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Abstract

In this thesis, we will consider problems regarding the existence of specified subgraphs in a graph. Given two
graphs, G and H, we say that G is a subgraph of H if V(G) C V(H) and E(G) C E(H). A classical problem
in combinatorics is, given G and H, to determine if H is a subgraph of G. It is usually computationally
complex to determine if H is a subgraph of G. Therefore, we often prove conditions that are sufficient to
guarantee that a graph G contains H as a subgraph.

In Chapter 2, we consider a theorem of Dirac and Erdés from 1963 that considers when a graph contains
many disjoint cycles. Generalizing the seminal result of Corrddi and Hajnal, they prove that if a graph G
contains at least k? +2k — 4 more vertices of degree at least 2k than vertices of degree at most 2k — 2, then G
contains k vertex-disjoint cycles. We strengthen their result, proving that a difference of only 3k is sufficient
to guarantee the existence of k disjoint cycles and that this bound is sharp. Moreover, when G has many
vertices, G is planar, or G contains few triangles, this bound can be improved to 2k. The bound of 2k is the
best possible, as shown by examples of Dirac and Erdés.

In Chapter 3, we rephrase the problem of subgraphs in the language of graph packing. Two graphs
G1 and G9 pack if G is a subgraph of the complement of G5 or, equivalently, if G5 is a subgraph of the
complement of G;. Graph packing is a restatement of the subgraph problem that does not require one graph
to be specified as the underlying graph and the other as the subgraph. Theorems of Sauer and Spencer
and, independently, Bollobds and Eldridge prove that if G; and Gy together have few edges or if A(G1)
and A(G3) are small, then G; and G2 pack. We explore two results that combine bounds on the maximum
degrees and number of edges in G; and Gs.

Recently, Alon and Yuster proved that if G; and G2 are graphs on n vertices with |E(G1)| < n—46(G2)—1
and A(G2) < 4/n/200, then G; and G, pack. We characterize the pairs of graphs for which their theorem is
sharp. In particular, we prove the stronger result that for sufficiently large n, if | E(G1)| < n, A(G2) < v/n/60,
and A(G1) 4+ 6(Ga) < n — 1, then G; and Gy pack whenever there is a vertex v; € V(G1) such that
d(v1) = A(G1) and a(G1 — Nv1]) > 6(G2).

We also consider a conjecture of Zak that states if A(G1),A(Gy) < n — 2, then |G| + ||G2| +
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max{A(G1),A(G2)} < 3n — 7 is sufficient for G; and G5 to pack. We prove that, up to an additive
constant, this conjecture is correct. Using the notion of list packing, we prove that there is a constant C
such that if A(G1), A(G2) <n—2and ||G1||+ ||G2|| + max{A(G1),A(G2)} < 3n—C, then G; and G2 pack.
This improves a theorem of Zak from 2014.

Finally, we consider a generalization of finding a matching in a graph. The stable marriage problem was
introduced by Gale and Shapley in 1962 and the generalization to multiple dimensions was first mentioned
by Knuth in 1976. We consider a generalization of the Stable Marriage problem with s-dimensions and
purely cyclic preferences (cyclic s-DSM). In 2004, Boros et al. showed that if there are at most s agents of
each gender, then every instance of cyclic s-DSM admits a stable matching. In 2006, Eriksson et al. showed
this is also true when s = 3 and there are 4 agents of each gender. We extend their result, proving that when
there are s + 1 agents of each gender, each instance of s-DSM admits a stable matching. We also provide a

minimal example of an instance of s-DSM which admits no strongly stable matching.
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Chapter 1

Introduction

Given graphs G and H, it is computationally difficult, in general, to determine if G contains H as a subgraph.
It is therefore a natural question to ask what conditions on G are sufficient to guarantee that it contains H.
Determining such sufficient conditions is a classical area of study and particular interest has been given to
conditions on the number of edges in G and, alternatively, the degrees of vertices in G. This thesis explores
several variations of this problem.

A well known property of graphs is that every graph G with minimum degree at least 2 contains at
least one cycle. It is natural to think that if the minimum degree of G is increased, then the conclusion
can be strengthened. Indeed, increasing the bound on the minimum degree is sufficient for guaranteeing the
existence of long cycles or, alternatively, guaranteeing the existence of many cycles. For example, a theorem
of Dirac from 1952 proves that a graph G is Hamiltonian if §(G) > |G| [13] and the Corradi-Hajnal Theorem
from 1963 proves that if |G| > 3k and §(G) > 2k then G contain k vertex-disjoint cycles [9]. In Chapter 2,
we will consider what other restrictions on the degrees of vertices in G are sufficient for guaranteeing the
existence of k disjoint cycles. In particular, we show that not all vertices need to have high degree; rather it
is enough for the vertices of high degree to appropriately outnumber the vertices of low degree.

Similarly, if a graph on n vertices contains enough edges, then it must contain a particular subgraph H.
This is evident since the complete graph K, contains every graph on at most n vertices. For a graph H, it
is then natural to ask what is the minimum number of edges needed to guarantee that an n vertex graph
contains a copy of H. Equivalently, the Turdn Number of a graph H, denoted ex(n, H) is the maximum
number of edges in an n vertex graph not containing H. It is named for P4l Turdn, who determined that
every graph on n vertices with more than % (1 — %) n? edges contains a complete graph on r vertices [49],
though the case for r = 3 was first proved by Mantel [42]. In Chapter 3, we consider a theorem of Alon
and Yuster that determines ex(n, H) for H with bounded maximum degree. We refine their result and are
also able to classify the sharpness examples to their theorem. Additionally, we further study how additional
bounds on both the number of edges in the graphs and on the maximum degrees can guarantee the existence

of a specified subgraph. Specifically, we provide an approximate solution to a conjecture of Zak phrased in



the language of graph packing.

Finally, in Chapter 4, we study a generalization of the Stable Matching problem. The problem of finding
a large matching in a graph is another classical problem in graph theory. Hall’s Theorem gives necessary
and sufficient conditions for the existence of a matching covering a partite set in a bipartite graph [27].
The Kénig-Egervary Theorem gives the size of a maximum matching in a bipartite graph [37, 17] and these
results were used by Kuhn to efficiently find such a matching [40]. Similarly, Tutte characterized when a (not
necessarily bipartite) graph contains a perfect matching [50] and Edmonds gave an algorithm to efficiently
find such a matching [16]. The notion of a Stable Matching, introduced by Gale and Shapley in 1962 [21],
considers a situation where vertices have preferences for a potential matching. While Gale and Shapley were
able to solve the problem in two dimensions, we will study an extension of the Stable Matching problem to

higher dimensions first proposed by Knuth [36].

1.1 Notation

We will mostly use standard notation from graph theory. In this section, we present some of the notation

and definitions used throughout this thesis. All logarithms are base e.

Definition 1.1.1. For a graph G, V(G) is the set of vertices of G and E(G) is the set of edges of G. The
order of G, denoted |G|, is the number of vertices in G. The size of G, denoted ||G|| is the number of edges
in G.

Definition 1.1.2. For a vertex v € V(G), the neighborhood of v, denoted N¢(v) is the set of vertices
adjacent to v. The degree of v, dg(v) is [Ng(v)|. If u € Ng(v), we say that u is a neighbor of v. The closed
neighborhood of v, Ng[v] is Ng(v) U {v}. Similarly, for a set W C V(G), we write Ng(W) for the set of
vertices with at least one neighbor in W and N[W] for N(W)UW. When the graph G is clear from context,

we will write N (v), d(v), and N[v] instead of Ng(v), dg(v), and Ng[v], respectively.
Definition 1.1.3. A leaf is a vertex of degree 1 in G. A vertex is isolated if it has degree 0.

Definition 1.1.4. For a graph G, 6(G) is the minimum degree of a vertex in G and A(G) is maximum

degree of a vertex in G.

Definition 1.1.5. For disjoint sets U, U’ C V(G), we write |U, U’ || for the number of edges from U to U’.
If U = {u}, then we will write ||u, U’||¢ instead of ||[{u},U’||¢. When the graph G is clear from context, we

will simplify the notation to ||U,U’|| and ||u, U’||, respectively.



Definition 1.1.6. For graphs H and G, we say that H is a subgraph of G, denoted H C G, if V(H) C V(G)
and E(H) C E(H).

Definition 1.1.7. Let G be a graph and S C V(G). The subgraph induced by S, denoted G[S], has vertex
set S and E(G[S]) = {e € (g) te € E(G)}

Definition 1.1.8. For a graph G, aset S C V(G) is independent if G[S] contains no edges. The independence

number of G, denoted «(@G) is the size of the largest independent set in G.

Definition 1.1.9. The complete graph on n vertices, denoted K, is a graph with n vertices and E(K,) =
V(Kn
(V5.

Definition 1.1.10. The complete bipartite graph K, has vertex set AU B, with |A| = a and |B| = b, and

edge set {ab:a € A and b € B}.

Definition 1.1.11. The complement of a graph G, denoted G, is a graph with vertex set V(G) and edge
set {e € (V(f)) e ¢ E(G)}

Definition 1.1.12. A matching M is a graph with A(M) < 1. A graph M is a perfect matching if d(v) =1

for every vertex v € V(M).

Definition 1.1.13. A cycle on n vertices, denoted C,, is a connected graph with d(v) = 2 for each
veV(C,).

Definition 1.1.14. The graph SK,, is obtained from K,, by subdividing one edge.
Definition 1.1.15. Two graphs are disjoint if they have no vertices in common.

Definition 1.1.16. The union of two graphs G and G’, denoted G U G’, is a graph with vertex set V(G) U

V(G’) and edge set E(G)U E(G"). For an integer k, the disjoint union of k copies of G is denoted by &k G.

Definition 1.1.17. The join of two graphs G and G’, denoted GV @', is a graph with vertex set V(G)UV (@)
and edge set E(G1) U E(G2)U{zz': z € V(G) and 2’ € V(G')}.

Definition 1.1.18. A subset W C V(G) of vertices in G is a clique if G[W] is a complete graph.

Definition 1.1.19. For an edge zy € F(G), G /xy denotes the graph obtained from G by contracting xy,

and v,, denotes the vertex resulting from contracting xy.

Definition 1.1.20. For a vertex v € V(G), G — v denotes the graph obtained from G by removing the

vertex v and all edges incident to v.



Definition 1.1.21. For a positive integer d, a graph G is d-degenerate if, for every subgraph H of G,
0(H) <d.

Definition 1.1.22. For two graphs G; and Gy with |G| = |Ga|, a packing of G1 and Gs is a bijection
f:V(G1) = V(G2) such that if zy € E(G1), then f(z)f(y) ¢ E(G2). We say Gy and Gz pack if there

exists a packing of G; and Gs.

1.2 Disjoint Cycles

Every graph G with |G| edges contains at least one cycle. However, it is computationally difficult to determine

whether a graph contains many disjoint cycles. Consider the following problem.
Problem 1.2.1. Given a graph G and integer k, determine if G contains k vertex disjoint cycles.

Indeed, Problem 1.2.1 is NP-complete, as it contains as a special case the problem of determining whether
G contains n/3 disjoint triangles [22, p. 68]. Given the complexity of Problem 1.2.1, it is natural to ask
which properties of a graph guarantee that it contains k disjoint cycles.

For a positive integer k and a graph G, define Hy(G) to be the subset of vertices with degree at least 2k
and L (G) to be the subset of vertices of degree at most 2k — 2 in G. Resolving a conjecture of Erdés, the

Corrédi-Hajnal Theorem [9] generalizes the fact that every graph with minimum degree 2 contains a cycle.

Theorem 1.2.2. [9] Let G be a graph and k a positive integer. If |G| > 3k and §(G) > 2k, then G contains

k disjoint cycles.

Both conditions in the theorem are sharp. Since each cycle has at least 3 vertices, a graph with fewer
than 3k vertices does not contain k disjoint cycles. Further, there are examples of graphs without & disjoint
cycles but 6(G) = 2k — 1. For example, consider the graph G, = Ky opi1 V Koy for n > 3k. Every
cycle in G, , must contain at least two vertices from Ks;_1, so G, contains at most £ — 1 disjoint cycles.

Theorem 1.2.2 prompted a series of refinements and extensions for both undirected graphs (see, e.g., [12,

14, 26, 18, 51, 34, 8, 35, 33, 32]) and directed graphs (see, e.g., [52, 11, 10, 48]). In 1963, Dirac and Erdés [12]

published their only joint paper. In it, they proved the following refinement of the Corrddi-Hajnal Theorem.

Theorem 1.2.3. [12] Let k > 3 be an integer and G be a graph with |Hy(G)| —|Li(G)| > k% +2k —4. Then

G contains k disjoint cycles.

The bound k? + 2k — 4 is not best possible. Dirac and Erdds provided the following example of a graph
G without k disjoint cycles such that |Hg(G)| — |Lx(G)| = 2k — 1.
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Example 1.2.4. Let V(G) = X UY U Z, where |X| = 2k — 1 and |Y| = |Z| > 2k. Let E(G) consist of
all possible edges between X and Y and also a perfect matching between Y and Z. Then Hip(G) = X UY
and Li(G) = Z. Since every vertex in Z has degree 1, no vertex of Z is in a cycle. Then every cycle in G

contains two vertices from X and so G contains at most k — 1 disjoint cycles.

For general graphs, Dirac and Erdés did not prove that a bound of 2k guarantees the existence of k

disjoint cycles. However, in the special case of planar graphs, they proved that a linear bound on the

difference |Hy(G)| — |Li(G)]| is indeed sufficient.

Theorem 1.2.5. [12] Let k > 3 be an integer and G be a planar graph such that |H,(G)| —|Lx(G)| > 5k—1.

Then G contains k disjoint cycles.

For over 50 years, there were no improvements made to the theorems of Dirac and Erdés. In discussing his
work with Dirac, Erdés would later say that the paper was “undeservedly neglected” [19]. In Chapter 2, we
refine and strengthen Theorems 1.2.3 and 1.2.5. The results in this chapter are from joint work with Henry
Kierstead and Alexandr Kostochka found in [31] and [30]. The main result of Chapter 2 is the following

theorem.

Theorem 1.2.6. [31] Let k > 2 be an integer and G be a graph such that |G| > 3k. Let t be the mazimum

number of disjoint triangles contained in G. If

|Hi(G)| — |Le(G)| > 2k + t,

then G contains k disjoint cycles.

For an integer m, let SK,, denote the graph obtained by subdividing one edge of the complete m-vertex
graph K,,. The graph SK3;_1 shows that the bound 2k + ¢ in Theorem 1.2.6 is sharp. Let u € V(SK3;_1)
be the vertex of degree 2 and observe that Ly(SKsr—1) = {u}, |Hx(SK3r—1)| = 3k — 1. Since u is not in a
triangle and |SKsx_1| = 3k, G contains k—1 disjoint triangles and |Hy (S Ksk—1)|—| Lk (SK3k—1)| = 2k+t—1.
Any set of k disjoint cycles must partition V(SKjz,_1) into triangles, so SKs3,—1 does not contain & disjoint
cycles.

As with Theorem 1.2.2, the condition |G| > 3k is necessary since every cycle contains at least 3 vertices.
However, if the bound on |Hy(G)| — |Lk(G)| in Theorem 1.2.6 is slightly strengthened, then the condition

|G| > 3k holds automatically.

Corollary 1.2.7. Let k > 2 be an integer and G be a graph. Let t be the maximum number of disjoint



triangles contained in G. If

|He(G)| — |Le(G)| > 2k +t + 1,

then G contains k disjoint cycles.

Corollary 1.2.7 is sharp since K31 contains only k — 1 disjoint cycles and |Hy(Ksg—1)| — | Lr(Ksk-1)| =

3k — 1. Corollary 1.2.7 implies the following stronger version of Theorem 1.2.3.

Corollary 1.2.8. Let k > 2 be an integer and G be a graph with |Hy,(G)| — |Lk(G)| > 3k. Then G contains

k disjoint cycles.

Indeed, consider a graph G with |Hy(G)| — |Li(G)| > 3k. If G contains k disjoint triangles, then these
triangles are the desired k cycles. Otherwise, t < k — 1, so |Hy(G)| — |Lx(G)| > 2k + ¢ and Corollary 1.2.7
gives that G has k disjoint cycles. In the special case Hx(G) = V(G) of Corollary 1.2.8 is equivalent to
Theorem 1.2.2 for k > 2.

The graph Ksi_1 demonstrates the sharpness of Corollary 1.2.8, as |Hy(Ksk—1)| — | Lk (Ksk—1)| = 3k — 1,
but K3i_1 does not contain k disjoint cycles. However, Theorem 1.2.6 implies that all sharpness examples
have fewer than 3k vertices. As shown in Example 1.2.4, there are graphs with |G| > 3k and |Hi(G)| —
|Li(G)| > 2k without k disjoint cycles. The largest such graph that we can construct has 4k vertices and is

obtained as follows.

Example 1.2.9. Let F be a copy of Ksi—1. Choose W C V(F) with |W| = k and delete all edges between the
vertices in W. Then add k+1 new vertices xg,x1, ..., Zk, and make xo adjacent to x1, ...,z and all vertices
in W. In other words, let (Ko_1 U K1)V Ky be the 2-core of G, and complete the construction by adding k
leaves adjacent to xo, where V(K1) = {xo}. Then, Hy(G) = V(F)U{xo} and Lp(G) = {z1,...,z1}.

This led to the the following question from [31].

Question 1.2.10. Is it true that every graph G with |G| > 4k + 1 and |Hy(G)| — |Lk(G)| > 2k has k disjoint

cycles?

The answer to this question is open, though for large graphs, |G| > 19k, it is true that a difference of 2k

is sufficient to guarantee k disjoint cycles.

Theorem 1.2.11. Let k > 2 be an integer and G be a graph with |G| > 19k and

|Hi(G)| — |Li(G)] > 2k.

Then G contains k disjoint cycles.



As stated above and witnessed by Kop_1 n—2k+1 for n large, the difference of 2k is necessary. However, it
is possible that bound |G| > 19k can be improved. In addition to large graphs, there are other special cases
when a difference of 2k is sufficient. For example, Theorem 1.2.6 implies that a bound of 2k is sufficient for

triangle free graphs. In fact, if G contains no two disjoint triangles, then a difference of 2k is enough.

Theorem 1.2.12. Let k > 3 be an integer and G be a graph such that G does not contain two disjoint
triangles. If
|Hi(G)| = [Li(G)| = 2k,

then G contains k disjoint cycles.

Further, when G is a planar graph, a difference of 2k is sufficient. This gives the following stronger

version of Theorem 1.2.5.

Theorem 1.2.13. Let k > 2 be an integer and G be a planar graph. If
[Hi(G)| = |Le(G)] = 2k,

then G contains k disjoint cycles.

The condition that G be planar is necessary. Indeed, consider the non-planar graph SKs. If w is the
newly created vertex, then Hy(SKs) = V(SK5)—u and Ly(SK5) = {u}, but SK5 does not have two disjoint
cycles. The bound 2k in Theorem 1.2.13 is sharp (see, e.g. K5 — e for k = 2), however only for small values
of k. In fact, since the average degree of every planar graph is less than 6, there are no planar graphs that

satisfy |Hy(G)| — |Lx(G)| > 2k for k > 7.

1.3 Graph Packing

In Chapter 3, we will translate the problem of finding a subgraph in a graph into the language of graph
packing. The results in this chapter are from joint work with Ervin Gyéri, Alexandr Kostochka, and Derrek
Yager found in [38] and [25].

Two graphs G; and Gy with |G1| = |G| pack if there is a bijection f : V(G1) — V(G2) such that if
wv € E(Gq), then f(u)f(v) ¢ E(G3). We call the function f a packing of G1 and Gs.

Notice that graph packing is simply a rephrasing of the subgraph problem since graphs G; and G2 pack
if and only if G is a subgraph of the complement of G5. Equivalently, G; and G5 pack if Gs is a subgraph of

the complement of G;. This symmetry highlights the advantage of using the language of graph packing, as



we no longer need to specify that, for instance, G is the subgraph and Gs is the underlying graph. Consider

the following example.

Example 1.3.1. Let G be an n vertex graph containing at least one isolated vertex and Ga be K1 ,_1, the
star on n vertices. Then, G1 and G2 pack. To see this let x be the isolated vertex in Gy and let y be the
center of the star in Go. Consider a bijection f : V(G1) = V(G2) such that f(x) =y. The function f is a
packing because if uv € E(Gy), then x ¢ {u,v}. Since all edges in Go contain y = f(z), f(u)f(v) ¢ E(G2).

Equivalently, notice that Go =2 K1 U K, _1. Since G1 contains an isolated vertex, Gy is a subgraph of Gs.

Graph packings generalize several important problems in graph theory. For instance, determining if an
n vertex graph G is hamiltonian (a close relative of the famous Traveling Salesman Problem) is equivalent
to determining if G packs with the cycle C,,. Similarly, a graph G is k-colorable if and only if G packs with
a disjoint union of k cliques. In this way, packing problems include graph coloring problems.

Important results on graph packing were obtained in 1978 by Bollobas and Eldridge [5] and by Sauer
and Spencer [46]. Resolving a conjecture of Milner and Welsh [43], they proved that if two n-vertex graphs

together contain at most %n — 2 edges, they are guaranteed to pack.

Theorem 1.3.2 ([5, 46]). Let G1 and G be two n-vertex graphs. If
3
Gl + Gl < 2n— 2 @

then G1 and G5 pack.

Restriction (1.1) cannot be relaxed in view of the pair {G1, G2} where G; is an n-vertex star and G5 has
no isolated vertices. Furthermore, Bollobas and Eldridge showed that if neither graph contains a star on n

vertices, then (1.1) can be relaxed significantly.

Theorem 1.3.3 ([5]). Let Gy and Gg be two n-vertex graphs. If A(G1), A(G2) <n—2 and ||G1]| + ||G2]| <
2n — 3, then either G1 and Gy pack, or {G1,G2} is one of the following 7 pairs: {2Ko, K1 U K3}, {Ko U
K3, KoUK3}, {3Ko, KoUKy}, {K3UK3,2K3}, {2KoUK3, K3 UK}, {K4UKy, KoU2K3}, {K5 UKy, 3K3}.

The restriction 2n — 3 in Theorem 1.3.3 is again sharp and, unlike Theorem 1.3.2, there are multiple
sharpness examples. Indeed, the pairs {K; ,—o UK}, {K1n—4UKs, K1 ,,-4UK3}, and (for n =0 (mod 3))
{Ky-31 U K>, 5K3} each contain 2n — 2 but do not pack. A theorem of Teo and Yap shows that these 3
examples are the only pairs with n > 13 vertices and 2n — 2 edges that do not pack, and also characterize

the 40 graphs with at most n < 12 vertices and 2n — 2 edges that do not pack. [417].



Theorem 1.3.4 ([47]). Suppose Gy and Go are graphs of order n > 13 such that A(G1),A(G2) < n —1
and |G1]| + |G2ll < 2n — 2. Then, either G1 and Gz pack or {G1,Ga} is one of {Kin—2U K1,Cp},
{K1$n74 U K3, Kl,n74 @] K3}, or, form=0 (mod 3), {Kn,3’1 U Ko, %KS}

It is possible that stronger conditions on the maximum degree of G; and G allow for the bound of 2n —2

to be improved further. Bollobas and Eldridge conjecture the following.

Conjecture 1.3.5 ([5]). There exists an absolute constant ¢ > 0 such that if A(G1), A(G2) < n—k and

|G1]| + |G2|| < ckn, then G1 and G2 pack.

In a sense, Theorem 1.3.2 and Theorem 1.3.3 describe global properties of the graphs, since there are no
restrictions on how the edges are arranged in the graph. On the other hand, the following result of Sauer
and Spencer shows that two graphs with many more edges will pack if their maximum degrees are not too

large.
Theorem 1.3.6 ([46]). Let G1 and Gy be two n-vertex graphs. If A(G1)A(G2) < %, then Gy and G pack.

Recently, Alon and Yuster [2] considered packing a graph with few edges with a graph of bounded

maximum degree.

Theorem 1.3.7 ([2]). For all n sufficiently large, let G1 and Gy be n-verter graphs such that |G| <
n—0(Gse) — 1 and A(G2) < /n/200. Then G1 and Gs pack.

Alon and Yuster phrased their theorem in the language of Turdn numbers. The Turdn number ex(n,G)
of a graph G is the maximum number of edges in an n-vertex graph that does not contain a subgraph
isomorphic to G. A result of Ore [45] from 1961 shows that ex(n,C,) = (";') + 1 and that for n > 5 the
only graph with n vertices and ("gl) + 1 edges that does not contain a C,, is K,, minus a star with n — 2

edges [45]. In this language, Theorem 1.3.7 is the following stronger version of Ore’s result.

Theorem 1.3.8 ([2]). For all n sufficiently large, if G is a graph of order n with no isolated vertices and
A(G) < /n/200, then ex(n,G) = (";') +4(G) — 1.

Theorem 1.3.7 has the additional property that, unlike Ore’s result, there are different sharpness exam-
ples. In particular, the following two examples are provided in [2], though we rephrase them in the language

of graph packing.

Example 1.3.9. Let G; be a star with n — 2 edges and an additional vertez, that is Gy = K p—2 U Kj.
Let G2 be a graph on n vertices in which all vertices but one have degree 3, the last vertex has degree 2 and

the neighbors of this vertex are adjacent. The graph G has n — §(G2) edges, but A(G1) + 6(G2) > n. The
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graphs G1 and G2 do not pack since there is no suitable vertex in Go to which we might map the vertex of

mazimum degree in Gy. (Figure 1.1a)

Example 1.3.10. Let G be the disjoint union of a star with n — 3 edges and an edge and let G be as
in Example 1.3.9. As in Example 1.3.9, G1 has n — 6(G2) edges, but now A(G1) +6(G2) =n—1. A
potential packing could (and must) map the vertex of mazimum degree in Gy to the vertex of degree 2 in G.
However, such an attempt will eventually fail to be a packing because no set of vertices could be mapped to

the neighborhood of the degree 2 vertex. (Figure 1.1b).

Figure 1.1: Sharpness examples for Theorem 1.3.7 [2]

By observing the reasons that G; and G5 in Example 1.3.10 fail to pack, we can obtain a larger set of

sharpness examples for Theorem 1.3.7.

Example 1.3.11. Fiz constants n and d with n much larger than d. Let Gy be a d-regular graph on n
vertices consisting of a disjoint union of cliques. Let G1 be the disjoint union of d — 1 edges, together with

a star containing n — 2(d — 1) — 1 edges (Figure 1.2a, here d = 6).

In fact, as long as there is no independent set of size d among the vertices in G; not in the star, we can
create still more examples, e.g. Figure 1.2b.
A main result of Chapter 3 shows that if there is such an independent set of size 6(G2), then G and Go

will pack even if G; contains as many as n edges.

Theorem 1.3.12. For n sufficiently large (n > 10°), let Gy and G be graphs of order n such that A(Gg) <
Vn/60, ||G1]| < n, and A(G1) + 6(G2) <n — 1. If there is a vertex v1 € V(G1) such that

d(’Ul) = A(Gl) and a(G1 - N['Ul]) Z §(G2), (12)

then G1 and G4 pack.
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Figure 1.2: Additional sharpness examples for Theorem 1.3.7

Our theorem shows that if we are able to appropriately place the vertex of maximum degree in the sparse
graph, then the remainder of the graph can also be placed. In fact, Theorem 1.3.12 is a generalization of
Theorem 1.3.7. Indeed, if |G1|| < n — §(G2) — 1, then A(Gy) + §(G2) < n —1. Also, if v; € V(G1) with
d(v1) = A(G1), then G — N[v;] contains n — d(v1) — 1 vertices and n — d(v1) — §(G2) — 1 edges. Hence,
G — NJv1] contains at least §(G3) components and an independent set of size at least §(G3).

We also adapt the methods used in the proof of Theorem 1.3.12 to characterize the sharpness examples

for Theorem 1.3.7.

Corollary 1.3.13. Forn sufficiently large (n > 10°), let Gy and Gy be graphs of order n such that A(Gs) <
V/n/60, ||G1|| £ n—6(Gs). Then,

1. Gy and G2 pack, or
2. A(Gy) +0(Ga) =mn, or

3. Gy has exactly n — §(G2) edges and exactly one vertex of degree greater than 1. Moreover, for each

w € V(G2) with d(w) = §(G3), the neighborhood of w induces a clique.

Broadly speaking, Theorems 1.3.2 and 1.3.3 show that bounding the number of edges in both G and G»
is sufficient to show that the graphs pack, while Theorem 1.3.6 shows that bounding the maximum degrees
of both G; and G, is also sufficient. In a sense, Theorems 1.3.7 and 1.3.12 refine this reasoning, showing
that two graphs pack if the number of edges one graph is bounded and the maximum degree in the other
graph is bounded.

Recently, Zak suggested another lens through which one can view the relationship between Theorem 1.3.2
and Theorem 1.3.3. In particular, Zak showed that by further restricting the maximum degrees of G; and
G4, additional edges can be permitted while still maintaining that the graphs pack [53]. Namely, he proved

the following
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Figure 1.3: Sharpness example for Conjecture 1.3.16. In this example n = 8 and |E(G1)| + |E(G2)| +
max {A(G1), A(G2)} = 3n — 6 but the graphs do not pack.

Theorem 1.3.14 ([53]). Let Gy and Gy be two graphs of order n > 10'°. If
)
G+ Gall + max{A(G). A(G)} < n—2

then Gy and G2 pack.
By forbidding the star on n vertices, Zak showed that this result can also be strengthened.

Theorem 1.3.15 ([53]). Let Gy and Gy be n-vertex graphs with A(G1), A(G2) < n—2. If |G1| + ||G2|| +
max{A(G1), A(G2)} < 3n — 96n>/* — 65, then Gy and Gy pack.

This theorem is asymptotically sharp since K;,-2 U K; and C,, do not pack. In the same paper Zak

makes the following conjecture.

Conjecture 1.3.16 ([53]). Let Gy and Gy be n-vertex graphs with A(G1), A(G2) < n—2. If ||G1||+||G2|| +
max {A(G1), A(G2)} < 3n—7, then G1 and G2 pack.

Zak also provides the following example to show that, if true, the conjecture is best possible. Let n > 8
and let Gy and G2 each be isomorphic to K3 + K1 ,_4, a disjoint union of a triangle and a star (Figure 1.3).
Then, A(G1) = A(G2) = n—4 and |G ]| +]|Gz|| +max {A(G1),A(G2)} = (n—1)+(n—1)+(n—4) = 3n—6.
A simple check shows that G; and G5 do not pack.

However, for small values of n, we observe that Conjecture 1.3.16 fails. Consider the following example.

Example 1.3.17. Let G1 = 4K3 and Go = K5 U K7 (Figure 1.4). In any attempted packing, we are forced
to send at least two vertices from the same component in G1 to the clique in Go, so the graphs do not pack.

In this example, ||G1]| + ||G2|| + max {A(G1), A(G2)} =12+ 10+ 4 = 26 = 3n — 10.

We were unable to find large counterexamples, so the conjecture may hold with a finite set of excep-
tions. Further, the other main result of Chapter 3 shows that, up to the choice of the additive constant,

Conjecture 1.3.16 is true.

Theorem 1.3.18. Let C = 11(195%) = 418,275. Let Gy and Go be n-vertex graphs with A(G1), A(Gs) <
n—2. If |G1]| + ||G2|| + max {A(G1), A(G2)} < 3n — C, then G1 and G2 pack.

12



VAVA &

Figure 1.4: Zak’s Conjecture is false for small values of n.

Our constant C' is not optimal and we can somewhat decrease it by a more detailed case analysis in our
proofs. However, 3n —96n3/* — 65 < 0 for n < 10%, so all graphs satisfying the hypothesis of Theorem 1.3.15
for n < 108 contain zero edges and the conclusion holds trivially. Since 96n3/4 —65 > C when n > 300, 000,
Theorem 1.3.18 is a stronger result all non-trivial values of n. Further, Theorems 1.3.18 and 1.3.2 together
imply that Theorem 1.3.14 holds when n is at least 2C — 2 ~ 10°. To see this notice that if A(Gy) =n — 1
or A(Gz2) =n—1, then |G| + [|G2|| < $n — 1 and Theorem 1.3.2 applies. Alternatively, when n > 2C — 2,
%n — 2 < 3n — C and Theorem 1.3.18 applies.

Our proof of Theorem 1.3.18 uses the concept of list packing introduced in [24]. A graph triple G =
(G1, G2, G3) consists of two disjoint n-vertex graphs G1 = (Vi, Eq) and G2 = (Va, E3) and a bipartite graph
Gs3 = (V1 U Va, E3) with partite sets V; and Va. A list packing of G is a packing of G; and G2 such that
uf(u) ¢ E3 for any u € V4. Essentially, a list packing is a packing of G; and G5 with an additional set of
restrictions on the bijection f.

We prove the following list version of Theorem 1.3.18.

Theorem 1.3.19. Let C = 11(1952). Letn > 2 and G = (G1, Ga,G3) be a graph triple with |V1| = |Va| = n,
A(Gl), A(GQ) S n— 2, and A(Gg) § n—1. If |E1| + |E2| + ‘E3| +max{A(G1), A(GQ)} + A(Gg) S 3n — C,

then G packs.

Note that Theorem 1.3.18 is the special case of Theorem 1.3.19 in which G35 has no edges. The pair shown
in Figure 1.4 shows that, up to an additive constant, the theorem is sharp. Moreover, there are other infinite
families of examples showing that, up to an additive constant, the theorem is sharp when Fs5 is nonempty.

Several of these examples are shown in Figure 1.5.

1.4 Cyclic Stable Matchings

Consider the problem of taking two sets of n people, say men and women, and attempting to match the
women and men into n pairs. If the only restriction is that each pair must consist of a man and a woman,
then finding such a pairing is equivalent to finding a perfect matching in the complete bipartite graph K, .

However, if the men and women have preferences, then it is not enough to simply find a pairing of the men
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Figure 1.5: Sharpness examples for Theorem 1.3.19

and women. Rather, a desired matching should be acceptable to the 2n people and should not allow two
people to mutually prefer the other over his/her assigned partner.

This problem, known as the Stable Marriage problem was introduced in 1962 by Gale and Shapley [21].
Formally, an instance of the problem (of size n) is a set of n men and n women together with their list of
preferences. For each woman, her preference list is a ranking of the n men (with no ties) and, for each man,
his preference list is a ranking of the n women. A matching M is a set of n man-woman pairs such that
each person is in exactly one pair. A matching M is stable if there is no man and woman, not matched in
M, who each prefer each other to their assigned partner. On the other hand, if such a pair exists, we say

that it is a blocking pair. The following is a seminal result of Gale and Shapley.
Theorem 1.4.1. [21] Every instance of the stable marriage problem admits a stable matching.

Not only is it always possible to find a stable matching, but Gale and Shapley gave an algorithm, now
known as the Gale-Shapley Algorithm, to find such a matching in polynomial time. This celebrated result
eventually led to Shapley receiving the 2012 Nobel Prize in Economics. In the years since, stable marriages
with 2 genders have been extensively studied and we refer the reader to [23, 41] for additional information.

In 1976, Knuth proposed extending the stable marriage problem to 3 dimensions [36]. To do so, we
introduce a third group, say dogs. Now, there are n men, n women, and n dogs and the goal is to form
a matching of n triples. Each triple contains exactly one man, woman, and dog and each person/dog is

contained in exactly one triple.
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However, the notion of a preference list is now more nuanced. One natural extension is to have each
man rank the n? woman/dog pairs, each woman rank the n? man-dog pairs, and each dog rank the n?
man-woman pairs. A matching M is stable if there is no triple (m,w,d), not matched in M, such that
m, w, and d each prefer (m,w,d) to their assigned triple. It was proved by Alkan in 1988 that, unlike the
2-dimensional case, not all instances of the 3-dimensional stable matching problem admit a stable matching
[1]. In 1991, Ng and Hirschberg proved that determining whether or not a given instance contains a stable
matching is NP-complete [44]. This led to an alternate approach to defining preference lists.

In the same paper, Ng and Hirschberg introduced the notion of the cyclic 3-dimensional stable matching
problem (cyclic 3-DSM) [44], though they credit the problem to Knuth. In this version of the problem, each
man ranks the n women, each woman ranks the n dogs, and each dog ranks the n men. A matching M is
stable if there is no triple (m, w, d), not matched in M, such that m, w, and d each strictly prefers (m,w, d)
to their assigned triple. Notice that, for any positive integer s, this problem can naturally be extended to s
dimensions by labeling the genders 1 through s, and having each member of gender ¢ rank the members of
gender ¢ + 1 (with addition modulo s). The main open question is to determine if it is always possible to

find a stable marriage.
Question 1.4.2. Does every instance of cyclic s-DSM admit a stable matching?

Notice that the strict preference is needed in the definition of stability as a person may now be indifferent
when comparing two families. For instance, since the men do not have preferences for the dogs, a man m is
equally happy to be in the family (m,w,d;) as he is to be in the family (m,w,ds). In fact, when comparing
two families, an agent in gender ¢ is indifferent if and only if both families contain the same member of

gender ¢ + 1. In 2004, Boros, Gurvich, Jaslar, and Krasner proved the first result for this problem:

Theorem 1.4.3. [7] Let n,s € N with 2 < n < s, then each instance of cyclic s-DSM of size n admits a

stable matching.
In 2006, Eriksson, Sjostrand, and Strimling [20] extended this result in the special case when s = 3.
Theorem 1.4.4. [20] Let n = 4, then each instance of cyclic 3-DSM admits a stable matching.

The results in Chapter 4 are joint work with Sarah Behrens and Nicholas Kosar. The main result is the

following generalization of Theorem 1.4.4 to cyclic s-DSM.
Theorem 1.4.5. For s > 3 and n < s+ 1, any instance of cyclic s-DSM has a stable matching.

This result was proved independently by Hofbauer in 2016 [28]. The result in [28] uses a similar algorithm

to find a stable matching, though the analysis is somewhat different.
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We will also consider one final variation of the stable marriage problem, the cyclic s-dimensional strongly
stable matching problem (cyclic s-DSSM). The setup of this problem is the same as in cyclic s-DSM, however
we now require a stronger notion of stability. A matching M is strongly stable if there is no triple (m,w, d),
not matched in M, such that m, w, and d each either prefers (m, w, d) to their assigned triple or is indifferent.

The notion of indifference is not unique to cyclic s-DSM, and has been studied in the two dimensional
case as well. However, in 2 dimensions, indifference will only occur if the definition of a preference list is
altered to explicitly allow for ties. It is possible for an instance of the two dimensional stable marriage
problem with ties to not admit a strongly stable matching. However, in [29], Irving provides an algorithm
that, in polynomial time, determines if a strongly stable matching exists and returns a matching if one exists
[29]. Unfortunately, for cyclic 3-DSSM, no such algorithm is known.

Bir6 and McDermid [3] showed that in cyclic 3-DSSM not all instances contain a strongly stable matching
by providing an example with n = 6. Recently, Irving provided an example of 3-DSSM with n = 3 that
admits no strongly stable matching [41, p. 280]. We improve on this result by providing a (different) instance

of cyclic 3-DSSM with no strongly stable matching and extending it to an example of s-DSSM for s > 3.

Theorem 1.4.6. Let s > 3.

(i) If n <2, every instance of cyclic s-DSSM of size n admits a strongly stable matching, and

(ii) If n > 3, there exists an instance of cyclic s-DSSM of size n that admits no strongly stable matching.
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Chapter 2

Cycles

The results of this chapter are joint work with Hal Kierstead and Alexandr Kostochka; the results appear

n [31] and [30].

2.1 Introduction

Every graph G with at least |G| edges contains at least one cycle. However, the following attempt to

generalize this fact is computationally much more difficult.
Problem 1.2.1. Given a graph G and integer k, determine if G contains k vertex disjoint cycles.

Indeed, Problem 1.2.1 contains, as a special case, the problem of determining whether G' contains n/3
disjoint triangles and is NP-complete [22, p. 68]. Problem 1.2.1 is fixed parameter tractable. When the
value k is fixed and not an input parameter, it can determined in linear time whether the graph contains &
disjoint cycles [15, 4]. Given the complexity of Problem 1.2.1 when k is not predetermined, it is natural to
ask which properties of a graph G guarantee that G' contain k disjoint cycles.

For a positive integer k, let Hy(G) be the subset of vertices of degree at least 2k and Ly (G) be the subset
of vertices of degree at most 2k — 2. We say a vertex in Hy(G) is high and a vertex in Ly(G) is low. The
Corradi-Hajnal Theorem states that if a graph contains 3k vertices and every vertex is high, then G contains

k disjoint cycles.

Theorem 1.2.2. [9] Let G be a graph and k a positive integer. If |G| > 3k and §(G) > 2k, then G contains

k disjoint cycles.

In 1963, Dirac and Erdés considered the situation that a graph has many more high vertices than low

vertices. In particular, they proved the following generalization of the Corrddi-Hajnal Theorem.

Theorem 1.2.3. [12] Let k > 3 be an integer and G be a graph with |Hy(G)| —|Li(G)| > k? +2k —4. Then

G contains k disjoint cycles.
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The bound k2 + 2k — 4 is not best possible. Dirac and Erdés provide an example of a graph G with

|He(G)| — | Lk (G)| = 2k — 1 not containing & disjoint cycles.

Example 1.2.4. Let V(G) = X UY U Z, where | X| =2k — 1 and |Y| = |Z| > 2k. Let E(G) consist of
all possible edges between X and Y and also a perfect matching between Y and Z. Then Hp(G) = X UY
and Li(G) = Z. Since every vertex in Z has degree 1, no vertex of Z is in a cycle. Then every cycle in G

contains two vertices from X and so G contains at most k — 1 disjoint cycles.

In the same paper, Dirac and Erd6s also consider sufficient conditions for k£ disjoint cycles in special
classes of graphs. In particular, they provide a bound on |Hy(G)| — |Lk(G)| that is linear in &k and sufficient

to guarantee the existence of k disjoint cycles in planar graphs.

Theorem 1.2.5. [12] Let k > 3 be an integer and G be a planar graph such that |H,(G)|—|Lk(G)| > 5k —7.

Then G contains k disjoint cycles.
The main result of this chapter is the following refinement of Theorem 1.2.3.

Theorem 1.2.6. Let k > 2 be an integer and G be a graph such that |G| > 3k. Let t be the maximum

number of disjoint triangles contained in G. If

[Hy(G)| = [Lr(G)] = 2k + ¢,

then G contains k disjoint cycles.

Theorem 1.2.6 is sharp in both senses. As each cycle contains at least 3 vertices, a graph G with k
disjoint cycles cannot have fewer than 3k vertices. Further, the graph SKsi_; satisfies |Hy(SK3x—1)| —
|Li(SKsk—1)| = 3k—2 = 2k+1t—1 but does not contain k disjoint cycles. If the bound on |Hy(G)|— | Lg(G)]

in Theorem 1.2.6 is slightly strengthened, then the condition |G| > 3k holds automatically.

Corollary 1.2.7. Let k > 2 be an integer and G be a graph. Let t be the maximum number of disjoint
triangles contained in G. If

|He(G)| = |Le(G)| > 2k +t + 1,

then G contains k disjoint cycles.

Corollary 1.2.7 is also sharp since |Hy, (Ksx—1)| — |Li (K3k—1)] = 3k —1 = 2k + ¢, but K3;_1 contains only
k — 1 disjoint cycles. Clearly, Theorem 1.2.6 implies that all sharpness examples to Corollary 1.2.7 contain
fewer than 3k vertices. Corollary 1.2.7 requires a short proof that is given in Section 2.5. A straightforward

consequence of Corollary 1.2.7 is the following stronger version of Theorem 1.2.3.
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Corollary 1.2.8. Let k > 2 be an integer and G be a graph with |Hy(G)| — |Lk(G)| > 3k. Then G contains

k disjoint cycles.

Observe that the special case Hx(G) = V(G) of Corollary 1.2.8 is equivalent to Theorem 1.2.2 for k > 2.
However, it is sometimes the case that a bound of only 2k is sufficient to guarantee the existence of k disjoint
cycles. For instance, Theorem 1.2.6 shows that this is the case for triangle free graphs. However, the result

also holds for graphs not containing 2 disjoint triangles.

Theorem 1.2.12. Let k > 3 be an integer and G be a graph such that G does not contain two disjoint
triangles. If
| Hi(G)| = [Li(G)| = 2k,

then G contains k disjoint cycles.
Using the techniques of Theorem 1.2.6, we also strengthen Theorem 1.2.5.

Theorem 1.2.13. Let k > 2 be an integer and G be a planar graph. If

[Hi(G)] — | Li(G)| = 2k,

then G contains k disjoint cycles.

The condition that G be planar is necessary. Indeed, consider the non-planar graph SKs. If w is the
newly created vertex, then Hy(SKs) = V(SK5)—u and Ly(SK5) = {u}, but SK;5 does not have two disjoint
cycles. The bound 2k in Theorem 1.2.13 is sharp (see, e.g. K5 —e for k = 2), however only for small values of
k. Since the average degree of every planar graph is less than 6, for £ > 5 much weaker restrictions provide
existence of k disjoint cycles in planar graphs.

We are unable to find a graph G with many vertices and |Hy (G)| — |Lx(G)| > 2k, but without k disjoint

cycles. Indeed, the largest example that we can find has only 4k + 1 vertices.

Example 1.2.9. Let F be a copy of Ksi—1. Choose W C V(F) with |W| =k and delete all edges in G[W].
Then add k + 1 new vertices xg,x1,...,T, and make xo adjacent to x1,...,x; and all vertices in W. In
other words, let (Kar—1 U K1) V K, be the 2-core of G, and complete the construction by adding k leaves
adjacent to xg, where V(K1) = {zo}. Then, H(G) = V(F)U{xo} and Li(G) = {z1,...,zk}

This led to the the following question.
Question 2.1.1. Is it true that every graph G with |G| > 4k + 1 and |Hy(G)| — |Li(G)| > 2k has k disjoint

cycles?
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While this question is still open, the following theorem shows that the conclusion holds for graphs with

at least 19k vertices.

Theorem 1.2.11. Let k > 2 be an integer and G be a graph with |G| > 19k and

|H(G)| — |Li(G)| = 2k.

Then G contains k disjoint cycles.

Our proofs are based on the approach and ideas of Dirac and Erdds [12]. We also heavily use an extension
of Theorem 1.2.2 from [33] (Theorem 2.2.1 below).

The remainder of this chapter is organized as follows. The next section outlines the notation that we will
use throughout the chapter, and introduces some tools to be used in the proofs of the various theorems. In
Section 2.3 we will prove several lemmas for the case k = 2 and in Section 2.4 we prove Theorem 1.2.6. In
Sections 2.5, 2.6 and 2.7, we use Theorem 1.2.6 to prove Corollary 1.2.7, Theorem 1.2.13, and Theorem 1.2.12,
respectively.

Finally, in Section 2.8, we prove Theorem 1.2.11. The proof of this theorem is separated into two parts.
Section 2.8.1 introduces Theorem 2.8.1, which is a more technical version of Theorem 1.2.11, and proves a
lemma that will be used in the proof. Theorem 2.8.1 is proved in Section 2.8.2. The proof builds on the

techniques of Dirac and Erdds [12] and also relies on Corollary 1.2.8.

2.2 Notation and Tools

Given an integer k, we say a vertex in Hy(G) is high, and set hi(G) = |H(G)|. A vertex in L (QG) is low. Set
01(G) = |Lk(G)]. Occasionally, it will be helpful to classify vertices more carefully than just high and low.
Following the notation of Dirac and Erdés, we say a vertex v is in V¥(G) if dg(v) = i. Similarly, v € VS4(Q)
if dg(v) <i and v € V24(Q) if dg(v) > i. In these terms, Hy(G) = V22 (G) and Li(G) = V=2k2(@).

We say that x,y,z € V(G) form a triangle T = zyz in G if G[{z,y, z}] is a triangle. We say v € T, if
v € {z,y,z}. A set T of triangles is a set of subgraphs of G such that each subgraph is a triangle and all
the triangles are disjoint. For a set S of graphs, let V/(S) = J{V(S) : S € S}.

For a graph G, let ¢(G) be the maximum number of disjoint cycles in G and ¢(G) be the maximum
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number of disjoint triangles in G.

When the graph G is clear from context, we will use t instead of t(G). Similarly, when the integer
k is also clear, we will use H and L for Hy(G) and Li(Q), respectively. The sizes of H and L will (2.1)

be denoted by h and ¢, respectively.

As shown in [33], if a graph G with |G| > 3k and §(G) > 2k — 1 does not contain a large independent set,

then with two exceptions, G contains k disjoint cycles:

Theorem 2.2.1. [33] Let k > 2. Let G be a graph with |G| > 3k and 6(G) > 2k — 1 such that G does not

contain k disjoint cycles. Then,
1. o(G) > |G| -2k +1, or
2. k is odd and G = 2K, V Ky, or
3. k=2 and G is a wheel.
We will use the following corollary of Theorem 2.2.1 throughout the chapter.

Corollary 2.2.2. Let k > 2 be an integer and G be a graph with |G| > 3k. If |H| > 2k and 6(G) > 2k — 1

(i.e. L=10), then G contains k disjoint cycles.

Proof. First, if G = 2K}, V Ky, then |H| = k, a contradiction. Next, if a(G) > |G| —2k + 1, then let U be an
independent set of size |G| —2k+1. For each v € U, d(u) <2k —1,s0 H C V(G)\U and |H,(G)| < 2k — 1.
Finally, if £ = 2, then G is not a wheel, as the wheel has only one vertex of degree at least 4. Therefore, by

Theorem 2.2.1, G contains k disjoint cycles. O

Call a graph G minimal if among graphs with a certain property, |G| is minimal, and subject to this,

|G| is minimal. Dirac and Erdds [12] observed the following.

Property 2.2.3. Let k > 2 be an integer and f : N — Z a function. Suppose G is minimal among the graphs

without & disjoint cycles satisfying |H| — |L| > f(k). Then,
1. 6(G) > 2, and
2. if uv € E(G), then d(u) € {2k — 1,2k} or d(v) € {2k — 1, 2k}.

Indeed, if such a graph G contained a vertex v with d(v) < 1, then G — v is a smaller counterexample.

Similarly, if (2) does not hold, then G — uv is a smaller counterexample.
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2.3 Graphs with two disjoint cycles.

In this section we prove several lemmas that will serve as the base case k¥ = 2 for our various proofs.

Throughout Section 2.3, we will use convention (2.1) with k = 2.
Lemma 2.3.1. FEvery triangle-free graph G with h > £ 4+ 4 contains 2 disjoint cycles.

Proof. Let G be a minimal counterexample. As G is triangle-free, and h > 4, |G| > 8. By Property 2.2.3,
§(G) > 2, and by Corollary 2.2.2, 6(G) = 2. Say d(x) = 2 and N(z) = {y,z}. By Property 2.2.3,
d(y),d(z) € {3,4}. Set G’ = G /xy. Since G is triangle-free, dg' (v) = dg(v) for all v € V(G) \ {z,y}.
As x € L, this implies |H2(G')| > |L2(G’)| + 4. Since G is minimal, G’ has a triangle, say vg,zw. Then
C:=yzzwis ad-cyclein G. Let W =V(G) \ C.

Asze L, |CNH|-|CNL|<2. So,since h —¢ >4, |[HNW|—|LNW| > 2. Thus

> d(u) = 3|W[+ [HNW|— [LOW| > 3[W]|+2. (2.2)
ueW
Each v € W has no two adjacent neighbors as G is triangle free, and is not adjacent to = as N(x) C C.
Thus if ||v,C|| > 2 then N(v)NC = {y, z}. As d(y) < 4, there are at most two such v. So [|W,C|| < [W]+2.
Hence by (2.2),

2G| = Y duw) = [W,C|| > BIW|+2) — (W] +2) = 2|W|.
ueW

Therefore |G[W]|| > |W|, and so G[W] contains a cycle (disjoint from C). O

The 2-core of a graph G is the union of all G’ C G with §(G’) > 2. It can be obtained from G by iterative

deletion of vertices of degree at most 1.

Lemma 2.3.2. Suppose the 2-core of G contains at least 6 vertices, and it is not isomorphic to SKs. If

h >0+ 4, then G contains 2 disjoint cycles.

Proof. Let G be a minimal counterexample. If there exists a vertex of degree at most 1, then removing it
yields a smaller counterexample. So G is its own 2-core and 6(G) > 2. Also |G| > 6 and by Corollary 2.2.2,
L # 0. Thus h > 5, and |G| > 7, since G is not isomorphic to SK5. Pick x € L. Let N(z) = {y, z}.

Suppose yz ¢ E(G). Set G' = G/zy. Then |G'| = |G| —1 > 6. Since d(z) = 2, all v € V(G’) satisfy
de/(v) = dg(v). So G’ is its own 2-core, |Ha(G')| — |L2(G')] = h — £+ 1 > 5, and G’ is not isomorphic to
SKs. As |G'| < |G|, by the minimality of G, G’ has two disjoint cycles. But then so does G.

Otherwise yz € E(G). Now zyz is a triangle in G, so G’ := G — {z,y, 2z} is acyclic, and ||G’|| < |G’].
Since h > £+ 4 and x € L, we have |[H N V(G')| = [LNV(G')] = 3. So 3}, cy(a da(v) = 3|G'| +3. As
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N(z) = {y, 2},

IV(G) Ay, 2}l = IV(G), VI \ V(G = 3]G + 3 = 2(IG'| = 1) = |G'] + 5.

Thus d(y),d(z) > 6. Let G* = G — . Then |G*| > 6, dg=(y),dg=(z) > 5, and dg«(v) = dg(v) for all
v € V(G*)\ {y,z}. So |Ha(G*)| — |L2(G*)| > 5 and G* coincides with its 2-core. As |G*| < |G|, by the

minimality of G, G* has two disjoint cycles. But then so does G. O

Lemma 2.3.3. Every graph G containing a triangle X = xi1x913 has two disjoint cycles provided (a)

|H\ X|—|L\ X|>2 and (b) |lv,X| <2 for allv e V(G)\ X.

Proof. Let G be a minimal counterexample to the lemma. Then G — X is acyclic. Let Y = V(G) \ X. By
(a), there is w € H \ X, and by (b), ||u,Y|| > 2. This yields |G| > 6. First, we show:

IfveY and ||v,Y] <1, then ||[v,Y] =1 and |jv, X|| = 2. (2.3)

Indeed, by (b), ||v, X|| < 2. Soif ||v,Y||=0or ||v,X| <1and ||v,Y| <1, thenv e L\ X. Thus G—v CG
satisfies (a) and (b). Then by the minimality of G, G — v has two disjoint cycles, and hence so does G.

By (a), there are z,2’ € H \ X. If they are in the same component of G — X, then let @ be the interior
of the unique z, z’-path in G — X and put G’ = G — X — @Q — z2’; otherwise put G’ = G — X. Pick maximum
paths P =y;...z...y2 and P = ¢} ...2 ...y, in G'. Perhaps z = y; or 2/ = gy}, but 2,2’ € H implies
|P|,|P'| > 2. For i € {1,2}, if y; # 2z and N(y;) N Q # 0, then G[P U Q] contains a cycle, a contradiction.
Then,

either dg_x (i) = de(y;) or y; = z. (2.4)

So, if y; # z, then by (2.3), ||yi, X|| = 2. Otherwise y; = y1 = 2, and ||z, X|| > dg(2) — dg-x(2) >
dg(z) —de/(z) —1 > 2. So in any case, |ly;, X|| = 2 and a similar argument shows ||y;, X|| = 2. Now y; and
y2 have a common neighbor, say z1 in X, and G[P + x1] contains a cycle Cy. If y] and y5 have a common

neighbor z; € X — x1, then G[P’ 4 z;] contains a cycle disjoint from C;. Otherwise, one of y] and y} is

adjacent to xo and the other to x3. Then G[P’ U {2, xz3}] contains a cycle disjoint from Cj. O

2.4 Proof of Theorem 1.2.6

Recall that we use convention (2.1). Let k be the smallest integer such that there exists a graph G without

k disjoint cycles satisfying |H| —|L| > 2k +t and |G| > 3k. By Lemmas 2.3.1 and 2.3.2, k > 3. Choose such
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G to be minimal.
Lemma 2.4.1. |G| > 3k + 1.

Proof. Suppose that |G| = 3k. Create the graph G’ O G by adding edges to G until, for each = € L,
Ng/(x) =V (G')—x. Then 6(G’) > 2k —1, so by Corollary 2.2.2, G’ contains k disjoint cycles. As |G’| = 3k,
these cycles are triangles, and at most ¢ of them contain edges from F(G’) \ E(G). Thus t > k — ¢ and so

h >0+ 2k+t>3k=|G|. Hence H=V(G) and by Theorem 1.2.2, G contains k disjoint cycles. O
Lemma 2.4.2. FEach x € L is in a triangle in G.

Proof. Suppose z is not in a triangle. By Property 2.2.3, d(z) > 2. Let y € N(x) and set G’ = G/xy. Then
dg(Vay) > d(y) and dg/(2) = da(z) for all z € V(G') — vgy. Since any triangle in G’ not containing v, is

also a triangle in G, t' := t(G') <t+ 1. Thus H C Hy(G') and Li(G") + = C L. So,
|He(G)| = L (G| >h— (£ —1)> (£ 42k +t) —L+1=1+2k+t> 2k + 1.

By Lemma 2.4.1, |G’| > 3k. As G is minimal, G’ has k disjoint cycles and so does G. O

By Corollary 2.2.2, L # (). Fix an o € L. Let T be a set of disjoint triangles in G such that (a) z € V(T),
and (b) subject to (a), |7 is maximum. By Lemma 2.4.2, |[T| > 1. Let Ty = To(T) be the triangle in T
containing x; say Ty = zyz.

Define an auxiliary digraph D = D(7) with V(D) = T and TU € E(D) if and only if T,U € T and
|lv,U|| = 3 for some v € T. If v € T and |jv,U|| = 3, we say the vertex v witnesses the edge TU. We say
a vertex T is reachable from a vertex S if there exists a directed ST-path in D(7). Let R = R(T) C T be
the set of triangles from which Tj is reachable in D(T). Let r = |R|. Since Ty € R, r > 1. Finally, define
B=B(T)={veV(G)\V(T) : ||v,To|| = 3}. By the definitions of R and B, if ||v, Tp|| = 3 for a vertex v,
then v € V(R) U B.

Lemma 2.4.3. If |B| <1, then ||v,T|| = 3 for some vertez v ¢ V(R)U B and triangle T € R.

Proof. Suppose |B| <1 and |jv,T|| <2 for every v ¢ V(R)UB and T € R.

Case 1: r <k —2. Let G = G — V(R) and observe t(G') <t —r. We will find k¥’ := k — r disjoint cycles
in G'. For each v ¢ V(R)U B, ||[v,V(R)|| < 2r, so dg'(v) > dg(v) —2r. Thus H \ (V(R)U B) C Hi(G")
and Ly (G') C (L\V(R))UB. Asz € LNV(R) and |B| <1,

|Hp (G| >h—3r—1)—|B|>h—3r and |Lyp(G)|<(—1)+|B|l <t
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Combining these inequalities yields
|Hp (G| = |Li (G| > (h—3r) — £ >2(k — 1)+ (t — 1) > 2K +t(G").

As k' > 2 and |G| = |G| — 3r > 3k’, G’ contains k" disjoint cycles by the minimality of G, and thus G has

k disjoint cycles.

Case 2: r = k—1. Let R~ = R — Tp and consider G’ = G — V(R™). For each v ¢ V(R) U B, since
lo, V(RT)| < 2(r — 1), dgr(v) > dg(v) — 2k + 4. This implies that H \ (V(R) U B) C Hy(G") \ Tp and,
since each vertex in B is adjacent to three vertices in Ty C G’, Lo(G') \ To € L\ V(R). Therefore, since

z € LNV(R)and |B| <1,
|Ho (G \To| >h—Br—1)—|B|>h—3k+3 and [Lo(G')\Tp| <¢-1.
Since t = k — 1, these inequalities give
|Ho(G)\ To| — |L2(G")\To| > (h—3k+3)—L+1>({+2k+(k—1)—3k+3—(+1=3.

If ||u,To|| = 3, then u is the unique vertex in Bj; in this case let e be an edge from u to Tp and let
G" = G' — e. Otherwise, let G = G’. Since in both cases, dg~(v) = dg/(v) for v € V(G') \ (To + u),
|Ha(G") \ To| — |L2(G") \ Tp| > 2. By Lemma 2.3.3, G” contains two disjoint cycles, and so G contains k

disjoint cycles, a contradiction. O

Lemma 2.4.4. If v ¢ V(R)U B and ||v,T|| = 3 for some T € R, then there are a vertex v' € V(T) and a
set T' of disjoint triangles such that xyz € T', |T'| = |T|, B(T') =B+, and V(T") =V(T) +v -,

Proof. Let T = T;,Tj_1,...,Ty be a T — Ty path in D(T) and, for each i € [j], let v; witness the edge
ﬁi,l. Define the triangle TJ’» to be T; — v; + v and the triangle T! to be T; —v; + viyq for all i € [j — 1].
Then, 7" = (T \{T1,..., T;}) U{TY,..., T} is a set of | T| disjoint triangles in G, v" :=v; ¢ V(T")U B, and
|/, To|| = 3. Thus B +v' = B(T"). O

Now choose T subject to (a) and (b) so that B is maximum.
Lemma 2.4.5. |B| = 2. Moreover, ||v,To UB| <2 for allv ¢ V(T)U B.

Proof. As B is maximum, Lemmas 2.4.3 and 2.4.4 imply |B| > 2. Fix a vertex u; € B and let T} be the

triangle xyuy. Observe T' =T — Ty + 1} is a set of |T| disjoint triangles in G. Let R' = R(T'), ' = |R/|,
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B’ = B/(T') and note z € B'. If |B’| > 2, let 7" = T'. Otherwise by Lemma 2.4.3, there are v ¢ V(R')U B’
and T € R’ with |lv,T|| = 3. By Lemma 2.4.4, there are z/ € V(T’) and a set 7" of triangles satisfying
T, eT", |T"|=|T'|, and B(T") = {z,2'}.

If |B| > 3 then pick up € B\ {u1,v}. As V(T")\ V(T) C {u1,v}, us ¢ V(T"). Thus 7" — Ty U
{zu12’,yusz} is a set of |T| + 1 disjoint triangles containing z, contradicting (b). So |B| = 2.

Lastly, if v ¢ V(T)U B and ||v,To U B|| > 3, then v has neighbors w € Ty and u € B. Thus vuw and

(To — w) U (B — u) are disjoint triangles in To U (B + v), contradicting (b). O

Let T* := G[Tp U B]. Define a second auxiliary digraph D*(7T) to have vertex set 7 — Ty + T* and
TU ¢ E(D*(T)) if and only if ||v,U|| > 3 for some v € T. Again, we say the vertex v witnesses the edge
T—U) . Define the set of graphs R* to be T™* together with the set of triangles from which T is reachable in
D*(T). Let r* = |R*|.

Lemma 2.4.6. Ifv € V(G)\ V(R*), then |v,T| <2 for each T € R*.

Proof. Suppose v € V(G)\V(R*), T € R*, and ||v,T| > 3. Let T =T;,Tj_1,...,T1,T* be a T — T* path
in D*(T). By Lemma 2.4.5, v is adjacent to at most 2 vertices in T*, so j > 1.

Let v; witness the edge ﬁ* and, for i € {2,...,7}, let v; witness the edge ﬁi_l. As in the proof of
Lemma 2.4.4, define the triangle 77 to be T; —v; +v and the triangle T} to be T; —v; +v;11 for all i € [j —1].
If [y, Tol| = 3, then T" = T\ {T1,..., T;} U{TY,..., T}} is a set of |T] triangles in G, but B +v; = B(T"),
contradicting the maximality of B. Otherwise, there exist a vertex w € N(v1) N Ty, a vertex u € N(v1) N B,
and a triangle 7j = (Tp —w)U (B —u). Then 7" = T\{To, T1, ..., Tj} U{viwu, Tg, ..., Tj} is a set of [T|+1

disjoint triangles in G, contradicting the maximality of 7. O

Proof of Theorem 1.2.6. Let G' = G—V(R*). Set k' = k—r* and t’ = t—r*. Then k' > 1. By Lemma 2.4.5,

B has the form {w;,ws}, and by Lemma 2.4.6, every v € V(G') satisfies
dg'(v) > dg(v) — 2r*. (2.5)
Thus H\ V(R*) C Hi/(G') and Ly (G') C (L\ V(R*)). As x € L N Ty, this implies
|HNHp (G| >h—3r*—1)—|B|>h—3" -1 and |Lp(G)| <|[LNV(G)| <l—1.
Combining these inequalities yields

|He (G| = |Li (G| > (h—=3r" =1) —({—=1) > 2(k—r")+ (t —7*) =2k + ¢ (2.6)
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and

|HNHp (G| = |ILNV(G)| > (h=3r"—1)—((—=1)>2(k—r*)+ (t —r") =2k + 1. (2.7)

Case 1: |G'| =3k — 1. As H,(G') # 0, A(G') > 2k and 2k’ +1 < |G'| = 3k’ — 1. So k' > 2. Let
Gt =G'V Ky, where V(K;) = {u}. Then |G| =3k and t(G") <t + 1. So

|Hy (G| — | L (GT)| > |Hi (G") + u| — |Lk,(G/)\ > 2K+t + 1> 2K +t(GT).

As |G| is minimal, G has a set 8’ of &’ disjoint triangles. Since |GT| = 3k’, we may assume 7" = uujuj € S'.
Let T" = zyw, and S = (&' =T )U(R—To+T"). Thust =k —1,h > 2k +t+ £ =3k and £ = 1. So
H =V(G) — z. Let ugub := zwe, U = {u1, u], uz,us}, and note that ujul,usuy € E(G — V(S)).

Since U C H, and G[U] is acyclic, ||[U,V(G)\ U] > 8 —6 > 8(k —1). Thus |U,T|| > 9 for some
T = qiqeqs € S. Say |1, U] < |2, U]l < |lgs,Ull. Then gou;u} is a triangle for some ¢ € [2]. Now
{q1, a5}, {us—i,us_;}| > 2, so {q1,q3,us—s,us_;} contains a cycle. Thus G has k disjoint cycles, a contra-
diction.

Case 2: |G'| > 3K'. If k' > 2 then (2.5), (2.6), and the minimality of G imply G’ contains k" cycles and
so G contains k cycles. So assume k' =1 and G’ is acyclic.

y (2.7), |HN Hi (G| — |[LNV(G")| > 2. Thus, there is a component Gy of G’ with
|H N Hy (Go)| — [LNV(Go)| > 1. (2.8)

By (2.5), |Go| > 3. Let Wy = V(Gy) and G} = G[T* UWy]. By Lemma 2.4.5 and the fact that Gy has no

isolated vertices,

4, ifve HN Wp;
dar(v) > < 1, ifve LN W
3, ifve W\ (LUH).

By this and (2.8),

[Wo, T = Z dey (v) = 2[|Gol| = 2.5[Wo[ + 1.5(|H N Wo| — |[L N Wol) — 2(|Wo| — 1)
veWo

> 0.5[Wp| + 1.5+ 2 > 5.

It follows that there are w € Ty and u € B such that ||[{w,u}, Wy|| > 2. Then G[Wy U {w,u}| contains a

cycle, and (Tp —w) U (B — u) induces a triangle. This gives k disjoint cycles. O
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2.5 Removing the explicit constraint |G| > 3k

Suppose an integer k > 2 and a graph G satisfy h — ¢ > 2k +t 4+ 1, and G has no k disjoint cycles. By
Lemmas 2.3.1 and 2.3.2, k > 3. Let |G| = 3k’ + r, where ¥ = [|G|/3] and 0 < r < 2. By Theorem 1.2.6,
3k—1>|G|>h>2k+1>7,s0k—1>Fk >2 Pick RC V(G) so that G’ := G — R has t disjoint
triangles. Let » = |R|. Then t(G') = t, and dg/(v) > dg(v) — 2 for each v € V(G’). Thus

|Hi (G')| = |Li (G")| > |H\R| — £ >2k+t+1—r>2K +t(G) + 1.

By Theorem 1.2.6, G’ has k' disjoint triangles, so t(G’) = k' and |Hy/ (G')| > 3k’ +1 > |G'|, a contradiction.

2.6 Cycles in planar graphs

In this section, we prove Theorem 1.2.13 by contradiction. Consider the smallest k such that there exists a
counterexample G, and choose such G to be minimal. If k = 2, then h > 4, s0 G = K5 or |G| > 6. As G is
planar, G contains neither K5 nor SK5. Thus by Lemma 2.3.2, G has two disjoint cycles. Hence k > 3.

We first show that L # ). Since G is planar, |G|| < 3|G|—6 and the average degree is less than 6. If k& > 4,
then L #  follows immediately. If k = 3 and 6(G) = 5, then since h > 2k = 6, ||G|| > (36 + 5(|G| — 6)).
This implies |G| > 18 = 6k, and by Corollary 2.2.2, L # 0.

Let x € L. We claim that
for every y € N(x), the edge zy is contained in a triangle. (2.9)

Indeed, if zy is not in a triangle, then consider the graph G* = G_“zy. The degree of every vertex other than x
and y remains unchanged and the degree of v, is at least the degree of y. Therefore, |Hy(G*)| > |Ly(G*)|+2k
and by the minimality of G, G* contains k disjoint cycles. Expanding the edge zy yields k-disjoint cycles in
G. This proves (2.9).

Fix a plane drawing of G. Every triangle T" separates the plane into the exterior region R;(T") and interior
region Ro(T). Among all triangles containing x, choose T" so that Ro(T") contains the fewest vertices. Let
T = zyz, Ry = R1(T") and Ry = Ra(T"). By (2.9), R2 contains no neighbors of .

Suppose G has two vertices v; and vy adjacent to all three vertices of 7. By the choice of 77 and Ra,
both v; and ve are in Ry. The planar drawing induced by 7" U {v1, v} contains no edges in the interior
of Ry. Adding a vertex v in Ry adjacent to all three vertices of T” gives a planar embedding of K33, a

contradiction. So G has at most one vertex v; adjacent to all 3 vertices of T".
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Let G' = G—-T', k' = k—1. Then for each u € V(G) —v1, dg'(u) > dg(u) — 2 and dg/(v1) = dg(v1) — 3.
It follows that |H N{v1}| + | Lk (G') N {v1}| < 1. Hence

|Hyo(G)] = 1Lk (@)] > (h—2 — [H O {or}]) = (£ = 14 L (G') A {o1}]) > 2k — 2 = 2K

By the minimality of G, G’ contains k — 1 disjoint cycles, and so G contains k disjoint cycles.

2.7 Graphs with at most one triangle

Following Dirac and Erdés [12], let V=2%(G) (respectively, V=5(G)) denote the set of vertices of G of degree
at least s (respectively, at most s). In these terms, H = Hy(G) = V22¢(G) and L = Ly(G) = V=2-2(Q).

The following lemma may be of interest on its own.

Lemma 2.7.1. Let G be a triangle-free graph with V(G) # 0. If
V=G| — |[VE2RHE)| > 2k — 2, (2.10)

then G has k disjoint cycles.

Proof. Suppose the lemma does not hold and consider the smallest k such that there exists a counterexample.
Among all such counterexamples, choose the graph G to be minimal. First consider k¥ = 1. Since |V =3(G)| >
|[V=1(G@)|, G contains a component with average degree at least 2. Therefore, G contains a cycle and the
claim holds. Now, let k& > 2.

By (2.10), the sum of degrees of the vertices in V=2¥(G) is greater than the sum of degrees of the vertices
in V=2k=1(@). Thus there are vertices u,v € V=2#(G) such that wv € E(G). Since G is triangle-free,
N@w)N N(u) = 0 and so |G| > 4k. Since G has no k disjoint cycles, by Theorem 1.2.2, G has a vertex
r € VL@,

As in Property 2.2.3, if d(z) < 1, then G — z is a smaller counterexample, so d(x) > 2. Let y € N(x).
Since G is triangle-free, contracting the edge xy does not change the degree of any vertex distinct from z, y.
By the minimality of G, G /xy contains either k disjoint cycles or a triangle. If G /xy contains k disjoint
cycles, then G does as well. Otherwise, let v,y 2w be a triangle in G /zy. Then by symmetry we may assume

zyzw is a 4-cycle in G. Every vertex in G — {w, z,y, z} is adjacent to at most 2 vertices in {w,z,y, z}.

Let k' = k—1and G’ = G—{w, x,y, z}. Then, for each v € V(G’), der (v) > da(v)—2, so |VZ2K' ()| >
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[V22E+1(@)| — 3 and |VS'~1(G)| < [VE2R-1(G)| — 1. Therefore,
[VERHUG| = [V HG)| = [VERG) = 3 — ([VSEHG) - 1) > 2k -2 -2 =2k — 2.

By the minimality of G, G’ contains k' disjoint cycles. Hence G contains k disjoint cycles. O

Suppose that Theorem 1.2.12 is false and let k& be the smallest integer such that there exists a counterex-

ample. Among all counterexamples, choose G to be minimal.
Lemma 2.7.2. |G| >4k —1 and L # 0.

Proof. Suppose |G| < 4k — 2. For all w € H, |[N(u) N H| > 2 and if also w € H then |[N(w) N N(u)| > 2. It
suffices to show that G has two disjoint triangles. As h > 2k > 6, if G[H] is a complete graph, then we are
done, so assume there are z,y € H with zy ¢ E(G).

Choose w € N(z)NH, z € Nly)yNH —w, and v € N(w) N N(x) — z. If N(y) N N(z) # {v,w}, then
there are two triangles in G; else put Q = {v,w,y, 2} and P = N(x) \ Q. Now |P| > 2k — 3 > k. If there is
u € P with d(u) > 2k — 1, then there is t € N(x) N N(u). Thus tzu is a triangle, and @ — ¢ contains another

triangle. So V(P) C L and |L| > k. Therefore, |G| > h+ ¢ > 20+ 2k > 4k. O

Lemma 2.7.3. If x € L, then x is not contained in a triangle.

Proof. Let « € L and suppose Ty is a triangle in G containing z. Let B = B(Ty) = {v € V(G) : ||v, Tp|| = 3}
and fix Ty = zyz so that |B| is minimized. Let ¥’ = k — 1, G’ = G — Ty. For each v € V(G') \ B,
de/(v) > dg(v) — 2, s0 |He (G')| =2 |H \ (BUTp)| and | Ly (G')] < |L\ (BUTp)| < ¢ —1.

If |B| <1, then |Hy (G")| = | L (G")] > (h—3) — (£ — 1) > 2k — 2 = 2k’. Since G’ is triangle-free, by
Theorem 1.2.6, G’ contains k — 1 disjoint cycles. Then G contains k disjoint cycles. Similarly, if |B| = 2 and
B UT, contains at most 3 vertices in H, then G’ contains k disjoint cycles. So we may assume that |B| > 2

and B U Tj contains at least 4 vertices in H. We complete the proof in 3 cases.

Case 1: B is an independent set. Let ui,ug € B and Ty = zyuy. If v ¢ BUTy and |jv,T1|| = 3, then
zuyv and yzug are two disjoint triangles in G. Let k' = k— 1, G” = G — T;. For each v € V(G") — z,
dgr(v) > dg(v) —2 and dg (z) = dg(2) — 3. So possibly z € H\ Hy/ (G") or z € L/ (G") \ L, but not both,
ie, {z} N H|+ |{z} N L"| <1. Therefore,

|Hi (G")| = [Lir(G")| 2 (h =2 = {z} N H|) = (€ = 1+ [{2} N L (G”)]
> (h=0) = 1= ({z} N H|+ {2} N L (G")]) (2.11)

> 2k —2=2k.
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By Theorem 1.2.6, G” contains k — 1 disjoint cycles. Then G contains k disjoint cycles.

Case 2: |B| > 3. Let uj,us,u3z € B and, by Case 1 assume ujus € E(G). Then zujus and yzuz are two

triangles in G, a contradiction.

Case 3: |B| = 2. Let uj,uz € B and, by Case 1, assume ujug € E(G). In particular BU Ty = K5 and
every vertex in B U Ty apart from z is in H. If v ¢ B U Tp is adjacent to 2 vertices in B U Tp, then G
contains 2 disjoint triangles, a contradiction. Let ¥’ =k —1 and G' = G — (BUTy). For each v € V(G'),

der(v) > dg(v) — 1. In particular, [V2*'+1(G")| > h — 4 and |[V?*'~1(G")| < £ — 1. Therefore,
V(G - [V UG > (h—4) — (0 —1) > 2k —3 =2k — 1. (2.12)

The graph G’ is triangle-free, so by Lemma 2.7.1, G’ contains k — 1 disjoint cycles. Then G contains k

disjoint cycles. O
Lemma 2.7.4. If z,z € L, then |[Ng(xz) N Ng(y)| < 1.

Proof. Suppose w,y € Ng(z)NNg(z). Then X = wzyzis a copy of Cy in G. If v ¢ X is adjacent to at least
3 vertices in X, then either z or z is contained in a triangle, contradicting Lemma 2.7.3. Let G' = G — X.

For each v € V(G'), dg:(v) > dg(v) — 2. Therefore,
|Hy (G")| = |Lis (G')] > (h—2) — (£ — 2) > 2k = 2K + 2. (2.13)

Since G’ contains at most 1 triangle, by Theorem 1.2.6, G’ contains k — 1 disjoint cycles. Then G contains

k disjoint cycles. 0

Let L = {x1,...,z¢} and, for each i, let y; € Ng(z;). Starting with the graph G = Gy, we construct a
sequence of graphs by defining G, = G;_1 /x;y;. For simplicity, if we contract the edge z;y;, we label the
contracted vertex in G; as y;. We terminate this process if G; contains k cycles or when ¢ = min{¢, k — 1}.

Suppose, after terminating the process, we have defined graphs Gy, ..., G, for some non-negative integer r.
Lemma 2.7.5. For the graphs Gy, ...,G, and i € {0,...,7}, all of the following hold:

1. |G| = |Go| — i > 3k;

2. ifi <r, then G; contains i + 1 disjoint triangles;

3. L; is an independent set;

4. if x € Li(G;), then Ng, () is an independent set;
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5. if x,2' € Lg(G;), then |Ng,(x) N Ng,(2')] < 1;
6. Lk(Gl) = LO — {1'1, N ,(Ei} and Hk(Gl) 2 Hk(Go),'
7. if i > 1 and G; contains k disjoint cycles, then G;_1 does as well.

Proof of Theorem 1.2.12. For all i, (1) holds by Lemma 2.7.2 and (7) holds since a contraction cannot
increase the number of disjoint cycles.

The proof of (2)-(6) will be by induction on i. By assumption, G contains at most 1 triangle. If G
is triangle-free, then by Theorem 1.2.6, G contains k disjoint cycles, so (2) holds for ¢ = 0. Since Gy is a
minimum counterexample, (3) holds for ¢ = 0 by Property 2.2.3. Further, (/) and (5) hold for ¢ = 0 by
Lemma 2.7.3 and Lemma 2.7.4, respectively. And (6) is trivial for ¢ = 0.

Suppose that r > 1 and consider ¢ € {1,...,7}. Assume that (2) — (6) hold for all j < i. Recall that
G; =Gi_1/xy;. By (4) fori—1, dg,(y;) > dg,_, (y;) and no other vertex v is adjacent to both z; and y;,
so dg,(v) = dg,_, (v). Thus, (6) holds.

To see that (3) holds, observe if uv ¢ E(G;_1), then uv € E(G;) only if u,v € Ng, ,(z;). Since L;_; is
an independent set and Ly (G;) 2 Li(Gi—1) by (6), Lr(G;) is also an independent set.

If x € Li(G;), then by (6), v € Li(G;-1) also and x # x;. Let y,y' € Ng,(x) and note that since (4)
holds for G;_1, yy’ ¢ E(G;—1). Edges are only added to G; between pairs of vertices in Ng,_, (x;). Since
(5) holds for i — 1, |Ng,_, (z;) N Ng,_,(z)| <1, so y and y' cannot both be in Ng, ,(z;) N Ng,_, (z). Thus,
yy ¢ E(G) and (4) holds for i.

If .2’ € Li(G;), then by (6), z,2’ € Lp(G;—1) and |Ng,_,(x) N Ng,_,(2")| < 1. Since Ly(G;_1) is an
independent set, Ng, () = Ng,_, (x) and Ng,(z') = Ng,_, (2'), so |[Ng,(x) N Ng, (2')] <1 and (5) holds.

Finally, by (2), G;_1 contains exactly 4 disjoint triangles. Contracting an edge introduces increases the

number of disjoint triangles by at most 1, so G; contains at most i 4+ 1 disjoint triangles. By (6),

|Hu(G)| = |Li(Gi)| > h— (€ — ) > 2k +1i. (2.14)

Since |G;| > 3k, if G; contains i disjoint triangles, by Theorem 1.2.6, G; contains k disjoint cycles and i = r.

Therefore, if ¢ < r then G contains exactly ¢ + 1 disjoint triangles and (2) holds. O

We are now ready to complete the proof. If r < min{¢, k — 1}, then we stopped the process because G,
contains k disjoint cycles. If r = k — 1 = min{¢, k — 1}, then Gj_o contains k — 1 disjoint triangles and

G—1 contains at least this many disjoint triangles. If Gi_; contains only k — 1 disjoint triangles, then by
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Lemma 2.7.5 (6),
|Hi(Ge—1)| = |L(Gr—1)| > h—(—(k—1)) > 2k+ (k—1) =3k — 1. (2.15)

Lemma 2.7.2 implies that Gx_1 contains 3k vertices and by Theorem 1.2.6, G, = G_1 contains k disjoint
cycles. Finally if r = ¢ = min{¢, k — 1}, then L, = 0 and |Hy(G,)| > 2k. Corollary 2.2.2 implies G, = G,
contains k disjoint cycles. Therefore, in any case G, contains k disjoint cycles and by Lemma 2.7.5 (7), G

contains k disjoint cycles as well.

2.8 Cycles in large graphs

2.8.1 Preliminaries

The goal of Section 2.8 is to provide a proof of Theorem 1.2.11. We prove the following technical statement

that implies Theorem 1.2.11, but is more amenable to induction.

Theorem 2.8.1. Let k and i be integers with k > 2 and i < k. Let a = 16 be a constant. If G is a graph

with |G| > ak + 3i and h > £+ 3k — i, then ¢(G) > k.

Theorem 1.2.11 is the special case of Theorem 2.8.1 for ¢ = k. The heart of Section 2.8 will be a proof of
Theorem 2.8.1. In the remainder of this section we organize the induction and establish some preliminary
results.

The proof of Theorem 2.8.1 is by induction on i. The base case i < 0 follows from Corollary 1.2.8.

Suppose i > 1. The equations |G| > h+ ¢ and h — ¢ > 2k give
e< 2 (2.16)
Now, we prove a result regarding minimal counterexamples to Theorem 2.8.1. Call a triangle T good if
TN L;C(G) # 0.
Lemma 2.8.2. Suppose k > 2 and i € {0,...,k}. Let « = 16. If a graph G satisfies all of:
(a) |G| > ak + 3i,
(b) h >0+ 3k —1,

(c) ¢(G) <k, and
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(d) subject to (a—c), o := (k,i, |G|+ ||G]|) is lexicographically minimum,
then all of the following hold:
(i) G has no isolated vertices;
(ii) k> 3;
(i) L(G)UVZ2+1(Q) is independent;
(i) if x € L(G), d(x) > 2, and xy € E, then xy is in a triangle; and

(v) if T is a set of disjoint good triangles in G with X := V(T), then ||v, X|| > 2|T|+ 1 for at least two

vertices v € V N X.

Proof. Assume (a—d) hold. Using Corollary 1.2.8, (a—c) imply ¢ > 1. If (i) fails, then let v be an isolated
vertex in G. Now G’ := G —v and ¢’ := i — 1 satisfy conditions (a—c), contradicting (d). Hence, (i) holds.

For (ii), suppose k = 2. Then t(G) < ¢(G) < 1. If i =1 then h — £ > 3k — i > 2k 4+ t(G), so ¢(G) > 2 by
Theorem 1.2.6. Thus ¢ = 2 and h — £ = 4. Using (2.16) and (i),

1 1
IGII = 5(€+3(G] = ) + h) = 5BIG| + h = 20)

;(3|G|€+4)Z;(3|G| <|§| >+4>

|G| a 3 a 9
4+3_\G|+2+4+3 |G|+2+2

= |Gl +

If G’ is the 2-core of G, then |G’ — |G'| = |G| — |G]. Since a > 1, ||G’|| > |G'| + 5, and so |G’| > 5 and
G’ % SK5. By Lemma 2.3.2, ¢(G) > 2, contradicting (c).

For (iii), suppose e € E(G[LUVZ22k+1(@)]), and set G’ := G — e. Since G is a spanning subgraph of G,
it satisfies (a) and (c). Moreover, h = hy(G’) and £ = £, (G"), so (d) fails.

If (iv) fails, then let G’ = G/zy and ¢’ = i — 1. Since dg/(vzy) > d(y) and the degrees of all other
vertices in G’ are unchanged, G’ and 7' satisfy (a—c), contradicting (d).

Finally, suppose (v) fails, and let v € V ~ X with |Ju, X| maximum. Then |lv, X|| < 2|T]| for all
veVN(X+4+u). Set @ =G-X, kK =k—|T|,and ¢’ =i—|T| <k’. Then HNV(G") —u C Hy (G') and
L (G) —u CLNV(G). Since a > 3 and |G'| > ak’ + 3i, G’ satisfies (a). Let f1 =1 if u € H \ Hy (G');
else 1 =0. Let o =1 if u € L/ (G) N\ L; else B = 0. Then f; + B2 < |T|. Since

hir (G') > h = 2|T| = 1 > £+ 3k —i —2[T| - B
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> (e (G") + | T +3K —i+|T| = 1 — B2 > b (G') + 3K =/,

G’ satisfies (b). As ¢(G")+|T| < ¢(G) <k, ¢(G") < k'. Thus G’ satisfies (c). If &’ > 2, then this contradicts
the choice of k in (d), so (v) holds.
Otherwise, |T| = k — 1 and so | X| = 3k — 3. Each triangle in 7 has a low vertex, and so by (iii), it has

no vertex with degree greater than 2k. Thus

|1 X, V(G| < 2k|X| < 6k>.

Since [HNV(G)|=h—|HNX|>3k—i+(— |HNX|> 2k —i,

2|G'll = k(G| + [H 0 V(G]) = X, V(G| = k(G| — 4k — ). (2.17)

By (¢), ¢(G) <k —1, so G has no cycle. Thus by (2.17),

2|G'| > 2||G'|| = k(|G| — 4k — ).

By (a), |G’| > |G| — 3k > (o — 3)k + 3i = 13k + 3i. Solving yields

k(4k +14) > (k — 2)|G"| > (k — 2)(13k + 31)

26k > 9k* +i(2k — 6).

As ¢ >0, and k > 3 by (ii), this is a contradiction. O

2.8.2 Proof of Theorem 2.8.1

Fix k, i, and G = (V, F) satisfying the hypotheses of Lemma 2.8.2. First choose a set S of disjoint good
triangles with s := |S| maximum, and put S = V(S). Next choose a set &’ of disjoint triangles, each
contained in V=2¢(G) \ S, with s’ := |§'| maximum, and put S’ = V(8’). Say S = {T3,...,Ts} and
S ={Tsi1,..., Tsts}

Let H be the directed graph defined on vertex set S by CD € E(H) if and only if there is v € C with

|lv, D|| = 3. A vertex C’ is reachable from a vertex C' if H contains a directed C'C’-path.
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Fact 2.8.3. Ifx € L~ S and d(x) > 2 then N(z) C S.

Proof. Suppose y € N(x) \ S. As z is low, z ¢ S’. By Lemma 2.8.2(iv), zy is in a triangle zyz. As S is

maximal, z € S, so z € C for some C € S. Let
So ={C" € §: C is reachable from C’ in H}.

By Lemma 2.8.2(v), there is w € (V N\ V(Sp)) — y with |Jw, V(Sp)| > 2|So| + 1. Then ||w, D|| = 3 for some
D € S§y. By Lemma 2.8.2(iii), w # z. Further, w ¢ S as otherwise the triangle in S containing w is in Sy,
contradicting that w ¢ V(Sy).
Let D = C4,...,C; = C be a D,C-path in H, and for ¢ € [j — 1] let z; € C; with [|a;,Cipq| = 3. If
Ci=C — 21 +w, C]‘ =Cj—z+z;and C, =C; —x; + a1 fori € {2,...,j — 1}, then (S\nglci) U
5:1 Cl U {xyzzx} is a set of s+ 1 disjoint good triangles. This contradicts the maximality of S. O

Fact 2.8.4. Eachv € V is adjacent to at most 2 leaves. Moreover, if v is adjacent to 2 leaves, then v € V2F.

Proof. Let v be adjacent to a leaf. By Lemma 2.8.2(iii), v € V2*~1 U V2. Let X be the set of leaves
adjacent to v, and put G/ = G — X. Let i’ =i — (| X|—1— |[{v} N V?2¥]). Now (a) holds for G’, k and i’ since
|G'| > ak + 3i — | X| > ak + 3i’. Observe

hi(G') = £(G') = (h = [{o} NVZF]) — (£ +1 - |X])
=h—l—{o}nV* +|X] -1

>3k —i— [{v} N V| 4+ |X]| - 1.

If | X| > 3, then hy(G'") — £, (G') > 3k — ', and (b) holds for G’, k and i'. So, as G’ C G, (d) does not hold
for G, k, and 4, a contradiction. Similarly, if v € V2¥~1 and |X| = 2, then G’ also contradicts the choice of

G,k and 1. O

Lot G1 = G — VY. Let H' = V225(Gy), R' = V21(Gy), L' = Ly(G1) N L, and M = Ly(G1) ~ L.
Then Gy = GIH'UR' UM U L] and V=2~1(G) = H' U R' U M. Since deleting a leaf does not decrease
the difference h — ¢,

hi(Gh) — 0u(Gh) > 3k — i. (2.18)

Fact 2.8.5. If x € M, then x is in a triangle xyz in G with d(z),d(y), d(z) < 2k.

Proof. Suppose x € M. By Fact 2.8.4, either (i) z € V?*~! and is adjacent to one leaf or (ii) € V¥ and
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is adjacent to two leaves. Thus d(z) < 2k. We first claim:

x has a neighbor y such that 2 < d(y) < 2k. (2.19)

Suppose not. Let X be the set consisting of z and the leaves adjacent to x. For each vertex v ¢ X,
dg—x(v) > d(v) — 1, with equality if v € N(x). Moreover, if v € N(zx), then dg_x(v) > 2k. Therefore,

hi(G— X) = h — [{z} N V| and £,(G — X) = ¢ — (|X| —1). So

hk(G—X)—fk(G—X)Zh—f—‘rlZ3k‘—(i—1)

and |G — X| > |G| — 3 > ak + 3(i — 1), contradicting the minimality of . So (2.19) holds.

Now, suppose zy is not in a triangle. Let G’ be formed from G by removing the leaves adjacent to x
and contracting xzy. By Fact 2.8.4, |G| > |G| — 3. Since d(z) > 2k — 1 and z does not share neighbors with
Y, der(vgy) > d(y). Similarly, de/(v) = d(v) for all v € V(G') — vgy. Now, hy(G') — €p(G') =h—(+1 >
3k — (i — 1), contradicting the choice of 1.

Let zyz be a triangle containing xy. If d(z) < 2k, we are done. Otherwise, let G” be the graph
obtained from G by removing the leaves adjacent to x and deleting the vertices x,y, and z. Observe
|G"| > |G| =5 > a(k—1) +3(i — 1). If there exists a vertex u € H \ Hy—1(G"), then N(u) D {z,y, z}, and
d(u) < 2k, since d(z) > 2k + 1. In this case zyu is the desired triangle. Similarly, if v € Ly_1(G"”) \ L, then

xyv is the desired triangle. Thus h — hy_1(G”) <2+ [{z} NV2?*| and £ — £,_1(G") > 1+ |{z} N V?*|. Now,
he—1(G") = b1 (G")<h—0—-1>3k—i—-1=3(k—-1)— (i —2).

By the minimality of G, ¢(G”") > k — 1. Hence ¢(G) > k, a contradiction. We conclude that zyzz is a

triangle with d(z), d(y),d(z) < 2k. O

Fact 2.8.6. s+ s’ > 1.

Proof. Suppose s + s’ = 0. In this case, M = (). Indeed, if v € M, Fact 2.8.5 implies the existence of a
triangle vuw with d(v), d(u), d(w) < 2k, contradicting the choice of S’. By Fact 2.8.3 and since S = §), all
vertices in L have degree at most 1. By Lemma 2.8.2(i), all vertices in L are leaves in G and L' = ().

Now, for every x € H — Hy(G1), there is a leaf y € L — Li(G1) such that xy € E(G). Hence,

hi(G1) > hi(Gy) — £4(Gy) > h — £ > 2k.
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By (2.16) and since a > 4, |G| > |G| — £ > |G|/2 + k > ak/2 + k > 3k. Finally, Ly(G;1) = L' UM = 0, so

Corollary 2.2.2 implies G (and also G) contains k disjoint cycles. O

Let Go =G — (L~ S). By (2.16),

.
otz 3 (2.20)

|G| > 5

Proof of Theorem 2.8.1. Define s* = max{1,s}. Let §* = {T1,...,Ts}; by Fact 2.8.6, T, exists. Put
S* =V (8*). Let W =V (Gs) N\ S*, F = G[W] and k' = k — s*. Tt suffices to prove ¢(F) > k'

Case 1: s* =k —1. Since k > 3, s* > 2. Thus, s = s* = k — 1. By Fact 2.8.4, all vertices in M have degree
2k —2. Let M/ = M NW and H' = H(G3) N W. Fact 2.8.3 implies that if v € W, then dg, (v) = dg, (v).
Thus

H' = H'nW and L(G,) "W = L(Gy) N W.

Hence, by (2.18),

2k < h(G1) — U(G1) < (IH(G1) N S|+ [H')) = (|L(G1) N S|+ [M N W[+ |L"\ S])
= ([H(G1) N S| = |L(G1) N S|) + [H'| = [M'| = [L" \. 8] (2.21)

<(k—=1)+|H'|—|M'.

Here, the last inequality holds because S contains s = k — 1 low vertices and at most 2s = 2k — 2 high

vertices. Equation (2.21) implies |H'| — |M’| > k + 1. Further, if W does not contain a cycle, then

W, Slla, > > da,(v) —2(W| 1)
veEW

> ((2k = DIW[+ [H'| = [M]) = 2(]W] = 1)
> ((2k = DIW]+k+1) —2(W] - 1) (2.22)

> (2k — 3)|W|+ k + 3.

On the other hand,

W, Sllg, < Y (da, (w) = 2) < (k= 1)(6k - 8). (2.23)
weS

Therefore, combining (2.22) and (2.23), [W| < 3(k — 1) — 5. Since |S| = 3(k — 1) and |G2| = [S| + [W],

this contradicts (2.20) when « > 10.
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Case 2: s* <k —2. Consider a vertex v in V=2¥"~2(F). Since every vertex in F has degree at least 2k — 2
in G2, v must be adjacent to at least 2s* vertices in S*. Further, every vertex in S* is adjacent to at most

2k — 2 vertices outside of S*. Therefore,
25* VSR 2(F)| < [V 22(F), 8% < 3s%(2k — 2), (2.24)

and so

|V=2F=2(F)| < 3k — 3. (2.25)

Similarly, if u € V%/*l(F)7 then u is adjacent to at least 2s* — 1 vertices in S*. Moreover, there are at most

35*(2k — 2) — ||[V=2k=2(F), S*|| edges from VZ*~1(F) to S*. So,
(25" = DIV NP < IV THE), 87| < 357 (2k - 2) — [V (), 57

and, combining with (2.24) gives,

25*(3k —3) 25" V=2 2(F)

2k’ —1
<
Vs e 2s* — 1
3k—3 25 |VSH-2(F)
=3k-3 — . 2.26
+ 2s* — 1 2s* — 1 ( )

Using (2.25) and (2.26), we see that

hio (F) — b (F) = [W| = 2]V =2(F)| — [V =1(F)|

, ke — 25* <2k'—2 F
> |W| —2|VSH—2(F)| — <3k3+ k=3 _ 2V ( ”)

2s* — 1 2s* — 1

25* — 2)|[V<2K —2(R 3k—3
:|W‘_(S 2);1**1 ()|_3k+3_23*f1
(2s* — 2)(3k — 3) 3k—3
2s* — 1 3k+3 2s* — 1

3k—3 3k—3
= —(3k — — 3k —
|W+< (3 3)+2s*_1> 3k+3 Sy

= |W| - 6k +6

,
<a+ k+?”3s*) _6k+6

v

2 2

) .
> O‘;r k+%—9k+6+3k’.
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When « > 16, this is at least 3k" and F' contains k’ disjoint cycles by Corollary 1.2.8. O

2.9 Concluding remarks

Remark 2.9.1. As mentioned earlier, there are graphs G with |G| > 3k and |H(G)| — |Lx(G)| > 2k that
have no k disjoint cycles, but all examples that we know have rather few vertices. The largest such graph G
that we can construct has 4k vertices and is described in Example 1.2.9.

Is it true that every graph G with |G| > 4k + 1 and |Hy(G)| — |Lx(G)| > 2k has k disjoint cycles?

Remark 2.9.2. Lemma 2.7.1 suggests that considering |V Z2¢*+1(G)| — |V=2=1(@)| instead of |Hy(G)| —
|L(G)| may result in different bounds providing the existence of k disjoint cycles. It could be that the claim
of Lemma 2.7.1 holds not only for triangle-free graphs. That is, it could be that for any non-empty graph G

with |[V226+1(Q)| — |VS2-1(Q)| > 2k — 2, G contains k disjoint cycles. This is trivially true for k = 1.
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Chapter 3

Packing

The results in this chapter are joint work with Ervin Gydri, Alexandr Kostochka, and Derrek Yager found

in [38] and [25].

3.1 Introduction

In this chapter, we will translate the problem of finding a subgraph in a graph into the language of graph
packing. Two graphs G; and G5 with |G| = |G2| pack if there is a bijection f : V(G1) — V(G2) such that
if uv € E(G1), then f(u)f(v) ¢ E(G2). We call the function f a packing of G1 and Gs.

In 1978, Bollobés and Eldridge [5] and Sauer and Spencer [46] proved significant results related to graph

packings.

Theorem 1.3.2. [5, /6] Let G1 and G2 be two n-vertex graphs. If
3
B(G)| + E(Ga)] < 2n 2 (3.1)

then G1 and G5 pack.

If G; is a star on n vertices and G5 is a perfect matching, then G; and G2 do not pack, as the center
of the star can be mapped to no vertex in Ga. Hence, restriction (3.1) is sharp. However, this is the only
sharpness example. If neither graph contains a star on n vertices, Bollobds and Eldridge showed that (3.1)

can be relaxed.

Theorem 1.3.3. [5] Let Gy and Gy be two n-vertex graphs. If A(G1), A(G2) <n —2 and
|E(G1)| + |E(G2)| < 2n =3, (3.2)

then either G1 and Go pack, or {G1,Ga} is one of the following 7 pairs: {2Ka, K1 U K3}, {K2 U K3, Ko U
Kg}, {3K2,?2UK4}7 {?3UK3, 2K3}, {2K2UK3,?3UK4}, {?ZLUI(AL7 K2U2K3}7 {F5UK4, 3K3} (Fzgure 31)
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G1(2) Go(2)
. Gi(1) oy Go(1) g Tl oLy Gi(5) Gol"

hn Y2 25 U3 Y2 .
° Tle e T2 Y1
A T3e Ys
Ty T3 Y3 Ys T5 Y4 .
U Y. 5 Y. Ty x5 Ys T5 T N
Z6 x7 :t/7/\:1/c Z7 zs

) G1(6) Gz(G)

Y2 Tle o L2

Ya T3e o T4

<5

Gi(3) Gs(3)

Tie X2 Y1 Y2 .12 Y1

: GL(T7) Gof
3 T4 Y3 Y4 o Ty Y3 T Ty Tse o T6 T
L]
T3 5 Ys Ys T6 Ys 3 Ty Tse o Ty o Y3 g

Figure 3.1: Bad pairs in Theorems 1.3.3 and 3.4.2.

Restriction (3.2) is best possible, as the cycle C,, does not pack with K ,_2 U K; and, together, they
have 2n — 2 edges. It is clear that C,, and K; ,_2 U K; do not pack since A(K; ,—2 U K1) =n — 2. Since
C,, does not contain a vertex of degree 1, no vertex in C, may be mapped to a vertex of degree n — 2.
In fact, it is a similar reason that prevents the packing of the only sharpness example of Theorem 1.3.2.
While Theorems 1.3.2 and 1.3.3 suggest that graphs with many edges are difficult to pack, their sharpness
examples suggest two graphs may pack if their maximums degrees are not too large. Indeed, the following

result of Sauer and Spencer shows that graphs with low maximum degree pack.
Theorem 1.3.6. [/6] Let Gy and G2 be two n-vertex graphs. If A(G1)A(G2) < 5, then Gy and Gy pack.

In this chapter, we consider what restrictions on the number of edges and the maximum degree will
guarantee the packing of two graphs. In particular, we focus on two recent theorems, one of Alon and Yuster
[2] and another of Zak [53], that combine these two parameters.

We first consider the result of Alon and Yuster [2], in which they prove that two graphs G; and G5 pack

if the number of edges in G; and also the maximum degree of G5 are both restricted.

Theorem 1.3.7. [2] For all n sufficiently large, let G1 and Gy be n-vertex graphs such that |[E(G1)| <
—0(G2) — 1 and A(G2) < +/n/200. Then G1 and G2 pack.

Alon and Yuster phrased their theorem in the language of Turdn numbers. Introduced by Turdn in 1941,
the Turdn number ex(n,G) of a graph G is the maximum number of edges in an n-vertex graph that does
not contain a subgraph isomorphic to G [19]. Since their introduction, Turdn numbers have become a widely
studied area within extremal graph theory and have produced a number of theorems. One such theorem,

due to Ore, gives the maximum number of edges in an n vertex graph without a hamilton cycle [45].

Theorem 3.1.1 ([45]). Let n > 2, ex(n,C,) = ("51) + 1.
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Moreover, for n > 5 the only graph with n vertices and ("51) + 1 edges that does not contain a hamilton
cycle is K, minus a star with n — 2 edges [45]. In this language, Theorem 1.3.7 is the following stronger

version of Ore’s result.

Theorem 1.3.8. [2] For all n sufficiently large, if G is a graph of order n with no isolated vertices and
A(G) < /n/200, then ex(n,G) = (";') +6(G) — 1.

Unlike Ore’s result, Theorem 1.3.7 has several different sharpness examples. Alon and Yuster provide

the following two examples in [2], though we rephrase them in the language of graph packing.

Example 1.3.9. Let Gy be a star with n — 2 edges and an additional vertex, that is Gy = Ky p_2 UK. Let
G2 be a graph on n vertices in which all vertices but one have degree 3, the last vertex has degree 2 and the

neighbors of this vertex are adjacent (Figure 3.2a).

Example 1.3.10. Let Gy be the disjoint union of a star with n — 3 wvertices and an edge and Gy as in

Ezample 1.3.9 (Figure 3.2b).

(a) (b)

Figure 3.2: Sharpness examples for Theorem 1.3.7 [2]

In Example 1.3.9, G; contains exactly ("gl) + A(G2) — 1 edges, but A(G1) 4+ 0(G2) > n. So G; and Gs
cannot pack since there is no suitable vertex in G5 to which we might map the vertex of maximum degree in
G;. In Example 1.3.10, G still contains exactly (";1) +A(G3)—1 edges. In this case, A(G1)+3(G2) =n—1,
so a potential packing could (and must) map the vertex of maximum degree in G to the vertex of degree
2 in 5. However, such an attempt will eventually fail to be a packing because no set of vertices could be
mapped to the neighborhood of the degree 2 vertex.

With this observation, we can obtain a larger set of sharpness examples for Theorem 1.3.7. For example,
fix constants n and d with n much larger than d. Let Go be a d-regular graph on n vertices consisting of
a disjoint union of cliques. Let G; be the disjoint union of d — 1 edges, together with a star containing

n—2(d — 1) — 1 edges (Figure 1.2a, here d = 6). Indeed, though we can find a vertex w € V(G3) to which
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we may map the center of the star, there is no set of d — 1 vertices that may be mapped to N¢g, (w). As long
as there is no independent set of size d among the vertices in G; not in the star, we can create even more
sharpness examples, e.g. Figure 1.2b.

In each sharpness example described above, either the vertex of maximum degree cannot be placed in
any packing or placing the vertex of maximum degree prevents the placement of some remaining vertex.

The first result of this chapter shows that all sharpness examples to Theorem 1.3.7 arise in this way.

Theorem 1.3.12. For n sufficiently large (n > 10°), let G1 and Go be graphs of order n such that A(Gg) <

V/n/60, |[E(G1)| < n, and A(Gh) + 6(G2) < n — 1. If there is a verter vi € V(G1) such that

d(Ul) = A(Gl) and Oé(Gl — N[Ul]) Z 5(G2), (33)

then Gy and G2 pack.

Theorem 1.3.12 actually implies Theorem 1.3.7. Indeed, if |[E(G1)| < n—3(G2)—1, then A(G1)+(G2) <
n — 1. Also, if v; € V(Gy) with d(vi) = A(Gy), then G — N[v] contains n — d(vy) — 1 vertices and
n —d(v1) —d(Gz) — 1 edges. Hence, G — N[v1] contains at least §(G2) components and an independent set
of size at least 6(G2). We can adapt the methods used in the proof of Theorem 1.3.12 to characterize the

sharpness examples for Theorem 1.3.7.

Corollary 1.3.13. For n sufficiently large (n > 10°), let Gy and G5 be graphs of order n such that A(Gs) <
Vn/60, |E(G1)| <n—8(Ga). Then,

1. Gy and G3 pack, or
2. A(G1) +0(G2) =n, or

3. G has exactly n — 06(G2) edges and exactly one vertex of degree greater than 1. Moreover, for each

w € V(G2) with d(w) = §(G2), the neighborhood of w induces a clique.

Unlike Theorems 1.3.2 and 1.3.3, Theorem 1.3.7 guarantees a packing of G; and G5 even though one
of the graphs may have not have a bounded number of edges. Similarly, unlike Theorem 1.3.6, it does not
require that both graphs have bounded maximum degree. Recently, Zak proved that there is more direct
interaction between the edges in G; and G2 and the maximum degrees of G; and G3. He showed that if
the number of edges in one graph, say G, is reduced by some amount, then an equivalent increase in the

maximum degree of G or G2 will not prevent a packing.
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Theorem 1.3.14. [53] Let Gy and Go be two graphs of order n > 1010, If
)
|E(G1)| + |E(G2)| + max{A(G1), A(G2)} < gn =2,

then G1 and G4 pack.
As in Theorem 1.3.3, forbidding vertices of degree n — 1 allows for a significant improvement.

Theorem 1.3.15. [53] Let G1 and Gy be n-vertex graphs with A(G1),A(G2) <n —2. If
|E(G1)| + | E(Gy)| + max{A(G1), A(G2)} < 3n — 96n%/* — 65, (3.4)

then Gy and G2 pack.

The sharpness example for Theorem 1.3.3, namely the pair { K ,,—2 UK, C,, }, shows that Theorem 1.3.15
is asymptotically sharp. Zak suggests that the lower order terms in restriction (3.4) can be replaced with a

constant and makes the following conjecture.

Conjecture 1.3.16. [55] Let G1 and Go be n-vertex graphs with A(G1), A(G2) <n —2. If
|E(G1)| + |E(G2)| + max {A(G1), A(G2)} <3n—17, (3.5)

then G1 and G5 pack.

The following example from [53] shows that, if true, then Conjecture 1.3.16 is the best possible.

Example 3.1.2. Let n > 8 and let G1 = Gy = K3 U Ky ,,_4 (Figure 5.3). Then, A(G1) = A(G2) =n—4
and |E(G1)| + |E(G2)| + max {A(G1),A(G2)} =(n—1)+ (n—1)+ (n—4) = 3n — 6. However, G1 and G
do not pack.

To see that G1 and G4 do not pack, let v be the center of the star in G1 and x be the center fo the star
in Ga. In any packing, the vertex v cannot be mapped to x, as otherwise the four neighbors of v must all be
mapped to the triangle in Go. Similarly, since at most one vertex from the triangle in G1 can be mapped to
the triangle in Go, v cannot be mapped to the triangle in Go. So we see that v must be mapped to a degree
one verter in Go. However, since G1 = Ga, the same reasoning also shows that a degree 1 verter in Gy must

be mapped to x, a contradiction.

However, for small values of n, Conjecture 1.3.16 fails, as there exist graphs G; and G5 that do not pack

but satisy |E(G1)| + |E(G2)| + max{A(G1), A(G2)} < 3n — 7. Consider the following example.
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AKX AX

Figure 3.3: Sharpness example for Conjecture 1.3.16. In this example n = 8 and |E(G1)| + |E(G2)| +
max {A(G1), A(G2)} = 3n — 6 but the graphs do not pack.

Example 1.3.17. Let G = 4K3 and Go = K5 U Ky (Figure 1.4). In any attempted packing, we are forced
to send at least two vertices from the same component in G1 to the clique in G2, so the graphs do not pack.

In this example, |E(G1)| + |E(G2)| + max {A(G1),A(G2)} =12+ 10+ 4 = 26 = 3n — 10.

Though the conjecture is false in general, we are unable to find counterexamples for large values of n and
it is possible that Conjecture 1.3.16 is true for large graphs. The second main result of this chapter shows

that, up to an additive constant, Conjecture 1.3.16 is true.

Theorem 1.3.18. Let C = 11(1952) = 418,275. Let G1 and Go be n-vertex graphs with A(G1), A(Gy) <
n—2. If
|E(G1)| + |E(G2)| + max {A(G1),A(G2)} <3n—C, (3.6)

then G1 and G4 pack.

Our constant C' is not optimal. However, 3n — 96n3/* — 65 < 0 for n < 10%, so all graphs satisfying
the hypothesis of Theorem 1.3.15 for n < 10% are empty and trivially pack. Since 96n3/* — 65 > C when
n > 300,000, Theorem 1.3.18 is a stronger result all non-trivial values of n. By combining this result with
Theorem 1.3.2, we can conclude that Theorem 1.3.14 holds for values of n > 2C — 2 ~ 10°. Observe that if
A(G1) =n—1or A(G2) =n—1, then |[E(G1)| + |E(G2)| < 2n — 1 and Theorem 1.3.2 guarantees that Gy
and G pack. Alternatively, when n > 2C — 2, %n —2 < 3n — C and Theorem 1.3.18 guarantees a packing.

In order to facilitate and inductive proof of Theorem 1.3.18, we actually prove a more general result that
uses the concept of list packing introduced in [24]. A graph triple G = (G1, G2, G3) consists of two disjoint
n-vertex graphs G; = (V1, E1) and G2 = (V2, E3) and a bipartite graph G3 = (V4 U V3, E3) with partite sets
Vi and V,. A list packing of G is a packing of G; and G5 such that uf(u) ¢ E3 for any u € Vi. One can
view a list packing as a packing of G; and G2, where each vertex in G is given a “list” of forbidden vertices

in Go. We prove the following list version of Theorem 1.3.18.

Theorem 1.3.19. Let C = 11(1952). Letn > 2 and G = (G1, Gz, G3) be a graph triple with |V1| = |Va| = n,
A(Gl), A(Gg) S n — 2, and A(Gg) S n — 1 If |E1| + |E2| + ‘E3| +maX{A(G1), A(GQ)} + A(Gg) S 3TL — O,

then G packs.
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Theorem 1.3.18 is the special case of Theorem 1.3.19 in which G3 has no edges. The pair shown in
Figure 1.4 shows that, up to an additive constant, the theorem is sharp. However, there are other infinite
families of examples that show, up to an additive constant, the theorem is sharp when Fj3 is nonempty, e.g.
Figure 1.5.

The remainder of the chapter is organized as follows. Sections 3.2, 3.3, and 3.4 contain the proofs of
Theorem 1.3.12, Corollary 1.3.13, and Theorem 1.3.18, respectively.

The proof of Theorem 1.3.12 is split into three parts. In Section 3.2.1, we provide some notation and
preliminary results that will be used in the later sections. Section 3.2.2 introduces the framework of the
proof and includes two lemmas that will be used in the proof of Theorem 1.3.12. In Section 3.2.3, we prove
Theorem 1.3.12 by providing a packing of G; and G5 in a 4-stage process.

Similarly, the proof of Theorem 1.3.18 is divided into several parts. In Section 3.4.1, we state definitions,
some useful preliminary results, and the main technical result, Theorem 3.4.3. The proof of Theorem 3.4.3
will be by contradiction. In Section 3.4.2 we prove several lemmas regarding the degree requirements of a
minimal counterexample G = (G1, G2, G3). We then use these properties in Section 3.4.3 to show that a
minimal counterexample has at most one vertex with at least two neighbors of degree 1. Next, in Section
3.4.4, we introduce the notion of supersponsors and show that each of G; and G5 contains at least two
supersponsors. Finally, in Section 3.4.5, we arrive at a contradiction by using the structure of a minimal

counterexample to construct a packing.

3.2 Refinement of a Theorem of Alon and Yuster

3.2.1 Notation and previous results

Throughout Section 3.2, we will consider two n-vertex graphs G; and G5 that satisfy the conditions of
Theorem 1.3.12. For i € {1,2}, we let V; = V(G;) and F; = E(G;). Similarly, let A; denote the maximum
degree of GG; and §; denote the minimum degree of G;. The core of the proof is Section 3.2.3, in which we
explicitly construct the packing f : V; — V5.

We will construct this packing iteratively. For subsets W7 C Vi and W5 C V3, we say that f/: W, — W
is a partial packing of G1 and Gs if f' is a packing of G1[W7] and Go[W3]. Throughout the proof, we will
have a partial packing f of G; and G5 and enlarge the domain of f at each step.

Recall that a graph G is d-degenerate if §(H) < d for every H C G (Definition 1.1.21). A degenerate
ordering v1,...,v, of a graph G on n vertices is defined inductively. Let G; = G and define v; to be a

vertex of minimum degree in G;. For ¢ € {1,...,n — 1}, let G;41 = G; — v; and define v, be a vertex of
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minimum degree in G;11. A greedy ordering of V(G) is defined similarly, with the only difference that we
always choose a vertex of the maximum (and not minimum) degree.
We will use the following result from [6] on packing a d-degenerate graph with a graph with a small maximum

degree.

Theorem 3.2.1 ([6]). Let d > 2. Let Gy be a d-degenerate graph of order n and mazimum degree Ay and
G2 a graph of order n and mazimum degree at most As. If 40A1log Ay < n and 40dAy < n, then G1 and

Go pack.

We use Theorem 3.2.1 only for d = [\/ 2n| — 1. The proof of it uses the following lemma that also will

be helpful for us.

Lemma 3.2.2 ([6]). Fiz A > 90 (hence A > 20log A) and let m = [ﬁ—‘, Let G be a graph with mazimum
degree at most A. Then, for every V' C V(G), there exists a partition (V(l), e (m)) of V' such that for

each vertex v of G, the neighborhood N (v) has the following properties:
1. for each i, |IN(v) N V| < 5log A,
2. for each iy and iy, |[N(v) 0 (V) UV 2))| <8.7log A, and

3. for each iy, iz, and iz, |N(v) N (V) y V) yVis)) <12.3log A.

3.2.2 Preliminary Results

We will construct a packing f : V3 — V5 in four stages. In the first two stages, we consider each vertex
v € V; of large degree and for each such vertex, we find a permissible vertex in V5 for its image. Then, we use
a technique of Alon and Yuster in [2] to find a set X C V; such that an assignment f(X) = N(f(v)) keeps
f a partial packing. Lemma 3.2.3 and Lemma 3.2.4 show that, for each vertex v € V; with large degree, we
can find a permissible set X to map to N(f(v)). Lemma 3.2.2 will guarantee N(f(v)) is evenly distributed
and we will then use a method similar to [6] to construct the packing of the remaining vertices.

First, observe that

G is d-degenerate for Dd = [v2n] — 1. (3.7)

Indeed, if there is a subgraph H C G such that §(H) > d, then 6(H) > d+ 1 and |V(H)| > d+ 2. So
20E(H)| =Y d(v) > |V(H)|-6(H) > (d+2)(d+1) > 2n,
veEH
a contradiction to |E(G1)| < n. Thus, (3.7) holds.
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Since Ay < %, we obtain 40dAs < 40v/ Qn% < n. If also 40A; log As < n, then G; and G5 pack by

Theorem 3.2.1. Thus we assume that 40A; log Ay > n. Then, since As < \/n,

n

Ap > (3.8)

20logn’

Let Vi = {v1,...,v,} and d(vy) > -+ > d(v,). We also may assume that (3.3) holds. Let k € [n] be

the largest integer such that d(vg) > Since e; < n, we have 2n > Zle d(v;)) > k ( ) and so

__n_ __n_
50logn "’ 50 logn

k < 100logn.

Lemma 3.2.3. Gy has an independent set By C Vi — N[v1] with |B1| = d2. Moreover, if k > 1, then such

a set By can be chosen so that each vertex in it has degree at most 2 in G.

Proof. By (3.3), G has an independent set By C Vj — NJvy] such that |B;| > §(G3). This proves the first
part. If & > 2, then d(vy) > m.

The subgraph G’ = G1[V1 — v1 — v2] has n — 2 vertices and at most n — d(v1) — d(ve) + |Jv1, v2|| edges.
Then G’ has at least d(vy) + d(ve) — 2 — ||v1, ve|| tree components and therefore contains an independent set
of size at least d(v1) + d(v2) — 2 — ||v1,v2]|. Moreover, we form this independent set using only vertices of

degree at most one in G’. Let B} denote the set of these vertices that are contained in V3 — N{v1] — v2. By

the above, |Bf| > d(vz) — 2. Since n > 10 and d(vq) > Solegm

— 2> 0.

n
B> ——
| 1|_5010gn -

Since each vertex in Bf has degree at most 1 in Gy — vy — vy and By N N[vi| = ), every vertex in Bj has

degree at most 2 in G. So we let By be a subset of B} of cardinality ds. O

When k > 2, we also wish to find, for each i € {2,...,k}, an independent set B; C V; — N[v;] such that

we can map the vertices of B; to the neighborhood of f(v;).

Lemma 3.2.4. Let k > 2 and B; satisfy Lemma 3.2.3. There exist disjoint sets Ba, ..., By such that
(a) |B;| > Ay for each i € {2,... k},

(b) B;NB; =0 for all j # 1,

(c) each vertex in Uf;l B; has degree at most 2 in Gy,

(d) the set Ule B; is independent in Gy,

(e) each vertex in Vi — vy is adjacent in Gy to at most one vertex in U?:2 B;.
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Proof. Let W C Vj be the set of all vertices reachable in Gy — vy from {vq,...,vx}. In particular,
{va,...,u} C W. By defiinition, G1[W] has at least |W| — (k — 1) edges. Let X = V4 — W — v;. Then
|X| =n—1—|W| and, since Gy has at most n edges, |E(G1[X])| <n —[|[W]|— (k —1)] — d(v1). Therefore,
the number of tree components in G1[X] is at least d(v1) — k. We form an independent set B by choosing
one leaf or isolated vertex from each tree component in G[X] and then removing all vertices in N[B;]. Since

each vertex in B; has degree at most 2 by Lemma 3.2.3, we have

|B| = (d(v:) — k) — 305. (3.9)

Suppose that
d(vi) =k =362 = (k —1)As. (3.10)

Then by (3.9), B can be partitioned into k£ — 1 disjoint sets Ba, ..., By, each of size at least Ag. Since all
vertices u € B are leaves or isolated vertices in distinct components of G; — vy, the claims (c¢) and (e) of the
lemma hold. Since the sets Bs, ..., By are formed by partitioning an independent set that is disjoint from

N[B], claims (b) and (d) also hold. So, to prove the lemma, it is enough to check that (3.10) holds. Now,

(d(v1) — k) — 35, > (k = 1)As if
(d(v1) — k) =302 > (k —1)A; if
d(vy) —1— 389 > (k—1) (Mg +1) if

d(v1) > (k+2) (A2 +1) — 2.

Since k < 100logn, d(vy) > n/(20logn), and Ay < 4/n/60, the last inequality follows from

> (100log n + 2) (ﬁ + 1) 7

n

20logn 60

which holds for n > 10°. This proves (3.10) and thus the lemma. O

3.2.3 Packing of G; and G,

Let By, Ba,..., By be as stipulated in Lemmas 3.2.3 and 3.2.4. Note that by 3.2.4(c), {v1,...,vx} N (B U
...UBg) =0. Let m = [1(@722-‘ and (V... , V(™) be a partition of Vo with the properties guaranteed
by Lemma 3.2.2. Order the parts of the partition so that [V > ... > V™| For i € {1,...,k}, let

V@ = U;Zl V(@) We will construct a packing f : V3 — V5 in 4 stages. At each step in the proof, we ensure
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that f remains a partial packing.

Stage 1. Let w; € V4 be a vertex of minimum degree in Go. Define f(v;) = wy. For each w’ € Ng, (w), we
can choose an element u € By and assign f(u) = w’. In this way, all neighbors of w; are matched and, since

By U{v;} is an independent set, after this assignment f remains a partial packing.

Stage 2. If k = 1, then proceed to Stage 3. Otherwise, we will iteratively match vs, ..., v, with vertices of
G4. During iteration i, we will match v; to some vertex f(v;) in V1), We will then proceed to match an
unmatched subset of B; to Ng,(f(v;)). Notice that after iteration i, the function f will remain a partial
packing, the only matched vertices of V; will be vy, ..., v;, and vertices from U;:l Bj, and at most i(Ag+1)
vertices of G (and, respectively, G2) will be matched.

Consider the i*" iteration. At this point, we have matched vertices v1,...,v,_1 € Vi to vertices
w1,...,wi—1 € Va, respectively. Since wa, ..., w;_1 were chosen to be in V(1) and w; may also have been
in V(l), at most i — 1 < k of these vertices are in V(1. The only other matched vertices in G5 are in
U;;ll Ng,(w;). By Lemma 3.2.2, |[Ng,(w;) N V| < 5log Ag. So there are at most k(1 4 5log Ay) vertices
in V(U that have already been matched. There are at least [ 2] — k(1 +5log As) remaining vertices in V(1.
From these remaining vertices, we will choose a vertex w; such that after assigning f(v;) = w;, the function
f remains a partial packing. If a vertex z € N(v;) is already matched, then either x € {vy,...,v;_1} or
T € U;;ll Bj. However, for each j < i, N(f(v;)) is already matched, so v; will not be matched to a neighbor
of f(v;). Further, by Lemma 3.2.4, no vertex adjacent to {v1,...,v;—1} was chosen to be in B;. So any
available choice for w; will allow f to remain a partial packing. Since there were [%W —k(1+5logAs) >0
vertices to choose from, there is a permissible choice of w;.

To complete the iteration, we must map some subset of B; to the unmatched neighbors of w;. How-
ever, by Lemma 3.2.4(d), B; and B; were chosen to be disjoint for each j, so no vertex in B; is already
matched. Further, if sending a vertex z € B; to an unmatched vertex in y € N(w;) causes f to no longer
be a partial packing, then x has a neighbor u such that y € N(f(u)). Notice that if this is the case, then
u ¢ {vy,...,v;—1}, since y is unmatched and N(f({vy,...,v;—1})) contains only matched vertices. There-
fore, if there is an « € B; such that sending x to a vertex y € Ng, (w;) forces f to not be a partial packing,
then z € U;;ll N(Bj). Again by Lemma 3.2.4, B; does not contain any such vertex, so any vertex z € B;

can be mapped to any unmatched vertex in Ng, (w;). By Lemma 3.2.4, | B;| > Ag, so we can match a subset

of B; to the neighborhood of w;.
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Stage 3. Let W1 C V) be the set of vertices that have been matched before the start of Stage 3 and let V3
be their matches. Recall that G is d-degenerate for some d < v/2n. Since G1[V; — W] C Gy, it must also
be d-degenerate. We will define disjoint subsets Ws, ..., W,,, with the goal of sending W; into V@ for each

1.

Let X1 =Y, =0 and z := [wim-‘ < ["iggﬁ{‘ < 2y/nlogn. We now inductively construct sets X;, Y;
and W; fori € 2,...,m. Let X; = U;Zl X;, Y = Uj’:1 Yj, and W; = U;Zl W; and then consider a greedy
ordering of V; — W;_1. Define X; to be the first z vertices in this ordering, so |XZ\ =(i—1)z. Add to Y;
any vertex iny € Vi — Wi_l — X; such that y has at least 4d neighbors in {Wi_l UX,;UY;} — Wi, Continue
to add vertices to Y; until every remaining vertex has at most 4d neighbors in W;,_1 UX; UY,. Finally, let
W, =X, UY;.

We next show that |WW;| is not too large. We have e(G1[W; — W;]) > 4d|Y;|, since each vertex in Y;
has at least 4d edges to previously matched vertices and at most k 4+ 1 of them are incident to vertices
mapped in Stage 1. However, since G[W; — W] is d-degenerate and has | X;| 4 |V;| vertices, it has less than
(|X;] + |Yi|)d edges. This implies that 4d|Y;| — (k + 1) < d(|X;| + |Y;]). Since d > 1, solving for |V;| yields
Vi| < % + 3 (k + 1). Finally, since [Wi| = |[Wh| + | X;| + |V;] and Wy < k(Ag + 1), we have

L A3i-1) 4\ 1
, Ao+ = Z
Ai—1) [ n 4\ 1
< — — Z
< [15m—‘+k<A2+3>+3
< 4(1—1) n +4(z—1)

L +‘“+k<A2+4>—1 (3.11)
m 3

_ 60im  km(45A5 +60)\ n
4 —

- ( ( )+ n * n 45m
<4 n 60m N km(45A4 + 60)> n
45m

A
|
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n n
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|
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60 AQ n k(45A2 + 60) lrlog ZAz-‘ mn
n 45m

Finally, recall that Ay /log(As2) < v/n/(601og(1/n/60)) and k < 100logn. We can substitute these upper

bounds into (3.11) and calculate that for n > 107,

(3.12)

n

Ao
@ " Ay “ k(45A2 + 60) lrlogAz—‘ —9
- .

log A,
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Therefore, by (3.11) and (3.12),
N m
Wi < —. 3.13
Wil < = (3.13)

Now, we place W; in V@ for each i € {2,...,m}. Consider a degenerate ordering of the vertices in W;.
We pack the vertices into V() in this order. Suppose it is the turn of vertex w to be packed. In particular,
we have placed at most |WW;| vertices so far, so there are at least n_ Wil > 4in free vertices left in 1428
Suppose we send w to some unmatched vertex v € V. If w has a neighbor w’ already matched to a
neighbor of v, then f is not a partial packing. We show that the number of such bad vertices v is at most
4in
=

Let w’ be a matched neighbor of w. Then either w’' € Wj or w' € Xj U YJ for some j. If w' €
{v1,...,vx}, by Stage 1 and 2, all neighbors of the images of {v,...,v;} are already matched and are
therefore not adjacent to v. On the other hand, by Lemma 3.2.4, w is only adjacent to at most one vertex
of Wy — {v1,...,v;} (since vertices in B; were chosen from distinct components of Vi — vy).

Next, since the vertices of W; are placed using a degenerate ordering of W, and each vertex in W; has
fewer than 4d vertices in Wi,l — W1y, vertex w has at most 5d neighbors in WZ —W7. We conclude that w has
at most 1 + 5v/2n < 8y/n previously matched neighbors adjacent to unmatched neighbors in V. Further,

by Lemma 3.2.2 the image of each of these neighbors has at most 5ilog Ay neighbors in 1420 Thus, there

4in
5m

are at most 40iy/n log Ay choices for v that cause f to not be a partial packing. Since we have |W;| >
vertices to choose from and g% —404/nlog Ay > 0, there is a vertex to which we can send w.

Stage 4. We now place the remaining vertices, i.e. those in V; — W,,. Consider a degenerate ordering of
Vi — W,, and place these vertices in the reverse order. Suppose it is the turn of vertex w to be packed.
Then, there is some unmatched vertex v € V5. We show that either we can send w to v or that there is
another previously matched vertex w’ € V; — W,, such that w can be matched to the image of w’, let us call
it v’ € Vo, and w’ can be matched to v.

Notice that for any x € N(w), we are unable to match w to an unmatched vertex v € Va that is a
neighbor of the image of z. Let us call such vertices red/blue neighbors, since they can be reached from w
via a 2-edge path with the first edge being wz € E; (i.e. red) and the second edge being f(z)v € Es (i.e.
blue). As in Stage 3, we notice that when it is the turn of w to be packed, it has at most 4d neighbors in
W — Wi and, since we are placing V; — V,, in the reverse of a degenerate order, it has at most d neighbors
in Vi =V, previously matched during Stage 4. In total, w has at most 5d previously matched neighbors in
Vi — W;. By Lemma 3.2.4, w has at most 1 neighbor in W7 — {vy,...,vx}. The vertex w may be adjacent

to many vertices in {v1,...,v;} but, by Stage 1 and Stage 2, the images of {vy,...,v;} have no unmatched

neighbors so no red/blue neighbors may arise from these vertices. We conclude that, apart from {v1, ..., v},
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the vertex w has at most 2+ 5d < 8./n previously matched neighbors. The image of each of these neighbors

8n

has at most Ay blue neighbors, so there are at most 8y/nAy < 75

red/blue neighbors of w.

On the other hand, for each v; € {vy,...,v;}, the neighbors of f(v;) are matched to vertices in Wy. So
v has no neighbors in f(W7). We now count the number of vertices € V; such that « has a neighbor in V3
matched to a neighbor of v in Vo. We call this set of vertices the blue/red neighbors of v. In particular, we
only concern ourselves with blue/red neighbors = such that = ¢ W,n. We will use the method used in [39]
to bound the number of such neighbors.

Let br(v) be the number of blue/red neighbors in V; — W, and let n; = |[Ng,(v) N V|, Recall that,
in Stage 3, we considered a greedy ordering of Vi — W;_1. Let D; be the maximum degree of a vertex in
G[Vi—W,;_41]. In particular, if z € X; is matched to a vertex in V) for j > 2, then z has at most D; neighbors
in V; —W; and at least D1 such neighbors. This implies | Xo|D3+- - -+|Xpm—1|Dm = 2(D3+---+Dy,) <n,
since there are at most n edges in G;.

Further, we know that if a vertex v; € V5 has more than n/(50logn) neighbors in Gy, then not only

was it matched in Stage 1, but all vertices of Ng,(f(v;)) are matched in Stage 1 as well. So if a vertex x is

matched to a neighbor of v, then d(x) < n/(100logn). In particular,

n n -
b < D
1u(v)_nl5()logn—|—n25010gn_|_kz::3nk k

n

<% logn(nl +ng)+ (D3 +---+ Dyp,)5log Ay

n
<5 1Ogn(&?log Ag) + ;510g Ay

4.35n

50
4.35n
50

4.35
50” +75A, + 751og Ag

4.35n  5y/n n
< —— + 751 60 —.
<=5 + = T 75log (v/n/60) < m

IA

+ (15m)51og Ag

Ay
log Ag

IN

+ 75 [ —‘ log Ao

IN

We know that there are fewer than {i blue/red neighbors of v, at most % red/blue neighbors of w, and at

most ¥ vertices in W,,. This means that either we can send w to v and maintain that f is a partial packing
or there is a vertex w’ in Vj — Wm placed on a vertex v’ € V5 such that w’ is not a blue/red neighbor of v and
also that v’ is not a red/blue neighbor of w. This implies that we can send v to w’ and w to v" and maintain

that f is a partial packing. Repeating this process for each unmatched vertex in V; yields a packing of G
and GQ.
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3.3 Sharpness examples of Theorem 1.3.7

Let G; and G2 be graphs on n vertices such that |E(G1)| < n — §(G2) and A(G2) < v/n/60. We will show
that if G; and G2 do not satisfy conclusion (2) nor conclusion (3) of Corollary 1.3.13, then they pack. As
before, for i € {1,2}, let G; = (Vi, E;), A; = A(G;), and §; = 6(G;).

Let v1 € V; be a vertex of maximum degree in Gy. If A7 = n — s, then part 2 of the theorem holds and
the proof is complete. So we assume that Ay <n —dy — 1.

Let v1,...,v, be an ordering of V; such that d(vy) > -+ > d(v,) and let X C E(G1 — v1) be the set of
edges incident to N(vy). The subgraph G; — Nvi] has n — d(v1) — 1 vertices and |Ey| — d(v1) — | X| edges.

In particular, the number of tree components in G; — N[v] is at least
(n— B+ 1X] — 1. (3.14)

By Theorem 1.3.12, if there exists an independent set S in G — N[v1] of size d3, then G; and G2 pack. We
form an independent set S by taking one vertex from each component in G; — Nv].

If |E1] <n—6y—1or |X| > 1, then by (3.14) there are at least d, tree components in G; — N[v1] and so
|S| > d2. Therefore, we assume that |Ej| = n — d2 and | X| = 0. Hence, the number of tree components in
G1 — NJv] is exactly 62 — 1. Moreover, if any tree component contains at least three vertices, two vertices
from the same component could be selected to be in S and we would obtain an independent set of size ds.
Finally, we assume that G; — N[v;] contains no other components, as otherwise we could add an additional
vertex to S and obtain an independent set of size do. After these assumptions, we are now in the case that
(G is a forest with exactly n — do edges and vy is the only vertex with degree greater than 1. Further, since
d(v1) <n—1— 2, some component of G; — N[v;] contains an edge.

We finally show that if conclusion (3) of Corollary 1.3.13 is not satisfied, then G; and G5 pack. In this
case, there is a vertex w; of degree d5 such that N(wq) does not induce a clique. By our assumptions on Gf,
we can find an independent set S of size do — 1 by selecting one vertex from each component. Recall that
G1 — N[v1] has some component that contains exactly one edge and let = be the vertex in that component
not chosen to be in S. Let B] C Vi — N[v] be the set of vertices obtained by adding x to S and note that
G[B}] contains exactly d vertices and exactly one edge.

We can now construct a packing of G; and G5 almost exactly as we did in the proof of Theorem 1.3.12.
In Stage 1, we define f(v1) = w; and wish to map the set B to the neighborhood of w; so that f remains
a partial packing. Since N(w;) does not induce a clique and B/ contains only one edge, such a mapping is

possible. Now, since v; is the only vertex in G; with degree greater than 1, we proceed directly to Stage 3.
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However, Stage 8 and Stage 4 follow exactly as they did in Section 3.2.3, resulting in the desired packing of
G4 and Gs.

3.4 Approximate answer to a conjecture of Zak

3.4.1 The setup

We begin by outlining some notation to be used throughout Section 3.4. A graph triple G = (G1, G2, G3)
of order n consists of a pair of n-vertex graphs G; = (V4, Eq) and Gy = (V1, Es) together with a bipartite
graph G3 = (V3 U Va, F3). Let V(G) := V1 U V4, be the vertex set of the graph triple, E(G) = Ey U Ey U Ej
be the edge set of the graph triple, and e(G) = |E(G)|. We omit G when it is clear. The triple G packs if
there is a bijection f : V4 — V; such that vf(v) ¢ E3 for any v € Vi and wv € E; implies f(u)f(v) ¢ Es.
An edge in Ey U Es is a white edge, while an edge in Fs is a yellow edge.

For v € V; (i € {1,2}), the white neighborhood of v, denoted N;(v) C V;, is the set of neighbors of v in G;
and d;(v) = |N;(v)|. For convenience, when w € V3_;, we say that N;(w) = ( (and hence d;(w) = 0). The
yellow neighborhood of v € V;, denoted N3(v) C Va_; is the set of neighbors of v in G5 and dz(v) = |N3(v)].
Vertices in the white (respectively, yellow) neighborhood of v are called white neighbors (respectively, yellow
neighbors). For v € V;, the neighborhood of v, denoted N(v) is the disjoint union N;(v) + N3(v) and the
degree of v is d;(v) + d3(v) and is denoted d(v). Also, we use N[v] to denote the closed neighborhood of v,
i.e. N[v] = N(v) U {v}. For disjoint vertex sets X and Y in a graph triple, || X,Y|| denotes the number of
edges in E(G) connecting X and Y. For brevity, if X = {z} and Y = {y}, then we will write ||z, y|| instead
of [{x}, {y} .

When considering a specific graph triple G, we will let e; = |E;| and define A; = max,cy d;(v) for
i € {1,2,3}. In [24], Theorem 1.3.6 and Theorem 1.3.3 to extended to list packing. The following two

theorems will be used throughout this section.

Theorem 3.4.1 ([24]). Let G = (G1,G2,G3) be a graph triple with |Vi| = |Va| =n. If AjAy + Az < n/2,
then G does not pack if and only if Az = 0 and one of G1 or Gg is a perfect matching and the other is Kz »

with 5 odd or contains Kz 1. Consequently, if AjAg + Az < n/2, then G packs.

Theorem 3.4.2 ([24]). Let G = (G1, G2, G3) be a graph triple with |Vi| = |Va| = n. If A1, A < n — 2,
As <n—1, |E1|+ |E2| + |Es| < 2n — 3 and the pair (G1,G2) is none of the 7 pairs in Theorem 1.5.3, then

G packs.
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For a graph triple G = (G1,G2, G3), let Ag); = maxyey;, d3(v), D; = max{A;, Ag);}, and

D = max {A; + max{Ags — 4,0}, Ao + max{Asz; —4,0}}.

Instead of Theorem 1.3.19, it is more convenient to prove the following.

Theorem 3.4.3. Let C := 11(195%) + 4. Let n > 2 and G = (G1,Ga,G3) be a graph triple of order n. If

Al,Agg’IL*Q, Aggnf]. (315)

and

F(G):=e1+ea+e3+D<3n—0C, (3.16)
then G packs.

Note that Theorem 3.4.3 implies Theorem 1.3.19 since Az > Agjy, Agjp and F'(G) +4 < ey +ex +e3 +
max{Aj, Ay} + As. In proving this theorem, we will often consider two graph triples, G and G’, and will
compare F(G) and F(G’). Define 9(G,G’) = F(G) — F(G’). The rest of the section will be a proof of
Theorem 3.4.3.

3.4.2 Maximum and Minimum Degrees in a Minimal Counterexample

Fix C := 11(195%) + 4 and let G = (G1,G2,G3) be a graph triple of the smallest order n such that G
satisfies (3.15) and (3.16) but G does not pack. By Theorem 3.4.2 and (3.16),

D<n+2-C. (3.17)

This yields n > C' — 2. Moreover, since n > C' — 2, Theorem 3.4.1 implies D > 2, and thus, by (3.17), n > C.
Lemma 3.4.4. Every vertex of G has a white neighbor.

Proof. Suppose v € V' has no white neighbor. Without loss of generality, let v € V7.

Case 1: The vertex v is isolated in G. If any w € V, has degree at least 3 in G then taking G’ =
(G1 —v,G2 —w,G3 —v—w) and n’ =n —1 gives I(G,G’) > 3 and thus F(G’) < 3n’ — C. Also by (3.17),
for i € {1,2},

Al<A, <D+4+4<n+6-C<(n-1)—2=n"-2.

By the minimality of G, the new triple G’ packs. This packing extends to a packing of G by sending v to
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Figure 3.4: Packing used at the end of Case 1

w, contradicting the choice of G. So suppose the degree of each w € V5 is at most 2. By Theorem 3.4.1,
there is a vertex v’ € V; with d(v') > n/6. By (3.15), there is a non-neighbor w of v" in V5. If w has a
white neighbor, say y € Vo, then let G” = (G; —v —v',Ga —w —y,Gs —v —v' —w —y) with " =n —2;
otherwise, let G’ = (G1 —v',G2 — w,G3 —v' — w) with n” =n —1. Then (G, G"”) > d(v') =n/6 > 6 and
so F(G") < 3n” — C which by (3.17) implies A} <n+6 —C <n” —2for i = 1,2, . Thus, again by the
minimality of G, the triple G” packs. Then, we extend this packing of G” to a packing of G by sending v’
to w (and v to y if y exists), contradicting the choice of G.

The last subcase of Case 1 is that dy(w) = 2 for every non-neighbor w of v in V5. In particular,

es +es > eg+ds(v') >n. So,if X =V — N[v'] — v, then by (3.16)

> di(w) < 2e1 — 2d1(v) <2[3n— C =D — (ea + ds(v')) — da (v')] .

zeX

Since dy (v') + | X|=n—2, e3 > d3(v'), and D > Ay > d;(v'), we get

D di(x) <2(3n—C —2dy(v) — n) <2(2|X|+4-C) < 4|X| - 8.
zeX

So, there are nonadjacent x1,z2 € X C V; with dy(x1),dy(z2) < 3.

Let w be a non-neighbor of v in V5 and let y; and yo be the white neighbors of w. Since y;w € Es and
d(y1) < 2, we may assume y122 ¢ Fs. Choose z1, 22,23 € V4 so that Ny(xa) C {21, 22,23}. Let ) be the
white neighbor of y; distinct from w, if exists. Then we place v’ on w, v on ya, T2 on y;, and add yellow
edges from yf to Ni(x2) (Figure 3.4). Since this decreases e; +e3+e3 by at least n/6+2 > C'/6+2 > 12 and
increases D by at most 3, we are left with a graph triple G’ of order at least n—3 and F(G’) < 3(n—3)—C.
Also by (3.17), both inequalities in (3.15) hold. So by the minimality of G, there is a packing of G’, and
this packing extends of a packing of G.

Case 2: The vertex v € Vi is incident to yellow edges. Let A := N3(v). By the case, |A| > 1. Since
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Vo — A # 0 by (3.17), there is some w € Vo — A. Since Case 1 does not hold, d(w) > 1. If d(v) + d(w) > 3,
then we can construct a packing by sending v to w and creating a new graph triple G’ by removing these
two vertices. In creating G’, we have removed 3 edges, and observe that by (3.17), the inequalities in (3.15)
holds for G’. So G’ packs by the minimality of G, and this packing extends to a packing of the original
triple, a contradiction. Thus, d(v) =1 (say A = {w'}) and d(w) =1 for each w € V5 — w’.

Let Y = Vo — N[w']. Since da(w’) < Ay <D <n+2-C, we have |Y| > C —3. If d(w') = 1, then by
switching the roles of v and w’, we conclude that d(v') = 1 for each v' € V; —v; so G packs by Theorem 3.4.1.
Hence, d(w') > 2. There are two cases.

Case 2.1: G5[Y] has no edges. Since the white neighbors of w’ cannot have other neighbors, every y € Y’

has no white neighbors. If also every vertex in V; has degree 1, then by (3.17),

2n — 1) + d(w’ 1 1
61+62+63=wSn—§+D+4§n—§+(n+6—C)<2n—3.

In this case, G packs by Theorem 3.4.2, a contradiction. So we conclude that there is a vertex x € V7 of
degree at least 2.

Next, assume that two vertices y1,y2 € Y have distinct neighbors in V3. Then we may assume that x is
not adjacent to one of these vertices, say yi, and let G’ = (G1 —2,Gy —y1,Gs —x —y;) and n/ =n — 1.
Since (G, G’) > 3 and (3.15) holds for G’ by (3.17), G’ packs by the minimality of G, and this packing
extends to a packing of G by placing x on .

Hence, each vertex in Y is adjacent to the same vertex ' € Vi. This implies D > dg(w') + d3(a’) — 4 >
n — 5, a contradiction to (3.17).

Case 2.2: There is an edge y1y2 € E(G2[Y]). Then
for every non-adjacent x1,z2 € Vi, d(x1) + d(z2) < 4, (3.18)

since otherwise we could send z; to y; and x2 to yo and consider G” = (G} — x1 — w2, Go — Y1 — Y2, G3 —
1 —To — Y1 —Yy2). We have (G, G"”) > 6 and (3.15) holds for G” by (3.17), so G” packs by the minimality
of G, and this packing extends to a packing of G.

Since none of x € V4 — v is adjacent to v, by (3.18), d(z) < 3 for every x € Vi, In particular, this yields
Ay <3, Ay =max{l,da(w’)} <1+ da(w'), and Az < max{3,ds(w’)} < 3+ ds(w’). Then,

A1Ag + Az < 3(de(w') + 1) + (3 + d3(w')) < 3(d(w') + 2).
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Since G does not pack, Theorem 3.4.1 implies that A1 As 4+ Az >n/2, so d(w') > § — 2.

By (3.17), n+2—C > D > ds(w’) — 4, so there are at least C' — 6 non-neighbors of w’ in V5. By (3.18),
at most 4 vertices in V; have degree 3. Thus there exists a non-neighbor xg of w’ such that d(zp) < 2
and the degrees of the white neighbors of zy, which could be neighbors of w’, as well, also do not exceed
2. If Ny(zg) = 0, then send zp to w'. If Ny(xp) = {21}, then send z( to w’, z; to y; and v to yo. If
Ni(zo) = {2z1,22} and 2125 ¢ Eq, then send xo to w’, 21 to y; and 29 to yo. Finally, if Ny(z¢) = {21, 22}
and z129 € E1, then by the choice of xg, 21, 22, these 3 vertices induce a component in G; so we can send
Zo to w', 21 to y1 and 2o to any yp € Y — y2. In all cases, we have deleted at least % — 2 edges. Since
by (3.17), (3.15) also will hold in all cases, we can pack the resulting graph triple, and then extend this to

a packing of G, a contradiction. O
Lemma 3.4.5. If a vertex in Vi has degree 1, then no vertex in Vo has degree 1.

Proof. Suppose v € Vj,w € V5 and d(v) = d(w) = 1. Then by Lemma 3.4.4, the edges incident to v
and w are white. Let vv' € E; and ww' € FEj. Let Ay = N1(v)) — v, Ay = N3(v') = N(') N Va,
B; = N3(w') = N(w') NV, By = Na(w') — w. Let g (respectively, yo) be a vertex of maximum degree
among the vertices in V3 — v — v’ (respectively, in Vo — w — w').

We obtain graph triple G' = (G}, G4, G%) by first placing v' on w, v on yg, deleting the matched
pairs, and then adding yellow edges from w’ to the vertices in A; \ B;. If G’ packs, then together with
our placement of v/ on w and v on gy we will have a packing of G. If it does not pack, then by the
minimality of G, either (3.15) or (3.16) does not hold for G’. Since A;,Ay < D < n — C + 2 and the
white degrees of vertices did not increase, if (3.15) is violated in G’, then by (3.17), G’ has a vertex
u with di(u) = n — 2. Since Az = max{Ag;,Az2} < D+ 4, (3.17) implies that v = w’. However,
n—2 < dj(w') < di(v) +d3(w') < Ay + Azje < D+ 4, a contradiction to (3.17). Thus (3.16) must be
violated in G':

F(G')=¢e(G)) +e(Gh) +e(Gy) + D' >3(n—2) — C + 1. (3.19)

Symmetrically, we obtain graph triple G” = (GY,G%,GY) by first placing v on w’ and z¢ on w, deleting

the matched pairs, and then adding yellow edges from v’ to the vertices in By \ As. Similarly to (3.19), we
derive

F(G") =¢e(G)) +e(GY) +e(GY)+D" >3(n—2)—C +1. (3.20)

The proof also will require the following claim.
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Claim 3.4.6. If there exist constants a,b such that d(z¢) < a, d(yg) < b, and C — 3 > max{2a(b+ 2), 2(a +
2)b}, then G packs.

Proof of Claim 3.4.6. By symmetry, we will assume that a > b so that C' —3 > 2a(b+2). We will construct a
packing of G that maps v to yo, v’ to w. Observe that since |A;|+|B1| < (A1 —1)+Agy < D+3 <n—C+5,
we may choose a vertex x € Vi — Ni[v'] — N3[w’] that we may map to w’. In order to preserve the packing
property, we must ensure that white neighbors of z are not mapped to white neighbors of w’. Again,
by (3.17), we see that there are at least C' — 3 vertices of V5 — Na[w']. Since yp has maximum degree among
all vertices in Vo — w’, the average degree of the vertices in this set is at most b. By Turan’s Theorem, we
may find an independent set of vertices in Vo — Na[w'] of size at least (C'—3)/(b+ 1) > 2a.

Now, let {z1,...,ze} = Ni(z) be the white neighborhood of z and notice that a’ = di(z) < d(xo) < a.
Since xo was maximal, d3(x;) < a — 1, for each ¢ = 1,...,a’. Thus, we may successively map each z; on a
non-neighbor y; chosen from the independent set in Vo — Nao[w']. After each such mapping, we add yellow
edges between the white neighbors of x; and the white neighbors of y;. This yields a new graph triple G*
of order n — a’ — 3. In this new triple, we see that A} < a, A} < b and, due to the added yellow edges,

A3 < a4+ b— 2. However, this gives

2ATAS +2A% <2ab+2(a+b—2)<2ab+4a<C<n-—d —3.

By Theorem 3.4.1, G* packs and this packing extends to a packing of G. This proves the claim. O

Along with this Claim, we will use (3.19) and (3.20) to prove the lemma. Observe that to obtain G’, we
deleted |A;| 4 |A2] + 1 edges adjacent to v’, one edge adjacent to w, d(yo) edges adjacent to yo (though we
may have double counted the edge v'yp), and added |A; \ Bi| new yellow edges adjacent to w’. Thus, by
(3.19) and similarly by (3.20),

5> 0(G,G') > |A1NBy|+ |A2| +d(yo) + 1+ D —D'. (3.21)

5> 9(G,G") > |Ay N By| + | B1| + d(zo) + 14+ D —D". (3.22)

IfD—-D' >—-1and D—D" > —1, then d(z¢), d(yo) <5 and we are done by Claim 3.4.6. So by symmetry,
we may assume that D — D” < —2. In particular, since the only vertex in G” that has increased its degree
by more than 1 is v/, we have D" = Al + d4(v') — 4. There are two cases.

Case 1: D — D’ < —2. In creating G’, the only vertex that has increased its degree by at least 2 is w’,

so D' = A} + dj(w') — 4. Observing that di(w’) = |A; U B;| and plugging this in for D’ and D", we can
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sum together (3.21) and (3.22) to get
10 > 2|A1 N B1| + 2|A2 n BQ| + d(yo) + d((L’o) + 2D — A/l — AI2/ - |A1| - |B2| + 10. (323)

Since D > Ay, Ay, we have D > |A;] + 1 and D > |Bs| + 1. Furthermore, since zg was a maximum degree

vertex in V; — ', we have d(zo) > Af. Similarly, d(yo) > A}. Inserting these inequalities into (3.23), we get
10 > 2|41 N By| + 2|As N Bo| + 12.

This is a contradiction, so the case is proved.

Case 2: D —D' > —1. We see from (3.21) that 5 > |A; N By| 4+ |Az2| + d(yo). Note also, that since w’
is a vertex in G/, [Ba| < dj(w’) +1 < D' — Ay +5 <D — Ay, +6. Next, observe that d5(v') < [A2 U By,
so we have

D" < AY+|Bs|+ A2\ Bo| =4 < Ay + D+ |4y \ Bs| — §‘1+2.

We now substitute these inequalities into (3.22),

5> |A2 N By| +|Bi| + d(wo) +1+D — Ay =D — A2\ By| + Ay)y — 2

> 2|A2 N Ba| + |Bi| + d(x0) — Ay — [Ag| + Ay — 1
However, yo is a vertex in G”, so A} < d(yo) + 1. In particular,
d(yo) + |A2| +7 > 2|A2 N Bo| + | Bi| + d(xo) + A

Finally, recall that D—D’ > —1 implies by (3.21) that 5 > |A; N By|+|Aa|+d(yo). This gives that d(yo) < 5,
and when combined with the last inequality, that d(zg) < 12. Since C' > 1,000, by Claim 3.4.6, G packs, a

contradiction. O

From now on, by Lemma 3.4.5, we will assume that
d(w) > 2 for every w € V5. (3.24)

Lemma 3.4.7. Di,D5 > 3.

Proof. Suppose Dy < 2, the case where D; < 2 follows similarly. The white components of G5 are paths
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and cycles. By Theorem 3.4.1, D; > n/6. Also, by (3.16),

> dw)+2D <6n—2C— > d(w) < 5n—2C.

veV] weVa

Let v' € V4 have maximum degree in Vi, so that d(v') > n/6. Since D > Dy — 4, this implies

Z d(v) <5n—2C —d(v') —2D <5n—2C —n/6 —2(n/6 —4) < 9In/2 — 2C + 8. (3.25)
veVi—{v'}

Consider a vertex wg € Vo — N3(v’). There are two cases.

Case 1: The white component containing wq is not a triangle. In this case, wy has at most two white
neighbors, wy, wy € Va. (Notice wy may not exist). Since Dy < 2, there are at most 4 vertices of Vi — Ny [v']
adjacent to Na(wg). By (3.25), there are at most 60 vertices of degree at least n/12 — 6 in V3 — N[v'].
So, there are at least two vertices in V4 — N[v'] that have degree less than n/12 — 6 and are not adjacent
to N(wp), call them vy,ve. We will map v' to wp, v1 to wy, and (if we exists) vy to ws. Create a new
triple G’ = (G, G4, G%) by deleting these matched pairs and adding new yellow edges from (N (v1) — v2) to
(Na(wy) —w') and (N1 (v2) —v1) to (Na(we) —w'). Since G’ has order at least n—3 and D < n—C'+2, we see
that (3.15) holds for G’. Notice that w; has at most one white neighbor other than w’, so we have added at
most di (v1)+dq (v2) new yellow edges. Thus, G’ has at most e; +es+esz—d(v')—d(v1) —d(va)+d1 (v1)+di (v2)
edges and D' < D+ dy(v1) + d1(v2). Finally, since d(v;) > di(v;), we have

eft+ehbtes+D <ertertes+D— (d)—di(v) — di(v2)). (3.26)

If ef + e +ef+D <3(n—3)—C, then G’ packs by the minimality of G and this packing extends to a
packing of G. But we have chosen v; and vg so that d(vq1),d(v2) < n/12 — 6. Since d(v') > n/6, we have
d(v") — dy(v1) — di(v2) > 9 and, by (3.26), G’ packs and this extends to a packing of G, a contradiction.

Case 2: The white component containing wo s a triangle. Let wowiwa be a triangle in Go and let
d = di(v"). Note that d < D < n — C + 2. As before, there are at most 4 vertices in V3 — N;[v'] adjacent
to {w1,ws}. Let X = V5 — Nq[v'] — N3({wy,wz}) and notice that | X| >n—d—5 > C — 7. If there are
nonadjacent vertices x1,z2 € X, then we can match v to wp, 1 to wy, and x5 to we. Since d(v') > n/6,
removing these vertices leaves a smaller graph triple which we can pack by the minimality of G. This packing
extends to a packing of G, a contradiction.

On the other hand, if all vertices of X are adjacent to each other, then there are at least (I)Q( |) > 2|X|

edges in G1[X]. Since v’ has d white neighbors, we see that e; + D > 2|X| 4+ 2d > 2n — 10. Finally,
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eg +e3 > % E’wGVQ d(w) > n. So, e1 + ey + e3 + D > 3n — 10, a contradiction. O
Lemma 3.4.8. D+ ) . d(v) >2n —12.

Proof. The sum of degrees of vertices in a component M of G containing a cycle is at least 2|V (M)|. Thus
if >, ey, d(v) < 2n — 12, then G has at least six tree-components, each adjacent to at most one yellow
edge. Let H be a smallest such component and vw be the yellow edge incident to V(H), if it exists. Then
s:=|V(H)| <n/6. Let wy € Vo with the maximum white degree and begin by finding a permissible vertex
vy to send to wi. If vw does not exist, then choose vy to be any vertex in V(H). If vw exists and wy # w,
then choose v; = v. Finally, if vw exists and wy = w, then choose v; to be any vertex in V(H) —v. Consider
H as a rooted tree with root vy, so that each x € V(H) — v; has a unique parent in H. Order the vertices
of H: v1,...,vs in the Breadth-First order. We now will consecutively place all vertices of H on vertices in
V5. We start by placing v; on wy. Then for every ¢ = 2,... s, if possible, we place v; on a vertex w; € V5
not adjacent to the image w; of any vy with ¢ < 7, and if not possible, then just on any non-occupied
non-neighbor of the image w; of its parent v;.

First, we show that we always can choose a vertex to place each v;. Indeed, otherwise for some 2 < i < s,
we cannot place v; and let’s call its parent v;. Then, each vertex of V5 either is adjacent to w; or is occupied
by one of vy,...,v;_1. If j =1, then because H is a tree obtained via Breadth-First search, i < dj(vy) + 1.

Thus in this case, dy(w1) 4+ d1(v1) > n — 1 and since v; € H, dy(wy) > %n. But then

D+ Z d(v) > da(wr) + (dl(vl) + Z d(”)) > 2n -2,

vEV] veVi—vp

contradicting our assumption. Otherwise, the host, say w; # w1, of the parent v; of v; has at least n —i+1
neighbors in Vo. Then by the choice of wyq, also D > dao(wy) > n — i+ 1. Thus the total number of
edges incident to wq and wj is at least d(wq) + d(w;) —1 > 2n — 2i + 1. By Lemma 3.4.4, e; > n/2. So,
D+ (d(wy) + d(wz) — 1) +e1 > 3n—3i 4+ 2+ n/2 > 3n, a contradiction to (3.16). Thus we can place all
v1,...,Vs on the corresponding wy, ..., ws.

Next, we show that for every i € {1,..., s},
the number of edges incident to vertices in W; = {wy,...,w;} is at least 2i + 1. (3.27)

By Lemma 3.4.7, (3.27) holds for ¢ = 1. Suppose (3.27) holds for some i < s — 1. If w;;1 is not adjacent
to W;, then (3.27) holds for ¢/ =i+ 1. Otherwise, by the rules, W; U N(W;) D V, and the total number of

edges incident to at least one vertex in W;y; is at least n — (i +1) > n—s > 5n/6 > 2(i + 1) + 1. This
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proves (3.27).

By (3.27),for G =G - H - W,, |[E(G')| < |E(G)|—(s—1)—(2s+ 1) = |E(G)| — 3s. Then, G’ does
not pack, because G does not pack, and a packing of G’ would extend to G. By the minimality of G, this
yields (3.15) does not hold. Then there exists some vertex x such that d;(z) > n—s—1 for some j =1, 2, 3.
Hence D > n — s — 5.

Now, we wish to say more about H. First, H cannot be a single vertex by Lemma 3.4.4. Suppose
H = K5. By Lemma 3.4.7, d(w1) > 3. By (3.24), d(w2) > 2. In this case, the triple G’ = G — H — w; — wo
has at most e; + ea + e3 — 6 edges. So by (3.17) and the minimality of G, triple G’ packs, and this packing
extends to G by placing v; on w; and ve on wy. Therefore, s > 3 and the average degree of H is at least %.

In fact, since H was the smallest tree component, all of Gy has average degree at least 4/3. Thus,

4
’D—I—Zd(v)2(n—3—5)+§n=2n+g—s—522n—|—%—%—1>2n,
veV;

contradicting our assumption. O

The next lemma uses Lemma 3.4.8 and its proof is similar.
Lemma 3.4.9. Every white tree-component in Gy has at least C/3 vertices.

Proof. Suppose T is a smallest white tree-component in Gy and s := |V(T)| < C/3. By Lemma 3.4.7, G
has a vertex w of degree at least 3. If T contains a vertex v ¢ N(w), then let v1 = v and w; = w. Otherwise,
let v; be any vertex of T and w; be any non-neighbor of v; in Ga (such w; exists by (3.17)). Now we repeat
some arguments from the proof of Lemma 3.4.8.

Consider T as a rooted tree with root vy, so that each © € V(T') —v; has a unique parent in 7'. Order the
vertices of T": v1,...,vs in the Breadth-First-Order. We will consecutively place all vertices of T' on vertices
in V5. We start by sending v; to wy. For every i = 2,...,s, if possible, we send v; to a vertex w; € V5 not
adjacent to the image w; of any v with ¢’ < 4. If this is not possible, then just send v; to any nonoccupied
non-neighbor of the image w; of its parent v;.

If we cannot choose a vertex to place some v;, then each vertex of V5 either is a neighbor of both v; and
w;, where v; is the parent of v;, or is occupied by one of v1,...,v,—1. Thus da(w;) + d3(v;) +i—1 > n.
Since da(w;) +ds(v;) +1—1 < D+4+C/3 — 1, this contradicts (3.17). Thus we can place all vq,...,v, on
some wy, . . ., Ws.

Let W; = {ws,...,w;}. If d(wy) > 3, then (3.27) holds for ¢ = 1. So we show that (3.27) holds
for each i < s exactly as in the proof of Lemma 3.4.8. In this case, for G' = G — T — W, |E(G')] <

IE(G)|—(s—1)—(2s+1) = |E(G)| — 3s. If d(wy) = 2, then w (and each vertex of degree at least 3 in V5)
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is adjacent to each vertex in T' and, in addition, we have an analog of (3.27) with 2¢ in place of 2i + 1. So
again, |[E(G')| < |E(G)| — 3s. By the choice of G, the triple G’ does not pack. By the minimality of G,
this yields that (3.15) does not hold. Then D > n — s — 5, contradicting (3.17). O

Claim 3.4.10. Fori € {1,2} and u € V; there are at least 2215 vertices in V; — N;[u] of degree at most 3.

Proof. We will use two cases.

Case 1: i = 1. By (3.24), >_, cy, d(w) > 2n. So since D > d;(u), we have

Yooodw) +Adw) < > dw)+ Y d(v) +2dy(u) < 4n — 2C.

veVI — N [u] veVI—Ni[u] vEN7 [u]

Therefore, 3, cv, — n, ) Av) < (V1| = [N1[u]]) +4 —2C.

Case 2: i = 2. Since D > da(u),

Z d(v) + 4da(u) < Z d(v) + 3d(u) + da2(u)

vEVa—Na[u] vEVa—Na[u]
< ) dw)+ ) d(v) + da(u)
vEVa—Na[u] vENa[u]

<4n +12 - 2C,
where D + ) v, d(v) < 4n + 12 — 2C by Lemma 3.4.8. Hence,

> d(v) <4(|Ve| — [Na[u]]) + 16 — 2C.
vEVa—Na[u]

Thus, in both cases,

> d(v) < 4(Vil = IN;[ul]) + 16 - 2C,
veV; — N, [u]

and the average degree of vertices in V; — N;[u] is less than four. Since every vertex has positive degree,

Vi — N;[u] contains at least 2216 vertices of degree strictly less than 4. O

For ¢ € {1,2} and every v € V;, define the shared degree of v, sd(v), as follows. If d;(v) < 15, then
sdi(v) == d;(v) + 2|{z € N;(v) : di(z) > 15}| and sd(v) = sd;(v) + ds(v). If d;(v) > 15, then sd;(v) =
di(v) — 2{x € Ni(v) : di(x) < 15}| and sd(v) := sd;(v) + ds(v). By definition, (a) 3y, sdi(v) = 2e; and
> vev, 8d(v) = 2¢; + e, (b) sd(v) > d(v) if d;(v) < 15, (c) sd(v) > d(v)/3 > 5 if d;(v) > 15, and (d) 3sd(v)

is an integer for every v € V;.
Claim 3.4.11. For i € {1,2} and u € V;, there is a vertex v € V3_; — N[u] of shared degree at most 4.
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Proof. Let S = V5_; — N(u) and s = |S|. Suppose that sd(v) > 4 for every v € S. Then by the property
(d) of shared degrees, Y, .osd(w) > s, By Lemma 3.4.4 and properties (b) and (c) of shared degrees,
ZIGVg_q‘,—S sds—;(z) > n — s and, since each vertex in V3_; — S is also a yellow neighbor of u, we have
that > cy, . gsd(z) > 2(n — s). Combining these two sums, we see that 2e3_; +e3 = 3y,  sd(z) >
Bs+2(n—s).

If i = 1, then by Lemma 3.4.9, ¢; = e1 > n(1 — 2). If i = 2, then Y wev,—u d(x) > 2n — 2. In both cases

the yellow neighbors of u were not included in the sum, so we have that

Zd(z)22n<1g)+(ns).

zeV;

By definition, D > (ds(u) — 4) + As_; > n — s — 3. These inequalities and property (a) of shared degrees

yield,
2(e1 +ex+e3+D) >2n (1—2) +(n—s)+2(n—s)+?s+2(n—s—3)
= (7g)n356>6n6.
By (3.16), this is at most 6n — 2C, a contradiction. O

Lemma 3.4.12. Let F' := 1/ % =195. Then D1,Dy > F.

Proof. Suppose that D; < Dy and D; < F = \/m; the proof for Dy is similar. By Theorem 3.4.1,
DyF + Dy > DyDy 4+ max{Dy, D2} > n/2, so Dy > n/(2F + 2). Consider a vertex w € Va of maximum
degree. By the choice, d(w) > Ds. By (3.17), d2(w) < n—C+2. By Claim 3.4.11, V; contains a non-neighbor
v of w with sd(v) < 4. In particular, by the definition of shared degree, d(v) < 4. Let Ny(v) := {v1,...,vs}.
We wish to find an independent set {w, ..., ws} C Vo — No[w] such that each w; has degree at most 3 and
is not adjacent to v;.

By Claim 3.4.10, at least 2C§16 vertices in Vo — Na[w] have degree at most 3. At most F' — 1 of them

are adjacent to v1. So, we can choose wy € Vo — Na[w]| — N(v1) with d(w;) < 3. Continuing in this way for
j=2,...,s, at least wT_IG —4(5 — 1) vertices in Vo — Na[w| — U{;ll N[w;] have degree at most 3. Again, at
most F' — 1 of them are adjacent to v;. Since s < 4 and % —-5—4(s—1)—F > % — 17— F >0, we
can choose w; € Vo — Now] — |\ J/Z} N{w;] — N(v;) with d(w;) < 3.

We now create a new graph triple G’ = (G}, G5, G%) by removing {w,v,wy,...,ws,v1,...,vs} and

adding new yellow edges between N;(v;) and Na(w;) for each 1 < i < s and then deleting the matched pairs.

Through this process, since the set {wy, ..., ws, w} is independent, we have removed at least d(v) + d(w) +
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i (di(vi) = 1+do(w;)) — |E(G1[N1(v)])| edges, and added at most 3>"7_, (d1(v;) — 1) — 2| E(G1[N1(v)])]

edges. We have increased D by at most max{max;(d;(v;) — 1), max; dao(w;)} < F — 1. Thus, we have
(G, G) > d(v) +Zd2 w; 722 (di(v;) — 1) — F 4 |E(G1[N1(v)])] + 1,

and therefore

A(G,G") > d(w _22 (dy(v5) — 1) (3.28)

If s <2, then Y7 (di(v;) —1) < 2F — 2. If s = 3, then since sd(v) < 4, at least two neighbors of v have
degree less than 15, so in this case Y i, (d1(v;) —1) <2-13+F —-1=25+F < 2F —2. If s = 4, then since
sd(v) < 4, all 4 neighbors of v have degree less than 15. So in this case Y ;_; (dq(v;) — 1) <4-13 <2F — 2.

So since d(w) > Dy > ﬁ > ﬁ, by (3.28) and the definitions of C' and F,

C

!/
>
(G, G") > 5F 12

C
_ N —-—F=_— _ > > .
22F =2)— F =g —5F +4> 15> 3(s + 1)

It follows that (3.16) holds for G’. Also by above, D’ — D < F — 1. Thus by (3.17),
D<D+F-1<n+2-C+F—-1=n+s+1)+1-C+F<n' -5,

and (3.15) holds for G’. So G’ packs by the minimality of G, and then G also packs, a contradiction. [

F
Lemma 3.4.13. Let K := 3= 15. Leti € {1,2} and v € V; with d(v) =t < 4 be not adjacent to some

vertex w € V3_; of degree at least F.

t 13K

(a) Then v has a neighbor in V; of degree at least ;5.

(b) Moreover, if 2 <t < 3 and v has t — 1 neighbors of degree at most 2, then v has a neighbor in V; of

13K
degree at least ~%—.

Proof. Suppose Statement (a) of the lemma fails for ¢ = 1 (the proof for i = 2 is the same). This means

that for a vertex v € V; of degree t in G, all of its neighbors in V; have degree less than % and some

non-neighbor w € V5 of v has d(w) > F. Let Ny(v) := {v1,...,vs}. By definition, s < ¢t < 4. We wish
to find an independent set {wy,...,ws} C Vo — Na[w] such that each w; has degree at most 3 and is not

adjacent to v;.

By Claim 3.4.10, at least 20516 vertices in V2 — Na[w] have degree at most 3. Less than 315’_{(1 1 of them
are adjacent to v1. So, we can choose wy € Vo — Nao[w] — N(vy) with d(wq) < 3. Continuing in this way for

J=2,...,s, at least 2EE —4(j — 1) vertices in V5 — No[w] — Uf;ll N[w;] have degree at most 3. Again less
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13K~ 2C—16 _ 1 _ 13K
3irT 2 3 16 > 0, we can choose

than 225 — 1 of them are adjacent to v;. Since QQT_M —4s— 34T

3t+1

w; € Vo — No[w] — \JZ} Nfw;] — N(v;) with d(w;) < 3.
Finally, we can map v to w, vertices vy,...,vs towy, ..., ws, respectively, delete the matched pairs, and for
each pair {v;, w;}, introduce yellow edges between the remaining vertices of Ny (v;) and Na(w;). This creates

a new graph triple G’ = (G, G5, G%). During this process, we have deleted at least d(w)+d(v) edges, added

13K

347 — 1) new yellow edges, and increased D by at most max{3, max;{d (v;) —1}} <

in strictly less than 3s(

13K ; _
3141 — 1. Therefore since F' = 13K,

A(G, G > d(v) + d(w) — (35 + 1) <?ff1 - 1)

>s+dw)—13K 4+ (3s+ 1) (3.29)

>F—13K+(4s+1) > 3s + 2.

Now, we need 9(G, G’) > 3s + 3 but since we added strictly less than 35(% — 1) yellow edges, we have a

strict inequality which, in combination with the fact that both (G, G’) and 3s+ 2 are integers, in fact gives
I(G,G’) > 3s+ 3. Since (G, G’) is sufficiently large and G is a minimal counterexample, G’ packs unless

(3.15) is violated. However, by (3.17), this violation would have to occur at some vertex in some Nj(v;) or

Ny(w;) but the degrees of these vertices only increase by at most 3 or (% — 1) < 4K, neither of which

could get us to have a vertex of degree (n —s — 1) —2 > n — 7. Hence, G’ packs and this packing extends
to a packing of G, as we constructed above. This proves (a).

To prove (b), we repeat the argument of (a) with 2%

in place of %fl until we count the number of
added yellow edges. We have added less than 3 ((5 —1)+ %) edges and increased D by at most % —1.

So, instead of (3.29), we will have

D(G,G) > d(v) + d(w) — 3(s — 1) — 4 (13[( - 1)

5
4-13K
>s+ 13K —3(s—1) — 53 +4
13K
Then again we simply repeat the last paragraph of the proof of (a). O

3.4.3 At Most One Vertex in V; is a donor

Recall that by Lemma 3.4.5 we assume (see (3.24)) that V5 has no vertices of degree 1. A donor is a vertex

in V7 adjacent to at least two vertices of degree 1. The goal of this section is to prove that V; contains at
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most one donor.

Lemma 3.4.14. Suppose Vi contains donors v and v'. If w € Vo with d(w) = 2, then N(w) C V2 and
d(w') > 2K for each w' € N(w).

Proof. Suppose the lemma fails for some w € Vo with d(w) = 2. Let x,y € V; be degree one neighbors of v
and let 2/, 3" € V; be degree one neighbors of v'. By Lemma 3.4.13, d(v),d(v') > 3K.

Case 1: N(w) = {wy,ws} C V3. By symmetry, assume d(wy) < 2K. Begin by mapping = and y to w
and wsy , respectively, and adding new yellow edges from Ny(w;) U Na(wz) — {w} to v. Since v is the only
neighbor of x and y, this assignment is permitted and adding the yellow edges ensures that any permissible
extension of the mapping will not violate the packing property. After mapping = and y, w is adjacent only
to v and so v/ may be mapped to w. This in turn causes =’ and 3’ to be newly isolated vertices. After
removing these 3 pairs of vertices and adding the yellow edges, let z € Vo — {w, w1, ws} be the vertex of V5
of highest degree and map z’ to z.

We now have a new graph triple G’ := (G, G5, G%). Note that A}, A}, <n’ —2 since (3.17) holds for G

so that (3.15) is only violated if df(v) = n — 4. However,

di(v) < (d3(v) + do(w1)) + da(we) < (D+4)+2K <n—C+6+2K <n—4,

o (3.15) is satisfied for G’ as well. Now, we will consider 9(G, G’). In particular, we have deleted at least
d(w1) + d(ws) — |Jwy, we|| edges adjacent to wy and wy and exactly 2 edges adjacent to x and y. We then
added at most (da(w1) — 1) + (d2(wz) — 1) — [ Na(w1) N Na(we) — {w}| — 2||wy, w2]| yellow edges. Finally, we
deleted at least d(v') — 1 — ||v/, {w1, w2 }|| edges adjacent to v and at least d(z) — max{0, ||z, {wy,wa}|| — 1}
edges adjacent to z. To see this, note that if ||z, {wy, wa}|| # 0, then we save one additional edge, since vz
must now be a yellow edge in the modified graph (either vz € E3 and we didn’t need to add it to begin with,
or it was added and the degree of z grew by one before we deleted it). In any event, |Na(wi) N Na(wsg) —
{w}| — max{0, ||z, {w1,w2}|| — 1} > 0. Thus,

d(w1) + d(wa) + [[wr, wa| > da(w1) 4 da(ws) + [[v/, {w1, w2}

Therefore, the total change in the number of edges is:

e(G) — e(G) > d(v') +d(z) + 1. (3.30)

Next, consider the difference D — D’. If D — D’ > —1, then (G, G’) > d(v') + d(z) > 12 and G’ packs
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by the inductive assumption. If D — D’ < —2, then we must have that D' = dj(v) + A}, — 4. In particular,

since d(z) > AY, Ay > do(wy), and ds(v) — ds(v) > 2 — da(wy) — da(ws2),

D — D/ 2 2 — dg(’wl) — dQ(’wg) + dg(wl) — d(Z) =2 dQ(U)Q) — d(Z)

Combining this with (3.30) , we see that

(G, G') = (d(v') +d(2) + 1) + (2 — d2(w2) — d(2)) = d(v') — da(w2) + 3.

Since d(v') > 3K and d(w2) < 2K, we have (G, G’) > 12. By the minimality of G, we conclude that G’
packs. And we can extend any packing of G’ to a packing of G.

Case 2: Ny(w) = {w'}. This case follows in a similar fashion to Case 1. Since ds(w) = 1, we may
assume that v’ ¢ N(w). We begin by mapping z to v’ and adding new yellow edges from v to Na(w') — w.
We then map v’ to w and choose a remaining vertex z € Vo of maximum degree to have 2’ map to z. Then

"

we delete the matched pairs. This process creates a new graph triple G” := (GY, G4, GY). Again, the only

way (3.15) is violated is if d5(v) = n — 3, but this is not the case, since

d3("(v) < ds(v) +da(w') <D+4<n+6—-C<n-—3.

During this process, we removed d(w') edges adjacent to w’, one edge adjacent to x, one yellow edge
adjacent to w, at most d(v') — 1 — ||v’, w’|| edges adjacent to v, and d(z) — ||w’, z|| edges adjacent to z. We

have added in da(w') — 1 — ||w’, || new yellow edges. Since d(w’) > da(w') + ||v', w||, we see that:

e(G) —e(G") > d(v') +d(z) + 2.

As in Case 1, if D — D' > —1, then 9(G,G’) > d(v') + d(z) > 12 and G” packs by the inductive
assumption. If D — D’ < —2, then we must have that D' = dj(v) + A, — 4. Since d(z) > AL, Ay > da(w'),

and dg(v) — d5(v) > 1 — da(w'), we must have that

D—-D' >1—dy(w)+da(w') —d(z) =1—d(2).

Thus,

Y

A(G,G') > (d(v') +d(2) + 1) + (1 — d(2)) > d(v') +2 > 9.
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By the minimality of G, triple G’ has a packing, which we can extend to a packing of G. O

Corollary 3.4.15. Suppose Vi contains donors v and v'. Then 2es + e3 = Z d(v) > 3n.
vEVs
Proof. Consider the following discharging. For each vertex v € V3, assign v charge d(v). The total charge

allocated is ) d(v) = 2es + e3. Now, each vertex of degree at least 6 will give charge % to each neighbor

veVs
and save d(v)/2 > 3 for itself. By Lemma 3.4.14, each vertex of degree 2 is adjacent to two vertices in V5
with degree at least 2K > 30. Thus, after discharging each vertex has charge at least 3. So the total charge

is at least 3n and 2es + e3 > 3n, as needed. O

Remark 3.4.16. Suppose V; contains donors v and v'. If w € Vo with d(w) = 3 and v'w ¢ E(G), then w

has a neighbor in V5 of degree at least K + 1.

Proof. If w has no yellow neighbors, this follows from Lemma 3.4.13. Otherwise, suppose the remark fails
for some w € Vo with d(w) = 3. Then each of the neighbor(s) w; and wq (if it exists) of w in V; has degree
at most K. Map w to v’ and map two degree one neighbors of v to w; and ws. Next, form a new graph triple
G’ by adding new yellow edges from v to W := Na(w;) U Na(wz) — {w, w1, w2} and deleting the previously
matched pairs. We have deleted at least d(v') 4+ 2 + da(w1) + da(w2) — |Jwy, we|| edges and added |W| new
yellow edges. We have increased D by at most |W|. Since d(w;) + d(ws) — ||wy,ws|| — 1 > |W] (in fact, it
is at least |W| + 1 if we exists), (G, G’') > d(v') + 3 — |[W|. Now |[W| < 2K — 2 and d(v') > 3K, so that
9(G,G’) > 12. In particular, by the minimality of G, G’ has a packing, and it extends to a packing of G,

a contradiction. O
Lemma 3.4.17. Suppose V1 contains donors v and v'. Then D < f—}é.

Proof. Suppose D > f—;é. By Lemma 3.4.9, e; > n(1 —3/C).
Consider the following discharging on V5 U E3. The initial charge, ch(v), of every v € V; is d(v) and of
every edge in F3 is 1. The total sum of charges, ch(w), over w € Vo U Ej3 is 2(ez + e3). We use two rules.

(R1) Each vertex w € V, of degree at least 5 gives to every neighbor in V5 charge d(du(?vjl.

(R2) Each edge in F5 gives charge 1 to its end in V5.

Let ch*(w) denote the new charge of w € V2 U E3. By (R2), ch*(w) = 0 for every w € E3. By
(R1), if w € Vo and d(w) > 4, then ch*(w) > 4. If d(w) = 3 then by (R1), (R2) and Lemma 3.4.13,
ch*(w) >3+ (1 — ). If d(w) = 2 then by Lemmas 3.4.13 and 3.4.14,

2 4
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Since the total sum of charges did not change, we conclude that

e tes) = 3 eh*(w) > 4n (1 _ [1() |

weVa

It follows that

3 2 9
> - — S -
e1+e+es+D n(l C)+n(2 K>+n<4K)

Since 4K < £, this contradicts (3.16). O
For v € V7, let L(v) be the set of neighbors of v of degree 1.
Lemma 3.4.18. Suppose Vi contains donors v and v'. Then |L(x)| < d(x)/2 for every x € V;.

Proof. Suppose x € Vi, £ = |L(x)| > d(z)/2 and L(z) = {x1,...,z¢}. By Lemma 3.4.13, d(z) > K. Thus,
x is a donor, so we may assume T = v.

Case 1: There is a verter w € Vo — N3(v) with da(w) < 2. Let w; be a white neighbor of w and, if it
exists, let wy be the other white neighbor of w. We wish to find a vertex in V5 — {w, w1, w2} with low degree
that is adjacent to none of wy, wo, or v'. By Lemma 3.4.17 and since K = 15, we have D < f—l’é = ‘3—’5. By

definition, dy(w;) + (ds(v') — 4) < D. Therefore,

14
Va — N[{wy, ws,v'}]| > (n—3) =D — (D +4) > 75—72 g

Since d(v) < 4n by Lemma 3.4.8 and (3.16), the average degree of the vertices in Vo — N[{w1, w2, v'}]

wEVs
is less than 8. So, there exists a vertex w’ € Vo — N[{wy, ws,v'}] with d(w') < 7.

Construct a packing in the following way. Since ¢ > %K > 7, we may send 21, ..., Tq,(,) to the white
neighbors of w’. Send two degree 1 neighbors of v' to w; and wsy. Finally, send v to w and v’ to w’. Let G’
be obtained by deleting the matched pairs. Then n — n’ < 11. By Lemma 3.4.13, we have deleted at least
d(v) +d(v') — |Jv,v'|| > 2K — 1 > 36 edges and (3.15) still holds, so G’ packs. This packing extends to a
packing of G, a contradiction.

Case 2: Every verter w € Vo — N3(v) has do(w) > 3. If there is a vertex w € Vo with d(w) = 2,

then N(w) C V4 by Lemma 3.4.14 and we have Case 1. So, d(w) > 3 for all w € V. If every vertex in
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X :=V; — Ni[v] — Ny [v'] has degree at least 3, then

> d(x)+2D = S d@)+ ) d(y) +d(v) +d(v') + 2D

% 2EN1 (v)UN; (v') yeX
>di(v) +di(v") +3(n—2—di(v) —di(v")) + d(v) + d(v") + 2D (3.31)
> 3n — 6.

Since every vertex in V5 has degree at least 3, we get

> d(z) +2D > (3n — 6) + 3n > 6n — 6,
zeV
a contradiction to (3.16). So there is a vertex vy € Vi — Nj[v] — Ny[v] with d(vg) < 2.

By Lemma 3.4.8 and (3.16), > d(v) + D < 4n — 2C + 12 and so there are at least 2C' + D — 12

veEVs
vertices of degree 3 in V5. Moreover, since dz(v) < D + 4, there is a vertex w € Vo — N3(v) with d(w) = 3.

By Case 1, all neighbors of w are white so let {wy,ws, w3} = Na(w) with

dg(wl) Z dg(wg) Z dg(w;),) >3 (332)

Similarly to Case 1, we wish to find a vertex in V5 with low degree that is adjacent to none of wy, wq, ws,v’.

As in Case 1, we use do(w1) + (d3(v') —4) < D. This yields that

11
Vo — N[{wy, wa, ws,v'}]| > (n —4) — 2D — (D + 4) > 2%” —8> g
Since )y, d(v) < 4n by Lemma 3.4.8 and (3.16), the average degree of Vo — N[{w1, w2, ws,v'}] is less

than 8 and there exists a vertex w’ in this set with degree at most 7.

Let j be the largest index such that vow; ¢ Es and j < 3. Since d(vg) < 2 and vy has a neighbor in V3,
lvo, {wy, wa, w3} < 1. So, j > 2.

Since ¢ > %‘SK > 7, we may send 1, ..., Tq, () to the white neighbors of w’. Send two degree 1 neighbors
of v" to the vertices in {w1, wa, w3} —w; and vy to ws. Send v to w and v’ to w’. Finally, add yellow edges
between the white neighbors of vy and the white neighbors of w;. Delete the matched pairs. The resulting

triple G’ has order n — 5 — dz(w’). We added at most d; (vo)(d2(w;) — 1) < 2(d2(w;) — 1) yellow edges, and

D' <D+ max{2,da(w;) — 1} < 2D — 1. (3.33)
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Figure 3.5: Sketch of the packing used in Lemma 3.4.18

By Lemma 3.4.17 and (3.33), (3.15) holds. The number of deleted edges is at least
da(w') + da(w1) + da(w2) + da(ws) — [E(G2[{wy, w2, ws})| + d(v) + d(v') — [lv,v"[| + d(vo).

> dg(w/) + dg(wl) + dg(U)g) + dg(wg) — 4+ d(’U) =+ d(’()/) + d(’UQ). (334)

Case 2.1: j = 3. Then by (3.33), the number of added yellow edges plus D' — D is at most 3(da(ws) — 1) +
max{3 — da(ws),0}. Since dz(ws) > 1, by (3.32), this is at most da(w1) + da(w2) + d2(ws) — 1. So by (3.34)

and because d(w’) <7,

8(G,G) > do(w') +d(v) + d(W') — 2 > da(w') + 12—31( — 2> 3(do(w') + 5). (3.35)

Therefore, G’ packs by the minimality of G, and this packing extends to a packing of G, a contradiction.
Case 2.2: j = 2. By the choice of j, this means vows € E5. Since d(vg) < 2 and vg has a white neighbor,
d(vo) = 2 and dy(vg) = 1. Tt follows that we have added at most da(w2) — 1 yellow edges, and so by (3.34),

similarly to (3.35), we get
13
I(G,G') > da(w') + do(w3) + d(v) +d(v') — 2 > da(w') + ?K — 2> 3(da(w') + 5),

which similarly yields a contradiction. O

Lemma 3.4.19. V] contains at most one donor.

(0]



Proof. Suppose v and v’ are donors in V3. Consider the following discharging.
At start, we let ch(v) = d(v) +D+4, ch(v') = d(v')+D+4, and ch(u) = d(u) for each u € V(G) —v—2'.
By definition, the total sum of charges is }, v (q) d(v) +2D +8 = 2F(G) + 8. We redistribute charges

according to the following rules.

(R1) Each vertex u not adjacent to 1-vertices with d(u) > 4 gives to each neighbor charge d(du(LTL (and
keeps 4 for itself).

(R2) Each vertex = adjacent to 1-vertices (it must be in V; and have degree at least 3K) gives to each

[N (2)—L(@)|— 3 |L(x)| -3
[N (z)—L(=)] ‘

z € L(x) charge 3 and to each z’ € N(z) — L(x) charge

(R3) Each of v,v’, in addition, gives 1 to each yellow neighbor.

We will show that the resulting charge, ch*, satisfies

7 11
ch*(z) > 3 for each z € V1 and ch*(y) > 3 for each y € V5. (3.36)
This would mean that }_ i) d(v) +2D +8 = In+ tn = 6n, a contradiction to (3.16).

If d(u) = 1, then u € V; and by (R2), ch*(u) = d(u) + 3 = I, as claimed. If d(u) = 2 and u € Vi, then
by Lemma 3.4.13, u has a neighbor x with d(z) > {%W = 28. If = has no neighbors of degree 1, then by

(R1) it gives to u charge d(dx()w;‘l >1- % > 1. Otherwise, by (R2), it gives to u charge |N<m)|-15(<z))\7—§(£‘(x>|-3.

By Lemmas 3.4.18 and 3.4.13, this is at least 1 — 5 — xaypmy) = 5 — s > 5+ L d(u) =2 and u € Vs,

then by Lemma 3.4.14, both neighbors of u are in V5, and each of them has degree at least 2K. So by (R1),

ch*(u)>2+2284 =4 L =44 > 1

If d(u) > 3, u € V; and u has no neighbors of degree 1, then either u keeps all its original charge (when
d(u) < 4) or keeps for itself charge 4 by (R1). In both cases, ch*(u) > 3. If d(u) >3, u € Vi —v—v and u
has a neighbor of degree 1, then by Lemma 3.4.13, d(u) > 3K. By Lemma 3.4.18, [N (u) — L(u)| — 3 |L(u)| >
%d(u) > K = 15. So, after giving away charges by (R2), u keeps for itself charge at least 3. If u € {v,v'},
then it originally had extra D + 4 of charge and it gives out by (R3) at most D + 4.

If u € V5 and d(u) > 4, then by (R1), it keeps 4 for itself. Suppose finally that u € V5 and d(u) = 3. If
it is adjacent to v or v/, then by (R3), ch*(u) > 3+ 1 = 4. Otherwise, by Remark 3.4.16, u has a neighbor

y € V5 with degree at least K + 1 and by (R1) receives from y charge 1 — KLH > % O

3.4.4 Weak Vertices and Sponsors

A weak vertex is either a 1-vertex or a 2-vertex with a neighbor of degree 2. The sponsor, s(u), of a weak

vertex u is the unique neighbor of u of degree at least 3. By Lemma 3.4.13, d(s(u)) > 15—3K for each weak u.
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A supersponsor is a vertex with at least two neighbors that are weak. Notice that, for example, every donor

is also a supersponsor. By definition, each supersponsor is the sponsor for each of its weak neighbors.
Lemma 3.4.20. Either Vi or V5 contains more than one supersponsor.

Proof. Suppose not. Choose vy € V; and wy € Vs so that no € V(G) — vy — wy is a supersponsor.
For x € V(G), let W(z) denote the set of weak neighbors of z. By our assumption, |W(z)| < 1 for each
x € V(G) —vg — wp. Consider the following discharging.

To start we let ch(vg) = d(vo) + 2D + 7, ch(wp) = d(wp) + 3, ch(u) = d(u) for each u € V(G) — vy — wp.

The total charge is 2(e; + ez + ez + D + 5). (3.37)

We redistribute charges according to the following rules.

d(u)—3

(R1) Each vertex u of degree at least 4 not adjacent to weak vertices gives to each neighbor charge a0

(and keeps 3 for itself).
(R2) Each vertex u € V(G) — vp — wp with d(u) = 3 gives to each neighbor of degree 2 charge 1/4.
(R3) Each sponsor u € V(G) — vy —wq (then its degree is at least 12 K by Lemma 3.4.13(b)) gives to each

x € W(u) charge 2 and to each other neighbor charge dEiu(Lf, and leaves charge at least 5 — 2 [W(u)| > 3

for itself.

(R4) Vertex vg gives 2 to each neighbor and leaves (2D + d(vg) + 7) — 2d(vg) > 3 for itself.

(R5) Vertex wq gives 1 to each neighbor and leaves 3 for itself.

We will show that the resulting charge, ch*(z), is at least 3 for each z € V(G). Together with (3.37),
this will contradict (3.16).

Indeed, if x is weak and has degree 1, then it must be in V; and so it will get 2 by (R3) or by (R4). If it

is weak and degree 2, then it gets at least 1 by (R3), (R4), or (R5). If d(x) = 2, and x is not weak, then z

gets at least 1 — % =1- % from its neighbor of degree at least % and at least i from another neighbor;
in total, more than 1. If d(z) = 3, then x gets at least % = % from its neighbor of degree at least K, and

gives away at most 2 by (R2). Similarly, if d(z) > 4, then by (R1),(R3),(R4) or (R5), it reserves charge 3
for itself. O

Lemma 3.4.21. IfV; contains at least two supersponsors, then for each weak w € V3_;, the unique sponsor

of w is also contained in Vi_;.

Proof. Suppose a weak w € V3_; is adjacent to a vertex x; € V; of degree at least 1—53K. By Lemma 3.4.4,

d(w) = 2 and w has a neighbor v’ € V3_; with d(w’) = 2. Let w” be the other neighbor of w’ (possibly,
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w’” € V;). By the conditions of the lemma, there is a supersponsor x5 € V; — z;. By Claim 3.4.10, there
is a vertex 3 € V; — N|xg] — w” of degree at most 3. Send x5 to w, z3 to w’', and, if w” € V3_;, join w”
with the white neighbors of x3 (there are at most 3 of them) by yellow edges. This way we eliminate all
d(za) + d(w) + 1 edges incident with z3 or w or w’, add at most 3 yellow edges and increase D by at most

3. Moreover, the remaining graph triple G’ satisfies (3.15) since for ¢ = 1,2, 3,
A <A+3<(D+4)+3<n+9-C<(n—2)—2.

Since d(z2) + d(w) +1 > 23K + 3 > 18, we see that 9(G, G’) > 18 —3 — 3 = 12. Hence, we are able to pack

the remaining graph triple since G was a minimal counterexample. O
Lemma 3.4.22. Each of V1 and V5 contains at least two supersponsors.

Proof. Suppose V; contains at most one supersponsor and, if this supersponsor exists, it is wg. Then by
Lemma 3.4.20, V3_; contains two supersponsors z; and x3. By Lemma 3.4.21, the sponsor of each weak
vertex in V; is also in V;. By Lemma 3.4.19, G has at most one donor. Let vy denote such a vertex, if it
exists. By (3.24), vy € V1, and by definition it is a supersponsor.

Case 1: ¢ = 2. We use the following discharging. Let ch(u) = d(u) for each u € V' — vy — wy. If wy
and/or vy exist, then let ch(vo) = d(vo) + A1 + Agjy + 4, and ch(wo) = d(wo) + Az + Agjp + 4. By the
definition of D,

A1+ Agpp + Az + Agp < 2D + 38,

so the total charge is at most 2(e; + e2 + e3 + D + 8).
Then we redistribute the charges using the following set of rules.
(R1) Each vertex u of degree at least 5 not adjacent to weak vertices gives to each neighbor charge
W > & (and keeps %2 for itself).
(R2) Each vertex u € V(G) with d(u) = 3 or d(u) = 4 gives to each neighbor of degree 2 charge 3.
(R3) Each sponsor v € V(G) (then by Lemma 3.4.13(b) its degree is at least % = 39) but not a

supersponsor gives charge 16—3 to its weak neighbor, and charges d(z)(;f 5 to each other neighbor.

(R4) Each supersponsor u ¢ {vg,wg} gives 1—63 to each adjacent 1-vertex (by Lemma 3.4.19 and the

definition of vy, there is at most 1 such neighbor) and d(z)(;;l 5 to each other neighbor.

(R5) Each of wgy and vg gives %1 to each neighbor.

We will show that the resulting charge, ch*(y), is at least % for each y € V; and at least %9 for each

y € V5. This would mean the total charge is at least 6n, a contradiction to (3.16).
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Indeed, if y is a 1-vertex, then it is in V3 and will get & by (R3), (R4), or (R5). If y is a weak 2-vertex
and not adjacent to a supersponsor, then it will get 1—63 from its sponsor by (RS). If y is a weak 2-vertex
adjacent to a supersponsor and y € V;, then by (R4) or (R5), it will get at least 1 — 12 > 5 from its sponsor,
and its resulting charge will be at least % . If y is a weak 2-vertex in V5 adjacent to a supersponsor, then
by Lemma 3.4.21, this supersponsor is wp, and y gets L from wy.

If d(y) = 2, and y is not weak, then by Lemma 3.4.13(a), y has a neighbor of degree at least (131(] = 28.
So y gets from it at least 1 — 32 (by (R1), (R3), (R4) or (R5)) and at least 1 from another neighbor (by
one of (R1)—-(R5)). Then ch*(y ) 3— %2+ 1> Ifd(y) = 3 and y has two neighbors of degree 2, then
by Lemma 3.4.13(b), y has a neighbor z of degree at least 13K = 39, so it gets from x at least 39 4 5 > g,

and gives away at most % by (R2). If d(y) = 3 and y has at most one neighbor of degree 2, then it gets from

its neighbor of degree at least Pi’f ] = 20 charge at least 1 5 and gives away at most . If d(y) = 4, then
y gets at least % = % from it neighbor of degree at least K and gives away at most 3 - g =1 by (R2). If
d(y) > 5 and y has no weak neighbors, then it leaves &2 for itself by (R1).

If y has a weak neighbor and y ¢ {vg,wo}, then d(y) > 39 and by (R3) or (R4), it reserves for itself

charge

13 dly)—45 13  55d(y)—45 10 45 10 45 19
dly) 6 d(y) 3 dly) — 3 39 6

The vertex wy gives away charge 16—1d2 (wo) + %dg(’u}o) < d(wo) + Az + Agjp and saves more than 4 for itself.
Similarly, vy saves more than 4 for itself. This proves the case.

Case 2: ¢ = 1. In this case either vg does not exist, or vg = wy. The discharging is very similar to that in
Case 1, but a bit simpler. Let ch(u) = d(u) for each u € V —wy. If wy exists, then let ch(wg) = d(wp)+2D+4.
So, the total charge is at most 2(e; + ez + e3+ D +4). The first 3 rules of discharging are again (R1)—(R3),
but instead of (R4) and (R5), we have

(Q4) Each supersponsor u # wq gives d(z)(f)él 5 to each neighbor.

(Q5) Vertex wy gives 13 to each neighbor.

Symmetrically to Case 1, we will show that the resulting charge, ch*(y), is at least 1—69 for each y € 1}
and at least % for each y € V4, again yielding a contradiction to (3.16).

If y is a 1-vertex, then it is in V] and its neighbor also is in V;j. Since all supersponsors apart from wy
are in V5, Rule (Q4) does not apply to y, so y will get % by (R3) or (Q5). If y is a weak 2-vertex and not
adjacent to a supersponsor, then it will get %3 from its sponsor by (R3). If y is a weak 2-vertex adjacent to

45  _ 1 _ 3

a supersponsor and y € Vo, then by (Q4) or (Q5), it will get at least 1 — TR = 5 from its sponsor,
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so that its resulting charge will be more than % . If y is a weak 2-vertex in V; adjacent to a supersponsor,
then by Lemma 3.4.21, this supersponsor is wg, and y gets 16—3 from wy.

Counting of charges for other vertices apart from wq simply repeats that in Case 1 (using (Q4) and (Q5)
in place of (R4) and (R5)). Since the starting charge of wy was at least 3d(wy), by (Q5), its new charge is

at least 2d(wo) 44 > 4. O

3.4.5 List packing of G; and G.

By Lemma 3.4.22, V; contains supersponsors z; and xo and V5 contains supersponsors y; and ys. Let vq
(respectively wq) be a weak neighbor of 21 (of 1), let v} (w}) be the other neighbor of it which is of degree
2 if it exists, and let v] (w{) be the other neighbor of v{ (of w}). Let vy (w2) be a weak neighbor of zo (of
y2) that is not adjacent to vy (to wi); this is possible since zo (y2) is adjacent to multiple weak vertices.
Let v} (w)) be the other neighbor of it which is again of degree 2 if it exists, and let v4 (w4) be the other
neighbor of v}, (of w}).

We are now ready to construct our packing. For j = 1,2, begin by placing x; on w;, and v; on y3_;.
Notice that by Lemma 3.4.21, v; € V7 and w; € V5 so this assignment is well defined. Since the weak vertices
have only one sponsor, v; is not adjacent to x3_;, y1, nor y2, and w; is not adjacent to ys_;, x1, nor xs.
Together with the fact that v; (w;) was chosen to be not adjacent to ve (ws), we see that these mappings
do not violate the packing property.

As we extend this packing, we only need to ensure that v is not mapped to a vertex in N2(ys—;) and

no vertex in Ni(z;) is mapped to w L€ Vi (w; € V) and in this case,

This can only be an issue if v} /

/
i
we will find an appropriate assignment for v}. If v; € Vo (wj € V1), we will simply ignore this part of the
construction.

By Claim 3.4.10, there is a vertex @} € Vi — N(z1) — U=y o{vs, v, 07, wi, w0, w0} (v € Vo — N(y1) —

1) Y1

U1 210, 05, v)  wi, wi, wi'}) with degree at most 3. Similarly, there are vertices 5 € Vi — N(z2) — 2] —

Uiz o{vi, v, 07w, wi, wi'} and gy € Va — N(y2) — vy — Uig o{vis vi, 07, wi, wi, wi'} of degree at most 3.
For the following mappings, refer to Figure 3.6. If w} € V3, then send z; to wj and, if w} € V3, add the
yellow edges connecting w’ with the at most 3 white neighbors of z;. Similarly, if v} € Vi, then send v} to
ys_; (if v € V1) and, if v} € V1, add the yellow edges connecting v} with the at most three white neighbors
of y5_ -
Let G’ be the triple obtained by deleting the assigned vertices. By construction, if G’ packs, then

together with our placement, we get a packing of G. We decreased n by at most 8 and decreased the

number of edges by at least d(x1) + d(x2) + d(y1) + d(y2) — 16 > 12K — 16. We have increased D by at most
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Figure 3.6: Sketch of Packing

6 (with the new yellow edges). So, (G, G’) > 12K —22 > 24 = 3(n—n’). Since d;(v) <D+4<n—-C+6
for every v € V' (and C > 8), (3.15) holds for G’. Thus G’ (and hence G) packs, a contradiction to the

choice of G. O
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Chapter 4

Cyclic Stable Matchings

The results from this chapter are from joint work with Sarah Behrens and Nicholas Kosar. The work was

completed during the 2013 REGS program at the University of Illinois at Urbana-Champaign !.

4.1 Introduction

The Stable Marriage problem was first introduced by Gale and Shapley in 1962 [21]. In the original, 2-
dimensional case, an instance of the stable matching problem consists of a group of n men and n women,
together with a set of rankings. Each woman has a ranking of the n men and each man has a ranking of the
n women. The goal is to pair off the men and women in a manner that is consistent with their preferences.

A matching is a set of n pairs such that each each pair contains exactly one man and one woman, and
each person is in exactly one pair. We say that a matching M is stable if there is no man m and woman w
such that m and w are not paired in M, but prefer each other to their assigned partners. If such an m and
w exist, we say that (m,w) is a blocking pair. In other words, a matching is stable if no two people have the
incentive to leave their respective partners for one another. The stable marriage problem asks the following

question.
Question 4.1.1. Given n men, n women, and their preferences, is it always possible to find a stable matching?

In their paper, Gale and Shapley show that the answer to this question is yes.
Theorem 1.4.1. [21] Every instance of the stable marriage problem admits a stable matching.

Moreover, Gale and Shapley provided an algorithm, now known as the Gale-Shapley Algorithm, to find
such a matching in polynomial time. This celebrated result eventually led to Shapley receiving the 2012
Nobel Prize in Economics. Theorem 1.4.1 and the Gale-Shapley algorithm have led to other results regarding
stable marriages, including algorithms to determine all possible stable matchings for a given instance, an

ordering of the set of stable matchings, etc. We refer the reader to [23, 41] for additional information.

IThe author acknowledges support from National Science Foundation grant DMS 08-38434 “EMSW21-MCTP: Research
Experience for Graduate Students”.
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Given the positive result of Gale and Shapley, it is natural to consider the situation when there are
more than 2 genders. Indeed, in 1976, Knuth first proposed extending the stable marriage problem to 3
dimensions [36]. For the three dimensional case, a third group, say dogs, is introduced. There are now 3n
agents, consisting of n men, n women, and n dogs, and the goal is to form a matching of n triples. Each
triple, also called a family, contains exactly one man, woman, and dog and each agent is contained in exactly
one triple.

However, there are multiple ways to generalize the notion of a preference list. The extension proposed by
Knuth has each agent rank the n? pairs formed by taking one member from each of the other two genders.
That is, each man ranks the n? woman-dog pairs, each woman ranks the n? man-dog pairs, and each dog
ranks the n? man-woman pairs. A matching M is stable if there is no triple (m,w,d), not matched in M,
such that m, w, and d each prefer (m,w,d) to their assigned triple.

It was proved by Alkan in 1988 that, unlike the 2-dimensional case, not all instances of the 3-dimensional
stable matching problem admit a stable matching [1]. In fact, it was later proved by Ng and Hirschberg that
determining whether or not a given instance contains a stable matching is NP-complete [44]. This led to an
alternate approach to defining preference lists.

The notion of the cyclic 3-dimensional stable matching problem (cyclic 3-DSM) was introduced by Ng
and Hirschberg in [44], though they credit the problem to Knuth. This version of the problem asks each man
to rank the n women, each woman to rank the n dogs, and each dog to rank the n men. A matching M is
stable if there is no triple (m, w, d), not matched in M, such that m, w, and d each strictly prefers (m,w, d)
to their assigned triple. As a person may now be indifferent to changing families, cycle 3-DSM specifies that
strict preference is required. For example, given a man m, woman w and dogs d and d’, since the men do
not rank the dogs, m is indifferent between the triples (m,w,d) and (m,w,d’).

For any positive integer s, this problem can be extended to s dimensions by having s genders of n agents
each, ordered cyclically, and having each member of a gender rank the n members of the successive gender.
We call the s genders and their preference lists an instance of cyclic s-DSM of size n. In 2004, Boros,

Gurvich, Jaslar, and Krasner proved the first result for this problem:

Theorem 1.4.3. [7] Let n,s € N with 2 < n < s, then each instance of cyclic s-DSM of size n admits a

stable matching.

In 2006, Eriksson, Sjostrand, and Strimling [20] were able to increase n by one in the special case when

s =3.

Theorem 1.4.4. [20] Each instance of cyclic 3-DSM of size 4 admits a stable matching.

83



The main result of Chapter 4 is the following generalization of Theorem 1.4.4 to cyclic s-DSM.
Theorem 1.4.5. For s > 3 and n < s+ 1, any instance of cyclic s-DSM of size n has a stable matching.

This theorem was proved independently by Hofbauer in 2016 [28]. The result in [28] uses a similar
algorithm to find a stable matching, though our analysis is somewhat different.

We will also consider one final variation of the stable marriage problem, the cyclic s-dimensional strongly
stable matching problem (cyclic s-DSSM). The setup of this problem is the same as in cyclic s-DSM, however
we now require a stronger notion of stability. A matching M is strongly stable if there is no triple (m,w, d),
not matched in M, such that m, w, and d each either prefers (m, w, d) to their assigned triple or is indifferent.

Biré and McDermid [3] showed that in cyclic 3-DSSM not all instances contain a strongly stable matching
by providing an example with n = 6. Recently, Irving provided an example of 3-DSSM with n = 3 that
admits no strongly stable matching [41, p. 280]. We improve on this result by providing a (different) instance

of cyclic 3-DSSM with no strongly stable matching and extending it to an example of s-DSSM for s > 3.

Theorem 1.4.6. Let s > 3.

(i) If n <2, every instance of cyclic s-DSSM of size n admits a strongly stable matching, and

(ii) Ifn > 3, there exists an instance of cyclic s-DSSM of size n that admits no strongly stable matching.

The remainder of Chapter 4 is outlined as follows. The next section outlines the notation and tools that
we will use throughout the paper. Section 4.3 contains a proof of Theorem 1.4.5. In Section 4.4, we consider

instances of cyclic s-DSSM and prove Theorem 1.4.6.

4.2 Setup and Notation

Let s,n € N. Let A be a set of (sn) agents, partitioned evenly into s genders of size n, {A',..., A%}. For
each i € [s], A" = {a§ :1 < j < n}. Foreach i € s and each agent a € A?, there exists a linear order, or
preference list, >, on the elements of A**l. For z,y € A'™!, we say agent a prefers x to y, denoted = >, v,
if and only if x is ranked above y on a’s preference list. For brevity, when discussing a specific agent a; € Al

i+1 >

i+1
J1 :

i >0 A
al a’

we may use the vector (ji,...,Jn) to denote the preference list a i

The order >, can be extended to a partial order of the set A! x --- x A% in the following way. Let
X,)Y € A' x -+ x A® and x,y € A" be the (i + 1) entry in X and Y, respectively. Agent a prefers the
tuple X to Y, denoted X >, Y if x >, y and is indifferent if x = y. We write X =, Y if a prefers X to Y

or is indifferent.
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A matching M is a set of families {F; : 1 < i < n} where each family is an element in Al x ... x A® and
each element of A is represented in exactly one family. A blocking family for a matching M is an element
T € A' x ... x A% such that T ¢ M and, if F, is the family in M that contains x, T =, F, for each agent
x € T. A matching is called stable if no blocking family exists. Similarly, a weakly blocking family for M is
an element T € A! x ... x A® such that T ¢ M and T =, F, for each agent + € T. A matching is strongly
stable if there is no weakly blocking family.

Finally, we define the favorite function f : A — A. For an agent a € A, we define f(a) to be the first
agent of a’s preference list. Note that if a € A%, then f(a) € A and f'(a) € At (m9ds) for any ¢ € N.
For an agent a, define the s-tuple (a, f(a),..., f51(a)) to be the family generated by a. Such a family will
be called preferred if f*(a) = a.

Notice that if there is no preferred family, then the image fS~!(A!) contains at least 2 elements. This

is particularly important because in any instance of s-DSM, either there is a preferred family or there exist

two agents a,a’ € Al such that {a, f(a),..., f*"Y(a)} and {d/, f(d'),..., f571(a’)} are disjoint.

The main idea of our proof will use of a greedy approach first introduced by Boros et al. [7]. The goal is
to use the favorite function f to recursively generate families in a matching. Since we will repeatedly make
use of this method, we outline it here.

Let 7 be an arbitrary permutation of the agents in A'. The matching generated by w, M, is obtained

using the following algorithm:
Step 1: Add family Fy = (7(1), f(7(1)),..., f*~1(x(1)) to M,.

Step i (for 2 <i < n): Remove agents from Fi,..., F;_;. Let fbe the function that, to an agent a, assigns

its favorite remaining agent. Add the family F; = (x(i), f(x(i)),..., f* (7 () to M,.

4.3 Proof of Theorem 1.4.5

If s = 3, then the result follows from Theorem 1.4.4, so we only consider fixed s > 4. Similarly, if n < s, the
result follows from Theorem 1.4.3, so we assume n = s + 1.

For each agent a € A, consider the ranking of a on f*~!(a)’s preference list. Choose a* to be the agent
such that this ranking is as high as possible. We assume a* € A' and that a* is ranked 7" on f*~1(a*)’s
preference list. Notice that if r = 1, then the family (a*, f(a*),..., f*"1(a*)) is a preferred family. By
Theorem 1.4.3, there is a stable matching M in the instance of s-DSM (of size n — 1) obtained by removing

the agents {a*, f(a*),..., f*1(a*)} from A. Since no agent in a preferred family can be in a blocking triple
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and there is no blocking family in the remaining agents, we see that M U (a*, f(a*),..., f*~!(a*)) is a stable
matching.
Alternatively, if r = n, then a* is the least preferred agent on f*~1(a*)’s list. Agent a* was chosen to

make this rating as high as possible so, for each a € A!, agent a is the least preferred agent on f*~1(a)’s

1

preference list. Hence, for distinct a,a’ € A, f*~1(a) # f*~1(a’) and the families generated by a},...,al

are disjoint. In particular, these families form a matching. Since each agent from A! is matched with its
favorite, no agent from A' is in a blocking family and the matching is stable. Thus, if a* is at the top or
the bottom of f*~1(a*)’s preference list, then we are able to find a stable matching. The following lemma

shows that if a* is near the bottom of the list, we are still able to find a matching.

Lemma 4.3.1. If a* appears as the n — 1% agent on f*~*(a*)’s list (i.e. ¥ =mn—1), then the given instance

of s-DSM admits a stable matching

Proof. For i € [n], let C; = {x € A' : f*"1(2) = ai'} be the (s — 1)** preimage of agent ai~' under f.
Observe that C1,...,C, partitions the agents of A into n possibly empty sets. For each i, the class C;
contains at most 2 agents, as otherwise some a € A® is ranked in position n — 2 on f¥~1(a)’s preference list,
contradicting the optimality of a*.

Since n > 5, the pigeonhole principle implies |f*~1(A!)] > 3. In particular, there are three agents,
2,9,z € A, each in different parts of the partition {C; : i € [s]}. Hence, the families generated by x,y and
z are pairwise disjoint. Let 7 be a permutation of A; with 7(1) = z, 7(2) = y, and 7(3) = z. We claim that

M, is stable. Assume that the agents are labeled such that (ai,...,a5),...,(al, ... a’

oy .-, a5) are the families in

M., where (al,..., a$) was the i*t family added to M.
If M, is not stable, then there is a blocking family (aj ,...,af ). For each i € [s], agent aj must prefer

i+1 i+1 i+1

ag, ., to ap”, and so agent a,, ., must have been matched before the i*®

iteration of the algorithm. In

particular, ¢; 11 < ¢; — 1. Since the index ¢; is at most n for any choice of i, we have
n>l >lb+1>->(s=2)+Lls_1=(n—3)+l_1.

This implies that £;_; < 3. However, by the choice of 7, (ai,...,a}), (al,...,a3), and (ai,...,a}) are the
family generated by agents z,y, and z, respectively. So aj:_ll is already matched in M, to it’s favorite,

contradicting that (a%l, ey az) is a blocking family. We conclude that M, is stable. O

Using this lemma, we may assume that a* is ranked between 2 and n — 2 on fS~!(a*)’s preference list.
Consider two agents of A!, say x and y, such that each is ranked below a* on f*~1(a*)’s preference list. We

will choose a permutation 7w with 7(1) = a* and show that the matching generated by 7 is stable.
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The choice of 7 will depend on the structure of the set of agents A = A — {a*,...,f* Y(a*)}. Let
(a*,...,f*1(a*)) = (al,...,a$). Let f be the function that, to an agent a, assigns its favorite agent in A.
Recall that either there exists a preferred family in A or there exist two agents a, a} cA- {a*} such that

the families generated by a! and a; agents are disjoint.

Case 1: There is a preferred family in A. Since z and y are both in A', both agents cannot be in the
family. Assume that x is not in the preferred family. Choose a permutation 7 such that the member

of the preferred family in AN A is 7(2) and 7(n) := =.

Case 2: There is no preferred family in A. As in Lemma 4.3.1, the gender A' — {a*} can be partitioned
into n — 1 (possibly empty) classes Cs,...,C, by assigning a € C; if fs_l(a) = aj. Since there
is no preferred family in g, at least 2 of these classes are non-empty. We can choose two agents,
a,b € A'—{a*}, from separate classes and the families in A generated by these two agents are disjoint.
Moreover, since the partition Cs,...,C, contains n — 1 > 4 agents, one of a or b can be chosen to

be neither z nor y. We may assume that x is neither a nor b and define the permutation 7w so that

m(2) = a, 7(3) = b, and w(n) = x.

Given this permutation 7, we now show that the matching M is stable. By relabeling, we will assume

1 as

ny - Ay

s th

where the family (al, ..., a
9 y 77

kit

that the families in M, are (ai,...,a3),...,(a ) was the ¢*" family

i+1

added to the matching. In particular, al = a* and al = z. If a;» and a3 are both in a blocking family,

1

then j < j. Thus, if a blocking family containing only agents in Z, the family is is (al,a2_;...,a5 ", a3).

However, either aj already receives its first choice in A (Case 1) or a3 ' already receives its first choice in

A (Case 2), so there is no such family.

Thus, a blocking family must contain an agent from outside of A. As (al,...,a3) is the family generated

by a}, the only option is for agent a$ to be in the blocking family. Further, al = x is below al = a* on

a$’s preference list, so agent al is not in a blocking family. Therefore, the only possible blocking family is

(al_4,...,al

i
n—1y n—ir

,a3). Suppose this is the case.

Agent ai = f571(a}) strictly prefers al_; to al. We claim that f*!(al_;) = aj. Consider i € [s — 2].

n—1 n—1
If f=1(al_,) = a,_,, then since a!,_, is in the blocking family, fi(al_;) = aé“ for some j < mn — (i +1).
On the other hand, if fi=!(a}_;) = ag» for some j < n — (i + 1), then since the families were chosen using
the greedy algorithm, fi(al ;) = aé“ for some j <n — (i +1).

1
n—1

1

In particular, this implies that f¥~1(al ) = aj. However, this is a contradiction since a is above aj

on af’s preference list, contradicting the choice of a* = a}. We conclude that M, is stable.
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a%:(172a5;374) a% (172343573) a? (1727433a5) ap : (4ﬂ3717235)
at:(1,2,3,5,4) | a3:(2,3,5,1,4) | a3:(2,1,3,4,5) | a3:(3,5,2,4,1)
al:(3,1,2,5,4) | a2:(3,5,1,2,4) | a3 :(5,4,3,2,1) | a3:(1,2,3,4,5)
al:(3,4,1,5,2) | a?:(3,4,1,2,5) | a3 :(2,4,1,5,3) | af:(1,2,3,4,4)
at:(5,3,4,1,2) | a2:(1,5,3,2,4) | ad:(3,5,1,2,4) | at:(1,4,5,2,3)

Table 4.1: The above table is an example of an instance of cyclic 4-DSM. In the above preference lists, choosing a = a%

optimizes the position of a on f*~1(a)’s preference list. After removing the family generated by a%, the permutation a%aéa}laé

generates a matchlng that is stable when restricted to the remamlng agents. Since al prefers ‘11 to a5, the only possible blocking
family is (a4, a3, ag, al) shown above in bold. However, a3 is already matched with its favorite, so this is not a blocking family
and so the matching is stable.

4.4 A result on strongly stable matchings

In this section we consider, for s > 3, instances of cyclic s-dimensional strongly stable matchings of size n.
We prove that if n < 2, then every instance of cyclic s-DSSM admits a strongly stable matching but, if n > 3,
then there exists an instance that does not admit a strongly stable matching. We will prove Theorem 1.4.6

using several lemmas.

Lemma 4.4.1. Let s > 3. Fwvery instance of cyclic s-DSSM of size one or two admits a strongly stable

matching.

Proof. When n = 1, assigning all the agents to the same family is a stable matching, so assume n = 2. If
there exists a preferred family, then let M be matching containing the preferred family as one family and the
remaining s agents as the other family. Suppose there is a blocking family. Since there are only two families
in M, a blocking family must contain agents from both families. In particular, there is an agent a in both
the blocking family and the preferred family. Since a either prefers his partner in the blocking family to his
partner in the preferred family or is indifferent, f(a) is also in both the blocking family and the preferred
family. This implies that the blocking family is the family generated by a, a contradiction since the family
generated by a is already in M.

So we may assume that there is no preferred family. Let a and b be the two agents in A'. Since there
does not exist a preferred family, f*~!(a) # f*~!(b) and the families generated by a and b are disjoint. Let
M be the matching consisting of these two families. Suppose there is a blocking family and let z* be the
representative from A’ in the blocking family. For i # s, then x' is matched in M to its favorite, so f(x?)
must also be part of the blocking family. In particular, if a (or, respectively, b) is in the blocking family,
then the blocking family is the family generated by a (respectively, the family generated by b). This is a
contradiction, since this family is already in the matching and cannot be a blocking family. We conclude

that M is stable O

In order to prove that there is an instance of cyclic s-DSSM of size at least 3 that admits no strongly
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stable matching, we first construct an example for s = 3 and n = 3 and then extend the example to larger

values of s.

Lemma 4.4.2. There exists an instance of cyclic 3-DSSM of size 3 that admits no strongly stable matching.

at:(2,1,3) | a?:(2,1,3) | a}:(2,1,3)
ay:(1,3,2) | a3:(1,3,2) | a3 :(1,3,2)
aj:(2,3,1) | a3:(2,3,1) | a3 :(2,3,1)

Table 4.2: Table representing the preference lists for an instance of cyclic 3-DSSM that admits no strongly stable matching

Figure 4.1: Preference diagram for the instance cyclic 3-DSSM given in Table 4.2. A solid line from z to y represents that y
is the first choice of z. A dashed line from z to z represents that y is the second choice of z. If there is no line from z € A* to
w € A1 then w is the third choice of z.

Proof. Consider the preference lists shown in Table 4.2. (The preference list are also displayed in a preference
diagram in Figure 4.1.) For each i € {1,2,3}, define the set S; := {a},a?,a3}. By construction, each element
of S; has the same preference list.

First, we will show that in any strongly stable matching, a family may contain at most one agent from
S1. Without loss of generality, consider a matching M such that a} and a? are in the same family. If

either a$ or a3 is the third member, then aia?a3 is a blocking family, so we may assume that aia?a3 is a

family in M. Now, a} must be in the same family as ad or else aia3a? will be a blocking family. However,

this implies aa3a3 is a blocking family. Thus, by symmetry, in any strongly stable matching, each family

contains exactly one element from Sj.
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Next, suppose that a3 is in the family containing ai. If a3 were the third member, then aja3a3j would

be a blocking family. On the other hand, if ala3a3 € M, then ala?a? is a blocking family. We conclude
that that a} must be matched with a3 in any stable matching. Further, by symmetry we see that a? and

a} are in the same family and also that a3 and a? are in the same family. So our matching M must be

{(ala3a3), (a3a3a?), (ada?a3)}. Now, ala3a3 is a blocking family M. We conclude that there is no strongly

stable matching for this set of preference lists. O

The preferences in Table 4.2 can be modified to allow the introduction of additional genders. The

following result shows that, even after the additions, the example still admits no strongly stable matching.

Lemma 4.4.3. There exists an instance of cyclic 4-DSSM of size 3 that admits no strongly stable matching.

at:(2,1,3) | a?:(2,1,3) | a$:(2,1,3) | af: (1,2,3)
a:(1,3,2) | a3:(1,3,2) a‘g :(1,3,2) | a3 :(2,3,1)
al:(2,3,1) | a2:(2,3,1) | a3 :(2,3,1) | a3:(3,2,1)

Table 4.3: Table representing the preference lists for an instance of cyclic 3-DSSM that admits no strongly stable matching

Proof. Consider the preference lists as shown in Table 4.3. Notice that the agents in A', A2, and A have
the same preference lists as in Table 4.2. Suppose M is a matching such that a} is in the family as a} for

all i € {1,2,3}. Since each agent in A* is given its first choice, if af is in a blocking family, a} must also be

in the blocking family. Hence, we may view the pair ala} as a single agent and the proof follows exactly as

in Lemma 4.4.2. Thus, there must exist an i such that a} and a} are not in the same family.

Suppose first that al is in the same family as af, so each of the three families in a matching must contain

one of the following pairs: aja}, ala3, or alaj. If a? is not matched with a3, then ada?aiaj is a blocking

family. So aZa3 must be paired together and this pair must share a family with a3ad, as otherwise aa3a3aj

is blocking family. So aiafa3a3 is a family in any stable matching. Finally, if a3 is in a family with ajai,

then aja3alaj is a blocking family. However, if a3 is not in a family with afai, then a}a?a3af is a blocking
family. Therefore, we see that there can be no stable matching such that a and af share a family.

On the other hand, if a} and af are in separate families, then a3 must be matched with a3 as otherwise

ata?aiai is a blocking family. Similarly, if a}l is not matched with a3, then ala?a3af is a blocking family.

If, together, these pairs form a family ala3a$aj € M, then aia3ajaj is a blocking family. So the pairs afaj
and aia3 must be in separate families.

Now, a3 is the only remaining agent in A* that may be matched with a}a3. Further, since a} is already

paired with a3, we see that a3 must complete the family with a}, a3 and a3. Finally, since ala3aiaj is a
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family and a} >4 al, we see that ala3a3aj is a blocking family and the matching is not stable. We conclude

that this set of preference lists has no strongly stable matching. O

Finally, we show that the preference lists used in the proof of Lemma 4.4.3 can be modified to include

an arbitrary number of genders an still admit no strongly stable matching.

Lemma 4.4.4. Let s > 5. There exists an instance of cyclic s-DSSM of size 3 that admits no strongly stable

matching.

at:(2,1,3) | a?:(2,1,3) | a}:(2,1,3) | a} : (1,2,3) a3 :(1,2,3)
at:(1,3,2) | a2:(1,3,2) | a3:(1,3,2) | a3:(2,3,1) | --- | a5:(2,3,1)
al:(2,3,1) | a2:(2.3,1) | a:(2,3,1) | a}: (3,2,1) a3 (3,2,1)

Table 4.4: Table representing the preference lists for an instance of cyclic 3-DSSM that admits no strongly stable matching

Proof. Construct an instance of cyclic s-DSSM such that that preference lists for agents in A, ..., A* are as
shown in Table 4.3. Add additional genders A?, for 5 < i < s and, for each i > 5, let each az» have the same
preference list as a? (See Table 4.4). We claim this set of preference lists has no strongly stable matching.
As in the proof of Lemma 4.4.2, for each i € {1,2,3}, define the set S; := {a},...,af}.

Let M be any matching. Consider the instance of cyclic 4-DSSM and associated matching M’ formed by
removing the agents in A4°,..., A°. By Lemma 4.4.3, the matching M’ is not strongly stable so there exists
a blocking family (a, b, ¢, d). We will use these 4 agents to find a blocking family for M.

If a € A' and d € A* are from the same family F € M, then we obtain a blocking family for M
by removing the representatives of A2 and A® from F and replacing them with b and ¢, respectively.

Alternatively, if a,d € S; for some i € {1,2,3} , then (a,b,¢,d,a? a;

,a?,...,a?) is a blocking family.
We now assume a and d are from different families in M and, for each i € {1,2,3}, either a ¢ S; or

d¢S;. Fixi,j € {1,2,3} such that a € S; and d € S;. Let (a%l,ai,a?s,d,az,...,ajs) € M be the

family containing d. Consider the largest integer k € {4,...,s}, such that aZ:;ll € S; (with addition taken
modulo s). The family (a, b, ¢,d, a,?s, e CLZ , af“, ...,a?) is a blocking family in M. To see this, notice that

other than a,b and ¢, each agent in the blocking family receives the same partner as in M or is matched
with its favorite. Since (a,b,c,d) was a blocking family in M’, we see that adding these additional agents
creates a blocking family in M. We conclude that this is an instance of s-DSSM admits no strongly stable

matching. O

Proof of Theorem 1.4.6. Fix s > 3 and n > 3. By Lemmas 4.4.2, 4.4.3, and 4.4.4, there is an instance of

cyclic s-DSSM of size 3 that admits no strongly stable matching. If n = 3, the proof is complete. If n > 4,
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we create an instance of cyclic s-DSM by adding n — 3 agents of each gender and adjusting the preference
lists as follows. The original 3s agents keep the first three choices in their preference lists unchanged and
rank the remaining s — 3 agents in any order. The preference lists of the new agents are chosen so that the
s(n — 3) agents form (n — 3) preferred families.

Consider a matching M. Let a be newly added agent. Since a is in a preferred family, either the family
generated by a is a blocking family, in which case M is not stable, or the family generated by a is in M.
Therefore, each of the s — 3 preferred families are in M. Since there is no stable matching among the original

3s agents, we conclude that M is not stable. O
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