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Abstract

This thesis includes four chapters. In Chapter 1, we briefly introduce the history and the
main results of the topics of this thesis: the distribution of k-free numbers and the derivative
of the Riemann zeta-function, the generalization of Chebyshev’s bias to products of any
k > 1 primes, and the distribution of integers with prime factors from specific arithmetic
progressions.

In Chapter 2, for any £ > 2, we study the distribution of k-free numbers. It is known
that the number of k-free numbers up to z is My(z) ~ iy Where ((s) is the Riemann
zeta-function. In this chapter, we focus on the distribution of the error term M (x) =
Mk(x) — % Under the Riemann Hypothesis, we prove an equivalent relation between a
mean square of the error term M (x) and the negative moments of |('(p)| as p runs over the
zeros of ((s). Under some reasonable conjectures, we show that M;(z) < 2% (log )z~ 2r+
for all € > 0 except on a set of finite logarithmic measure, and that e~2r Mj,(e?) has a limiting
distribution. Finally, based on the analysis of the tail of the limiting distribution, we make
a precise conjecture on the maximal order of the error term.

In Chapter 3, we generalize the Chebyshev’s bias and the so-called prime race problems
to the distribution of products of any £ > 1 primes in different arithmetic progressions.
For any £ > 1, we derive a formula for the difference between the number of integers
n < z with w(n) = k or Q(n) = k in two different arithmetic progressions, where w(n)
is the number of distinct prime factors of n and Q(n) is the number of prime factors of n

counted with multiplicity. Under the extended Riemann Hypothesis (ERH) and the Linear

Independence Conjecture (LI) for Dirichlet L-functions, we show that, if k is odd, the integers
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with Q(n) = k have preference for quadratic non-residue classes; and if k is even, such integers
have preference for quadratic residue classes. This result confirms a conjecture of Richard
Hudson. However, the integers with w(n) = k always have preference for quadratic residue
classes. Moreover, as k increases, the biases decrease for both cases. For large k, we also
give asymptotic formulas for the logarithmic densities of the sets on which the corresponding
difference functions have a given sign.

In Chapter 4, we prove an asymptotic formula for the number of integers < x which
can be written as the product of k£ (> 2) distinct primes p; - - - pp with each prime factor
from a fixed arithmetic progression p; = a; mod ¢, (aj,q) =1 (¢ > 3,1 < j < k). For any
A > 0, our result is uniform for 2 < k < Aloglogz. Moreover, we show that, there are large
biases toward certain arithmetic progressions @ = (ay,--- ,ax), and that such biases have
connections with Mertens’ theorem and the least prime in arithmetic progressions. Unlike

the previous two topics, all results in this chapter are unconditional.
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Chapter 1

Introduction and Results

In this chapter, we summarize the history and main results of the topics covered in this
thesis, which include better understandings of the error terms in the counting function of
k-free numbers and subtle inequalities in the distribution of certain restricted integers among

different arithmetic progressions. We will give their detailed proofs in subsequent chapters.

1.1 The distribution of k-free numbers and the first

derivative of the Riemann zeta-function

Let px(n) be the characteristic function of k-free numbers, where k£ > 2. Let Mk(x) =
Y n<e Hr(n) be the number of k-free integers < z, and My(r) = Mk(x) — - Using

elementary arguments, one can derive

Many authors have worked to improve the error term. The best unconditional result is due
to Walfisz [61],

M (x) < Tk exp{—ck_% logg xlog log_% r},

where ¢ > 0 is an absolute constant. In the opposite direction, Evelyn and Linfoot [12]

Most of the results in Section 1.1 and Chapter 2 appear in the paper [42]. In this thesis, we give detailed
proofs of some results and a careful analysis of the maximal order of My (x).



proved that

Under the Riemann Hypothesis, Montgomery and Vaughan [48] showed that
M (z) < T e > 0.

Later, several authors made contributions to the improvement of the error term using the
estimates of some exponential sums under the Riemann Hypothesis, such as Graham [18],
Baker and Pintz [3], Jia [28], [29], Graham and Pintz [19], and Baker and Powell [4], etc.
They improved Montgomery and Vaughan’s result for various k. Their bounds have the

shape My (z) < %) where E(k) ~ % as k — oo. For k = 2, the best result under the

1
k
Riemann Hypthosis is due to Jia [29] in which the exponent is % + €. For a nice survey, see

[53] or [57]. However, there is still a large gap to the conjectured result,
My(z) < 225+, Ve > 0.

In the first part of my thesis, we take a different approach to studying the distribution

of k-free numbers by connecting it to the analytic properties of ((s). Define

1
J(T) = 2{: KO

0<~y<T

where [ € R, p is a zero of ((s), and ~ is the imaginary part of p. For the existence of the
above sum, we implicitly assume that the zeros of ((s) are simple. Gonek [16] and Hejhal

[23] independently conjectured that
J_(T) = T(log T)"~1°. (1.1.1)

For [ = 1, Gonek [16] proved that J_1(T") > T subject to the Riemann Hypothesis and the



simplicity of zeros. Moreover, he conjectured in [17] that

Hughes, Keating, and O’Connell [26] used a different heuristic method based on random
matrix theory and made the conjecture

T 7\ 3
J_(T) ~ C’l% <log %> for 1< -

where () is a constant depending on .

Recently, Ng [51] connected the summatory function of the Mdobius function, M(z) =
Y n<g H(n), with the behavior of J_;(T’). He showed that, under the Riemann Hypothesis,
J_

1(T') < T implies the so called weak Mertens conjecture, which asserts

T

/2X (M(“’)>2d:c < log X. (1.1.2)

He also proved that e ¥/2M(e¥) has a limiting distribution under the assumptions of the
Riemann Hypothesis and J_1(T) < T, and studied the tail of the distribution using Mont-
gomery’s probabilistic methods. On the other hand, under the Riemann Hypothesis, Titch-
marsh [59] (Chapter XIV, pages 376-380) showed that the weak Mertens conjecture implies

the simplicity of zeros of ((s), the estimate O(|p|), and the convergence of the series

1
ZP ln¢’ (p)I?*

Motivated by Ng’s work and Titchmarsh’s argument, we connect the estimation of J_;(T")

C’( )
to the distribution of k-free numbers. In our work, we don’t require as strong an assumption
J_1(T) < T as that used in [51]. Under the Riemann Hypothesis, we show that

1
J(T)= > TR < T Ve > 0, (1.1.3)

0<y<T ( )|



and

X
/ (M’“(‘r)) 9 o X V> 2, (1.1.4)
1

1
T2k
are equivalent. We can view (1.1.4) as an analogue of the weak Mertens conjecture.

Theorem 1.1. Under the Riemann Hypothesis, (1.1.3) and (1.1.4) are equivalent.

Theorem 1.2. Assume the Riemann Hypothesis and (1.1.3). Then, for any k > 2 and any

€ > 0, we have

[NIES

Mi(x) e w7 (log ) 22,
except on a set of finite logarithmic measure.

Remark 1. From (1.1.4), we can trivially show the weaker result that My (z) < T (log m)%+€

except on a set of finite logarithmic measure.

Theorem 1.3. Assume the Riemann Hypothesis and (1.1.83). Then, for any k > 2, we have
X
M d
/ ( k§$)> —gjwﬁklo X,
1 T2k x

2|C£
Zl ¢'p

>0

where

The main part of our proof is to show that ¢(y) = e~ 2 My(e¥) is a B2-almost periodic
function, which means, for any € > 0, there exists a real valued trigonometric polynomial

Pno(y) = Z - ) 1 (€)e (¥ such that

limsup—/ N (y)[dy < € (1.1.5)

Y —o0

By the work of Besicovitch (see [5], Chapter II of [6], or Theorem 1.14 of [2]), a Parseval type
identity is true for B2-almost periodic functions. Moreover, B2-almost periodic functions

possess limiting distributions (see Theorem 2.9 of [2]). Thus, we get the following result.

4



Theorem 1.4. Assume the Riemann Hypothesis and (1.1.3). Then, for any k > 2, e~ 2k My,(e¥)

has a limiting distribution v = v, on R, that is

o0

mniAfw%Mwmwz f(2)dv(z)

for all bounded Lipschitz continuous functions f on R.

The Linear Independence Conjecture (LI) states that the positive imaginary ordinates of
the zeros of ((s) are linearly independent over Q. If we add the assumption of LI, we can
show the following corollaries. The first corollary is similar to Theorem 1.9 of [2]. We omit

the proof.

Corollary 1.4.1. Assume the Riemann Hypothesis, (1.1.3), and LI. Then the Fourier trans-
form (&) = [ e *tdu(t) exists and equals

Al
7© =117 (Tt )

>0

ZOO (_1)7n(%z)27n '

where Jo(z) is the ordinary Bessel function Jo(z) = m=0 (2

Corollary 1.4.2. Assume the Riemann Hypothesis, (1.1.3), and LI. Then, for any k > 2

and any € > 0, we have
~ 2k ~ 2k
exp (—clvm“) < y([V,0)) < exp <—02Vm76> ,

for some constants ¢i,co > 0 depending on k and €.

Under the Riemann Hypothesis, (1.1.1) (for [ < %), and LI, with a refined analysis,
we can prove a more precise upper bound for the tail of the limiting distribution. Further
analysis of the bounds for v([V, 00)) suggests the following conjecture.

Large Deviation Conjecture. There exist positive constants ¢}, ¢, such that for large



, Vi VT
exp | —¢g——— | < v([V,x)) < exp | -¢f———— | . (1.1.6)
(log V)2G-1 (log V)2G-1
Theorem 1.5. Assume the Riemann Hypotheis, (1.1.1) (for 1 < 2), and LI. Then, there

exists a constant ¢ > 0 such that

2k

VE-1

v([V,00)) < exp | —¢f ; . (1.1.7)
(log V) 2= To)

Remark 2. Bounds for the tail of the probabilistic measure can be used to heuristically
estimate the maximal variation of My(x).

With the above Large Deviation Conjecture and heuristic argument similar to Section
4.3 of [51], we make the following conjecture.

Conjecture. For any k£ > 2, there exists a number C} > 0, such that

A4k($)

lim -
x 2% (loglog x) 2% (log loglogx)a

= +C. (1.1.8)

—=——==r—00

:s-""

For the proof of Theorem 1.5, we need a result on the moments of the Riemann zeta-

function.

Theorem 1.6. Assume the Riemann Hypothesis. For any fived integerl > 1 and 0 < w < 1,

> 160 = wp)P' = CofTlog T + Oy (T(log T)?), (1.1.9)
0<~<T
and
1 , ,
_— = TlogT log T2 1.1.1
2, Tt~ Gl 18T+ Oui(T g 7)), 0
where

2
l

1 = d?(n) I &
Cw,l:% n2_w7 wl:2_Z

n=1

di(n) denotes the number of ways n may be written as a product of | factors, and Jl(n) =



(k- p)(n).

l times

Remark 3. Using our techniques, we may replace the assumption of J_;(7') < T in [51] by
J 1(T) < T* for any € > 0, and still obtain the conclusions in Theorem 1, parts ii), iii)

and iv), Theorem 2, and Theorem 3 of [51]. Letting k = 1 and # = 2 — € in our Lemma 2.5,

/log Z+1
log Z

With this bound and an argument similar to Theorems 1.1, 1.2, 1.3, and 1.4 we have

we get
2

1

1
525 ¢ ()

eiw

Theorem 1.7. The Riemann Hypothesis and J_1(T) < T* ¢ for any fized € > 0 imply
1) the weak Mertens conjecture (1.1.2);
2) M(z) =3, hn) < z'/2(loglog x)3/% except on a set of finite logarithmic measure;
3) ,
X
/1 (%) d?x ~ [log X,

2 .
where 8= 3" o aaE

4) e Y/2M(e¥) has a limiting distribution on R.
1.2 Chebyshev’s bias for products of £ primes
First, we consider products of k£ primes in arithmetic progressions. Let
m(x;q,0) = [{n <x:wn) =k, n=amod g},

and

Ni(:¢,a) = |[{n < @ : Q(n) = k, n = amod g},



where w(n) is the number of distinct prime divisors of n, and Q(n) is the number of prime
divisors of n counted with multiplicity. For &k = 1, Ni(z;q,a) is the number of primes

7(x;q,a) in the arithmetic progression a mod q.

Dirichlet (1837) [9] showed that, for any a and ¢ with (a,q) = 1, there are infinitely many

primes in the arithmetic progression a mod ¢. In fact (see [8]), we have, for any (a,q) = 1,

T

m(x;q,a) ~ m,

where ¢ is Euler’s totient function. Analogous asymptotic formulas are available for products

of k primes. Landau (1909) [34] showed that, for each fixed integer k > 1,

r (loglogz)k1
N = < : Q e ,I{; ~
(0) = < ) = ) o (R OEY
The same asymptotic is also true for the function 7 (x) := [{n <z : w(n) = k}|. For more

precise formulas, see [58] (II. 6, Theorems 4 and 5). Using similar methods as in [8] and [58],

one can show that, for any fixed residue class @ mod ¢ with (a,q) = 1,

1 2 (loglogz)*!

¢(q)logz  (k—1)!

Nk(x;Qaa) ~ 71-k’(xa qva) ~

For the case of primes (i.e. £(n) = 1), Chebyshev (1853) [7] observed that there seem
to be more primes in the progression 3 mod 4 than in the progression 1 mod 4. That is, it
appears that m(z;4,3) > w(x;4,1). In general, for any a # b mod ¢ and (a,q) = (b,q) = 1,

one can study the behavior of the functions

Awk(x;qacZ?b) = ﬂ-k‘(x;Qaa) - ﬂ-k(x;ckb)a

Aq, (7;q,a,b) :== Nip(w;q,a) — Ni(x;q,0b).

The results in Section 1.2 and Chapter 3 appear in the paper [43].



Denote A(x;q,a,b) := Ag,(x;q,a,b). Littlewood [39] proved that A(z;4,3,1) changes sign
infinitely often. Actually, A(x;4,3,1) is negative for the first time at = = 26,861 [38].
Starting with [32], Knapowski and Turdn generalized Littlewood’s theorem and indicated a
large number of problems related to the sign changes and extreme values of the functions
A(zx;q,a,b). Such problems are colloquially known today as “prime race problems”. A
tendency for A(x; g, a,b) to be of one sign is known as “Chebyshev’s bias”. For a nice survey
of such results, see [14] and [20].

Chebyshev’s bias can be well understood in the sense of logarithmic density. We say a

set S of positive integers has logarithmic density, if the following limit exists:

Let 04, (q;a,b) = 6(Py,(¢;a,b)), where Py, (q; a, b) is the set of integers with Ay, (n; ¢, a,b) > 0,
and f = € or w. In order to study the Chebyshev’s bias and the existence of the logarithmic
density, we need the following assumptions:

1) the Extended Riemann Hypothesis (ERH,) for Dirichlet L-functions modulo g¢;

2) the Linear Independence Conjecture (LI,), which states that the imaginary parts of
the zeros of all Dirichlet L-functions modulo ¢ are linearly independent over Q.

Under these two assumptions, Rubinstein and Sarnak [56] showed that, for Chebyshev’s
bias for primes (i.e. (n) = 1), the logarithmic density dq, (¢; a,b) exists, and in particular,
9o, (4;3,1) ~ 0.996 which indicates a strong bias for primes in the arithmetic progression
3 mod 4. Recently, using the same assumptions, Ford and Sneed [15] studied Chebyshev’s
bias for products of two primes (i.e. (n) = 2) by transforming this problem into manipula-
tions of some double integrals. They connected Ag,(x;q, a,b) with A(x;q,a,b), and showed
that dq,(q;a,b) exists and the bias is in the opposite direction compared to the case of
primes, in particular, dg,(4;3,1) ~ 0.10572, which indicates a strong bias for the arithmetic

progression 1 mod 4.



Neither the method of Rubinstein and Sarnak [56] nor the method of Ford and Sneed
[15] readily generalizes to the cases of more prime factors (k > 3). From the point of view

of L-functions, the most natural sum to consider is

S M)A = D Am) - Any).

ny-nEp<x ny-ng<T
n1--nr=a mod q n1---nEp=b mod q

However, estimates for Ag, (z;¢q,a,b) or A,, (x;q,a,b) cannot be recovered from such ana-
logues by partial summation.
Ford and Sneed [15] overcome this obstacle in the case k = 2, after passing from arithmetic

progressions to characters, by means of the 2-dimensional integral

/ / Z x(p1p2)uogp1 8P2 1
0 0

1,,U2
p1p2<zT P1 Py

Analysis of an analogous k-dimensional integral leads to an explosion of cases, depending on
the relative sizes of the variables u;, and becomes increasingly messy as k increases.

We take an entirely different approach, working directly with the unweighted sums. We
express the associated Dirichlet series in terms of products of the logarithms of Dirichlet
L-functions, then apply Perron’s formula, and use Hankel contours to avoid the zeros of
L(s, x) and the point s = % Using the above assumptions ERH, and LI, we show that, for
any k > 1, both dg, (¢; a,b) and 6, (¢; a, b) exist. Moreover, we show that, as k increases, if a
is a quadratic non-residue and b is a quadratic residue, the bias oscillates with respect to the
parity of k for the case Q(n) = k, but d,, (¢; a, b) is less than % and increases monotonically.

For some of our results, we need only a much weaker substitute for the condition LI,
which we call the Simplicity Hypothesis (SH,): For all x # xo mod ¢, we have that L(3, x) #

0 and the zeros of L(s, x) are simple.

10



By orthogonality of Dirichlet characters, we have

Aoymgab)=— 3 (@) -x6) 3 x(n). (1.2.1)
¢<q> X#xo0 mod g n<z
Q(n)=k
and
Ao mgab) = S (X)) -x0) Y x(n). (122)
gb(q) X#xo0 mod g n<w
w(n)=k

Then, using the weaker assumptions SH, and ERH,, we prove the following theorems.

Theorem 1.8. Assume ERH, and SH,. Then, for any fized k > 1, and fized large T,

:Ei’YX

Bo(aig.0,8) = o VLR OEE) { DI OERCINDS

log x
& (q X#X0 lvx|<To
L(%"'i’YXvX):O

1 .
5 T 1y

N(q,a) — N(q,b)
2k-16(q)

+ zk(x;qaaa ba TO)}7

where N(q,a) is the number of u mod q such that u*> = a mod ¢, and

I log® T
lim sup o |Ek(6y7 q,a, b7 770)|2 dy < o8 0‘
Y J, T,

Y —o0 0

Since Agq, (z;q,a,b) = A(x; q,a,b), we get the following corollary.

Corollary 1.8.1. Assume ERH, and SH,. Then, for any fized k > 2,

Aﬂk (ZL’, q,a, b) 1Og$ _ (_1)k+1 1 — 1 N(qv a) B N(q7 b)
Va(logloga)k=t (k- 1)! 2kt ¢(a)
1\l .
+ ( 1) A(x’q’a’b)ng+Z;€(a:;q,a,b),

S

where, as' Y — 00,

1 Y
7 [ e Py = o),
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In the above theorem, the constant (2_,3,)1’6 N(q’ad))(_qj)v(q’b) represents the bias in the distribu-

tion of products of k£ primes counted with multiplicity. Richard Hudson conjectured that, as
k increases, the bias would change directions according to the parity of k. Our result above
confirms his conjecture (under ERH, and SH,). Figures 1.1 and 1.2 show the graphs cor-
responding to (¢, a,b) = (4,3,1) for %AQ?’(I};ZLB, 1) and %Am(@ég& 1),

plotted on a logarithmic scale from x = 103 to x = 108. In these graphs, the functions do not

appear to be oscillating around % and —% respectively as predicted in our theorem. This is

1

caused by some terms of order ——
log log x

and even lower order terms, and loglog 108 ~ 2.91347
and m ~ 0.343233. However, we can still observe the expected direction of the bias

through these graphs.

For the distribution of products of k£ primes counted without multiplicity, we have the

N(qva)_N(Q7b) 3

following theorem. In this case, the bias will be determined by the constant == og

the theorem below.

Theorem 1.9. Assume ERH, and SH,. Then, for any fized k > 1, and fized large Ty,

1 q,a = 1 \/z(loglogx)k_l (_1)k v(a) — v :pi’Yx
AalBB 0D =TT loge {M ;Ou() X(0)) |Z e,

L(§+ivxx)=0
N(q,a) — N(q,b)
2k-1¢(q)

+ ik('x;Q7&7 ba TO)}:

where N(q,a) is the number of u mod q such that u*> = a mod ¢, and

1 (Y~ 2 log® T,
lim sup — ‘Ek(ey;q,a, b,To)‘ dy < . 0
Y —oo Y 1 TO

Corollary 1.9.1. Assume ERH, and SH,. Then, for any fived k > 1,

Awk- (l’; q,a, b) IOg'T - ( 1 + (_1)k+1) N(Q? (I) B N(Q? b)

Va(loglogz)k=1 — \ 2k-1 (k —1Dle(q)

12



(=1)F*! A(z;¢,a,b) logx

T a1 NG

+ i;c(x;Qaah b)a

where, as' Y — 00,

1 Y -
- / S4(e%: ¢, a,b) Py = o(1).

For the distribution of A(zx;q,a,b), Rubinstein and Sarnak [56] showed the following

theorem. This is the version from [15].

Theorem RS. Assume ERH, and LI,. For any a # bmod ¢ and (a,q) = (b,q) = 1, the

function

N(q,b)—N(q,a) 7
¢(q) - 1)

with respect to its mean, and i) has a continuous density function.

has a probabilistic distribution. This distribution i) has mean s symmetric

1.6 T T T T

1.4

0.8 -

0.8~

0.2 i

=02 - al

_0.4 S T B | I S S R R | I S S o | R A S |
10

Figure 1.1 - 282 Ag, (34,3, 1)
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0.2 T T T T T T T Ty T T T T T Ty ) L R R DAL

-0.2 A
-0.4 -
-0.6

=08 - “
|
A+ ]

1.4 A A I v 1 FrI A | I B L g g e : i
10° 10* 10° 108 107 10°

Figure 1.2: %Am@;&& 1)

Corollaries 1.8.1, 1.9.1, and Theorem RS imply the following result.

Theorem 1.10. Let a # bmod ¢ and (a,q) = (b,q) = 1. Assuming ERH, and LI,, for
any k > 1, 6q,(q;a,b) and 0., (q;a,b) exist. More precisely, if a and b are both quadratic
residues or both quadratic non-residues, then dq,(q;a,b) = 6,, (¢;a,b) = % Moreover, if a is

a quadratic non-residue and b is a quadratic residue, then, for any k > 1,
1
1— 6921%1((]; a, b) < 59% (q; a, b) < 5 < 5Q2k+1 (q; a, b) <1l- 59% (q; a, b)?

5wk (Q7 a’7 b) < 5wk+1 (Q7 a’? b) <

N | —

59% (Q3 a, b) = 5"J2k (Q5 a, b)> 6921@71 (q; a, b) + 5W%71 (Q3 a, b) =L

Remark 1. The above results confirm a conjecture of Hudson proposed years ago in his

communications with Ford. Borrowing the methods from [56] (Section 4), we are able to

14



calculate dq, (¢; a,b) and 6, (¢; a, b) precisely for special values of ¢, a, and b. In particular,
we record in Tables 1.1 and 1.2 the logarithmic densities up to products of 10 primes for two

cases:  =3,a=2,b=1,and¢g=4,a=3,b=1.

qg=3,a=2,b=1 g=4,a=3,b=1
k| 00,(3;2,1) | 6,,(3;2,1) k| d0,(4;3,1) | 6,,(4:3,1)
1 {0.99906, [56] | 0.00094 1 | 0.9959, [56] 0.0041
2 0.069629 0.069629 2 10.10572, [15] | 0.10572
3 0.766925 0.233075 3 0.730311 0.269689
4 0.35829 0.35829 4 0.380029 0.380029
) 0.571953 0.428047 ) 0.56061 0.43939
6 0.463884 0.463884 6 0.469616 0.469616
7 0.518075 0.481925 7 0.515202 0.484798
8 0.49096 0.49096 8 0.492398 0.492398
9 0.50452 0.49548 9 0.503801 0.496199
10 0.49774 0.49774 10 0.498099 0.498099
Table 1.1: dq, (3;2,1) and d,,(3;2,1) Table 1.2: dq, (4;3,1) and d,, (4;3,1)

For fixed ¢ and large k, we give asymptotic formulas for dq, (¢; a, ) and 0, (q; a, b).

Theorem 1.11. Assume ERH, and L1,. Let A(q) be the number of real characters mod q.
Let a be a quadratic non-residue and b be a quadratic residue, and (a,q) = (b,q) = 1. Then,

for any nonnegative integer K, and any € > 0,

L, (DR Y (21 A9+ Cy(g; 0, b) 1
5Qk(9§a>b):§+ Z ok—1 ! + Og.k e W )

2m = (25 +1)!
(1.2.3)
K 2j+1 i 2j+1
. _ 1 1 (=1 A(¢)”*'Cy(g; a,b) 1
Tl 0l =5 " 5r 2 (2‘“—1> 2/ +1)! F Ot \ (e )
(1.2.4)

where Cj(g;a,b) is a constant depending on j, q, a, and b, Cj(g;a,b) = [ 2% P, 4(z)dx,

o0

ouan(z) =] I 2|x(a) = x(b)|=

X#xo x>0 A/ Ll; + ’Y;%

L(3+ivy)=0

15



and Jo(z) is the Bessel function, Jo(z) = > >° (s iy particular, for K =0,

m=0 (m!)

1 1 A(qQ)Co(q; a,b 1
da,(g;a,b) = 5 + (- @ 2(;(7'(' ) + Oge (W) ;
1 A(g)Co(g;a,b) 1

5wk (Q7 a, b) = 5 - ok - + que W ’

Remark 2. Numerically, Cy(3;2,1) =~ 3.66043 and Cy(4;3,1) ~ 3.08214. When ¢ is large,

using the method in [13] (Section 2), we can find asymptotic formulas for C;(q; a, b),

2j — DIV2r 1
Cj(q;a,b):%‘kO]‘ —— |
V(g;a,b)*z V(g;a,b)yt2

where (2 — 1)l = (2j — 1)(2j —3)---3- 1, (=) = 1, and

1
Viga,b)= Y x(b)—x@P > T
x mod ¢ xER 4 /YX
L(5+ivx,x)=0

By Proposition 3.6 in [13], under ERH,, V(q; a,b) ~ 2¢(q) logg.

1.3 Large bias for integers with prime factors from

arithmetic progressions

In this section, we consider another type of restricted integers different from the one
studied in Section 1.2. All results in this section are unconditional.

For any k > 2, ¢ > 3, and integers (a;,q) = 1 (1 < j < k), we consider the number
of integers < x which can be written as product of £ distinct primes pips - - - pp with p; =

ajmodq (1 < j < k). Here when we count the number of such integers, we allow any

ordering of the prime factors.

The results in this Section 1.3 and Chapter 4 appear in the paper [44].
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In the previous section, we mentioned that Ford and Sneed [15] investigated subtle biases
in the distribution of the product of two primes in different arithmetic progressions subject to
the Extended Riemann Hypothesis (ERH,) and the Linear Independence conjecture (LI,)
for Dirichlet L-functions. By the results in Section 1.2, for each fixed k and ¢, different

arithmetic progressions contain virtually the same number of products of k£ primes below x,

indeed, under the ERHy, the number equals - lozx(log(& + O(z1/2+oW),

It is reasonable to expect that these integers break up very evenly, with errors of size
O(z/?t°(M)) when one specifies further which arithmetic progression modulo ¢ each prime
factor lies in. However, this is not the case. Dummit, Granville and Kisilevsky [10] showed

that there is a very large bias for the odd integers p;p, < x with two prime factors satisfying

p1 = p2 =3 (mod 4). More precisely, they showed that

#{pip2 <z :p1 = pp = 3 mod 4} g c+o(1)
#{pip> < x} loglog x’

for some positive constant ¢. The authors exhibit a similar bias for products of 2 primes,
where x,(p1) = Xq(P2) =1, X4 I8 a quadratic Dirichlet character with fixed conductor ¢, and
n € {—1,1}. If ¢ is allowed to grow with x, they further conjecture that the bias may be a
bit larger. Recently, Hough [25] confirmed their conjecture and showed that, for n € {—1, 1},

there exist many g < x for which

#{p1p2 < x: xq(p1) = xq(p2) =1}

logloglogx + O(1)
e <@ (pipa,g) = 13 '

log log x

is at least as large as 1 +

On the other hand, Moree [50] considered all the integers with every prime factor from the
same arithmetic progression a mod ¢, and proved that there is a large bias towards certain
residue classes a mod gq.

In this section, we generalize the large bias results found in [10] to products of any k > 2

primes and any fixed modulus ¢ > 3, and prove uniform estimates in a large range of k. For

17



any fixed A > 0 and fixed ¢ > 3, we prove an asymptotic formula uniformly for 2 < £ <
Aloglog x for the number of integers p; ---py < x with p; = a; modg (1 < j < k). We
show that there are large biases for some arithmetic progressions (a; mod ¢, . .., ax mod q),
and that this phenomenon has connections with Mertens theorem and the least prime in
arithmetic progressions.

Let a := (ay,aq,...,a;) € (Z/qZ)* with (aj,q) = 1 for all 1 < j < k. One may regard

the vector a as an unordered k-tuple, or as a multiset. Denote
My(x;a) == #{n < x:n=pps---pi,p; distinct primes, p; = a; mod ¢, (a;,¢q) =1,1 < j < k},
where the prime factors p; can be in any order, and

Si(z) =#{n<z:n=pps-- pk,(P1p2- - Pk, q) = 1,p; distinct primes, 1 < j < k}.

Let x be a Dirichlet character modulo ¢, and xo be the principal character modulo ¢. Denote

C(g,a) := lim <¢(Q) > %— > %) = ZX(CL)Z%-

p<z p<z XFX0
p=a mod q (p,9)=1

We will see in our theorems that this constant C(q, a) reflects the bias in our problem.
Our first result is for the special case when a; = as = --- = a,, = a. In other words, all

the k prime factors are from the same residue class a mod q.

Theorem 1.12. Let ¢ > 3 be fized, and a = (a,q,...,a), (a,q) = 1. We have the following
results.

i) For fized k > 2,

s et 0o (o)

¢k1(q) Sk(z) log log loglog z)?

18



i1) If k = o(loglogx), as x — oo,

My(z;a) o (k—1)(C(g; a) 4 o(1))
(x) L log log = '

i11) For fited A > 0 and k ~ Aloglogx, we have, as x — 00,

A¢(q) p=a mod q(p)

~ H 1 + AXO(p)

Remark 1. If £ is fixed, by Lemmas 4.6 and 4.7, M (x;a) and ¢k @ Sk(x) have main terms

1 z (loglogz)k—1
¢k (g) logz  (k—1)!

of the same order which is with different secondary terms and hence the
bias is determined by the constant C(q,a). Thus we see that, as k increases, the bias will
become larger and larger.

For k ~ Aloglogz, the main terms of My(z;a) and ¢k( T ok () have the same order of
magnitude but with different coefficients. One may compare this with the result of Moree
[50] who showed that the counting function N(z;q,a) := #{n < z : p|n = p = a mod ¢}

satisfies N(z;q,a) ~ B, .z/(logz)'=/#@ for some positive constant B, , depending on g and

a, and in particular, N(x;4,3) > N(z;4,1) holds for all z.

For the general case, assume there are [ distinct values by, ..., b; in the coordinates of a.

Fix [, for each 1 < j <[, let k; be the number of prime factors congruent to b; mod ¢g. Then

Zé‘:l kj =k

Theorem 1.13. Let ¢ > 3 be fized. Then, for fived k > 2,

M (z: a -1 1< 1
’“,S, ) =14 ————=> C(q,0;) + Oy <(—2)

¢k(Q) kilka!- kl'Sk<x> j=1

Moreover, for fized | and fixed A > 0, assume k = 2221 k; ~ Aloglogx and e; =
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lim, o Toglogz €vists for every 1 < j <I. Then as x — o0,

l ¢(Q)ej]-pzb~ mod q(p)
My, (z; a) ~TI = (1 i , >

: (1.3.1)

@ Tt k(@) 1+ 2
!
where Y, e; = A.
Remark 2. In the general case a = (aq, ..., a), there are #’lkﬂ orderings of the numbers

Aly ..., Q.
Remark 3. For k ~ Aloglog z, if the coordinates of a cover all the reduced residue classes

modulo ¢ and all the e;’s are the same, then the right side of (1.3.1) is exactly 1.

1.3.1 Mertens theorem and the least prime in arithmetic

progressions

The constant C(q,a), which affects the biases in our theorems, is related to the classical

Mertens theorem ([21], §22.8) and the Mertens theorem [45] for arithmetic progressions,

that
1 1
Z—:loglogx+7+B+O(—>, (1.3.2)
P log x
p<z
and if (a,q) =1,
1 logl 1
Z 1 _log ng—|—M(q,a)+O( )’ (1.3.3)
~ pr 9 log x
p=a mod ¢

where 7y is Euler’s constant, B := ) (10g (1 — %) + %) is the Mertens constant, and M(q, a)
is a number depending on ¢ and a. Languasco and Zaccagnini [35] investigated the value of
M(q,a) and other related constants. By (1.3.2), (1.3.3), and the orthogonality of Dirichlet

characters, letting z — oo, we get
1
C(q,a) = ¢(q)M(q, a) —v—B+Z]—9, (1.3.4)
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> M(ga)=y+B-> - (1.3.5)

Hence the value of M(q, a) determines how the bias behaves.
In particular, with the values of M(q,a) calculated by Languasco and Zaccagnini [36],
by (1.3.4), we have
C(3,2) ~ 0.641945, C(3,1) ~ —0.641945;

C(4,3) ~ 0.334981, C(4,1) ~ —0.334981;
C(7,2) ~ 1.83747, C(7,5) ~ 0.159006, C(7,6) ~ —0.946269;
C(13,3) ~ 2.68478, (C(13,6) ~ —0.846522, C(13,8) ~ —1.31962.

Here the interesting phenomenon is that 2 is a quadratic residue modulo 7, while 5 and 6
are quadratic non-residues modulo 7; 3 is a quadratic residue modulo 13, while 6 and 8 are
quadratic non-residues modulo 13. There is no consistent preference for either quadratic
non-residue classes or quadratic residue classes modulo q.

The above phenomenon is different from the biases among products of k£ primes studied
in [15] and Section 1.2 (or [43]). Using a similar method as in Section 1.2, one can show that,
under the ERH, and LI, the integers n = p; - - - py, which are products of exactly k distinct
primes, have preference for either quadratic non-residues or quadratic residues, depending
on the parity of k.

The biases in Theorems 1.12 and 1.13 ultimately stem from the fact that M (q, a) is heavily
dependent on the least prime p(q, a) in the arithmetic progression a mod q. Pomerance [55]

and Norton [52] independently showed that

1 loglogz 1 log 2¢
2 p ol paa C ( (q) ) ’ (1:3.6)

p<w
p=a mod q

where the implied constant is uniform for all ¢, a, and x > q.
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In Theorem 1.13, we allow any ordering of the primes p; (1 < j < k), and hence the
constant ¢ ij:l C(q, a;) represents the bias. One may ask when this constant is 07 Trivially,
by (1.3.4) and (1.3.5), if a covers every element of the reduced residue class modulo ¢
the same number of times, %Z§:1 C(q,a;) = 0. But we don’t know if the converse is
true. Alternatively, by (1.3.4) and (1.3.5), we may consider the distribution of the values of
M(q,a;) (1 < j < k). By (1.3.6), it is reasonable to conjecture that all the M(q,a;)’s are
distinct and that, except in the trivial case, they are linearly independent over Q. Hence,

we conjecture that the trivial case is the only case for which %Z?:l C(q,aj) =0.
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Chapter 2

The distribution of k-free numbers
and the derivative of the Riemann
zeta-function

In this Chapter, we give the proof of the results Section 1.1.

2.1 Main Lemmas and Proofs

Since (1.1.3) implies that the zeros of ((s) are simple, in this section, we implicitly assume
the simplicity of zeros of ((s). The implicit constants in our estimates may depend only on

k or €, unless otherwise specified.

Lemma 2.1. Assume J_1(T) < T? for some 6§ > 1. Then, for a > “1b > 0 and any

€ > 0, we have

1 1 1
— L x> and 5 <bb,e g
D T > T < 75

y>T >T

Proof. Let N(T) be the number of zeros of ((s) in the region 0 < o < 1, 0 <t < T. By
Theorem 1.7 in [27],
T T

T
N(T) :%l g%—2—+0(logT) (2.1.1)

By the Cauchy-Schwarz inequality, and (2.1.1),

1 1
=LA 0 S (Z |¢'<p>|2>

N

3
<Z 1) <<T%(logT)%.

0<~<T
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Let f(t) = ;=. Then, f'(t) = —at™*"', and by partial summation,

1 o0 1
— 1 oo 1 / d
S OO = [ 070 < o

Similarly, using J_;(T) < T? and partial summation, we can prove the second formula. [

We also need the following lemma from [51].

Lemma 2.2 ([51], Lemma 3). Assume the Riemann Hypothesis. There exists a sequence of

numbers T = {T,,}°°, which satisfies

1
< < _— = € -1 <o <2).
n<T,<n+1 and REES OT;) (-1<0<2)

One can use classical tools, like Perron’s formula, contour integration, and the functional

equation, to prove the following lemma.

Lemma 2.3. Assume the Riemann Hypothesis and that all zeros of ((s) are simple. For

TeT,
M,(z) = Zuk(n) = ﬁ + Z ng(’?p))xZ + E(z,T),
= IyI<T
where
Bl ) < DT

The two lemmas below are the main lemmas we use to prove Theorems 1.1, 1.2, 1.3, and

1.4.

Lemma 2.4. Assume the Riemann Hypothesis and (1.1.3). For x > 2, T > 2, and any

e >0,
= xz C%) L
k() = > hak 4 B2, T),
R T 2= 00 )
where
1
B(e,T) <p, D82 L 2 TH



Lemma 2.5. Let k > 1 be an integer. Assume the Riemann Hypothesis and J_(T) < T?

f0r30m61§9<1—|—%. Then for any e >0, Z>0and 0 <T < X,

/log Z+1
log Z

where uk(p) = ((2) if k> 2, up(p) =1 if k = 1.

2
up(p) i

/ € *
525 ¢ ()

2.1.1 Asymptotic formula for the counting function: proof of

Lemma 2.3

By Perron’s formula ([54], pp. 376-379), with ¢ = 1 + @, we have

c+iL s
o((s) @ xlogz
Zﬂk 27?2/1',? C(ks)sd8+0 T 1)

n<x

Let U be an odd positive integer. Then, by the residue theorem,
Qn)

M, = Lx (§> k Y, T
Mile) = 70 *chv U 2 2n J(—2n)

ly|<T 1<n <U

Tomi (/ / /u) ks O (xlOTgl‘ + 1) ) (2.1.2)

where I represents the straight line path from ¢ — % to —U — %, 11 is the straight line path

from —U — % to —U + %, and [I1 is the straight line path from —U + % to ¢+ %

Now we estimate these integrals. Let

Gl a [TV () a0
Iy = /UC(ks) Sds—/_U_ikT Clhs) Sds.

By the functional equation

¢(s) = 2°7° Lsin (g) D(1— s)C(1—s), (2.1.3)
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we get

po [F g
pu— S
’ 1+U-i Ch(1=s))1—s

/1+U+",Z” 2178 r1=5gin (@) I'(s)((s) s
U5 2k—ksph—l=ks gip (M) T(ks —k+1)C(ks—k+1)1—5

ds.  (2.1.4)

By the Gauss Multiplication Formula (see [1], p. 256),
k—1
[ kol 1l g
IIr (z—|— E) = (27) 7 k27 D(kz).

=0

Taking z = s — %, then we have

D(s)  _ (2m)akha™ .15
(ks —k+1) k=l o
AR i SO
=1
Then, by (2.1.4),
p [ () g
2 LT Ok—ks rk—1—ks k7r(1—s)> C(ks—k+1) 1—s

k—1 .
[r(s—4) sn(™
=1

By Stirling’s formula (see A. Karatsuba [30], Chapter III, Theorem 5, p. 44),

1 1 m|t| 1
_ o—(0—3)logo+-5- > — 2.1.6
T+ &° o (oz3) (2.1.6)
we have
1 < o B (14U~ (14U £ -3 ) log (14U 1))
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Also

NE=) <eE (2.L.7)
S1n —a
Thus, by (2.1.4),

T _1N\ 1+U k2
k o)kl S (14+U-Lt—(14U-L - 1) log(1+U—-1)) 1
I <<k/ (( ]7;2 > €l:1( k ( k 2) g( k)) dt.
_T x

T
k
The right-hand side of the above formula goes to 0 as U goes to co. By the functional
equation (2.1.3),

Taking the derivative on both sides of (2.1.3), we get

¢'(=2n) = 2((;;; (2n)1C(2n +1).

Thus,

ST
Then by (2.1.2), we have

—~

gt L) o) o

where I’ represents the integral over the straight line path from ¢ — & to —oo — £, and I11’
is the straight line path from —oo 4+ £ to ¢ + &

We only need to estimate the integral on path I71’ since I’ is similar to I11'. Let

B c+% C(S) I_S B 0+% C(S) .%‘_s c+% C(S) x_s
b= /oo C(ks) s T /oo C(ks) s ‘”/ (ks) s
= Il +1. (2.1.9)
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By the functional equation (2.1.3) and the properties of Gamma function (2.1.5),

ds.

1 s . m(l—s
v _/Oo_k kr=2 <(27r)k_1) 1 sm( 3 )> C(s) xis
! | . : :
-5

L k=1 1 sin (kw(é_s)) Clks—k+1) 1—s
k

By (2.1.6) and (2.1.7), and the estimates (see (14.2.5) and (14.2.6) in [59]),

1

YA T, f > - 2.1.10
s —F 1)) <y, IC(s)| < or every o > o ( )
we get
k—1
[ (@ S e bk D este- 1)
]{ < T /1 T (W el=1 do
x
Now we estimate I5. Under the Riemann Hypothesis, by Section 13.1 in [59],
1
C(o +it)] < (Jt] +2)277%, for 0 < o < 5 (2.1.12)
Thus, by (2.1.10) and Lemma 2.2, for T € T,
c+iL s
I = / e,
0+L C(ks) s
1 1
3 T*fodre [ Te
e /o 2T x7do —1—/; Tx”do
x
ke 17 (2.1.13)
2
Combining (2.1.9), (2.1.11) and (2.1.13), we get
Iy <pe —1 (2.1.14)
3 ke T%f . 1.
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By (2.1.8) and (2.1.14), we get the desired result in Lemma 2.3. O

2.1.2 Proof of Lemma 2.4: a proper truncation on the sum over

Zeros

Let T > 2 and n < T < n+ 1. Without loss of generality, assume n < T, <T < n+ 1.

Then, by Lemma 2.3,

— .z (&) 2 &) e s
My(z) = 70 +MZ<TpC, . > + BE(x,T).

By the Cauchy-Schwarz inequality,

) . ( ! ) ( ¢(5) )
> Wl y AV (8 19
7 5y P (P) 7 S 1) 7 il P
Under the Riemann Hypothesis, by Section 13.1 in [59],
1 1
IC(o +it)] < ([t| +2)277F, for 0 <o < 5 (2.1.15)
By (2.1.15), we have
P 11,
‘C(E)’ e [y[FEEHE (2.1.16)
Thus, by (1.1.3), (2.1.16), and (2.1.1),
£ Lo 1 2
Z C(,k) Tk e x2wT2te — L e xlk
e S (p) T2rae 2+
The desired result follows. n
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2.1.3 Proof of Lemma 2.5: key mean square result

In this lemma, we assume the bound
J(T) < T?, (2.1.17)
for some 1 <60 <1+ %, and this implies, by the Cauchy-Schwarz inequality, that

J

(1) =Y IC’Z)I<<T “(log T)?. (2.1.18)

0<y<T

1
2

We have

/log Z+1
log Z

ug(p) i
2 oC(p)°

/ logZz+1 .
Z Z k(p)u ))/ S
1

T<y<X T<y<X T<y/'<X pcl PP C/ ogZ
! 1
E E q K(p)u ) min (1, —/) .
T<'y<X T<y/<X PC p)p ( ') [y =]

Note that p = % + iy and p/ = % + i denote zeros of ((s). We break the last sum into two

parts:
Y1 : the sum over |y —+/| <1, and X,: the sum over |y — /| > 1.

In the following proof, we always assume 7" < v/ < X. Without loss of generality, we

0

assume 0 < € < L. By (2.1.16), for any € > 0,

[ui(p)] < |y[2 2. (2.1.19)

For the first sum, since 1 — % — 2¢ > 0, by the Cauchy-Schwarz inequality, (2.1.17), and
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Lemma 2.1,

ualp) )]
by
D S e I SR rZar]

1

|uk<p>|2>2 ( (! |>
< | X 55s >
T<y<X |p§’(p)| T<y<X \y—1<y/<y+1 |'0 C, |

!

() ) ? s
< ZX \pc'<p>|2> (ZX ( 2 T )1 )
(¥ | sy R
A0 () P2t

T<y<X T<y<X y—1<y/<y+1

1

; m |uk( )’2 0) E
< T;ﬂlkie( 2. mh >|pC( )7 lg’y) |

T<y'<X

where m(y) = #{y : v —1 <+ < y+1} < logy by (2.1.1). Since 1 + 1 — 3¢ > 0, by
Lemma 2.1 and (2.1.19),

D=

1 1 1
ML ——5— L — . (2.1.20)
T3+ag—5¢ < Z ! |1+3e’</(p/)‘2> Tl+;—0-3e

T<H'<X

We write ¥y as follows,

lp) ()

o : 2.1.21

2 T<’YZ<X 1pC' (p)] TSWZISX (N =] ( )
ly—'1>1

Take N = [1] + 2, and let

1>a;>ay>a3>--->ay =0.

Then, by (2.1.21) we have
2N+1

Yy = Z o1, (2.1.22)
=1
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where

7= 3 L0 % e

252 1P 2, My =1

and

L :T<+ <y—7"

Ly:y—=9"<q <y—9"

Ly_q:y =2 <A <y—nWN1
Ly:y—y"1 <y <y-1,
Ly iy +1<y <y+q™

Lyyp iy 9™ <o <y 49"

Lon_1:7+ 72 <4 <y+9®
Loy : v+ 9" <4 < 29,

Loyt : 2y <.

Note that, some of the L;’s might be empty for those +’s which are close to T', in which
case the estimation will be trivial. Hence, we can assume each L; is not empty.

We take

—1—1 —1——2 ——1 d =0
= — = 1= n = 0.
a1 N a2 N ,  anN-1 N a an

Using the Cauchy-Schwarz inequality and (2.1.19), we find that

| | 1 1
T S P Dy

T<H<X ~'eLy Ny =l T<y<X [y[2FaRr e (" (p)] ~'ely [y 12727 (p')]
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Then, by partial summation and (2.1.18),

1 1 0_ 1
< T <y
2 ’ 2 ~|¢ ()]

S ETETC(] S )R

Since 0 < € < £ and N = [1]+2, 24+ -9~ 1+ —3¢> %L Lemma 2.1 applies. Thus,

by (2.1.17) and Lemma 2.1, we obtain

[%

< e c Y 1 1 o1

o1 < a1—c < 5.1 0 1 g < T 5 1 4 T g 5

T<y<X 7|2 F et 1¢'(p)] T<y<X Y[z T e 27w 3¢ (p)] TN TiHE=0-5
(2.1.23)

For 2 <1 < 2N, noting that 1 + % — 2¢ > 0, by the Cauchy-Schwarz inequality, (2.1.19)

and Lemma 2.1, we have

1 2
() !
o (ZX |pc'<p>|2> ZX (Z G 7|>
Ly @ v
< <T§le+i—2€|<'<p>|2) (Z (Z T = 7,2) “’)
1 ’Uk :
—_— N(L
R (ZX (Z IR w) “)) ’

where N(L;) is the number of 4"’s in L;. By (2.1.1), N(L;) < y*-1"¢. Then, for 2 <[ < N,

since 7/ <~ for 7/ € L;, we have

N(L) I 1
|fy — fy/|2 r}/2al_a‘l—1_6 I T £ JAY -2 S
v (V)W

Then, we have

1
2

o <K 1 1
l T+ L0 ( Z Z |2+—l+—35|gl(pl)|2>

T<y<X v EL[
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[

1
T | 2 ) TSy ) |
Tzt2r"2 <T<'y/<X i ¢ (o)

by swapping summation and where m;(y') = #{y : v — " < 4 < v —4%}. By

(211), () = #{y YV + " <y <A FF <K< #FHy A F ) <y <Y+
(C~)4-1 for some C' > 0} < (/)17 T<.

Since N =[] +2and 0 < e < 1+’“ , 147 —2 —4e> 6, Lemma 2.1 applies. Thus, for

2< I <N, we get,

1
1 1 ’ 1 1
<KL % — < <
T%+if%fe (T@;X |’7/|1+’1“_1%’_4E|C/(p/)|2> T1+%—9—%—3e T1+7—6 4e
(2.1.24)
Similarly, we have
O] X O2N+1-1, for N +1 < l < 2N. (2125)

Finally, we calculate oan.1,

/
Tonsr < Z ";chpp Z Z : |u5c(/))’

T<~y<X m=1 2my<~/<om+1y ’p C/<p>H7 _fy/|

By (2.1.17), (2.1.19), and Lemma 2.1, the inner sum is

NI
NI

- 1 1 INE
<L\, 2. w0or) |2 0

2my<y/<amly 2my<y <2ty

1
> 1 1 2 11, 1
< Z @ — 1)y (Qm p 9) (27 )2 (27 ey log (2 )

2+2k:

1 1
<< Z 2( E)m 1_96 << g
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Noting that 2 + 1+ — £ — 2¢ > Z1 by Lemma 2.1 and (2.1.19), we find that

u 1
Tan41 K Z ‘k(p)‘ s < Z 5 < T (2.1.26)

5110 o
i3 2IC’(p)I T

0,
2 T<y<x V?

Combining all the estimates (2.1.22)-(2.1.26), we have

1

Therefore, by (2.1.20) and (2.1.27), we deduce that, under the assumption (2.1.17), for
sufficiently small e,

2
uk(p) o

!/ GT
525 ¢ ()

/log Z+1
log Z

The conclusion of Lemma 2.5 follows. O

2.2 Equivalent relations

2.2.1 Proof of Theorem 1.1: (1.1.3) implies (1.1.4)

By Lemma 2.4, for X <z < X, taking T'= X?, we have

My(z) = > () zk +O(X°).

S < (P)

Then, ,
Mp(z) < | ) () e + O(X™).
e 8 (P)

Since the imaginary part of the first zero of ((s) is > 14, we let x = e¥, take § = 1 + ¢,

T =14, Z = X, and replace X by X? in Lemma 2.5. Using change of variable z = ¢¥, we
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deduce that

2

/ ) (ngx))Qd—w <« > pcg(fp)ﬁ —Zrox <1 @2

2k T T
X x X 14<y<x? x

So we get
[log(5)]+1

XM 2d T /M 2d
2 X2k x X T2k x

=1 -1

Here, it is easy to get a weaker result than Theorem 1.3. By (2.2.1), we have

/XEX (Ai“(x>)2dx < X.

Substituting %, e%, ..., for X in the above formula, we obtain

X 2
/ (Mk_(l')) do < X.
2 T2k

2.2.2 Proof of Theorem 1.1: (1.1.4) implies (1.1.3)

|-

We need the following lemmas.

Lemma 2.6. Assume the Riemann Hypothesis. The formula (1.1.4) implies the zeros of

((s) on the critical line are simple, that

:Ok(’p’)a VEk > 2,

and

%p) =0, (Ipf*). ve>o.

Using the above lemma and a similar argument to Theorem 14.29 (B) of [59], we prove

the following lemma.
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Lemma 2.7. Assume the Riemann Hypothesis. If (1.1.4) is true, then for any k > 2 the

series
3 <D
~ [pC'(p)I?
18 convergent.

Before giving the proofs of these two lemmas, we show how Lemma 2.7 implies the desired
result.

For any € > 0, under the Riemann Hypothesis, we know that ([59], (14.2.6), p. 337)

1

< 1
m = O(|t|#), for every fixed o > 5

So by the functional equation, we have

1

C(E) > lpl 35, (222)

Take k = [%] + 2,

P 1_e
GO et 2,

Then, by Lemma 2.7, we have

1
2 TG

|
2

Hence, by partial summation, we derive that, for any € > 0,

1 1 1+ 1 /T 1
— = — At T4 tedt <. T .
2 (o) 2 YR .

0<y<T 0<y<T

This proves (1.1.3). O
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Proof of Lemma 2.6. By considering Mellin transforms, for s > 1,

((s) _@_i#k(n)—ﬁ :S/OOMk( )+éé})dx—s/OOMk(x)dﬂc+ s [ {z }
s 1 IES+1 1

C(/CS) C(k>—n:1 n s+l C(k) . :L'S‘H
(2.2.3)

We show that the right-hand side of (2.2.3) can be analytically continued to the half-plane

Rs > ﬁ Letting s = o + it with o > 2k:7 we have
<M M ( M ( 1
[T ] < g [T —||/ M@l 1,
. xSt o+l 30+5 +4k r3°ts—aE
M2(x 1 :
< s de —dx
| ot | ot
1
0 M2 b
< L( (@) dx) . (2.2.4)
/(T . i 1 $U+1+ﬁ
Let
X 2
M
F(X) = ’f(?)dq:.
1 xR

By assumption (1.1.4), f(X) < log X. Then using an integration by parts,

[ee} M2 o] / 1 0
£@) 4o f(xl)dx:<a——)/ CH
1 x0+1+ﬁ 1 xdfﬁ 2]{; 1 1‘U+17ﬁ
1 > logx o 1
= O(|(oc— = —dx | =0 —dx
2% 2o+ L potloag

_ o<0_1ﬁ). (2.2.5)

Then, by (2.2.4) and (2.2.5), we get

M
s k<x>d:v =0 5 = |
1 strl o — 5

which shows that the integral converges uniformly and absolutely for o > i + 0, for any

fixed 6 > 0. The second integral on the right-hand side of (2.2.3) is also uniformly and
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and

o B

Thus, the formula (2.2.3) can be analytically continued to Rs >

absolutely convergent for o > 2 55

< 1.

%, and we get

(s)  <(s) :0( 5] >+0( ) (2.2.6)

U_%

Let p be a nontrivial zero of ((s) and s = 2 + % where h > 0 is a small real positive

number. Then by (2.2.6),

Cx+%) _ (18 +5 C(§ +3)l o+ bl C(E+ )
c<p+h>‘0< z >+O< )| “) o("5 )+O< B0l “)
(2:2.7)

This would be false for h — 0 if p is not a simple zero. Multiplying by h on both sides of

(2.2.7), and letting h — 0, we get

= O(|nl),

For any ¢ > 0, by (2.2.2), ¢(£) > |p|2=2~2. Then, we have ﬁp) =0 (\p\%Jri*%).

Taking k = E} + 2, hence we get ﬁ =0 <|p|5+6>. O

Proof of Lemma 2.7. By the symmetry of ((s), the sum over the zeros in the following

formula is actually real. We have

ww S pd(p) x
_ Mku))Zd_x RS [X apade
- () +|7|§<Tpp<'<p><'<p>/1 B
o SO [ e
22 ety [ = (228)
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In the first sum of (2.2.8), the terms with p’ = 1 — p contribute

¢(2 1-p Xd £Y|2
> o BAE) T gy SR )
o P =p)Cp) (A =p) Sy @ = ()l
For the remaining terms, with p = 1 +4v, p' = 5 + @7/, and 7/ # —7,
X - ptp' =1 _
/ N L S b Y (L (2.2.10)
| x ptp—1 v+l

Thus, the sum of these terms is less than a constant K; = K;(k,T).

In the last sum of (2.2.8),

o1 d B
T
By the assumption (1.1.4), the last term is
/ My (x)z"F dz =0 / | My (z )|x_idx =0 i/X |Mk(x)|i\/5dx

o (R ([ () ) ([ ') o

(2.2.12)

For the first term in (2.2.11),
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For the last integral,

1 X TN\ g1 2 X5+ k 1
m/ 07)“dx:<<k><p—1+k><p—1+2k>_<<k><p—1+2k> (17)'

(2.2.14)
For the first integral in (2.2.13), we show that
X b1 zN dr 1 [ (W) X o
/ Zuk(n) T F (1——)—:—,/ k* >k dw.
L \&Z X/ x 27mi Jopine  Clw)w(w4+p—1+k)(w+p—1)
(2.2.15)

To prove this, we use the following formula, for a > %, y >0,

1 a+100 s
— id ds =

270 Jorioo S(s+p—1+Ek)(s+p—1)

=

1—17,1 1—P—k,1
Yy Yy .
( [ M s >, for y > 1;

=

for 0 <y <1.
(2.2.16)

In fact, for y > 1, we shift the path of the integration to the left as far as possible and
calculate the residues at s =0, s =1—p, and s =1 — p — k. Then we get the first result.
For 0 < y < 1, we shift the path of the integration to the right as far as possible. Since there
are no poles to the right of the line ®s = a > % and 0 < y < 1, the integral is zero. For

y = 1, by the continuity of y on both sides of (2.2.16), we see that the integral equals zero.

By the abosolute convergence of Cg((i)) =3k ’“(%"), we substitute it on the right hand

1
side of (2.2.15) and integrate term by term. By (2.2.16), taking y = (%) * we obtain

o Mk(n> /2k+ioo k2 X%ﬂ*l
- — dw
= 2 Jopoise nrw(wtp—1+k)(w+p—1)
kX%l — k X5+ it
—n<X'uk(n) p—1 _p—l—l—k X

= Z ,uk(n)/n X dz
n<X
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1

And taking y = ( ) we get, for all n > 1,

2k+ico 7.2
k 1
2h—ice NF WW+p—14+k)(w+p—1)

Thus,

w+pfl

o R X o= (2 (L
20 o i ot g1 R p=1)" e (n X/ z

n<x

which is the left-hand side of (2.2.15).
Let U > T such that U is not an ordinate of a zero of ((s). Then the right-hand side of

(2.2.15) is equal to

1 2k 1 v iU kil 2k+ico
— / / / / —l—/ + sum of residues in — U < Sw < U.
2mi 2k— iU +iU 2k+iU

(2.2.17)

Let p” be a generic zero of ((s) with |y/| < U. Since U > T, w = 1 — p is a pole with

residue
¢(52)
log X. (2.2.18)
(1=p)¢'(1=p)
There is also a pole at w = k with residue
k2 X1
’ (2.2.19)

C(k) (p—1+Ek)(p—1+42k)

The residue at other p” is

p” )yP +F’ 1 .
Res(p ”> - kQ C/( k//) 1"( A }/ '
W) +p—=1+k)(p"+p—1)
By Lemma 2.6,
g(%) i
=0
C/(p//) k(|p |)
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Then,

1 1
Res(p") = O =0k | ——5 |- 2.2.20
) =0 () ~ O (rom) 2:220)

Thus, since |y| < T,

< Ky (T). (2.2.21)
_U§<U v+ 7!2 ,,;7 I'y” ECTER
V'EY

In the following, we estimate those five integrals in (2.2.17). First, we have

w+4p—1

/2k+ioo ch(%) X —1
s Cw)w(wtp— 1+ K)wtp—1)

Similarly, we get the same estimate for the integral over (2k — ioo, 2k — iU). Next,

dw

/}ﬁ-iU k2<<%> Xw+p L 1

S ¢(w) w w+p—1+k)(w+p—1)
4-i—zT ——zT 4-i—zU Xiw"'p L 1
VR o
771T 771U +iT (UJ—{—p- 1+k)(w+p_ 1)

= K}k, T) + O (/ (L) = K4k, T) + O(1) < Ks(k,T).  (2.2.23)

dw

z2(v+7)?
By Lemma 2.2, we choose n < U = U, < n+ 1 so that

1

1

43



and we have ((ZHY) = O(U2%¢). Then, we get

/ka o) AN dw=0 [+ ) -0, A
o Cw)w(w+p—1+E)(w+p—1) Uz=<(U +~)? Uz=<(U —T)?
(2.2.24)
We have similar estimates for the integral over (2k — iU, 1 — iU).
Combining (2.2.13)-(2.2.24), and making U — oo, we get
X p=1 x\ dx C(2
MxxT<1——)—— E log X + R, 2.2.25
| Milo) X) T @I p—p) " (2.2.25)

where |R| < Ky(k,T) if |y| < T.

By (2.2.8)-(2.2.12) and (2.2.25), and by assumption (1.1.4), we deduce that

ROk P
0< Arlog X +log X —2log X A loe X + K(k.T
< A log X +-log Z<T|p<'< TR hzldmc'(p)w* eVlog X 4 Kk, T),

where Aj and Aj are constants depending only on k. Thus,

ISP A, K(KT)
2 1pC' (p)[? A ViogX | logX

Making X — oo, we have > ILCC( i < Ak Since the right-hand side of the above result
2
is independent of T', we get the convergence of p %. O]

2.3 Proof of Theorems 1.2 and 1.3

2.3.1 Proof of Theorem 1.2: upper bound for M;(x)

By Lemma 2.4, for X <z < X, taking T' = X?, we have
B (%) » ;
My(z) = Y —Eak +0(X9). (2.3.1)
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By Lemma 2.5, we have for T' < X2,

eX
Q(%) ol 1 dx 1
E Rl — e ——-
/ pCp) | ahw TR i

X r<lyl<x2

For any e > 0, consider the set

Then,

ESlRS)

dx eX C(8) o 1 dx 1
loog X 11+26/ il </ S el ]
(log X% N 2 (o) | sk e S Th

SN[X,ex] L X pdyex?

/ dx < 1
snxex) T T

Choosing X = ¢!, 1 =2,3,..., we have

/ dx < =1 -
— (0.}
Snfe2,00] ¥ =2 [1e

Taking T' = log X, we get

Thus, the set S has finite logarithmic measure. By (2.1.18), J_1(T) = > o < m <L T,

1 1 —€ . .
For X <z <eX,let f(t) = (%)ﬁﬁ . By (2.1.16) and partial summation,

2 P 1 J_l T T
. Cﬁk) o < X% Y e < X (%(1_)+ f'(t)J_l(t)dt>
0<|y|<T pC (P) 0<|7|§T72 2k E‘C/(p>| T2va2—¢ 1 2

< XmTi e,

Thus, by (2.3.1),
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Define the set

N

Su = {x > 2 |My(z)| > Hz% (log x)

1
,ﬁﬁ}.

For z € Sy N [X, eX], we have

e L
S SR E] > M) - O (X7 (log X)a e
Ty P (p) < )

L

Hxﬁ(log x)%_%k-+6 -0 (X% (log X)%_iJ“E)

v

?r"“
[

> a7 (logx)2 3t

as long as X is sufficiently large and H is larger than the constant in big O. Thus, Sy N

(X, eX] C SN[X,eX] for sufficiently large X, and hence Sy has finite logarithmic measure.

[
2.3.2 Proof of Theorem 1.3: B?-almost periodic function
We define ¢(y) = e~ 3% My(e¥) = ¢V (y) + ) (y), where
C(F) o
¢(T)( ) = Z /_ke i
eSO
and, let Y = log X,
(T) _ C(%) Yy _Y y 2Y
eHy) = Z ekt +e 2%E(e’ e), (2.3.2)

T<|vy|<e2Y P

where FE(x,T) is defined in Lemma 2.4. Note that

Y Yo 20021y 2=y 1 1

e\ Tk e\ Tk

e B(e?, V) 2dy < Y 5t + — + —dy < L.
€)Y

log 2 log 2 € €
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For k > 2, taking § = 1 4 € in Lemma 2.5, and by (2.3.2), we have

1 Y 14 iy log 2
limsup? P(y) — Z pi(/f;)ek dy = hmsup— </ /10g2> e T) ] dy

Yoo 0 [y|<T

(%) 1Y

< lim sup = e* | dy+ lim — le 3k E(e?, e ) 2dy
Y —o0 log 2 T< <e2Y (p) YooY log 2
2
Yl flog2+4j+1 P
. 1 §=mJ c) 1
<<11msup—2/ | Z i(/l(c))eky dy < s s
Yoo L5y Jlog24j ol ooy PSP :

Then, by (1.1.5), we see that ¢(y) = e~ 28 Mj,(e¥) is a B?-almost periodic function. Thus,
by the work of Besicovitch (see [5], Chapter II of [6], or Theorem 1.14 of [2]), we get the

conclusion of our theorem. O

2.4 Applications of LI: estimates on the tail of the
limiting distribution

In this section, we assume the Linear Independence conjecture, and give the proof of Corol-
lary 1.4.2.

Let X be a random variable on the infinite torus T,

o0

X(0) = Z 7y 8in 270,

=1

where 0 = (61,6,,...) € T® and r, € R for [ > 1. If we assume » ,° r# < 0o, then X
converges almost everywhere by Komolgorov’s theorem. Let P be the canonical probability

measure on T°. Define

vx(r) = P(X ' (—00,7)).

Montgomery [46] proved the following result. It also follows from Hoeffding’s inequality
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[24].

Lemma 2.8. Let X(0) = > "2, rysin 2w, where Y~ r7 < oo. For any integer K > 1,

P (X(O) > 2Zm> < exp —Z <Zrl> (Zr?)

The linear independence assumption implies that the limiting distribution v obtained in

Theorem 1.4 equals vy, where X is the random variable

2Ic( % n(270
=2 1p¢'(p) V)

>0

™y = T (o)l

2/¢(2 4|¢(%
ATy = > ry= > !p‘C’k B(T):=) r’= Z’p‘c

0<y<T 0o<y<T y>T y>T

By (1.134) in [27] (p. 45), (14.2.6) and (14.5.1) in [59], and the functional equation,

)| b and ()] < I

So, we deduce that, for v < T,

S S S S, (2.4.1)

T e T e T T

Then, by (2.1.1),

2 k

Z — - > T
<r<

Thus, by partial summation, (1.1.3), and the Riemann Hypothesis, we get

Tz 2 ¢ < A(T) < T2 =+, and

< B(T) <

(2.4.2)

Sl

TrTe
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Let V be a large parameter. We want to use the above estimates to find upper and lower

bounds for the tail of the distribution,

[V, o)) = /OO dv(z) = P(X(0) > V).

\%

2.4.1 The upper bound

Choose T such that A(T~) <V < A(T). We have the inequalities,
T: 2% < AT ) <V < A(T) < T2 35,

From this, we see that

Vit « T < Vit (2.4.3)

Then, by Lemma 2.8, (2.4.2) and the above formulas,

P (X(0) > c,V) < P(X(0) > 2A(T)) < exp (—ZA(T)zB(T)1>

< exp (_C2V2T%_E) < exp (—03‘/%*) .

2.4.2 The lower bound

Consider the expectation of e*¥®) E(erM (@) = [A@)q. By the definition of X (), we

know that

E( @) =TT 10w,

v>0

where I(r) = [ e"*2™dH. Montgomery ormulas an , p- 17) showed that
here [ o esn2mgg. M 46] (formulas (2) and (3 7) showed th

67‘

I(r) < for all >0, (2.4.4)

2
e 4
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and

I(r) > (2.4.5)

Now we want to find a A > 0 so that

E(e®) = 2exp <% Z 7"7) . (2.4.6)

0<y<T

We show that such A\ exists. In fact, the two sides of (2.4.6) are continuous functions of A;
for A = 0 the left-hand side is 1 while the right-hand side is 2. Moreover, by (2.4.5), if A > %

for all r, (v < T), then
AX (6) N(T) A A
E(e ) > H I(Ary) > 2 exp | 5 Z ry | > 2exp B Z ry |
0<y<T 0<y<T 0<y<T

where N(T') is the number of zeros of ((s) for 0 < v < T. Thus, there is such a A\. By

(2.4.1), we have, for v < T, 7y, > T%# Thus,
A< e Tatonte, (2.4.7)

for some constant ¢4 > 0.
To get the lower bound, we need an inequality from [46] (formula (4), p. 19). For any

non-negative random variable F',

(2.4.8)

Let F' = M), By (2.4.4),

E(F?) < exp (2)\ Z Ty +)\22r3) .

0<y<T y>T
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So, by the above formula, (2.4.6), and (2.4.8), we have

1 ex (>‘20<W<T7”7> 2 2
P<X(9)Z§ Z 7“7>2 P B(F) zexp(—)\ Z Ty — A 27“7).

0<y<T 0<y<T A>T

Then, by (2.4.2), (2.4.3), and (2.4.7), we get

P <X<9) = % Z T’Y) = exp (_)‘A(T) — /\QB(T)) > exp (—C5T1+€) > exp (—C6Vk2fkl+€) ,

0<y<T

Hence, for any € > 0,
. 2k _ ok
exp (~aV ) < u(([Vio0)) < exp (~BV )

for some constants ¢;, ¢y > 0 depending on k and e.

2.5 Large Deviation Conjecture and the order of
Mj,(x)

In this section, we examine the tail of the limiting distribution more carefully, and heuris-
tically derive a Large Deviation Conjecture and a conjecture about the maximal order of
First, we give the proof of Theorem 1.5. For any integer k£ > 2 and any integer [ > 1,

taking w = 1 in Theorem 1.6, and by the functional equation, we get

k

> 63 PP = T2G=30)T log T (2.5.1)

0<~<T

o1



By Holder’s inequality,

I E=ANEE
; < ‘C ‘21> ( — ) .
0<72<T|<<p <0<Z<T OQYZ<T ¢'(p)

~

Since [ > 1, 55 < 2. Thus, by (2.5.1) and (1.1.1),
£ 1 1
> M < T2 % - T(log T) 7. (2.5.2)
2=, ¢

Also, for any 0 < § < 1, by Holder’s inequality, we have

2l

21 1
Y A s [T (2 (5 )
S = | T S Tl :
ST<~<T 1¢"(p) |7+ ST<~<T ¢'(p) |C(2)] 2+ ST<~<T (P ST<~<T (7)1
(2.5.3)
By (1.1.1), there exists a small enough § > 0 such that
1 132
> ——— =< T(logT){x)
ST<~<T 1¢"(p)|Z+1
For such 9, by Theorem 1.6 and the functional equation,
sty [CCP TG—2)2
So, by (2.5.3), we deduce that
P P L
> @ > Htal >, T - T3 % (log T) 7@ 0 (2.5.4)

o2 1) T e I ()]

Thus, by (2.5.2) and (2.5.4), we get

< T2 % - T(log T)a+oW.

52



Similarly, we have

2Y|2 1
Z |’§/((kp))’|2 < Ti-% . T(logT) 1T <« T % - T(log T)°.
0<~<T

Then, by partial summation,

20¢(2)]
(o)

7373 - (log T)i~W < A(T) = >

0<y<T

and

Z 41¢(% (log T)"(l)‘

(2.5.6)
= \/)C’ p)l T%

We choose T such that A(T~) <V < A(T'). Then, by (2.5.5),

T2 (log T)i~°W < V < T2 (log T)i 0.,

= =
1% - 1% -
(log V)3 +o0) <<\ eriem| -
(log V)1 (log V)

Then, by (2.5.5), (2.5.6), and Lemma 2.8, we get (1.1.7). Hence, Theorem 1.5 follows.

So, we have

By (2.5.5) and (2.5.6), the conjectured formulas are

1

A(T) < Tz 2 (logT)i, and B(T) = T (2.5.7)
x
Then, by Lemma 2.8, we get
2k
Vi1
v([V,0)) <exp | —df——— | . (2.5.8)
(log V) 2(k—1)

In Remark 2.4 of [26], the authors mentioned that: if one redefines J_;(T") to exclude these

rare points, where |('(3 +i7v,)| is very close to zero, then the Random Matrix Theory should

53



still predict the universal behavior. Thus, if we let {r..} be the decreasing sequence after
reordering the sequence {r,}, we conjecture that we still have similar estimates like (2.5.7),
ie.

1

A(T) = = T2 % (logT), and B'(T):= e
(T):= > (logT)%, an (T):=> 2 -

0<y/<T ~'>T

(2.5.9)

Moreover, Hattori and Matsumoto ([22], Theorem 4) proved an equivalent condition in
terms of A’ and B’ for the existence of the lower bound of Montgomery type (the type of
lower bound in Theorem 1 of [46]). Hence, by Theorem 1 in [46], Theorem 4 in [22], and
(2.5.9), we conjecture that the upper bound (2.5.8) gives the correct order of v([V, o)), i.e.

the Large Deviation Conjecture (1.1.6).

2.5.1 The maximal order of My (x)

In this section, we use heuristic analysis similar to Section 4.3 of [51] to derive our conjecture
(1.1.8).
Assuming RH, (1.1.3) and LI, we get

lim %meas [y e 0] Mie) > eV} = o([V00)).

Y-

For V sufficiently large, there exists a function f(V') such that, if Y > f(V),

2k

1 Y o1
?meas {y - [O,Y] | Mk(ey) Z @ﬂV} 2 exp _CIQLQU .
(log V')&-1

Let

V =a(logY) = (log, Y)F,

(k= 1\E o\
T\ h ’

where
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for 0 < § < 1. Then, for large Y,

meas {y € [0,Y] | My(e¥)e 2 > a(log Y)kT_kl(log2 Y)%} > exp (logY —édlogY -b(Y)),
(2.5.10)
where

bY) = SR

2v logs Y k-1
(1 + k—1log, Y

Since 0 < § < 1, and b(Y') < 1, the left-hand side of (2.5.10) goes to co as Y — oco. Then,

there exists an increasing sequence {ym, }, ym — 00, such that
Mi(e¥)e™ 5 > a(log ) = (log, ).
Indeed, suppose the above inequality is false. There exists a ug, such that, for all ug <y <Y,
My (") % < aflogy) # (logy y)F < a(log) = (log, Y)F.
Then,

k-1

meas {y € [0,Y] | My(eV)e % > a(logY) % (log, Y)%}

= meas {y € [0, up] | Mi(e?)e2r > a(log Y)%(log2 Y)%} < up.
By (2.5.10) and the above formula,
exp (logY —dlogY - b(Y)) < up < 1,

which contradicts the previous assumption that the left-hand side goes to infinity as Y — oo.
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Thus, we obtain

, My,(e¥) (k - 1) 3
lim sup —; ) —>a=|—7—
yoo e (logy) o (loglogy) 2k

|
N
SN[ >
~—

MK‘

Letting 06 — 1, we get

v k—1

M, (eY kF—1\* /1) 2%

o e () ()
Y—00 eﬁ(]ogy)%(]oglogy)% 2k Co

Now we consider the upper bound in (1.1.6). We have

2k
[V, 00)) = P(O T | X(8) > V) < exp | —f——— . (2.5.11)
(log V)#=r
For ¢’ > 1, define the event

A, = {0 €T | X(0) > B(logn) = (loglogn)*},

v k-1
k 5/ 2k
c '

where

()

Then, by (2.5.11), for sufficiently large nq,

iP(An)<<i%<<1‘

n=ngo n=no

By the Borel-Cantelli lemma,
P (A, infinitely often) = 0.

Thus,

Mi(e? k1)
lim sup —; kljge ) , <h= < )
y=oo e (logy) = (loglogy)* K

|
N
YR
N————

=i
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Letting ¢ — 1,

. Mk(ey) k—1 3 1 2%
lim sup —; — — < — .
y—oo  e2k (log y) 2% (log log y)E k A

Hence, (1.1.6) suggests that

k—1\F 1\ 7 _ M. (&) k—1\F /1) %
- - = < limsup — =) - < (—— = 7
2k Cy y—oo  e2k (log y) 2k (log log y) % k (e

where v = i.

Therefore, we can make the following conjecture.
Conjecture. There exists a number C' = C}, > 0, such that

lim . - — = +C%.
z2x (loglog x) 2 (loglog log x) %

—=——==r—00

2.6 Moments of (1 —wp) for 0 < w < 1

In this section, we give the proof of Theorem 1.6.

Let [ > 1 be an integer. Let ¢ = f—ww > % By the residue theorem,

>l —wp)

0<y<T
1 c+iT 1—c+iT 1—c+7 c+i C/
=-— ( +/ +/ +/ ) 1 —ws)C'(1 —w(1 — 5))>(s)ds
210\ J oy AT l—c+iT 1—c+i ¢
= Jl + JQ + J3 + J4. (261)

By [8] (page 108), we may assume that 7" satisfies

1
|v—T|> ——, for all ordinates ~
logT
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and
!

%(U +4T) < (logT)?, uniformly for all 1 —c <o < c.

For general T', since w < 1, under the Riemann Hypothesis, and by (2.1.1), the error is

< > A= wp)|* < T

T<y<T+1

Since0<w<1andc:f—ww,forl—cgagc,wehavel—waz1—wc:1—1+Tw>

: and 1—w(l—0)>1—wc> 3. So under the Riemann Hypothesis,

/

Jy = z / 1 —wo — iwT)¢(1 —w(l — o) + in)C—(U +iT)do < T¢.  (2.6.2)
27 1—c < ,

Similarly, Jy <, 1. We relate J5 to Ji,

J3 = i/lgl(l—w(l—c)—iwt)gl(l—wchiwt)C—/(l—c%—it)olt
57 op T ¢

!/

e . NG :
= —%/1 Cl(l—w(l—c)+zwt)<’l(1—wc—@wt)z(l—c—zt)dt.

By the functional equation ((s) = x(s)¢(1 —s), where x(s) = 2°7°7'T'(1 — s) sin(%?), we
find that

T /
J3 = —%/1 Cl(l—w(l—c)—i—iwt)(l(l—wc—@'wt)X;(l—c—it)dt

!

T
+%/1 ¢I(1 —w(l — ¢) + dwt) (1 — we — iwt)%(‘f i)t

By Stirling’s formula,

e (1) (100 (1)
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The term O (ﬁ) contributes to J3 an amount of O, (7). Let

I t
K= %/1 ¢ = w1 — ) + iwt) (1~ we — iwt) og( ;- )t
Then,
Jzs =K+ Ji + Oy (T). (2.6.3)
First, by the residue theorem, we calculate

I(T) := /1 CH1 —w(1 — ¢) + iwt)¢ (1 — we — dwt)dt

_ %/:T M1 = w(1 — ))c(1 — ws)ds.

B 1 % —HT c+iT l B B ; B

- ! (/+ / /HT)C (1 — w1l — $))C'(1 — ws)ds
T

= / ¢t — % + dwt) (1 — 5 — dwt)dt + Oy (T°)
1

1 wT w ] 2l .
— E/w ‘C(1—§+zt)‘ dt + Oy, (T°).

For % <o <land % <t <z, taking T = 2® in the proof of Theorem 13.3 in [59] (page
330), we get

) =3 M o,

n<x

Then, by Montgomery and Vaughan’s mean value theorem for Dirichlet polynomials (Lemma

1 in [60], originally due to [47], Corollary 3 to Theorem 2), we deduce that

n2

I(T) = <§: dl%f}) T+ Oy (TH). (2.6.4)

n=1

By partial summation, we get

~—

1 T 1 (TIt), 1 (~din



Now, we estimate J;. By Theorem 14.5 in [59] (page 341),

¢
¢

1
(s) = O((logt)*~??) uniformly for 5 <00 <o<o <1
Thus, by (2.6.4) and Hélder’s inequality,
|J1] <uwi T(logT)?. (2.6.6)

Combining (2.6.1), (2.6.2), (2.6.3), (2.6.5), and (2.6.6), we get (1.1.9). By Theorem 14.25

(A) in [59], under the Riemann Hypothesis, the series ) - * T(L") is convergent, and its sum

S

is ﬁ, for every s with o > % Hence, the same proof also works for negative powers, and

we have (1.1.10). O
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Chapter 3

Chebyshev’s bias for products of £
primes

3.1 Formulas for the associated Dirichlet series and
origin of the bias

In this section, we study the following Dirichlet series and express them in terms of the

Dirichlet L-functions. Let y be a Dirichlet character, and denote

X

Fr (s,x)
fn)=k
where f = w or €, w(n) is the number of distinct prime factors of n and Q(n) is the number

of prime factors of n counted with multiplicity.

3.1.1 Symmetric functions

Let z1, x9, ... be an infinite collection of indeterminates. We say a formal power series
P(xy1, 29, ...) with bounded degree is a symmetric function if it is invariant under all finite
permutations of the variables x1, o, . ...

The n-th elementary symmetric function e, = e,(x1, s, ...) is defined by the generating
function 7 je,2" = [[;2;(1 + z;2). Thus, e, is the sum of all square-free monomials of
degree n. Similary, the n-th homogeneous symmetric function h, = hy,(x1, s, ... ) is defined
by the generating function )~ h,2" = [[;2) == ——- We see that, h, is the sum of all

possible monomials of degree n. And the n-th power symmetric function p, = p,(x1,x2,...)
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is defined to be p,, =27 + 25 + - .
The following result is due to Newton or Girard (see [40], Chapter 1, (2.11) and (2.11"),

page 23, or [41], Chapter 2, Theorems 2.8 and 2.9).

Lemma 3.1. For any integer k > 1,

k
khy, = hy_npn (3.1.1)
n=1
k
key = Z(—l)"_lek_npn. (3.1.2)
n=1

3.1.2 Formula for Fy, (s, x)

Let

the sum being over all prime p. Since

log L(s, x) = Z Z %, (3.1.3)

m=1p prime

we then have

F(s,x) =logL(s,x) — %log L(2s,x%) + G(s), (3.1.4)

where G(s) is absolutely convergent for R(s) > o for any fixed og > 3. Henceforth, g will
be a fixed abscissa > %, say o¢ = 0.34.
For any complex number s with R(s) > oy > %, let z, = % if p is a prime, 0 otherwise.

Then, by (3.1.1) in Lemma 3.1, we have the following relation

kFo,(s,x) =Y _Fa, (s, x)F(ns,x"). (3.1.5)
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For example, for k = 2,

2F0,(s,x) = F*(s,x) + F(2s,x°).

For k = 3,

31Fa,(s, X) = 2Fq,(s, X)F (s, X) + 2F (s, x)F(2s,x*) + 2F (3s,x°)

= F%(s,x) + 3F (s, x)F(2s,X%) + 2F(3s, X°).

For k = 4,

4 Fq,(5,X) = 3! Fa, (s, X)F (s, x) + 3! Fq, (s, X)F(2s, x*) + 3!F (s, ) F(3s, x*) + 3! F(4s, x*)

= F*(s,x) + 6F2(s, X)F (25, X*) + 8F (s, x)F(3s, x*) + 6F(4s, x*)

+ 3F2(2s, x?).

For any integer [ > 1, we define the set

Sk)l :{(nla7nl)‘n1++nl:k_m72§n1§n2§Snl’nJeN(lg-]gl)}

Let Sh) = Upsy S

m,l*
For any m = (n17n27 e 7nl) € ST(r’:)7 denote
!
F(ns,x) = H F(n;s,x").
j=1
Hence, by (3.1.5) and induction on k, we deduce that
k—2

K Fo, (s, x) = F¥(s,x) + D F™(5,X) Fa (5, X),

m=0

where F,,_(s,x) = >, alf) (n)F(ns, x) for some all) (n) e N.

neSﬁy}?
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3.1.3 Formula for F, (s, )

By definition, we have

3 HIc ZOO x(ph)
ka(SaX): ( p]n )
p1<p2<-<pgn=1 \j=1 n
p; prime

Denote

Fsy =Y (X(f)+x(p2)+_._)7

p prime

and for any u € N*,

= 3 (03902 - 3 5 oo

p prime p prime j=u

),

where D, (j) = (i 1) is the number of ways of writing j as sum of u ordered positive integers.

By (3.1.3), we have

F(s,x) = F(s,x: 1 Z Z X = log L(s, x) + %log L(2s,X%) + Gi(s),  (3.1.7)

p prime j=1

and

(s,x;2 Z Z J— 1 = log L(2s, x2) + Ga(s), (3.1.8)

p prime j=2

where G (s) and Gs(s) are absolutely convergent for R(s) > . Moreover, for any fixed

u > 3, ﬁ(s, X;u) is absolutely convergent for R(s) > oo.

oo x(p

For any complex number s with R(s) > oo, take z, = 372, *5

) if p is a prime, 0

otherwise. Then by (3.1.2) in Lemma 3.1, we get the following formula,

k
kFu (5,X) = Fu_, (s ) F (s, ) = Y _(=1)"Fo,_ (s, ) F (s, x:n). (3.1.9)

n=2
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For example, for k = 2,

2F,,(s,x) = F2(s,x) — F(s,x;2).

For k = 3,

3LE, (5, X) = 2F., (s, X)F(s,X) — 2F,, (5, \)F (s, x; 2) + 2F (s, x; 3)

= F3(s,x) — 3F(s,X)F(s5,x;2) + 2F (s, x; 3).
For k = 4,

A1F,, (5, x) = 31 FLy (5, X) F (5, X) — 3LE,, (5, X)F(s,x;2) + 31F(s,X)F (5, x; 3) — 31F (5, x; 4)

— F*(s,X) — 6F2(s,x)F(s,x:2) + 8F(s,X)F (s, x;3) — 6F (s, x: 4) + 3F%(s, x; 2).

Hence, by (3.1.9) and induction on k, we get

K\F,, (s,x) = ﬁk(s,x) -+ X_: ﬁm(s, X)ﬁnm(s,x), (3.1.10)

m=0

where F,, (s,x) = 3. bgﬁ)(n)ﬁ(ns, x) for some b,(fff)(n) € Z,and forany n = (nq,--- ,ny) €

nESngf)

SW, F(ns,x) =TI, F(s. x;n).

3.1.4 Origin of the bias

In this section, we heuristically explain the origin of the bias in our theorems.

In order to get formulas for Ag, (x;q,a,b) and A,, (x;¢,a,b), our strategy is to apply
Perron’s formula to the associated Dirichlet series Fg, (s, x) and F,, (s, x), then we choose
special contours to avoid the singularities of these Dirichlet series. See Section 3.2 for the
details.

First, we have a look at the case of counting primes in arithmetic progressions. If we
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only count primes, by (3.1.4), we have
1
Fou(s.0) = F(s.0 = 3 X2 100 15, 1) — Lo L(2s, 1) + G(s).
r P 2
The main contributions for Ag,(x; g, a,b) are from the first two terms,

1
log L(87 X) - 5 log L(287 XQ)

The first term log L(s, x) counts all the primes with weight 1 and prime squares with weight
5. The higher order powers of primes are negligible since they only contribute O(x%).
The singularities of log L(s, x), i.e. the zeros of L(s, x), on the critical line contribute the
oscillating terms in our result. In our proof, we use special Hankel contours to avoid the
singularities of log L(s, x) and extract these oscillating terms (Lemma 3.9). See Sections 3.2
and 3.3 for the details of how to handle these singularities. The second term —% log L(2s, x?)

counts the prime squares with weight —% and contributes the bias term. When x is a real

character, the point s = % is a pole of L(2s, x?), and hence the integration of —% log L(2s, x?)
N

over the Hankel contour around s = % contributes a bias term with order of magnitude T

Using the orthogonality of Dirichlet characters, and the formula > ,(X(a) — X(b)) =
N(gq,a) — N(q,b), we get the expected size of the bias.

If we count all the prime powers with the same weight 1, by (3.1.7), we have
- 1 -
Fun(s,X) = F(s,x) = log L(s, x) + 5 log L(2s, x*) + G (s).

In this case, the bias is from the second term % log L(2s, x?) for real character x which counts
the prime squares with positive weight % This is why the bias is opposite to the case of
counting only primes.

For the general case, when we derive the formula for Ag, (z; ¢, a, b) using analytic meth-

ods, by (3.1.6), the main contributions for Fg, (s, x) will be from F*(s, x), which is essen-
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tially

1 1 k
o (log L(s,x) — 3 log L(25,X2)) )

In the expansion of the above formula, the term % log” L(s,x) contributes the oscillating

terms (see (3.3.7) and (3.3.11))

(—=1)* z(loglogz)*1 Z X
— 1) Ly sa
(k—1)! log x L 0o 2 + iy

When Y is real, the term

]_ 1 2 F ( 27\ k

contributes a bias term (see (3.3.8) and (3.3.12))

1 (=1)*z(loglogz)*!
(k—1)! 2k log '

Then summing over all the real characters, we get the expected bias term in our formula for
Agq, (z;q,a,b). The factor (2;—1_)]6 explains why the bias has different directions depending on
the parity of £ and why the bias decreases as k increases. Other terms with factors of the
form log" ™7 L(s, x) log?(2s, x?) for 1 < j < k — 1 only contribute oscillating terms with lower
orders of loglog x which can be put into the error term in our formula (see Lemma 3.12).

Similarly, for the case of A, (z;¢,a,b), by (3.1.10), the main contributions for F,, (s, x)
are from

1~l~c

1 1 =~ \"
EF (s,x) = o (log L(s,x)+ §log L(2s,x%) + Gl(s)) :

The main terms are from the contributions of the terms % log" L(s, x) and % (3 log L(2s,x?))".
Thus, the main oscillating terms are the same as that of Aq, (z;¢,a,b), and the bias term
has the same size without direction change.

Through the above analysis, we see that the biases are mainly affected by the powers of
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i% log L(2s, x?) for real characters which count the products of prime squares.

3.2 Use of Hankel contours and main lemmas

Let v be the imaginary part of a zero of L(s,x) in the critical strip.

Lemma 3.2 ([15], Lemma 2.2). Let x be a Dirichlet character modulo q. Let N(T, x) denote

the number of zeros of L(s, x) with 0 < R(s) <1 and |3(s)| <T. Then
1) N(T,x) = O(Tlog(qT)) for T > 1.
2) N(T,x) — N(T —1,x) = O(log(qT)) for T > 1.

3) Uniformly for s = o + it and 0 > —1,

L'(s, x)
L(s, x)

= > —— +Oflogq(lt] +2)).

[v—t|<1

Lemma 3.3 ([15], Lemma 2.4). Assume L(3,x) #0. For A>0 and real | > 0,

3 log'(171] + 3)log'(|n2] + 3) , (log(A +3))*

l
[y1l,lv2|>A ”YlHWH’Yl — ’YQ] A+1

[y1—72|>1

Let

¢fk($’X) = Z X(n)a

(3.2.1)

where f = Q or w. By Perron’s formula ([30], Chapter V, Theorem 1), we have the following

lemma.

Lemma 3.4. For any T > 2,

1 feriT s rlogx
77Z}fk(I7X):_/ ka(S7X) d3+0< +1>’

21t Jo_ir S
wherec:1+$, and f=Q orw.
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Lemma 3.5. Assume ERH,. Then, for any 0 < § < % and for all x # xo mod q, there

exists a sequence of numbers T = {T,}5°, satisfying n < T, <n+ 1 such that, for T € T,
. i} 1
Fy (o +iT) = O (log" T), (5—5<a< 2)

where f = Q or w.

Proof. Using the similar method as in [59] (Theorem 14.16), one can show that, for any
e > 0 and for all x # xo mod g, there exists a sequence of numbers T = {T,,}>, satisfying
n < T, < n+1suchthat, T,¢ < |L(o+iT,, x)| < T, (3—6 < o < 2). Hence, by formulas

(3.1.4), (3.1.6), (3.1.7), (3.1.8), and (3.1.10), we get the conclusion of this lemma. O

Let p be a zero of L(s, x), A, be the distance of p to the nearest other zero, and D, :=
ijelg(h —T). For each zero p, and X > 0, let H(p, X) denote the truncated Hankel contour
surrounding the point s = p with radius 0 < r, < min(%, %, %), which includes the circle
|s — p| = r, excluding the point s = p —r,, and the half-line (p — X, p — | traced twice with
arguments +m and —m respectively. Let ’H(%, X) denote the corresponding Hankel contour
surrounding s = % with radius ro = %

Take § = ;. By Lemma 3.4, we pull the contour to the left to the line R(s) = 3 — 0
using the truncated Hankel contour H(p,d) to avoid the zeros of L(s, x) and using H(3,d)
to avoid the point s = % See Figure 3.1.

Then we have the following lemma.

Lemma 3.6. Assume ERH,, and L(%,x) # 0 (x # xo). Then, for any fized k > 1, and
TeT,

1 x® 1 x®
o)=Y o [ R0 Tasraogs [ Fusots
k ET 210 Sy s 21 Jau(1 ) ¥ s

1 log T)* 1
+ O <x ;gm + zl O,? ) + x?“;(logT)kH) ,
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3
A

i .

1 . .

T, —h = 1

0 u WZ 1 : 1+@

! ; g

I . =

.
|
1

Figure 3.1: Integration contour
where a(x) = 1 if x is real, 0 otherwise, and f = w or €.

Proof. By formulas (3.1.6) and (3.1.10), if x is not real, s = 3

is not a singularity of

F, (s, x). Hence the second term is zero if x is not real. By Lemma 3.5, the integral on the

horizontal line is

¢ x° 2¢(log T)*  x(logT)*
Io < (log T)* d .
ho < (logT) [ahme|0< T ST

2

Under the assumption ERH,, the integral on the vertical line R(s) = % —0is

T 167 .,k
Le < / v log (|t + 2>dt < 22 9 (log T)FH.
v |3 =0+t

By (3.2.2), (3.2.3), and Lemma 3.4, we get the desired error term in this lemma.
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Let H(0, X) be the truncated Hankel contour surrounding 0 with radius 7.

Lemma 3.7 ([37], Lemma 5). For X > 1, 2 € C and j € Z™", we have

1 A e 1
— (1 Tedw = (—1)— | = E; . (X),

where

E: (X)) <
B3 (X)) < S

dt.

1Sl /°° (logt + )7

X tR(2) et

For simplicity, we denote

rj}u) - [% (ﬁ)]u

Lemma 3.8. For any integers k > 1 and m > 0, we have

5 k—1
log 1
/0 (Gog o — im) — (log & + im) 0™z~ "o <o %

Lemma 3.9. Let H(a,0) be the truncated Hankel contour surrounding a complex number

a (R(a) > 26) with radius 0 < r < L. Then, for any integer k > 1,

1 S
— log" (s — a)x—ds
271 H(a,8) S

(—1)Fa LT (k) ey 1 (rxa—6/31>
= k(loglog x + | (loglog x)*7 +0
alog (loglog x) 2\ (loglog ) T.0) P\ Tl

J

29 29 (logloga)t!
—— (logl .
O (|a|2log%< 08108 7)" ) + Ok | [PR(a) = 8] (log 2)°

Remark. By (3.5.3) in the proof of Lemma 3.8, one can easily show that

Pj(())’ <T@ +1). (3.2.4)
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Lemma 3.10. For any integers N,j > 1, and 0 < |0,| < 1, we have

5 J
1
/ {min (Nloglog x, log —) + Nﬂ'} ,
0 A

N
N
where Ay = []._; [0n].

J

xz %do <

N
Z log(o + i6,,)
n=1

log x

Lemmas 3.8-3.10 are the main lemmas we used, we will give their proof in Section 3.5.

3.3 Proof of Theorems 1.8 and 1.9: products of &

primes among different arithmetic progressions

3.3.1 Notations and outline of the proof

By (3.1.4) and (3.1.7), and the assumptions of our theorems, on each truncated Hankel
contour H(p,d), we write

F(s,x) = log(s — p) + H,(s), (3.3.1)

F(s,x) =log(s — p) + H,(s). (3.3.2)

By integration from formula (3.2.1) in Lemma 3.2, we have

Hy(s)= Y log(s— ')+ O(log|v)),

0<|y' —7I<1

Hy(s)= Y log(s—p/)+O(log ).

o<y —vI<1

If x is real, s = 1 is a pole of L(2s, x?). So, by (3.1.4) and (3.1.7), on the truncated Hankel

contour /H(%, 9), for a real character x, we write

F(s,x) = %log (s — %) + Hp(s), (3.3.3)
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F(s,x) = —=log (s - -) + Hp(s), (3.3.4)

Denote
L) = — K Fo, (s,%) = d
x) = — I Fo, (s, x)—ds,
p 21 H(p,0) b
1 S
Ig(z) = — k\Fo, (s, x)—ds,
271 'H(% 5) k
and
I(x) = — L (5,x) " d
x) = — lE, (s, x)—ds,
p 211 H(p,5) k X S
~ 1 r®
Tp(r) = — KIE, (s, v) ds.
B(l‘) 27TZ 'H(%Vd) k(s X) S S
We define a function T'(z) as follows: for T}, € T satisfying €2 < T, < €' +1, let
T(z) =Ty for " <z < e?""" . In particular, we have
v <T(x) <22° (v>¢?)
Thus, by Lemma 3.6, for T = T'(x),
o, ( ):iZI(x)Jr@I <x>+0(x%*%) (3.3.5)
LX) = b B ! o
[v|<T
1 ~ a(x)~ 15
Yu(@) = 5 3 Lfa) + S Tp(@) +0 (9: ) . (3.3.6)
[v|<T
By (3.1.6) and (3.3.1), we have
1 z* 1 Liya? ; x®
B = 5 [ osls =) Sas 5 () ttouts = = 51 s
p 2 H(p,5) s 21 H(p,5) ; J r S
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k—2
1 xr®
+ = F™(8,X) P (8, ) —ds
211 H(p,5) 7; S

=: Iy, (z) + By, (2) + Eg,(2), (3.3.7)

and by (3.1.6) and (3.3.3),

Similarly, by (3.1.10) and (3.3.2), we have

B = o [ tosts =) Tas g [ 57 (T) ot = ) (o s

271 H(p,8) 21

k—2
1 x®
+ = E F™(5,X) Fr (5, X) —ds
270 4 (p,6)

=: Ty, (z) + By, (z) + Eg,(2), (3.3.9)

and by (3.1.10) and (3.3.4),

Talo) = Sgk% /7-[( 5) (k)g (8 - %»k %Sds
gL, 2 0) (5w (=3)) (Foto) Za

:ES
(s, ) Fon ds
QM/H(JZ (5:X) P (5 0) —

to\»—A
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Applying Lemma 3.9, we have

[Mp(iC) = TMp(gc) — (_1)’“\/5 xi’Y. {k(loglogx)kl 1 Z (k> (loglogx)kji}

logz 5 + iy =\ I';(0)
1 \/E(logloga:)k_1> e
+0 ( +0 , 3.3.11
AP (ogop 5 331

By () :M{k(logloga: )= 1—1—2( ) log log 2)* j]j.l }

2k—1logx = ;(0)
vz (loglog )kt 1s
+0 ( T o ) +0 <m ) , (3.3.12)
and
By (z) = (—1)* By (). (3.3.13)

Then, by (3.3.7), (3.3.9), and (3.3.11), and Lemma 3.2, for 7" = T'(z),

+ 3 Ewy(2)+ Y Eg,(2) +0 <\/E(1°g logx)kl) , (3.3.14)

log? z

and
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For T'= T (x), denote

loga:
> (; Z B, (x
|’Y|<T
log x
Yo (; x) j— Z ERg,
[vI<T
where E}, (¢) = 22 and B, (z) = 2
=~ logm
E(; Z EMP
|v|<T
10 x
Yo (; X) 5 Z Eg,(z
|V|<T

d By () = Ze®)

jnd E‘]u (x)
/ — P
where B, (z) = —5—, an

Si(w;x) = (_1)k2 (I;) (log logx)k_jrjl(o) Z l:j_w

=2

and for fixed large Ty,

Solw, Toix) = ) 7

|v|<T 2

= logz Z x”Eﬁwp (x),

[v|<T

x) =logx Z x”E}%p(:v)

Iy|<T

. Similarly, denote

=logx Z x”E?wp (7)

[vI<T

=logw Z m’”E;{p (x),

I|<T

Moreover, let

J:W Z .fL'i’Y

1
T [vI<To 2 Ty

In the following subsections, we prove these lemmas below.

Lemma 3.11. For the bias terms,

(=% vz

In(w) = 2k=1 logx

fB( ) 2]5:11\/_

~"_(loglogz)* + 0O <

(loglog )" + O <

log x

log x
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Lemma 3.12. For the error terms, we have

/QY (IZ1(ev; ) + [22(e% X)I7) dy = o (Y (log Y)**2)
/; (‘il(ey;x)f - ‘52(6y§X)

Lemma 3.13. We have

2) dy = o (Y(logY)*7?).

Y
L/ 1S1(e¥ )P dy = o (Y (log Y)*2).
2

and for fized large Ty,

v log? T, log® T,
/Ww&mmw<y%°+my%°
2

+ 10g5 To.
0 0

Combining Lemmas 3.11, 3.12, and 3.13 with (3.3.5), (3.3.6), (3.3.14), and (3.3.15), we
get, for fixed large Ty,

—1)* T ol
Yo, (z,x) = %1@(log log )+~ Z

+ CL(X)%1§ (loglog z)*¥1,

(3.3.22)
where

Y 2

log™ Tt
limsup — 12(e¥, To: X)) dy < 8“0
Y —oo Y 1

Ty
Also,

(3.3.23)
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where
log® Ty
T

1 M= 2
lim sup — ‘E(ey,TO;X)‘ dy <
Y —oo Y 1

Note that > _ (X(a) —X(b))a(x) = N(q,a) — N(g,b). Hence, combining (3.3.22) and
(3.3.23) with (1.2.1) and (1.2.2), we get the conclusions of Theorem 1.8 and Theorem 1.9. [

3.3.2 The bias term

In this section, we give the proof of Lemma 3.11. First, we prove the following result.

Lemma 3.14. Assume the function f(s) = O(1) on H(3,6). Then, for any integer m > 0,

/ (log <s - 1))7” f(s)x—sds
'H(%ﬁ) 2 S

Proof of Lemma 3.14. Since the left-hand side is 0 when m = 0, we assume m > 1 in

Vi (log log )™

<
log x

the following proof. By Lemma 3.8, we have

I\N\™ x®
/7{(;,5) (log (s — 5)) f(s);ds

1 %_U
[ (ogo—imy — togo s im 5 (- o) £

0

<

rodo

7 (log%%—ﬂ) g2+
10 /

1
-7 5 —To

P
1 m

<z (/ (log o — i)™ — (log & + im)™| &~ do + M)

0

log1 m—1

< Vrlloglos ) : (3.3.24)

log

This completes the proof of this lemma. 0
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Proof of Lemma 3.11. Since Hg(s) = O(1), by (3.3.8), (3.3.10), and Lemma 3.14,

Bala)| < Y

(loglog )*2. (3.3.25)

log =

Similarly,

1(\){gic(loglogx)k_2. (3.3.26)

|EB |<<Z

/H(2 <log <s_ %))’” <ﬁB(s)>J’g§d8 .

In the following, we estimate Eg(z) in (3.3.8) and Eg(z) in (3.3.10). If x is not real,

Eg(x) = Eg(z) = 0. If x is real, by (3.1.4), on H(1,0), we write

F(2s,x?) = —log (s - %) + Hy(s). (3.3.27)

On H(3,9), |Ha(s)] = O(1). By (3.1.6), we have

|Er(x |<<Z >

nes®

(3.3.28)

/ (s, X)F(ns, ) —ds
ls S

2

For each 0 < m < k — 2, we write

F™(s,x)F(ns, x) = F™(s,x)F™ (25,X*)Gnl(s),

where m + 2m’ < k, and G, (s) = O(1) on H(3,6). Thus, by (3.3.3), (3.3.27), and Lemma
3.14,
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1 " 1 m' .
< / (log (3 - —) + HB(5)> (log (3 - —) - HQ(S)) Gn(s)x—ds
’H(%,(S) 2 2 S
m  m 1 m+m’—j1—j2 ‘ A s
log (s — = Hp ()Y (Ha(s))2Gn(s)—d
<350 (ee(o-3)) (Hi () (Hafs) "Gl
J1=YJ2= 2
< Z Z log log )™~ « VT —~"(loglog )" 2. (3.3.29)
J1=0 ja= 01 log

In the last step, we used the conditions 0 < m < k — 2 and m + 2m’ < k.

Combining (3.3.28) and (3.3.29), we deduce that

|Er(z)| < l;/i: (loglog )*2. (3.3.30)

Similarly, if x is real, by (3.1.8), we write
- 1 N
F(s,x;2) = —log (s - 5) + Hs(s), (3.3.31)

where Hs(s) = O(1) on H(%,0). Using a similar argument as above, by (3.3.4), (3.3.31), and

Lemma 3.14, we have

|Er(x |<<Z > / FmsX)F(ns,X)%ds <<10\/g_xx(loglogx)k_2. (3.3.32)
nes® 0)

By (3.3.8), (3.3.12), (3.3.25), and (3.3.30), we get

Ip(x) = Cle {k(log log )" + Z @) (log log )~ '%}JFO (\/E(loglogw)“> |

k—1
2F=1logx = log x

Then, by (3.2.4),




Hence,

(—1)*% V& 1L (Ellogloga)?
1 = log 1 . 3.
Similarly, by (3.3.10), (3.3.13), (3.3.26), and (3.3.32), we have
~ ko _ vz (loglog z)*—2
I = ———(logl k-l : .3.34
o) = gty og logn)' 4 0 (VLEE (3.3.34)
This completes the proof of Lemma 3.11. [

3.3.3 Proof of Lemma 3.12

In this section, we give the proof of Lemma 3.12. We need the following lemma.

Lemma 3.15. Let p be a zero of L(s,x). Assume the function g(s) < (log|y|) on H(p,d)

for some constant ¢ > 0, and

Hy(s)= Y log(s—p)+O(loglyl) on H(p,s). (3.3.35)

o<y’ —yI<1

For any integers m,n > 0, denote

Then, for T = T(x), we have

Y
/ Y Z eE(e¥;p)| dy = o (Y (logY)*""?).
2

[vI<T(ev)

Before giving the proof of the above lemma, we use it to prove Lemma 3.12 first.
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Proof of Lemma 3.12. By (3.3.16), we have

2 2

k
IX1(z; x)|” = |logz Z =By Z ogx Z 2E, ;(z)| (3.3.36)

Iv|<T [vI<T

where

Bps() = [ (log(s = p) I (EH,(5))
H(p,6)
By Lemma 3.15, taking m =k — j, n = j, and ¢(s) = 1, (i.e. ¢=0), we get

2

Y
/ y Z e"E,;(e¥)| dy=o(Y(logY)*?).
2

IyI<T(e¥)

Thus,

/2 S1(e¥; )P dy = o (Y(log Y)* %) . (3.3.37)

By definition (3.3.7) and (3.3.17), we have

5P

ds

|2 (; %) <<Z Z logxz / JF(ns, x)

m=0 ,,c 50k y|<T
2

k—2 m
<D > Y g Y aEnlwxin)| (3.3.38)

m=0peg®) =0 | hIST

where
5P

ds.

Epnj(s i) = / (log(s — )" (H,(s)) F(ns,x)
H(p,9)

Since on H(p,d), we know F(ns,yx) = O <(log |fy|)k_2m) , by Lemma 3.15, we get

2

Y
/ Yy Z eWE,, (e’ x;m) dyzo(Y(logY)Qm_Q).
2

[YIST(ev)
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Hence, by (3.3.38), we deduce that
Y
/ |S2(e¥; 1) dy = o (Y (log Y)*72). (3.3.39)
2

Combining (3.3.37) and (3.3.39), we get the first formula in Lemma 3.12.

For ¥, (z; x) and S5(z, x), by (3.3.18), using a similar argument with Lemma 3.15,

2

/ ‘Z (e; X dy < Z/ ZprJ(ey) dy=o(Y(logY)* %),  (3.3.40)
2 |»y|<T (e¥)
where
~ ki ~ .:Cs*p
Bpo(o) = [ (log(s = o) (o) s
H(p,0) S
Similarly, by (3.3.19) and Lemma 3.15,
2
Y
| [Eateno] av < 3303 / e Eys(e, xim)| dy = o (¥ (log Y)*2),
2 m=0 ,cg(k) j=0 |~/|<T (e¥)
(3.3.41)
- SN .
where E,, j(z, x;n) = fH(p,a) (log(s — p))™™ (Hp(s)> F(ns, x)*;
Combining (3.3.40) and (3.3.41), we get the second formula in Lemma 3.12. O

Proof of Lemma 3.15. If m = 0, E(z; p) = 0 and hence the integral is 0. In the following,

we assume m > 1. Let I, represent the circle in the Hankel contour H(p, §). Then,

E(;p) = / (log(s — p)™ (H,(s))" g(s)
H(p,9)

— /ré((loga—m)m— (log o + im)™) (Hp (% —a+i7>>ng G —a+w>

P

<o [ oo = )" () o)
=: Ey(x;p) + Er(;p). (3.3.42)
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For the second integral in (3.3.42), since r, < 1, by Lemma 3.2,

n

(log |y|)erpa" 1 " 1
B (75 )| < —— 77— log =+ > log N =l=r + O(log 7))

] : = B =

1 ep 't 1 " 1 '
< dog et (log— + 7r) (log 7)) (1og (—) + 0<1>)
&l r T

p
(1og 1))"** (log(1/r,) + ©)"*" _ (log|])"** 1

< . 3.3.43
B 1r, E #34)
Denote
2 2 2
Z T E(x;p)| < Z By (z;p)| + Z B, (x;p)| . (3.3.44)
[y|<T ly|<T |y|<T
By (3.3.43) and T'(z) < 22, we get
2 2
) <] Gogh+) _ 1
Iv[<T [v|<T ()
For the first sum in (3.3.44),
2
S aEywip)| = D+ D | &P Eu(wp)En(;5y)
[v|<T r1—72|<l |n—2[>1
[Yilslv2l<T |yl lv2l<T
=: Y1(z;8) + Xa(7; 8).
By (3.3.42),
|Ep(z; p)| € ———* ng Z/ |log o|™7 (— —O’—l—l’}/) r %do. (3.3.46)
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Let

n

xz %do

1
H, (5—04-2'7)

/ |log o|™™ J (——U+w)

3 5

< (/ |log<7]2 ”da) /
0 0

By (3.5.5) in the proof of Lemma 3.8,

1
2n 2
z %do | .

5 2(m—3)
, log1
/ llog o[ 20m 1) 37 o 1081082V (3.3.47)
0 log x
By condition (3.3.35) and the Cauchy-Schwarz inequality,
) 2n
1 A" : n
'Hp (5 —0+w> <| Y. loglo+i(y' =7)| + (logly])”
0<|y'—vI<1
Then, by Lemma 3.10,
5 2n 2 2
1 M "4+ (1 "
/ H, (— —0+i”y) vdo < W@)™ + Qog [y)™ (3.3.48)
0 2 log z

where M, (z) = min <N(fy) log log x, log ) , N(7) is the number of zeros 7' in the range

1
AN(y)
0<|y =~ <1 and Ayey= I [V =1l

0<|y' =<1

Thus, by (3.3.47) and (3.3.48),

5,(2) < % (M ()" + (log Iy])™) -

Substituting this into (3.3.46), we get

s )l < (RIS~ BEDET (0 )+ g )
 Con TN COR BER (at, ) + (g 1)) (3.3.49)
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Then, by Lemma 3.2, we have

itas)l < 3 touthl) o Butos 1))

[vI<T
(log log 2)*™ =1 <~ (log |])**
< e oE (M
g . Y
(10g 10g x)2m+2n72
- log? o(h)

Thus, for each positive integer [,

2l+1

l2m+2n72
[ s o).
2l 2

In the following, we examine ¥y(z;g). By (3.3.42),

Yo(z;8) = Z fEi(Vl_W)Eh(ﬂPl)Eh($§52)~

[y1—2|>1
[v1ls[v2|<T

Fore? <z <e™' T = T(x) = Ty is a constant, and so we define

L (2))*" + (log |7])*")

5 8
J(x;g) = :1:"(71_72)/ / R, (01;2)R5, (02;7)- ,
( g) Z Toy Y75y ’ ( ! ) p2( ? )@(71 - 72) - (Ul +02)

[v1—72[>1
[y1l,lv2 < Ty

where

Ry(o;2) = ((logo —im)™ — (log o + im)™) H)) (% —o+ iv)

Thus,
2l

2!
[y1—72[>1

[Y1l,|72 < Ty

86

(3.3.50)

(3.3.51)

(3.3.52)

g(%—a+i7)af"

Y. AT E o) Bl py) - = (e ig) - J(e*:g).



By (3.3.52), (3.3.46), and (3.3.49), and Lemma 3.3, for e? < z < 2"

|J(z;9)| < Z (log [71])(log |y2])° (

oy lhelin =l

(loglog )™ 1\ ?
log z )
X ((My, (2))" + (log | ])") (M, (2))"

72 ()" + (log [72])")
log log 2m+2n—2 lo n+c lo n+c log log 2m—+2n—2
(log lgogx 3 ( g||31|||)7”§ §|zz||) < (log 1go;a;
& Iv1—y2[>1 HIERIE 2 &
(3.3.54)
Hence, by (3.3.51), (3.3.53), and (3.3.54), we get, for any positive integer [
21+t [2m+2n—2
/ Yo(e¥;g)dy = o (T) . (3.3.55)
2l
Therefore, by (3.3.45), (3.3.50) and (3.3.55)
Y ol+1
/ y Z eE(eY; p)| dy < Z 221/ Y(e;g)dy
2 YI<T(ev) ISPEY 41 2
2l+l
<1+ Z 221/ e’;g) + Xa(e?;g)) dy = o (Y (log Y)*™2"72) |
I<TET+
This completes the proof of Lemma 3.15 ]

3.3.4 Proof of Lemma 3.13

By (3.3.20),

Y ) k Y Y i
| sieotay < Yoy [T %

Jj=2

1

2 <z 2 T

dy.
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For the inner integral, by Lemma 3.2 and Lemma 3.3, and the definition of 7' = T'(z)

1
hi<ten 2 T

/Y Z emy' dy < Z /2”1 Z N Z eilm—r2)y
2

dy
[y1—72]<1 [v1—72[>1 ( + nyl)(_ B WQ)
[Y1l,lv2| <Tyr

[v1]s 2| Ty
lo
PN <
i~ kel |%||72||71 Yol
lS@Jrl Y

logY
lSl og 2 +1

Thus,

[ 1siesray < 5 (og ¥ )% = of (log Y2
7j=2

Next, we examine Sa(x, To; x). For fixed Tp, let X be the largest  such that T' = T'(x)
Ty. Since z < T'(z) < 222, log X, <

log Ty. By Lemma 3.2 and Lemma 3.3

2 2
Y ) log Xo 1 Y ei’ﬂl
[ s miopa s [T S Sla [ ]S d
2 2 <t | !

—| dy
= 1
08 Xo | g <y=rer) 2 T 17

. 2l+1 =2y
< IOg TO + Z ol Z + Z ( + 2#}/1)(— — 2’)/2)dy
loglog X SlSlogY<’>1 ‘71_72|S1 "Yl—’YQ|>1
log 2 lo To<|yil,|vel<Ty To<|yil,vel STy
lo 1
<ogne Y 2 ey
oo oy ol il =
o, 10 £ Ogls%_i_l |’7|ZT0 ‘71|:‘W2‘ZTO
og og
log? T, log?
< V28 20 4 10y 28 20 00ty
0 0

This completes the proof of this lemma

3.4 Asymptotic formulas for the logarithmic densities

In this section, we give the proof of Theorem 1.11

For large ¢, Fiorilli and Martin [13] gave an asymptotic formula for dq, (¢; a,b). Lamzouri
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[33] also derived such an asymptotic formula using another method. Here, we want to derive
asymptotic formulas for dg, (¢; a,b) and é,, (¢; a,b) for fixed ¢ and large k.

Let a be a quadratic non-residue modq and b be a quadratic residue modgq, and (a,q) =
(b,q) = 1. Letting Ay = 5, similar to formula (2.10) of [13], we have, under the assump-

tions ERHy and LI,

LD [ O ) =Ny,

S (q30,0) = =
Qk(Q7a7 ) 27 T

—0o0

Noting that N(g,a) — N(q,b) = —A(q),

5o (4: 0, b) = % Il /_ T sineA(@)e) o oy (3.4.1)

2m . x

For any € > 0,

[ ERADD g = [T [F oy [T) A g i (342

o0

By Proposition 2.17 in [13], |®g.q4(t)| < e7004549@t for ¢ > 200. So for large enough k,

oo : A A [e.e]
/ Mq)q;a,b(x)dx < /\k/ e 0040 gy s N, for any J > 0. (3.4.3)

xz

|

€
)\k A

The integral for # < —<% is also bounded by \;.
By Lemma 2.22 in [13], for each nonnegative integer K and real number C' > 1, we have,

uniformly for |z| < C,

sinz o 2% 2K+2
jZ @y O (7).
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Thus, the second integral in (3.4.2) is equal to

A% sin(A\sA(q))
/\kA(q)/1 MA—WCI)q;a,b(x)dx

3 JA(g)
Z 2] +1)! /_
K Alg)¥+!

Z 2]+12J——|—1) /_OO 132‘7'(:[)(1;&7(,(37)6&17 + Oq7K7€ ()\iKJrSiE) . (344)

7=0

>

"2 g (w)dr + Ogie ()

Combining (3.4.1), (3.4.3), and (3.4.4), we get the asymptotic formula (1.2.3) for dg, (¢; a, b).

Similarly, or by the results in Theorem 1.10, we have the asymptotic formula (1.2.4) for

duy, (g5 a,b). O

3.5 Proof of main lemmas in Section 3.2

3.5.1 Proof of Lemma 3.8

Let I represent the integral in the lemma. Then, we have

k 5 k 5
<2 ( _)71']/ |log oo™ 7do <, / llogo|" o™z~ do (3.5.1)
; J 0 ; 0

Using a change of variable, o logz = t, we have

é dlogx
. 1 g )
/ |logo|" o™z~ do < W/o |logt — loglog x|*t™e ™ dt
k—j ‘ dlogx
loglogas)k_j_l/ |log t|'t™etdt
z( ’) :

=0

k—j ) dlogx
Sk og 2yt > (loglogz)* 7™ / | log t|'t™e™"dt. (3.5.2)
=0 0
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Next, we estimate

dlogx 1 o
/ |log t|'t™e~"dt < (/ +/ )|1ogt|ltme—tdt = I, + I,.
0 0 1

For the first integral in (3.5.3),

(3.5.3)

1 1 L ootl
lym _—t l et
]h:/ |logt|'t™e dtﬁ/ |logt|'dt = / gdt:f‘(l%—l).
0 0 0

For the second integral in (3.5.3),

1 (log t)! ot [
112:/ —( Otg )dtt; /
1 € 0

Then, by (3.5.2)-(3.5.4), we have

k—j

5
—j . m, . —c 1 —Jj—
/0 llogo|" o™z~ do <, WZ(Ileogx)k 1700 1(1) ik

=0

Thus, by (3.5.1),

1 <<m,k:

Hence, we get the conclusion of this lemma.

3.5.2 Proof of Lemma 3.9

We have the equality
a—s

ec'—(m+1)t

(loglog z)
(10g x)erl

l

dt <, T'(1+1). (3.5.4)

(log log x)k=7
(10g I)m-ﬁ-l ’
(3.5.5)

k-1

(a—s)
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With the above equality, we write the integral in the lemma as

1 1 a-s (a—s)?
— log"(s — a) (——f— — + ( 5 ) ) 2ids =11 + I + I.
270 Jyi(a0) a a a*s

For I3, using Lemma 3.8, we get

)2
/ logk(s — a) (a—s) z°ds
H(a,d)

a?s

5
< / ((logo —im)* — (logo +im)*) 027 ———do

s 1 k 7‘2
+/ R (log +7T) Thom o rda
- |af*[R(a) — 7|
a| </ k|2 - (log 5 + )"
L —— |(log o — im)* — (log o + im)*|o*r™7do + —-L—
|a?|R(a) — 0 (1/r)?

|27 (loglog z')*~! 1 |z (loglog z)*~!
Sk TaPR@) — 0] \ (ogzp | <) St [aFR(@) — 0] (logz)®

(3.5.6)

We estimate [ similarly, by Lemma 3.8,

/ log" (s — a)a _2 " *ds
H(a,6) a

)

< ((log o —im)" — (logo + im)") ax"’x—2da
a

k
T 1

+ / gR@+r (log -+ 7T) T rda
- r |af?

| | (/ |(log o — im)* (loga—i-m)k\cm_"da%—%)

a 1 1 k—1 1 al (] 1 k—1
< |x | ((loglog2)™™" ) <, || (loglog )"
|af? (log z)? x?e la[*  (logz)?

(3.5.7)

For I3, using change of variable (s — a)logz = w, by Lemma 3.7, we deduce that

a ,w

1 1
/ (logw — loglog x)km ¢
H(0,0 log z)

2mi log x

dw

x(l

1
= 1)*(log log x / e“dw
ozlogﬂc< M Vo 2mi (0,6 log z)

a

1
+ (—=1)*'k———(loglog )*~ 1—,/ e log wdw
log 2mi (0,6 log x)
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xa

k
E\ 1 / i ;

+ E == —loglog z)" 7 (log w)’e“dw
alogx (J> 2mi H(O,éloga:)( ) )

Jj=2

_(‘Ukﬂ@a k-1 : k k—j 1
= loss {k(loglogaz) +Z<j)(loglogx) W}

Jj=2

X

k
a k .
+ Eio(61 —logl k=j 5.
dlogz E Z(j> 0(0log x)(—loglog x) (3.5.8)

J=1

By Lemma 3.7,

1 [ (logt J s [ (loot)!
Bpo(loga)| < o [ UBLETY gy o onge 7 QoglY g
7 n dlogx el 610% et/2

Hence, we get

a—4/3|

|al
(3.5.9)

a x%(a) k

Z 23 (loglog 2)F 7 <,

J=1

x |z

<Lk

zk: <k) Ejo(0log x)(—loglog )"~

alogx J la|log x

Combining (3.5.6), (3.5.7), (3.5.8), and (3.5.9), we get the conclusion of this lemma. [

3.5.3 Proof of Lemma 3.10

N
Let I denote the integral in the lemma. We consider two cases: Ay > (@) , and
N
AN < (@)
N
1) If Ay > <L> , we have

logx

1 7o 1 1 7 1 A

I < (log—+ N7 / x%do €« —— (log— + N7 | < ——(Nloglogz + N7)’.
Apn 0 log x Ay log x

(3.5.10)

N
2) If Ay < (@) , We write

ANy el 5
(e
0 (an~ Sk

log x

J

x %do =: [1 + [2 + 13. (3511)

N
Z log(o + idy,)
n=1
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First, we estimate I,

1 i ANV ) 1 j
_[1 < (log A_ —+ N’ﬂ') / I'_UdO' < (AN)W (10g A_ + NW) . (3512)
N 0 N

For 0 < t < 1, consider the function f(t) =t (log 1 + Nw)j . Since the critical point of f(t)

is t = N1 > 1, by (3.5.12), we have

1
(log )N

1 .
L < f( ) = logx(Nlogloga:—i—Nﬂ)’ <

log

Next, we estimate I3. Using the change of variable o logx = t, we get

5 J
1
I; < / (Nlog——i—Nw) x %do
1 o

log x

1 dlogx ‘

= og / (Nloglogz — Nlogt + Nm)le dt
ogr Jq
Nj J ] ] élogx

= log1 it —logt)letdt
o (1) tomtoga et [ (oo

1=0
: log1 a —dt
< logx;(Og ogx + ) /1 -

Nlogl Nr)i 1 1 J
<, Wloglogz + Nmy? log — + N ) . (3.5.14)
log x log x Ay

For I, similar to I3, using the change of variable ologx = t, we get

e 1 J
L, < /1 ) (Nlog—+N7r) x %do
(AN)N o
I .
= / (Nloglogz — Nlogt + Nm)le  dt
(

1
IOgZL' AN)N logx

Ni I /4 , ! 1
- Z 6) (loglogz + W)J_l/ . (=log e tdt (t — =)

].ng —0 (AN)N logz e’
: log 1 gt —dt
< loga:g(()g ogx + ) /0 "
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(Nloglogx + Nm)J 1

1 J
; 1 N . 3.5.15
< log z < log (og Ay * W) ( )

Combining (3.5.13), (3.5.14), (3.5.15), with (3.5.11), we get

(Nloglogz + N)’ 1 1 J
I <; ; 1 N . 3.5.16
< log < log x ©8 Ay AT ( )
By (3.5.10) and (3.5.16), we get the conclusion of this lemma. O
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Chapter 4

Large bias for integers with prime
factors from arithmetic progressions

4.1 Lemmas and Preparations

Lemma 4.1 ([30], Chapter IX, §2, Theorem 2, [8], page 96, (12)). The Dirichlet L-function

L(s,x) has no zeros in the domain

(&1

R(s)=o>1—— 1
(5) — logq(Jt| +2)

for some constant ¢, > 0, except a possible simple real zero close to 1 when x is real, which is
called a Siegel zero. If x is real, there exists an effective constant co > 0 such that L(o, x) # 0
in the range

C
o>1 -

Valog®q

We need the following terminologies (Part II. 5.2, [58]).

Defintion 4.1. Let z € C, ¢ > 0,0 < d <1, M > 0. We say that a Dirichlet series F(s)
has the property P(z; co, d, M) if the Dirichlet series G(s; z) := F(s)((s)~* can be analytically

continued to the region o > 1—co/(log(|t|+2)), and in this region, |G(s; 2)| < M(1+[t])=°.

Defintion 4.2. We say F'(s) has type T (z,w;co, 0, M), if F(s) =}, an/n® has property
P(z;co,6, M), and there ezists a sequence of non-negative real numbers {b,}>° | such that

lan| < by, and the series Y -, by,/n® satisfies P(w;co, 6, M) for some complex number w,

Lemma 4.2 ([58], Part II, Theorem 5.2). Let F/(s) := > -, a,/n® be a Dirichlet series of
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type T (z,w;co, 0, M). Forx >3, N >0, A>0, |z| <A, and |w| < A, we have

> an = x(logz)™! { > (f; ’é(;gn - O(MRn(x))} ,

n<x

where

n(z) = TGO 2)()

" ['(z—n) < lj! B

l+j=n
o' & ({(s —1)¢(s)}*
e a) ()
G'(s;2) :== aSlG(s,z), v;(2) - T ( . ) )
and
N+1
Ry(z) = e-aViosw 4 <02N+ 1) : (4.1.1)
log x

for some constants c¢; and ¢y depending at most on ¢y, 6, and A.

Lemma 4.3. Let a,(n) be an arithmetic function depending on a complex parameter z and
a.(n) = > p  ce(n)zF in the disk |z| < A. Suppose there exist N +1 (N > 0) functions
hi(z) (0 < j < N) holomorphic for |z| < A, and a quantity Ry(x), independent of z, such

that, for x > 3 and |z| < A, we have

Zaz = z(log r)** { Z Zhj(z). +OA(RN(x))}.

o2y (log )

Then, uniformly for x > 3 and 1 < k < Aloglogx, we have

Cule) = 3 euln) log { T lei)Ogg;og:v) 4Oy (%RM@)}’

n<x 0<j<N

where

L o m
Qjn(X) == Wfé '(0)x".

m-+l=k—1

If in addition, we suppose that |hy(2)| < B for |z| < A, then uniformly for x > 3,1 <k <
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Aloglog x, we have

e - I o (1) o, (B b))

If we suppose |h(()4)(z)| < By for |z| < A, then uniformly for x > 3, 3 < k < Aloglogz, we

have
_ ¥ (loglog x)"~! k-1, (k—1)(k—2) L—3
e logz  (k—1) ol0) + log logth(O) " (loglog )2 g log log
By(k —1)(k —2)(k —3)  loglogx
04 < (loglog )4 T 2 Ro(z) | ¢, (4.1.3)
where

o(z) = /0 BI(E2)(1 = £)dt.

Proof. Formula (4.1.2) is a special case of Theorem 6.3 Part II in [58].

For all » < A, the main term in (4.1.3) is from

= lozx% . ho(z)e“‘j"grdz = lozx% ‘Z|:T(ho(0) + 2ho(0) + ZQg(z))ezkjiogxdz.
When k£ < Aloglog z, choose r; = bgl;oéi (1 <j<3), we see that
e T ey S (s
102362%2. ersg(Z)ez;okg—l(;gde
— o L os L)+ o)+ o o o

Next, we examine the last integral in (4.1.4). Since we assume |h(()4)(z)| < By for |z| < A, we
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have

0(2) =g(rs) + (= — 13)g'(rs) + (= — rs)? / (1= 0)g" (r + (= — r3))dt

=g(r3) + (z — r3)g'(rs) + O (Ba]z — 13]%) .

Thus, the last integral in (4.1.4) equals

T g (Tg) e? loglog x 1 e loglog x
: dz + — 2= dz
logx{ 21 7|{r3 zk—2 21 ( 3) k=2

|z|=r3

2m
i 0] <B2/ ’eza o 1|2er3log10gxcosa7,gkda) }
0

oz (loglogz)¥=3  (loglog x)*—* (loglog )k (loglog z)¥=5
" loga {9(“”) -3 Gea % h—an Y <B2 (k — 4)! )}

() o (22)

The error term O (Ro(x)loglogx/k) is the same as that in the proof of (4.1.2). Combing

(4.1.4) and (4.1.5), we get the desired result. O

We need some results for holomorphic functions of several variables [11].

Defintion 4.3. Let RL ) :={y = (y1,...,u) €R' | y; > 0 for all j}, v = (r1,...,m) € RL,,
a€ Cl. Then, Ap(a):={z € C"| |z, —rj| <r;,1 <j<I} is called the polycylinder around
a with (poly-)radius r. The boundary of the closure of A.(a) contains an n-dimensional

torus Tp(a) :={z € C' | |z; —a;| =1;,1 < j <1}

In order to simplify the expression in the following lemma, we introduce multiindices.

Let v;, 1 < j < I, be nonnegative integers, z = (z1,...,2) € C'. Denote v := (vy,...,v),
Vl=v 4+ 4y, vii=u!- 0l 2 =27 2 and
oIVl
DVf=—n—
/ 0z -+ 0z
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We have the following result.

Lemma 4.4 ([11], Chapter 2, Propositions 2.7 and 2.11 ). Let U C C' be open and f : U — C
holomorphic. Furthermore, let w € U and A := Ap.(w) be a polycylinder around w with

ACU, T ="T,w). Then f can be expanded as a power series

f(Z) = Zav<z - W)v = Z av(zl — wl)vl R (Zl _ wl)vz

v1 20,020

in a neighborhood of w, with coefficients

Qv

_DYw) _ 1 onrf ):( L )’/ (¢

vl vl 0 27i

4.2 Associated Dirichlet series

Let (a,q) = 1. We define a function A,(n) in the following way,

1, if n square-free, pjn = p = a mod ¢, p is a prime,
Aa(n) = (4.2.1)

0, otherwise.

We consider the Dirichlet series

L (2Ag ()< z
F(s;a,z) = Z; % = H (1 + %@) . (R(s) > 1), (4.2.2)

where w(n) is the number of distinct prime factors of n. Letting x( be the principal character

modulo ¢, we denote

nS

= 12(n)(z o(n))*™ ZX0
F(s;z) = 3 @) @0®) :H<1+ Xps(p)), (R(s) > 1).

where p(n) is the Mobius function.
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Then we have the following lemma.

Lemma 4.5. For any A >0, |z| < A, and R(s) > 1,

F(s;a,2) = (L(s, xo))#® H (L(s,X))%ffq))z Gi(s;a, 2),

X7X0

and

F(s;2) = (L(s, x0))™ Ga(s; 2),

where x is a Dirichlet character modulo q, and G1(s;a,z) and Gy(s;z) are absolutely con-

vergent for R(s) > ¢ > 3.

Proof. By (4.2.2), the function

Gr(s:0,2) 1= Fls;a, 2)(L(s, xo)) %0 [] (L(s,x))” %
XFX0

z Xx(a)z

¢(a) é(a)
11 (1 N zAaS(p)> (1 B Xo(sp)) I (1 B X(ZZ))
P p p XFX0 p
is expandable as a Dirichlet series G1(s;a,2) =3 -, b"n(sn), where
_z x(a)z
L+ b(p")€" = (14 20a(p)6) (1 = xo(P)&)™@ [] (1= x@)§) @, (|l <1). (42.3)

v>1 XF#X0

By the orthogonality of Dirichlet characters, for any prime p, A,(p) = @ Zx mod ¢ X(@)X(P)-

Thus, by (4.2.3), b,(p) = 0. By Cauchy’s inequality, for v > 2 and |z| < A,
|b(p")] < M2/, (4.2.4)

with

x(a)z

M =M(A,q):=  sup (1+ 20 (p)6) (1 = xo()&)7 J] (1 = x(p)$) *@

p»lzlgA)lﬂgl/\/Q X#XO
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Since Aq(p), xo(p) = 0 or 1, and there are only ¢(q) possible values for x(p), M (A, q) exists.

Hence, by (4.2.4), for R(s) > 0o > 1,

b, (p cM
ZZ proo SQMZ poo(poo )§00—1/2

p v>1 -

for some absolute constant ¢ > 0. Therefore, G (s; a,z) a4 1 for R(s) > oo > 1.

The proof of the expression for F(s;z) is similar. ]

Given a = (aq, as, ..., ax), assume there are [ distinct values by, ..., b in the coordinates
of a. We assume b; (1 < i <) appears k;(> 0) times in a with ky + ko + -+ + k; = k. Let
k(a) := (ki, ko, ..., k), b(a) := (by,...,b), and z = (21, 22, ..., 2;). Denote

F(s;a,z) = HF s;bj, 25) HH (1 + ZJ)\b (b )> (4.2.5)

Let n = (ny,...,n) € Z' (n; > 0,1 < j < 1). We write the Dirichlet series F(s;a,z) =

> a(nz) with P(n) = ngjgl n;. Then,

n>0 Ps(n

a(n;z) = Z c(k,n)zfr .. 2f
k=(k1, k)
k;>0

for some c(k,n) € Z*. Thus, for given a, by Lemma 4.4,

1\ dz dz
My (z;a) = Z clk(a),n) = (2—> ]{ ]{ a(n; z) T TR
m |z1]=m1 |z1|=r1 ( Z

P(n)<z

4.3 A Uniform Result

First, we prove the following result.
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Theorem 4.4. For any A > 0, fixred ¢ > 3 and fized | > 1, uniformly for2 < k < Aloglog z,

N >0, we have

v [ Q) 1 (loglog z)*
Mk(x’a)_logx{ﬂf)() 2. logep OA“(ezﬁk(q) Fal -kl RN(x)) ’

U ojen

where Q;x(X) is a polynomial of degree at most k —1 (k =k +---+ k), and

N+1\"*!
Ra(a) = e 4 (2L
log x

for some constants ¢y and co depending on A and q. In particular, the coefficient of the term

log log z)*~1 Lk __ and the coefficient of o5 (loglog r)k2 s

logl"( ¢k(Q) kilkale k!

1 k(k—l) 1 k 1
B+ = N +
@ | B2 Claa) =) ]

Jj=1 plg

where v is Euler’s constant, and B := Zp <log (1 — %) + %) 1s Mertens’ constant.

Proof of Theorem 4.4. By Lemma 4.5 and (4.2.5), we have

214tz (b1)z1+-+x(b))z
Fsia,z) = (Lis,xo) @ [ Els,x) o0 ZHGl (5365, 2))
X7X0
z1+ -tz
= (¢(s))” *@ H(s;a,z), (4.3.1)
where
1\ e SCIBESEE VY
(s;a,z) —p— H(L(S,X HGlsbj,z]
plg X#X0
1\ et 2\, (P)
-1I ( ) )
p 4 J=1 b
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Let o = R(s). Kolesnik [31] showed that, for 1 <o <1,
35 (1-0) 1-0
L(s, x)| < (|t] +2) 1517 g" 7 log® g ([t] + 2). (4.3.2)

Let ¢ be fixed. By Lemma 4.1 and (4.3.2), for any A > 0, |z;| < A (1 < j <), and
0 < 0 < 1, we can choose ¢y = co(A,d) such that, L(s,x) has no zeros in the region

o> 1—co/(log(|t] +2)), and by Theorem 11.4 in [49], in this region, |H(s;a,z)| <, 45

(]t] + 2)'79. Thus, by Definitions 4.1 and 4.2, F(s;a,z) is in T(le;k'q';rzl,w;co,& M). By

(4.3.1) and following the same proof of Lemma 4.2 ([58], Part II, Theorem 5.2), we deduce

that (the difference to Lemma 4.2 is the expansion of H(s;a,z)),

S a(n;z):x(logx>zlz‘<;>+zz_1{ 3 M+OA(RN(;I;))}, (4.3.3)

ny--n <

where Ry(z) is defined by (4.1.1),

1 1
Uu (a, Z) F <zl+---+zl B m> Z l'j' ( ;7 a, Z)P)/] (Z)’
) j=m
al
HY(s;a,z) := @H(s;a,z).
In particular, we write
e H(1;
up(a; z) = uu(a; z), with wu(a;z):= (1ia2) : (4.3.4)
o(q) T <—Z1(+ﬁ'(;)+4 1)

By (4.2.6), (4.3.3), and Lemma 4.4, we have

Qj, log log x _
My(x;a) = @ {%) Z l((—¢@) +RN(x)} ;

@) 2=, (oga)
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where @, x(X) is a polynomial of degree at most k —1 (k = k; +-- -+ k;), and in particular,

Qo,k(x>::{ YOY LY ey Y LY

mi+ji1=k1—1ma+jo=ko my+ji=k;  mi+ji1=Fk1 mot+ja=ka—1 my+ji1=k;

e Y Y 3 }

mi+ji1=Fk1 my—1+ji—1=ki—1 mi+5=k—1

1 g+ o
(0.--- .0 1t 4.3.5
il il - o @ (0 0) ’ (4:3.5)
and
I
= Ry (z) ey |dz]
Rn(x) <4 ) H]{W—T (log x) @ T (4.3.6)
]:1 J J
Taking r; = 1?2?2?@ we have

R |dz loglogz\™ 2™ . ..,
(log x) @ e ( ) / ericosl g
fzﬂ:rj |Zj|ijrl o(q)k; 0
k; s
( > 2/2 ekjcos9d0+7r
0
k]' 1
_ (loglogx) <2/ it dt +7T>
?(q)k; 0 1—t2

ks ! dt
2¢eki —kj(1-t) 27 + )
( ’ /0 covii "
k.
J 1 ) 1
—_=C (zr (5) ik, ? + 7r) . (4.3.7)
Since I' (3) = /7, substitute (4.3.7) into (4.3.6),

1 (loglogz)*

OF(q) k- Kl Ry (z).

EN(:E) <Ay

Theorem 4.4 follows. O
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Remark 4.1. Similar to the proof of Lemma 4.3, we write

u(a,z) =u(a,r)+ Y DYu(ar)+ Y (z—1)°Rs(z),

lvl=1 1B]=2

where
B! Jo

Then, by (4.2.6) and (4.3.3), using a similar proof as in Lemma 4.3, we have

Rg(z) (1 —t)DPu(a,r + t(z — r))dt.

oy L k x k—1 ¢(q) k
Mi(w;a) = oF(q) kilka! - - - Ky! logx(10g log ) {g (log log x’ k) +0a (loglogx)? ) |~
(4.3.8)

where g(z; k) := 22:1 %u(a; (K12, . kjaz, Kz kjaz, ..o kz)) with k) = kj—1. Moreover,

if |kz| < A, then |g(z, k)| = Oa,4(1).

4.4 Proof of Theorems 1.12 and 1.13

For a = (a,...,a), (a,q) = 1, this is a special case of Theorem 4.4. Denote

Hisions) = Flsa, ey = =T (1- 1) (10 20,

p P’

and
H(1;a,z2)
r (W n 1)

Hence, by Theorem 4.4 and (4.3.8), we get the following result.

h(a; z) = (4.4.1)

Lemma 4.6. Fora= (a,...,a) and any A > 0, uniformly for 2 < k < Aloglogx, we have

log log x

Ay P ) L b5 1 (loglog z)*
Mk(l',a> - log = {¢(q) Z (logx)j + Oy (Qbk(Q) il RN(ZL’)> ,

0<j<N

106



where P;,(X) is a polynomial of degree at most k — 1, and in particular,

N+1
and Ry(z) = Ry(z;¢1,02) = e~c1viogr (%) for some constants c; and co depending

on A and q. Moreover, under the same assumptions, we have

My (z;a) =

a7q

1z (loglogz)*! . k—1
o*(q)logz  (k—1)! log log «

IR () o (b))

where

Cog = G(@)(a,0) =7+ (1og (1 _ 1> L 9(@Xa(p)

- p

v =~ 0.57722 is Fuler’s constant, and

h(a;z) = /01 h"(a,tz)(1 — t)dt.

Remark 4.2. Notice that, for 2| < A, the function |h"(a, 2)| = Oy 4 (1).

We also require a formula for Si(z). By Lemma 4.5, and Definitions 4.1 and 4.2, F'(s; z)
is in T (z,w; ¢y, d, M'). Denote

and
G(1;2)

g(z) = Tz +1) (4.4.2)

Then, applying Lemma 4.2 and Lemma 4.3 successively, we get the following lemma.
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Lemma 4.7. For any A > 0, uniformly for 2 < k < Aloglogx, we have

o P, (loglog z) (loglog z)* .
skcr)—logx{ s e) 4 o, (L2l gy >)}

where ﬁj,k(X) 1s a polynomial of degree at most k — 1, and in particular,

~ 1 m
Por(X) = Y —5g"™(0)X",
mHl=k—1 """

Moreover, under the same assumptions, we have

r (loglogx)* k-1 (k—1)(k—2)_( k-3
= 1
Sk(z) logz (k—1)! + log log <7 0)+ (loglog x)? log log

/{52
00 giogzr)

where ¢'(0) = v+ B =3, %, v is Buler’s constant, B = 3 (log (1 - %) + %) is the

Mertens constant in (1.5.2), and

Remark 4.3. Here for |z| < A, the function |¢”(z)| = O,4.4(1).

Proof of Theorem 1.12. By Lemmas 4.6 and 4.7, we get

1 1 r (loglogz)k—2 k—2 ~( (k=3)¢(q)
Ml a) = Z5rs " ¢k(g)logz (k- 2)! {C(q’a) " loglogx¢2(Q)h <a’ W)

B k=2 _( k-3 40 k
loglogxg loglog x A (loglogz)? /) |

For the cases of fixed k and k& = o(loglog ), by Remarks 4.2 and 4.3, and Lemma 4.7, we
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immediately get the conclusions in Theorem 1.12 using the equality

My (z, a) 14 My,(z,a) — ﬁ(q)sk(ﬁf)
F@ k() Fa@Sk®)

For any fixed A > 0, if &k ~ Aloglogx, by Lemmas 4.6 and 4.7, and (4.3.8), as x — oo,

the above quotient will approach

1 + A¢(q)]—pza mod q(p)

o, Ad(a) _ 17 .
Axo(p) ’
9(4) 14 20
where h(a, z) and g(z) are defined in (4.4.1) and (4.4.2) respectively. O

Proof of Theorem 1.13. For fixed k, by Theorem 4.4 and Lemma 4.7, we have

1 k!
¢k<Q) kylka! - k!

My (x;a) — Sk(z)

1 k(k—1) =z e
¢*(q) klle!...kl”ng(Og og ) -

|
]~
Q
—
=
)
.
S~—
+
Q
ka
Y
VR
o
0Q
5|~
(0]
S
~~
~—

Thus,
Mywia) | Mi@i2) — o s Si()
1 k! - 1 ]

For any fixed A > 0, if k ~ Aloglogz and e; := lim,_, bg’jﬁ exists, by (4.3.8) and

Lemma 4.7, as * — 00, the above quotient will approach

&( )ej]lpEbj mod q(P)
u@wwn~mwmzﬂn%@+q —

g(A) 1 + AXO(p)
p

9

p

where u(a;z) and g(z) are defined in (4.3.4) and (4.4.2) respectively. O
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