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Abstract

A functor from finite sets to chain complexes is called atomic if it is completely determined by its value on a
particular set. We present a new resolution for these atomic functors, which allows us to easily compute their
Goodwillie polynomial approximations. By a rank filtration, any functor from finite sets to chain complexes
is built from atomic functors. Computing the linear approximation of an atomic functor is a classic result
involving partition complexes. Robinson constructed a bicomplex, which can be used to compute the linear
approximation of any functor. We hope to use our new resolution to similarly construct bicomplexes that

allow us to compute polynomial approximations for any functor from finite sets to chain complexes.
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Chapter 1

Introduction

As a way to better understand the behavior of a large class of functors, Goodwillie developed the calculus of
homotopy functors. Analogous to calculus of real-valued functions, in which a crucial tool is approximation
by polynomials, we have a notion of polynomial functors, whose behavior is easier to understand, and we
use these to approximate other functors. A functor F' can be approximated by a degree n functor, denoted
P,F, in a way that is analogous to the degree n Taylor polynomial, p, f, of a real-valued function f. Taylor
polynomials of functions assemble into the Taylor series. The analogous construction for functors is the
Taylor tower, for which the approximation P, F is called the n-th level of the tower.

The difference of the degree n and degree n — 1 Taylor polynomials of a function, p,f — pn_1f, is a
homogeneous degree n term. In order to define the degree n homogeneous layer D,, F', we use the homotopy
fiber

D,F = hofib(P,F — P,_1F).

Unlike adding together the homogeneous terms of a function to reconstruct the Taylor series, reassembling
the Taylor tower from the homogeneous layers is a nontrivial problem.

It can be shown that a large class of functors can be reduced down to the study of discrete modules, which
are functors from pointed finite sets to chain complexes. This thesis studies such functors.

We consider two properties of discrete modules: rank and degree. In order to better understand the
behavior of a real valued function, we might approximate it with a sum of easier to understand functions.
The intuition here is the same. We break down a discrete module into elemental functors based on rank and
degree. We do this in an orderly way, preserving structure so that the original functor can be reassembled
from these pieces.

To motivate the definition of rank, consider a method of approximating real-valued functions called La-
grangian approximation, or polynomial interpolation. For a real valued function f, the n-th Lagrangian
approximation, [, f, is the degree n polynomial that agrees with f at n 4 1 points. There is also an analog
for Lagrangian approximation in Goodwillie calculus. For a functor F' from finite pointed sets to chain
complexes, there is a unique functor L, F' that agrees with F' on sets of size at most n+ 1 and its behavior on
larger sets is completely determined by this information. To be more explicit, L, F' is the left Kan extension

of the restriction of F' to the subcategory of sets of size at most n + 1. If a functor is completely determined



by its behavior on sets of size at most n + 1, we say it has rank n.

The rank n approximations of a functor F' fit into a filtration of F"

LWF — LyF — - = 1limL,F=F.

L, F
Ly _1F>

The quotients of successive terms, C,, F' = in this rank filtration are called atomic functors, that
is, they are completely determined by their value on one set and are zero on all smaller sets. When we talk
about breaking down a discrete module F' in terms of rank, we mean computing the atomic pieces CyF,
C1F, CyF, and so on. Atomic functors can be shown to have the following form, [IJMO08]

L,F(X)

Ch,F(X)= m > 7YX) ®yx, crp F([1)),

where Z"(X) = R[Inj+([n], X)], Inj+([n], X) denotes the set of basepoint preserving injections from [n] =
{0,1,...,n} to X, cr, F([1]) is the n-th cross effect of F' composed with the diagonal map evaluated at
[1] = {0,1}, and R[X] is the reduced free R-module on the finite pointed set X.

Now that we have dissected the discrete modules by rank, we further dismantle them in terms of degree.
More precisely, we wish to compute the Taylor Tower of the atomic functors.

We start by computing the homogeneous layers of the tower. From the classification of atomic functors,

we have

DkCnF(X) ~ DkIn(X) Qns, CI‘TLF[I].

Thus, in order to compute the k-homogeneous layer of an atomic functor, we first compute D;Z™ and its
Y, action.

Based on a combinatorial result on partially ordered sets, it was previously known that
DiC,F(X) = X" 'eLie} ® R[X] ®x, cr, F([1]),

where ¢ indicates that the standard ¥, action is twisted by the sign representation and Lie] is the dual of
the n-multilinear part of the free Lie algebra on n letters [Rob03].

Multilinearization, a tool from Goodwillie calculus, enables us to compute general DiZ™ given D1Z™ by
taking the k-th cross effect, applying Dj(i.e. linearizing) in each variable, and taking homotopy orbits. The

general statement for multilinearization is
kL =~ ( 1 Crg )h2k~

In order to state the result, we will need to introduce some more notation. We define Ord(n, k) as the set
of ordered surjections n — k, where n = {1,2,...,n}. Alternatively, it is the set of partitions of {1,2,...,n}

into k£ nonempty blocks, where we describe the partitions by surjections n — k with a particular order fixed



on the blocks.
Let

A, (n)F(X) = EB eLie(a ' (1))* ® - - @ eLie(a "' (k))* @ R[X*] @y, cra F([1]).
a€Ord(n,k)

The chain complex D;C,, F(X) above is equivalent to X"~ Ay (n)F(X).

Theorem 1.0.1. For a functor F from finite pointed sets to chain complexes,
DyCoF(X) ~ X" %A, 1(n)F(X).

We further show the existence of a resolution of C,, F', where the terms of the resolution are the layers

Dy C, F and such that truncations of the resolution allow us to compute PyC),F for any k.

Theorem 1.0.2. There exists a unique resolution as functors
0= A 1(n)F — Ap_o2(n)F — -+ = Ag(n)F — Cp,FF = 0
and the chain complex
0= A, 1(n)F = A o(n)F — - = A s(n)F—-0—---—0

is quasi-isomorphic to P,C,F for all k > 0.

In order to use the resolution effectively, we need to know that it is suitably natural with respect to n. To
that end, we give an explicit description of both the groups and the maps in the resolution.

Our resolution captures the layers and levels of the Goodwillie-Taylor tower for any atomic functor.
However, we are interested in discrete modules in general. Through the rank filtration, such functors can be
broken down into atomic functors. We conjecture that the layers D C; F', for i = 1,...,n, can be assembled
as the columns of a bicomplex that has the same homology as Dy F'. Inspiration for this conjecture comes
from a bicomplex defined by Robinson in [Rob03], and modified by Intermont, Johnson, and McCarthy
in [IJMO8], which is just such a construction for D1 F. For any k and any discrete module F, we use
multilinearization to construct a multi-complex from the Robinson bicomplex that is quasi-isomorphic to
Dy F. Totalizing this multi-complex yields a complex with entries quasi-isomorphic to the entries of our
degree resolutions of atomic functors. Future work will be to describe the maps in the bicomplexes for Dy F'
and to check if they can be assembled, using the boundary maps of the resolution we have constructed, into

a tricomplex that computes P, F' up to homology.



Chapter 2

Functor Calculus

2.1 Intro

Just like real calculus was developed to help us understand a large class of functions, functor calculus helps
us better understand a large class of functors, namely homotopy functors.
The analog to the Taylor series of a function is the Taylor Tower for a functor F', which is a tower of

functors and natural transformations:

P.F

Py F

ZAN

P, F

Each P F, called a level of the tower, is the “degree k” approximation of F', where our notion of degree will
vary depending on the setting we are working in. Each P, F is universal for degree k functors with natural
transformations from F. The level P, F is the analog of the degree k partial expansion, py f, of a the Taylor
series of a function f. For functions, one could take the difference of partial expansions pxf — pr_1f and
arrive at a single degree k homogeneous term. The analog for functors is the k layer of the tower, Dy F,
defined by

DyF = hofib(PyF — Py F).

Unlike Taylor series, which can be easily recovered by summing the homogeneous terms, reassembling the
Taylor tower from its layers is difficult.

The notion of degree k that we will here comes from [JMO04]. In order to define degree, we must first define



the cross effect of a functor.

2.2 Cross effects and degree

For a functor F': A — B with A a category with finite coproducts and B an abelian category, the k-th cross

effect crp 7 : A**F — B is defined recursively in the following manner:

croF = F(+),
i F(X) @ F(+) = F(X),
croF(X)Y)® i F(X)een F(Y)=c F(X VYY),
and in general

erpF( Xy, .o, Xi) @ erp1 F(X1, X3, Xg) @ erp1 F(Xo, X3,..., Xg)

= CI‘k_lF(Xl VvV X2, X3, ... ,Xk)

If croF' = 0, then we say that F is reduced, and it follows that cri F'(X) = F(X). Let crpF(X) denote
crpF(X,...,X), where all k inputs are the same object X. The following example demonstrates a calculation

of cross effects.

Example 2.2.1. Consider the functor of R-modules, T': Modr — Modg, defined by
T(M)=M®gr M.
The 0-th cross effect is given by the what the functor does on the basepoint, in this case
crol = 0.

Since T is reduced,

e T(M)2T(M)2Me M.

Considering the second cross effect on two R-modules M and N,
eroT(M,N)® (M @ M) @® (N ® N) = @*(M & N).

Expanding the right side, we get a direct sum of several modules, including M ® M and N ® N. The



remaining terms are the second cross effect,
croyT(M,N) = (M @ N) @ (N @ M).

It can be shown that cr3T = 0, and it follows all higher cross effects are as well.
It will sometimes be helpful to have another way of calculating cross effects.

Lemma 2.2.2.

k
e F(X1,. ., Xp) = ker(F(X1 Ve VX)) = \/ F(X1 Ve VE VeV X))
i=1
We say that F' is degree k if crpp1F(Xq,..., Xk41) = 0, for all choices of X;. The tensor functor in
Example 2.2.1 is degree 2. Since T(M) = M ® M is reminiscent of the degree two function f(x) = z * x,

this fits with analogy to real valued calculus.

2.3 The Taylor tower for functors to abelian categories

The definition of Taylor tower for abelian functors is given in [JM04]. An equivalent construction is given

in [BJO™], which we will state here. For F': A — B a functor of abelian categories, let
Lpt1 F(X) =A% ocrp1 F(X),

where A* denotes precomposition with the diagonal functor. The k-th polynomial approximation PpF :
A — ChB is

s S F(X) =52 F(X) =g FX) = F(X).

There maps here are given by alternating sums involving the counit map of the cotriple defined by Lj41.
Details about the cotriple construction can be found in [JM04, BJO*].
For the purposes of this thesis, we will rely heavily on multilinearization, which is stated in the following

proposition from [JMO04].

Proposition 2.3.1.
DkF ~ (ng) C"’k’F)hEk-



Chapter 3

Discrete Modules, Rank Filtration, and Atomic functors

3.1 Discrete Modules

Let F denote the category of finite pointed sets with basepoint preserving maps and let CMod g denote the
category of chain complexes of R-modules. A discrete module is a functor F' : F; — CModpg
We use the notation [n] for the set {0,1,...,n} in F;, where 0 is regarded as the basepoint, and n =

{1,2,...,n}. For X € F,, R[X] is the reduced free R module on X.

The discrete module Z™ is essential to our constructions.

I"(=) = RlInj([n], —)+]

)

where A" is the fat diagonal A™ = {(z1,...,2,) € A"X : x; = x; for some ¢ # j}. As shown in the next

section, discrete modules can be broken down into atomic functors by means of a filtration.

3.2 Rank Filtration

Returning briefly to calculus of real valued functions, there is a method of approximating functions by

polynomials called Lagrangian approximation, or polynomial interpolation. For a function

" R—=R,

let I, f be the degree n polynomial such that

Lnf(k) = f(k)

for k =0,1,...,n. In other words, [, f the unique polynomial that depends only on the value of f at these
points, 0,1,...,n.

From Lagrangian approximation comes an analogous construction for functors, the discrete module L, F



that depends only on the behavior of F' at [0], [1], ..., [n]. Following [IJMO08], we construct the approximation
L, F by restricting I’ to the subcategory F"} of sets of size at most n+1 and then taking the left Kan extension
back to the category F.

<n
IFJr

|

F+ En} > CMOdR

If a discrete module depends only on its values for the sets [0],...,[n] in the proceeding way, then we say
it is rank n.
From ¢, : FS? — F<"*l we have natural transformations L, F — L,.1F. We assemble these into a
filtration
LoF - I4WF — -+ - L, F - L, 1F— -+ —colimL, F=F

This is called the rank filtration of F.
We say a discrete module F' is atomic if its behavior is completely determined by its value at a particular
set and is 0 for smaller sets. That is, if there is some n such that F' is rank n and F([k]) = 0 for all k£ < n.

Atomic functors are classified by quotients of successive terms of the rank filtration [IJMOS§].

LoF(X)

> 7TMX) ®x, crpF([1]).
By Lemma 3.2.1, we could instead consider the derived tensor.

Lemma 3.2.1. If M and N are R modules, and the action of R on N is free, then
M ®r N ~ M ®,r N.

Proof. If N is a free R[¥,]-module, then it is flat and thus ®pg[y,|N is an exact functor. Therefore,
Tor?[z"}(M,N) =0fore>1and M @r N ~ M Qur N.
O

So, we have

CrF(X) ~TI"(X) Qnx, crpF([1])

~ IT"(X)®s, cr, F([1]), (3.1)



where @y, denotes the two-sided bar construction. That is, the simplicial module
m— I"(X) ® R[Z"] @ cr,, F([1])

with face maps

do(f7017"'a0m7c) = (01 'f70-27"'a0-mvc)7
for1<i<m-1
di(f,O'h...,O'm,C) = (f,O'l,...,O'iOO’¢+1,...,O'm7C),
dm: (f?a-lw")o'mac) = (f7017"'70m—170m'c)a

and the face maps correspond to inserting a new coordinate with the identity permutation.
For a filtration

FC — F1C — FyC — -
of chain complex C|, there is a natural way of constructing a spectral sequence with

FpCp+q

E), = :
b Fp—l Cpq

as described in [Wei94, Theorem 5.4.1]. By [Wei94, Theorem 5.5.1], if the filtration is bounded below and
colimF,C = C, then the spectral sequence converges naturally to H,(C). For a discrete module F, the
quotients of successive terms of the rank filtration are atomic functors. So, as we seek to describe the Taylor

tower of any discrete module F', we will do so by assembling the towers for the atomic pieces, C\, F, of F.

3.3 Lie algebras

3.3.1 Lie,
Recall that a Lie bracket is a binary operation satisfying three axioms:

1. Bilinearity:
[ax + by, z] = [ax, 2] + [by, 2] = alx, 2] + blyz],

[z, ay + bz] = [z, ay] + [z, bz] = a[x,y] + blx, z].

2. Alternating:
[z, z] = 0.



3. Jacobi Relation:
[, [y, 2] + [y, [z, z]] + [z, [z, y]] = 0.

Note, axioms 1 and 2 imply antisymmetry:

[m,y] = 7[ya‘r]‘

Let R be a commutative ring with unit. A Lie algebra over R is a R-module £ together with a R-bilinear
Lie bracket
[—,—]:£x£— L.

For a set A, recursively generate a collection of expressions, M (A) such that A C M(A) and if a,b € M(A),
then [a,b] € M(A). The free Lie algebra £(A) over A can be constructed by taking the free R-module M
generated by M (A) and applying the three Lie bracket relations above.

We are concerned with a particular Lie algebra, Lies, generated by the expressions a € M(A), such that
each letter of A appears in a exactly once.

It can be shown that Lie, is a free R module of rank (n —1)! and one can take as a basis the right justified

brackets on A, i.e. terms of the form

[U(l)v [0—(2)7 [ ce [O'(TL - 1)a TL] o H]v

where A=mnand o € X,,_1.

We denote the dual of Lie, with its ¥, action twisted by e by eLie). This is well known to be the
cohomology of the partition poset, where the twist is tied to the fact that the blocks in a partition are not
ordered.

For a surjection of sets, ¢ : A — k, we will sometimes use the notation sLie; as shorthand for
ELie;—l(l) (ORI ELie:;—l(k).
For P1,-.-Pk € N and ﬁ: (ph s 7pk)7

o — e P je*
ELleﬁ = ELlep1 ® ® ELlepk.

10



3.3.2 Alternative vocabulary for Lie

A Lie monomial in Lie(A) is a bracketing, in some order, of the symbols in 4. For example, if A = {a,b, ¢}

some monomials in Lie(A) would be
[a,[b, c]], [la,bld], [b,]c,all, etc.

Rather than as a word consisting of letters and brackets, we can think of a monomial as a bracketing of

slots defined for n inputs and evaluated on an n-tuple of letters. For example
[CL, [b7 C]] = [_1’ [_27 _3”(a7 b,c) = [_2’ [_17 _3”](177 a, C) =

For an arbitrary finite set A = {a1,as,...,a,}, we define a %,, action on Lie(A) by

p-flar,...,an) = flapay, .- apm)),

for every p € ¥, and monomial f(ay,as,...,a,) in Lie(A).
The X,, module eLie(A) is the same underlying R-module as Lie(.A), with the 3,, action twisted by the

sign representation, i.e.

peflar,.. . an) = (=) flapa), .., apm)),

for every p € ¥,, and monomial f(ay,as,...,ay) in eLie(A).

3.4 Taylor Tower for Discrete Modules

We will build up a description of the Taylor Tower for discrete modules starting with the n-homogeneous

terms of atomic functors.

D.CF(X) ~ DT (X)®x, cr,, F[1]

For k =1, it is shown in [Rob03] that
DiI"(X) ~ " eLie}, ® g R[X],

where eLiej, is the n-multilinear free Lie algebra discussed in Section 3.3.

In general, by multilinearizing we can compute D,Z"(—).

11



Proposition 3.4.1.
DyI"(X) =S F PeLie, 1) @ - ® eLiel, 14y ® R [AFX]
@€ Ord(n,k)
The case where k = 2 gives a good illustration of the proof.

Example 3.4.2. Let X; = X, = X. We start by noticing that an injection from [n] into a wedge X; V X5
can be defined by first choosing which X; each element of [n] is mapped to, then choosing an injection into

X, and an injection into X5. This defines an isomorphism:

TMX1 VX)) = @@ R[Inj(e (1), X1)4] @ R [Inj(o™'(2), Xa)4] -

pn—2

The second cross effect kills the elements corresponding to sending all elements of [n] to X; or all to Xs, so

s T (X1, X2) = @D R[Injlp™" (1), X1)4] ® R [Inj(p"(2), Xa)] -

pn—»2

We already know how to calculate D1Z™, so we can linearize in each variable:
DPera I (X1, Xo) ~

@ (Z|§071(1)|—1€Lie:;71(1) ® E[Xﬂ) ® (Z|¢P71(2)‘—15Li€;71(2) X E[XQ]) .
pn—»2
Simplify by recalling X; = Xo.

~ "2 (P eLie} () ®eLie) (o) @ R [A?X]
pn—»2

Finally, taking homotopy orbits computes DsZ™ by multilinearization.
DoTM(X)~¥"2 ) eLie} 1) ®cLie), 15 ® R[A2X],
©€eOrd(n,2)
where Ord(n,2) = Surj(n,2)/Xs.

Proof of Proposition 3.4.1. Let X = X; = --- = X}. Notice that a basepoint preserving injection from [n]
to X3 V---V X can be defined by deciding which X; each element of [n] should be sent to, and then picking

an injection from those elements into X;. This defines an equivalence of sets
k

k
(Inj(In, \/ X)), = \/ N (Injr(¢71 (), X)),

i=1 e:n—ki=1

12



which induces an isomorphism

k
°(\/ Xi) =R

i=1

k
(Inj([n], \/ Xz‘)h]

i=1

k
R \/ /\(Inj+(</771(i)7Xi))+

en—ki=1

D éé {(I”jJr(@_l(i)’Xi))J .

p:n—k i=1

1%

Il

By Lemma 2.2.2,

k
" (Xi,e X0 = @D QR [(Inji(¢71 @), X)) ]

en—>k i=1

Linearize in each variable, making use of the calculation D1Z"(X) ~ X" !¢Lie ® R [X], and simplify by
recalling that X; = --- = Xj:

k
D e z(Xy,... X)) =~ @ Q8¢ O leLie, 1) ® RIX]]

¢n—k i=1
k
= wle It D11 (Y (R eLiel Ly @ RIX]
¢:n—k i=1
=~y k(P clie}, ® R[A\FX].
en—»k

Take homotopy orbits ¥ and apply Proposition 2.3.1,

DI (X) ~ ¥ (Pelie] ® R [A"X]
©€0rd(n,k)

Let

Ap—p(n)(X) = @ elieg 1) ® -+ ®eLieg—1 () ® R (AFX].
©€O0rd(n,k)

In order to describe the Taylor tower for any atomic functor, we first construct a resolution of Z™.

Theorem 3.4.3. There exists a resolution
o= 0= A,-1(n) = Apa(n) = -+ = Apg(n) = I" =0,

such that the truncation at A, _r(n) is equivalent as a complex of ¥,-modules to PyZ™, for all k.

13



By truncations we mean

Ay 10— =0 ~2DI"=P1I",

A1 — A, 2—0—- =0 ~PI",

and so on.
Combining Theorem 3.4.3 with the characterization of atomic functors in (3.1), we also have a resolution

for any atomic functor.

Corollary 3.4.4. For atomic functor G, there exists a resolution
s 0= Ay 1 (0)®s, ey G([1]) = -+ = Ag(n)®sx, er,G([1]) = I(—)®x, cr, G([1]),

such that the truncation at A,_(n)G is equivalent as a complex of ¥, -modules to P,G, for all k.

14



Chapter 4

The Construction

In this chapter, we give a construction of the degree resolution of Z" of Theorem 3.4.3. We show that it is a

chain complex, that the boundary maps are X,-equivariant, and finally that it is indeed a resolution of Z™.

4.1 The Chain Complex

To construct the complex

* *
n—1

0= Ap_1(n) 25 oo Ag(n) 25 17,

define

Avk()(X)= €D eLie; ® R[AFX].
a€Ord(n,k)

Note, Ag(n)(X) = R[A"X]. A basis element of Z"(X) can be written as an n-tuple of distinct elements
of X. Define 9§ : Ag(n) — I™ by
(1,...,2n) if ; are all distinct

(X1, xn) =
0 else

To define 0f : Ax(n) — Ak_1(n) for k > 0, we will consider the dual complex and define ;. In the dual
complex,

Ak()(X)= @  eliea @ R[AFX]".
a€Ord(n,k)

Writing R [X k} is perhaps more natural when thinking of these modules as coming from the multilin-
earization. However, we will introduce some notation that will make it easier to keep track of the symmetric
group actions later.

For o € Ord(n, k), we write R [X®] for the submodule of R [A"X] such that, for (z1,...2,) € R[A"X], if
a(i) = a(j) then a; = x;. Note that this is isomorphic to R [AFX].

15



Example 4.1.1. For ¢ : 3 - 2 defined by

1,3—2
2—1

and X = {z,y, z}, some examples of elements of R [X %] are (z,x,x) and (z,y, z), but not (z,y, z) or (z,z, 2).
To construct J, let @ € Ord(n,k+ 1), § € Ord(k + 1,k), and g < h the unique pair in k + 1 such that
B(g9) = B(h). For w = w; ® wy @ - -+ ® wi4+1 an element of eLie(a (1)) @ - - ® eLie(a ™1 (k + 1)), define
Ip(w) = (1) @2 @ - @ Wy @+ @ wh_1 @ [Wg, Wh] @+ ++ @ W1

Note, o« € Ord(n, k). For © = (x1,x2,...,2,)" a basis element of R [X2]*, define

0 ifxg R[XP]"
tg(asz) = ifzg [ }
T else

We define the boundary map for the chain complex by

On—k(w®x) = Z Op(w) @ tg(as x).
BEOrd(k+1,k)

Example 4.1.2. Consider
WwRIEI=10203045® (x,z,y,x,y)"

Iwe @) = (1,2 ®30405+2®3x[1,4]®5
-1®3®[2,405+102®4 [3,5]) ® (z,7,y,z,y)"

Proposition 4.1.3. A,(n)(X) is a chain complex.

Proposition 4.1.3 is proved by observing that the terms of 9o d(w®x) can be grouped based on surjections

and then showing cancellation either due to signs or Lie bracket relations, as shown in the following example.

Example 4.1.4. Continuing from Example 4.1.2,
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Apply the boundary map a second time:

0300,(w®Z) =3®([1,2,4®5® (y,z,y)" —[1,2] ®4® [3,5] @ (z,z,y)"
+3®[2,[1,4] ®5® (y,z,9)* —2®[1,4 ® [3,5] ® (z,z,y)*
-3®[1,2,4]®5® (y,z,y)"+1®[2,4 @ [3,5] @ (z,z,y)"

+(1,2] ®4® [3,5] ® (z,2,y)" +2® [14] ® [3,5] ® (x,z,y)"
—19[2,4©[3,5] @ (z,z,y)"

Group the terms by the composition g8 of indexing surjections and see that they all cancel.

B =3[1,2,4/5:
+3[[1,2,45+3x[2,[1,4]®5-3®[1,[2,4]®5
B=1,24)3,5:
—[1,2] 4 ®[3,5]+[1,2] © 4 ® [3, 5]
B =2[1,4/3,5:
—2®[1,4]®[3,5] +2® [14] ® [3, 5]
B=1/2,4/3,5:

Proof of Proposition 4.1.3. Fix an ordered surjection « : ne»k 4 1 and let
w € elie(a™ (1)) ® - -- ® eLie(a™ ' (k + 1))

be a basis element, i.e. a pure tensor where w = w1 ®- - - @ w41 and each w; is a Lie bracket in eLie(a™1(4)).

Let o = (21, 22,...,2,)" be a basis element of R [X?]".

dod(w®z) = Z Z Oy 0 0p(w) @ty o ty(os ).
¢'€0rd(k,k—1) p€Ord(k+1,k)
The terms 0,0, of 0 0 0 can be partitioned based on the composition of the indexing surjections,

B=¢ op:k+1enk—1.

We will show that the terms of each block of this partition cancel.

Consider (3 : k4 1-e»k — 1. We can factor 8 as a composition of ordered surjections in either two ways or
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three ways, depending on which of the following two types of surjection it is.

We will say 8 is Type 1 if there exists 1 < a < k — 1 such that |37(a)| = 3. The first 3 in Example 4.1.4
was Type 1.

Let {g,h,i} = B~1(a) and g < h < i. There are three ways of factoring 3, corresponding to each choice of
a pair of elements that map to the same element in &, i.e. a choice of . Let these factorizations be ¢’ o ¢
where ¢(g) = @(h), ¥’ o 1) where ¥(g) = (i), and v’ o v where y(h) = v(i). We can describe all of these

pairs of surjections explicitly.

¢ ift<g m itm<ph)=h-1
)= h—1 ift=g ,¢'(m)=3 p@i)—1=i-2 ifm=h—1
(-1 ifg</t m—1 ifh—1<m

14 ifl<g m itm<yh)=h—-1
YU)=q i—1 ift=g P (m)=q P@)—1=i-2 ifm=h—1
(-1 ifg<¥ m—1 ifh—1<m

1 if ¢ <h m ifm<vy(g) =g
YO =3 i—-1 ift=h ,Y(m)=9{ 4(i)-1=i-2 ifm=g
(-1 ifh<? m—1 ifg<m

We can describe the corresponding boundary map terms. Note that if z € R [X BOO‘}*, then it is also in

E[X“’OO‘]*, R [Xwoa]*, and E[X’Ym]*. If x ¢ R [XBOQ]*, then tyt, (o x) = tyty(asa) = tyty(a;x) = 0,

and trivially the corresponding boundary map terms are 0. Assume z € R [X BOO‘]

Oypr 0 0p(w) @ ity ()

= Oy ((_1)g+1w1®"'®wg—1®1/U\g®"'®wh—1®[wg,wh}®"'®wi®"'®wk+1)®x

- (—1)(h—1)+1+9+1w1®---®@®--~®@®“-®wi—1®[[wg,wh},wi]®"'®wk+1®x

Oyt 0 Oy (w) @ tyrty ()

= Oy ((*1)g+1w1®"‘®wg—1®@®"'®®wh®"'®wi—1®[wg,wi]®"'®wk+l)®=’U

:(*1)(h71)+1+g+1w1®"'®ﬂ)\g®"'®@®"'®wi—l®[wha[wgawi]]®"'®wk+l®x

a,yl o 57(10) X t,),/t.y(x)

=0, ((—1)h+1w1®"'®wg®"'®wh71®’L/U71®"'®wi71®[wh7wi]®"'®wk+l)®73

:(—1)g+1+h+1w1®"'®@®"'®@®"'®wi71®[wg;[wh,wiﬂ®"'®wk+1®x
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Adding the three together, we have
W R QU R QU R QWi OUR -+ @ Wyy1 ® T,

where

U= (_1)h+g+2 (_ngvwh]vwi] - [whv [wngi]] + [wg’ [wh)wl]]) :

From the Jacobi relation, we get
0= [a, [b,cl] + [b, e, al] + [¢, [a, b]] = =[[b, ], a] + [b, [c, a]] — [c, [b, a]].
Thus, v = 0 and it follows that
Oy 0 Op(w) 4 Oy 0 Oy (w) + 0y 0 Oy (w) = 0.

This completes the proof for the Type 1 case. We now consider the second case.

We say 3 is Type 2 if there exist 1 < a < b < k — 1 such that |37(a)| = |871(b)| = 2. The last three 3
in Example 4.1.4 were Type 2.

Let {g,h} = B~ Y(a), with g < h, and {i,j} = B~1(b), with i < j.

There are two ways of factoring 8, namely, ¢’ o p where ¢(g) = p(h), and ¥’ o ¢ where ¥ (i) = (j). We

can describe these surjections explicitly.

14 ifl<g m if m < (i)
e(l) =S h=1 ift=g ,¢'(M)=1q @) -1 if m=q()
(-1 ifg<¥ m—1 if p(i) <m
and
14 if 6 <i m it m < ¢(g)
Y =9 j—1 ift=i ,so'(m)=14 ¥(h)—1 ifm=1(g)
(-1 ifi<? m—1 if ¥(g) <m

Because of the antisymmetry relationship for Lie brackets and the pairs of surjections came from factoring
B, both 0,0, (w) and Oy Oy (w) will result in the same element of eLie(gq)-1, up to a sign. For example,

when g < h < i < j we have

:l:wl®"'®ﬂ)\g®"'®[wg,wh]®"'®1/0\i®"'®[wi,wj]®"‘®wk+1,
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when g < i < h < j we have
iwl®"'®’L/U\g®"‘®@\i®"'®[’wg7wh]®"'®[wi,wj]®"'®wk+1,

etc.
Similarly to Part 1, we only have non-trivial terms if x € R [X 500‘}. What remains is to check that the
two factorizations result in different signs, and thus in canceling terms.

The signs can be calculated as follows

sgn(0, 0 0,) = sgn(d,)sgn(d,) = (_1)¢(i)+1(_1)g+1 — (_1)<p(i)+g+2

and
sgn(Byr 0 0y) = sgn(Byr)sgn(y) = (~1)P@FL(=1)7H = (—1)i T @+2,
If g < i,
pi)+g9g+2=i—-14+g+2=i+g+land Y(g)+i+2=g+i+2.
Ifi<g

pli)+g+2=i+g+2and Y(g)+i+2=g—1+i+2=g+i+ 1.

So, in both cases

sgn (0, © 0y,) = —sgn(Oy: © Oy)

as desired.

4.2 X, equivariance

4.2.1 Alternative notation for the complex

Any basis element w ® x of

Apk(n)*(X)= @ cliea® R[AFX]",
a€O0rd(n,k)

corresponds to some ordered surjection a. In this section, we will write (a;w ® z) for w ® x to improve the
bookkeeping.

Recall that for an arbitrary surjection ¢ : n — k, there is a unique factorization of ¢ = oo« where o € ¥
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and « € Ord(n, k). These unique factorizations give the isomorphism

Ak (" (X) = P eliep @ RIX?)"/ ~,
pESurj(n,k)

where

(w1 @ @w @) ~ (D) (aw,1) ® - @ wo(y @ )

for all o € ). So, we can consider representatives, (p;w; ® - -+ ® w ® x), of these equivalence classes such

that ¢ is not ordered.

Example 4.2.1. For n = 3.

1,2] ®3® (z,z,y) ~ —3®[1,2] ® (z,z,y)

4.2.2  Symmetric group action on Ag(n)(X)

There is an action of ¥, on A,,_r(n)(X) by permuting letters, which will be denoted with -, and an action
of ¥ on A,k (n)(X) permuting blocks (w;), which will be denoted with *.
Fix ¢ € Surj(n, k), a basis element w € €Lie,, and a basis element = € R [X*?]". Recall, w = w1 ®- - @wg,

where w; € eLie(¢~1(i)) and z = (z1,...,2,)*. Adapting notation from Lie monomials in Section 3.3.2,

w= (w1 ® - @wg)(arq), -, ar(n))

= w1 (ar(l)a ey a‘r(dl)) @& wk(aT(dk,1+l)7 e 7aT(n))

where 7 is some ordering of the alphabet n, d; = |¢~'{1,2,...,i}| and {ar(4, ,+1):--->Ar@@)} = ¢ (i)
The X¥,, action is defined by

pr(wez)=(p-w)®p*(z)
= (71)|p|w (a,po.,.(l), . ,apOT(n)) (24 (.Tp—l(l), S ,.Tp—l(n))
for p € ¥,. Note, p-w € Lie,gp-1.

Example 4.2.2. Let
wer=[1,31040 2,5 ® (z,2,2,y,2)".

For p = (23),
p1 - (w ®$) = _[LQ] ®4® [355] ® (1“79572’7y72’)*-
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For s = (35),

p2(11)®.’)3) :—[175]®4®[273]®(1’7272>y79€)*

~[23]@4@ 1,5 ® (2,2 2,y 2)"
For p3 = (35)(34),

pS(w®x) = [1,4}®5®[2,3]®((E,Z,Z71’7y)*

~ [273} ® [174] ®5® (x,z,z,x,y)*.

Suppose 1 < i < j < nsuch that pop(i) = pop~(j). If & € R[X¥]*, then by definition Tp-1() = Tp=1(j)-
So, whenever = € R[X?]*, p*(z) € R [X“"O’fl} .
The Yj action is defined by

o (prw@T) = (—1)*") (00 piw,-1(1) @+ ® Wy—1(k) ® 7).
The equivalence relation in Section 4.2.1 can be written as
ox (pweT)~ (prwRT).

Observation 4.2.3. Because o € ¥; permutes the various Lie blocks and p € ¥,, permutes the letters that
are plugged into the blocks,
ploxw®z)=0x(p - wx).

Alternatively, this could be argued by the associativity of composition, o o (¢ o p) = (o 0 @) o p.

4.2.3 Alternative Notation for 9

To work with the symmetric group action, it will be helpful to write the map 9 in terms of indexes, rather
than surjections.

For1<g<h<k,letsgp:k—»k—1Dbethe ordered surjection such that g — h—1 and A+~ h —1. Let

Sg,h = Sh,g-

Let ¢ : n — k be a surjection, possibly not ordered. Define

Bty p : elie, — elies, ;00

By p(p;w) = (Sgh0P;W QWa ® -+ Ry ® -+ @Wp_1 @ [Wy, ws] @ -+ @ W),
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where w = w; @ wy @ - -- @ wy, € cLie,, is a basis element. Let Bry, g = Bry p.
This Br, j, notation can be used to write an equivalent definition of 9. Let a € Ord(n, k), and 1 < g <

h <k. For w=w; @ ws ® - - - ® wy, an element of eLie,,

By (w) = (=1)97 1By (w)
and so
dlaswes) = S (1T (spn 0 05 By () @ ton(as o)),
1<g<h<k+1
where
z if z € R[X%omo0]"
ton(asz) =
0 else
for © = (21, 22,...,2,)* a basis element of R [X]"

This definition is only for w € eLie, where « is ordered. If o € ¥ and w € Lieyoq, then

(coqw®z)=(coq;w; @ QW R x)
~ (D)l w0y ® - @ woqy ® @)

=0 'x(comw®)
SO we use

Oh(cow®a)=0k(lc™ % (00oa;w®x))

= (—1)|”|3k(0¢;wa(1) ® @ Wy D T).

4.2.4 Naturality

For an injection ¢ : [m] — [n] and for o € Z™(X), aor € Z™(X). So, ¢ induces a map ¢* : Z"(X) — Z™(X)
and dualizing gives us a map ¢, : Z™(X)* — Z"(X)*. We want to show 0 o 1, = ¢, 0, i.e. naturality with
respect to all injections.

The injection ¢ : m — n can be factored as a composition o, © t,_y, © -+ 0 11, where o, € ¥, and
1t [m+1—1] — [m+ 1] is defined by ¢;(j) = j for all j € [m + i — 1]. The choice of permutation o, may
not be unique, but we will define it to be the unique permutation so that o, o t,_p, 0--- 011 = ¢ and o, is
strictly order preserving when its domain is restricted to {m +1,m+2,...,n}. Using this factorization, we

need only check that 9o (¢;)« = (¢;)« 0 0 for all ¢ and that oo, = 0, 0 0.

Proposition 4.2.4. For p € %,
p- (we ) = p-dw ).

23



In order to prove Proposition 4.2.4, we first prove several supporting lemmas.
Let ¢ : n — k, w € eLie,, © € R [X®]*, and p € %,. For now, ¢ does not have to be ordered. There
exists a unique o € ¥j, such that o o ¢ is ordered.

Recall,

ox(prw) = 0% (p;w1 @ -+ O wy)

= (—D)lN o0 prwe—1(1) ® -+ @ wor(r).
Combining this with the definition of 9,

Np;w@x) =0 (0x(p;w® )

= ) (1)TBrg (0 x (p5w)) ® tyn(o 0 p; )
1<g<h<k+1

= > (—)TTIB (00 i, (1) @ @ Wo-1(k)) @ tgn(0 0 p5 ) (4.1)

1<g<h<k+1

Lemma 4.2.5.

ton(00@ix) =to-1(g),0-1(n) (@5 T)

Proof. The surjection ¢ determines a partition of n into k ordered blocks, B; = ¢~ !(i). The composition
o o ¢ determines the same partition with a different order on the blocks. If = € R [X¥]", then x associates
the same element of X to every element in a block of the partition. The map tg, (¢; —) checks whether the
g-th block has the same element of X associated to it as the h-th block.

If By, ..., By are the blocks from ¢ and By, ..., By, are the blocks from ooy, then B = B,-1(;). Therefore,
checking that B; and Bj are associated with the same element of X is equivalent to checking Bg-1(g) and

Bafl(h). D

Lemma 4.2.6.

tgn(p- w00 p ") = p- (tgn(x;p))

Proof. Recall, p-x = (z,11),...,%p-1(n))" We consider z € E[Xﬂ*. There is an ordered partition
Bi,...,Bit1 of n defined by ¢. So x = (x1,...,z,)* has an element of X for each element of n. If
z€R [X¥], then x assigns a single element of X to each block of the partition. Then ¢4, tests whether B,
and By, are assigned the same element of X. The surjection ¢ o p~! defines another partition B, ... B .
z € R[X?] if and only if p(z) € R [X“""pfl]. In fact, = assigns the same element of X to B; as p - x

does to B]. So, B, and B}, have same corresponding element of X exactly when B!’} and Bj do. So,

tgn(p-x) =0=p-tgn(x)ortgn(p-z)=p-x=p-tgn(x). O
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Example 4.2.7.
2—3

o 1+ 2

3—1

(—1)lel+otige, (Wo-1(1) @+ @ Wo—1()) = (—=1)*T9T By (w3 @ wy @ wo)

(—1)2+1+1%t1,2(w3 ® w; @ wy) = (w3, w1] ® wy
~ —wy ® [ws, wi]
~ wy ® [wy, ws]

= SBtLg(’wl ® wo X ’wg)

(—1)*T 1By 3(ws ® w1 ® wa) = wi ® [ws, wo]
~ —wy ® [wa, ws)

= (—1)*"'Bry 3(w1 ® wa @ ws)

(—1)2”“%%,3(103 ® W ® we) = —w3 ® [wy, wa)
~ [wi, wa] ® w3

= %‘Cl,g(wl X wo & wg)
Lemma 4.2.8. w = w; ® w2 @ --- Q@ wy, € eLie,, with w possibly not ordered.
3 —1
(_1)\0|+9+1%tg’h (wgfl(l) R ® wgfl(k)) — (_1)mm(a (g’h))+1%t{,—1(g7h)(w)

Proof. Consider a transposition 7 = (@ b ) € ¥, and suppose that a < b. Applying the transposition to w,
we have

THW=—wW R QWa—1 QW @Wg+1 X+ @ Wp—1 @ Wq Q Wpt1 & -+ @ wg

Let 1 < g < h < k. We want to show

By p, (7 xw) = (—1)™"C@DTMFIB/e s (w). (4.2)
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If {g,h} and {a, b} are disjoint, then Bty (7 x w) ~ By j(w).
Suppose b = g.

By n(Trxw) =By p(THw1 @+ @Wa—1 Q@ Wa @ Wap1 @+ QW1 Wy R Wyy1 @ @Wp @ -+ @ W)

—_%tg,h(w1®"'®wa71®wg®wa+1®"'®wg71®wa®wg+1®"'®wh®"'®wk)

= w1 @ Q@Wae1 @ Wg @ Way1 @+ QW1 @ Wgy1 @+ @ Who1 @ [Wa, Wh] @ - -+ @ wi

In order to make this look more like Bt applied to w, move wy to be between wy_1 and wg41. To do this,

apply g — 1 — a transpositions to switch w, with wq41, then w, with w,12 and so on.

(_1)9_1_a+1w1®"'®wa—1®wa+l®"'®wg—1®wg®wg+l®"'®wh—1®[wa;wh]®"'®wk

(=1)*T9B¢, 5 (w)

= (_1T(g)+g%t~r(g),h(u})~

Suppose a = h.

Brg p(Trw) =Brgp(T+ w1 @ - QUWg @+ @ Wh—1 D Wh D Wht1 ® -+ @ Wp—1 @ W @ Wpt1 @ -+ - @ W)
=—Bry (w1 ®@ AUy R QWh—1 QW @ Wh1 @ -+ D Wp—1 @ Wh @ Wpt1 @ - - @ W)
= Q- QW ® - @ Wh_1 D [Wey Wp] @ W1 ® - @ Wp_1 @ Wp, @ -+ D W
~NW R Wy R @ W1 @ W @ - @ Wh—1 D (W, wp] @ -+ @ Wy
= Bry(w)

Suppose a = g. We have

By (T Hw) = Brg p(Trwy @+ Q@ wy—1 @ Wy @ Wgp1 @+ @ Wp—1 @ Wy @ Whp1 @ -+ @ wy,)
=—Bryp(w1 Q@ QUWg—1 AWy @ Wgt1 @ -+ D Wp—1 Q@ Wy @ Wpy1 @ -+ - @ Wk).
Case b < h:

By p (T *w)

:%tg,h(T*’lUl@"‘@wgfl®wg®’wg+1®"‘®wb71®wb®wb+1®"‘®wh®“'®wk)
:_%tg,h(wl®"‘®wg—1®wb®wg+1®"'®’wb71®wg®wb+1®"‘®wh®"'®’wk)

=W R R Wy D W1 B+ @ W1 ® Wy @ Whi1 @+ @ Wh—1 @ [Wh, Wh] ® W1 ® -+ + @ W,

We want to move wy to be in between w,_; and wg41 in order to make this look more like a bracketing
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of w. To do this, we apply b — 1 — g transpositions to switch w, with wy_1, then switch wy with wy_o and

so on. We arrive at

By (7 *w)
= (_1)b_gw1 Q@ QUWg—1 QWG QWgy1 @ QWp—1 Q@ Wpt1 @+ Q@ Wh—1 @ [We, W] @ Why1 @ -+ @ wy,
= (=1)" 9By p(w)

= (—-1)7DHIBr () (w).
Case b= h:

By p(Txw) =Brgp(T+w1 @ - QWg—1 @ Wy QWg1 @ -+ @ Wh—1 @ Wh @ Why1 ® -+ @ W)
=—Bry (w1 @ QWg—1 QWp Q@ Wgy1 ® -+ QUWp—1 QWg @ Whp1 @ -+ @ W)

=W Q- @Wy—1 @ Wgy1 @+ @ Wp—1 @ [Wh, W] @ Whp1 ® -+ @ Wy
Using Lie bracket properties, [wy, wy] = —[wg, wp].

=W Q@ Wy—1 D Wep1 @+ @ Wh—1 ® [Wy, W] @ Why1 @ -+ @ Wy

= %tg,h(w).
Case h < b:

By p(Trxw) =By p(w @ @wg—1 @Wg @Wgy1 @+ QWp @+ @ Whe1 @ Wp ® Wyp1 @ - -+ @ W)
=—Brgp(w1 @ QWg_1 OWp QWgi1 @ QWp @+ QWp—1 @ Wy @ Wpy1 @ -+ @ W)

=W ® - QUWy 1 @Wgi1 @ @Wp—1 @ [Wh, Wh] @Why1 @ @Wp—1 @ Wy @ Wpt1 @+ @ Wy
Using Lie bracket properties, [wp,, wy] = —[wp, wp]
=W ® QW1 QWg1 @+ @ Wh—1 @ [Wh, Wp] @ Wh1 @ Q@ UWp—1 @ Wy @ Wpy1 ® - -+ Q@ W
In order to make this look more like Bt applied to w, wy needs to be between wy_1 and wg41.

:(_1>b_1_gw1®"'®wg*1®wg®wg+1®"'®wh71®[wh>wb]®wh+1®"'®wb71®wb+1®"'®wk
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Since b > h, use transpositions to move [wp, wp] to be between wy_1 and wp41

(_l)b—l—g-i-b—l—hwl R QWG R QUWp—1 ® Why1 @+ ® Wp—1 ® [w,“wb] R Wpp1 R -+ @ Wk

(—1)h+g%th7b(w)

= (71)T(h)+g%t7'(h),7'(g) (U))

O

Proof of Proposition 4.2.4. Let a € Ord(n, k), w € Lie,, z € E[Xa]*, and p € 3,. Let 0 € ¥ be the

1

unique permutation such that o oo p™ is ordered.

By applying (4.1)

Ogn(p-w® p(x)) = (=)0 (p - we-1(1) @ -+ @ Wom1(hy1) ® p - )

= (—1)loltotige (P wo-1(1) @+ ®Wy-1(141)) D tgn(p-x;00a0p™")
p commutes with Bt:
= () By (s 1) © D (i) B b (pla); 7 0 a0 )
By Lemma 4.2.8, we can write this as a bracketing of w instead of o x w:
= (—1)min@ @M+ By g (0) @ tgn(p(x); 00 a0 pY)
By Lemma 4.2.6, p commutes with ¢4 p:
=p- ((_Dmm(ffl(g,h))+1%t071(g,h)(w) Rtgn(z;o0 a))

By Lemma 4.2.5, we can move o to the index on ¢ so that the surjection used in ¢ is the same as the one

determined by w

. —1
=p- ((_1)mzn(a (g7h))+1%t0—1(g,h) (U)) ® to'_l(g7h) (.’E; a))

Now, this looks like the definition:

=p - Oo-1(g,n) (W @ T)
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4.3 Proof of Resolution

Theorem 4.3.1.
o o
0= A,_1(n) == - = Ay(n) =5 I" =0

is a long exact sequence.

To prove Theorem 4.3.1, we will show there is a natural quasi-isomorphism 7 : A4(n) — Z". We will apply
several results from [IJMO8] to reduce the quasi-isomorphism problem to the easier problem of showing
criAq(n)([1]) = cryZ™[1] for all 1 < t < n. By the calculations in Lemmas 4.3.2 and 4.3.3, this can be
further reduced to showing A4 (¢)([1]) = Z¢([1]) for all 1 < ¢ < n. For the case £ > 1, since Z%([1]) = 0, we
can further reduce this to showing that Ae(¢)([1]) ~ 0, which is done in Lemma 4.3.4.

Lemma 4.3.2. .
(X1, X) = @ QT V)
a€Surj(n,t) i=1
Proof. Consider a wedge \/E=1 X;, where X; = --- X; = X for some finite set X.

t

t
m\Vxyx @ QIO
i=1 a€Hom(n,t) i=1
The isomorphism can be seen in the following way. In order to write an injection n — \/ X;, we can first
decide which elements of n map to each X;, thus producing an ordered partition o« € Hom(n,t), and then
pick an injection on each X;.
From the cokernel formulation of cross effect, we see that the only basis elements of Z"(\/ X;) that survive

taking the cokernel are the ones that map an element of n to each X;, i.e. such that « is a surjection. [J

Lemma 4.3.3.

crAdml] = P QAo @]

a€Surj(n,t) i=1

Proof. Consider Aj(n) on a wedge V¢[1].

Acm)(V'I) = @ eliey @ R[ATF(VI1))]
p€eOrd(n,n—k)

1%

P cLie) @ (@ F(&'R1))
@€eOrd(n,n—k)

~ P cliee P R

p€eOrd(n,n—k) Behom(n—k,t)
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Taking the cokernel

criAp(n)([1],...,[1]) =~ @ eLiel, ® @ R[1]

p€eOrd(n,n—k) BESurj(n—k,t)
~ 0¥
- B B A
p€eO0rd(n,n—k) BeSurj(n—k,t)

Let

A= @ @ sLie;

@€O0rd(n,n—k) BeSurj(n—k,t)

and

B= P Totr(Ada™ (1)@ @ Ada™'(t))

a€Surj(n,t)
= & D A O)e- 00 (1)
a€eSurj(n,t) k1+-+ki=k
We will show A = B, motivating the isomorphism with examples.

Example B — A: Consider n =5,k = 2,t = 2. Let (a, kiu® v) be element of

B= @ D A )eu @)

a€Surj(5,2) k1+ko=2

with « defined by
1,3,4—2

2,5 1

E=(1,1), u=1[25] € A1({2,5}), and v = [1,3] ® 4 € A;({1,3,4}). Suppose u € eLiex,, and v € eLiey,, .
We have

4—3
<P1H502= 1,3—2
2,56—1
Then a = 7y 0 1 [[ ¢2, where v € Ord(3,2) defined by
2,332
1—1

Can factor @1 [[p2 = 0 0 ¢, where o € X3 is defined by

2—3
o= 1—2

3—1
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and ¢ € Ord(5, 3) is defined by
2,5—3

Y= 4 2
1,3—1

Let 8 =~ oo. Explicitly, 8 € Surj(3,2) is defined by

1,22
3—1

Reorder subwords in u ® v :

25 © [1L3 © 4 = [13 ® 4 © [25

U1 V2 U3 V2 U3 U1

Then w = [1,3] ® 4 ® [2, 5] € eLie],.
The element(a, kiu® v) € B goes to (p, f;w) in A.
Proof for B — A: Consider («, k; u) € B, where

u:(u%®...®uii)®(u%®...®uié)®...®(u’i®...®uzg)

and k! = [a=1(i)| — k; for all 4.

For all 4, we have u} ® -+ ® uz; € eLie], , for some @; : o' (i)e»k]. Let {; = k| +---k]. The subwords
of u can be re-indexed as u = v1 ® -+ ® Vp_, Where vy, 41 Q@ -+ Q vy, = uli X ® u}ﬁ Following
this re-indexing, we can think of ¢; equivalently as an ordered surjection a=t(i)e»{¢;_1 +1,...,4;}. Since
Skl =", (Jla"t(i)]—k;) = n—k, the coproduct o1 [ -- [ ¢ is a surjection n — n—k. Given 1 [T+ [T ¢4,

there is a unique strictly order preserving v : n — k — t such that « =y o (1 []--- ][] ¢¢). More explicitly,

Although each ¢; is an ordered surjection, @1 [[ - - -] ¢+ may not be ordered. There exists a unique o € %,,_,
and ¢ € Ord(n,n — k) such that cop = @1 [[---[[¢s Let B =~v00 and w = vo(1) @+ @ Vg(n—k) € cLiey,.
We have defined an element (¢, 3;w) € A.

Proof A — B: Consider (p, f;w) € A. Let a« = S o p. There exists p € ¥,,_j and a unique strictly order
preserving 7 € Ord(n — k, t) such that 8 = no p. Letting ¢; = Z;Zl |B71(3)|, we can explicitly define 1 by

If we further require p to be order preserving when restricted to each of 371(1),..., 371(t), then the choice
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of p is unique. If we let k;(8,¢) = |a~1(i)| — |371(4)] for all 4, then
3 k(8,0 = S (la )~ 187 @) = n— (2 — k) = &

Let u = w,-1(1) ® -+ @ Wy-1(—k). We have defined an element («, k(B,¢)iu) €B
Check B — A — B = id: Start with («, k, u) € B. Following the description above,

—

(a,k,u) > (07 o H%‘A’O 0, Vp(1) @+ @ Vg(n—k))-

Mapping back to B, we get

(U_l o H%‘KY ©0,V5(1) - ® Ua(nfk)) — (6 ° Y, E(ﬁa @)7wp*1(1) ®-® wpfl(n—k))a

where

ﬂogp:(fyoa)o(a*loﬂgo) =a.

By the definition of ~y, |[y~1(i)| = k/. Since

ki(B,0) = (Bo @)™ ()] =187 (3)]
=la™ (@] = (vo o)~ ()|
= o™ ()] - K]

= kiv

we conclude E(@cp) = k. Notice that if we factor 8 as B8 = nop such that p € ¥,,_j is strictly order

preserving on each 371(i) and : n — k — t, then = v and p = . Since Wy—1(3) = Vg(p-1(i)) = Vi, We have

(6 ° Y, E(ﬁa w)vafl(l) - wpfl(n—k)) = (Oé, Ea u)

as desired.

Check A — B — A = id: Consider (¢, 8,w) € A. Following the description above,
(0, B,w) = (B0 @, k(B,0), Wp1(1) ® - @ Wyt (r—))-
Mapping back to A, we get
(Bo @, k(B,0),Wp-11) ® -+ @ Wy-1(n_py) > (71 0 H ©iyY © 0, V(1) @+ + + @ Vg (n—k))-

The tensor w,-1(1) ® -+ ® w,-1(,_} determines a partition of n into n — k blocks, which determines a
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unique ordered surjection, o1 o (][] ;). Since w; ® -+ @ w,_ is just a reordering of blocks, it describes the
same ordered surjection. So ¢ = o~ o (][ ;) and it follows that V(1) @+ @ Vg(nok) = W1 @+ @ Wy_k-

The strictly ordered surjection « is defined by v o (JJ¢:) = «, so

vo(J[ei) =a
=fBoyp

:ﬁoaflo(Hgai)

and v = Boo~!. We have

(0’1 o Hcpi,fy 00,V5(1) @ ®Vg(n—k)) = (@, B, w)

as desired.

Lemma 4.3.4. Forn > 1, the chain complex
0—A,—1(n)[1] = -+ = Ao(n)[1] = 0

s a long exact sequence.

Proof. Fix n > 1. Let A, = Ag(n)*[1]. Because X = [1], R[X] = R, and we can drop the R [X] coordinates

when we write elements of A. In other words, Ax = @, cord(nn-k) EL1C,-

We will use the dual complex
0+ A, 1+ A9+ -+ Ay« 0

and construct a contracting homotopy.

Define s : Ay — Ag_1 recursively in the following way. Let w € A be a basis element, i.e. w =
w1 ® - @wy_t € eLie, for some ¢ € Ord(n,n — k) such that each wj; is a bracket in eLie,-1¢;y. If wy = [a],
where a € ¢7!(1), then

s(w) = 0.
If Jwy| > 1, then we can write wy = [a,w}] and let
n—k+1

s(w)=a@ W] QW @ -+ Wy — Z s(OLp(a@w] @Wa ® -+ @ wy_y)).
h=3
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For indexing reasons, sometimes it is convenient to use the equivalent definition
n—k
s(w)=aQ@uW] Wy @+ @ Wy_p — Z (01 pt1(a@ W] @wy @+ ® wy_i)).

h=2

We will show 0s + s0 = Id.

First, consider the case where wy = [a]. By definition,

We also have

s0(w) = Z s (Og,n(w)) (4.3)

1<g<h<n—k
= > s@a)+ D> s((-1D)MaRwr® - @ we, wa ® - @ wn_) (4.4)
2<h<n—k 2<g<h<n—k
= Y s(@n(w) (4.5)
2<h<n—k
=s([a,w2] QW3 @+ @ Wp—p) + Z s (O1,n(w)) (4.6)
3<h<n—k
n—k
= @w @ - Qup— Y sOrnla@w@ws @ - @wa))+ Y. s(@ua(w)) (47
h=3 3<h<n—k
=w (4.8)

where (4.3) and (4.6) follow from definition of d and 9y 1, (4.5) follows from the first part of the definition of
s, and (4.7) from the second part of the definition of s. So, in the case where w; = [a], we have ds+ sd = Id.

We will induct on the number of letters in w;. Suppose we have shown ds(w) + s0(w) = w for all w with
|wy] < m. Consider w = w; ® Wy ® - -+ @ Wy _, where |wi| =m + 1. Let wy = [a,w}]. To simplify some of
the writing, let w’' = a @ w1 ® - -+ ® Wy _s.

Consider 9s(w). Applying s,
n—k+1

s(w)y=w'— Y s0yp(w).

h=3

Applying 0,
n—k+1

Os(w) = d(w') — > 9sdyp(w).
h=3

Since |w}| = m and w] will be the first factor in 91 j(w’) for all 3 < h <n — k + 1, by assumption

88(817}1(’11}/)) = (“)Lh(w’) — s@(@l,h(w')). (49)
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Then we have

n—k+1

Os(w) = (w') — Y 0sdp(w') (4.10)
h=3

n—k+1

= D O = > 9sdya(w) (4.11)
h=3

1<i<j<n—k+1

n—k+1 n—k+1
= > )= ) @)+ > 00 sw) (4.12)
1<i<j<n—k+1 h=3 h=3
n—k+1
=w+ Y O+ D 500w (4.13)
2<i<j<n—k+1 h=3
n—k
=w+ Y O+ 901 (w) (4.14)
2<i<j<n—k+1 h=2

where (4.11) comes from definition of 9, (4.12) follows from (4.9), and (4.14) shifts the index on the second
sum in (4.13) down by 1 and the indexes on to make the terms easier to match up later.

Expand the second term in (4.14) by cases for possible values for the index i.

Z 0i3(w') = Z Oig1,541 () (4.15)

2<i<j<n—k+1 1<i<j<n—k

= —a® [w), wa] @ -+ @ wy_ (4.16)
n—k

—z:ot®wg®---®[w'1,wj]®--~®wn_;~c (4.17)
j=3
n—kj—1

D aouw @ RW e ® [w,w)] @ @ wyk (4.18)
=3 i=2

Expand Y 001 p+1(w'):
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n—k n—k

Z 5001 py1(w') = Z SO(W, @wa ® -+ @Wh_1 @ [a,wp] @ -+ @ Wy_g)
h=2 h=2

=3 Y st eu e @ @0, wn] @ @ w,y)
h=21<i<j<n—k

= Z ([wl, we] ®ws ® -+ @ Wh—1 @ [a,Wh] ® - -+ @ Wn_) (4.19)
n—kh—1

YD s(we® - @ fwh,wi] © - ® [a,wn] © - © woi) (4.20)
h=2 j=3
n—kh—175-2

+ ZZZS(’LUll ®®@:®®[w“w1]®® [a7wh]®"'®wn—k) (421)
h=2 j=2 i=2

+ s([wh, [a, wo]] @ w3 @ -+ @ wp—y) (4.22)
n—k

+ ) s(we®- - Q@uwp_1 @ [wh,[a,wp]] @+ @ wp_k) (4.23)
h=3
n—k h—1

YN DT s @ R W ® - @ [wy, [a, wh]] @ -+ @ wo_g) (4.24)
h=3 i=2
n—k

+ ) s(la,w] @ws @+ @ [wi, w] @ -+ @ wp) (4.25)
j=3
n—k n—k

+ Z Z S(wr @ @ [a,wp] ® - @wj—1 @ Wi, wj] @+ @ wy_y) (4.26)
h=3 j=h+1
n—k n—=k

+ Z Z (1) s @ QW ® - @ [a, wp] @ -+ @ [wy, W] @ - D wy_4,) (4.27)
h=3 j=h+1
n—k n—k .

+3 D ()M s @ @ o, wh] @ - @ (o, wh], w] @ - @ wag) (4.28)
h=2 j=h+1
n—k n—k j—1

+Z Z Z 1+1 ®---®[a,wh}®"'®@®"'®[wi,wj]@)"'@wn—k) (4.29)

h=2 j=h+1i=h+1

We want a contracting homotopy with sd, so we will expand that also in order to compare terms.

Z s(wz & - [avwll]ij] Q- ® wn—k)
=
n—kj—1
YYD s(awl] @ QW @ - @ [wiywy] @ - @ Wi (4.30)
J=3 1=2
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Apply the definition of s to (4.30).

s0(w) = s([[a, wi], wa] @ -+ @ wp_k) (4.31)

n—k

+> 5w @ @ [[a, wh],wy] ® - ® w_y) (4.32)
=3
n—kj—1 4

Y Y )R w @ - @w @ @ [wi, w] @ @ wy g (4.33)
j=3 i=2
n—kj—1 n—=k .

YY)t e @ whw] @@ o wg - @ wn ) (4.34)
=2 i=2 g=j+1
n—kj—1 ‘

Y Y ()l @ @ w @ [a, [wi, wg]] @ - @ wn i) (4.35)
j=3 i=2
n—kj—1 j—1

XY Y () s e eme @ law] e @ lw] @ Sway)  (436)
j=3 i=2 g=i+1
n—kj—1i—1 )

— (—D)Ms(w] @ @ [a,w,] @ @W; @ -+ @ [y, w;] @ -+ @ W) (4.37)
j=3 i=2 g=2

Our goal is to show ds(w) + sO(w) = w. As desired, w shows up in (4.14), but we need to show that
everything else will cancel. It is immediate that the following pairs cancel: (4.21) and (4.34), (4.27) and
(4.36), (4.18) and (4.33), and (4.29) and (4.37). With some re-indexing of the sums,

n—kh—1
(4.24) + (4.28) + (4.35) = Y Y (-1)""'s @ [y, [a, wp]] ® - @ W)

h=3 =2
n—k n—k

+° Y ()M sl @ @ [[a, wal w] @ - @ wag)
h=2 j=h+1
n—kj—1

- Z Z(—l)”ls(w'l @R [a, [wi,w;]] @+ @ wp—_)
j=3 i=2
n—kj—1

=3 Y ()T s(wi @ @ [wi, [0, w]] @ -+ @ wn)
j=3 i=2
n—k n—=k

30 D sl @ o e wlw) @ @ w,n)
i=2 j=i+1
n—kj—1

- (D)™ s(wy @ - @ [a, [wi, wy]] @ - @ W)
j=3 i=2

n—kj—1
= S s} @ © ([ [y ]) + [l il ] = [, o, ) @ - @ i)
7j=3 1=2

By the Jacobi relation,
(4.24) + (4.28) + (4.35) = 0.
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Apply the definition of s to (4.25).

n—k
(4.25) = s(la, we] @ w3 @ -+ @ [Wh,w;] ® -+ @ wp—_y)

=3
n—k

:Za®w2®---®[w’l,wj]®-~-®wn_k (4.38)
=3
n—kj—1

=D s(we @ @ [a,wp] ® - ® [wh, wy] @ - @ W) (4.39)
=3 h=3
n—k

- Zs(w2®~-~® [a, [w],wp]] @ -+ @ wp_k) (4.40)
h=3
n—k n—k

S(we @ -+ @ (W, w;] @ @ [a, wp] @+ ® wp_k) (4.41)

j=3 h=j+1

The following pairs cancel: (4.38) and (4.17), (4.26) and (4.39), and (4.20) and (4.41). By a similar argument
0 (4.24) 4 (4.28) + (4.35) = 0, by the Jacobi relation,

(4.23) + (4.32) + (4.40) = 0.
Applying the Jacobi relation to (4.31) and (4.22), and then applying the definition of s,

(4.22) + (4.31) = s([w], [a, w2]] @ w3 @ -+ @ wp—k) + s([[a, w]], wa] @+ -+ @ Wy _k)
= s([a, [w}, wo]] ® -+ @ wp—)

=a® W, ws] @ @wy_g (4.42)

- Z ’(1)17 w? - ® [a7 wh} Q- QWp—k (443)

Finally, (4.42) 4 (4.16) = 0 and (4.43) 4 (4.19) = 0. We have shown Js(w) + sd(w) = w for all w.

With the special case of X = [1] complete, we can prove Theorem 4.3.1.

Proof of Theorem 4.3.1. We wish to show there is a quasi-isomorphism 7 : A4(n) — Z™.

Since Z™ is a chain complex concentrated in degree 0, (n)x : Ax(n) = (Z™), must be trivial for & > 0.
Then (n)o should be §;.

This problem can be reduced to consider only a finite number of sets. Both Aq(n) and Z™ are degree n

discrete modules. By [IJMO08, Corollary 2.4], in order to show this is a quasi-isomorphism, it suffices to show

)+ Aa(n)[s] = I"[s]
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for all s <n.
We can further reduce to a question on the cross effects of Aq(n) and Z™ evaluated at the set [1]. There

is a result [JMO04, Proposition 1.2] that lets us write a functor in terms of its cross effects.

F(\/Xl)gF(O)@ @ CrtF(Xsla-“aXSt)

i=1 {s1,-..,8¢}C s

In this case,

and

Ae(n)([0]) =~ 0 = 77(0],

so we can rewrite both Ae(n)[s] and Z"[s] as

and

M (\/ 1)) = B ez, 1)

i=1 {s1,...,8¢}C s

Therefore, we only need to show that the restriction of 77 to cr; Aq(n)[1] = cr,Z"[1] for 1 < t < n. We show
this quasi-isomorphism by the following cases.

Case t = 1 and n = 1: This is automatic because crj A4([1]) is a copy of R concentrated at 0, cr;Z*([1]) =
R, and 7 in this case sends 1 to 1.

Case t = 1 and n > 1: Reduced functors are equivalent to their first cross effects. For n > 1, Z"([1]) = 0.
In Lemma 4.3.4, we show A,(n)[1] = 0 via contracting homotopy.

Case t > 1:

From the lemmas we have

t

criAe(n)[1] ~ @ ®A-(|0¢71(i)|)([1])

a€cSurj(n,t) i=1

and

e Z™([1,.... 1)~ P QI D).

a€Surj(n,t) =1

From the previous cases, we have quasi-isomorphisms A (Ja=1(i)[)([1]) = Zl* " ®I([1]). So, we have a

quasi-isomorphism on the whole thing.

O
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Chapter 5

Tricomplex

5.1 Generalized Robinson Complex
Let = denote the (reduced) Robinson bicomplex. We know from [IJMO8] that there is a quasi-isomorphism
EF ~ D F.

We will use this fact and multilinearization to compute Dy F for any k.

Proposition 5.1.1. [JM04]
DyF(X) =~ (D) e, F([1])) @5, R [AFX]

Given the proposition and ZF ~ D1 F', we have the following corollary.

Corollary 5.1.2. For a discrete module F,
DyF(X) = Tot(E® ery F([1])) s, R [A*X]

where the exponent on =) indicates that the Robinson complex should be applied to each of the k inputs of

cripF.

The Robinson bicomplex, ZF, is the following complex of chain complexes:
-+ = eLie} @y, cr3 F(X) — eLie;®s,cro F(X) — eLie}®x, cr F(X).

If instead of F' we consider croF'(—, ) and apply = in one variable and then the other, we get the following
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bicomplex of bicomplexes:

.. eLiej®@x,cr} (eLies @y, crieraF) — cLiej®@y,crd (eLiey @y, crjcraF) — eLiej®x,crd (eLie] @y, cricra F)

: : :

... eLies®x,crd (5Lie§®gscr§cr2F) — eLiej®x,cr} (5Lie§®g2cr%cr2F) — eLie;®sx, cr} (5Lie’{®glcr%cr2F)

: : :

... eLie]®yx, crf (5Lie§®23cr§cr2F) — eLie]®y, cri (8Lie§®zzcr%cr2F) — eLie]®y, cri (5Lie"{®zlcr%cr2F)

given by

(EIEQCI‘QF(—, *)p_1,g-1 ELie;@zpCI‘zl) (5Lie;<§)gqcr30r2F(—,*)) .

Let — = x = [1]. To get a chain complex of bicomplexes, we take the total complex:

T.(2)F :=Tot (ElEQCQF([l], [1]))

n

~ (P cLie;®s,cr) (Lie; &g, criera F((1])) ([1)).
p+qg=n+2
p,q,2>1

In general, we can consider criF', apply Z in each variable to get a k-complex of k-complexes, and then
take the total complex to get a chain complex of k-complexes:

To(k)F :=Tot (2 - Erer, F([1],...,[1]))

n

~ @ gLie;‘,l@gplcr}l,l ( - (ELie;k®2pk cr’;kcrkF([l])) . ) ([1]).
pit-+pr=ntk
P1sesPe 21

We will show that (Te(k))ns, is quasi-isomorphic to a chain complex of k-complexes whose entries match
up with our resolution.

We start with a lemma on cross effects.

Lemma 5.1.3.

cr,lCl ceeny erp B = ey 4, FL

Proof. In [JM04, Example 1.8], they show there is an adjunction between precomposition with the diagonal

functor A’ and cr,. In other words,

Homfunctors(F o Aru G) = Homnfreduced(F7 CrnG)~ (51)
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Note F : A" — B, so F' = (—1,—2,...,—n). Applying (5.1) to cr;, ,

Hom(F,cr),, el crG) 2 Hom(F(Anyy —ny 41,5 —n)sCln, -+ crh crpG).

We can repeat this for cri2 and so on:

Hom(F,cr), el crG) 2 Hom(F(Apy, —ny 41,5 —n)sCla, -+ crh crpG)
= Hom(F'(An,, Angs —nytnotls---s—n); crf’l3 . ~crﬁkcrkG)

>~ Hom(F(Ap,, ..., An,), et G)

>~ Hom(F o A, G).
From these two natural(in F' and G) isomorphisms with Hom(F o A,,, G), we get a natural isomorphism
Homy, yeq. (F, cr}nclri2 . crf;k crpG) =2 Homy,—yeq. (F, cr,G).
That is an isomorphism in

Nat(Hom(—, crrlllcriz . -crﬁkcrk), Hom(—, cry,)),

which corresponds to a natural isomorphism Hom(cr} cr?_---crk cry,cry,).
O
In order to make use of Lemma 5.1.3, we re-write the entries of T,(2) with the following lemma.
Lemma 5.1.4.
@ crzljk ( . (cr’;k crkF@)Epk 6Lie;k) . ) ®2p1 6Lie;1
p1+-+pr=n+k
= @ (Crllh T C?’j;k C?”kF) ®2pk ELie;k T ®2p1 EL%;
p1+-+pr=n+k
Proof. Since cr,, is an exact functor, it preserves derived functors.[Wei94, Ex 2.4.2]
O

We need another lemma to take this bisimplicial complex to a complex.

Lemma 5.1.5.

FRsM®rN ~ FRgur(M @ N).
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Proof. Let F be a S x T-module, M be a S-module, and N be an T-module. Consider
(F®sM)®7N.
This is a bisimplicial complex where
(m,n) — F® R[S]®™ @ M ® R[T|®" ® N.
We get a simplicial complex by diagonalizing:
n— F®R[S]®*" @ M ® R[T)*" @ N
and

Xn

FORISI®"®@M@RT®" @ N~2F®R[S]® " ®R[S|o M@ R[T|® " R[T]|® N
~ F® (R[S] @ R[T))®*™(M @ N)
2FRR[SxT)*"®@(M&N).

So, the diagonalization of (F&gM)®7 N is isomorphic as a simplicial module to F@gx7(M ® N). The fact
that the diagonalization of (F' RgM )@TN is equivalent to the total complex of the associated bicomplex is
precisely the Eilenberg-Zilber Theorem [Wei94, Theorem 8.5.1]. Thus,

Tot((FRsM)®rN) ~ FRgxrM @ N.

By repeatedly apply Lemma 5.1.5, we have the following corollary.

Corollary 5.1.6.
M®s, eLie, - ®x, elies ~ M®s, ..xx, (eLie), @--- @ eLie;,)

Lemma 5.1.7 follows from Corollary 5.1.6, Lemma 5.1.3, and Lemma 5.1.4.

Lemma 5.1.7.

T, (k)F[1] ~ P clig, ®-- @eclicy, @z, x.xx,, crnirF([1])
pit-+pr=ntk
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5.2 Isomorphism between T),(k) and Ay (n)

In this section, we show that the entries of the total complex of the generalized Robinson complex are
quasi-isomorphic to the entries from the degree resolution.

Theorem 5.2.1.

~

(T (k) F)®5, R [X*] = Ak (n)F(X)
as R[X,]-modules.

In order to prove Theorem 5.2.1, we will use the following more general propositions for R-modules.
Suppose we have an R-module, M;, for every positive integer ¢ such that M; has a ¥; action. Fix n.
Consider

A= B Moa)@- Mo
a€Surj(n,k)

and

B: @ M£1®..®Mf;‘n ®2g1><“-><2gk E’I’L?
Lit+Lla+-+L=n

where all ¢; > 1.
Proposition 5.2.2. There is an isomorphism f: A — B that commutes with the ¥, actions.

Proof. Consider (a;m1 ® -+ ® my) be an element of the summand of A corresponding to « € Surj(n, k).
If we let £; = [a~!(j)| for 1 < j <k, then {1 +---+ £, = n. Let £ = (¢1,...,£). Define a strictly order

preserving surjection by : n — k corresponding to ¢ by

1 if 1 </
) 2 if b <i</ty+4o
be(i) =
k ifly+blo+--+ b1 <i<n

The surjection « defines a partition of n into k& blocks, where the i-th block is a~!(i). We can factor
a = by o7y, where 7, € X,,. If 7 and 7’ differ only by transpositions within blocks of «, then by o7 = by o 7'.
So, the factorization may not be unique. We pick 7, such that the restriction of 7, to a=!(i) is order
preserving for each .
Define f: A — B by
flaym @ - @mg) = (6m; Q- @My ® Ty).

To find an inverse for f, consider (¢;m; ®---®my, ® o), an element of the summand of B corresponding to
¢ = (£y,...,¢). By the same construction as above, we have a strictly order preserving surjection by : n — k.

The composition by o o is another surjection n — k. The restriction of o to (b 0 0)~1(i) may not be order
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preserving for all i. However, we can write o as a composition 7p, where 7 is order preserving on blocks of
by oo and p € 3, permutes elements within blocks. We can think of p as (p1,...,px) € X, X -+ X Xy, .

Because we are tensoring over Xy, X --- X Xy, , we have

Lm ® - @mr®0o) ~ (Gmy-py ' @ @my - it ®T).
Define g : B — A by
glimi @ - @my ® o) = g(lmy - pr' ® - @my - py @T) = (bpoTimapr @ @my ).

Note g is the inverse of f, so f is an isomorphism. We also have that f commutes with the ¥, action.

Gmi @ - @mEpRo) pu=lm & - Q@my® oo pu)

¢; m1P1 - ® mkplzl & chp,)

2

beTop; M1py ®"'®mkP;§1)

(
(4
g mlpfl K& mkpgl ® Tou) = (
(

= (bpTy;m1 ® - - @my) -

~flim @ - Q@mEp®0o) - .

O

Proposition 5.2.3. For a group G with a subgroup H, if M is an H module, and N is a G module, then
(M @y G)&aN ~ M&yN.
Proof. Since H is a subgroup of G, the action of H on G is free. By Lemma 3.2.1,

M®HG2M®HG.
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So,

(M @y G)@aN ~ (MByG)&cN
~ MRy (GReN)
~ M&y(G®c N)

~ M®yN

We now proceed with the proof of the theorem.

Proof. (of Theorem 5.2.1)
Recall

Ap_r(N)F(X) = cr, F([1))®s, P cLie, @ R[X*]
p€eSurj(n,k) hS

By Lemma 5.1.7,

(Tn-k(k)F)&x, R [X*] ~ | €D eLief®s,cr, F([1) | s, R [X"],

|Pl=n

where p'= (p1,...,px) such that p; + -+ px = n, elie; = cLie; ®---®cLie,

oo and Yy =X, X - X By,

Applying Proposition 5.2.3,

@ ELie}@)gﬁcrnF([l]) ~ cr, F([1])®x, @ elie; ®s; R[%,]

[pl=n |B]=n

So,

(Tn—k(k)F)&x, R [X*] ~ cr, F([1])8s, | €D cLiey®x, Sn | &5, R [XF].

|Pl=n

The final step is to show

P cliejos, S~ @ elie),

[pl=n @€eSurj(n,k)

which follows from Proposition 5.2.2.
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