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Abstract

This thesis is structured into two parts. In the first two chapters, we prove the noncommutative version
of the Arithmetic Geometric Mean (AGM) inequality (this is a joint work with Mingyue Zhao and Maruis
Junge). We start Chapter 2 by giving some background about the partition and Mo6bius function. We
then prove the two main theorems: The AGM inequality for the norm and for the order. In Chapter 3, we
provide some applications from random matrices such as Wishart random matrices, vector-valued moments
of convex bodies, and freely independent operators.

The second part is about a ternary ring of operators (TRO). After giving a quick survey for the work
of Todorov on the operator space version of Zettl’s decomposition theorem, we introduce crossed products
of ternary ring of operators (the full crossed product and the reduced crossed product). We also prove that
V x,v G as the off-diagonal corner of the C*-algebra A(V)x,a(v)G. Equivalently, we have the *-isomorphism
between the two linking C*-algebras, i.e. A(V x,v G) = A(V) x,av) G. By using this identity, we obtain
that if the group G is amenable, some local properties for TRO’s preserve with the crossed product. We also
provide a counter example which shows that if the linking C*-algebras A(V') and A(W) are x-isomorphic or
if their diagonal components are *-isomorphic, then their TRO’s are not isomorphic. Similar example will

be applied for W*-TRO’s.

ii



To my lovely mother, brothers and sisters.

iii



Acknowledgments

The Prophet of Islam, Muhammad, once said, “He who does not thank people, does not thank God”.
Throughout my Ph.D. journey I have met many people who left a significant mark on my heart and I would
like to thank them for helping me become who I am now.

I would like to express my sincere gratitude to my adviser, Professor Zhong-Jin Ruan at the University of
Ilinois at Urbana-Champaign (UTUC), who introduced me to the field of Operator Algebras and encouraged
me patiently to obtain a good understanding and knowledge about this field. His door was always open to
me whenever I had a question regarding my research. I am so thankful for his kindness, patience, motivation
and immense knowledge that he offered to me throughout my journey. He also gave me the opportunity
to attend many mathematical conferences, which exposed me to new frontiers in Operator Algebras. I will
always remember him as a great teacher, educator and adviser, who taught me a lot about this field and
supported me in many ways. I feel so lucky to be one of his students.

I am greatly indebted to my second adviser Professor Marius Junge for his tremendous support. His
constant encouragement and guidance helped me a lot to continue my research and to trust myself. T am
grateful for the chances that he offered me, like to present our work at the GPOT conference at UTUC. It
was one of the happiest moments during my graduate years. I am so thankful to him for encouraging me,
motivating me and directing me. I feel very fortunate to have worked with him, and without his support
this accomplishment would not have been possible.

I am also in gratitude to Professor Florin Boca for reading my thesis carefully and for providing me
helpful comments and suggestions to improve my thesis writing. I feel so honored and blessed to have been
a student in his class.

I would like to thank Professor Xiaochun Li for the time he spent reading my thesis, and I was honored
to be his student in the Real Analysis class.

My very sincere gratitude goes to my calculus teacher in King Abdelaziz University, Rema Janbi. Her
special way of teaching gave me the motivation and curiosity to complete my study in mathematics. I would

like to give her a big thank you for her constant support, encouragement and inspiration.

v



Many thanks to all my graduate colleagues especially Abduallah Eid, Neriman Tokcan, Mingyu Zhao,
Li Gao, Sepideh Rezvani, Michael Oyengo, Sneha Chaubey, Jooyeon Chung, Ebru Toprak, Stephen Long-
field, Darlayne Addabbo, and Sarka Petrickova for their wonderful collaboration and useful discussions and
suggestions. Thank you from the bottom of my heart for your support and willingness to help me all time.

A special thanks goes to my friends here in the U.S and back in Saudia Arabia; Alya’a Alharbi, Asmaa
Al-munayes, Basemah Almotari, Abeer Alzahrani, Fatemah and Zainab Hermes, Shaimaa Raheem, Abeer
Badghaish, Mai Fadag, Reem Gari and Nuha Sabaagh, who have helped me in one way or another to get to
this point. Their love, prayer, advice and encouragement during my graduate years motivated me to keep
going until I got to this point.

I am also indebted to my friends who stood by me in the time that I had a very bad health condition.
They were my family who took care of me and spent the whole night with me when I was in the hospital.
Thank you Neirman Tackon, Afnan Alsagaf, Abeer Alzahrani and Fatemah Hermes for your support during
that difficult and tough time. Special thank for Michael Oyengo who collected all the lecture notes that I
missed and sent them to my home.

I also would like to express my gratitude to my lovely neighbors, Lydia and Meirlin Taber for many
interesting gatherings and all discussing we had over the years and for their kindness and sweetness that I
always be remembered.

My deepest thanks also go to my mother for her constant support and love especially at the time that
I had so much difficulties through my graduate years. Her constant encouragement helped me to be who I
am today and without her support, I couldn’t have finished my Ph.D.

Also T would like to thank my little sister Arwa who suggested this university to me and started this
great life experience (studying abroad) with me. It would have been extremely difficult for me If T started
this experience without her. Also, many thanks go to all my brothers and sister, Ahmad, Jafar, Mohammad
and Faten for their unconditional support and love. I am also indebted to my late father, who was my first
love, teacher, and adviser in this life.

I would also like to take this opportunity to express my gratitude to my country Saudi Arabia who
financially supported me during my graduate studies in the United State.

Most importantly and above all, I would like to humbly thank God, Allah, who opened all the closed
doors to me and gave me the power and the strength to stand up whenever I fell down until I approached

my dream.



Table of Contents

[List of Symbols| . . . . . . . e e e e e e e e e e e e vii
[Chapter 1 Introduction| . . . . . . . . . . i i i i i i i i i e e e e e e e e et e e e e e e e u 1
[Chapter 2 Non commutative Arithmetic Geometric Mean Inequality] . ... ... .. .. 8
2.1 Partition and Mobius Formulal . . . . . . . . ... 9
[2.2 AGM inequality for thenorm| . . . . ... ... ... ... o o 16
2.3 inequality for the order| . . . . . . . . . .o 18
[Chapter 3 AGM inequalities in application| . . . ... ... ... ... ... 0000, 25
3.1 AGM inequality for random matrices|. . . . . . . . ... L Lo 25
3.2 pplications for log concave measures| . . . . . . . . .. ..o 29
8.3 Wishart random variable matrices| . . . . . . .. ... Lo 33
3.4 Application of Pisier’s construction for freely independent random variables| . . . . . . . . .. 36
[Chapter 4 Ternary ring ofoperators| . . ... ... ... ... ... o000 42
4.1 Definitions and properties| . . . . . . . . .. 42
4.2 Cb-version of Zettl's decomposition theorem|. . . . . . . . ... ... Lo 45

4.3 Equivalence between TRO’s| . . . . . ... ... ... ... o 47
FE4 Equivalence betweenn W -TRO| . . . .« o v v e e e 50

[Chapter 5 Crossed Product of TRO’s | . . . . .. ... ... . o oo, 52

5.1 rossed product o —algebras| . ... L L L 52
5.2 rossed product o -algebras and its local properties|. . . . . . . ... .. oL 54
5.3 Reduced and tull crossed product of TRO’s| . . . . . . ... ... ... .. ... ........ 55
.4 Local properties|. . . . . . . . . 60
9.5 Conditional crossed product| . . . . . . . . . . 61
[Appendix A TRO-homomorphism | . . ... ... ... ... ... 00000000 65
References] . - « « v v o v vt i e e e e e e e e e e e e e e e e e e e e e 68

vi



List of Symbols

Pd(Ala B3] An)

H® *(G)
Axyr G
AXg G
Axa G
V XarG
V Xa,r G

the set of real numbers

the set of complex numbers

the space of compact operators on a Hilbert space H
the space of bounded operators on a Hilbert space H
the average product of noncommutative operators of length d
the left regular representation of a group G

the algebra of n X n matrices

Hilbert space crossed product

the reduced crossed product of a C*-algebra A

the full crossed product of a C*-algebra A

the conditional crossed product of a C*-algebra A
the reduced crossed product of a TRO V'

the full crossed product of a TRO V

vii



Chapter 1

Introduction

The focus of the first part of this exposition is to study the arithmetic geometric mean inequality in
a noncommutative context. As pointed out by Ré and Recht in [RR12], noncommutative versions of the
AGM inequalities are relevant to machine learning. In particular, their proof, which employed the classical

MacLaurin inequalities, led to improved convergence rate of the algorithms in machine learning.

Let us recall the famous MacLaurin inequalities for positive real numbers x4, ..., z,, and the normalized d-th

symmetric sums as

Sd(xil,...,min):(Z)_l > ]

T7C{1,...,n} €T
|7|=d

where 1 < d < n and |7| := the cardinality of 7. According to the MacLaurin inequalities, we have
S1 > V8 > VS5 > .. > VS,

In particular, S; > /S, is the standard AGM inequality. For more details about the classical AGM
inequality see [HLP52|. In this project, we will discuss noncommutative versions of MacLaurin’s inequalities.
Indeed, we will consider a generalized AGM inequality for the norm and the order. It may come as a surprise
to the operator algebra community that these inequalities are motivated by problems in machine learning,
stochastic gradient method (see Buttou [Bot98] and the reference there is in [RR12]), and randomized
coordinates descent (see Nesterov [Nesl12]). This interesting connection along with an overview of known
results on this topic can be found in [RR11] and [RR12]. In fact, these methods contain an iteration
procedure which can be performed with or without replacement samples. Recht and Ré, in [RR11], study
the performance of both. They show that the expected convergence rate without replacement is faster than

that with replacement. They proved this result by using a particular AGM inequality.

In the effort to generalize the classical AGM inequality to the noncommutative setting, a standard but

naive procedure in noncommutative analysis is to replace scalars by operators. Famous examples of this



strategy are Cauchy-Schwarz type inequalities for C*-modules, Khintchine, and martingale inequalities.(See
e.g. [Lus86|, [LPPI1|, [PX03], [Ran02], [Jun02] , [JX03], [JX03]. For a general survey see [PX03|.) Proving
these noncommutative extensions often employs a combination of functional analytic and combinatorial
methods. In fact, the key results of this project heavily rely on Pisier’s interpretation of Rota’s Mébius

formulae for partitions in the setting of martingales in non-commutative L,-spaces. A NC-AGM inequality

would ask whether
701
Ay Ay < (234" (1.0.1)

holds for positive operators Aj,..., A, on a Hilbert space. (In this context we shall interpret z < y as
requiring that y — x is positive semi-definite.) However, for positive operators A and B, the product AB
may not be positive or even self-adjoint. Thus, the inequality (1.1) may not make sense. Inspired by Recht
and Ré, we modify by replacing the left hand side with the average of all the products of the operators
A;, which turns out to be self-adjoint. Following the MacLaurin approach, we may now ask whether the

AGM inequality holds on average, i.e.

1 71w
] Z Agy Aoy < ( ﬁ ZAJ (1.0.2)
T oeS, j=1
7 1 &
' Z Ag(l Ag(n) < (gZAJ)n (1.0.3)

oeSy, j=1

Unfortunately, we can not prove in general. A milder version of (| is to ask for

S

1
”7 Z o(1) " U n)H < H E Z (104)

ocEeS, Jj=1

where ||z|| = ||lz|| g(#) refers to the standard operator norm of bounded operators on a Hilbert space H. The
inequality ([1.0.4]) is a particular case of the noncommutative MacLaurin inequalities discussed in [RR11].

Indeed, for fixed d we may consider the following average product of noncommutative operators of length d:

1
Py(Ay, A= ——— > Ajy - Ay,

n---(n—d+1
( + ) 1<j1,...,ja<n all different

We refer to the example in |[RR12| for the fact that the symmetrization for the operators in the AGM



inequality is required. In [RR11], Ré and Recht posed the following question: Is it true that for positive

bounded operators Ay, ..., A, on a Hilbert space one has
|PalAv ooy A < |[PL(Ar, e, Ad) (1.0.5)

They proved that (1.0.5) holds when Ay, ..., A, are matrices that mutually commute. Moreover, they ob-
served that for operators Ay, ..., A, on an m-dimensional Hilbert space one has

1/d
| Pa(A1, --wAn)HB/(Z;”) s m |[Py(Ar - An).

We have two goals in this project. First, is to prove the AGM inequality for the norm for more general
operators with a constant independent of the dimension m. Second, is to prove the AGM for the order with
constant equal one.
The AGM inequalities for noncommutative operators will be covered in Chapter 2 and Chapter 3. In
Chapter 2, we collect the important definitions for partitions and identities that we will use throughout
these two chapters. Then at the last section, we prove the AGM inequality for the norm and for the order.
In Chapter 3, we provide some interesting applications for the AGM inequality. We prove a version of the
NC-AGM inequality for random matrices. For these examples, we prove first a deviation inequality. Then
with additional assumptions, we have the AGM inequality for the norm.

The second part of this exposition focuses on the study of a ternary ring of operators (or simply TRO’s).
A concrete definition for the ternary ring of operators V' is a norm closed subspace V of B(H, K) where

both H, K are complex Hilbert spaces, which is closed under the triple product
(2,,2) EV X VEXV s ay*zeV

for all x,,z € V. Note that V¥ is the conjugate space of V that is contained in B(K, H). In general, a TRO
is defined as the off-diagonal corner of its linking C*-algebra which is
c(V) \%
A(V) =
Vi D(V)
where C(V) and D(V) are both C*-algebras generated by VV*# and V#V respectively. The readers are re-

ferred to Hestenes [Hes62|, Harris [Har81| , Zett] [Zet83], Hamana [Ham99] [Ham11], Exel [Exe97], Kirchberg

[Kir95|, and Effros, Ozawa and Ruan [EORO01]| for more details. It is important to know that every TRO has



a natural operator space structure, i.e. if we define a TRO V C B(H, K), then M, (V) C M, (B(H,K)) =
B(H™, K™) is also a TRO. This imply that V has a natural canonical operator space structure (V, ||.||,,). Then
Vi={2z* € B(K,H):z €V} is a TRO where its canonical TRO matrix norm satisfies ||[z};]|| = |/[z;q]] for
all [27;] € M,(V*). It was proved by Ruan [Rua89| that an injective operator space is a TRO. Therefore,
TRO’s are considered as a special class of operator spaces.

Given V and W are two TRO’s and a linear map 6 : V. — W, then 6 from V to W is called a TRO-

homomorphism if it preserves the triple product as follows:
O(xy*z) = 0(x)0(y)"0(z)

for all z, y, z € V. Moreover, if 0 is bijection then we call § a TRO-isomorphism from V onto W. Also,

from [Zet83] a map 6 : V — W is called an anti-TRO homomorphism if it satisfies

0(zy*z) = —0(x)0(y)"0(2).

If, in addition, 6 : V' — W is a TRO-homomorphism, then 6,, : M, (V) — M, (W) is a TRO-homomorphism
for each n. Thus, it is contraction for each n (by Harries [Har81]), i.e. 8 is a complete contraction. This
shows that every TRO-homomorphism is a complete contraction (see appendix A for the proof). We can
obtain the following important result of Hamana and Ruan for TRO-isomorphism [Ham99]. If V and W are

two TRO’s and € : V — W is an onto linear map, then the following are equivalent:

0 is a 2-isometry < 6 is a triple isomorphism < @ is a complete isometry.

TRO’s have many common properties with its linking C*-algebras. For instance, we know that every
C*-homomorphisms are completely contraction maps and every TRO homomorphisms are a completely con-
traction maps. Also, C*-homomorphisms which are onto maps are quotient maps and TRO-homomorphisms

which are onto maps are completely quotient maps (see appendix A for the proof).

An Abstract characterization for TRO’s is given first by Zettl [Zet83]. Zettl introduced the concept of
C*-ternary ring of operators which is defined as follows:

A C*-ternary ring is a Banach space X with ternary product

(o) XXxX"xX X



which is linear on the first and third variables and conjugate linear on the second such that it is associative

((a,0%,¢),d", e) = (ald,c",b)"e) = (a, b, (¢, d", €))

and satisfies the following conditions

[z, 2%, 2)|| < lalllylllz)l and [[{2, 2", 2)] = [|=]*.

Then he proved a decomposition theorem for C*-ternary ring. This theorem states that every C*-ternary ring
can be written as a decomposition of two sub-ternary rings where the first part is isometrically isomorphic
to a TRO and the second part is isometrically anti-isomorphic to a TRO. In 2002, Todorov proved the
cb-version of Zettl’s decomposition theorem. Todorov first introduced a ternary operator system which is
an operator space X equipped with a triple product X x X* x X — X which is linear on the first and third

variables and conjugate linear on the second such that
LK wi)s [w5e)s Tz < W[5 [zead | for all [zij], [yrs], [2m] € Mn(X)

2. (il i), [zmal)s (], [est]) = (il [daal, (20 Tyrs D)™ lese]) = (gl (5], (zmil (4], [es))
for all [24;], [yx;], [2nd], [dis], [est] € Mn(X)

8. lleis] @[] © i)l = ars][1? for all 2] € M, (X), and n € N.

Here ® denotes the formal matrix product. For n = 1, the above definition is for C*-ternary ring. It turns
out that with these conditions we will have the cb-version of Zettl’s decomposition theorem. Moreover,
Todorov proved that any ternary operator system is completely isometric to a TRO. This means these con-
ditions for ternary operator system are not enough to obtain the isomorphism as we expected. More details

about C*-ternary ring and its decomposition theorem will be covered in section 4.2.

Motivated by C*-algebras theory, we define the crossed product of TRO’s. There is an increasing interest
to study the crossed product for operator spaces and TRO’s. The crossed product of W*-TRO’s has been
studied recently by Salmi and Skalski [SS17]. Since TRO is a special class of operator space, it is also
considered as an approach to study the crossed product of operator spaces. We were interested to study this
topic to answer a question related to Morita equivalent theory. Let us first recall the definition of Morita
equivalent between two C*-algebras A and B in the sense of Rieffel [Rie82]. Let A, B be a C*-algebras. These
algebras are called strong Morita equivalent in the sense of Rieffel, if there exists injective *-homomorphisms

m:A— B(H)and p: B — B(K) where H, K are two different Hilbert spaces and there exists a TRO

5



V C B(H, K) such that

m(A) ZWH.H and p(B) = ml\-ll.

It is important to know that this TRO V is not necessarily unique and we proved that in Theorem for
TRO’s and Theorem [£.4.6] for W*-TRO’s. Back to our question that we stated as follows:

If we have two C*-algebras C(V') and D(V), denoted as the diagonal components of the linking C*-algebra
of the TRO V, which are Morita equivalent (M.E) via V, i.e.

M.E
C(V) = D(V),

does this imply that their crossed product are Morita equivalent via V' x,, G, i.e.

CV)xG ¥ DVyx G

for certain action o on a TRO V. It turns out that the answer of this question is connected to the existence
of this identity
A(V 3o G) = A(V) X4 G,

which means that the TRO V x, G is defined to be the off diagonal corner of the linking C*-algebra
A(V) x4 G. We prove this identity for the conditional crossed product and the reduced crossed product of
C*-algebras at Chapter 5 (see section 5.2 and 5.4 for more details). By using this identity, we prove that
some local properties preserve with the crossed product when G is amenable.

In Chapter 4, we start by preliminary parts for TRO’s theory. It is known that if two TRO’s V and W

are TRO-isomorphic, then their linking C*-algebras are also *-isomorphic:
VW= AV)x=AW).

On the other hand, it’s a natural question to ask if the other direction is also true. Quiet surprisingly, this
direction is not true in general. We prove this by giving a counter example for TRO’s and corresponding
result works for W*-TRO’s. The first example of TRO’s is based on the CAR algebra theory (see [Dav96] for

more details) and the second example of W*-TRO’s is based on one of the important Ruan’s result in [Rua04].

We start Chapter 5 by introducing the definition of TRO’s crossed product. We discuss the reduced

crossed product of a TRO (which is denoted as V' x,, G) and the full crossed product of a TRO (which



is denoted as V x4 ¢ G). Also we obtain the definition of a conditional crossed product for the linking
C*-algebra which is characterized by its representation.

Since local properties like nuclearity and exactness behave nicely in the level of C*-algebras crossed
product. Then, one of our goals of this project is to see how this local properties behave in the level of
TRO’s crossed product. Using an important result for Ruan and Kaur [KR02|, which proves that local
properties of TRO’s have strong connections with the local properties of their linking C*-algebras, we prove
the strong connections between the local properties of the crossed product of TRO’s and its linking C*-

algebras. In order to prove that, we use the following an identity,

A(V %0 G) = A(V) X, G.

Based on this result, it is easy to show the connection between local properties for crossed product of TRO’s
and its linking C*-algebras. We end up this section of this chapter discussing about the conditional crossed
product for the linking C*-algebras. The important things about this class that we can relate the covariant

representation of TRO’s with the covariant representation of its linking C*-algebras.



Chapter 2

Non commutative Arithmetic
Geometric Mean Inequality

In this section, we are proving the following two main theorems: The first theorem is the norm version of

the AGM inequality.

Theorem 2.0.1. For operators Aq,..., A, > 0 on a Hilbert space H,
| Pi(A1, ..., AV < d ||Py(Aq, ..., A,
and the second is the order version of the AGM inequality

Theorem 2.0.2. Fizn and d. Suppose Ay, ..., A, and a; are as above, >, A; =n, a; = A; — 1 and

3

i) Pi(Ay,..., Ay) = =2 =1,
i) |(Ca2)i] < 2.

Then the AGM inequality holds in the order sense:
Pd(Ala 7An) < Pl(Alv "'7An)d =1

Let us now consider an example for the order version of the AGM inequality. In the second theorem we
added the additional assumption > A; = n. In order to illustrate the technique we use generally, it is good

to start with d = 3.

Theorem 2.0.3. Let n > 6. If Ay, ..., Ay, are self-adjoint operators such that ), A; =n. Then
Py(Ay, ... A3 < 1.

For the proof we consider the mean-zero operators a; := A; — 1. Observe the operators a; are self-adjoint



and > a; = 0. It follows easily that
i=1

3 3 3
Pg(Al,...7An) = 1 + (1>P1(a1,...,an) —|— (2)P2(a1,...7an) —|— <3>P3(a1, ...,an).

Straightforward computations using > a; = 0 reveal that

Pi(ay,...,a,) = wZai =0

n! -
i

Pofar, o) = U2 S aja; = U2 (Ca)? = Va2 ) = -2 Y a2

i#J

Pg(al,...,an) = W( Z aia]‘ak)

i#j#k
_(n ;'3)!(( S aP - a) - a)> a3 N ajai+2( Y a§))
’ i#j#k i=j k i j=k j i=k#j i=j=k

This leads to the form P3(Aj,...,4,) =1— ﬁ Ya? + m >~ a3. Together with

doad < ai| > a?<nd
this yields
3 2n
Py(Ay, o A)<1——> N g24 " NTg2 2.0.1
341 ) S 1= Crs ) a2 (20.1)

Since n(n—%;b(n—Q) < n(n3—1) holds for all n > 6, the right side of (2.0.1)) is at most 1 and we are done.

A far-reaching generalization of this idea leads to the following result. Note that these techniques work
efficiently when d is very large. This chapter is organized as the following: we first give an introduction for

Partition and Mobius Formula

2.1 Partition and Mobius Formula

In this section, we review the analytic and combinatorial tools needed to prove Theorem especially
Pisier’s interpretation of Rota’s results on Mobius transforms for partitions. We need some definitions from
the combinatorial theory of partitions. Let Py be the lattice of all the partitions of {1,...,d}. For two
partitions o and 7, we write o < 7 if every block of the partition o is contained in some block of 7 (i.e., any
block of the partition of 7 can be written as a union of blocks of ¢). In other words, 7 is a refinement of o.

There are two trivial partitions, 0 and 1, where 0 is the partition into n singletons and 1 is the partition of a



single block. For a partition 7, v(7) is the number of the blocks of the partition 7 and r;(7) is the number
of blocks of m with cardinality ¢ such that Z?:l iri(m) = d; and Z?:l r;(m) = v(mw). Also, we need to recall

the definition of crossing and non-crossing partition.

Definition 2.1.1. A partition 7 € Py is called a crossing partition if there exist four numbers 1 < i < k <
7 <1 < dsuch that ¢ and j are in the same block, k and [ are in the same block but ¢, j and k,[ belong to

two different blocks. If this situation does not happen, then we call 7 non-crossing.

Example 2.1.2. e 0 and 1 are the smallest and largest non-crossing partition.

T

e The partition o = {{1,3},{2,4}} = ! 2 3 4 is crossing.

o
e The partition o = {{1,4},{23}} = 1 2 3 4" is non-crossing,

For more information on partitions, see [Spe97| |[And98] and [Rot64].

Let us recall two results on the Mébius function g in [Pis00] which are crucial for our paper.

Proposition 2.1.3. [[Pis00], Proposition 1.1] For any d € N there exists a function p : Py x Pq — Z such

that for every vector space V and functions ¢ : Py — V and ¢ : P; — V', we have the following properties:

L 1f (o) = 32 ¢(7), then ¢(0) = > p(m, o) (m);

2. If (o) = g @(m), then ¢(o) = 2>: w(o, ) (r);

3. Moreover, Yo # 0, Y. p(r,0) =0.

0<n<o
Theorem 2.1.4. [[Pis00], Proposition 1.2]

The Mobius function satisfies the following properties:

1. w(0,1) = (—=1)%Y(d — 1)

2. pu(0,7) = [T, (=11 (i — 1)1]7(™) and consequently,
8. Y e, (0, m)] = d.

If o is a partition of {1, ...,d}, then there exists a coordinate function f : {1,...,d} — {1,...,v(o)} such
that f~1(t) = A; where each A; represents a block in our partition. Note that this coordinate function isn’t
unique. For every partition o we can fix an enumeration of the blocks f : {1,2,...,d} — {1,2,..., ||} where

0:=(j1,J2,---,Ja). This means j, = js if and only if r,s € A, s where A, ; is a block in ¢ = (41, j2, ..., ja)-

10



Using this notation for partitions, we are able to define the restricted and full partition for operators x;
from an algebra A where the operators are written according to the blocks Ay in the partition o. Note that
the upper indices for the operator le refer to the position of the operator and the lower indices refer to a

block Ag in the partition o where j; € Ay.

Definition 2.1.5. Let A be an algebra and z; € A. The restricted partition is defined by:

_ 1 d
(o) = > &g, T,

0 ndasenda)=0o )
Ji#jk if ji€Ai,jr€AL and iF#k

where the sum run over all the partition o where indices in the same block are equal and indices in different
blocks are not equal. This is considered as a restricted condition. Unlike the restricted partition, the full
partition run over all the partitions 7 such that m > o. consider all the cases of partitions. This can be

written in the form

The restricted and full partitions, which are denoted as (o) and [o] respectively, give expressions for the
operators in the given B(H) according to the algebraic combinatorial partition o. In order to understand

the difference between the definition of restricted partition and full partition, consider the following example.

Example 2.1.6. Let both the numbers of total samples and chosen samples be 3 (n = d = 3). For the full

partition [1 2, 3] with the assumption that xzj = x; we have

12,3 = Y (m)=(123)+(123).

7>[1 2,3]

This can be written in terms of operators as

O e w)= > alm,+ Y al,

i1 =l2713 i1 =l2=1i3

where the restricted partition (1 2,3) is defined as (1 2,3) = 37, _, .. @} x;,. Also, we can write the

restricted partition in term of the full partition as follows

(12,3) =123 —(123).

11



We reformulate Proposition [2.1.3]in our context.

Proposition 2.1.7. Let xf € A as above. Then we have

() = 3 u(w )], where [x] = 3" (),

v>m v2>m

() = Z w(m, v)[v], where [r] = Z(u)

v<m v<m

Moreover, we have

O) =101+ > w0,V (2.1.1)

0§V§i
Let’s give another example, if we have the restricted partition (1,2,3) = {{1},{2},{3}}, then by using

the previous formula ([2.1.1)):

(1,2,3) = [1,2,3] — [12,3] — [1,23] — [13,2] + 2[123]

Z T Tiy Ty = (Z ;)% — (Z xf)(z x;) — (Z xl)(z z?)
i1,i2,i3 all distinct
- Z T + 2(2 z3).

The coefficients (-1,-1,-1,+2) are computed by using the the Mobius function formula . For instance, the

Mébius function for the partition [1 2, 3] is computed as follows

In [Pis00], in order to separate different partition blocks into disjoint subspaces, Pisier uses a trick to
embed operators z;; € B(H) into B(K ® H) (for another Hilbert space K). Our first goal is to modify
Pisier’s trick by using matrix units.

Consider first the trivial partition that has only one block [1 2 --- d]. We can write

=2 d = > ala} af
= (Zeul ® ) % (Zeim D) X
(Z Cia—ria— ®x;‘1d__11) X (Z €i41 ®xfd).

X

12



Now if we have 6 elements and our partition o has two crossing blocks, one containing {1, 3,4,6} and

the other containing {2,5} as seen in the following graph:

Loty

then the full partition of o will be of the form:

[U} = § Liy LigLigLiyLisLig -
i1 =ig=is=ig

We rewrite these elements into a tensor form, as follows:

Ziyy = €14, 1®my , Zy, =1 e, @ x4,y
Ziy = iy 1 Q@ Ty, Ziy = €4, Q1 Ty,
Zis = 1®ei51 QTiy , Zig = €1 @ 1@ x44.

With this new notation, we get

[U} = E Liy LigLigLiy LisLig
11 =13=14=1¢

= Z Zi, Ziy Ziy Zis Zi L

11,12,13,%4,15,%6

- H(ZZH) = HZJ7 (Zj = ZZij).

In a more general setting, assume o has more than one block. Denote Aji,...,A|; as the blocks of the
partition o with cardinality larger than one.

Then we define

75 e B(H)®" © B(H)

as follows:

VkeA, ZF =ta () ®1®@ - @ak

K Jk

Vkeds Z, =1@ta,() @1 @ af,

13



Vke A|U|’ ZJkk = 1®”.®t‘4\0\(jk) ®x§k’

elj,  Jr = mind,
tAmGe) = \ €54, Ootherwise

€1 Jk =maxApy

Here, min A,,, means the smallest index number and max A,, means the largest index number in the

partition A,,. Finally, if k£ belongs to singleton block of the partition o, then we set
k k
;ij =1®---®1 Q@:xjk.

To sum up, the method places each element into larger spaces, which will allow us to interchange the

summation and multiplication as in the above example and the following lemma.

Lemma 2.1.8. For an arbitrary partition o for d elements, we have

_ 1 d
=Y 7.z
B150s0d

Indeed, this immediately follows from
Zl -7 = 0,if ij # i

Follow Pisier’s approach in [Pis00], we deduce the following norm estimate.

Theorem 2.1.9. For an arbitrary partition o for d elements, we have

ol 1i[(||2 +|\Z Lo,.. (k).

Moreover,

ol < T1 IIZZakHX IT ez,

ko, k€ons

where ||[(Z;,)[|| = max{[| > Z;,, Z;

Jk1 “Jky

1z, | ZZ;‘kijka%,supjk |Z;.||}. Here o5 means the set of single-
tons in the partition o, and o,s means the set of non-singleton elements in the partition o. The functions

15,.(k), 15, (k) represent the characteristic functions, i.e.

14



1 k€oy,s 1 ke€o,
Lo, (k) = » Lo, (k) =
0 otherwise 0 otherwise.
Proof. Taking the norm for the full partition, we have
olll =11 Y ¢m) > w el
T>0 (1, Ja)>o
= > Z3 | (2.1.2)
J1,J255Jd
=122 11 270 (2.1.3)
k€os Jk k€ons Jk
SNIDRARNIPIE
k€os Jk k€ons Jk
<III Z I
keos k€ons Ik
The equality - comes from Lemma The equality - ) follows from the definition of Z7 , which
means it allows us to perform summation first and then multiplication. Next,
ol < TT |l ZZakll I 1>zl
k€os k€ons  Jk
< H [ ZZM” x H [ Zij” “(Imin A + Imax A, + Imid 4,,)
k€os k€A, Cons Jk
<111 Z Zj, |Ix
k€os
I1 (H > Zil minan + 130 Ziall - Lt + 1 Zia - Loia 4., )
k€EAMCons Jk Jk Jk
<111 Z Zj, |Ix
k€os
* || = * 1
H (H ZZ]ijk “Imina,, + || ZijijH 2 lmaxa,, +sup 1Z. |l + Lmia Am)
k€EAmCons Jk Tk
<11 IIZ sl TT Izl
keo k€ons
O

where [[|(Z;,)[| = max{|| 32 Z;,, Z;, 17, 1225, Ziw, 17, 5up;, 12511}

The next corollary states the norm estimate in B(H) rather than in B(K ® H). For simplicity we replace

k
x; by .

15



Corollary 2.1.10. If o is a partition and x;, is a self-adjoint operator for arbitrary k € {1,...,d}, then

Nollsan < TT I @il TT 1D 2202

k€o, k€ons

Proof. We need to discuss two cases:

(i) For k€ os, [ L Zll = [121@ - @@ = [1@--- @ X ajll = | sl
J

(ii) For A,, € ops,

* 1 * 1
1> Z, Z5 12 =1 e eey, @ 0u] 1o e 100, ]|

Jkq

1
=D 10 @en®- @z 7, ||

1 1 1
=1®- @) e, 17 =11 w25 12 =1, |7

and

1 1
125 Zi, 12 = 1D 1@ ®eryy, @0}, |- 1O @ej, 10 @y, ]||?
* 1 * 1

=Y 1o ®en® @) P =100y 1 2,

1 1
= zx;kpzjkp Iz = | fok 2.

For the middle term, we have

1 1
sup  sup||Z;, || = sup  sup||Z], Z; |7 = sup  sup|la}, @, ||
ke{ka,.kp_1} dk ke{ka,.kp_1} dk ke{ka,okp_1} dn

< sup || a2 |5
keA,, Tk

Combining (i) and (ii) finishes the proof.

2.2 AGM inequality for the norm

(2.1.4)

In this section we prove the AGM inequality for the norm and for the order. We need the following lemma

which handles positive or self-adjoint operators {x;, } in a C*-algebra A.

Lemma 2.2.1. (i) Ifx;, >0, then || Zm?kﬂ% <[>zl

16



(it) If xj, are self-adjoint, then || 3 x3, 2= (2 x?k)%H

Proof. (i) Indeed, we have

IS 20 = 1Y ahesal

1 1.1
< (IIZ%HZ-I\ijkll-HijkIIZ)Q
= Il
(i) Holds trivially using ||2|| = [|z]|?, for z = (322 )%. O

Now we have done all the preparation to prove the NC-AGM inequality for the norm.

Theorem 2.2.2. Suppose 1, ...,T, are positive operators in B(H). Then

1/d
1Pa(@r, o wn) [y < @ 1Py (1, oo )| a1

Proof. From Corollary[2.1.10|and Lemma[2.2.1] we deduce that for a given arbitrary partition ¢ and positive

elements z;, = z;, we have

olllpe < 17 @5l

Recall identity [2.1.1] from Proposition 2.1.7}

(1o yd)y = [1,-+d]+ Y p(0,)[v], where Y |pu(0,v)| = d! — 1. (2.2.1)

w20 w20

Taking the norm of both sides of the equality (2.2.1]) we get

1L, )l = +ZM 0, )Wl 5oy
v>0
< - dlllsa + > 1O ) s
U>O
< | ij”%(H) + (d = 1) ij“%(H)
< Azl

1
= dn?P ¢
) H 1($17~~-7$n)||B(H)~
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Thus, || Pa(@1, oo 20) |50y < 250D Py (24, .., 20) | 5y Demote Cn,d) := L220=D! a0 for fixed d

d—1
define f(n) := ) log -*=. Then
i=0

d'n?(n — d)! d'n?
C(?’L,d) = oy _n(n—l)(n*2)"'(n*d+1)
_gq.non -

d! - exp(f(n)).

Since f(n) is a decreasing function in n, C(n,d) is also a decreasing function with respect to the variable

n. From the definition of d, we know n > d, so max C(n,d) = C(d,d) = d?. O

2.3 AGM inequality for the order

Recall that the average product is defined by:

n—d)!
Py(z1,22, s Tn) = ( o ) Z Ty oLy
T (o)=0

Lemma 2.3.1. Let {x;} be a finite family of positive operators in B(H) which satisfy the condition | x; =
i=1
n. If a; ;== x; — 1 then

d
d
Py(xy, 29,y xy) =14 ; (k> Pi(ay,ag, ..., an). (2.3.1)
Proof. This lemma can be proved by two methods. The first method is by induction. For d = 1, the equation
is trivial. Since Y x; =Y a; + 1, it follows that

n

i -ty -ty
L1,y ..., L) = T; = — Z;
1T\L1y L2500y ni:1

n!
i=1

n 1
1 1
:1—}—; E aZ:1+ E <k>Pk(a17°"7an)'
i=1 k=1

Assume now this is true for d = m,

m
m
Po(x1,29, .y @y) =14 Z <k>Pk(a1, ag, ...y Ay ),



where Py(ai,az,...,a,) = “—7= > a;,...a;,. Then we need to check it is also true when d = m+1. Indeed,

n! - .
um_H(xl,xQ, ,l‘n) = Zl‘z Z L1...Ljoe e Tm41

(o)=0
xiga
_ (n—1)! - .
R CESE—— ;(ai + 1) P (21, 2, o ey )
and
an"rl(xtha azn)
n
:Z(a%_'_l)Pm(xl)an 'TZ 7mn)
=1
- Z(az +[1+ Y (7:) Pio(a, ..y ey )]
i=1 k=1
= Zaz + Z [Z <k>aiPk(a7 ey Gy vy @) + 1+ Z <7Z Pi(ar, a0, ..., di, ...y ap)
=1 =1 k=1 k=1
:ialJrii m a;Py(ay, ..., d;, .. an)+n+ii m Py(a1, a9 iy eeey Q)
k k) K K K k K 9’ Y )
=1 =1 k=1 1=1 k=1
=0+ Y0+ Y () Pt cann+ 3 () Plaraen
i=1 k=1 k=1
n m—+1 m
_n—i—Zaﬁ-n[ (k: 1>Pk(a17...7an)+z(k)Pk(al, ,an)]
i=1 k=2 k=1
Here Py(ay, ..., d;, ..., a,) means we consider all the elements except a;. Dividing both sides by n yields

n m—+1

1—1—7112%—1—2( )Pk (a1y...,a —I—Z( )Pk (aty .oy an)
m+1 m
= 1+Z (k—l)Pk ai, .. +Z< >Pk A1y .eey Q)

Poii(z1, 22,y n)

k=1
m m m
= 1+Z[ k_1>+<k>]Pk(a1’ ’ )+Pm+1(a/1a ; n)
k=1
T mA+1
= 1+Z( k )Pk(a17"’7 )+P7R+1(a17 ) )
k=1
m+1 m+1
= 1+ 3 Py(ay,...,an)
k=1
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For the second proof, we use the binomial identity. Then we have

n—d)!
Py(xy,...,xn) = ( ) in1~~~xid

n!

(o)=0
(n—d)! ¢
= T Z (ail —|—1)(ai2 +1)(a1d—|—1) :1+ZAkPk(a1,...,an).
C (o)=0 k=1
Let 21 =29 =...=z, =t, wheret =a+ 1. Then

d
Py(x1,.yzn) =t = (1+a)? =1+ Z (Z)ak,
k=1

which implies that A\p = (Z), s0 Py(x1,...,zn) =1+ 22:1 (z)Pk(al, v Qp). O

In Theorem for d=3, we deduce that each term in P3(x1, ..., z,) has an upper bound of some scalar

multiple of Y a?. For d > 3, we need the following lemma.

Lemma 2.3.2. If {z;},{a;} are defined as above, then

1 1
max [la;|| < Y _afllz < || Y aF]2
4

In particular, [|a;||* < n*|| 5 Y, x12||§

: 2 2
Proof. Since we have a <} a7,

1 1
laill = llaf |z < || afl=.

Moreover, for each a;, we have x; = a; + 1. Thus, we have

Zx?:Zaf—i—nZZa?.

This finishes the proof. O

Note that for a partition with d = 3, the proof of the AGM inequality in the order sense was easily done
in the introduction. However, the proof is much more complicated for d > 4. The complication comes from

crossing partitions, so we need the following useful known lemma [Pau02].

Lemma 2.3.3. Assume a,b € B(H) andt > 0. Then

(1) —(a*a+b"D) <a*b+b*a<a*a+b"b.
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(2) ab+b*a* < t?aa* +t72b%D.

To prove (1), we start by observing (a+b)*(a+b), (a —b)*(a—b) > 0. This directly gives —(a*a+b*b) <
a*b+ b*a and a*b + b*a < a*a + b*b. It is clear that (2) is a special case of (1), using the assumptions that

a = ta* and b = t~'b for the upper bound of (1).

The two previous lemmas will help in establishing our result for general case of the AGM inequality for
the order. For convenience, we will write A4; := Zi Z; where Z; is defined as at the beginning of Section 2.1.

We now provide upper and lower bounds for Py(a;,, ..., a;, ).

Lemma 2.3.4. If {a;} and {x;} are defined as above, then for S = || 3. x2||*/?

(n—d)! d—2 2 (n —a)! d—2 2
- ' S Zai SPd(al,ag,n-,an)gTd!S Zai.

n!

Proof. From Proposition [2.1.7] we know that

mpd(ala g, - 70%) = <0>d = [O]d + , Z , ,M(O, l/)[l/]d.
osv<i

We will prove first the case when x(0, ) > 0. We will obtain an upper bound for the sum [v]4 by introducing

[7]4 as the following:

[D]d = Z a”ida’id_l e ail'

(i1,i, i) >V
Here the ¥ can be viewed as the transposition of the partition v. By Theorem we have p(0,7) =
Hle[(—l)i_l(i — D)1, So pu(0,v) = p(0,7). Thus, we can sum these two items together.

Claim: For every partition v and S = || 3. 22||*/? we have
—2 892 Za? < [W)g+ [7a) <2 8972 Za?.

The idea here is to use our modification of Pisier’s trick for these two partitions. Recall that Z;, = e1;, ® a;,

is for the first component in the partition, Z;; = e;; ® a;; is for the elements in the middle of the partition,
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and Z;, = e;,;1 ® a;, is for the last element in the partition. Then we have

[V}d—i_[’j]d = Z iy Gy~ Qig + QigQig_y "

(i1,02, ,iq) >V

1

= Ay Ag+ ASLAL

By applying Lemma with S = || 3 2?||'/2, we obtain

Wa+[Pla = Ar---Aat+ Az Af

< PAAT +E2AL - AS Ay Ag
d—1

< PMAT ] 1454514544
j=2
d—1

< PAAT AP AR Ag
j=2
d—1

< P4A + 2D a2llAzAg
j=2

< PAAT D a4 A A

<

Indeed, if our partition contains the singleton then [v];+ [7]q is already zero. Hence we may assume there are
no singletons in our partition as it also can be noticed in inequality (2.3.4). Indeed, if the index is a singleton
in partition v, then it is controlled by the summation norm || 3 a;|| which is zero by our construction. On

the other hand, if the index is in a non-singleton block, then by Theorem [2.1.10|it is controlled by the square

2

i

norm || > a

(2.3.3), we may apply the norm equality as in equality (2.1.4)) from section 2. For the inequality (2.3.4)), we

use Lemma (2.3.3)) by choosing t> = §42~1. Then we have

> Z,... Z Zi, + Z Z;, ... Z Z:
14 1d 11

7')!Pd(a17a27 e an) = [O]d + Z M(O,V)[V]d

0§u§i

> w0,V

O§V§i

u(0,v)>0

22

Z ,L"(Ovy)[l/}d‘i’ Z H(O’V)[V]d

1(0,1)<0

(17;1

af |V (A AT + AjAg) <2) a? 542
i 1 d %

l. Therefore, in both cases, ||A;| is controlled by the square norm of a;. To get inequality



(X w0t Y u09)e)

1 (0,1)>0 1(0,2)>0

+%( S )t Y u(O,D)[D]d)

1(0,1)<0 1(0,2)<0

< Z u(O,u)Sd_QZa?— Z /,L(O,V)Sd_QZG/?

p(0,0)>0 1(0,1)<0

= 3 Iu0,0)] S92 a?) = dt 542

For the lower bound, the proof is similar to the one above replacing A; by —A;. O

Theorem 2.3.5. (AGM inequality for the order) Fiz n and d. Let x4, ...,x, be self-adjoint operators such

that > x; =n and a; = x; — 1 as above. Assume the following conditions hold:

i) Pi(wy, .y my) = 255 = 1,
i) [(Cad)E) < 2.

Then the AGM inequality holds in the order sense:

n d
Pd(xlaan"' 7xn) S <lez> =1

n

Proof. According to Lemma we have || 3" a?||'/2 < 2. Using this upper bound for the average of

noncommutative operators a; with the identity (2:3.I) where S = ||} #?[|"/? < An and let A := 3, we

have

d
d
Py(z1, 29, ..cyxy) = 1+Z(k>Pk(a17a27-~7an>

— 1_ (;l) (n 7;2)!(2 a2) +;§3 (Z) Py(ay, az, ..., an)
1o (0) e () e e

n:

(d) L'k)!k:!Ak‘an"2.

Simplifying the right hand side gives
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d d
d\ (= k) Ak -2 _ A (=B e gs
2 (k> TR DY 7 R
k=3 =3
d
d (n=Fk)! 5 j o
= ) AN (
L (d—k)
d
1 d! nk—2 -
a n(n—l);(d—k)!(n_g)...(n_k+1)A : (2.3.5)

k—2

Fix k, and denote f(n) := m Then, by taking the logarithm, we have g(n) := log f(n) =
Zf:_; log -~. Observe that g(n) is a decreasing function and thus f(n) is a decreasing function as well.

Therefore, we get the inequality:

nk—2 dk—2
< . (2.3.6)
n—2)---(n—k+1) =~ (d=2)---(d—k+1)
We continue the calculation in (2.3.5) with the help of inequality (2.3.6]), we have
d d
d\(n—F)' k2 k2 1 a k=2 k—2
——FKlA = A
’;)<k> n! " n(n—l)kzzg(d—k)!(n—?)---(n—k—i—l)
d
1 d! dk=2
< Ak2
- n(n—l)kzzs(d—k)!(d—2)-~-(d—k+1)
1 d
< d(d—1)d"2AkF2
- nn-1) kZ:?, ( )
~d(d—1) dA(1 — (dA)*2) _dd=1) dA
 n(n—1) 1 —dA “nn—1)1—-dA’
With our choice of A = % we deduce indeed ng;ll)) 1f§A < (g) (”;f)l and this completes the proof. O
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Chapter 3

AGM inequalities in application

In this section we show that a combination of Pisier’s partition method and probabilistic results allow AGM
inequalities hold in many different scenarios. We confirm the AGM inequality up to £ for many random
matrices, in particular for Wishart random matrices, more general vector-valued moments of convex bodies,
and freely independent operators. We should point out that in contrast to results on averages of random
matrices in Ré and Recht in [RR12], our estimates hold with high probabilities. In this section, we prove a
version of the non-commutative AGM inequality for random matrices. We start with a deviation inequality.

Let us use the norm [| X[, = (E|\X||%(H))1/p defined for a random variable X : Q — B(H).

3.1 AGM inequality for random matrices

Proposition 3.1.1. Let {a;} be a family of self-adjoint random operators. Let € >0, p > 2, pg = & and

i = a; + 1. Define
(i) &p = |5 Xai — B3 Yail|,
(ii) 8y == 3 [ ad)?|,

(iii) yp = max(ep, op).

Assume Y Fa; =0, v, < 55 and € = 3dy,.
Then, ||Pa(z1,...;xn) — EPa(@1, .. zn)|l,, <

Proof. From the assumption above, we get that ||| (% > ay) |Hp = ¢,. Fix a partition v. According to Corollary

2.1.10]and by using Hoélder’s inequality we have that

E||[V]|pe < E<| Za )1/2||d=lvs Dpay Za ||V€pd>
1/2 \):Dd |ls\Pdd
=E(1}_a?) = A alles
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pg(d—|vs|) Pglvs|

h (En(Zai)zgd) h

pa(d—lvsl) palvs|
p

(o] | fze)
(e w) (Iz=l)

Pd d—|vs|) Palvs|

= (4 p ( (e €p “n)

— spa(d—|vs]) spalvs|y,p — spa(d—|vs|) -palvs|,, pad
= 5p £p n? = (5p €p nPda®,

(E I 1/2|pdd>

Since v, = max(0p,ep),

1

il = (BllE) e < apq -0 (3.1.1)

Y

By using our definition of «, and the upper bound for inequality (3.1.1) we obtain

(E||Py(ar, ..., an) — EPy(ay, ..., ay)||24) /P

< S .l (BD) - Elle)

< S 0,0 2w 22)
(n—k)!

<2 k!'y;;dknk

From the above we will have

N Pa(x1y oy @) — EPy(21, ..y Tp)

Pd

d
= (E” Z <Z> (Pk(al’ "'aan) - E-Pk(ala ) an))Hgg)l/pd

d
<> d) (Bll(Pi(ar, - an) — EPy(ax, .., an))|[22) "/

k=1
d d
d\ (n—k)! . . kL d! (n—Fk)! & &
<2) (k) Al k= 22 Kd—k)! nl T
k=1 k=1
d
d'(n —k)n*

Recall the definition v, = max(dp,k, €pyk)- Each op,k, €p i is increasing since Ly, is defined as probability
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space which is norm increasing in probability measure. Thus vy, < Ypua = ¥,V 1 < k < d, which
k
justifies the last inequality (3.1.2). Let f(n) = %. This function is a decreasing function in n, so

f(d) = max f(n) = d*. Then we have

IPa(er, s 2n) = EPa(x1, s ),

d —(d-y,)? :

— — 1_d,_yp — 1_d,yp—

The last inequality follows from d - v, < 1_5? 0
We now present conditions for positive random operators {x;} where a; = x; — 1. Note that for A :=

2imt s we have E|A—EA], = E”(Zm7 )— (anj )||p- Therefore, whenever we control the x;’s, we control

the a;’s.

Lemma 3.1.2. Let {z;} be a family of self-adjoint random operators. Then

Proof. Observe that ||[(32 x?)l/QH’p = |1 ei1 @ 2|, is given by the column norm. Define operators ¢ :

1/2

p p

Cn(B(H)) = Cn(B(H)) and @ : C\, — C,, such that ®(o;) = (= > ;); where ¢ = ® @ Id. Then it is easy
to check that || ®||cs = ||#]lep < 1. Indeed

I e @il =11 e ® (=D vl == vl <D eni®yil-
j=1 j=1 [ v j=1 i

Denote z; :=x; — Ex;, 50 || Y€1, ® (Id+ ¢)(z:)] < 2| > e1: @ x4 Also,
i i

(x; — 1) = (Id+ ¢)(z) + Ex; — Zmz

By the triangle inequality, we can get

DICEREES

<H‘Z Id+ ¢)(2) ® eiq

[+ 5o

[+]sd Saen
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<2 Zzi®ei,1m+H‘2Exi®ei,1m+ Z(%in)@)ej,l

J

H + Z(% Zmz) ®ej1

[+ =2
|+ [0 =

=2 z:(acZ — FEx;)® emm + H‘Z Er;®ei

<2 in®ei,1m+3‘HZE$¢®€¢,1
<2 (sz)% +3H’in®ei,l

N

The second-to-last inequality ||>° Ex; ® e;1]] < |I>. x; ® e;1]|| follows from the fact that the conditional

expectation from F : Lo (Q, B(H)) — B(H) is a complete contraction. The inequality |H%leu| <

(a2

is true by the Cauchy-Schwarz inequality. O

Thanks to Theorem and Lemma we obtain the following deviation result.

Theorem 3.1.3. Let p > 2, pg := 5, and {x;} be a random family of positive operators such that Ex; = 1.
Define

(i) &= |7 i = B3 Zail],,
(i) 6, := L[V, -
(iii) ~p := max(ey, 45,).
If 3d - yp < 1 then
| Pa(@1, .oy @n) — EPg(x1, oo 2|, < 3d .

Pd —

Corollary 3.1.4. If in addition {x;} are matriz-valued i.i.d. Then
1Pa(z1s s zn)lll,, <1+ 3d-vp.

Proof. Since x;’s are matrix-valued i.i.d, then E(Py(z1, ..., z,)) = Py(Ex1, ..., Ex,). Moreover, for € := 3d-,
by (ii) in the above Theorem [3.1.3] we have

n

Z E(z;) ®e;1

1

<
Cn®B(H)

IN
S
3

e

n
E Ti@ein
1

P ’

Then we can use Theorem for E(z;)’s and the classical AGM inequality (here 6, < 37, < £ <35).

Cn®B(H)

ET,Z‘
n

=1

n
E(Py(x1, ..y 2n)) < Pi(Ex1, ., Bxg) = >
1
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Using the upper bound above and Theorem we have the required inequality.

I Pz, ...,xn)|||pd <P (Ez1, ..., BExy)|l|, +e<1+e.

llp,

3.2 Applications for log concave measures

In this section we want to study random AGM inequalities for log-concave measures.
Definition 3.2.1. A Borel measure p on n-dimensional Euclidean space R" is called logarithmically concave
(or log-concave) if for any compact subsets A and B of R™ and 0 < A < 1 we have

p(MA+ (1= N)B) > p(A) u(B) V.

Let us recall the isotropic measure p in R™.

Definition 3.2.2. The isotropic measure p is the measure which satisfies

[ 16,2} Pdutz) = L o],

for all # € R™ where L, is denoted as isotropic constant.
Also let us recall Rosenthal’s inequality, which will be used frequently in this section.

Theorem 3.2.3. [JZ13] Let A; be a fully independent sub-algebra over N where N C M and M is a von

Neumann algebra, and 1 < p < co. Let x; € Ly(A;) with En(x;) = 0. Then

1D @illy < Cmax{ VBl Y En(aiw: +wial) 2 p,p(Y_ lalp)' /7).
i=1 i=1 i=1

We can prove the following result.

Theorem 3.2.4. Letn, d € N, p > 2. Let (R% 1) be log-concave Borel measure p in isotropic position on

R< with constant L. Define random variable y : R? — R? by y(w) = \% where w € R, Let y; be independent

copies of y. Then x;(w) := |y;(w)){y;(w)| is a d x d random matrixz satisfying
(i) Vi, Bx; = 1,

(ii) 17 (i — Bz, < v -,
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(iii) [ @21, <5 - m,
where

pl/Q\/g—f—pf’/Q% p>1Inn or

T =4 2CVInds'/? d< s
2C (Inn)36 d> s

(iv) Moreover, assume v, < (1 — 22?)%, € >0, and py := . Then the following hold.

(a) 1Px(z1, ..., xn) — EPg(xq, ...,xn)mpk <e.

(b) The AGM inequality holds || Py(z1,...,zn)ll,, < (1+ 2e).

Proof. We apply Rosenthal’s inequality for ¢ > p to x;—1 instead of x;. Let us introduce the norm in the space

L,(S,) where S, is the Schatten class, |z|q := (E||a:1||s % = ([ llz(w ||s d,u)%, where ||x(w)||%q = tr(|]z|?).

So, we have

n

i=1

q

< cmax{val Y B((ai — 1) (e = 1) + @i — 1(ai - Z i — Ea;|7)7}

+cq Z'xl Ex;|?)

i=1

m\.q [N

Q=

§c¢ﬂ§:E«%—1Y®r—D+Cm—1X% )|

M\»a =

<2c\f\ZE ;— 1) |2+ch\ml Ex;|l )%

i=1

1
<24 ZExflg + 20qn /1],
i=1

By Rosenthal’s inequality, we need to separately estimate the two terms of the right side. We denote

n

1= (3" Ex?)Y/2)], and 11 = [ ,.

1

We claim that (i) holds for v, and Ez? < dEx; < cd - 1y,. Using Borel inequality (see [MS86] where ||.|| is

seminorm), we have

1 1
(Ellyl%) e < CoBllyllx < Co(Ellyl%)?.

Recall that E|y||? = Z E\{e;, %}P = d. So, we have for z; := x; = |y)(y|

(0, Ex30) = E(0,y)(y,v)(0,y) = Elly|*[(0, )|
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(by Cauchy Shwarz inequality ) < (E|jy||*)? (E|(6, y)*)?

(by Borel inequality) < Cj E|ly|*E(|(6,y)|*) = C1

i.e. Exf <dEz; < cd-1p,. This implies

(O Ex?) )|, < € al/2He
1

~d ]|]>.

which proves our claim for (I). For (II), note that the g-norm is defined to be |z|, = (Etr|x\q)%

. We use

a Bra-ket notation where |y;) and (y;| represent a row and column operators such that (y;,y;) € C and

lyi)(y;| € M,,. Let’s first take ¢ = m be an integer. We have

o =) Wi)™ = |va) Wi vi) - -+ (Wi vi) (il

=lya) sl |2 (wl.

Then, by using the Borel inequality (where Ca,y, := C' - 2m )(see [MS86| for details about Cy,,), we have

Btr(x}") =Btr(y:) |y |7 (y) = E(lyill3™)
< (C-2m)*™((EylI3)"/*)>"

< (C-2m)*"d™.

So we get the inequality |z|,, < (C-2m)?d for arbitrary integer m. Then for any real number ¢, we can find

an integer m, such that m < ¢ < m + 1, and by interpolation between m and m + 1, we get

|zl < (C- 2q)2 d.

Thanks to (3.2.1)), we can now prove condition (iii).

1/2 n

< Q_ =2y
a 1
2

n

2
2.7

1

<

IS
1

q
< QO llzill)'? = Vallall,
1

< Vnlai|, < Vnd (C-29)%.
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Combining (I) and (II) we obtain

[5Se

gé(qnd)l/gdl/q + ¢cqCn*1¢?d
q

=C(qn)'/2d=ts + C'nY1g3%d.

And then divide each term by n, we have

22z = Dl _ 132 — Ezi)|

n n

1/2
1 < C(q,d,n) = (g) d2te 4 ni g3
n

If we denote % =0, then

I>=(i — B

n

4 < di(qF6F + %' H)

_ dl/qq1/251/2(1 +q5/251/271/q)'

Now our goal is to find 4, = qiggo dY1q /2612 (1 4 ¢°/251/2=1/9) by optimization over ¢ where gy > 2. Define
f(q,6) := ¢°/26%/?71/4 and consider g := In f(q,6) = 3Ing+ (1 — é) Ind, with derivative ¢’ = %% + q% Ind.
The critical point for f(q,d) is ¢(d) = gln % Since f(g,9) is a convex function then it has no more than one
minimum point which is ¢(§). Then we have to consider the following cases for the choices of ¢,

1. go <Ind < q; where ¢; = (%)1/5

2. Ind< gy <Inn

3. Ind <lInn < qp.

This can be done by using optimization over ¢ for the term d'/2¢'/25'/2. For the first case, we choose ¢ = Ind
and C(q,8) = 2CVInds"/? where f(q,6) < 1. We also calculate q; which represents the upper bound for

our choice of ¢ from ¢°/26'/2 = 1. For the second case, if (2)'/® > In 2, then we simply choose ¢ = Inn.

This leads to % v L. < L. We can summarize the cases in the following

— Inn?* = Inn®"

ql/z\/%—i—q‘r’/?% qg>Inn or
Vg = { 2CvIn ds'/? d< -2

In n®

2C(Inn)3s d> =2

Innb *
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We apply the estimate for ¢ > p and appeal to Theorem and Corollary to deduce the AGM

inequality. O

3.3 Wishart random variable matrices

Let us recall the definition of Wishart random matrices. Let [g}. ] is a family of d x m Gaussian random
matrices such that i € [1,n], r € [1,d] and s € [1,m]. Define G; = \/—%[gﬁé] and x; = G;Gr. We call the d x d
matrices x; Wishart random matrices. Then we have Fx; = EG;G; = 1, which implies that Z?:l Ex; =n.
In this section we assume that m > n. Let us start with some useful lemmas which will be used in the main

theorem. Each of these lemmas proves one of the conditions of Theorem [3.1.3| separately.

2
Lemma 3.3.1. Let g4 n,a = (%) ﬁ. Those dx d Wishart random matrices {z;} from above satisfy

s

. < Eq,m,n,d-

Proof. Denote A = ﬁ > grsers. Then for all h € H, and . = AA*

E(h,22h) =E(h, |AA*|2h) = E(h, AA*AA*h) = E(AA*h, AA*h)

=B[|AAR|* < E(JA[IZ, - |1A*RI%) < B| A3, - EIA”R|>.

Note that E|A*h||? = E(h, A*Ah) = ||h||?. Using Chevet’s inequality [Gor85),

d m m d

ElAl =B grser®eslixay < E(D grsesl) + E( Y grserl),
r=1s=1 s=1 r=1

where X = (5" and Y = I. We deduce that if A = \/—% 3 giser ® es then by using Kahane’s inequality (see

proposition 3.3.1 and proposition 3.4.1 in [KW92]) we have that

(B A|2,)? < ﬂ(W} = C(d, m). (3.3.1)

Therefore ||z;|, = (EHQCZ-H?)p)l/2 < C(d,m). For ¢ > 2

n 1/2

2
2.7

1

Q> ah)t?
1

< Q_ Mzl )
1

q | q/2

< X leill2)? < Vallzill, = Val(B]All27)"/2)
1
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Vd+
< VAPIENAIR) P = 2qvi (VYT (332)
N
The last inequality comes from Kahane’s inequality and inequality (3.3.1). Thus, taking €g m.n.q = ( JE\-/%/E) 2 %,

we have
1
]| < comna
q

The following lemma is used to prove the first condition in Theorem [3.1.3

Lemma 3.3.2. For d x d Wishart random variables x;, the following is satisfied

e e

C'Ind /124 g<lnd<n

’

where v, =
C’d%qmax{\/%7 1} g>Ind.

Proof. By Rosenthal’s inequality, we have

[  e

’ q

1/q 1/q

<e va(BIQZ Ex2)218) 7 4 a3 lwi — Eailt)
2\1/2)g 1/a 1 q
<e va(EIQ. Ead)2() 7 + ani - max(Ble1)

() b ST

< vadta[t e[ 2] + andata1+ 2]
<difi+ \/Zr(\/fTHq +¢°na).

The second-to-last inequality uses Kahane’s inequality [KW92] and inequality (3.3.2)). Dividing the inequality

1> (s ;Exiﬂ”q <t \f \/> \/nq , (3.3.3)

Let 2 < ¢go < ¢q. We have two cases to estimate the upper bound:

Q=

by n, we obtain

1. g <Ind<n
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2. Ind < q9 <gq.

We follow the optimization for ¢ from the proof of Theorem Define f(q) = \/Qn%, and consider

9(q) =In f(q) = %lnq—i— %lnn, then ¢'(q) = 2—1(1 — 1’;—2" =0at ¢g=2Inn. Then

Cy/L1 2<gqg<n
Vg < 1OV
n

ci  g>n.

Moreover, by (3.3.3)), when d < m, we obtain
d1? dn?
4t [1+ \/—} q(\/gju \/E\/&nié) < 20d+ [1+ 1/—] qmax{\/g,q}
m n n m n'n
< 8Cd}1qmax{\/g,q}.
n'n
Denote F(d,n) = SCd%qmax{\/g, 4}, We choose ¢ = Ind and we get that

1
Fld,n) = C'lnd ) 22
n

if we have gy < Ind < n. Otherwise we choose ¢ > ¢, and we get

F(d,n) = C"d}zqmax{\/g, %}

Moreover,
X C'lnd % g<Ind<n
Vg = )
C'digmax{\/Z,2} ¢>Ind.
We apply the estimate for ¢ > p and appeal to Theorem and Corollary O

Now, we can prove the AGM inequality for random matrices, which holds up to (1 + ¢€).

Theorem 3.3.3. Let {z;} be a family of self-adjoint family of d x d Wishart random matrices. For 2 <p <
Ind < n, we have

< N
P

a

> (xi — E(z))

(w%émm=h

< Apn, where v, = C"Ind %, po <Ind < n;
P

(iii) H

(S ad)?
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(iv) Moreover, for e >0 if v, < 5, pr := % then the following hold.

o [[Px(z1, ..., z0) — EPg(z1, ..., )|, < e

e The random AGM inequality holds,
[ P (1, ~~-,9Un)mpk < (14 2e¢).

Proof. Condition (i7) comes from definition of the Wishart random matrices. For condition () we directly
use Lemma for the case when p; < Ind < n. For condition (i), we use Lemma [3.3.1] This implies
that all the conditions of Theorem are satisfied, since py < Ind < n. Thus, we get the random AGM

inequality. O

3.4 Application of Pisier’s construction for freely independent
random variables

Let (M, 1) be a von Neumann algebra where 7 is a faithful normal and normalized trace. An example of a
finite von Neumann algebra is given by the group von Neumann algebra L(G) associated to the left regular
representation A(G) of a discrete group G. It is defined as the strong operator closure of the linear span of
AMG). Recall that L,(M,7) where 1 < p < oo is defined as the completion of M with respect to the norm
lzll, = (T(Jz[?))}/P (see [PX03] for more details). Note that L(G) = L (L(G)) and L(G) C L,(L(G)). We
want to prove a version of the AGM inequality with respect to the norm ||.||,. For this version of the AGM

inequality, we need the following key lemma.

Lemma 3.4.1. Let M be a von Neumann algebra. Let v be a partition. Then there exists a group G and

bi(j) € L(G) such that for x;(j) € Lp,(M), the elements X;(j) = b;(j) ® x:(j) € Lp(L(G) ® M) satisfy

M=Eu Y Xi,(1)Xi,(2)..X,(d).

11,92,13,...,%d

Moreover,

Cmas { (S ) 22l (S s )) 2y} € Ans € s

122 () lIp {i} € o5,

1D Xl < (3.4.1)

where C' is a universal constant. Note that b;(§) =1 if {i} € os.
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Remark 3.4.2. The norm inequality (3.4.1) was proved by Pisier and Xu for even integers p > 2 in [PXO03].

The general case follows from [JPXO07].
Now we can state the AGM inequality for L, (M) where p > d.

Theorem 3.4.3. Let M be a von Neumann algebra and x; € L,(M, T)s, satisfy the following condition for

some 6 > 0,

S, o] o
1 1

p

Then we have

|Pa(@, oo )5 < (1+(5C)(d! - 1))MH%§”} Z

n!

We will only give the sketch of the proof of this theorem since it is similar to the proof of Theorem [2.2.2

for pg = 5 > 1.
Proof. By using Lemma Holder’s inequality and the contractivity of conditional expectations we have

"Usl

‘Un,sl
1@} lpa < | D N DI

<[5

(> a2y
d
PIEZ

p

d .
+ ) |u(0,v)|Clon!
P v=0
z=

p

d .
RN TUDICILS
w20

Thus for 6C <1

d

nd n — !
Paess o), < (14 GC) (@~ 1) D L5,

P
Remark 3.4.4. If § < 1, we get the AGM inequality with a constant C(d,n) = C?d?.

As a matter of completeness, we want to include the limit case of the Wishart random matrices as an
application for the AGM inequality. Let’s first give the definition of freely independent von Neumann algebra
(for more details see [VDN92]).

Definition 3.4.5. The sequence of algebras {A;} is called copies over a von Neumann algebra M if the

following conditions hold

1. M C Aj for every j € N

2. There exists a trace preserving and *-homomorphism such that m ; : A1 — A; where m1 j|p = In.
Definition 3.4.6. Let {A;} be a family of unital von Neumann subalgebras of A.

e Then {A;} is called a freely independent algebra (with respect to a unital linear functional ¢ ) if

@(x1...70,) = 0 whenever ¢(z;) = 0 for all x; € A;; and iy # d,i2 # 13, ..., 7k—1 7 ik

37



e We say that operators x; € A; are freely independent if their algebra {A;} are freely independent.

We also need to recall Voiculescu’s inequality in the following proposition, which is considered as an
operator-valued free analogue of Rosenthal’s inequality for homogeneous free polynomials of degree 1 and

p = 00.

Proposition 3.4.7. Let ay € Ay where Ay, ..., A, are freely independent algebras over M. Then

n n n
1 1
1Y arl < sup lakll + 1D En(azan)llz + 1Y Ear(arai)| .
=1 k=1,...,n k=1 k=1

In the following theorem we prove the deviation inequality up to € and apply this to the AGM inequality.
Theorem 3.4.8. Fiz n,d € N such that n > d. If {x;} are freely independent over M such that

1. Epy(z) =1

2. 2] = w;

5. 2+ (4ym) sup |l | < 52,
then

1. ||Pi(x1,y ooy n) — EppPa(1, oy ) |Joo < €

2. || Pa(1, s zn)loo < 146

Proof. Let a; = x; — 1. By assumption we have Ejs(a;) = 0. Define C' = sup ||z;||. By a simple modification

of Voiculescu’s inequality [Jun05] , we get that

[$er] - [ S eaee
1 1

< sup lail) + 2| (O Bus ()|
1

<2(14C)+2ynC

En
< —

<24 (4/nC) < 2

Indeed, ||a;|| = ||lz; — 1|| < 1+ ||z:]] <14 C and

En(af) = Ey(zi — En(:))? = Ey(27) — Eng()?
< Ey(a?) = EM($3/2|$2'|$2/2)

< il Ear (i) = llzall < C.
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Again, using Voiculescu’s inequality we have,

EN

< sup ;]| + 2| (ZEM(ai)fﬂH <2(1+0)+2/nC < 2

|3

Following the proof of Proposition we get

d—|vs|

el "= G)

Applying the techniques of Proposition to the case p = oo, we have

Il < |3 )|

(n—k)!  ren\k
ey ) — see )| S 2=k 2= )
1P (a1, ...,an) — EPx(ay an)| <2 nl k <3d>

Then we have

|Pa(x1, oy ) — EPy(21, ...y )|

0
M=

(Z) (Pi(a1, -y an) — EPg(a1, .., an))]

k=1
d
dl(n —k)! €\
<2 = —
<2), d— k)" (35
k=1 \ ,

f(n) is a decreasing function

We apply Theorem for y; = Fx; instead of z;, where % = 1. Note that by free independence, we have
EP;(z1,...,xn) = Py(Ex1,..., Bx,) using the fact that {x,} in P;(z1,...,x,) has no repetition. Therefore,
we get

IPa(z1, s 20)|| < ||P(Ba1, ooy Ban)|| + € < 1+e.
O

Remark 3.4.9. The norm version of the AGM inequality also holds for the family of freely independent {x;}.

Indeed, we have that

JU
1P e n)|l < (L4 E)] >
1

n n
In this case we use again the Voiculescu inequality and deduce that |1 3" z; — L 3" Fa;|| < 5. This implies
1 1
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n
[+ > 2| > 1— 5. Hence,
1

(1+¢e) ,1 n d
|Pa(x1, )| < m—2711= > x|
P

Since we have (1 — )" > (1 —nt) for t € [0,1] and n > 1, this implies that for ¢ = 55, we have

(1—*)(12(1—@60:(1—5)

Thus, we have

(14¢e), 1< 4
| Pa(1, .. zn)]] < (- %)Ilﬁ;mll -

Note that (lj? =1+ 2 =1+ where é§ = 2 and e < 2. This implies the AGM inequality up to
(1-%) 3—¢ 3—¢ 5

the constant 1 + €. [ |

Another interesting application for freely independent copies {z;} is given as follows:
Corollary 3.4.10. Let {x;} be a sequence of freely independent copies over an algebra M such that
1. Ey(xy) =1p
2. x} = x;
3. ]| < C.
Then the AGM inequality holds up to (1 +¢).
Proof. Using the free independence for the {z;}’s, where d < p < oo we get
1. Eyp(x;) = 1
2. [[zillp, = llz1ll, < C5
3. (S 22)Y21l, < Ellaillpnt/” + VAl (Bara) V).
Indeed, for the property (3) we just apply a version of Voiculescu’s inequality for free variables [JPX07],

1/2

p

13w @enlly < e( X lall?) "+ |[(3 Eutaian)
1 1 1
< Cn'’? + V/n||(Exa?) 2.
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Note that

I il = 1" Ene(@a)lly = 1Y (2 = Bar (@)l

> nl| Ext (1), — (Cn/% 4+ v/l Bag (23)72]))

A

Now, if A < Z||En(21)]|, then we have

- Cnl? 4 il Exi (a3
I8l < 2 L ”nzxznp
1

nl|Enx(z)|lp

2CnMP=1/2 £ 2|| Epr(22)1/2|
< ) £ ”sznp

[ Enr (1)l

Chn

Then we get

H(Z x?)l/QHP < dnll Z%’Hp»
1 1

where §,, = % Then for \/n > d! we have §, — 0. This implies that when n is large enough, we get the

following AGM inequality:

|Paer, )y < (1+¢) ||sz||p
O

In conclusion, we see that the AGM inequality almost holds for the two extreme situations, namely,
for commutating or free independent random variables. Indeed, there should be some balance between
the degree of the polynomial and the size of the matrices. This can be seen from the restriction of the
parameters required to prove the AGM inequality for Wishart random matrices, log-concave measures and
freely independent (see Theorem m Theorem Theorem . Therefore, without this balance,
it seems the AGM inequality is hard to prove especially in the absent of the central limit theorem (CLT)

because we have to control the norm of polynomials in non-commuting variables of high degree.
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Chapter 4

Ternary ring of operators

4.1 Definitions and properties

In this section we recall some basic facts about C*-ternary ring of operators. We start with the algebraic
concept of C*-ternary ring of operators (see [Hes62|,[Zet83] for more details).

A complex ternary ring is a linear space X over complex number C such that equipped with a map

(o) i XX XPx X — X

(x,y",2) = {(x,y", 2) € X,

which is linear on the first and third variables and conjugate linear on the second and it’s satisfying the

following associativity condition:

<<x,y*,z>,e*,f> = <.§U, <€7Z*7y>*’f> = (a:,y*, <Z7€*7f>>

for all x, y, z, e, f € X.
A Banach ternary ring X is a complex ternary ring and also a Banach space such that the map (.,.,.) :

X x X! x X — X is a contraction with respect to the Banach space norm, i.c.
[z, ™, 2 < Nzl lly*[ll|=]

for all z,y,z € X.

This leads to the following important definitions.

Definition 4.1.1. A C*-ternary ring is a Banach ternary ring such that for all z € X

K, 2, 2)|| = fl>.
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The concrete definition of a ternary ring of operators (TRO) is given as follows:

Definition 4.1.2. A ternary ring of operators (TRO) between Hilbert spaces H and K is a norm closed

operator subspace V of B(H, K), which is closed under the triple product

VxVExV SV

(x,y",2) > (z,y",z) =2y"2 € V C B(H,K).

It is important to know that every TRO has a natural operator space structure, i.e. if we define a TRO
V € B(H,K), then M, (V) C M,(B(H,K)) = B(H™, K™) is also a TRO. This imply that V" has a natural
canonical operator space structure (V, ||.||,)-

It is easy to see that every C*-algebra is a TRO. In fact, if p, ¢ are projections in a C*-algebra A, then
pAq is a TRO. This is an equivalent definition of a TRO V which is defined as the off-diagonal corner of its
linking C*-algebra A(V') such that

where C(V) and D(V') are both C*-algebras generated by VV# and V*#V respectively (see [KR02| for more

details).

Remark 4.1.3. It is clear from the definition that
TRO C C*-ternary ring C Banah ternary ring.

But the inverse inclusions are not necessarily true. We provide the following known examples.

Example 4.1.4. Let (1(Z) = {f : Z — C: ||f]l1 = >_|f(n)| < 400} where the multiplication is given by

the convolution,

frg=>_ flm)g(n—m).

meZ

It is well-known that ¢1(Z) is an involutive Banach algebra and hence a natural ternary ring by

(o) 1 01(Z) X £4(Z)* x £,(Z) — £1(Z)

(f,g" h) = fxg*xh),
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for all f,g,h € ¢1(Z). It is clear that

1+ g *hlly < [ fllllg™ * Rlle < [ FIllg™ 12l = 1A gl l 7]l

It is a Banach ternary ring but not a C*-ternary ring. Indeed, consider the element x = 8o +id; + 02 € £1(Z)

where ¢, is the characteristic function on n and 0, * d,, = dptm. Then, x* = §y —id—1 + J_2 and

[2*[[s = [[zlly = 3 and [|lz" * z[l, = 5.

This implies that ||z * 2* * x||; < ||z||1]|z* * 2|1 =3 -5 =15 < ||z[|3 = 27. |
Next, for the second example, we recall the following definitions.

Definition 4.1.5. Let V and W are two TRO’s. A linear map 6 : V. — W between two TRO’s V and W

is called a TRO-homomorphism if it preserves the triple product as follows:

0(zy*z) = 0(x)0(y)"0(2)

for all z, y, z € V. Moreover, 6 is a TRO-isomorphism if it is bijection. A linear map 6 : V. — W is called

an anti-TRO-homomorphism if for all z,y,z € V

Blay"z) = —0(2)6(y)"6().

The following decomposition theorem for C*-ternary ring is due to Zettl |Zet83].

Theorem 4.1.6. Let (X, (.,.,.),|.]|) be a C*-ternary ring. Then X is the direct sum of two C*-ternary
subrings X4 and X_ where X1 is a TRO-isomorphic to a TRO V and X_ is anti- TRO-isomorphic to a

TRO W. Moreover, V and W are unique up to TRO-isomorphism.

In particular, the above theorem shows that every C*-ternary ring consists of a TRO part and an anti-
TRO part. In general, a C*-ternary ring is not isomorphic to a TRO. Zettl provides an example for the

decomposition of a C*-ternary ring of operators.

Example 4.1.7. Suppose 2 is a compact Hausdorff space and let 27 # Q be a nonempty set which is open
and closed. Define x : 2 — {0, 1} such that
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1 ifteq,
x(t) = ~
0 lftEQQZQ/Ql

Define the triple product map for C(€2) as the following

() C(Q) x C()* x C(Q) — C(Q),

FHgnt)  ifte
(f,3,h) — fgh(2x — 1)(t) = 9 €

— f()g()n(t) if t € Q.

Then (C(9),(.,-,-), |l-llsup) is a C*-ternary ring which has the following decomposition: C(Q) = C(Q)+ +
C(Q2)- where C(Q); = C(£21) and C(2)- = C(Q2/8). [ ]

From the definition we can see that every TRO is a C*-ternary ring with anti-TRO part X_ = 0, but
not every C*-ternary ring is a TRO. However, we can make it a TRO by appropriate modification that is

given by Zettl which corrects the anti-TRO part to the TRO-part.

Theorem 4.1.8. For every C*-ternary ring (X, (.,.,.), ||-|), there exists a unique map operator T : X — X

satisfying
1. T? = Idx;
2. T({x,y*, 2)) = Tx,y*, 2) = (x, Ty*, z) = (x,y*,Tz) for all x, y, z € X;
3. (X,To{, ]|l is a C*-ternary ring which is isomorphic to a TRO.

Example 4.1.9. Back to the Example of C(Q), it is clear that

From Theorem the map T = 2y — 1 corrects the anti-TRO part of a C*-ternary ring such that

To(f,g,h)= fgh. [ |

4.2 Cb-version of Zettl’s decomposition theorem

We have seen from the last section Zettl’s decomposition theorem for C*-ternary ring where X is a Banach

space. A natural question is to ask what happened if we are given X as operator space. Todorov [Tod02]
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has proved the cb-version of Zettl’s decomposition theorem. In this section, we recall some of Todorov’s

results. Let’s start first by the following definitions.

Definition 4.2.1. A completely contractive ternary ring (c.c ternary ring) is a ternary ring with an operator
space structure, such that the map (.,.,.) : X x X# x X — X is completely contractive with respect to the

norm.

Definition 4.2.2. A ternary operator system X is a completely contractive ternary ring such that for all
T = [l‘ij] S Mn<X)

lz ©2f Ozl = [l
Here ® denotes the formal matrix product.

Remark 4.2.3. Every TRO is a ternary operator system, i.e.

TRO C Ternary operator system

but the inverse inclusion is not true in general. In fact, a ternary operator system is a matricial structure of

a C*-ternary ring.

Example 4.2.4. From Example[d.1.7, we find that (C(€2), (., .,.), ||.||») is a ternary operator system. Indeed,
for M, (C(Q,C)) = C(2, M,,) as a C*-algebras. The map

()1 C(Q) x C(Q)F x C(Q) = C(N)

is completely contractive by the minimal operator space structure of C(€2) |[ER00|. To check the last condition
P y y P p

of a ternary operator system we use the functional calculus. Let = [f;;] and since za* > 0, we have

lz©a* ©z|® = ||[fi;] © [frs]" © [fulll?

| 2

=0 > fisfietulia

j=1,k=1

=l Y fufptafififill

j=1,k=1

= ||a*zaza x| = ||acH6

So this is an example of a C*-ternary ring which is also a ternary operator system. |

The following cb-version of Zettl’s decomposition theorem is due to Todorov [Tod02].
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Corollary 4.2.5. Let X be a ternary operator system. Then there exists ternary operator sub-systems X
and X_ such that X = Xy & X_ and X is completely isometrically isomorphic to a TRO, while X_ is

completely isometrically anti-isomorphic to a TRO.

This result tells us that the triple operation is not preserved by the representation T : X — B(H, K),
ie.

T((x,y", 2)) # T(@)T(y)" T(2).

Corollary 4.2.6. Let X be a ternary operator system. Then X is completely linear isometric to a TRO.

4.3 Equivalence between TRO’s

Recall the equivalent definition of a TRO V as the off-diagonal corner of its linking C*-algebra

cwv) Vv
A(V) =
Vi D)

where C(V) and D(V) are both C*-algebra generated by VV# and V*#V respectively [KR02]. It is known

that if two TRO’s V' and W are TRO-isomorphic, then their linking C*-algebras are *-isomorphic, i.e.
VW= AV) = AW).

Questions to ask:
1. If the converse of this statement is also true,

2. If the diagonal components between two linking C*-algebra of two TRO’s V and W are *-isomorphic

then is this imply that V' and W are TRO-isomorphic.

Surprisingly, these questions are not true in general. Our main goals in this section are to prove the above

statements are not true, i.e. If we have two TRO’s V and W such that

Q
S

R
Q
=
3
>

I

D(W) are x-isomorphic as a C*-algebras but V 2 W as TRO-isomorphic. (4.3.1)

Also we prove

A(V) = A(W)butV 2 W. (4.3.2)
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Note that this relation in (4.3.2]) also tells us that TRO is not unique in the definition of Morita equivalent
between two C*-algebras. We begin by recalling the definitions of the UHF algebras, CAR algebras and

other related results [Dav96,Bla06].

Definition 4.3.1. A C*-algebra A is called uniformly hyperfinite (or UHF) if A = U%"ZIMan'H is an

increasing union of unital subalgebras which are isomorphic to matrix algebras Mj,, .

Example 4.3.2. Let A be algebra obtained as the union of subalgebras A,, = Ms» where the embedding

Grnnt1 : Ap — Apqq is defined by

) a 0
Pnn+1(a) = diag(a,a) =
0 a

This is an embedding of multiplicity 2 and A is called the CAR algebra.

Definition 4.3.3. The supernatural number associated to the sequence A,, is defined as a formal product

of the form

5(A):= [ »r~

p prime
where for each prime integer p there is a unique ¢, € N{J{co} which is the supremum of the exponents of

power of p which divide k,, ( kj, is the dimension of the matrices My, ) as n tends to infinity.

For instance, the CAR algebra A has the supernatural number 6(A) = 2°°, i.e. €2 = oo and for all other
p # 2 we have €, = 0 ( see [Dav96] for details about the supernatural number). We have the following

diagram for A and M (A) as follows,

M2C—¢) My @ My—— My @My @ Ms...... — UkeZMzk”'”

It is easy to check that this diagram commutes and hence §(A) = 6(Mz(A)) = 2°°. This implies that A and
M>5(A) are isomorphic ( Note that UHF is uniquely determined by its supernatural number, see Theorem

I11.5.2 in [Dav96]). Using this fact, we are able to prove the following result.
Proposition 4.3.4. Let A be the CAR algebra. Then M 2(A) is not TRO isomorphic to A.

Proof. Let V := M 2(A) and W := A. Suppose that V and W are TRO-isomorphic, i.e. there exists a

map ¢ : My 2(A) — A which is TRO-isomorphism from M; 5(A) onto A. Since the row vector v = [0, 1] is
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a partial isometry in Mj 2(A) such that vo*z = x for any © € Mj 2(A), its image w = ¢(v) must be partial
isometry in A such that ww*y = y for all y € A where y = ¢(z) for some x € M 2(A). If y = 1 then we
have ww* =1 and because the CAR algebra A is finite then w*w = 1. Furthermore, there exists a non-zero

element x1 = [1,0] in M; 2(A) such that

p(z1)w w = p(z1v"v) = 0 # d(z1),

which leads to a contradiction. O
The above proposition leads us to the following theorem.

Theorem 4.3.5. There exist two TRO’s V and W such that
1. Ife(V)y=2C(W) and D(V) 2 D(W) but V2 W
2. IfA(V) X AW)but VZ W

Proof. Consider the TRO’s W := Mj 5(A) and V := A, where A is the CAR algebra. Then from Proposition

we know that W := My 2(A4) 2 V := A as TRO-isomorphism. However, C(V) = VV*H'H = A and
D) = VvV = A, Therefore, (W) = W+ = 4 and DW) = W' = My(A4). Since A and

M (A) are #-isomorphic, then C'(V) = C(W) and D(V) = D(W) are both *-isomorphic. But we have that
V 2 W as TRO isomorphism.

For (2) we obtain two different UHF algebras By and Bs with the following diagrams:
Cores Mo—s My ® Mg(ﬁ My@Ms®@Ms...... e Un)mezMgnxgm Il = By

and

Ce—— M3—— M3 @ My——— M3 @ Mo @ Ms...... = Un,mezMan x3m = Bs

It turns out that B; and By are isomorphic since they have the same supernatural number, i.e. §(Bq) =
d(B2) = 2*° x 3> as n and m tend to infinity. Also, for the same reason Ms(B;) and M3 (B3) are isomorphic.
Now consider the TRO’s V and W such that V := By and W := M 3(B;). Then by simple modification of
the result of Proposition we know that V' is not isomorphic to W but we know that A(V) = Ma(By)
is isomorphic to A(W) = A(M; 2(B1)) = M3(By). O
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4.4 Equivalence between W*-TRO

A concrete W*-TRO is defined as a weak*-closed subspace V' C B(H,K) such that zy*z € V for all

x,y,z € V. It is a corner of the von Neumann algebras R(V'), defined as follows:

M)V
vV N(D)

where M (C') and N (D) are von Neumann algebras. Our main result in this section is to prove the W*-version
of Theorem We first recall a number of definitions for von Neumann algebras (see[Rua04}Bla06] for
more details.)

Let M € B(H) is a von Neumann algebra and p and ¢ are projections in M, we say p is dominated by g,
denoted as (p < q) if there is an operator u € M with uu* = p and u*ug = u*u. We say that p and ¢ are
equivalent, denoted as (p ~ q), if there is v € M with uu* = p, u*u = ¢. It is true that p ~ ¢ if p < ¢ and
q < q. A projection q is finite if p < ¢, p ~ ¢ implies p = ¢ and it is infinite if there is a p such that p ~ ¢

and p % q. A projection p # 0 is called minimal if it dominates no other projection in M other than 0.
Definition 4.4.1. A factor is a von Neumann algebra R with trivial center, i.e. RN R = C.

Definition 4.4.2. A von Neumann algebra is finite if every isometry v € M is a unitary. i.e v*v =1 =

vo* =1 for all v € M, i.e. (1 is finite).
Definition 4.4.3. A factor M is of type I1; if M has no minimal projections and every projection is finite.

Definition 4.4.4. A separable von Neumann algebra R is said to be approximately finite dimensional
(AFD) (or hyperfinite) if there exists an increasing sequence of finite dimensional C*-subalgebra N,, such

s.o.t

that R = (US2,N,,)" = US| N,

It is known that all AFD factors of type I are x-isomorphic. The following proposition proved by Ruan
[Rua04], will help us to construct an example we need for (4.3.1).

Proposition 4.4.5. Let R be a finite von Neumann algebra. Then M 2(R) is not TRO-isomorphic to R.

Theorem 4.4.6. There exist two W*-TRO’s V and W such that
IFNWVYENW), MV)2XMW) and RV) 2 R(W) but VW

Proof. Consider the TRO’s W := M; o(R) and V := R, where R is the AFD factor of type II;. Then
from Proposition we know that W := M; 5(R) 2 V := R as TRO’s. However we have that M (V) =
VVF" = Rand N(V) = V*V"" = R. Therefore, M(W)=WW*"" = Rand N(W) =W*W"" = My(R).
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Since all von Neumann algebra which are AFD factor of type II; are *-isomorphic, then N(V) = N(W) and
MWV)= M(W) but VW as W*-TRO’s. Moreover, their linking von Neumann algebras are s-isomorphic

since they are hyperfinite I1; factor. This conclude our example. O

Note that the above result is stronger than the following theorem which can be proved by using the same

example.
Theorem 4.4.7. There exist two W*-TRO’s V. and W such that
1INV NW) and M(V) 2 M(W) but VW

2. IFR(V) = R(W) but V2 W.
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Chapter 5

Crossed Product of TRO’s

5.1 Crossed product of C*-algebras

In this section, we present some known results for crossed product of C*-algebras which will be used through-

out this chapter (see [BOO§| for more details).

Let G be a discrete group and A be a C*-algebra. An action of G on a C*-algebra A is a group
homomorphism « : G — Aut(A); s — a5 of G into the group of Aut(A) of *-automorphisms of A. The
x-algebra C.(G, A) is defined as the linear space of the finitely supported function on G with values in A.
Let the action is defined as the inner action, i.e. a,(a) = gag™" for all @ € A and g € G. Then the a-twisted
convolution and the x-operation of C.(G, A) are given as follows:

for S= > assand T = > bit € C.(G, A),
seG teG

Sxe T = Z asas(by)st, S* = Z ag-1(at)s™t

s,teG seG

In order to understand the crossed product of C*-algebras better, it is useful to start with the reduced
crossed product. If G acts on a Hilbert space ¢?(G) and we start with a faithful representation A C B(H)
which takes value in a Hilbert space H, then we can define a new faithful representation from A into

B(H ® (*(@)) where H ® £*(G) is the new Hilbert space such that
m(a)(v @ dy) = (ag-1(a)(v)) ® d,
where {d,},ec is the orthonormal basis for the ¢2(G). Namely,

7(a) = ®geqey, '(a) € B(H ® (*(G)) = B(BgecH).

Let A : G — U(f?(G)) be the left regular representation of G on £2(G) such that A\s6; = ds. Then the

52



regular covariant representation for the reduced crossed product is a pair (7,1 ® A) where 7 is the above
s-representation of A into B(H ® ¢%(G)) and Iy ® A is a unitary representation of G into B(H ® £*(G))
satisfying

r(as(@)) = (I ® A )r(a) (T ® Ao)*.

Now, we are ready to recall the definition of the reduced crossed product of a C*-algebras.

Definition 5.1.1. The reduced crossed product, denoted A X, G, is defined to be the norm closure of the

image of the regular representation C.(G, A) — B(H ® (*(G)).

We recall the general definition for the covariant representation for the full crossed product of a C*-

algebras.

Definition 5.1.2. A covariant representation of C.(G, A) is a pair (7, U) which consists of a unitary rep-

resentation U of G into H ® ¢2(G) and a *-representation m of A into H ® ¢?(G) such that

w(ag(a) = U (@)U} (5.1.1)

for every g € G and a € A.
The definition of the full crossed product of a C*-algebra is given as follows.

Definition 5.1.3. The full crossed product, denoted A X, s G, is the completion of C.(G, A) with respect

to the norm

]|y = sup [lo ()],

where the supremum is taken over all the x-homomorphisms C.(G, A) — B(H). From the above construction,

we know that the family of x-representation of C.(G, A) into B(H) is not empty.

The following universal property of the full crossed product of C*-algebras highlights that every covariant

representation (7,U) of C.(G, A) yields a *-representation of the A x,, G..

Proposition 5.1.4. For every covariant representation (U, 7, H) of C.(G, A), there is a x-homomorphism

0:Ax,G— B(H) such that

O'(Z ass) = ZW(GS)US (5.1.2)

seG seG

for all 3~ ags € C.(G, A).
seG
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Remark 5.1.5. We have to distinguish between the covariant condition in (5.1.1)), which multiplied by the
same unitary from both sides, and the universal property (5.1.2)), which multiplied by a unitary from one

side.

Example 5.1.6. If A = C, then the full crossed product C*(G) := C x; G is called the full group
C*-algebra of G ( C has only the trivial *-automorphism and trivial representation) and the reduced
crossed product C*(G) := C x,. G is called the reduced group C*-algebra which is defined as the norm

closure of A\(C.(G)) C B(¢*(G)) where X is the left regular representation.

5.2 Crossed product of (*-algebras and its local properties

The local properties for C*-algebras preserve with the crossed product when G is amenable or the action of
G is amenable. Throughout this section, we will present some important known results for crossed product
of C*-algebras and its local properties that we will use them in the next section when we are proving the
same results for TRO’s. The definitions of the local properties and the following theorems can be found in

[BOOS].

Theorem 5.2.1. For an amenable group G and an action o : G — Aut(A), the following statements hold.
1. AXg G=AXq, G
2. A is nuclear if and only if A x, G is nuclear.
3. A is exact if and only if A x,, G is exact.

When the group G is not amenable then the result remains valid for the amenable action which is defined

as follows (see [BOOS§| for more details).

Definition 5.2.2. Let A be a unital C*-algebra. An action o : G — Aut(A) is amenable if there exist
finitely supported functions 7T; : G — A with the following properties:

1. T;(g) > 0 and T;(g) € Z(A) (the center of A) for all i € N and g € G.

2.(T,Th) = Yy Ti(9)* = La.

3. |ls %o T; — T;|| — 0, for all s € G where s *, T;(p) = as(T;(s71p)) for all p € G.

Theorem 5.2.3. For any amenable action of o on A, the following statements hold.
1. Axg G=AX,,G.
2. A is nuclear if only if A x, G is nuclear.

3. A is exact if and only if A x4 G exact.
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5.3 Reduced and full crossed product of TRO’s

We have seen in the previous section the definitions of the full crossed product and the reduced crossed

product of C*-algebras. In this section, our goal is to define the crossed products of TRO’s.

Definition 5.3.1. Let G be a discrete group and V be a TRO. An action of G on V is defined to be
a group homomorphism « : G — Aut(V); s — a, of G into Aut(V) where Aut(V) is the group of the

TRO-isomorphism on V. In this case we say that V is equipped with a G action o on V.

Suppose G is a discreet group and V' is a TRO equipped with a G-action o on V. Let C.(G,V) be the
linear space of finitely supported functions on G with values in V. An element S € C.(G, V) is written as a

finite sum

S:Zass

seG

where a; € V and s € G and its conjugate is written as

z(Zass)*zz “laks Zaslag*fl

seG seG seG

where ag(a) = sas™! for all a € V and s € G. For S,T,R € C.(G,V), where S = Yoscq ss, T* =

> oiea a;-1(by)*t L and R = > req CrT, we define the triple convolution product as follows:

= Z asors (o1 (be)*) st Lepr
= Z asorg—1(be)*oge-1(cy) st 1,

cVv eG

where the first part belongs to V' and the second part belong to G. This implies that S*xT* xR € C.(G,V),

which means that C.(G,V) is the algebraic ternary ring, i.e. it is closed under the ternary product.

There are two different ways to take the completion of this ternary ring C.(G, V). The completion with
respect to the reduced crossed product norm or the full crossed product norm. Motivated by the crossed
product of C*-algebras, we first construct the reduced crossed product of TRO’s. We define the regular
representation of TRO’s as follows:

let’s start with a faithful representation V' C B(H, K). Then we define a new representation = of V' into
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B(H ® *(Q), K @ (*(G)) by
7(a)(v @ dy) = ag-1(a) ® &y,

Under the identification H ® £*(G) = ®gecH, this is the direct sum representation
m(a) = Byeca, ' (a) € B(@gecH, Grex K).

Let A be the left regular representation of G' on £2(G) and let A¥ =Ty ® A, be the amplification of the left
regular representation of G on H @ £2(G) and \X =T ® A\, on K ® £2(G). Then the representation which

consists of (7 M \K ) is called a regular covariant representation such that

178 178

o(> ass) = wa) Iy @A)

seG seG

as it is satisfied the following condition for every a € V and s € G,

m(ag(a)) = MEr(a) M = (I @ A )7m(a) Iy @ A)*. (5.3.1)

Remark 5.3.2. In the covariant condition of C*-algebras (5.1.1), we see that it is multiplied by the same
unitary from both sides since H = K. But for TRO’s (5.3.1]), we multiply each side by a different unitary
since H # K.

Using the covariant condition, we check that
span{7(a)(Iy ® \s) :a € V,s € G} C B(H @ 1*(G), K @ £*(Q))
is closed under the triple product. Indeed, for © = 7(a)(Ig @ As) , y = 7(b)(Ig @ A) and z = 7(c)(Iyg @ M),

'z = (@) ® ) @O In © M) w(0) Iy © )
= w(a)(Ixg ® ) Ig @A) 7 (b)*m(c)Ir @ Ay)
— (@) (T ® A1)7 () 7() (I © A
= (Ix ® A1) (a1 (@)m(0) 7 (0) T © M)

= 7(ag-1(ags—1(a)b*e)) Iy @ Apg—14)-

Thus, zy*z € span{n(a)(Ig ® A\¢) : a € V,t € G}. Then by taking the completion of this linear span we

obtain the reduced cross products of TRO’s.
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Definition 5.3.3. The reduced crossed product of a TRO, denoted as V' x4, G, is defined to be the norm

closure of the image of a regular representation C.(G,V) — B(H ® (*(G), K ® (?(G)), i.e.

\% Xa’r G = span{w(a)(HH &® At) ‘a € V,t c G}HH

Before proving the main result in this section, we recall the following result by Hamana [Ham99], which

shows us how we relate the C*-homomorphisms of C(V') and D(V') with the TRO-homomorphism of a TRO
V on B(H, K).

Theorem 5.3.4. Let V and W be two TRO’s and 7w : V — W be a TRO-homomorphism. Then

TC ™

TA(V) = : A(V) — A(W)

is a well-defined C*-homomorphism, where ¢ : C(V) — C(W) and mp : D(V) — D(W) are C*-

homomorphism which are defined as follows:

re (Y wiyi) = D m(@)m(y)’ (5.3.2)

%

7TD(Z Yi #i)

Remark 5.3.5. For S =% _ass, T =3, ccautand R=3 _.c.r € C(G,V), we have

Zﬁ(yz)*ﬂ(%)

o T =3 \cq a1 (b) 71 € Co(G,VH)

e SxT* = Y asay-1(b)" st™t e C.(G,C(V))
8,tEG N~ ——
ec(v)

e T R= 5 s () 0us(e) -7 € C(G, D(V))
t,reG

eD(V)
Recall from the introduction that V* is the conjugate space of V that is contained in B(K, H) and C(V)

and D(V) are both C*-algebras generated by VV# and V*V respectively.

1. For an element S« T* € C.(G,C(V)) we claim that

o X (Ig @A) (S*T*) =7 x (Ig @ A\)(S) 7 x (Ig @ \)(T)*.

o7



Indeed,

7o x (Ig @A) (S*T*) =70 x (Ix © /\)( 3 asast_l(bt)*srl)

5.1€G
— tze:G To(asag—1 (b)) (g @ Agp—1)

_ tze:gﬂ-(as)ﬂ'(astﬂ (b)) (T ® Agy1) (5.3.3)
B ;G m(as) (T ® Age—1)[(Tx ® Ags—1)m(age=1 (b)) (T ® Agg=1)]" (5.3.4)
- tze:G m(as) (g @ Agp—1)m(br)"

_ ;G m(as)(Ler @ Ao)[m(be) (T © Ao)]*

=7 x (Ig ® A)(S) 7 x (I @ A)(T)*.

The equality (5.3.3) follows from the equality in Hamana’s result. The covariant condition
is applied in the equality to conclude the result. The argument for an element belong to D(V)
follows similarly i.e. mp X (Ig ® A) (T** D) =7 x (Ig @ \)(T)* 7 x (Ig ® \)(D).

2. For 7 x (Ig ® A) (S« T* % R) where S, T, R are defined as before we have

™ X (HH oY )‘) (S * T % R) = Z 7-‘-(O[stfl(()étsfl(as)bicr))(HH b2y )‘tsflr)

s,t,reG

= Z 7(as)m(ag—1 (b)) m(ge-1(cr)) I @ Nyg—1,.)
s,t,reG

= Z m(as)(Ig @ Ae)(m(be) (Ig @ Ae)) 7 (cr) @ (g @A)
s,t,re€G

=1 x (Ig ®\)(S) 7 x (Ig @ \)(T)" 7 x (I ® \)(R) € B(H, K).

Let " be an action of G into the group of Aut(V) and a*(V) be its natural extension. A natural question
to ask if we can identify V x,v G as the off-diagonal corner of the C*-algebra A(V) X awv) G. Equivalently,

if we can obtain the %-isomorphism between the following linking C*-algebras, i.e.

A(V XV G) = A(V) X QAWV) G.

In the following proposition, we prove this identity for the reduced crossed product of A(V).
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Proposition 5.3.6. Let G be a discrete group and let V be a TRO such that an action ¥ : G — Aut(V)

can naturally be extended to a*V) : G — Aut(A(V)). Then we have the following C*-isomorphism,

A(V ><1aV7T G) = A(V) NaA(V),T. G. (535)
More precisely,
C(V Naer) V)daVTG C(V) NaC(V)TG VNQVG
A(VXIav,TG) = ' ' = ' = A(V)NOLA(V)’TG.
(V XNaV G)ﬁ D(V XaV G) Vti XV G D(V) X aD(V) G

Proof. Tt is sufficient to check the C*-isomorphism C(V') x,cv) . G=C(V x,v . G). The proof for the other

components will be similar. Note that

C(V) xpeo) . G={mc(ab*)(Ix ® Xs) s a, b€ V,s € G}H'H

and

C(V MoV r G) = (V AoV r G)(V AoV r G)ﬁ‘lu
Let zy* € C(V x4v . G) where 7 : V = B(H,K) is a TRO-homomorphism such that 7|c = 7¢ and

7m|p = 7p are *-homomorphisms for C*-algebras C (V') and D(V'). Using the covariant condition, we have

zy* =7(a)(Tg @ As)[7(b) (g @ Ar)]"
=7(a) [Ix @ Mg—17 (g1 ())]*
= 7(a)m(as—1(0)" (Ix ® Age-1)

= 7mo(aag-1(b)")Ix @ Ag-1) € C(V) Xpow) . G.

Note that in the last equation we use the identity (5.3.2]) in Hamana’s result. Now for the other direction

let Wc(ab*)@}{ ® )\3) € C(V) XQow) G, then
re(ab)Ix @A) = w(@)(d)* (Ix ® As) = m(a)(Tir ® As) (g1 (8)) (It ® A2)]* € C(V xav . ).

The proof of the other three corners will be similar to this one. O

~H ~K
Now we consider for the full crossed product of TRO’s. We replace the unitaries A; , As in the regular

covariant representation by general unitaries us and vs on Hilbert spaces H and K respectively. The general
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covariant representation (, us, vs) is defined to be the representation consists of TRO-homomorphism 7 and

the unitaries us and vs on Hilbert spaces H and K such that

m(as(a)) = vsm(a)ul.

Definition 5.3.7. The full crossed product of a TRO is defined to be the completion of the space C.(G, V)

with respect to the norm
[1S]l 7 = sup{||7 x us(S)| : ™ X us is a non-degenerate covariant representation of C.(G,V)}

where S € C.(G,V), denoted by V x4 5 G.

Note that the covariant representation of a TRO has also the universal property.

5.4 Local properties

Since a TRO is defined as the off-diagonal component of its linking C*-algebra A(V'), then there is a strong
connection between some local properties of TRO’s and their linking C*-algebras [KR02]. In this section we
prove that the local properties for TRO’s preserve with the crossed product when the group G is amenable.

The following theorem was proved by Kaur and Ruan in [KR02|.

Theorem 5.4.1. Let V be a TRO. Then the following are true
1. V is 1-exact (or equivalently, A-exact) if and only if A(V') is 1-exact (or equivalently, A-exact).
2. V is nuclear if and only if A(V') is nuclear.

3. V is local reflexive (or equivalently, A-local reflexive) if and only if A(V') is local reflexive (or equiva-

lently, A-local reflexive).
Now, we use the identity (5.3.5)) and Theorem to prove the following theorem.

Theorem 5.4.2. For any amenable group and any action o : G — Aut(V), the following statements are all

true.
1. VXa s G=V X, G
2. V is nuclear if and only if V x4 G is nuclear;

3.V is exact if and only if V %, G is exact.
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Proof. We know that A(V) Xq,f G = A(V) Xq,» G by Theorem [5.2.1} For (1), by using Proposition we
have A(V Xq,fG) = A(V X4, G). Since the two maps Vx, G — A(V X4 fG) and Vxa G = A(V X4, G)
are completely isometric as upper-right corner, we have V X, s G =V x4, G. For (2), if V is nuclear, then
by Theorem A(V) is nuclear. By Theorem the linking C*-algebra A(V x4 G) = A(V) x4 G is
also nuclear. So by Theorem V X4 G is nuclear. Similarly if we assume that V x, G is nuclear, then
its linking C*-algebra is also nuclear. Again, using the equality that A(V x, G) = A(V) x4 G, A(V) and

hence V' is nuclear. We leave (3) to the reader since the proof is identical to (2). O

5.5 Conditional crossed product

In this section, we consider a special type of the crossed product of linking C*-algebras of TRO’s where we
have a one to one correspondence between the covariant representation of TRO’s and its linking C*-algebras.
Let as € Aut(A(V)) is defined as an inner action, ay(a) = UsaU? for all s € G and Us is a unitary in

B(H @ K), such that it satisfies one of the conditions in the following proposition.

Proposition 5.5.1. Suppose oy is an action on A(V'). Then the following are equivalent:

1 0 10 0 0 0 0
1. as( ): ,andOzS( ): for all s € G
0 0 0 0 0 1 0 1

2. asly € Aut(V) for all s € G.

Proof. By assuming (1) is true and using TRO-homomorphism we have

0 =z 0 0
Qs eV.
0 0 0 1

This implies that oy € Aut(V). For (2), the first equality implies (1). O

Definition 5.5.2. Let A(V) be the linking C*-algebra of a TRO V and let o be an action of G into
Aut(A(V)). If « satisfies one of the condition of Proposition [5.5.1} then we call this crossed product as a

conditional crossed product of A(V'), denoted as A(V') X4, G.

Note that Proposition defines a corner preserving action ag which helps us to obtain the unitary

representations u, and v, in the covariant representations for both C'(V') and D(V).
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Corollary 5.5.3. Let (7,U, L) be a covariant representation for the linking C*-algebra A(V') such that U is
a unitary on the Hilbert space L = H ® K. Let’s define an action as on A(V) satisfies one of the conditions
of Proposition|5.5.1. Then there exist orthogonal projections p and q, such that pL = H and gL = K, which
split U on B(L) = B(H @ K) into two unitaries us and vs for both C(V') and D(V') such that

us = pUsp is a unitary on H

vs = qUsq is a unitary on K.

Proof. From given, we have the covariant representation (7, U) for A(V) xo G where 7 : A(V) - B(H ® K)
and

7(as(a)) = Usii(a)Ug

We claim that there exists a unitary us such that ufus, = 1 for the covariant representation of C(V),
where us = pUgp, and similarly for D(V).

The orthogonal projections p and g are defined as follows:

1 0

where p + ¢ = 7?( ) = I, and pg = 0. Now, consider a € C(V) and let us = pUsp. Then we have

0 1

[ ]a O [ ]a O
UGUST p=pUip-pUsp- 7 p
0 0 0 0

0
., (110 a 0
=pUsp- 7 Qg Usp
0 0 0 0
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a 0
0 0

use the covariant condition again

=pT| Oy O p=m p.
0 0 0 0

This imply that vius = Ix. Now, using a similar argument we prove that usu? = Ix. The argument for

D(V) follows similarly. O

Remark 5.5.4. For the converse, we know that if we have two covariant representations for C(V') and D(V)

with unitaries us; and vs on B(H) and B(K) where H and K are two different Hilbert spaces then we can
us 0

define a unitary for A(V), Us = on B(H @ K), and an action a(a) = UsaU} which satisfies the
0 wg

condition of Proposition that os|y(r) = uszvy € V for all z € V. This is also called the conditional
crossed product of A(V'), denoted as A(V) x4 G. Of course, not all actions for A(V') satisfy the condition

of Proposition [5.5.1

Ezample 5.5.5. Let G = Zy, V = C. Then A(V) = M3(C). Define the following two unitaries in A(V):

Uo = IMg((C) and U1 =

S s
S sk

0 v
Define a; as the associated inner action ag(a) = UsaUZ. It is clear that Uy Uf ¢V.
0 0

Motivated by Proposition we present the same result for the conditional crossed product of A(V).
Theorem 5.5.6. Let G be a discrete group and let V' be a TRO such that the conditional crossed product

exist for A(V)). Then we have the C*-isomorphisms,

A(V %1 G)e = A(V) . G (5.5.1)

C(VXxaG)e=C(V)XgcG and D(V x4 G)e = D(V) Xg,c G.

)

The proof is similar to Proposition for the reduced crossed product of A(V).
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Theorem 5.5.7. Let V be a TRO and G be a discrete group. Then
V XarG=V x,G if and only if A(V) Xar G=A(V) Xa,.G.

Proof. If A(V)%a,rG = A(V) X4 G then by using the identity (5.5.1)), (5.3.5)) and the orthogonal projection

1 0 0 0
D= and ¢ = , we have that

0 0 0 1

V Xar G=pAV %o, G)g=DpAV Xa,G)g=V %, G.

For the other direction, if we have V X, .G = V X, G, then the linking C*-algebras are the same and again by
using the identity (5.5.1)), (5.3.5), we get that A(V) xq,, G = A(V x4, G) = AV X0 G) = A(V) % .G. O

This class of crossed product sits in the middle between the full and reduced crossed product of A(V).

Theorem 5.5.8. The following maps h and g
AV) x5 G2 A(V) %00 G L A(V) %00 G

are quotient maps. In particular V x4, G Ly Mo, G 1S a quotient map.

Proof. Tt’s straightforward to check that these maps are completely quotient maps by extending the identity
map between its dense algebra C.(G, A(V)). Then by taking different completion for the algebra C.(G, A(V))
(the full, the conditional and the reduced one), we get contractive maps which are onto #-homomorphism
maps which are quotient maps. Similarly, we prove it for TRO’s. We just need to recall (3) from Proposition
in the appendix A that was proved in [EORO1], that every surjective TRO-homomorphism is a

contraction map and a completely quotient map. This completes the proof. O

Remark 5.5.9. In this Chapter, we proved this identity A(V x,v G) = A(V) % a0 G for the reduced
and conditional crossed products of A(V). This answered our question about Morita equivalent between
two C*-algebras. We conclude that if we have two C*-algebras C(V') and D(V'), denoted as the diagonal
components of the linking C*-algebra A(V'), which are Morita equivalent then their reduced and conditional

M.E M.E
crossed product are also Morita equivalent, i.e. C(V) =2 D(V)=C(V)xG = D(V)xG.
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Appendix A

TRO-homomorphism

Throughout this appendix, we state and recall some known results for TRO-homomorphism. We state their

proofs for the convenience of the reader (see [EORO1| for more details).

Definition A.0.10. A norm-closed subspace J in a TRO V is called a TRO ideal in V if JV#V C J and if
VVET C J.

Theorem A.0.11. Let V and W be two TRO’s, and let J be a TRO ideal for V.
1. Every TRO-homomorphism ¢ : V. — W is completely contractive.
2. FEwvery injective TRO-homomorphism is completely isometric.
3. V/J is a TRO with the induced ternary product and operator space structure.

4. If the map between two TRO’s V and W is a surjective TRO-homomorphism, then it must be a

completely quotient map.

Proof.

For (1) and (2), the argument is based on some spectral arguments that are proved by Harries (see [Har81|for
more details). For a € V and a TRO-homomorphism ¢ : V' — W, we have o(¢(a)¢(a)*) C o(aa™) U0 by
(Lemma 3.5 |[Har81]). This implies [|¢(a)||?> < [la||* and a simple modification for this argument where
¢ : V — W is injective implies that ||¢(a)||?> = ||a||*. Similarly, for each n € N, 7, : M, (V) — M, (W) is
also TRO-homomorphism and the result follows as above.

For (3) and (4), they are proved by Ruan, Ozawa and Effroce in [EORO1]. Let us start by recalling the proof
of (3). Let J be a TRO ideal in V. Then the quotient operator space V/J = {z; = x + J : « € V} has the

triple product which is defined as follows:

ryiz; = (2y"2);.
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Let

C1+C(V) v
A(V) =
1% Cl1+ D(V)
be the linking C*-algebra of V' and
JVE+V JE J
J* JEV + Vi,

is a closed ideal in A(V'), and we have the completely isometric TRO-isomorphisms

VeA(V)(1—e)and J = el(V)(1—e)

where e € A(V) is the projection such that e = and 1 —e = . Then there is a natural

complete contraction

7 V/J = A(V)/I(V)

Tjr—=> Ty

where 7 preserves the ternary product 7(z;y;2;) = m(x;)7(y;)*7(2;) for all x;,y;, 2; € V/J which maps the
off-diagonal corner e; A/I(1 — eg) of the C*-algebra, where e; = e + I(V'). Claim: 7 is complete isometry.

Indeed, given x; € V/J, we have

()|l = mf{llz + yl| : y € I} > inf{lle(z +y)(1 —e) 1y € T[]}

=inf{llz +y[| : y € J} = [|lz;]|.

This shows that 7 is an isometry. The similar argument is used to prove it for m, for each n € N. This
implies that V/J is completely isometrically TRO-isomorphic to the off diagonal corner e; A(V)/I(V)(1—ey)
of the C*-algebra A(V)/I(V).

For (4), if ¢ : V. — W is a TRO-homomorphism, then J = Ker(¢) is a TRO-ideal in V' by (3). The map ¢

induces an injective completely isometric TRO-homomorphism from V/J into W. So we have the following
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diagram:

V/ker(¢)

It follows that ¢(V') is a sub-TRO of W. Since ¢ is a TRO-homomorphism which is surjective then this
implies that the map ¢ : V' — W is a completely quotient map. Recall that the map is completely quotient
if for each n € N, ¢,, maps the closed unit ball of M, (V') onto the closed unit ball of M, (W). This result is
an elementary result for the C*-algebras. From (3), we have V/J = e (A(V)/I(V))(1—es). Givenw € V/.J
with |lw|| < 1 we may choose a € A such that ¢(a) = w. Then there exists v = ea(l — e) € V satisfies

[[lv]] <1 and ¢(v) = w. We use the same argument to proof the map ¢,, is a quotient map for every n. [
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