Since f is continuous and the proof of
Lemma 6.4 can be applied to any vector (1,0)? lying in Dy, we deduce that the image of Dy,
is pp-horizontal strip crossing Dy,, Dr and Dg— (2, 0) horizontally. The same argument

works for Dy, and we conclude that f(D) on D+(27Z,0) are six horizontal strips. O
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6.3 Construction of the strips satisfying the Conley-Moser
conditions

In this section, we finally construct the horizontal and vertical strips satisfying the Conley-
Moser conditions using the coin billiard map. Recall that we measured the angular position
of the coin § € R distinguishing 6 from ¢ + 27Z. We now impose the equivalence relation
0 ~ 0 + 277 and treat § = 0 + 277 as the same. We denote the resultant objects with ~,
ie. é,ﬁ,ﬁ,f

Under this setting where § € [0, 27), Dy, and Dy lie on a cylinder. It directly follows

from Proposition 6.5 and Figure 6.3 that

Corollary 6.6. f(ﬁ) N D are six p,-horizontal strips with pi, = O(-%) (Figure 6.5a).

L
VE

™~
e,

Figure 6.5: (a) The two rectangles Dr, (solid) and l~)R (dashed) and their first images under
the billiard map f. (b) Vertical strips V; which are the inverse images of Dy, and Dg.

We denote the six horizontal strips H; where s € S = {Lj, Lo, L3, R, R, R3} as illus-

trated in Figure 6.5a.

Proposition 6.7. The preimages of H are six disjoint pu,-vertical strips Vs € D with oy =

O(L).

Proof. Without loss of generality, we choose Hp, to find its preimage. From the construc-
tion of the horizontal strips Hj, the inverse images of the upper and lower boundary curves
of Hy, are segments of the top and the bottom edges of Dy.. To find the inverse image of

the vertical boundaries of H,, we compute J 7, (0, 1)T. By the inverse function theorem,
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Jj = J f)*l. Since f and f are locally the same, we may use (6.11) and the equations in
the proof of Lemma 6.4 to compute J ;.. First, by direct computation, we find the determi-

nant of J
U1(174 — 01 cos 0)(—26 cos 6 + gsin® 6)

Jil = :
7 Y9+ (1 + cos? 0) (91 F b1 cos 0y)

Using (6.10), we find [J 7| = O(1) for the points in Dy.. Thus,

G = | OO ~O(VE)
e o) | LovE) o) |

and (J 7-1)|m,, (0, DT = (-O(VE),O(E))T. We then obtain 11, = O(\/LE)

To summarize, the preimages of the boundaries of Hy, consist of two segments of the
top and the bottom edges of ﬁL and two ,-vertical curves in 5L. Since f ~1 is a diffeo-
morphism, the boundaries get mapped to the boundaries and the interior gets mapped to

the interior. Therefore the inverse image of a horizontal strip Hy, is a vertical strip.

Proposition 6.8.

1. Consider a y-horizontal strip Hy for s € {Ly, Lo, Ls}. If j € {Ry, Lo, Rs}, then
f(H,) N H; is a j1}, -horizontal strip where 1}, = O(\/Lﬁ) and d(f(H,) N H;) < d(H,).
Ifj € {L1,Ro, L}, then f(H,) N H; = 0.

2. Similary, consider a p,-vertical strip Vs for s € {Rq, Lo, R3}. If j € {Ly, La, L3}, then
fY (V) NV is a pl-vertical where i} = O(\/LE) and d(f~'(V.) n'V;) < d(V.). If
j € {R1,Ra, Rs}, then [~ (Vo) N V; = 0.

3. The statements 1 and 2 with L and R switched are also true.

Proof. We only prove the statement 1, since the proofs for the statements 2 and 3 are similar.
By observing the topological pictures of f (ZN)) (Figure 6.3, Figure 6.5a), we can easily see that
when s € {L;, Ly, Ls} and j € {Ly, Ry, L3}, we have f(H,) N H; = 0. If j € {L;, Ry, Ls},
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then f(H,) N H; is nonempty and is contained in H;. It is clear d(f(H,) N H;) < d(H,).
It remains to estimate the maximal slope of the horizontal boundary curves of f(H,) N H -
From Proposition 6.5, we know that the horizontal boundary curves of H; has the maximal

slope up, = O(\/LE) Using (6.11), we get

1 O(E) + O(VE)O(75) O(E)
o | = W) =
[t O(WE) +O(75) O(VE)
Thus, the maximal slope of the horizontal boundary curves of f(H) N H; is pj, = OO(E/EE)) =
0

Corollary 6.6, Proposition 6.7, and Proposition 6.8 together imply that f satisfies the
modified Conley-Moser conditions. We state our main theorem, which is merely a version

of Theorem 2.4. We first need a few definitions.

N
Definition. Let Ay = {p | ﬂ f"(ﬁ)} and A = lim Ay.
N—00

n=—N
Definition. Let Y be the set of bi-infinite sequences of six symbols Lj, Lo, L3, Ry, Ro, R3

with the following rules:

o Ly, Lo, or L can precede Ry, Ly, or Rs.

« Ry, Ry, or R3 can precede L1, Ry, or Ls.

Theorem 6.9. There is a homeomorphism ¢ : A — 3 such that if we denote the shift map on

Y aso : X — 3, then the diagram below commutes.

AT A

; |

Y%
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Proof. The proof closely follows the proof of Theorem 2.4. We only point out some key
ideas here.

We first describe the invariant set A: the set of points which stay in D after infinitely
many forward and backward iterations of f. From Corollary 6.6 and Figure 6.5a, we see that
after one forward iteration of f, the invariant set f (5) N D consists of the 2 - 3 horizontal
strips H, where s € S. From Proposition 6.8 and Figure 6.5a, we know that f acting on H,

creates 3 nested i -horizontal strips with i} = O (\/LE) in each H,. In other words,

fQ(ﬁ) ﬂf(ﬁ) ND= f(Hs) N H; wheres,j € S

consists of 2 - 3% thinner y} -horizontal strips. We define each nested strip

f(Hs_,)NHs_, = Hs_,5_, wheres; € S.

If we iterate f", then 2 - 3" 7 -horizontal strips with )} = O(\/LE) remain in D. We induc-

tively define the nested horizontal strips after n iterations,

f(Hsfn---sfz) N Hsf1 = Hsfn---sfr

Similarly, from Propositions 6.7 and 6.8, we obtain 2-3" p-vertical strips with ) = O (\/_E)
as the invariant set for f=".

We see that Ay is the intersection of 2 - 3" ¥ -horizontal strips and 2 - 3" )Y -vertical
strips. When n — 0o, we see that A is a Cantor set which contains all the intersection points
of an infinite number of y;-horizontal curves and ) -vertical curves. The first Conley-

.y 1 1 . .
Moser condition 0 < ppp, = O(\/_E)O(\/_E) < 1 guarantees that there exists a unique
intersection point of a y;,-horizontal curve and a p,-vertical curve.

The next step is to assign a sequence s = (...S_25_15¢51...) € % to each point p € A

based on to which horizontal curve H_; ,;_; and vertical curve V;, . the point p belongs.

0S81..
It is clear from the construction that this assignment ¢ : ¥ — A is one-to-one. Also, from

Proposition 6.8, we know that only certain choices of s, j for f(H,) N H; = H,; are valid.
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Figure 6.6: The valid letter combinations for the sequences in X.

Thus, the sequences s € X must combinatorially follow the two rules mentioned on the
previous page. The proof can be completed by showing that ¢ is a homeomorphism. See

[Mo, Wi] for the full details. O

Theorem 6.10. For the two-dimensional coin model, if a collision of my, or my is labeled by
L or R respectively, then any infinite sequence of L’s and R’s can be realized by choosing an

appropriate initial condition.

Proof. The sequence set Y. contains all the infinite sequences of Ly, L, L3, R1, Ro, R3’s
which do not violate the rules. From the rules, we see that if we set the representatives
L] = {L1, Lo, Ls} and [R] = {R1, Ry, R3}, then either [L] or [R] may follow after [L] (see
also Figure 6.6). Similarly, after [R], either [L] or [R] may follow. In other words, ¥ contains
all possible sequences of [L]’s and [R]’s.

By Theorem 6.9, having all sequences of [L]’s and [R]’s implies that for any collision
sequence of L’s and R’s, there exists a phase point of the coin billiard which makes collisions

according to the sequence.
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CHAPTER 7

Three-period orbits in billiards on the surfaces of
constant curvature

Recall from Chapter 2.3 the natural coordinates of the phase space of a billiard (¢, «), and
the notion of periodic orbits. In this chapter, we study the set of three-period orbits in

billiards on the hyperbolic plane and on the 2-sphere. Our main theorems are

Theorem 7.1. The set of three-period orbits in any billiard on the hyperbolic plane has a

measure zero.

Theorem 7.2. Let Ps be the set of three-period orbits in the billiard domain 0Q on the 2-
sphere. Assume that some (zo,x1,22) € Pj3 has perimeter L = m,3m or br and that suffi-
ciently small pieces of 0Q containing xo, x1, xo belong to great circles. Then (xo,x1,x2) €

int(Ps) and Ps has positive measure. Otherwise, (o, 1, x2) ¢ int(Ps).

To prove the theorems, we extend the Jacobi fields based approach in [Wo2] and present
the unified proof which treats all three billiard systems on the constant curvature manifolds
in the same manner. Our argument proceeds independently of the underlying geometry
until we get the compatibility condition. Then, using the relevant cosine formula (which
depends on the geometry), we obtain the relation that must be satisfied on an open set

containing only three-period orbits
kq(q0) = sin®(ao) F(L),

where L is the length of three-period orbits, k,(qo) is geodesic curvature at one of the

vertices, and «y is the angle of the billiard orbit with tangent at this vertex. The function
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F (L) depends on the underlying Riemannian manifold

From this formula, it is possible to classify sets of three-period orbits.

Remark 7.3. We only prove that the set of three-period orbits on H? (and on S? when
special condition is not satisfied) has an empty interior. The stronger statement about zero

measure follows verbatim the argument in [Wo2].

7.1 Billiard system on the surface of constant curvature

7.1.1 Jacobi fields

Let Q be a smooth domain on a surface of constant curvature 2. The billiard ball inside O
travels along the geodesics and reflects at the boundary. Let (¢, 7), be a two parameter
family of geodesics where |¢| < €y, —00 < T < 0.

We briefly recall the derivation of the Jacobi fields, see e.g. [Ca] or [Bar]. The Jacobi field
is defined by

97(0,7)
J(1) = —F"77-+.
(7) 5
and it satisfies the Jacobi equation
\YAAY% N\
=== (1) + R(J(7), )y =0,
drdr

where V denotes the covariant derivative and R is the curvature tensor. As usual, we are

interested in the component of the Jacobi field, that is perpendicular to . Therefore, it can
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be expressed as

where J(7) is a scalar function and n(7) is a unit vector field perpendicular to . If the
surface has constant curvature s, then one obtains a scalar equation with constant coeffi-

cients

J'(1)+ #J(1)=0 (7.1)

According to the standard result in the theory of differential equations, the solution of the

Jacobi equation is uniquely defined if two initial conditions .J(0) and J'(0) are given.

7.1.2 Evolution and reflection matrices

Consider the billiards on the hyperbolic plane H? and the 2-sphere S? which have the cur-

vature > = —1 and 1 respectively. Solving the Jacobi equation (7.1), we get

J(0) cosh(r) + J'(0) sinh(7) on H?
J(0) cos(t) + J'(0)sin(r)  on S?

In each case, we obtain the evolution matrix P(7),

cosh(7) sinh(7) on 2
sinh(7) cosh(7)
where P(7) =
cos(T) sin(T) on S2
sin(7) cos(7)

\

which describes the changes of the Jacobi field over time.
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Note that the corresponding evolution matrix in the Euclidean case is given by

When the ball hits the boundary at x = (g, @), the Jacobi field is transformed by the

linear map R(x) which is essentially the same as the reflection map in the Euclidean case

Jout Jin
= R(x) ,
J(/)ut Jz/n
-1 0
where R(z) = 2k,(q) ;)
sin(a)

Note that the reflection matrix is directly related to the classical mirror formula [Wo2].

One should expect that the reflection matrix R(x) for the billiard on a two-dimensional
Riemannian manifold should have the same form as in the Euclidean case [Wo2]. Neverthe-
less, we provide some justification. Consider a one-parameter family of geodesics (¢, 7)
reflecting from the billiard boundary 0Q on a two-dimensional Riemannian manifold. In
an e-neighborhood of the reflection point x( of (0, 7p), the manifold can be represented as
a smooth two-dimensional surface in R3. Projecting the geodesics and the boundary onto
the tangent plane at x4, we obtain the corresponding structure on the plane: family of orbits
reflecting from the boundary. It is easy to estimate that the angles before and after the pro-
jection, differ by It is easy to estimate that the angles as well as distances before and after
the projection differ by O(¢?). This is mainly due to the expansion cose = 1 — €2/2 + ....
Also, straightforward estimates show that the projected boundary curve will have the cur-
vature equal to the geodesic curvature of 9Q with the accuracy O(e?). As quadratic terms
do not affect linear transformations, the reflection map will have the same form as in the

Euclidean case with % being replaced by k.
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7.2 Billiard on the hyperbolic plane

Assume that there is an open set of three-period orbits. Then we must have 7° and DT?

equal to the identity, which implies
P(71)R(x1)P(10)R(20)(P(12)R(z2) = 1 (7.2)

where [ is the identity map; z,z; and x5 as the collision points; and 7, 71, 75 are the

distances between collision points (Figure 7.1). This relation can be also rewritten as

P(11)R(21)P(10) = R~ (w2) P~ (12) R~ (o), (7.3)
which takes the form
cosh(7y) sinh(m) -1 0 cosh(7) sinh(7p)
: 2kg(q1) .

sinh(7y) cosh(r) sin(an) —1 sinh(7y) cosh(7)
L 1 L

—1 0 cosh(my) sinh(ry) —1 0

= | 2ky(g0) . " | 2k4(q0)

| sin(as) 1 sinh(7z) COSh(Tg)_  sin(ao) 1

After simplification, we equate the top right components to get

2ky(q1) sinh(7p) sinh(7y) '

sinh(7y + 71) — sinh(m) = sin(on)
1

(7.4)

This is comparable to the corresponding formula in the Euclidean case:

21{5(%)7071

To+T1— Ty = sin(oy)
1

which was derived in [Wo2].

We define 6 to be the interior angle between two adjacent segments of an orbit, that is

54



q2 ¢
» 41

do
Figure 7.1: Three-period orbits on the hyperbolic plane

0 = m — 2« (see Figure 7.1). Then we alter the hyperbolic cosine formula into
cosh(7y) = cosh(my + 71) — sinh(7) sinh(7;) — sinh(7) sinh(7y) cos(6;).
We use the half angle formula to get
2 91 . .
cosh(my + 1) — cosh(mz) = 2 cos 5} sinh(7) sinh(7) (7.5)

Combining (7.4) and (7.5), we arrive at

cosh(my + 71) — cosh(r,)  sinh(r + 1) — sinh(r) cos (%)

cos? (%1) kg(qu)
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Note that the length of an orbit L = 7y + 7, + 7» is invariant. Therefore,

o(q1) = sinh(7y + 71) — sinh(7) cos® (91)

cosh(ry + 71) — cosh(7s) 2

)
(10 +71)
sinh(L — ) —sinh(m) 5 (61
cosh(L — 13) — cosh(m) o ( )

—cos* () comn (5

L
= sin®(aq) coth (5)

This relation must hold for all nearby orbits. In particular, for all orbits starting at the
same point on the boundary with different angles of reflection. Thus, we obtain a contradic-
tion because the right-hand side of the equation is not constant in any interval. Therefore,
the set of three-period orbits has an empty interior. Next, following an argument in [Wo2],

we obtain that the set has zero measure, which ends the proof of the Theorem 7.1.

7.3 Billiard on the 2-sphere

Now we prove Theorem 7.2 using the similar method. Assuming there is an open set of
three-period orbits on 52, we obtain again that 7° and DT are equal to the identity. There-

fore, using (7.3) again
P(n)R(z1)P(r) = R~ (22) P~ (r2) R (o),

we get

2k4(q1) sin(7p) sin(m) ‘

sin(avy) (7.6)

sin(79) cos(71) + cos(7p) sin(71) — sin(m) =

Note that this relation is the same as (7.4) if trigonometric functions are replaced with their

hyperbolic counterparts (Figure 7.2).
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Figure 7.2: The special case L = .

Combining (7.6) and the modified version of spherical cosine formula, we arrive at

k,(q1) = sin®(a;) cot (g) . (7.7)

If cot (%) # 0, then we have the same contradiction as in the hyperbolic case. When
L = (2n + 1), we have cot (%) = 0 and k, = 0. In this case, there could exist open sets
of three-period orbits.

Now, we discuss the characteristics of the billiards on which open sets of three-period
orbits exist. Note that only orbits without repetition are considered, and this assumption

limits our cases to L = 7, 37, or 5, see also [Gu].

Proposition 7.4. Consider a spherical triangle \qyq1qo on the unit sphere with perimeter
L = m,3m orbm. Letly, ly, [ be the great circles passing through the vertices orthogonal to the
corresponding bisectors. Then, these great circles intersect at the right angles and any billiard
boundary containing segments of ly, 1, l> passing through qo, q1, g2 will have an open set of

three-period orbits.

Proof. Let [ be a geodesic on 5% and ¢ be any point on /. Create two geodesics, /; and

lo, that are perpendicular to [y and to each other, but do not pass through ¢;. Consider
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Case 1 Case 2

0 Aq1

1, %
‘cU

q

qo

Figure 7.3: The special cases when the orbit length is L = 37 or L = 5.

any geodesic segment, 7, of length 7, whose endpoint is gy. Denote the angle between 7
and [y as 0. Through two reflections over /; and [, this line 7 forms a triangle of length
7 within the boundary created by [y, [1, and l5. Since gy and o were arbitrary, any three-
period orbit of length m must be contained in one octant, which is formed by [, /1, and I,
whose intersections are orthogonal. In particular, this implies that all orbits in the octant
are three-periodic except those which hit the corners.

Consider three great circles that intersect at gy, g1, and go. The total length of the lines is
6. This implies that an orbit of length 57 is the complement of Agyg; go. It follows that an
orbit of length 57 must have vertices on ly, [1, [» as in the 7 case.

Now we consider a three-period orbit of length 37. Since it is impossible to create an
orbit where 7p = 71 = 75 = 7, we look at the two other possible cases; when 0 < 75 < T,
T<T,T <2mand 0 < 79,77 < 7, T < T < 27. In case 1, as shown in Figure 7.3, we
know that Agyq:¢, has perimeter 7 and that ¢, is antipodal to ¢5. This implies that ¢ lies
on l5. Note that case 2 is simply the complement of case 1. Therefore, we conclude that a

three-period orbit of length 37 also has vertices on [y, {1, and l5. O
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The last proposition completely classifies the special cases when open sets of three-period
orbits occur. If a given three-period orbit has perimeter L # 7, 3w, 57 then the relation
(7.7) implies that this orbit has an empty interior in Ps. If L = 7, 37 or 57 but the geodesic
curvature £, does not vanish on the open arcs of the boundary passing through the vertices,
then (7.7) again leads to the same contradiction.

Finally applying the argument in [Wo2], we obtain that if the special cases do not occur

the set of three-period orbits has zero measure. This ends the proof of Theorem 7.2.
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