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Abstract

We introduce and study quasi-elliptic cohomology, a theory related to Tate K-theory but
built over the ring Z[g*]. In Chapter 2 we build an orbifold version of the theory, inspired
by Devoto’s equivariant Tate K-theory [19]. In Chapter 3 we construct power operation in
the orbifold theory, and prove a version of Strickland’s theorem on symmetric equivariant
cohomology modulo transfer ideals. In Chapter 4 we construct representing spectra but
show that they cannot assemble into a global spectrum in the usual sense. In Chapter 6 we
construct a new global homotopy theory containing the classical theory. In Chapter 7 we

show quasi-elliptic cohomology is a global theory in the new category.
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Chapter 1

Introduction

An elliptic cohomology theory is a generalized cohomology theory corresponding to an el-
liptic curve. It’s an old idea of Witten, as shown in [37], that the elliptic cohomology of a
space X is related to the T—equivariant K-theory of the free loop space LX = C*(S!, X),
with the circle T acting on LX by rotating loops.

It’s surprisingly difficult to make this precise. One reason is that, in application, one
needs to consider the case that a group G acts on X. In this case the loop space LX has
rich structures as an orbifold. In this paper I will investigate the relation between Tate
K-theory and the loop space, which leads me to a new theory, quasi-elliptic cohomology.

Before that, let’s recall what Tate K-theory is. A complex elliptic curve is determined
up to isomorphism by its j—invariant, which is a complex number. As a result, the moduli
space of elliptic curves is isomorphic to C, which can be compactified by adjoining an oo
point. Correspondingly, the theory of elliptic cohomology can be extended to a formal
neighborhood of j = oo by adding a nodal singularity, which gives a generalized elliptic
curve, i.e. the Tate curve. It is a curve over Z[g] which models the complex situation
near oo, with ¢ = 0 corresponding to oco. It is an elliptic curve over Z((g)). There is an
elliptic cohomology theory associated to the Tate curve. Since the formal group of the Tate
curve is the formal multiplicative group, it is a form of K-theory, called the Tate K-theory.
Grojnowski constructed a complex equivariant theory, based the idea in [27] and [29].

The definition of G—equivariant Tate K-theory for finite groups G is modelled on the
loop space of a global quotient orbifold, which is formulated in [19]. Devoto’s work also
shows the relation between this theory and the level structure on the Tate curve.

The main subject I'm working on is the quasi-elliptic cohomology QFEIl*,

G
QLX) = [ Kx<g><XU>=( 11 K&a)(X“)) (1.1)

o.thors a.thors

conj



which can be constructed from equivariant K-theories. The definition (1.1) is fully explained
in Section 2.4.2.

The idea of quasi-elliptic cohomology is first motivated by Nora Ganter. Instead of
a theory over Z((q)), we consider a theory over Z[g]. It is not an elliptic cohomology,
but from it we can formulate the Tate K-theory. One advantage of it is we can consider
G—equivariant cohomology theories not only for finite G but also for all the compact Lie
groups. Moreover, this new theory can be interpreted in a neat form by equivariant K-
theories, which makes many constructions and computations easier and more natural than
those on the Tate K-theories. Some formulations can be generalized to other equivariant
cohomology theories.

The elliptic cohomology of orbifolds involves a rich interaction between the orbifold
structure and the elliptic curve. Ganter [25] explores this interaction in the case of the

Tate curve, describing K7, for an orbifold X in term of the equivariant K-theory and

ate
the groupoid structure of X. In Section 2.4.2 we introduce the construction of QFEIl* for
quotient orbifolds. In Section 3.33 we establish QEIll* for general orbifolds in a way similar
to Ganter’s.

There are more relations between quasi-elliptic cohomology and Tate K-theory. Ganter
define equivariant power operations in Tate K-theory in her thesis [23], which is elliptic in the
sense of [2]. In Chapter 3, we study power operation in orbifold quasi-elliptic cohomology.
We begin with the case of a global quotient orbifold, where we exhibit rich interaction
between the power operations and loop spaces of symmetric power of orbifolds. On the loop
spaces of symmetric powers of orbifolds we construct equivariant power operations for quasi-
elliptic cohomology in Section 3.2 in the sense of [14] VIIIL. 1.1, as shown in Theorem 3.2.1.
Moreover, Ganter spelled out the axioms for orbifold theories with power operations in [25],
and constructed the power operation of orbifold Tate K-theory in the same paper. These
power operation are closely related to the level structure and isogenies of the Tate curve, and
they are consistent with the power operation on Kt in the sense of [2]. In Section 3.4 we
construct a family of power operations for the orbifold quasi-elliptic cohomology satisfying
Ganter’s axioms. With the families of Ganter’s power operations, in Section 3.5.2 we prove
that the Tate K-theory of symmetric groups modulo a certain transfer ideal classifies finite
subgroups of the Tate curve, which is analogous to the principal result in Strickland [60].
With the equivariant power operations we formulate in Section 3.2, we prove the parallel

conclusion for quasi-elliptic cohomology.



Goerss, Hopkins and Miller have proved that the moduli stack of elliptic curves can be
covered by E., elliptic spectra. It is not known whether this result can be extended to
global elliptic cohomology theories and global ring spectra. In Chapter 4 we construct an
orthogonal G —spectrum for each compact Lie group G which weakly represents quasi-elliptic
cohomology. However, we show that it cannot arise from an orthogonal spectrum. Instead,
in Chapter 6 we construct a new global homotopy theory and in Chapter 7 we show there
is a global orthogonal spectrum in this new global homotopy theory that weakly represents
orthogonal quasi-elliptic cohomology.

Let X be a G—space. Let KU¢ ,, denote the space representing the n—th G—equivariant
K —theory. Recall

QEUG(X) = ] Kiym(X7)

O.GGto‘r's

conj
For each compact Lie group G and each integer n, we construct a space QEllg,, representing

QEIlE(—) in the sense of (4.1).
m0(QEllg.n) = QENE(SY), for each k. (1.2)

First we construct in Theorem 4.3.7 a homotopical right adjoint R, for the functor X — X9

from the category of G-spaces to the category of Ag(g)-spaces. Then we get

H Map,, (o) (X7, KUp (g).n)
gthnrs

conj

is weakly equivalent to

Mapg(X, [[ Re(KUrg(g)n));
gthors‘

conj

as stated in Theorem 4.3.8.

So QEllgy = I Ry(KUpg(g),n) is one choice of the classifying space we want.
gthors

conj

Based on the construction of QEllg ., we construct for each faithful G—representation

V a space E(G, V) that weakly represents QEIlLY(—) in the sense of (4.2),
me(E(G,V)) = QEIlIL(S), for each k. (1.3)

We also construct the structure maps making E an orthogonal G—spectra and an Zg—FSP.

Moreover, we construct the restriction maps E(G,V) — E(H,V) for each group ho-



momorphism H — G. This map is not a homeomorphism, but an H—weak equivalence.

The orthogonal G—spectra E(G,—) cannot arise from an orthogonal spectrum. This
fact motivates us to construct a new global homotopy theory.

We construct a new global homotopy theory in Chapter 6. An orthogonal space is a
continuous functor from the category L of inner product real spaces to the category of
topological spaces. We enlarge the category L by adding restriction maps to it, which are
identity morphisms on the underlying vector spaces in L, and form a category D. Instead of
orthogonal spaces, we study the subcategory Dy of it corresponding to finite groups and the
category DT of Dy—spaces. There is a fully faithful functor from the category of ¥ —spaces
to the category of Dy—spaces where ¥ is the category of finite sets and injective maps. In
other words, DyT contains all the information of LT

We establish several model structures on DyT. As a category of diagram spaces, it’s
equipped the level model structure, as shown in [42]. Moreover, Dy is a generalized Reedy
category in the sense of [10]. Thus, there is a Reedy model structure on DT, as shown in
Section 6.4.

It’s conjectured that there is a model structure on DyT" Quillen equivalent to the global
model structure on the category of orthogonal spaces constructed in [56]. We construct a
global model structure on DyT in Section 6.5. In Section 6.6 we show this model structure
on a full subcategory D§'T of DyT is Quillen equivalent to the global model structure on
the orthogonal spaces.

In Chapter 7 we construct a global spectrum representing Quasi-elliptic cohomology in
the sense developed in Chapter 6. Based on the orthogonal G—spectrum (E(G, V), n" (G, V), u¥(G,V))
constructed in Section 4.5, we show the construction of the Real version ER and the real
version FO in Section 7.1. They weakly represent the Real and real quasi-elliptic cohomol-
ogy respectively. We show ER is a unitary D®—space and, in Section 7.2, a D®—~FSP over

S. Similarly one can show that F and EO are both Dy—spaces and Dy—FSP over S.



Chapter 2

Quasi-elliptic Cohomology

Quasi-elliptic cohomology is modelled on the orbifold K-theory of the constant loops in the
free loop space. So to understand QFEII (X), it is essential to understand the orbifold loop
space.

Let G be a compact Lie group and X be a G—space. Let X//G denote the translation
groupoid. In Example 2.1.5 I discuss the Lie groupoid Loop; (X//G) consisting of bibundles
from S1//+ to X//G, and introduce two other models Loopy(X//G) and Loops(X//G).

Other than the G—action on it, we also consider the rotation by the circle group on the
objects and form the Lie groupoids Loop$®(X//G) and Loop§™ (X//G). The automorphism
group on each object may not be a compact Lie group. To avoid these cases it is convenient
to restrict to those objects v : R — X with (¢t + 1) = v(t)g when g is a torsion element
of G and, instead of the whole automorphism group, we consider a subgroup of it. The

resulting groupoid is

L(x//G)y =[] £.X//Mc(g).

gthoTs

Each component £, X = Mapy, ;7 (R/IZ, X) is equipped with an evident C(g)—action. And
there is a G—action on the whole space £(X//G). In addition, the circle group T acts on
R/IZ by rotation, and so in principle on the orbifold £,X.

We write A(X//G) as the full subgroupoid of £(X//G) consisting of the constant loops.

The quasi-elliptic cohomology QEI(X) is an explicit form of

orp(MX//@)).

In order to unravel the relevant notations in the construction of QEI}(X), we study the
orbifold loop space with its T—action in Section 2.1.2 and Section 2.1.3.

Quasi-elliptic cohomology is closely related to equivariant Tate K-theory, which is defined



from the orbifold K-theory of the full subgroupoid of

[T £X//Calo)

gth""‘S.

conj

consisting of the constant loops. The relation between the two cohomology theories is
QElG(X) = K7qe(X//G) @714+ Z((q))- (2.1)

Moreover, there is a nice interpretation of the groupoid A(X//G) in terms of the groupoid
GhLoop(X//G) of ghost loops. I introduce it in Section 2.1.3. The main reference for the
ghost loops in this paper is [52].

In Section 2.1.1 I introduce basic notions on Lie groupoids and bibundle, and discuss an
example Loop; (X//G) := Bibun(S'//x, X//G) relevant to the construction of quasi-elliptic
cohomology. The references are [47] and [54]. In Section 2.1.2 T interpret the Lie groupoids
Loop:(X//G) and introduce the groupoid of main interest, £(X//G). In Section 2.1.3 I
show quasi-elliptic cohomology can be interpreted by ghost loops constructed by Rezk in his
unpublished manuscript [52]. The action of ghost loop groups is defined by the extension
of the action of appropriate gauge groups. In Section 2.2 we recall the basics of equivariant
K-theory and in Section 2.3 I briefly introduce the orbifold K-theory. In Section 2.4.1 I
show the representation ring of Ag(g) and the relevant groups. In Section 2.4.2 T introduce
the construction of quasi-elliptic cohomology in term of orbifold K-theory first and then
equivariant K-theory. I showed some properties of the theory in Section 2.4.3.

The readers may refer [3] and [47] for a reference on groupoids and orbifolds.

2.1 Loop space

2.1.1 Bibundles

Definition 2.1.1 (Lie groupoids). A Lie groupoid G is a groupoid object, G = (G1 = Gy),
in the category of smooth manifolds in which the source map and the target map s,t: G; —
Go are surjective submersions (so that the domain Gy . XtGl of the composition m is a
smooth manifold).

Functors and natural transformations are defined as functors and natural transforma-

tions inside the category of smooth manifolds. FEspecially, a homormophism is a smooth



functor.

Example 2.1.2 (Translation Groupoids). Let X//G denote the translation groupoid
with as objects the points x € X, and as arrows o : x — y those a € G for which a-x = y.
It is a topological groupoid. In the case when X is a manifold, G is a Lie group acting on
it smoothly, X//G is a Lie groupoid.

When the group G is trivial, any smooth manifold X can be viewed as a Lie groupoid

with only identity morphisms.

For any manifold X, let Manx denote the category of manifolds over X, that is, the
category whose objects are manifolds Y equipped with a smooth map ¥ — X, and whose

morphisms are smooth maps ¥ — Y’ making the following triangle commute.

Y —Y’

X
Definition 2.1.3. Let G and H be Lie groupoids. A (left principal) bibundle from H to G
is a smooth manifold P together with

1. A map 7: P — Gy, and a surjective submersion o : P — H.

2. Action maps in Mang,x m,

Gl x P— P

P x Hy —P
o t

which we denote on elements as (g,p) — g-p and (p,h) — p- h, such that
1. g1-(92-p) = (9192) - p for all (g1,92,p) € GlsxtGlsXTP;

2. (p-h1)-ho=p-(hiha) for all (p,h1,he) € PUxtHlsxtHl;

3. p-up(o(p)) =p and ug(7(p)) -p=p for allp € P.
4.g-(p-h)=1(g-p)-h forall (g,p,h) EGlsXTPgXtHl'

5. The map

Gy, x P—P x P

(9,p) — (9 p,p)



is an isomorphism.

Definition 2.1.4. A bibundle map is a map P — P’ over Hy x Go which commutes with
the G— and H—actions, i.e. the following diagrams commute.

G, x P —— P thH1—>P

S T

l o !

G, x P ——P P x H —— P
s T o 1

For each pair of Lie groupoids H and G, we have a category Bibun(H, G) with as objects
bibundles from H to G and as morphisms the bundle maps. The category of smooth functors

from H to G is a subcategory of Bibun(H,G).

Example 2.1.5 (Loop,(X//G)). Let G be a Lie group acting smoothly on a manifold
X. Consider the translation groupoids X//G and S'// with trivial morphisms. Let’s use
Loop1(X//G) to denote the category Bibun(S'//x,X//G). By Definition 2.1.3, the objects

are the diagrams

P={s ——p 1, x}

where P — S is a principal G—bundle over S* and f : P — X is a G—equivariant map.
I use the same symbol P to denote both the object and the smooth manifold when there is
no confusion. A morphism P — P’ is a G—bundle map a : P — P’ making the diagram

below commutes.

P/
Thus, the morphisms in Loopy (X//G) from P to P’ are the bundle isomorphisms. Loop1(X//G)
is a Lie groupoid.
In particular, Loop;(x//G) is the category with principal G—bundles over S' as objects

and bundle isomorphisms as morphisms.

2.1.2 Orbifold Loop Space

Before introducing the ghost loops in Section 2.1.3, let’s recall the orbifold loop group and

loop group.



For any space X, we have the free loop space of X
LX :=C>(S" X). (2.2)
It comes with an evident action by the circle group T = R/Z defined by rotating the circle
t-yi=(s—(s+t), teS", yeLX. (2.3)

Let G be a compact Lie group. Now let’s suppose X is a right G-space. The free loop

space LX is equipped with an action by the loop group LG
8-y :=(s+ 6(s)-7(s)), forany s € S*, § € LX, v € LG. (2.4)

Combining the action by group of automorphisms Aut(S') on the circle and the action
by LG, we get an action by the extended loop group AG on LX. AG := LG x T is a

subgroup of

LG x Aut(S"), (v,¢) - (v, ¢') := (s = ()7 (67" (s)), ¢ 0 &) (2.5)
with T identified with the group of rotations on S'. AG acts on LX by
6 (7,9) = (t—0(e(t)) - v(4(t))), for any (7,¢) € AG, and § € LX. (2.6)

It’s straightforward to check (2.6) is a well-defined group action.
Let G*°™ denote the set of torsion elements in G. Let k > 0 be an integer. Let g € G

and [ denote the order of g. Let L’;G be the twisted loop group

{v:R— Gh(s+k) =g "n(s)g}. (2.7)
The multiplication of it is defined by
(6-0")(t) = 6(t)d'(t), for any 6,6’ € LEG, and t € R. (2.8)

The identity element e is the constant map sending all the real numbers to the identity



element of G. Similar to AG, we can define L’g“G x T whose multiplication is define by

(1) - (7 t) == (s = ()Y (s + 1), L + 1), (2.9)

The set of constant maps R — G in L’;G is a subgroup of it, i.e. the centralizer C(g).

I will show in Lemma 2.1.11 each LéG is isomorphic to the gauge group of a principal

bundle.

Example 2.1.6 (Loopz(X//G)). Let G be a Lie group acting smoothly on a manifold X.
Let Loopa(X//G) denote the groupoid whose objects are (o,v) with o € G and v : [0,1] —
X a continuous map such that v(1) = v(0) - 0. A morphism o : (0,v) — (0/,7) is a
continuous map « : [0,1] — G satisfying v'(s) = v(s)a(s). Note that a(0)o’ = oca(1).
Loop2(X//G) is equivalent to the groupoid Loopi(X//G) talked in Ezample 2.1.5. We
can formulate the equivalence by constructing a functor : Loop (X//G) — Loopa(X//G).

It sends an object

sl p_T1 . x

to the object (o,v) with y(t) :== f([t,e]) and o = v(0)"1y(1). And it sends a morphism

SléP*f>X

RN

Pl

to a: (o,7) — (0',v) with a(t) := F([t,e]) " .

1 is an equivalence of groupoids.

Similarly, for each positive integer k, we can define the groupoid Loop5(X//G) whose
objects are (o,7v) with o € G and 7y : [0, k] — X a continuous map such that v(k) = v(0)-o.
A morphism o : (0,7) — (0/,7) is a continuous map « : [0,k] — G satisfying v'(s) =

v(s)a(s). Each Loops(X//G) is equivalent to Loop:(X//G).

Example 2.1.7 (Loop3(X//G)). Let G be a Lie group acting smoothly on a manifold
X. Let Loops(X//G) denote the groupoid whose objects are (0,7) with o € G and 7y :
R — X a continuous map such that y(s + 1) = y(s) - o, for any s € R. A morphism
a: (0,7) — (0',7') is a continuous map o : R — G satisfying v'(s) = v(s)a(s). Note

that a(s)o’ = oa(s + 1), for any s € R.

10



Loops(X//G) is equivalent to the groupoid Loop:(X//G) in Example 2.1.5 and is iso-
morphic to the groupoid Loops(X//G) in Example 2.1.6. The equivalence Loopi(X//G) —
Loops(X//G) can be constructed analogous to v in Example 2.1.6. We can also construct

the isomorphism ¢ : Loopa(X//G) — Loops(X//G) in this way: an object (o,7) is sent to
$(0,7) =7 * 70 x Yo7 * -

where * is the composition of paths. For any real number r between positive integers n and

n+1, ¢(o,7)(r) = v(r—n)o™. A morphism « : (o,7) — (0/,7') is mapped to the morphism
dla)=axo taocxo 2ao? % - .

For any r between positive integers n and n + 1, ¢(a)(r) = o~ "a(r —n)o™.

Similarly, for each positive integer k, we can define the groupoid Loop%(X//G) whose
objects are (0,7) with o € G and vy : R — X a continuous map such that v(s+k) = v(s)-o,
for any s € R. A morphism a : (0,7) — (0’,7") is a continuous map o : R — G satisfying

7' (s) = y(s)a(s), for any s € R. Each Loopk(X//G) is equivalent to Loop,(X//G).

For g € G, let | denote its order. If g is not a torsion element, | = 0. The objects of
Loop5(X//G) can be identified with the space

I »cox

geqG

where

k-;CgX = Mapz/lz(R/klZ,X). (2.10)

ZJ1Z is isomorphic to the subgroup kZ/KIZ of R/KIZ. The isomorphism Z/IZ — kZ/KIZ
sends the generator [1] corresponding to 1 to the generator [k] of kZ/KIZ corresponding to
k. kZ/KIZ acts on R/KIZ by group multiplication. Thus, via the isomorphism, Z/IZ acts
on R/KIZ. ZJIZ is also isomorphic to the cyclic group {(g) by identifying the generater [1]
with g. So it acts on X wvia the G—action on it. And kﬁgX//L’;G is a full subgroupoid of
Loop§(X//G).

Now let’s consider the extended loop spaces with richer morphism spaces.
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Example 2.1.8 (Loop{**(X//G) and Loop$™ (X//G)). Let Loop§™(X//G) denote the

groupoid with the same objects as Loopy(X//G). A morphism

(1 p L x3—yqsr T p I xy

consists of the pair (t,«) where t € T is a rotation of the circle and « is a morphism between

the objects in Loop1(X//G) such that the diagrams below commute.

51<LP*JC>X

|

Sl<—Pp/

Loop1(X//G) is a subgroupoid of Loop{**(X//QG).

For any G—equivariant map f : P, — X, it’s of the form

f([s,9]) = 65(s) - 9,

for any [s,g] € Py, where 65 : R — X is a continuous map and d7(s) = f([s,€]) for any
s € R. Since [s+1,9] = [s,09], we have df(s+1)g = d¢(s)og, thus, 0f(s+1) = d¢(s)o. So
d¢(s) is in 1L, X.

In addition, each vertical map P — P’ is of the form [s,g] to [t + s,d(s) - g] for some
teRandd € LLG.

Let Loop§™ (X//G) denote the groupoid with the same objects as Loops(X//G). A mor-
phism

(0,7) — (¢',7)

consists of the pair (a,t) with o : R — G a continuous map and t € R a rotation on S*
satisfying v'(s) = v(s — t)a(s — t).
Loops3(X//G) is a subgroupoid of Loop§*t(X//QG).

Loop§™(X//G) is equivalent to Loop{**(X//G). An equivalence

F : Loop§™(X//G) — Loop§™ (X//G)
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is constructed by sending an object

sl p_1 . x

to (o,7) with v(t) :== f([t,e]) and o = v(0)~1y(1) and sending a morphism

Sl<ﬂ7p*f>X

|k

Sl<—Pp/

to (a,t) : (0,y) — (0/,7) with a(s) = F([s,e])~L.
k.ext

Similarly, for each positive integer k, we can define the groupoid Loopy ™" (X//G) with

the same objects as Loop%(X//G). A morphism

(0,7) — (¢',7)

consists of the pair (a,t) with a : R — G a continuous map and t € T a rotation on S*
satisfying 7' (s) = v(s — kt)a(s — kt).

For each g € G, kﬁgX//L’;GxT is a full subgroupoid ofLoopg’ext(X//G) where LZGNT
acts on L4 X by

0-(7,t):=(s—0(s+1t) -v(s+1)), for any (v,t) € L’;G x T, and 6 € Lo X. (2.11)

The action by g on Ly X coincides with that by k € R. So we have the isomorphism

LG xT = LG xR/((g,—k)), (2.12)

where g represents the constant loop T — {g} C G. Let’s use A’;G to denote the extended

twisted loop group L’g‘”'G x T.
Example 2.1.8 implies the following result.
Proposition 2.1.9. Let G be a compact Lie group. The groupoid

I1:2.x//A,G,

g
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where the coproduct goes over conjugacy classes in oG, is a skeleton of Loop§™(X//G).

Thus, it is equivalent to Loop$™ (X//G) and Loopt**(X//G).

Before we go on, let’s see the meaning of the groupoid Loop**(X//G) in physics. Recall
that the gauge group of a principal bundle is defined to be the group of its vertical auto-
morphisms. The readers may refer [46] for more details on gauge groups. For a G—bundle
P — S' let LpG denote its gauge group.

We have the well-known facts below.

Lemma 2.1.10. The principal G—bundles over S' are classified up to isomorphism by

homotopy classes

[S', BG] = 714G/ conj.

Up to isomorphism every principal G—bundle over S is isomorphic to one of the forms

P, — S with 0 € G and
P, =RxG/(s+1,9)~ (s,09).

A complete collection of isomorphism classes is given by a choice of representatives for each

conjugacy class of moG.
For the gauge group Lp, G of the bundle P,, we have the conclusion.

Lemma 2.1.11. For the bundle P, — S, Lp, G is isomorphic to the twisted loop group
LlG.

Proof. Each automorphism f of an object S' &~ P, 2 X in Loop$*t(X//G) has the form

P/ [svg]’_’[&'}’f(s)g} P

l l (2.13)

Sl = Sl

for some ¢ : R — G. The morphism is well-defined if and only if y¢(s 4+ 1) = o~ 1v4(s)o.

So we get a well-defined map
F:LpG— LG, f+— Y-

It’s a bijection. Moreover, by the property of group action, F' sends the identity map

to the constant map R — G, s — e, which is the trivial element in LG, and for two
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automorphisms fi and fo at the object, F((fi o fo) = ¥4 - vf,. So Lp, G is isomorphic to
LlG.
O

Example 2.1.12 (LoopS™**"* (X //@)). Let Loop’*™*'"*(X/ /@) denote the full subgroupoid
of Loopg’”t(X//G) whose objects are the pairs (o,v) with o € G and v : R — X a
continuous map such that v(s + k) = y(s) - o, for any s € R.

Its objects is the space

IT «cox

gthors

Especially, when k =1, let’s use Loopy™""*"*(X//G) to denote Loops“™'*"*(X//@G).
One interesting case is when we consider the constant loops, namely, the full subgroupoid

A*(X//G) of Loopy ™™ (X//G) consisting of the constant loops,

T x

gthO’V‘S

When k =1, let’s use A(X//G) to denote A'(X//G).

The groupoid Loopt“™"*(X//G) contains all the information we want. But is it
convenient enough to study? When G is not finite, The isotropy group A’;G of an object in
xLgX is an infinite dimensional topological group. We need even smaller groups to define a
good orbifold loop space. Let’s consider those elements [, ] € A}; G with v a constant loop.
They form a subgroup of A’;G which is the quotient group of Cg(g) x R/kIZ by the normal
subgroup generated by (g, —k). Let’s denote it by A% (g). When k =1, A} (g) is the group
Ag(g) defined in [50]. When G is a compact Lie group, A% (g) is also a compact Lie group.

Therefore, instead of Looph“*'°™* (X //G), let’s consider a subgroupoid x£(X//G) of it,

as shown in Example 2.1.14. Before that, we need the definition below.

Definition 2.1.13. Let C(g,9’) denote the set
{x € Glgz = zg'}.

Let CE(g) denote the quotient group of Cc(g) X Z/KIZ by the normal subgroup generated by
(9,—k). And let CE(g,g’) denote the quotient of Cg(g,g") X Z/KIZ under the equivalence

(x,t) ~ (gz,t — k) = (zg',t — k).
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Let AL(g,g') denote the quotient of Cc(g,g’) x R/KIZ under the equivalence

(z,t) ~ (gz,t — k) = (xzg',t — k).

Example 2.1.14 (Orbifold Loop Space ,£(X//G)). Let 1 L(X//G) the groupoid with

the same objects as Loops “™™'°"*(X//G), i.e. the space

IT «cox.

gthOTS

and with morphisms the space ]_CL A (g,9") x X9.
g7g/e tors

For § € 1L, X, [a,t] € AL(g,9'),
d-([a,t],0) :==(s— d(s+1)-a) € y LgX. (2.14)

in the same way as (2.11).

When k =1, let’s use L(X//G) to denote 1L(X//G).

A¥(X//G) defined in Ezample 2.1.12 is the full subgroupoid of L(X//G) with constant
loops as objects. Quasi-elliptic cohomology QEIY(X) is defined to be K, (A(X//G)), which

is shown in detail in Section 2.4.2.

If g and g’ are conjugate in G, the two groupoids 1L, X//A%(g) and Ly X/ /AE(g") are
isomorphic, as shown below:

Let a be an element in G such that ¢’ = a'ga. So we have Cg(g') = a='Cq(g)a. Let
Bt 1LgX[/NE(9) — 1Ly X[/AE ()

be the functor sending an object v to y-a, a morphism ([h,t],7) to ([a~'ha,t],y-a). Similarly

we can define the functor
Ba-1 1 1Ly X/ /AG(9") — kLo X//AE(9)

sending an object v' to v - a=! and a morphism ([h,t],~") to ([aha=1,t],y-a"'). Then

the composition B - Beu-1 and Bu-1 - B, are both identity maps. So B, and B,-1 are both
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isomorphisms of categories.

Let Gigffj denote a set of representatives of G—conjugacy classes in G, We have the

well-defined groupoid

[T rcox//AE(9),

gegtors

conj
which is a skeleton of 1 L(X//G) containing all the information of it. It does not depend on
the choice of representatives of the G—conjugacy classes.

Let’s also use the symbol , L(X//G) to denote this skeleton when there is no confusion.

Remark 2.1.15. In her paper [24], to study Devoto’s equivariant Tate K-theory, Nora Gan-
ter equipped each component L4, X with an action by Z/KIZ. A groupoid can be formulated

with objects the points in

IT «£.x.

gthoTs
and whose morphisms are [ CE(g,q') x xLyX. A point ([h,m],) € CE(g,9') x k Ly X
g,g/GGtO’rs
is viewed as a morphism (g,7v(=)) — (¢',y(—+m) - h).

Now we want to emphasize there is an S'—action on each component and on the whole

space

IT «cox

geGtors
Let’s consider the groupoid whose objects are the points in ]_I LgX as the previous ex-
amples, and whose morphisms are Ht Ak(g,9") Xkﬁg)?.ejpomt ([h,s],7) € AE(g,9") %
LgX is viewed as a morphism (gg;s’?y(ef);rl (¢',v(— 4+ s)h). And the composition of mor-
phisms is defined by

[h1,t1] - [ha,ta] = [h1he, t1 + t2].

2.1.3 Ghost Loops

In this section I introduce a subgroupoid GhLoop(X//G) of Loop$**(X//G), which can be
computed locally. A(X//G) is a full subgroupoid of it. When G is finite, GhLoop(X//Q)
is isomorphic to A(X//G).

Definition 2.1.16 (Ghost Loops). The ghost loops corresponds to the full subgroupoid
GhLoop(X//G) of Loop§™t(X//G) consisting of objects S* «— P 2 X such that s(P)C X

contained in a single G—orbit.
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For a given o € G, such maps correspond to the A,G—invariant subspace
GhLoop,(X//G) := {0 € 1L, X|6(R) C G6(0)}. (2.15)
By Proposition 2.1.9, GhLoop(X//G) is equivalent to

[1 GrLoops(X//G)//ALG
[o]
where the coproduct goes over conjugacy classes in myG.
Unlike true loops, ghost loops have the property that they can be computed locally. In

other words we have the lemma below. The proof is left to the readers.

Lemma 2.1.17. If X =U UV where U and V are G—invariant open subsets, then

GhLoop(X//G) =2 GhLoop(U//G) UghLoop(nv)) ) GhLoop(V//G).

Thus, the ghost loop construction satisfies Mayer-Vietoris property.

If G is a finite group, it has the discrete topology. In this case, LG consists of constant
loops and, thus, is isomorphic to G. And GhLoop(X//G) can be identified with X. For
o € G and any integer k, LEG can be identified with Cg(0) and AKG = Cq (o) xR/{(0, —k));
and GhLoop,(X//G) can be identified with X 7.

In this case we have the isomorphism of groupoids
GhLoop(X//G) = A(X//G), (2.16)

where A(X//G) is the full subgroupoid of 1 £(X//G) with constant loops as objects. We
have seen A(X//G) in Example 2.1.12 and will study it in detail in Section 2.4.2 where I

introduce quasi-elliptic cohomology.

Proposition 2.1.18. Let G be a compact Lie group and H a closed subgroup of it. It acts
on the space of left cosets G/H by left multiplication. Let pt denote the single point space
with the trivial H—action. Then we have the equivalence of topological groupoids between
Loop$™((G/H)//G) and Loop*t(pt//H). Especially, there is an equivalence of topological
groupoids between GhLoop((G/H)//G) and GhLoop(pt//H).
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Proof. First we define a functor F : Loop$™ ((G/H)//G) — Loop$*'(pt//H) sending an
object S « P 3, G/H to S' «— Q — {eH} = pt where Q — eH is the constant map,

and Q — S! is the pull back bundle

Q——{eH}

|

p——>G/H.

It sends a morphism

p——>=p——=G/H

L

§t——= 5!

to the morphism

Q' —=Q——{eH}

L

P ——>P——>GJH

L

g1 —= 5!

where all the squares are pull-back.
In addition, we can define a functor F’ : Loop§™ (pt//H) — Loop$*((G/H)//G) send-

ing an object S! «+— Q — pt to S! «+ G xg Q — G x g pt = G/H and sending a morphism

Q—Q

L

51— 3

to

GxyQ —=GxygQ——>Gxygpt=G/H

L

St ———4!
FoF’ and F'oF are both identity maps. So the topological groupoids Loop{**((G/H)//G)

and Loop$®t(pt//H) are equivalent.

We can prove the equivalence between GhLoop((G/H)//G) and GhLoop(pt//H) in the
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same way. O

Remark 2.1.19. In general, if H* is an equivariant cohomology theory, Proposition 2.1.18
implies the functor

X//G — H*(GhLoop(X//QG))

gives a new equivariant cohomology theory. When H* has the change of group isomorphism,

so does H*(GhLoop(—)).

2.2 Equivariant K-theory

In Section 2.4.2 T show the definition of quasi-elliptic cohomology in terms of orbifold K-
theory and that in terms of equivariant K-theory. I introduce some of its properties in Section
2.4.3, which resemble the properties of equivariant K-theory. So before the construction of
quasi-elliptic cohomology let’s recall the basic concepts and properties of equivariant K-

theory.

2.2.1 Construction

Let GG be a compact group and X be a compact G-space. By a G-vector bundle on X, we
mean a vector bundle V. — X together with a G-action on V such that the projection
V — X is G-equivariant.

For any two G-vector bundles, there is a natural action of G on their direct sum, so the
set of G-vector bundles forms a commutative monoid. The equivariant K-theory Kqg(X) is
defined to be the group completion of this monoid. Tensor product of the vector bundles
equips K¢ (X) a ring structure.

Compactness of X is essential. If we define K¢ (Y) as group completion for infinite

G—cell complex Y, it doesn’t satisfy Milnor axiom:

KG<L|1@) # HKGO@),

where Y; is the i—th G—skeleton of Y. As in non-equivariant K-theory, K¢ defines a functor
from the homotopy category of G-spaces to the category of abelian groups. There is also

an analogue of Mayer-Vietoris sequence in equivariant K-theory. We need the equivariant
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Bott periodicity theorem to define the positive degree K¢ groups. For more details, please
see [7] and [8].

Kq is also functorial in G. If there is a homomorphism H — @, then it induces
Ka(X) — Ku(X).

As the non-equivariant K —theory, K also has an invariant using complexes of vector

bundles. The corresponding element in K-theory of a complex
is the sum £(—1)7V;. This defines a element of K¢ (X,Y) if this complex is exact on Y.

2.2.2 Elementary properties

K¢ (pt) is represented by the formal difference of two G-vector spaces. So this is the repre-
sentation ring RG of G. As in any cohomology theory, for any X, K¢ (X) is an RG-module.
As enlightened by Segal in his paper [57], equivariant K-theory has the change of group
isomorphism.
Let H be a closed subgroup of G and X a H-space. Let ¢ : H — G denote the inclusion
homomorphism. The change-of-group map c% : K (G x g X) — K};(X) is defined as the
composite

K5(G %y X) 25 K5(G xy X) K3 (X) (2.17)
where ¢* is the restriction map and i : X — G x g X is the H—equivariant map defined
by i(z) = [e, z].

Proposition 2.2.1. Let G be a compact Lie group and H a closed subgroup of G. Let X

be a G—space. Then the change-of-group map
Cg : KG(G XH X) — KH(X)

defined in (2.17) is an isomorphism.

Proof. Any G—vector bundle E over G x i X is determined completely by its restriction on

the subspace X = H x gy X. The restriction cﬁ is an equivalence between G—vector bundles

on GG x g X and H—vector bundles on X. It’s the inverse to the extension £ +— Gxgyg E. [

Proposition 2.2.2. If G acts trivially on X, then any G-bundle on X is a bundle V — X
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with the G—action identity on the base, i.e a family of G-representations parametrized by

X and we have

Then let’s see the other extreme case.

Proposition 2.2.3. If G acts freely on X, the map X — X/G induces K(X/G)® RG —
Kqo(X). In particular, we have the map K(X/G) — Kg(X), i.e. any G-vector bundle on
X can descend to a vector bundle on X/G whose sections are the G-invariant sections over

X. And the map K(X/G) — Kg(X) is an isomorphism.
More generally, we have:
Theorem 2.2.4. Let N be a closed normal subgroup of G which acts freely on a compact

G-space X. Then Kq(X) =2 Kg/n(X/N).

2.2.3 Transfer and Transfer Ideal

In Section 2.2.3 I introduce the construction of the transfer map and transfer ideal of equiv-
ariant K-theory. A reference for Section 2.2.3 is [38] and [48].

Moreover, given a finite covering f : X — Y of compact G—spaces, the transfer map
fii Kg(X) — Kg(Y)

is the unique homomorphism such that any isomorphism class represented by a G—bundle

V — X is mapped to that represented by the G—bundle fiV — Y with

)= II v

z€f~1(y)

and the G—action

g- (Um):pef—l(y) = (gvg—lm’)z'ef_l(gy)'

Consider any closed subgroup H of G. There is a covering G x g X — X. The induced

transfer is defined to be the composition

IndS, : Kp(X) 2 Ka(G xg X) 15 Ka(X) (2.18)
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where the first isomorphism is the change of group isomorphism introduced in Proposition
2.2.1. The induced transfer is also called an induction map.

In particular, if X = pt, I ndfl is the induction map for the representation rings RH —
RG.

The transfer map f; have some interesting properties.

Proposition 2.2.5. (i) Transfers are natural, in the sense that given a sequence X 7,
Y -4 Z of covers, the transfers satisfy (g o fli=gofi

(i1) Given a cover f: X —'Y of G—spaces, and an H—space Z, we have

(f x1z)(axc)= fi(a) X ¢,

where a € Kg(X) and ¢ € Ky (Z).

(i1i) Given a pullback square
x -7 . x

rpl

/—>Y

h

where f and f' are coverings, we have

hfr=(fhg".

(iv) Given a cover f: X — Y, we have the formula

filaf™ (b)) = fi(a)b

fora € Kg(X) and b e Kg(Y).
Let X be a space. There is an evident X, —action on X*™.

Let I, denote the subgroup of Ky _ (X*™)

Iy = Y Tmage[Indsy s Kx,xx, (X*™) — Ky, (X*™)]. (2.19)

i+j=m,
m>j5>0

By Proposition 2.2.5 (iv), I3, is in fact an ideal. It is called the proper transfer ideal.
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2.2.4 )\—Rings

In Section 2.2.4 T introduce basics on A—rings. As shown in Example 2.2.12, equivariant
K —theory Kg(X) can be equipped with a A—ring structure. I show in Section 2.4.2 I discuss
the A\—ring structure on quasi-elliptic cohomology. The main reference for Section 2.2.4 is
[62].

Fix a ring R. Let R[xq,- - - x,] be the polynomial ring over R in n independent variables

L1, Tp.

Example 2.2.6 (Elementary symmetric functions). Forl < k < n, let sy, € Rlz1,- - ]

be the polynomial

S — E Ly Lyt Ty, -

1< < <ipg<n,

Fach s, is a symmetric function since sy, is the coefficient of t"~* in
n
H(t —xp) =" — st sgt" 2 — o (=1)"s,,.
k=1

sk s called the kth elementary symmetric function on x1,--- Ty.

Example 2.2.7 (Universal polynomials P, and P, ,,). The coefficient of each t™ in

the polynomial

g(t) == 11 (14 x4, -4 1)

1<y <+ <im <nin
is a symmetric polynomial. So it can be expressed uniquely as a polynomial with integer
coefficients in the elementary symmetric functions s1,- - Spm.-
In other words, there is a universal polynomial P, ., in nm variables with integer coef-

ficients such that Py, ., (s1, - - Snm) s the coefficient of t™ in g(t).

Let yy1, -+ - yn be another set of variables and let o1, --- o, be their elementary symmetric
functions.

The coefficient of each t¥ in

n

h(t) = [ (1 +ziyt)
i,j=1
is a symmetric functions on the x;s and the y;s. So it can be expressed uniquely as a polyno-

mial with integer coefficients in the elementary symmetric functions s1,--- Sy, and o1, - 0y
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Thus, there exists a universal polynomial P, in 2n variables with integer coefficients such

that Py (81, Sp; 01, 0y) 18 the coefficient of t"™ in h(t).

Definition 2.2.8 (A—Ring). A A\—ring is a ring R together with functions

AN:R— R

for each n > 0 called a A\—operations, such that for all x,y € R, the following axioms are
satisfied:

(1) X(z) =

(2) () =

(3) A"(1) = 0 forn > 2;
(4) \'(z +y) = +Z A ()N (y);
(5) N (zy) = P\ (@), A" (2); A (y), - N'(y));

(6) X*(A™ () = Pom (A (), - - A" ()
where P, and P, ,, are the universal polynomials with integer coefficients described in

Ezample 2.2.7. If only azioms (1), (2) and (4) are satisfied, R is called a pre—A—ring.

In a A—ring R, we write
Z A" (z)t", for any x € R. (2.20)
Example 2.2.9. The simplest A—ring is the ring of integers Z, with the A—operations

Ai(n) is the coefficient of t" in the polynomial (1 + t)".

defined by

Example 2.2.10. If R is a A—ring with A\—operations {\%}i, the power series ring R((z))

is a A—ring, with \¢(z) = 1+ xt. For a polynomial > rz*,
k

/\t(z reak) = H e (1)
k k

is defined using the azioms for \"(xy) and A" (x + y).
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Then by induction, the power series ring R((x1,- - xy,)) is a A—ring with
Ae(xi) =1+ xit, for 1 < i< n.

Example 2.2.11. The topological K—theory K(X) of a paracompact Hausdorff space X is
a A\—ring, with the A—operation A\* induced by the ith exterior power of vector bundles over

X.

Example 2.2.12. For a group G, the complex representation ring R(G) is a A—ring, with
each X' induced by the ith exterior power on representations of G.

Especially, if G is the trivial group {e}, R(G) = Z is the A—ring described in Example
2.2.9.

Moreover, the equivariant K —theory Kg(X) of a compact G—space X is a A—ring, with

the A—operation X' induced by the ith exterior power of G—bundles over X.

Definition 2.2.13. Let R and S be A—rings. A A—homomorphism f : R — S is a ring

homomorphism such that fA\* = \'f fori> 0.

2.3 Orbifold K-theory

Via orbifold-K theory, quasi-elliptic cohomology can be constructed in an elegant way. More-
over, it’s essential when I define quasi-elliptic cohomology for general orbifolds in Section
3.3.1. So before that in Section 2.3 I briefly introduce the relevant knowledge about orbifold
K-theory. In this section I introduce the notion of orbifold vector bundles using the lan-
guage of groupoids and define orbifold K-theory for compact orbifold groupoids. The main

reference for Section 2.3 is [3] and [47].

Definition 2.3.1 (Orbifold Structure). An orbifold structure on a paracompact Haus-
dorff space X consists of an orbifold groupoid G, i.e. a proper Lie groupoid, and a home-
omorphism f : |G| — X. If ¢ : H — G is an equivalence, then |¢| : |H| — |G| is
a homeomorphism, and the composition f o |¢| : [H| — X defines an equivalent orbifold

structure on X.

Definition 2.3.2 (Orbifold). An orbifold X is a space X equipped with an equivalence
class of orbifold structures. A specific such structure, given by G and a homeomorphism

f |G| — X, is called a presentation of the orbifold X.
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If X is paracompact Haursdorff, then X is called an effective orbifold.
If X is compact, then X is called a compact orbifold.
If a compact Lie group G acts smoothly and effectively on a smooth manifold M, the

associated orbifold X = M/G is called an effective global quotient.

By Theorem 1.23 in [3], every effective orbifold X is isomorphic to a global quotient
orbifold.
Let G be an orbifold groupoid. Let Gy denote its orbjects and G; denote its arrows.

Let’s recall the definition of G—space.

Definition 2.3.3. Let G be an orbifold groupoid. A left G—space is a manifold E equipped
with an action by G. Such an action is given by two maps: an anchor m : E — Gg, and an
action p: Gy xg, E — E. The latter map 1is defined on pairs (g,e) with w(e) = s(g), and
written u(g,e) = g-e. It satisfies the usual identities for an action: w(g-e) = t(g), l,-e = e,

and g - (h-e) = (gh)-e, for eLsy2ssinG and e € E with 7(e) = .

Definition 2.3.4. A G—wvector bundle over an orbifold groupoid G is a G—space E for
which m : E — Gg is a vector bundle, such that the action of G on E is fiberwise linear.
Namely, any arrow g : © — y induces a linear isomorphism g : E, — E,. In particular, E,

is a linear representation of the isotropy group G, for each x € Gy.

Orbibundles over an orbifold X can be described as G—vector bundles with G any orb-
ifold groupoid presentation of X. They behave naturally under vector space constructions,

sums, tensor products, exterior products, etc.

Definition 2.3.5. Given a compact orbifold groupoid G, let Ko (G) to be the Grothendieck
ring of isomorphism classes of G—vector bundles on G. When X is an orbifold, we define

Korp(X) to be Ko (G), where G is any groupoid presentation of X.

Under an orbifold morphism F' : HH — G, orbifold bundles over G pull back to orbifold

bundles over H.

Proposition 2.3.6. FEach orbifold morphism F : H — G induces a ring homomorphism
F*: Korb(G) — orb(H)-

In particular, if two groupoids G and H are Morita equivalent, Kump(G) =2 Ko (H).

An important example of orbifold morphisms is the projection map p : M — M/G
where G is a compact Lie group acting almost freely on the manifold M.

Similar to the conclusion in equivariant K-theory, we have
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Proposition 2.3.7. Let X = M/G be a quotient orbifold. Then the projection map p :
M — M/G induces an isomorphism p* : Kup(X) — Kg(M).
In particular, if X is an effective orbifold, we can identify its orbifold K-theory with the

equivariant K-theory of its frame bundle.

2.4 Quasi-elliptic cohomology QFEII,

In Section 2.4.2 I show basic constructions of QFEIIf,, which is defined from orbifold loop
space introduced in Example 2.1.14. The main reference for Section 2.4 is [50]. Before that
I discuss in Section 2.4.1 the representation ring of Ag(g), which is denoted by AL (g) in

Section 2.1.2.

2.4.1 Preliminary: representation ring of Ag(g)

For any compact Lie group G and a torsion element g € G, Recall Ag(g) is the group

A& (9) = Calg) x R/((g,—1))

defined in Section 2.1.2 and T is the circle group R/Z. Let ¢ : T — U(1) be the isomorphism
t > 2™ The representation ring RT of the circle group is Z[g*].

We have an exact sequence
1— Cg(g) — Aglg) —T —0
where the first map is g — [g, 0] and the second map is
m([g,1]) = €. (2.21)

There is a relation between the representation ring of C(g) and that of Ag(g), which

is shown as Lemma 1.2 in [50].

Lemma 2.4.1. 7* : RT — RAq(g) exhibits RAc(g) as a free RT—module.
In particular, there is an RT—basis of RAG(g) given by irreducible representations {Vy},
such that restriction Vx — Vi|cg(g) to Ca(g) defines a bijection between {Vi} and the set

{A} of irreducible representations of Ca(g).

28



Proof. Let I be the order of the torsion element g. Note that Ag(g) is isomorphic to

Calg) x R/IZ/{(g,—1))-

Thus, it is the quotient of the product of two compact Lie groups.
Let A : Cg(g) — GL(n,C) be an n—dimensional C¢(g)—representation with represen-
tation space V and n : R — GL(n,C) be a representation of R such that A(g) acts on V

via scalar multiplication by 7(1). Define

A oc ([, 1) = AR)n(d). (2.22)

It’s straightforward to verify A ®¢ 7 is a n—dimensional Ag(g)—representation with repre-
sentation space V.

Any irreducible n—dimensional representation of the quotient group Ag(g) = Ca(g) x
R/{(g,—1)) is an irreducible n—dimensional representation of the product Cg(g)xR/{(g, —1)).
And any finite dimensional irreducible representation of the product of two compact Lie
groups is the tensor product of an irreducible representation of each factor. So any irre-
ducible representation of the quotient group Ag(g) is the tensor product of an irreducible
representation A of C(g) with representation space V and an irreducible representation 7 of
R. Any irreducible complex representation n of R is one dimensional. So the representation
space of A ® n is still V. Let | be the order of g. n(1)! = I. We need n(1) = A(g). So
n(1) = ™7 for some k € Z. So

) =
Any m € Z gives a choice of n in this case. And 7 is a representation of R/IZ = T.

Therefore, we have a bijective correspondence between

(1) isomorphism classes of irreducible Ag(g)—representation p, and

(2) isomorphism classes of pairs (A\,7n) where A is an irreducible Cg(g)—representation

and 7 : R — C* is a character such that A(g) = n(1)I. A = p|cg(g)- O

Remark 2.4.2. We can make a canonical choice of Z[q*]-basis for RAg(g). For each ir-
reducible G-representation p : G — Aut(Q), write p(o) = €2™id for ¢ € [0,1), and set
2mict

Xp(t) =e Then the pair (p, X,) corresponds to a unique irreducible Ac/(g)-representation.
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Example 2.4.3 (G =Z/NZ). Let G =Z/NZ for N > 1, and let 0 € G. Given an integer

k € Z which projects to o € Z/NZ, let xi, denote the representation of Ag(c) defined by

[a,t]—[(kt—a)/N]

Ac(0) = (Z x R)/(Z(N,0) + Z(k, 1)) R/Z=T —1— U(1). (223)

RAg(0) is isomorphic to the ring Zlg*, xx]/(x) — ¢*).

For any finite abelian group G = Z/N1ZXZ/NoZx -+ XL/NpnZ, let 0 = (ki, ko, kn) €
G. We have

Ac(o) =2 Az nyz(kr) Xt -+ X1 Azyn,, 2 (k).

Then

RAg(0) = RAz N, z(k1) ®@zig%] - - - @zig=] RAz)/N,.2(Fm)

Ny
2

gZ[qi7xk17xk27"'ka]/(xllcvll _qklaxk k2 N y )

_q 7...xk7n_q7"

where all the xy, ’s are defined as xy in (2.23).

Example 2.4.4 (G = X3). G = X3 has three conjugacy classes represented by 1, (12),

(123) respectively.

As, (1) = S5 x T, thus, RAy,(1) = RS3@RT = Z[X,Y]/(XY =Y, X2 -1,Y2 - X -Y —

1) ® Z[q*] where X is the sign representation on X3 and Y is the standard representation.

Cy,((12)) = ((12)) = Xa, thus, As,((12)) = Ax,((12)). So we have RAx,((12)) =
RAs,((12)) = Z[g*, 1]/ (a3 — q) = Z[g*7].

Cx,(123) = ((123)) = Z/3Z, thus, Ax,((123)) = Az/32(1). So we have RAx,((123))

Zlg*, 1]/ (2} — q) = Z[gF5).

I

Example 2.4.5 (G = X4). G = 34 has conjugacy classes 1, (12), (123), (1234), and
(12)(34).

AE4(1) = 24 X T, thus, RAE4(1) = RE4 & Z[qi].

Cr,((12)) = ((12)) x ((34)). Ax,((12)) = Ax,((12)) X1 Az, (1). Thus, RAx,((12)) =
RAs,((12)) ®zp4+) RAs, (1) = Z[g 2] @ Z[s] /(s> — 1).
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wl=

Cx,((123)) = ((123)). RAx,((123)) = RAz/52(1) = Z[g*5].

1

Cs,((1234)) = {(1234)). Ry, ((1234)) = RAz/5(1) = Z[gHH).

Cx,((12)(34)) = L2 1 X9, which is the Dihedral group. We can define a map

U Asys, ((12)(34)) — (Mg, ((12)) X1 Ax, ((12))) % B9

([(.91,92; U)7t]) = ([gl’t]’ [gQat]’ U)'

The semidirect product (As, ((12)) XAy, ((12))) X Xa is a closed subgroup the wreath product
Ay, ((12)) 225, U is an isomorphism.

To compute RAy,((12)(34)), we need the representation theory for wreath product. By
computing the inertia group of each irreducible representation of As,((12)) x1 Ax,((12))
and applying Theorem 4.8.34 in [34], we can get all the irreducible representations of
(As,((12)) x1 Ax,((12))) x 2s.

Let k be any integer. I'll show the relation between A% (g) and Ag(g) and that between
their representation rings.
Recall A% (g) is defined to be the quotient group Ce(g) x R/{(g, —k)). There is an exact

sequence

1 —— Cgalg) 2% pk(g) —™ - R/KZ —— 0

where the second map . : AE(g) — R/kZ is m([g,t]) = > L.

Analogous to Lemma 2.4.1, we have the conclusion about RA% (g) below.

Lemma 2.4.6. The map 7} : RR/kZ — RA%(g) exhibits it as a free Z]gEt]—module.
There is a Z[g=+]|—basis of RAE(g) given by irreducible representations {py} such that
the restrictions pilcs(q) of them to Cg(g) are precisely the Z-basis of RCa(g) given by
irreducible representations.

In other words, any irreducible Ag(g)—representation has the form p ®¢ x where p is an

irreducible representation of Cg(g), x : R/kZ — GL(n,C) such that x(k) = p(g), and

p Oc x([h, 1)) := p(h)x(1), for any [, 1] € A&(g). (2.24)

RAE(g) is a Z[g¥]—module via the inclusion Z[¢*] — Z[gT*].
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There is a group isomorphism oy, : A& (g) — Ag(g) sending [g,] to [g, £].

Observe that there is a pullback square of groups

Ak (g) —> Aa(9) (2.25)

\Lﬂk \LT{
t— L

R/kZ —E>R/Z

By Lemma 2.4.6, we can make a Z[¢¥ ¥ |-basis {p Oc x,x} for RAE(g) with each p :
G — Aut(G) an irreducible G-representation and x, x(t) = 2™ % with ¢ € [0,1) such that
p(o) = e2™¢id. This collection {p O¢ X,k } gives a Z]qF+]—basis of RAL(g).

So we have the commutative square of a pushout square in the category of A—rings.

RAg(g9) =—— RAc(g) (2.26)
R(R/KZ) RT

Let q* : R/kZ — U(1) denote the composition

R/KZ =%, R/Z —%— U(1).

The representation ring RR/kZ of R/kZ is Z]g¥*]. And there is a canonical isomorphism
of A—rings
RAc(9) — RAG(9)

. 1
sending ¢ to g*%.
Moreover let’s consider

An(0) == Aoy (o) (™). (2.27)

It’s a subgroup of Ag(c™). Let 8 : A,(0) — Ag(o™) denote the inclusion. And we can
define
a:Ay(0) — Ag(o),(g,t) — (g,nt). (2.28)

We have the pullback square of groups
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An(O') L> Ag(U)

l l (2.29)
T T

e27rit HeZ'/rint
-

In addition, RA, (o) is the A-ring pushout of Z[g¥] £, RA¢ (o) along the inclusion

Zlq*] — Zlg=].

*

RA,(0) «*— RA¢(0)
T T (2.30)
T A T

In particular, there is a canonical isomorphism of A-rings

RA,(0) =5 RAg(o)[gE™]. (2.31)

Moreover, we have the conclusion below about the relation between the induced repre-

A (o)

sentations Ind|AH(U)(—) and Ind\cc(a) (—).

Cu (o)

Lemma 2.4.7. Let G be a compact Lie group and H a closed subgroup. Let o be a torsion
element in H. Let m denote [Cq(0) : Cu(o)]. Let V denote a Ay (o)—representation AO¢ X
with A a Cy(c)—representation, x a R—representation and O¢ is defined in Lemma 2.4.1.

Then the induced representation

Ac(o
Ind[3%'7) (A ¢ x)

is isomorphic to the Ag(o)—representation

Ca(o
(Ind|ci((o))/\) Oc X-

Their underlying vector spaces are both VO™,
Proof. First I show [Ag(0) : Ag(0o)] is the same as [Cg (o) : Cy(o)]. We have the inclusion

1:Cg(0)/Cu(c) — Ag(o)/Au (o), aCyx (o) — alg(o).

i is well-defined. For a, b € Cg(0), if aAg (o) = bAg (o), then a=1b € Ay (o). Since a=1b

is also in Cg(0), a='b € Cg (o). So aCr(c) = bCx (o). In addition, for each [g,t] €
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Ag(o), [g9,t] = [g,0]le, t]. Since [e,t] € Ag(0), [9,t]An (o) = [9,0]An (o). So i(gCx(0)) =
[gvt]AH(U)'
Therefore, ¢ is a bijection.

Let f be an element in

Ind[3(7) (A @c x) = {a : Ag(o) — V]a((h, s][z, 8]) = A(h)x(s) f([z, 1)),

Y[z, 1] € A (o), [h,s] € Ag (o).

Note f([z,t]) = f([1,#][,0]) = x(t) f([z,0]).
Define a map
A Ind[ S0 (A G x) — (Ind|g8 (7 N) Gc x

by sending f to A(f) := f@@ x with

f:Calo) —V, g~ [f(9).

We can check f, which is restriction of f to C(c), is well-defined. For any h € Cp (o),

f(hg) = AX(h)f(g) = A(h)f(g). In addition, A is Ag(o)—equivariant. For any g, s], [z,t] €
Ac (o), (lg,s] - N[, 1) = [z, tllg, s]) = f([xg,t + s]) = x(t + 5) f(xg). We have

and ([g,s] - A(N))([z.t]) = A()([2.Y[g,s]) = A(f)([xg.t + s]) = x(t + s)[(zg) = x(t +
s)f(zg) = A(lg, s] - ) ([, 1]).

In addition, we have

Cg(o Ac(o
P (Ind|g8\7) ) ©c x — Ind[}S(7) (A O ).

For any f’ € (Ind|gi((?)/\) Oc X, define

P(f)([x,t]) = x () f ().
For any [h,s] € Ag(o),

P(f)([h, sllz,t]) = P(f)([h, s + t][2,0]) = A(h)x(s + 1) f'(z)
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and

(A ©c X)([h, ) f ([, 2]) = A(h)x(s)x (@) () = A(h)x(s + £)f'(z) = P(f')([h, ][z, 1]).

Thus, P(f’) is indeed in Ind|AG(J))()\ Oc X)-

P o Aand Ao P are both identity maps. So the conclusion is proved.

Remark 2.4.8. By Lemma 2.4.7, the computation of the induced representation
Ag(o
Ind[%%) (A Gc x)
can be reduced to the computation of

Ca(o
(Ind|ci(g)))\) Oc X-

Thus, when Cg(o) and Cg (o) are both finite, the conclusions about induced representations

for finite groups can apply to the computation of Ind|AG(”) (AGc x)-

Remark 2.4.9. Let G be a compact Lie group and H a closed subgroup. Let o be a torsion
element in H. LetV denote a Ay (c)—representation AO¢x with A a Cy (o)—representation,
x a R—representation and Oc¢ is defined in Lemma 2.4.1.

Then it’s straightforward to check

res|AG(U))()\ Ocn) = (res|c (U) A) Oc 7. (2.32)

2.4.2 Quasi-elliptic cohomology

In this section I introduce the definition of quasi-elliptic cohomology QFEII{, in term of
orbifold K-theory, and then express it via equivariant K-theory. The readers may read
Chapter 3 in [3] and [47] for a reference of orbifold K-theory.

In Example 2.1.12 we see the full subgroupoid A(X//G) of the orbifold loop space
L(X//G) consisting of constant loops and is relevant to the definition of QFEIl}. Before
I describe A(X//G) in detail, let’s recall what Inertia groupoid is. A reference for that is
39).
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Definition 2.4.10. Let G be a groupoid. The Inertia groupoid I1(G) of G is defined as
follows.
An object a is an arrow in G such that its source and target are equal. A morphism v

joining two objects a and b is an arrow v in G such that

voa=>bouw.

In other words, b is the conjugate of a by v, b=voaov !

The torsion Inertia groupoid I'"*(G) of G is a full subgroupoid of of I(G) with only

objects of finite order.

Example 2.4.11. Let G be a compact Lie group and X a G—space. The torsion inertia
groupoid 1*°"(X//G) of the translation groupoid X//G is the groupoid with
objects: the space [] XY
gGGtOT's

morphisms: the space ||  Ca(g,g’) x X9 where Cq(g,¢') = {0 € G|g'oc =og} C
g,g/thU‘l'S

For z € X9 and (0,9) € Calg, ¢') x X9, (0,9)(x) = ox € X9

The groupoid A(X//G) has the same objects as 1'°"*(X//G) but richer morphisms

T A&g.g) xx°
g,g/tho‘l's
where Al (g, ¢') is the space defined in Section 2.1.2. For an object z € X9 and a morphism
(Jo,t],9) € A5(g, ") x X9, ([0,1],9)(x) = ox € X9'. The composition of the morphisms is
defined by

(o1, t][o2, t2] = [0102, 11 + t2]. (2.33)

We have a homomorphism of orbifolds
m: AMX//G) — T

sending all the objects to the single object in T, and a morphism ([o, ], g) to e?™ in T.
The quasi-elliptic cohomology QEII%(X) is defined to be K}

orb

(A(X//G)). We can un-

ravel the definition and express it via equivariant K-theory.
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Let X be a G—space. Let G C G be the set of torsion elements of G. Let o € Gt°"%,

The fixed point space X7 is a Cg(0)—space. We can define a Ag(o)—action on X7 by

l9.1] - x:=g =

Then quasi-elliptic cohomology is defined by

Definition 2.4.12.

G
)= I Kiop)=( ] K@) . @3

gthors gerOTS

conj

By computing the representation rings of RAg(g), we get QEIF(—) for contractible
spaces. Then, using Mayer-Vietoris sequence, we can compute QFEI;(—) for any G-CW
complex by patching the G-cells together.

We have the ring homomorphism
Zlg*] = KR (pt) "= KR (4 (bt) — KR (g (X)

where 7 : Ag(g) — T is the projection defined in (2.21) and the second is via the collapsing
map X — pt. So QFEII%(X) is naturally a Z[g*]—algebra.

The A-ring structure on QEII%(X) is the direct product of the exterior algebra on each
equivariant K-group, with componentwise multiplication.

For each QFEIIlf, we can equip a special family of A—ring homomorphisms

QEUGEX) = [ KiiX) — [ Ei.oX?) = QEUH(X)[g ]

9eGLS 9eGLs
defined by
* * n B* * " *
QEIE(X) — K (o) (X9") 25 K ) (X7) — K () (X7), (2.35)

where the first map is projection, the second is the restriction via the inclusion 5 : A,,(g) —

Ag(g™), and the third is restriction along X9 C X9".

In addition, we can express the A—ring isomorphism (2.31) and this family of A—ring

homomorphisms {u"}, in terms of orbifold K-theory, which are fairly neat.
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Let A, (g,¢") denote the quotient of Cx(g, ') x R under the action of Z where the action
of the generator of Z is given by (o,t) — (0g™,t — 1) = (¢"0’,t — 1). Then we can define
another groupoid A, (X//G) with the same objects as A(X//G) and morphisms

T Anled)xx°
9,9’ €Grers

such that for each z € X9, ([0, 1], ¢)(z) = oz € X9'. We can also define 7 : A,,(X//G) — T
sending all the objects to the single object in T and a morphism ([o,t],g) to the morphism
e?™i in T.

Let o : Ap(X//G) — A(X//G) be the homomorphism of orbifolds sending an object
x € X9 tox € X9 and a morphism [0,t] : # — 2/ to [o,nt] : x — 2’ .Let 5 : A, (X//G) —
A(X//G) be the functor sending an object x € X9 to x € X9  and a morphism [o,t] : 2 —
' to [o,t] :x — o',

Since we have the pullback square of groups (2.29) and the pushout square of groups

(2.30), we have the pullback square of groupoids

M(X//G) ——  AX//G)

l l (2.36)

62‘””)—)62‘""”

T R

and the pushout square in the category of A-rings

K7y (A(X//GQ)) —2— K2, (A(X//G))

T T (2.37)

K}, (x//T) — K}, (x//T).

It induces a natural isomorphism

* L ~ *

oo (MX//G)) a7 ] = Koy (An(X//G)). (2.38)
The A-ring homorphism g™ can be constructed by

W Ky (AKX /G)) o K (M (X /@) 2 K (A(X//G))lg* ).

orb orb
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2.4.3 Properties

QFEI inherits most properties of equivariant K-theory. In this section I discuss some
properties of QEIIf,, including the restriction map, the Kiinneth map on it, its tensor
product and the change of group isomorphism.

Since each homomorphism ¢ : G — H induces a well-defined homomorphism ¢, :

Ac(1) — Ap(¢(7)) for each 7 in G*°", we can get the proposition below directly.

Proposition 2.4.13. For each homomorphism ¢ : G — H, it induces a ring map
¢" : QElUL(X) — QFElUL (9" X)
characterized by the commutative diagrams

QEIG(X)  —%— QEUL(¢*X)
%ml ”*l (2.39)
2 (X¢(T))

K} oy X)) ——= K} ()

for any T € G'"5. So QEII}, is functorial in G.

More generally, we have
Proposition 2.4.14. For any groupoid homomorphism ¢ : X//G — Y//H, we have
the groupoid homomorphism A(¢) : A(X//G) — A(Y//H) sending an object (x,g) to

(¢(x), 9(g)), and a morphism ([o,t],9) to ([¢(0),t],P(g)). Thus, we get a ring map
¢* - QEI(Y//H) — QEU*(X//G)
characterized by the commutative diagrams

QEU*(Y//H) —— QEU*(X//G)
%ml ml (2.40)
i

K} o)y VO) —— K}

Ag(T) (XT)

for any T € G,

And, we can define Kiinneth map on QFEI{, induced from that on equivariant K-theory.
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Let G and H be two compact Lie groups. X is a G-space and Y is a H-space. Let

o€ G and T € H'"*. Let Ag(c) xr Ag(7) denote the fibered product of the morphisms

Ag(o) ST Ag (7).

It’s isomorphic to Agx (o, 7) under the correspondence

([, 2], [8,8]) = [ev, B, 8].

Consider the map below

T: Kpno(o)(X7) @ Kp (1) (YT) — Kag(o)xan(r) (X7 X YT) 25 Kp (o) xanp () (X7 X YT)

IR

- KAGXH(U,T)((X X Y)(U)T))'

where the first map is the Kiinneth map of equivariant K-theory, the second is the restriction

map and the third is the isomorphism induced by the group isomorphism Agx g (o, 7)

Ag(O') XT AH(T).

~J

For any compact Lie group G and g € G, let 1 denote the trivial line bundle over

X9 and let ¢ denote the line bundle 1 ® g over X9. The map T above sends both 1 ® g and

g® 1 to q. So we get the well-defined map
K} (o) (X7) @212 K3y (1) (YT) = K (o (X x V)T,

(2.41) gives the Kiinneth map of quasi-elliptic cohomology.

Thus, we can define

QEUL(X)Boy QB (YY) = [ Koo (X7 @it Ky (Y7).

o.th,ors_TEHtors

conj conj

and

QENUL(X) &g+ QEU (Y) — QEUY, y(X X Y),

which is the direct product of those maps defined in (2.41).
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From this definition, we have
QEIIE (pt)®z1q+ QB (pt) = QBG4 (pt).

Proposition 2.4.15. Let G and H be two compact Lie groups. Let X be a G x H—space
with trivial H—action and let pt be the single point space with trivial H—action. Then we

have

QElgx(X) 2 QEll(X)®y,+QEly (pt).

Especially, if G acts trivially on X, we have
QEllc(X) = QEU(X)®z,+QEUc(pt).

Here QEI(X) is QEI7,, (X) = K3(X).

Proof.

QBlcxu(X) = [ KrownomX )= ] Kaci)sernm(X?)

seciy beaiys
hEH 3 heH
=[] KaciwX?) @zt Kapn(0t) = QElG(X)@zq+)QElx (pt).
9€GLT
hthors

conj

Proposition 2.4.16. If G acts freely on X,
QFEUL(X) 2 QR (X/G).
Proof. Since G acts freely on X,

0, if o+#e;
X7 =

X, ifo=e.

Thus, QEUL(X) = T Kji (o) /e (X7/Cal0)) = K5 (X/G).

Utho'r‘s

conj

Since T acts trivially on X, we have K3(X/G) = QEIl(X/G) by definition. And it is
isomorphic to K*(X/G) ® RT. O
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We also have the change-of-group isomorphism as that in equivariant K-theory.
Let H be a closed subgroup of G and X a H-space. Let ¢ : H — G denote the inclusion
homomorphism. The change-of-group map p% : QFIL(G x g X) — QEIll;(X) is defined

as the composite
QEIL(G xy X) 25 QEIL(G x i X) — QEI (X) (2.43)

where ¢* is the restriction map and i : X — G x g X is the H—equivariant map defined

by i(x) = [e, x].

Proposition 2.4.17. The change-of-group map
pS : QEIE(G x5 X) — QEIl;(X)

defined in (2.43) is an isomorphism.

tors 3 3 tors _ -1
Proof. For any T € H.0}%, there exists a unique o, € G.J7% such that 7 = g,;0,g; " for some

gr € G. Consider the maps

[[a,t],z]—[a,a] R e )

Ac(T) Xy X7 (G xy X) (G xy X)°. (2.44)

The first map is Ag(7)—equivariant and the second is equivariant with respect to the ho-

momorphism ¢, : Ag(0) — Ag(7) sending [u,t] — [grug; !, t]. Taking a coproduct over

tors

all the elements 7 € H/o% that are conjugate to o € Gl

cong in G, we get an isomorphism

Yo - HAg(T) XAH(,,.) X" — (G Xy X)U

which is Ag(o)—equivariant with respect to ¢y, . Then we have the map

vi= JI % Il EKiowGxuX)”— [ EKiooJ[Ae() xauem X7)
O.EGtoTs O.EGt,ors O.EGtors T

conj conj conj

(2.45)
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It’s straightforward to check the change-of-group map coincide with the composite

QEUHG x5 X) 5 [ KrowTTA60) xanin X)) — [ iy (X7

o.thors» T TGHtUTS»

conj conj

— QEl(X)

with the second map the change-of-group isomorphism in equivariant K —theory, introduced

in Proposition 2.2.1. O

2.4.4 Formulas for Induction

In this section 2.4.4 T introduce the induction formula for quasi-elliptic cohomology. Before
that I'd like to show the induction formula for Tate K-theory that Nora Ganter constructed
in [25].

Let H C G be an inclusion of compact Lie groups and X be a G—space. Then we have
the inclusion of the groupoids

j:X//H — X//G.

Let a= ][] a, be an element in
othors

conj

Krae(X//H) S J] Kco@)(X)((g™)).

o€ Htors

conj

Let
Ind$ : Ky(X) — Ka(X)

be the induced transfer of equivariant K-theory defined in (2.18).

As equivariant K-theory, Tate K-theory also has the change of group isomorphism
Krate(X//H) = Krate (G xg X)//G). (2.46)

Recall 1*°"*(X//G) is the torsion Inertia groupoid defined in Example 2.4.11. We have

the isomorphism of the groupoids

¢ I (G x gy X//G)) — G xpg I'"*(X//H) (2.47)
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sending an object (o, [g, 2]) to g, (9~ o9, 2)] and a morphism (', (0 [g.2])) to (¢, g, (979, 2)).

As indicated by Proposition 2.23 in [25], the finite covering map
FoI(G x oy X//G) -2 G xyp I (X /H) — I'°"(X//G)

where the second functor sends an object [g, (o, )] to (gog~!, gz) and a morphism (¢’, [g, (o, z)])

to (¢, (9gog~*, gr)). The transfer of Tate K-theory
IS : Kpare(X//H) — Krae(X//G)
is defined to be the composition
Krute(X//H) = Krate(G x5 X)//G) — Krare(X//G) (248)

where the first map is the change of group isomorphism and the second is the finite covering.

The formula for 1§ is

Ig(a)g = Zr Sty
T

where 7 goes over a set of representatives of (G/H)?, in other words, r~!gr goes over a set

of representatives of conjugacy classes in H conjugate to g in G.

Thus
Indgfl (ag) if g is conjuate to some element h in H;
Ifi(a), = (2.49)
0 if there is no element conjugate to g in H.
The induced transfer Z§ for QEIl is constructed in a similar way. Let o' = [ a,
O‘GHtUTS»

conj

be an element in

QEUX//H)= [ Kauw)(X)

O.GHtors

conj
where o goes over all the conjugacy classes in H.

We can define the finite covering map

I AG xg X//G) — ANX//G)
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sending an object (o, [g,z]) to (0, gx) and a morphism ([¢',t], (o, [g,])) to ([¢,t], (9, 0)).

The transfer of quasi-elliptic cohomology
T : QEU(X//H) — QEU(X//G)
is defined to be the composition
QEU(X//H) =, QFEU(G xg X)//G) — QFEI(X//G) (2.50)

where the first map is the change of group isomorphism and the second is the finite covering.

Thus
Ig(a/)g = Z r- a;*lgr

T
where r goes over a set of representatives of (G/H )Y, in other words, r~!gr goes over a set

of representatives of conjugacy classes in H conjugate to ¢g in G.

o Indﬁ\\g (ay) if g is conjuate to some element h in H;
Zg(a')g = (2.51)

0 if there is no element conjugate to g in H.

There is another way to describe the transfer, which is shown in [50] for quasi-elliptic

cohomology. The transfer of Tate K-theory can be described similarly.
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Chapter 3

Power Operation

In Section 3.2 I define power operations for equivariant quasi-elliptic cohomology QEILf (—).
And I show in Theorem 3.2.1 that they satisfies the axioms that Nora Ganter established
in her paper [23] for equivariant power operations.

In Section 3.3 I define orbifold quasi-elliptic cohomology in Definition 3.33. In Section
3.4 T define power operation for orbifold quasi-elliptic cohomology, which satisfies the axioms
that Nora Ganter formulated in [25] for power operations for orbifold theories.

Strickland showed in [60] that the quotient of the Morava E-theory of the symmetric
group by a certain transfer ideal can be identified with the product of rings [[ Ry where
each Ry, classifies subgroup-schemes of degree p* in the formal group associateszt(()) E°CP>.

In Section 3.5 I prove similar conclusions for quasi-ellitpic cohomology and Tate K-theory,

which gives a classification of the finite subgroups of the Tate curve.

3.1 Loop Space of Symmetric Power

Before constructing the power operation
Py, : Korb(A(X//G)> = QE”G(X) - QE”GIEn (Xxn) = Korb<A(Xxn//(G ! En))),

to make it explicit I introduce the groupoid D((X//G) 1 ¥,) in Section 3.1.1, which is

isomorphic to

L((X//G)15,) = I LeoX™//Aas,(g,0),

lg,0]e(Gzn) o

conj

as shown in Theorem 3.1.11. With it, it’s convenient for constructing the explicit formula

of the power operation.
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3.1.1 The groupoid D((X//G)1%,)

In this section I define the symmetric powers of orbifolds. In the case of a global quotient

orbifold X//G, the n—th symmetric power is X*"//(G1%,,). The main subject I introduce

in Section 3.1.1 is the intermediate groupoid D((X//G)1%,,), which will be shown in Section

3.1.2 isomorphic to the orbifold loop space L((X//G)1%,,) of the symmetric power.

Before introducing D((X//G)1%y,), for each torsion element (g,c) in G %, I construct

the groupoid Ay ) (X) and a subgroupoid D(, ) (X) of it. Then by combining all the

groupoids Dy, »)(X) together I construct D((X//G) 1 Ey).

Let G be a compact Lie group and X a right G—space. Recall X//G is the translation

groupoid. Let ¥,, denote the n—th symmetric group.

Recall that the wreath product G {3, has elements

(g,0) € G" x 5,

whose multiplication is defined by

(917 “Gn, U) ’ (hla T han) = (glha_l(l)v o 'gnho_l(n)a UT)'

G 3%, acts on X*" by

z-(9,0) = (To1)9o(1) " To(n)Jo(n)), for any z € X*", (g,0) € G1X,.

Remark 3.1.1. Consider the space

n:={1,2,---n}

(3.1)

with discrete topology. The symmetric group ¥, acts on n by permutation. For each (g,0) €

G XY, we have the commutative diagram

(g:9) G

G

IS]

n

I3 +— x
I3 +— x
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where the vertical maps are the projection to the second factor and (g,0) acts on n by
(2, k) - (g,0) = (xgr, o1 (k)), for each (z,k) € GUE,,.
So G132, gives a family of bundle isomorphisms

Gxn— Gx

I3

between the G—bundles.

Generally, for any orbifold groupoid

G= (Go,Gl,S,t,U,i)

we can define the n—th symmetric power G X, of G.

Definition 3.1.2 (Symmetric Power of G). The objects of the n—th symmetric power

G1X, are the points

€T = (xlv"'xn)

in G§" and the arrows of it are (g,0) with each g; an arrow of G starting at x; and o € ¥,,.

Z - (gv 0) = (xo(l)ga'(l)v Zy(2)9o(2)s " " xa(n)ga(n))'

The unit map sends the object x to (u(xy),---u(xn),Id). The composition of arrows (g,o)

and (h, ) where g,y = hi is given by

(970) © (hv T) = (glhzf*l(l)a o 'gnhafl(n))

The inverse of (g,0) is given by

(i(go(l))’ e Z.(go(n)), 071)'

The symmetric power (X//G) 1Y%, is isomorphic to the translation groupoid X *"//(G
2.). L((X//G)1xE,,) is isomorphic to L(X*"//(G1%,,)) and as defined in Example 2.1.14
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is the coproduct

H Lg.0)(X*")/[Acrs, (g:0).

(9:0)E(GIE,)tors,

conj
Let 0 € X, correspond to the partition n = > kN, i.e. it has N k—cycles. Assume
that for each cycle of o, we have fixed a first e’fement i1, and thus a representation as
(i1, ir).
For (g,0) € G1%,, let’s consider the orbits of the bundle G' x n — n under the action
by (g,0). The orbits of n under the action by o corresponds to the cycles in the cycle

decomposition of o. The bundle G'x n — n is the disjoint union of the G—bundles

|_| (G x {i1, - ix} — {i1,---ir})
(i1-++ik)

where (i1, ---ix) goes over all the cycles of o. Each bundle G x {iy,---ix} — {i1,--ix} is
an orbit of G x n — n under the action by (g, o).

Two G—subbundles
G x {ir,--ip} — {i1,- i} and G X {1, Jm} — {J1,- - Im}

are (g,0)—equivariant equivalent if and only if & = m and Cq(gi, -~ 91,95, -~ 9j,) 18
nonempty. For each k-cyclei = (i1, - -ix) of o, let W7 denote the set of all the G—subbundles
Gx{j1, - Jjm} — {j1, - jm} that are (g, o) —isomorphic to G x {iy, - - -ix} — {i1,---ir}.

There is a bijection between W and the set

{j =01, Jr) | (J1,---jr) is a k-cycle of o and Cq(gi,, - - - Gir» G - - - 951 ) 1S nonempty. }.

Let M7 denote the size of the set W7. Let af,ab, - ', denote all the elements of the
set W?. Obviously, i = (i1, --ix) is in W7. So we can assume ! is i.
For any k—cycle i and m—cycle j of o, if k # m, W7 and W7 are disjoint. In the

K2

case that k = m, if Ca(gsy, - Gir» Gji - - 95, ) 1S nonempty, W7 are W7 are the same set;

otherwise, W7 and W are disjoint. The set of all the k—cycles of o can be divided into

?

the disjoint union of several W/7s. We can pick a set of representatives 6, of k—cycles of ¢
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such that the set of k—cycles of ¢ equals the disjoint union

I wr.

1€0y,

Example 3.1.3 (The groupoids A, ,)(X) and D(, ) (X)). Now let’s introduce a groupoid

A(g,0)(X). The objects of it are the points of the space

H H kﬁgik i X

ko (i1,ik)

where the second product goes over all the k—cycles of o. The set of morphisms starting

from an object x is

{(Xk Xigby, ([aiatiL T [az}\/llf”tz}\/lf]aﬂ%x) | T € EM,% [a;‘-,t;‘-] € Ag(gﬂ(j)k 9r(i)1 Gk 'gjl)

for each j € W7 .},
where T; permutes the cycles of, ab, - alMg in W. The composition is defined by

[Xk Xichy, ([a’ivti]’ T [aﬁ\dfvtﬁ\lf]v,rl)] © [Xk Xicoy, ([bllapll]v te [bg\/lf’pzwf]v QZ)] (33)

- xk} xlEGk([aibirl(l)’tﬁ +p_z;_7;71(1)]’ e [a/,llwlabz—fl(]\/[;’)7t§wf +p:_;1(Mf)]7TZQZ) (3'4)

And for any Xy Xieo, (Vir, - vimg) €1 I kL, 0, X,
k (ilfnik)eek

(XK Xico, (i1, '%,M;f)] [Xk Xico, ([a}ti], T [aéwivytéwg}ﬁi)]

= Xk Xiet, (Vi (1) [aiiu)y tii(n}, S Vi (M) [a;i—i(Mf)v ti—i(Mf)])'

And as shown in (2.11), each

irra() * 105,y ey D () = ima ) - ) (E+ 1)

Let D4 5)(X) denote the subgroupoid of Ay o) (X) whose objects are the same as Ay o) (X),
and whose morphisms are those of A(g,g) (X)) with all the t;-s having the same image under

the quotient map R/kZ — R/Z, for each k, each k—cycle i, and each j =1,--- M?.
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Combining all the groupoids D(y +)(X), we can define the groupoid

D((X//G)1%,).

Before that we need to recall some properties of Cas, ((g,0), (9", 07)).

(h,7)isin Cax, ((g,0),(g',0")) if and only if 70" = o7 and g,((5))hri) = hT(Uz(i))g;,(i),
Vi.

We can reinterpret the two conditions above. Since 7 € Cx (0,0), 7 maps a k-cycle
i = (i1, - ig) of o’ to a k-cycle j = (j1,---jx) of o. 7 will still used to denote its map on

the cycles, such as 7(r) = s. For each | € Z/kZ, let 7(i;) = ji+m,; where m; depends only

on 7 and the cycle i. Then, the second conditions can be expressed as
Vi S Z/kZ, gjl hjl71 = hjlggl—mi . (35)

From this equivalence, we can induce that the element

/-1 -1 =1 _ -1 —1 3
RiwGis i Gin = 951 7 G P,

maps g;, -+ gj, to g;, ---g;, by conjugation. In other words,
ﬁ-r L 1—1 -1 3.6
B = hagil, 99 (3.6)

is an element in Ca(gj, -~ 95,9, -~ 9i,). Thus, Calgy, - g4, i, -~ - 9i,) is nonempty.

Definition 3.1.4 (D((X//G)1%,)). Let D((X//G)1%,,) denote the groupoid with objects

the points of the space

I I #ee X

(g:0)E(GZp)tors k (i1,-+ix)

where (i1,---ix) goes over all the k—cycles of . The set of morphisms starting from an

object

er H ng 911

(J1,dr)
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to an object in the component 1;[ . H )kﬁg;k,..gng corresponding to (g',0") is
i
{oxxsen,(lad, 6], ey ) 730,2) | 75 € Dot
o i .
[a%?ti)] € AG(g;-J(p)k o 'g-/,—j(p)17gpk T 'gp1) fO’f' each pE nga

all the tf,s have the same image under the quotient map R/kZ — R/Z.},

. J Jo.AJ ; (4
where T; permutes the cycles o, oy apgg I wy.

The formula for the composition is

[k xico, (la1,t1], - lahse tare ] )] © Xk Xieo, (101,P1] < [Bhse s Phag ) 00)] (3.7)

= Xk Xi€9k([aib3i—1(1)vti erj—i_l(l)]’ e [a&fbii_l(Mf)’t%{’ +pii—1(Mia)}aTiQi) (3'8)

And for any xg Xico, (Y1, vimg) €11 I1 wLgi, g, X,
k (i1, ik ) €0k

[xk Xi€0y, ('72',1’ e "Yi,M{’)] ’ [Xk Xiety, ([aivti]v e [aéwfatéwf}ﬂ-’i)]

= Xk Xieo,, (Vi,mi(1) [aiiu)» tiiu)}» C Vi (M7 [aii(Mg)a ti—i(Mf)])‘

And as in (2.11), each
Vi)~ (5t D) = (i) - @, 5) (8 + 855))-

A skeleton for D((X//G)1%,) is a subgroupoid of the disjoint union

11 Dig,0)(X)

(g,0)E(G=n) 00

conj

whose morphisms consists of those with all the rotation tj-s having the same image under
the quotient map R/kZ — R/Z.

Proposition 3.1.5 shows the groupoid A(g,a) (X) is a translation groupoid. As a corollary,
D(y,0)(X) is also a translation groupoid. Thus, to study Ko (A(g,0)(X)), Kors(D(g,0)(X))

and Kop(D((X//G)1E,)), we can start by studying the representation ring of a group.
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Proposition 3.1.5. Each A, ,)(X) is isomorphic to the translation groupoid

(H H k[’gik‘“gz‘lX)//(HHAlé(Fi,l)ZZM;’)

ko (ir,ir) k €0y
where T'; , is defined in (3.9).

Proof. First let’s see some facts about the centralizers.

To simplify the symbol, let I'; , denote the element

Gui, Gt (3.9)
where o, = ((al)1,- -~ (af)r) is an element in W7 and p = 1,2--- M7. Assume the repre-

sentative i = (iy,---ix) of W/ is af.
We have a 1-1 correspondence between Cg(u1) and Cq(uq,us) for any uy,us € G if

C¢(u1,us) is nonempty. With a representative 6 € Cq(ug, ug) fixed, the correspondence is

Cg(ul) — CG(U%Ul)

h — oh.

And we can define a map

Ca(ug,ur) x Cg(ug,ug) — Cglus,ur)

(51752) — 0201.

Let’s fix representatives for Cq(I';;,I;s) in a compatible way. First fix representatives
oi21 € Ca(li2,Ti1), 0iz2 € Ca(Ti3,Ti2), -+, 0ime me—1 € Ca(Line, Tipe—1). And
get all the other representatives by inverting a representative or multiplying several of them.

Then we are ready to get a map

Coli; Iis) — Cals) — Ca(Tin)
h =oh e 0000 o

-1

—1
i51(05 1 sh)0is1 = 031,505 jhoi s 1 = 041,5h0 51

where o i

Let’s consider the group

H H AE(T;0) 0 VIS

k i€y
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For each [b;,t;] € A’é(F“), the product [UZ-,T(j),l,O][b;,t;][cri71,j,O] € A’é(Fi,T(j),Fi,j). It

acts on any xXx Xieq, (vi1, Yimg) €I I #Lgi g, X by
k (i, ir)
(X Xieo, (i1, Yirg)) - (X Xieo,, (01, 8], Do, thee], 7))
=(Xk Xieo, ('72’,17"'%,M{’)) )
(Xk Xico, ([O'i,r(l),lyo][biati][gi,l,ho]»'"[Ui,‘r(Mf),lvO][bé\/[faté\/[f][gi,l,vaOLTZ‘))

= % Xieo, (Vi 1) ([05,r1),1, 010, £1)[03.1,1, 0]), - - Vi (M) ([Oir (07,1, 0] [bﬁlwg ) t?%g] [0i1,07,0]))-

It’s quite straightforward to check that this is a well-defined group action and the translation

groupoid associated to this action is isomorphic to Ay 5)(X).

And we have the corollary below.

Corollary 3.1.6. Let
I []=A&@in) i Sare
k

1€0y

denote the subgroup of T] T] A’é(Fi,l) VX mg consisting of those elements
k i€hy,

(xk Xig0y, ([bzlﬂfﬂa[ 3\4{’7t3\4{’]ﬂ7—1))

with all the tz-s having the same image under the quotient map R/kZ — R/Z, for each k,

each k—cycle i, and each j = 1,--- M7. D4 - (X) is the translation groupoid

(H H kcgik”'.‘]ilX)//(HT H TAGTi1) it Snre ).
ki

ko (i1,-ik) €0y

To study Kort(A(g,0)(X)) and Korp(D(y,0)(X)), we need to study the representation
ring of wreath product. Theorem 3.1.7 below gives all the irreducible representations of a

wreath product. It’s a conclusion from [34].

Theorem 3.1.7. Let {p} be a complete family of irreducible representations of G and
let Vi, be the corresponding representation space for py. Let (n) be a partition of n. (n) =

(n1,---nn). Let D) be the representation

pi@nl ® e ®p%nN

54



on the space V™ @ - @ VE™ . Let S(p) = Spy X -+ X Ly

Let (D)™~ be the extension of Dy from G*™ to G Q1% ) defined by

(Deny)~ (91,1, G1nas N1 N3 0)) (V1,1 @ - @ V1 @ - @ UNT @ @ UNpy )

N
= ®Pk(9k71)vk,a;1(1) Q- Q pk(gkmk)vk,o’;l(nk)’
k=1

where o0 = 01 X -+ X on with each o, € X, .

Let D, with 7 € RYy,) be the representation of G 1 ¥,y by

D:((91,n15 " INmn; 0)) = 7(0).
Then,

{IndIEg? (D)™ @ Dr|(n) = (n1,---nN) goes over all the partition;

(3.10)

(3.11)

(3.12)

T goes over all the irreducible representations of ).}

goes over all the irreducible representation nonrepeatedly of Gl %,,.

And we can get all the irreducible representations of the fibred wreath product

Ag(o)ir N

in a similar way.

Note that

{p1 ®z(g%) - @z(¢%] pn | Each p; is an irreducible representation of Ag(c).}

goes over all the irreducible representation of

Ag(O') X o X Ag(O').

The proof of Theorem 3.1.8 is analogous to that of Theorem 3.1.7 in [34], applying

Clifford’s theory in [15] and [16].

55



Theorem 3.1.8. Let {pi}Y be a basis of the Z[gt]—module RAg(c) and let Vi be the

corresponding representation space for px. Let (n) be a partition of n. (n) = (nq,---

Let DT

(n) be the Ag(o)*™ —representation

Qg% )™ Ozq%) N

P ' Qapgt] - ®zigt] Py

on the space VE™ @ -+ @ Vg™ . Let By = Spy X -+ X By

Let (D’(En))w be the extension of D,y from Ag(o)*™ to Ag(o) it Xy defined by

(Dp(ﬂ‘n))N(([gl,lvt]v e [gl,nlvt]v e [gN,lat]v e [gN,ant];J))(vl,l K- & Ul,nl (ORI UN,1 ®

:®Z[qi]pk([gkvlv ﬂ)”k,a;lu) Qzlg*] * " Bz[q] Pk([gk,nkvt])vk,a,;l(nk)v

where k is from 1 to N and 0 = o1 X -+ X oy with each o}, € X, .

Let DT with T € RY(y,y be the representation of Ag (o) it Xy by
DE(([gLnut]’ T [gN,mwt]; U)) = T(U)'
Then,

{Ind|§g§§§g§j (D)~ @D} | (n) = (n1,--nn) goes over all the partition;

TLN).

(3.13)

(3.14)

(3.15)

T goes over all the irreducible representations of ¥y).}

goes over all the irreducible representation nonrepeatedly of Ag (o) it 2.

From Theorem 3.1.7, the representation ring of each A% (T; 1) DN VERTRS Z[qi%]—module.

Thus, the representation ring of

H H AE(T;0) 0 Ynme,

k i€by

PN ® UN,'”«N)

which is the tensor product of the representation rings of each Ag(FM)ZEM;’ ,is a Z[g*]—module

via the map

=

1
Z(g*] — Z[g**), ¢ ¢*F
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Thus, the representation ring

R(ITIT A& (i) 1 8arr) = Q) @) RAG(Ti1) 1 Eay)

k €0y k i€6y

is a Z[q*]—module.

Moreover, Ko(D(g,0)(X)) is a Z[g*]—module via the map

R(IT [T A&Tin) 1 Sarr) = KD (Agg,o) (0t) — Koy (A(g.0) (X)) — K (Dig.0) (X)),
k €0y
(3.16)

where the second map is induced by X — pt and the third one is the restriction.

3.1.2 Loop Space of Symmetric powers

In this section I show that the groupoid £((X//G)1%,,) is isomorphic to D((X//G) 1 X,)

defined in Definition 3.1.4, as shown in Theorem 3.1.11.

First I show each component L, ,)(X*")//As, (g,0) is isomorphic to the groupoid
Diy.0)(X).

Theorem 3.1.9. The two groupoids L4 (X*")//Aais, (g,0) and D4 »)(X) are isomor-
phic. Thus, this isomorphism induces a Ags, (g, 0)—action on the space

Il

[T cCo o X
(i1,+ix)

Remark 3.1.10. In [24] where Nora Ganter studied the stringy power operation of Devoto’s
equivariant Tate K-theory, she proved a conclusion analogous to Theorem 3.1.9 without
considering the circle action on the space. I show in Theorem 3.1.9 the homeomorphism
between the spaces L4,5)(X*") and

Il

T #2e, -0, X
(i1, +ik)

is not only Cas, (g, 0)—equivariant but also Ags, (g,0)—equivariant, with the equipped

St—action.
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Proof. 'm going to construct two functors

F(g,a) : ‘C(g,a) (Xxn)//AGlzn (ga 0) - D(g,o’) (X)

and

Jig.0) : Dig.o)(X) — Lg.0) (X)) [Aciz,, (g, 0)-

F4,0) sends a path

v= (’Yl;’)/n) c [-:(g,o')(XXn)

to the product of Y N}, paths,
k

H H Vie * YirGin * 0 F Vi 1 Gig 1 7 Gias
k (i1,ix)
which is an object of Dy, o) (X).
A morphism in Ly ,)(X*")/ /A, (g, 0) is of the form [(h, 7), ] with (h, 7) € Cas,, (g, 0)
and t € R.
Let 7 send the k—cycle i = (i1, -ix) of o to a k—cycle j = (j1,---jr) of 0 and 7(i1) =

Jitm,- According to the definition above, the path of Fi, ;) (v [(k,7),t0]) in x Ly, ..., X is

(’Y]ml h]ml * ,-ijri#»lhjwzi«#lgil koeeox ij,i—lhjm,i—lgikfl e gll)(t + to)?

which is

h,
(Vi * Vi Gin * = * Vi Gir - 9in) (E + 15 +t0) - B77

where ﬁjﬁf is the symbol defined in (3.6).
F(y,») maps the morphism [(h,7),t] to

h, h,
Xk Xicoy ([6;(1—),15 my + t]’ T [ T(&,{’),M;”me + t]’ T|Wia)

where 7|we denotes the permutation induced by 7 on the set W7 = {of,ab, - af.},
771(4) is short for 771 (o) and 7(j1) = 7(J)14m, -
It sends the identity map [(1,- -, 1,Id), 0] to the identity map xj X;eq, ([1,0],---[1,0],Id).

And F, ,) preserves composition of morphisms. So it is a well-defined functor.

Now let’s construct J, ). For an objectxy X;eq, Vi in D(g’a)(X), it sends v; €
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KLy, gi, X to {vm}] with {v; .}, with

Vi, = Vikl[0,1]

and

Vis(t) = Vl"k(S-’-t)gi:l .- -gizl.

For each morphism

in Dy »)(X), we can get a unique [(h, 7),t] € Ags, ((g,0)).

Let ¢ be a representative of the image of m/ in R/Z. Then, let m{, = m} —t for each
k=1,2---n. Each m} is an integer.

When we know how 7 € Cx, (o) permutes the cycles of o, whose information is contained
in those of € ¥ wmg, and the numbers mi, - ~m§vff, we can get a unique 7. Explicitly, for
any number j, = 1,2---n, if j, is in a k—cycle (41, - jx) of o and is in the set W7, then 7
maps j, to Qf(j)r+m;, i.e. the 7 4+ mj-th element in the cycle 0%(4) of 0.

For any a € W7, Vk and 4, I want u}, = ﬂf{;))a for some h. Thus,

Pr(a) = UbGay - "Gy - (3.17)

And by (3.5) we can get all the other h

T(a);-

It can be checked straightforward that Ji, ) is a well-defined functor. And it does not
depend on the choice of the representative ¢.

In addition, J(g,g) o F(QJ) = Id,; F(gﬁ) o J(g)(,) = Id. So the conclusion is proved. O

Theorem 3.1.11. The two groupoids

LI(X/)G)1%y,) = 11 Ligo)(X*™)//Aais, (g, 0)

(g:o)e(Grzin)tors

and

D((X//G)1%n)

are isomorphic.
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Proof. If (g,0) and (g’,0") are conjugate in G ¢ ¥,,, each [(h,T),t0] € Aciz, ((g,0),(g’,0"))

gives an isomorphism from L, ,)(X*")//Aas, (g,0) to Lig on(X*")//Aas, (g, 0") by

vy (k7)) bl

There is a canonical isomorphism F/([(h, 7),t0]) from D(y 5)(X) to Dy 5 (X) so that the

diagram below commutes in the category of Lie groupoids.

ny g0
'C(g,o) (XX ) S D(g,a) (X)

\L[(hﬂ'),to] \LF([(hﬂ')vto])

n F(i/v“l)
Lgon)(X*") —— D(g/,51)(X)

Let v = (71, - -7n) be a path in Lg,0) (X*™). Then, the path of F(g/,g/)(qh [(h,T),%0])(t)

in kﬁ A X is
i i1
Ve Por i) * Yr(in) Pr (i) 96, * % Ve (i) Pr (i) Gi, -+ - 9, (£ + o). (3.18)

The path of Fy 5 (7) in £ £ X is

ik 9

Yie * Vi1 951 * * Vie—19ik—1 " Ghr-

By the relation (3.5), each v.; yhr(i,)9i, = 9;

1

in (3.18) is equal to

J

—1 —1
Virsmy Dirmy 951950 G Wi,

=h /—1 /—1

1 1
The element 95y " G, hjmi =hi9i, . iy

So the map of F([(h,T),to]) on the path v; € L X corresponding to k—cycle

9ig" 951

(j1,- - Jx) of o is defined by

F([(h,7),t0]) is an isomorphism between the two groupoids.

O

Remark 3.1.12. Recall Ay(g,0) is the quotient group of Ceas, (g9,0) x R by the normal
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subgroup generated by (g*, —1). Lg,0)(X*™) is a A(g,0)-space. For each k,

II #Loyo, X

(i1, +ik)

is a Ay (g,0)-space since the action of (g,0;0) on

ny: [0,k] — X

is the same as (e, Id; 1) on it, as indicated in Example 4.4 in [24].

In addition, I state in Proposition 3.1.13 some properties about the functor F, ;) con-

structed in the proof of Theorem 3.1.9 and Theorem 3.1.11.

Proposition 3.1.13. (i) If 0 = (1) € Xy, the morphism F(y 1y is the identity map on
Ly(X).
(ii) Let (g,0) € G1E, and (h,7) € G E,,.

ﬁ(gva)(XXn) % ﬁ(ﬁﬂ_)(XXm) and E(Q,E,UT)(XX(m+n))

are Aars, (9,0) Xt Aays,, (b, T)-equivariant homeomorphic.
(i41)F 4,5y preserves cartesian product of loops. The following diagram of Aax, (g,0) X

Aas,, (h, T)—spaces commutes.

L(g,o) (XXM x *C(ﬁ,'r) (X xm) (V1,72) =1 X2 »C(g,ﬁ,crr) (Xx(n+m))

n"0F(g,h,or)
Fig,0) X F(n,r) h

II IT #Lypg, X xIT II Ln,,n,, X
k (ll,lk) J (Tl:"'rj)
where (i1, - - - i) goes over all the k—cycles of o and (r1,---r;) goes over all the j—cycles of

T.

Proof. (i) has already been indicated in the proof of Theorem 3.1.9.
(i) Let v1 = (71,1, 1) € Lg,o)(X™™) and v2 = (42,1, 12,m) € L, (X™).
Define
®: Lg.0) (X)X Lipr) (X)) — Lig pom) (X0)

g,0)

61



by

D(y1,72) = (1,1, VY2, V2m) € Lighor) (X (mtn)y,

® is a homeomorphism.

Let n: Ags, (9,0) Xt Aas,, (b, ) — Aais,,. ., (9, h; 07) be the inclusion

([, 2], [B,8]) = [ev, 3 1],

where a € Caiz,(9,0), 8 € Cas,,(h,7), and t € R. Then 7 induces a Ags,(g,0) Xt
A, (b, T)-action on the space E(E@UT)(XX(”””)). And ®isaAgs, (9,0) xrAas,, (b, 7)-

equivariant homeomorphism between
Lg,0)(X7") X L, r) (X7)
and
1" (L (g o) (X)),

(iii) Fly,0) sends a path

v = (’717""7n) c E(Q,U)(Xxn)

to the product of Y Ny, paths,
k

H H Yie * YirGin * 0 F Vi 1 Gig 1 7 Gias
k

¢ (i1, k)

which is an object of Dy, o) (X).

Fig.nor) (71 X 72) is the product

H H Yie *Vin Gin ¥ *¥ Vi 1 Gip 1 Gin H H ,yjm,*’yjlhjl*.'.*fyjm,—lhjm—l "'hjlv
ko (i1,ik) m (ji,jm)
where (i1, - i) goes over all the k—cycles of o and (j1, - jm) goes over all the m—cycles
of 7. It is exactly Flg,0) (71) X F,ry(72)-
It’s straightforward to check both maps are Agsx, (9,0) X1 Ags,, (b, T)—equivariant.

O
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Proposition 3.1.14 (Naturality). Let f : X//G — Y//H be a homomorphism between

groupoids. Let (g,0) € G13,. Let (f(g),0) denote the element (f(g1),--- f(gn),0) € H1Ey,.

Then f induces homomorphisms

Dg,0)(f) : D(g,0)(X) — D(4(9),0)(Y)

and

Ligo)(f) 1 Ligo) (X7 ")/ [Aais, (g:0) — Ligg),0) Y ")/ [ Az, (f(9), 0)-

Then the following diagram commutes in the category of Lie groupoids.

Lig,0)(f)

Lgo)(X*")/[Aaim(g,0) ——— L4(9),0)(Y ")/ /Ams,, (f(9),0)
F(ng)l F(@ml (3.19)
Dig,0)(f)
Dig,0)(X) — D(y(9).0)(Y)-

Proof. For any ~ : [0,k] — X such that y(k) = v(0) - g, let f.v :[0,k] — Y denote the

map f.y(t) = f ov(t). We have f.y(k) = f«v(0) - f(g). So we have a well-defined functor

KLg(f) : kLyg(X)//Ac(9) — kLs(e)(Y)//Au(f(9))

sending an object v to f«(y) and sending a morphism [«, ] to [f(a),t].

Similarly we can define

Lg,o)(f) 1 Lig,o0) (X)) /Acrs, (9,0) — Lig9),0) Y ")/ /Ams, (f(g),0)

by sending an object v to fi«(y) and a morphism [a, 7,¢] to [f(a), 7,t]. And define

Dig,0)(f) : D(g,0)(X) — Dys(g),0)(Y)

to be the homomorphism sending an object

H H 7(i17---ik)€H H k‘cgik"'gilX
k

(1,+ik) ko (i1, k)
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to

H H f*’y(ila"'ik)GH H kﬁhik"'hilX
k

(i1, k) ko (i1,ix)

where (i1, - ix) goes over all the k—cycles of 0. It sends a morphism

Xk Xigy, (([aivti]’ e [ahpt?w]»ﬂ)ax)

of D(g’a) (X) to

Xk Xigoy, (([f(all)vtll]a T [f(aéwlf’)Jé\/[{’]?Ti)a f*l‘)

where 0 is a fixed set of representatives of k—cycles of o.

Then it’s straightforward to check the diagram (3.19) commutes. O

Let’s consider the full subgroupoid of L, »)(X*")//Aqs, (g, o) whose objects are the

constant loops, i.e. the points in (XX")(Q"’). A(g, o) acts on (XX”)(Q’”) by
z-[(h,7),t] ==z (h,7), for any z € (XX”)(Q"’), [(h,7),t] € Alg,0).

And let d(,4 ,)(X) denote the full subgroupoid of D, ,)(X) whose objects are the constant
loops, i.e. the points in [[ [] X% %1,
k (i1,-ix)
Let f(4,0) denote the restriction of the functor F(, ) to the full subgroupoid consisting of

constant loops, which is an isomorphism from (X)) //Ags (9,0) to d(g,0)(X). Thus,

f(g,0) induces a Ags, (9, 0)—action on the space

H H X9

k(1)

where (i1, - i) goes over all the k—cycles of o.
Moreover, let d((X//G)1%,,) denote the full subgroupoid of D((X//G)1%,,) consisting

of constant loops. Then we have
Corollary 3.1.15. The groupoids A(X*"//G1%,) and d((X//G)1%,) are isomorphic.

Remark 3.1.16. Let X be a G-space and g € G. Recall the group Ax(g) = ACG(g)(gk).
The map puy, : KA(gk)(ng) — K, (9)(X7) constructed in (2.35) can also be defined for

loop spaces. We have seen L4 X is a Ag(g)-space. It can also be viewed as a Ay (g)-space
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with the action

[hys] - y(t) :=y(t + ks) - h.

Let
3 LgX//Ak(g) — Lo X/ /Ai(g)

send y(t) to

Yy gx-wy - gt (k).

J is well-defined and Ag(g)—equivariant. When restricted to the space of constant loops,
it is exactly the inclusion X9 — x9".

L is defined to be the composition
* 8" * j *
ot (Lor X/ /MG (g7)) == Koy (Lar X[ [A1(9)) == K (Lg X/ /Ak(9))

where the first map is induced by the inclusion 3 : Ap(g) — Ac(g").

3.2 Total Power Operation of QLI

In this section I construct the total power operations for quasi-elliptic cohomology and give
its explicit formula in (3.30). In Theorem 3.2.1 I check they satisfy the axioms that Ganter
concluded in [23] for equivariant power operation.

The power operation of quasi-elliptic cohomology is of the form

]P)n = H ]P)(g,o) .

(9,0)€(GEn)ESTS

conj

QEIlH(X) — QEllgy, (X™") = H Kngys, (270_)((X><n)(270-))7
(g,0)€(GIs,,)tors

conj

where P, maps a bundle over the groupoid
AMX//G)

to a bundle over

AXT (G E)),
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and each P(, ;) maps a bundle over

AX//G)
to a Agx, (g, 0)—bundle over the space (X %)@ [/ Aepss. (g,0).

I construct each P(, ;) as the composition below.

U* On

QEUE(X) = Ky (Aly, o) (X)) == Koy (A (X))
[z flaor s s
7 orb(d(g,a) (X)) - Aai=, (g:0) ((XX )(g) ))7

where k € Z and (i1, - i) goes over all the k—cycles of 0. I will explain in detail what
each map in this formula is: U : A(lgﬁ)(X ) — A(X//G) is the groupoid homomorphism
defined in (3.20). The second map is the pullback ( )2 defined in (3.25). The third map X
is the external product in (3.29). The fourth one is the pullback by f(g,g), which is defined

before Corollary 3.1.15.

The Functor U
For each torsion element (g,0) € G Xy, 1 € Z, let Af, ,(X) denote the groupoid with

objects

H H X Gig i

ko (i1,1)

where (i1, ---ix) goes over all the k—cycles of o, and with morphisms
H H Ag(gzk gllvgjk g]l) X Xgik'”gil’
ko (i1,1k),(J1,dk)

where (i1,---ix) and (j1,- - jx) go over all the k—cycles of o respectively. It may not be a

subgroupoid of A"(X//G) because there may be cycles (i1, --ix) and (1, - jm) such that
gik...gilzg‘jm...g‘jl.

Let

U: Agg’g)(X) — A(X//G) (3.20)

denote the functor sending x in the component X991 to the z in the component X994

of A(X//G), and send each morphism ([h,t],z) in AL (gi, -+ Gir, G =~ 9j,) X X991 to
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([h,t],z) in A%;(gik S Girs i G5y) X X9 9 In the case that g;, --- g5, and g, - g5,

are equal, ([h,t],z) is an arrow inside a single connected component.

The Functors ( ) and ()2

For each integer k, there is a functor of groupoids ( )i : k£L(X//G) — L(X//G) sending
an object s — (s) in a component L, X to t — ~y(kt) in the component £,X; and ( )
sends a morphism ([h, to], (s — 7(s))) to ([h, §], (t — ~(kt))). The composition has the
equivalence (( )x), = ( )r. Its restriction to the constant loops A*(X//G) — A(X//G) is
also well-defined. T will use the same symbol ( )5 to denote the functor on the subgroupoid

of constant loops.

In addition, the functor ( ) gives a well-defined map
KOTb(‘C(X//G)) — o7‘b(k£(X//G))

by pull back of bundles. Let V denote a £L(X//G)—vector bundle over £L(X//G). R/kZ acts

on the pull-back bundle (V) by ( )i via precomposing with the map

R/kZ — R/Z, a %

For example, if S! acts on V by the representation ¢, it acts on (V) via

gt :R/KZ — U(1)

27wia

are k.
More generally, if V has the decomposition

V=@V, (3.21)

=

then the pull-back bundle has the decomposition

Vi = P Vit (3.22)

JEZ

Restricting ( )i to the subgroupoids A(X//G) and X?//Aqg (o) of L(X//G), we obtain
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the rescaling maps

Korp(MX//G)) — Korp(A*(X//G)) (3.23)

and

Kory(X7//A(0)) — orb(Xa//Ag(U))~ (3.24)
Let’s still use the symbol ( ); to denote it when there is no confusion.

Let Afy" (X) be the groupoid with the same objects as A%gyg)(X) and morphisms

H H A]é(gzk g“’g]k g_71) X Xgik...gil’
ko (inyin),(yee-di)
where (i1, i) and (j1,-- - jr) go over all the k—cycles of o respectively.

We can define a similar functor

Ok = AL (X) — Afy o) (X) (3.25)

that is identity on objects and sends each [g,t] € AL(gi, - i, 95, - 95) to [9,%] €

Ab(glk o Gi 9y 'gj1>'
And we use the same symbol ()2 to denote the pull back

Korb(Al (X)) — Korp(A{y7) (X)) (3.26)

(270') (270)

The external product X

Let G and H be compact Lie groups. Let X be a G-space and Y a H-space. Let
o € G and T € Ho"s,

In Section 2.4.3 T introduce the Kiinneth map and the completed tensor product @Z[qi]
of quasi-elliptic cohomology. To simplify the symbol in this section, for z € K7} . (9) (X9)
and y € K3, (Y"), let’s use

Xy

to denote their external product x®z(,+)y in K} (X xY)@M): and for T € QEIUE(X)

axm(g,h)

and y € QEl}(Y), I use

TAY = H @AY ()

(g,h) EGtors_ X Htors_

conj conj
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to denote their external product as Z[¢g*]—algebras in QEIl%, (X x Y), where each (7 A

Z’D(!Lh) is 55] X gh.

Similar to the Kiinneth map (2.41) of quasi-elliptic cohomology, we can also define the

Kiinneth map

K3 (d(g,0) (X)) ®zpg#) Ko (din,7) (X)) — Kb (d(g,0)(X) X1 d(1,7) (X)),

which is compatible with that of quasi-elliptic cohomology in the sense of (3.28).

First let’s talk about the external product of K7, (D40 (X)) and K

orb

(D) (X)) with
(g,0) € G1%, and (h,7) € G %,,. Each K,

orb

(Dg,0)(X)) is a Z[qT]—algebra, as shown at
the end of Section 3.1.1. The external product in the theory K, (D(,,0)(—)) is defined to
be the tensor product of Z[g*]—algebras.

Recall that a morphism in D, )(X) is of the form
(Xk X i€y ([ali?tli]a T [a§\4§7t3\45]7Ti)7x)

in which 7; € Yo, [a),t4] € A& (9r. (i) -~ Gri()ar i~ - 952 )» for each j € W7 . Each t} in it
has the same image under the quotient map R/kZ — R/Z. So we have ¢(t}) = q(tz/,)

Let D(y,5)(X) X1 D(5,7)(X) denote the groupoid with objects of the form
T XY

where x is an object in D, ,)(X) and y is an object in D ,y(X), and with morphisms
starting at x X y of the form

fxg

where f is a morphism starting at z in D(g’g)(X) and ¢ is a morphism starting at y in
D 1,7y(X), and all the ¢ part has the same image under the quotient map.

D(g’g)(X) X1 D(p,7)(X) is a subgroupoid of D(g,ﬁ,m)(X) when we consider (g, h,o7) as
an element in G145, instead of G1(E, X X)), D(g,0)(X) X1 D3,y (X) and Dy p o) (X)
have the same objects.

We have the Kiinneth map

K:rb(D(g,a) (X)) ®Z[qi] K:rb(D(ﬁ,T) (X)) - :rb(D(g,U) (X) X D(ﬁﬂ') (X)) (327)
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Recall d(4 ,)(X), which is defined before Corollary 3.1.15, is the full subgroupoid of
D (4,-)(X) consisting of the constant loops, i.e. those points in [[ J] X991,

- k (117%)

By Proposition 3.1.13 (iii), restricting the Kiinneth map (3.27) to the subgroupoid

d(gﬁ) (X)
K:rb(d(g,a) (X)) ®Z[qi] K:rb(d(ﬁ,T)(X)) - ;rb(d(g,a) (X) X d(ﬁ,T) (X))

It is compatible with the Kiinneth map (2.41) of the quasi-elliptic cohomology in the sense

that we have the commutative diagram

K3, (d(g,0) (X)) ®zpg%) Ko (d(n,0) (X)) — K, (dig,0)(X) XT d1,0) (X))
f?g,cv)@z[qi]f@,a)l f?@ml
* n Ned * m v, 0 * n ,h),o
Ao (0.0) (X)) @1 KR o) (VBT KR s (g (X x Y L8R

(3.28)

where the horizontal maps are Kiinneth maps.

In addition, if we have a vector bundle £ = [[ [[ Eg, ..q, over Ay o) (X), the
k (iv,ix) =
external product
&, g(ilv'”ik) Egik"'gil

is a vector bundler over d(, »)(X). This defines a map

Korb(A%g,o) (X)) — Korb(d(g,a)(X)) (3.29)

Composing all the relevant functors, we get the explicit form of Py ,)

Plg.o) (V) = flg.0) Bk By i) Vi g0, Jk)- (3.30)

where () is the map cited in (3.24).
P(g,0) is natural. And by the proof of Theorem 3.1.11, if (g,0) and (h, 7) are conjugate
in G1%,, then P(, ;) (E) and P, - (E) are isomorphic.

Theorem 3.2.1. The family of maps

Po= ]I Plo: QBUGX) — QEllgs, (X7,
(gﬁ)e((;’gz;n)tom

conj

70



defined in (3.30) satisfies

(i) Py =Id, Py(z) = 1.

(ii) Let x € QEIL(X), (g,0) € GUE, and (h,7) € GUX,,. The external product of two
power operations

Aars,, n(27ﬁ§‘77—)
Plg.o) (@) WP (2) = Tesly g " (5 o) xrnam,, (n,r) P lgsbion) (2)-

(iii) The composition of two power operations is

AGzZm71 (Qv(lao))
Pnryio) Bm(2)) = resly " O by Bl o) (@)

where (h,7) € (G1X,,)"", and 0 € ¥,. (7,0) is in Xy, 1 Xy, thus, can be viewed as an
element in Xy, .

(iv) P preserves external product. For (g,h) = ((g1,h1), - (gn, hn)) € (G x H)*™,

o€ Xy,

Aais, (9,0) XA H3, (R,0)
(g (@ Ay) =resly " (gm0 P(g,0) (@) W P(p,0) (y)-

Proof. Let’s check each one respectively.
(i) When n = 1, all the cycles of a permutation is 1-cycle. ( ); and the homeomorphism

f(g,(1)) are both identity maps. Directly from the formula (3.30), Py(z) = .
(if)

P(g,a)(l') D P(E’T)(x) = f(*g,o)(‘gk Ix(il,“'ik) (xgik'”gil)k) X f(*@,'r)(&j &(Tl’i..,«j) ('/I;h'r""'h'r'l )J)

J
Aais,, 4, (g5hioT) *
= res|/\cz>:n (9,0)XtAcs, (E,T)f(g,@;cﬁ)((®k IE(ih"‘ik) (Igik i )k)

X (&5 Ry ory) (@, oohy )i))-

J

where (i1, - - - i) goes over all the k-cycles of o and (rq,---7;) goes over all the j-cycles of T

and ( ) is the map cited in (3.24). The second step is from Proposition 3.1.13 (iii).

Flgniory (B B, iy (@g, g0, 1) B (& By vy (@0, nry )5))

is exactly



(iii) Recall that for an element (7,0) = (71, Tn, 0) € U, it acts on the set with mn
elements

{G,)1<i<n1<j<m}

in this way:

(Iv U) : (l,j) = (U(i)’Ta(i) (]))

That also shows how to view it as an element in X,,.,,.

Then for any integer q,

(17 U)q ' (17]) = (Uq(i)v Toa(i)Toa=1(3) """ To(4) (J)) (3'31)

To find all the cycles of (7, 0) is exactly to find all the orbits of the action by (r,c). If
belongs to an s-cycle of o and j belongs to a r-cycle of T,s(;)T,e~1(;) -+ * To(i), then the orbit
containing (7, j) has sr elements by (3.31). In other words, (i1, -is) is an s-cycle of o and

(J1,- -+ Jjr) is a r-cycle of 7 :=7;_ - - -7, if and only if

((ih Tiq (jrfl)>(i27 TizTiq (jrfl)) to (iSij)

(7;17 Tiy (jT72))(i2a TigTiy (j?”72)) e (Z‘Svjrfl)

(i1, 7iy (J1)) (s Tip Ty (J1)) - -+ (@5, J2)

1,75, iz, )+ 1)
is an sr-cycle of (7, 0).

P(nryio) Pm () = f{nr):o) B Bay i) Py, rip )t om0 ) (€))i]

= )0 [P iy i) L,

i

i)ty iy ) B G (@, ) )e]

= (f(*(ﬁi);a) o H f(*(ﬁik,Tik)"'(ﬁil,Til)))[gkv(ih"'ik) &n(jlw-jr) (le‘,l)kr]
k‘,(ih-"ik)

= f{g,(z,a))[&k,(ilv“ik) |Z|T,(j1,~~-jr) (mHii)kT]
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where

J lk,jlhik,l,n’kl(jl) T (g Ty ) T ()

h;

zk,jzhik_l,ri;l(]é) e hi17(7"ik"'7—i2)_1(j2)

h

ikgjrhik,l,ri_kl(j,,.) T hil,(T'ik“'Tiz)_l(jr)

= hy . h -h

U 1,Tip_q " TipgTig (G1) ° 7 1,7y (Gr)

hiy, g b -h

ik 1,Tip g TigTig (J2) 777 a7y (1)

h

ik,jrhik717ﬂk71“'7'1‘27'1’1 (Gr—1) """ hi177i1 (Jr—1)
where (i1, - - i) goes over all the k-cycles of o € ¥, and (j1, - - - j,) goes over all the r-cycles

of 7, -7, €3, The last step is by Proposition 4.11 in [24].

St o) B inin) B (o) (T or]

is the same space as P, (r,»)) (), but the action is restricted by

|AGzEmn(h (7,0))
Acrsmnsn ((BT)i0)"

(iv)We have

Pi(g,0),0) (@ ANY) = Fgn).0) B By i) (@ AY) (g5, w0, hi by ) B

hig

:f{MJ)(@k Dy i) (xgik“'gil)k X (yhik'”hil)k>

= gm),0) Bk B i) (@i, i, 1) B By oy (Wn, oy, )

|Aczzn(g7 YXTA s, (h,0)

Ay ((9,h),0) (f(go' Xf(ho))(gk g(zh “ik) (xgzk 911) )IZ(& IE(r1, rj)( hrl)j)

Acis, (9,0) XA s, (h,0)
Slammn (@h)o) g B Bir i) @ouyogiy eI B S o) B By oy (W oty )5

where (i1, ---ix) goes over all the k—cycles of o and (71, - - - ;) goes over all the j—cycles of
o. It equals to
res|AGZEn (9:9) X1 A Hrs, (LU)P(QJ) (z) R P(g,a) (y)

Aexans, (9,9)
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Example 3.2.2. Let G be the trivial group and X a space. Let o € ¥,,. Then QEI}(X) =

K3(X). F,0) is the homeomorphism
ﬁ(l’g)(XX") = H H LX
ko (in,ir)

in Theorem 3.1.9, where the second direct product goes over all the k-cycles of o. By (3.30),

the power operation is

]P(LU)(‘r) =X &(zlzk) (.T)k

When n = 2, Py (1)) (z) = 2 X2 and Py 12)) () = (7)2.

When n =3, P yayay (@) = e XWax R, Py 2)0))(x) = ()2 M, and P 123)) () =
(z)3.

When n =4, Py (1)) (@) = sRaeReMa, Py o)) (2) = (2):Xaxla, Py 123))(z) =
()3 W 2, Py 23ap(x) = (7)1, and P 12)i34))(x) = (x)2 X (2)2. Note that there is a

Yo —action permuting the two (x)2 in P (12)(34))(2)-

When G is trivial, pi(z) = (x), though generally they are not equal.

Remark 3.2.3. We have the relation between equivariant Tate K-theory and quasi-elliptic
cohomology

QElc(X) @441 Z((0) = Krare(X//G). (3.32)

It extends uniquely to a power operation for Tate K-theory

QElg(X) @z14+) Z((q)) — QFllgys, (X™*") @z14+) Z((q))

which is the stringy power operation PS'""9 constructed in [24]. It is elliptic in the sense

of [2].

3.3 Orbifold quasi-elliptic cohomology and some basic
constructions

The elliptic cohomology of orbifolds involves a rich interaction between the orbifold structure

and the elliptic curve. [25] explores this interaction in the case of the Tate curve, describing
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Krpgte for an orbifold X in term of the equivariant K-theory and the groupoid structure of
X. I give a description of quasi-elliptic cohomology for an orbifold in Section 3.3.1.

In Section 3.3.2 I recall the symmetric power of groupoid, which is introduced in [25].
In addition, I discuss the inertia groupoid of symmetric power and the groupoids needed for

the construction of the power operation in Section 3.4.

3.3.1 Definition

First let’s recall some relevant constructions and notations. The main reference is [25].
Consider the category of groupoids Gpd as a 2-category with small topological groupoids
as the objects and with

1Hom(X,Y) = Fun(X,Y),
the groupoid of continuous functors from X to Y.
The center of a groupoid X is defined to be the group

Center(X) := 2Hom(Idx, Idx) = NMat(Idx,Idx)

of natural transformations from Id, to Id,.
Let Gpd©™ denote the 2-category whose objects are pairs (X, ) with £ a center element

of X, and the set of morphisms from (X&) to (Y,v) is
1Hom((X, &), (Y,v)) C Fun(X,Y)
with
fE=vf
for each morphism f. I will assume all the center elements have finite order.

Example 3.3.1. If G is a finite group, Center(pt//G) is the center of the group G.

Example 3.3.2. The Inertia groupoid I(X) of a groupoid X, which is defined in Definition
2.4.10, is isomorphic to
Fun(pt/]Z,X).

Each object of I(X) can be viewed as pairs (z,g) with z € ob(X) and g € aut(z), gr =xz. A

morphism from (x1,g1) to (x2, g2) is a morphism h : x1 — x5 in X satisfying hogy = gaoh
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in X. So in I(X),
Hom((z1,91), (v2,92)) = {h: 21 — x2|lhogs = gaoh}.

Recall I*°7$(X) is a full subgoupoid of I(X) with elements (x,g) where g is of finite
order. Let £* denote the center element of I1'°"*(X) sending (x, g) to (x,g"). I will use & to
denote £'.

For any k € Z, we have the 2-functor

gpd _ gpdcen

X e (I'75(X), ).

Example 3.3.3. In the global quotient case, as indicated in Example 2.4.11, I*°"$(X//Q)

is isomorphic to [ X9//Cq(g). And the center element &¥|xo = g*.
gthO’V‘S

conj

Let pt//R x1.¢ I'°"*(X) denote the groupoid
(pt//R) x I'"*(X)/ ~

with ~ generated by 1 ~ &.

Definition 3.3.4. For any topological groupoid X, the quasi-elliptic cohomology QEI*(X)
is the orbifold K-theory
s (Pt /R X10g I3 (X)). (3.33)

orb

In other words, for a topological groupoid X, QFEII(X) is defined to be a subring of

Komp(X )[[qiﬁﬂ that is the Grothendieck group of finite sums

> Vag

acQ

satisfying:

2mia

for each a € Q, the coefficient V, is an e — eigenbundle of &.
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In the global quotient case,
QFEI*(X//G) = QFElULH(X).
Remark 3.3.5. For any topological groupoid X, we can also consider the category
Loop; (X) := Bibundle(S'/ /%, X)

and formulate Loop$® (X)) by adding the rotation action by circle, as in Section 2.1.2. And
exrt

then, we can formulate the subgroupoid A(X) of Loop$®*(X) consisting of the constant loops,

which is isomorphic to pt/ /R X1.¢ I"75(X).

3.3.2 Symmetric powers of orbifolds and its torsion Inertia
groupoid

In this section I introduce the total symmetric power of groupoids, the torsion Inertia
groupoid of it, the total symmetric power of the torsion Inertia groupoid, and other groupoids
that are relevant in the construction of the power operation. In addition, in Lemma 3.3.10,
Lemma 3.3.12 and Lemma 3.3.13 I show the relation between these groupoids.

Gpd is a symmetric bimonoidal category with the monoidal structures given by (L, 0)
and (x,pt). Each groupoid X € ob(Gpd) is a monoid with respect to (L, ), via the folding
map

d: XuX — X.

X is amonoid with respect to (x, pt) if and only if X itself is a symmetric monoidal category.

Example 3.3.6 (Total Symmetric Power). I introduce the n—th symmetric power X132,
of a groupoid X in Definition 3.1.2. In addition, the total symmetric power of X is defined
to be

S(X) =[] X13n. (3.34)

n>0
S is a functor from Gpd to Gpd.

The functor S is exponential. We have

SXuY)=J[XuynS, =(J]X1Z0) x (J] Y12m) = S(X) x S(Y).

n>0 n>0 m>0
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In other words, the functor
S (gpdvl—l7®) - (gpd7 X,pt)

1s monoidal.

Moreover, S maps monoids to monoids. S(X) is a monoid with respect to (x,( )) where
«:= S(d),

i.e. the concatenation, and the unit () is the unique object in X1Xo. The monoidal structure
18 symmetric.

The triple

(S(X),% ()

is "free” symmetric monoidal category on X in the sense that the functor
X = (S(X),%,())

is left adjoint to the forgetful functor from the category of monoids in Gpd to Gpd.

Example 3.3.7 (The torsion Inertia groupoid of the total symmetric power). Now

let’s consider the groupoid I*°"*(S(X)). It’s the disjoint union

H Itors(X ) En)

n>0

Each object of it is of the form (z,g,0,n) where n > 0 is an integer, x € ob(X ! ¥y),
(g,0) € GU1%,. Since (g,0) is an automorphism of x in X1%,, each arrow g; is a morphism
from x; to x,-1(;y. The information of each object in I'"*(S(X)) is contained in (g,0).

Itrs(S(X)) inherits a monoidal structure from S(X):
(g,0)* (h,7) = (g, h,oUT).

An object (g,0) of I'°"*(S(X)) is indecomposable with respect to * if and only if n > 0
and o € X, has only one orbit.

Moreover, for groupoids like pt//R Xj~¢ X, instead of S(pt//R Xx~e X), let’s consider
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a subgroupoid

S™(pt//R Xgmg X)
of it.

Example 3.3.8 (The Groupoid S%(pt//R x;¢ X)). Let
P = pt/ /R Xpne X — pt//(R/Z)
be the functor sending all the objects to the single point, and an arrow

[9,1]

to

t mod Z.
Let xr(pt//R Xp~e X) denote the limit of the diagram
Pt/ /R Xpoe X 25 pt/ | (R)Z) <22 pt/ /R Xjoe X .

And let

xR (pt/ /R Xpg X)

denote the limit of n morphisms pjs.
Xp(pt/ /R X g X) inherits a X,—action on it by permutation from that on the product
(pt/ /R Xpmg X )™,

Let SE(pt//R x e X) denote the groupoid with the same objects as
xg (pt/ /R Xpg X)

and morphisms of the form ([g1,t1],- - [gn,tn];0) with ([g1,t1]," - [gn,tn]) @ morphism in

xB(pt//R X g X) and 0 € ,,. This new groupoid SE(pt//R X e X) is a subgroupoid of

(pt//R Xpge X) 15y,
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Let

S (pt] /R xpg X) = [T SH(pt/ /R X e X).
n>0

The triple
(ST (pt/ /R Xpong X), %, ()

is a symmetric monoid.
SE(pt//R xpme X) is the symmetric product that we will use to formulate the power

operation of quasi-elliptic cohomology.

Example 3.3.9 (The groupoid ®(X)). Let ®;(X) denote the full subgroupoid of I'*°"*(S(X))
whose objects are (x,g,sk) with . a generater in the cyclic group ((12---k)). And let
¢ € Center(®y) denote the restriction of Si(&) to Py.

Let ®(X) := [ ®x(X). Then
k>1

¢ = H or € Center(®)

k>1

is the restriction of S(&€) to ®.
Thus, the essential image of ®(X) in I*°"$(SX) is the subgroupoid consisting of inde-

composable objects. And the functor ® is additive: ®(0) = () and it preserves L.

Lemma 3.3.10. For each integer k > 1, there is an equivalence between
Pt/ /R X1ng, Pi(X)

and the groupoid pt/ /R x e Itors (X)[g%] which identifies ¢y, with 5%. Here 5% s an added

element such that the composition of k 5%5 is €.

Proof. Lemma 3.3.10 is a special case of Theorem 3.1.9 that the element o € ¥ has only

one cycle. We can define a functor
Ak D/ /R X1, Bu(X) — pt//Rx, o I (X)[€F]

by sending an object (z,g, (12---k)) to (z1, gk - - - 91) and sending a morphism [A, (12--- k)™, ]
to

—1 -1 -1
[hk?gl—nz k19, oM + t]
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_ P . . . JId .
Recall hkglfm o -gk_llgk ! conjugates g --- g1 to itself. It is 6(@12”_16)’(12._]6) defined in

(3.6), which is used in the proof of Theorem 3.1.9. Ay is an isomorphism, as implied in the
proof of Theorem 3.1.9.
O

Remark 3.3.11. As an immediate corollary, we have the equivalence between the disjoint
union of groupoids ]E[pt//R X1mgy Pr(X) and ]E[pt//R X et Itors(X) (] where k goes
over all the integers.

Moreover, the symmetric power S(]]pt//R X1~g, Pr(X)) is equivalent to the groupoid
S(]%[ pt/ /R X ek Itors(X)[¢+]). The f:rmula of the equivalence is straightforward to obtain

from the functors Aygs.

Theorem 3.1.9 can be reinterpreted as the lemma below, where the ¢t part makes a

difference and we need the product S%.

Itors(X)[£%]) is equivalent to Pt/ /RX1us(e)

1
~EE

Lemma 3.3.12. The groupoid S®(][ pt//Rx )
k
ItOTS(S(X)),

Most details in the proof of Lemma 3.3.12 come from that of Theorem 3.1.9.

1o ()€ 1)).

1
~ER

Proof. T'll define a functor F from pt//Rx1..g(6) 1% (S(X)) to SE(I] pt//Rx .
k

Let

(z,9,0)

be an object in the category pt//R xq.s(e) I*°"*(S(X)) where o € ¥,,. F sends it to
H H (xiﬂgik"'gi])
ko (ir,in)

where the second product goes over all the k—cycles of o.
Let

[h, 73 1]

be a morphism starting at the object (z,g,0).
Let 7 send the k—cycle i = (i1, --ix) of o to a k—cycle j = (j1,---jr) of 0 and 7(i1) =

Ji4m, -
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F sends [h, T;t] to

h, h,
Xk Xico, ([B7(1)1m1+ ], [ T(JTM;),Mg’me +t, 7wy )
where 7|we denotes the permutation induced by 7 on the set W7 = {of, b, - af.},

771(j) is short for 771 (), and 7(ji) = 7(§)14m,-

F is fully faithful and essentially surjective, as implied in the proof of Theorem 3.1.9. [

Lemma 3.3.13. We have an equivalence of groupoids
QF - ST(pt/ /R X1ng B(X)) — pt/ /R X150 177 (S(X)),
which is natural in X and satisfies

QS (9) = S(©Q".

Proof. Let I be the inclusion
pt//R X106 ®(X) — pt//R X10506) 17 (S(X)).
Let € be the counit of the adjunction (S, x,( )) H forget. Let @ be the composition
Q: S(pt//R X1y P(X)) el S(pt//R x1us(6) 17 (S(X))) = pt//R X 1050 I (S(X)).

Let QF be the restriction of @ to the subgroupoid ST(pt//R x1., ®(X)), i.e. the

composition

SR(I) ors
Q" : ST(pt//R x10p B(X)) — ST (pt//R x10s(e) I (S(X)))
I‘eStI‘ICt_IO)Il of e pt//R Xle(f) ItOTS(S(X)).
The essential image of I consists exactly of the indecomposable objects of pt//R x 1 g(¢)
It°r$(S(X)), thus, both Q and Q' are essentially surjective.

Q is not fully faithful but Q% is. That’s why we need the product S instead of S.
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3.4 Power Operation for orbifold quasi-elliptic
cohomology

In this section I first recall the definition of power operation for cohomology theories for
orbifolds and construct Atiyah’s power operation for quasi-elliptic cohomology in Example

3.4.3. Then I construct the total power operation for the orbifold quasi-elliptic cohomology
PP QEIN(X) — QEI(SX)

for any orbifold groupoid X, as shown in (3.38). The power operation I constructed in
Section 3.1 is a special case of it for G—spaces.
First Let’s recall the definition of the total power operation for orbifold theories given

in [25].

Definition 3.4.1. Let E be a cohomology theory for orbifolds with product and let S be the
symmetric power product on the orbifolds. A total power operation for E is a (non-linear)

natural transformation

P:E=FEoS

satisfying
e Comodule property: P makes E a comodule over the comonad (—) o S.
e Fxponentiality: The map

P:E®W) — E(pt)

sends 0 to 1, and

P:E(XUY) — B(SX x SY)

sends (a,b) to the external product P(a) ® P(b).
We can write P as P = (P,)n>0, with P, := I P. Then P, is called the nth power

operation of P.

Example 3.4.2. Let’s recall the Atiyah’s power operations for equivariant K-theories defined
in [5]. In real or complex K-theory, let x = [V] be represented by a G-equivariant vector
bundle V over a G—space X. Then the nth exterior product P, (V) := V¥ over X*" has

an obvious G 1 ¥, —structure.
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Then let’s consider the case when X is a topological orbifold. Let V' be an orbifold vector
bundle over X. Then P,(V) := VB is an orbifold vector bundle over S, X. P = (Py)n>0

satisfies the axioms of a total power operation.

Example 3.4.3. Let’s consider the case when E is quasi-elliptic cohomology. Let X be
a topological orbifold. As defined in Section 3.3.1, &% is the center element on I*°"$(X)

sending (z,g) to (x,g"). Let V be an orbifold vector bundle over the orbifold
Pt/ /R X1 Itors(X)7

thus, V' represents an element in QEI(X).
Recall QEI(X) is a Z]qg*]—algebra via the inclusion

Zlg*] = QEIll(pt) — QEIU(X),

and the exterior product B in quasi-elliptic cohomology is defined as the tensor product of
Z[q*]—algebras. Then
P (V) :=VEn

is an orbifold vector bundle over
STt/ /R x106 17 (X)),
which is equivalent to
pt//R X1ng SItOT’S(X).

So P, (V) is in QEI*(S(X)).

P = (P,)n>0 satisfies the axioms of a total power operation.

Before the construction of the power operation of QFIll, I introduce several more neces-
sary constructions.

Let X be an orbifold groupoid and k£ > 1 an integer. We define the map

sk FKorp(Pt/ /R X1ne I (X)) — Korp(pt//R X g 1" (X)) (3.35)

D " Vag"] = [ Vag?] (3.36)
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and
I s Kors(pt//R x1e T7(X)) — Ko (] [(08/ /R X e T°°7(X))). (3.37)
k k
The functor
(g A U)(X) — Al )(X)

9 (g;0

defined in (3.22) is a special local case of s when X is a G—space and (g, 0) is fixed.

Let 0 : QEU(X) — Komp(pt//R X106 ®(X)) be the additive operation whose k—th

component is A} o s, where Ay, is the equivalence defined in Lemma 3.3.10.

Now we are ready to define the total power operation of QFEIl*:

PP QEI(X) 2 Korp(pt/ /R X 16®(X) 5 Kora (SR (pt/ /Rx1~50(X))) “— " QEU(SX).

(3.38)
Theorem 3.4.4. PP satisfies the axioms of a total power operation in Definition 3.4.1.

Proof. From the definition of PP! we can see it is a well-defined natural transformation
QFEIll = QFllo S and is a comodule over the comonad (—) o S.

In addition, the functor 8 has the property of additivity

0: QEI(X UY) — QEN(D(X)LUd(Y))

(a,b) — (0(a),0(b)).

And the power operation P defined in Example 3.4.3 has the exponential property. There-

fore, PE! has the property of exponential. So PF! is a total power operation. O

Remark 3.4.5. Let X//G be a quotient orbifold. The power operation I constructed in
Section 3.1 for quotient orbifolds is in fact the one below, if expressed totally:

P QBN (X//G) " Ken (LUt /R, oy I (X/[G)[gH]) L Koy (S (ULt 2%,y
Iors(X /) G)[E7])) AR QEU*(S(X//G)) where J is constructed from the functors Jiy o) in
the proof of Theorem 3.1.9.
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Here is a little explanation about P. FEach orbifold vector bundle V' over the groupoid
[T pt//R x| g 17X/ /Q)IER),
k

it’s a Zlg*]—algebra. The n—th exterior product P, (V) := V" is the tensor product as

Z[qT]|—algebras. It is an orbifold vector bundle over SE(]] pt//R X et Itors(X ) /G)[Er]).
k

And P = (P,)n>0 satisfies the axioms for total power operation.

For quotient orbifolds, PP" and P are the same up to isomorphism. The diagram

QEI*(X//G) QEI*(S(X//G))
le (QR*)IT

Konp(pt/ /R X1 T (D(X//G))) — Kor(S™(pt/ /R X109 B(X//G)))
Ig AZT SR(ITJ AZ)T

Korb(]zl PR > I (X//G)[eR]) 2 Korb(SR(IE[ PR X, 4 I (X//G)[EF]))

commutes. The vertical maps || A} and ST([] A}) are both equivalences of groupoids. And
k k

the horizontal maps are the power operation defined in Example 3.4.3.

3.5 Finite Subgroups of Tate Curve

Strickland showed in [60] that the quotient of the Morava E-theory of the symmetric group

by a certain transfer ideal can be identified with the product of rings [] Rx where each Ry
k>0

classifies subgroup-schemes of degree p”* in the formal group associated to ECCP>. I prove

similar conclusions for Tate K-theory and quasi-ellitpic cohomology. The main conclusion

for Section 3.5 is Theorem 3.5.1.

3.5.1 Background and Main Conclusion

An elliptic curve over the complex numbers C is a connected Riemann surface, i.e. a
connected compact 1-dimensional complex manifold, of genus 1. By the uniformization
theorem every elliptic curve over C is analytically isomorphic to a 1-dimensional complex

torus, and can be expressed as

(C*/qZ
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with ¢ € C and 0 < |¢| < 1, where C* is the multiplicative group C\{0}.

Tate curve Tate(q) is the elliptic curve
L, v+ zy = 2% + auz + ag
whose coefficients are given by the formal power series in Z((q))

as = —5 Zn3q”/(1 —q") a6 = —15 (Tn® + 5n3)¢" /(1 — ¢™).

nz=1 n>1

The points of order N in C*/¢” are

(C/q")IN] = {z € C*|z" € ¢"}/q"
= {2z € C*|2" = ¢* for some k € Z}/¢*

={zeC* 2N =¢" k=0,1,---N —1}/¢~.
Tate(q)[N], the scheme of points of order N in Tate(q), is defined to be

Spec(Krate(pt//CN)).-

It is isomorphic to

N—-1
[T specZ((a))le]/ (™ — ).
k=0

In addition, there is a question how to classify all the finite subgroups of C*/¢*. The
answer is already known, as shown below.

To give a subgroup for each order N, pick a pair of integers (d, e) and a nonzero complex
number ¢’ such that N = de and d,e > 1. Let ¢’ be a nonzero complex number such that

q% = ¢’°. Consider the map

It’s well-defined since ¥4(q%) C ¢'2.
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We can check that Keryy has order N. Explicitly, it’s
{uiq ¢"n,m € Z}
where pg is a d—th primitive root of 1 and q% is a e—th primitive root of ¢. In fact
{Keryy| d divides N and d > 1}

gives all the subgroups of C*/¢% of order N.

Theorem 3.5.1 gives a classification of finite subgroups of Tate curve and a similar con-
clusion for the quasi-elliptic cohomology. In Section 3.5.2 I show the proof of Theorem
3.5.1.

Let N be an integer. Analogous to the transfer ideal I;, of equivariant K-theory defined

in (2.19), we can define the transfer ideal for Tate K-theory

Ifete = " Tmage[I5N 5 Krare(pt//Si X £5) — Krare(pt//Sn)] (3.39)
i+j=N,
N>3>0

where Ig is the transfer map of K4 along H «— G defined in (2.48), and the transfer

ideal for quasi-elliptic cohomology

P = " Tmage[I3Yy : QEU(pt//Si x ¥;) — QEI(pt//Sy)] (3.40)

i+j=N,
N>35>0

with Z§ the transfer map of QEIl along H — G defined in (2.50).

Theorem 3.5.1. The Tate K-theory of symmetric groups modulo a certain transfer ideal

classifies finite subgroups of the Tate curve. Explicitly,

Krare(pt/ /En) /15 = T Z(@)ld'1/{a” = d°), (3.41)
N=de

where I is the transfer ideal defined in (3.39) and q' is the image of q under the power

PTate

operation constructed in [25]. The product goes over all the ordered pairs of positive

integers (d,e) such that N = de.
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We have the analogous conclusion for quasi-elliptic cohomology.

QEU(pt//5n)/TP" = [] Zlg. a1/ (e — d°). (3.42)

N=de
where ItQTE” is the transfer ideal defined in (3.40) and ¢’ is the image of ¢ under the power
operation Py constructed in Section 3.2. The product goes over all the ordered pairs of

positive integers (d, e) such that N = de whose order maitters.

3.5.2 The proof

I'll show the proof of (3.42). The proof of (3.41) is similar.

Let’s start with several simple examples.

Example 3.5.2 (N =1 and N = 2). When N =1, ¢ = q, QEll(pt//%1) = Zlq,q7 1],
and TE2F" is trivial. (3.42) holds obviously.

The second simplest case is when N = 2.

QEll(pt//Zg) = KA22(1)(pt) X KAZQ((12))(pt) = RAEz(l) X RAEz((12))

= Zq,q 7', 8)/(s* = 1) x Zlg, ¢~ "][2]/(2* — q)

where s is the sign representation of .

By the formula (3.80), ¢ = P(1y1)(q) X Pi2y(q) with P1y1y(q) = q* and P12y(q) = qz.
We may notice that q is the only representation in Zlq, ¢ '][x]/(#2—q) solving the equation
22 —q=0.

The transfer ideal IgE” is the image of the transfer Igfle, namely,

Azz(l

Indy 20 ) Eas, s, )(P1) € Ky, 1) (PD)-

By Lemma 2.4.7, In dAZ"’( ) 5 (1 )1 = 1+ s and generally Ind ( ) (l)q” = (14+s)®q™. Thus,
1
we have
Ky, (p0)/Z37" = Z(g, a7 ]d)/(d — ¢°).
And

Ky, a2 (pt) = Zlg, ¢ [d']/(¢” — @)
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So

QEU(pt/ [$2) /T3 = Zla,q7"][d)/(d' — ¢°) * Zla.a7'[d')/(d? — @)-
Thus, when N = 2, the isomorphism (3.42) holds.

Example 3.5.3 (N = 3). Now let’s consider the case when N = 3. As shown in Example

244,

QEll(pt//Zg) = KA):S(l)(pt) X KAE3(12) (pt) X KA23(123) (pt) = RAEJ(I) X RA23(12) X RA23(123)

=~ RY3 ® Zlq,q '] % Zlg, ¢ [z]/(2® — q) x Z[g, ¢~ "[]/ (v* — @)

By (5.30),

1 1
7 = Py, Pazya) Pazs)) = (6%, 47 ® ¢,47) (3.43)

Then let’s consider the transfer ideal. In this case ngE” is the tmage offgszl, namely

As. (1) As. (12)
IndAzzxgl (I)KA22><21 (U(pt) X IndAingl(m)KAzzle (12) (pt) € KAEg(l)(pt) X KA23(12) (pt).

Since Ay, (12) = Ay, x5, (12), the second part

As, (12)
f”dAij “S (12)K A5, x5, (12)(PF)

is Ky, s, 12)(P) = Kag, 12) (D).
As indicated in Proposition 1.1 and Corollary 1.5 in [5], for each n,

{Indgzl | @ = (a1, 9, ay) is a partition of n and o, = X, X -+ X Xo, .} (3.44)

is a base for RY,. Thus, by Lemma 2.4.1 and Lemma 2.4.7, as a Z[q, q~']—module,

As, (1)
f”déj vy () As,0m, (1) (pt)

contains all the base elements given in (3.44) except the one corresponding to the partition

(123), which is the trivial representation of As,(1). So

Asy (1)
Kas,) (Pt)/I"dAz; vy () Ay m, (1) (pt)
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is Zlg, g, which is obviously Zlg, [}/ (¢’ — ¢°).
And KA23(123)(Pt) = Zlg, a7 '[¢)/(¢® — @) q% = P123)(q) is the only element in the
representation ring RAs, (123) solving the equation 3 — q = 0.

Combining the above cases we get

QEU(pt/ /S3)/T3™" = Za, ¢ ld')/ (¢ — ¢°)  Zla.a " )[a')/ (" — a)-

Thus, the isomorphism (3.42) holds when N = 3.

Example 3.5.4 (N =4). Now let’s consider the case when N = 4, which is more compli-

cated than the previous examples.

QEU(pt//E4) = Kny, (1) (P) X Ky, (12) (P) X Ky, (123) (P1) X K p g, (1234) (P1) X K Ay, (12) (34) (PY).

There are many similarities between Example 3.5.4 and the previous examples.

In this case the transfer ideal ZgE” 1S

As, (1) As, (1)
Azzle(l)KAE:sX&(l)(pt) x Ind/\? 22(1)KA22X$2(1)(pt)X

As, (1) As, (12)
Azjxm( )KAEME (1)(pt) x Ind 24 22(12)KA>32X22(12)(pt)X

In d/\24(12)
As,

Ind

Ind

Asy, (123) As, (12)(34)
(12)KAz3le(12)(pt) x Ind 24 )31(123)KA>:3><21(123) (pt) % Ind/\z;lxg2(12)(34)KA22><22(12)(34) (p?)

which is contained in

Kg, (1)(Pt) X Kay, 12)(pt) X Ky, (123)(p1) X Ky, (12)(34) (D).

By Lemma 2.4.1 and Lemma 2.4.7,

A As, (1) As, (1)
A§4><2 (1)KA23><>:1(1)(pt) x Ind 24 = (1)KAE2><22(1)(pt) x Ind 24 5 (1)KA21X23(1)(])I§)

(3.45)

Ind

contains all the base elements given in (3.44) with N = 4 except the one corresponding to the
partition (1234), which is the trivial representation of As,(1). So the summand KAE4(1)(pt)
modulo the ring (3.45) gives Z[q,q~ ], which is obviously isomorphic to Z[q,q '][q']/(q¢' —
q*). By the formula (3.50), Poyayamym (@) = q*. So when d = 4 and e = 1 in (3.42),
Zlq,q ']/ (d" — q*) is isomorphic to KAE4(1)(pt) modulo the ring (3.45).

Ky, (12)(pt) is completely contained in the image of Kay_ ., (12)(pt) under the transfer
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since Ax,(12) = As, x5, (12). So Ky (12)(pt) modulo

As, (12) As, (12)
In d/\z;lxzz(12)KAZ2><22(12)(pt) x Ind 24 21(12)KA23><21(12) (pt)

L A As, (123
is trivial. And since As;, (123) = As,xs, (123), Ky (123)(pt) and IndAig(le ()123)KA23X21 (123)(pt)
are equal. So Kpy (123) (pt) modulo IndAE4(123()123)KA23X21(123) (pt) is also trivial.

In addition, Ky (1234)(pt) = RAx,(1234) = Z[q, ¢ '][¢']/(¢* — q). By (3.30), P1234) =
qi which is the only solution of the equation x* — q = 0 in the ring RAx,(1234). So when
d=1 and e=41in (3.42), Zlq,q "1[q'l/(¢"* — q) is isomorphic to Kay, (1234)(pt).

Now let’s look at the part for the cycle (12)(34), which is a new case different from the
previous cases. Cyx,((12)(34)) is the wreath product (Z/2Z01%2. As,((12)(34)) is isomorphic

to As,((12)) ir Xo with the isomorphism defined by

[(91,92;0),t] = ([91,1], [g2,1];0).

We have conclusions for the representations of wreath product like As,((12)) i1 X2 by
replacing the tensor product @ between the p;s in Theorem 3.1.7 by ®z(q.q-1)- As shown in

Ezample 2.4.3, a base for the representation ring RAs,xx,((12)(34)) is
{4 @p0.0-114% | a,b € Z}. (3.46)

Then by Theorem 3.1.7,

A 12 b)) b a N
{Ind > ) 08 @npg g ©D1 | a,b € ZYH (0% ©apg0-114%)"®D | 0 € Z,7 € RS}

(3.47)
contains all the irreducible representations of As,((12)) it X2, where D, corresponding the
representation T is defined in (3.15) and D; is the representation corresponding to the trivial
representation 1.

Now let’s consider the image of

Kz, o, ((12)(34)) (1) =2 RAs, 555, ((12)(34))

92



under the transfer. The image is generated by the image of the basis given in (3.46), namely,

As, ((12)(34)) b
{In. dAsz22((12)(34))q ®zlq,q-1] 42 ® Dy | a,b € Z}, (3.48)

which is the first set in (3.47). Since q* ®2zlg,q-1] q? is 1-dimensional representation, we

have

As, ((12)(34)) a a ay a a
IndAi;lxzz(( )(34))(] ®Z[q,q ]q2®D1 = (q2®Z[q,q—1]q2) ®Dlnd§?x211 - (q2®Z[q7q ] 2) ®D1+S

where s is the sign representation of ¥o. They gives all the elements in the second set in
(3.47) except
{(q% ®z[q,q-1] 4 %) ® Dy | a€Z}. (3.49)

Ass, (12)(34 . _
So Ky, (12)(34) (pt) modulo IndAz;izjglzi(M)KAzzxzz(12)(34) (pt) is a Z|q,q~']—module gen-

erated by (3.49).

Since

(q% ®Z[q,q_1] q%)N ® Dl = q2b(q%_b ®Z[q7q_1] q%_b)N
where b is largest integer smaller than 5. As a Z[q, q~t]—module,

Asx, (12)(34
Ky, (12)(34)(pt) modulo Ind 24( )512;(34)K/\22X22(12)(34)(1’@

is generated by
{17 (q§ ®Z[q,q_1] qE)N}a

which is a basis for it. The solutions to 2> — ¢*> = 0 in the ring RAs,(12)(34) are q¢ and

(q% ®Z[q,q*1] q%)N. So

A 12)(34
Ky, (12)(34)(pt) modulo Ind,\?iz)g ;(34)KA22X22(12)(34)(P’5)

is isomorphic to

Zlq,q "1/ (d” — ¢*),

corresponding to the case d =2 and e = 2 in (8.42). So for N = 4, the isomorphism (3.42)
also holds.

I'll continue the discussion further after proving the isomorphism (8.42).
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Now let’s see the proof of (3.42) for any N.

Proof of (3.42). Let’s start with two extreme cases.

Case I:

ois 1.

By Lemma 2.4.1 and Lemma 2.4.7, KAZN(l)(Pt) & RAsx, (1) =2 RYN ® Z[g, ¢ 1]. Thus,
we can get a basis for the Z[q, ¢~!]—module KAEN(1)(pt) from a a basis of RXy. By
Proposition 1.1 and Corollary 1.5 in [5], the set (3.44) gives a basis for RYy.

All the irreducible representations of K, (1) (pt) are
{(Ind%fl) @q¢" | k€Z; a=(a1,as,- - ) is a partition of n and B, = Xo, X -+ x By .}
They are all contained in

Asy (1)
>, In d/\szz 1 KAz, s, (1) (PY)
i+j=N,
N>j>0

except 1®¢* with k € Z. The trivial ¥y —representation 1 is corresponding to the partition
(N). It can not be obtained as induced representation.

Thus, Ky, (1)(pt) modulo

Asy (1)
Z In dAszE 1K As, s, (1) (PY)
i+j=N,
N>j>0

is isomorphic to Z[g,¢!]. By the formula (3.30), P, = ¢~ where 1 denote the identity
element in 13 . On the right hand of (3.42), when d = N and e = 1, Z[q, ¢ !][¢']/ (¢’ — ")

is equal to Z[q, ¢~ ']. Thus, Ky, (1)(pt) modulo

Asy (1)
> In dAiNxz 1K As, vz, (1) (DY)
i+j=N,
N>;>0

is isomorphic to it.

Case II:

ois (12---N).
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By Lemma 2.4.1 and Lemma 2.4.7, Kxy,_(12..5)(pt) = RAs, (12 N) = Z]q, g Y[z]/(xN -
q). The image of the transfer to this summand is trivial. And by (3.30) P(15...x5)(q) = qv.

By sending z to ¢ = ¢W, Ky, (123 (pt) is isomorphic to Z[g, a1/ (@Y —q), which
is the summand on the right hand of (3.42) with d =1 and e = N,

Case 1I1II:
o is in ¥, X Y¥ny_, with 7 > 0 such that all the cycles of the same length are either in

¥ or ¥ny_,. For example, the cycle
(12)(34)(56)(78910)(11 12 13 14)(15 16 17) € X417

is in this case. It’s in Xg x X17; the cycles (1 2)(3 4)(56), (123 45)(6 789 10) are not in
this case.

Most elements in X5 belong to Case III. ¢ is not in this case if and only if it consists of

cycles of the same length, such as (1 2)(3 4), (123),1, (123)(456).

AEN(O')
As, xsy_, (o

For those o that belong to Case III, As,(0) = As . xsy_.(0), so Ind

the identity map, so KAEN(U)(pt) is equal to Indﬁz"’(g) (J)KAE . (0)(pt). So the
rXEIN T -7

)is

summand corresponding to o in QFEll(pt//Xy) is completely cancelled.

Case IV:

o consists of cycles of the same length, in other words, it consists of d e—cycles with
N = de. For example, (12)(34) € 34 and (12 3)(4 5 6)(7 89)(10 11 12) € X5 are both
in this case.

The two extreme cases, Case I and Case II, are both special cases of Case IV. But we
don’t need to discuss the representation ring of wreath product in Case I and Case II.

The centralizer Cx,, (o) = C. 1 £q, where C. = Z/eZ is the cyclic group with order e.
Recall

Asy(0) 2 As, (12---€) i1 3g

is the subgroup of Ag, (12---e) 13, with elements of the form

([alvt]v [aQ»t]» T [advt]§7—)'

K, (o) (pt) is the representation ring RAy,, (o). According to Theorem 3.1.8, as a Z[q, ¢~ !]—module,
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it has the basis

As, (12--e)1rS a1 . ar C1ydy
{IndAEZ&ZWeggzii) (q el )®Z[q,q ]dl ®Z[q,q’1] e ®Z[q,q*1] (q e )®Z[qwq ]d ® DT |
(d) = (d1,da,---d,) is a partition of d.

ai,az,---ap are in {0,1,---e —1}. And 7 € RX g is irreducible. }

where for each a € Z, ¢¢ : A¢,((12---¢€)) — U(1) is the map

J+t

([(12---e)!,]) = e*mee. (3.50)

ol

q

Namely, it’s the map z{ in the sense of Example 2.4.3.
For each partition (d) of d, if it has more than one cycle, ¥4 is a subgroup of some
X

. X Xg4—g, for some positive integer 0 < d; < d. So for each

As, (12l S Biig.q14 gy o1
In dAi (12-- e)ziziﬂ(q ) 2o @glg,q-1] - Ozlg,q1] (q ) daa 1" @ D

(12--eNrXq (I dAEe(12"'5)ZT(Ed1de*dl)

with r > 2, it’s equal to Ind}> Ny (1o epns

AZE(].Q-"G)ZT(ZleZd dl)
(q )®¢ 1% Ozg.q-1] " Dzlg.a-1] (" )®2aa~11% @ D) by the property of induced rep-

resentation. Note that

As, (12 €) i (Ba, X Bg—a,) = Asy x5y _q,.(0)

So

I dAZe(12~~~e)Z’ﬂ'(Zd1de,dl)(q )®Z

® g1
Nps, (12--erZa) ®Z[ -1 ®zg,q1) (¢ (¢ ) Zaa~ 1% @ D-

is in KAzd <Ex_ay (J)(pt), Thus, each base element with » > 2 is contained in the transfer
ideal.
When r = 1, consider

(q%)‘gzlq,q*l]d ® D,

with 7 € RX4. As indicated in Proposition 1.1 and Corollary 1.5 in [5], each 7, except the
trivial representation of X4, can be induced from a representation 7’ in some R(X; x X4_;)

with d > ¢ > 0.
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Claim: the representation

Aze(12-'~e)l'][‘zd 21\® _17 21.\® —1,d—1
IndAZe(12~-~6)2T(Zi><2d7i)(q e ) TEeam N @z g-1) (g )T HaaT 1T @ Dy

is isomorphic to

21\®, —1,d
(q e ) Zlg,q™ 1] ® D]ndg‘_ixzd .T”
i —i

which is

(qa?l)@)zlq‘q_l]d X DT,

To prove this, let’s consider a set {Ta}aezd/zixzdii of coset representatives. Then

{7704 = (1a RN Ta)}aezd/zixzd—i

is a set of coset representatives of

(AZE(12 cee 6) T Zd)/(AEe(12 ce 6) T (ZZ X Ed—i))~

As, (12--e)irXq

Let W be a representation space of As, (12- - - e)ir (X xXq—q), Then Ind, * 15 55, x5, oW

is the direct product of [X4 : 3; x Xg4_;] copies of W. For any element

H=(g1,-+-9a4:8) € As.(12---€)ir Zq,

and each « € ¥3/%; X X4, there is a unique o € ¥;/%; x ¥4_; and a unique
Jo= (91, 9457a) € As, (12 ) ir (3; X Ba—;)
such that Hn, = 1y J,. Note that
91 9a

is a permutation of

gl,...gd.

So (¢ )®zlaan?(gt, - gl = (¢)P2aa1% gy - gq). In addition, B4 = TarVa. Let

] we

(e
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be an element in

Ase(12--€)irTa
I dAEe (12--e)ir (2 xzd,i)W
We have

A 12---eir2 _ 1.1 21 — —1
(““Eu e (€800 @y g (¢F) P ®DT')<H><Hwa>

(e

- H J aWp(a) = H( )®Z[q'(171]d<glv T gd>DT'<1’ el 'Va)(wﬁa)
= (q%) %01 (g1, - ga) [ 7 () (wpa)
= (anl)®Z[q,q*1]d(gl7 e gd)(IndngEd—qT/)(/B)(H wa)

a1 _1,d
=(q~ )®Z[q~q 1% gy, 'gd;ﬁ)DIndgfxzd g1, ga; 8 Hwa

= ((q%)@)l[q,q_l]d X Dlnd ) g1, gd, Hwa

): XS g

So the claim is proved.

Since

{Indg s, 7' |7 € R(Si x Bq—) and i =1,2,---d — 1.}

contains all the irreducible representation of ¥; except the trivial representation, which is
corresponding to the partition (d), thus, by the claim, KAEN(G)(pt) modulo the image of

the transfer, is a Z[q, ¢~ ']—module generated by the equivalent classes represented by
{((¢%)®aaa )™ [a=0,1,---e—1}. (3.51)

For any a, (¢¢)%#ea 1% is (g¢)®2aa=1% to the a—th power. Note that, by (3.30),

(q%)®l[q,q*1]d is

To get the isomorphism (3.42), consider a map ¥ : Z[g,q~][z] — Kz (o) (pt)/Z2E!
by sending ¢ to ¢ and x to ¢’, which is a well-defined Z[q, ¢~!]—homomorphism.

Since ¢'¢ = ¢, KAEN(J)(pt)/ISE” is a Z[q, ¢~ ']—module generated by
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So any element in it can be expressed as
e—1
> Fi@)d”
j=0

where each f;(g) is in the polynomial ring Z[q, ¢~ ']. It’s the image of

e—1
> filg)?
§=0

in Z[q, g ][z]. So W is surjective.

Now let’s study its kernel. If
e—1
Fi=>" filg)q’
j=0

is in Z2P" | then it’s in Z[g, ¢~']. So we can assume F = 0.

For each element [(a1,---ag; 3),t] in As, (o) with (a1, --aq; 3) € Cxsy(0) = Cet Xy,

a([(a, - aq; B),1]) = ™, (3.52)
and
¢ ((ar,-ag B), ) = e (3.53)
e—1 )
F([(ala e ad;ﬂ)a t]) = fj(‘])q/]([(ala c Gy 6)725})
=0
ez_if ( Qﬂit) 2mij(ay+---+ag+dt)
=0
! 2mijdt 2mij(ai++ag)
O e T
=0
Let

2mijdt
e

Fj(t) == fij(e"™)e

27

be the complex-valued function in the variable £. And let o denote the number e . The
integers

(a1 +-- +aq)
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go over 0,1,---e — 1. Consider the e equations

e—1
D Fihad* =0, for k=0,1,---¢ 1.
=0
In other words,
1 « a? a”! Fi(t)
1 o2 ot coo q2lem1) F2(t) =0
1 ¢l 21 ... gle=1)? Fe_1(t)

The determinant of the matrix

1 1 1 1

1 o a? a1t

1 o a? a2(e—1)

1 a¢ ! a?(efl) a(efl)Q

is

e—2 e—1
1T 11 (* =o). (3.54)
J=0k=j+1

27

When a = e’ each (oF — af) in the product (3.54) is nonzero, so for any e, the
determinant is nonzero and the matrix is non-singular. So we get F;(t) = 0 for any t € R
and 7 =0,1,2,---e—1.

So each f;(g) in F'is the zero polynomial.

The kernel of U is the ideal generated by ¢’¢ — ¢¢.

O
Below is a conclusion which has no relation with (3.42).
Lemma 3.5.5. Let 0 € Xy consist of d e—cycles with N = de. Then the equation
e d __
¢ —q*=0 (3.55)
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has totally (d,e) solutions in KAEN(J)(pt) modulo the image of transfer, i.e.

> ImagelT3Ys : QEU(pt/ /i x ;) — QEl(pt/ /%)
i+j=N,
N>3>0,
ocEY; XT;

Asy (@)
= D Indy N K s ) (P,
i+j=N,

N>;5>0,
ocEN; XX

And each solution is in the polynomial ring Z[q, ¢ *][q'] where ¢’ = Py (q). Here (d,e) is the

greatest common divisor of d and e.

Proof. First let’s see whether we can find a representation of Ay, (o) solving the equation
(3.55).

Since ¢% is a 1-dimensional representation, = has to be 1-dimensional, thus, irreducible.
Theorem 3.1.8 gives us all the irreducible representations of Ay, (o). For any subgroup

¥i x ¥; of ¥ containing o with i +j = N, N > j > 0, for any Ay, x5, (0)—representation

ZN(U)
2 X2 (0'

than 1. By Case IV in the proof of Theorem 3.5.1, z is of the form

V' with positive dimension, the induced representations I'nd, )V has dimension larger

qm(q%)®z[q=q71]d ® D,

withm € Z, a € {0,1,---e — 1} and 7 a 1-dimensional representation of X;. It’s equivalent
to

qm(q%)®l[0,q_1]d %] D1~

[g" (%) P90 = gr e = g,

Then ad+me = d. So (a,m) = (k(d/—eeﬂ—l7 —kﬁ) with k € Z. Tomakea € {0,1,---e—1},
the value k should be in {1,2,---(d,e) — 1}. Each k gives exactly one pair (a,m). And each
solution

qm(q%)(g)z[q,q*l]d = qmq/a (356)

is in the polynomial ring Z[q, ¢~ ][¢’].
Next I show this (d, e) solutions are the only solutions.

Consider any element x = > V,¢® in RAx, (o), with each V,, a Ay, (o) —representation.
a€l
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Let ag be the smallest integer such that V,, is nonzero. Let z¢ = ) Wyq®. The nonzero
beZ
term in z¢ with the smallest index is (V,,)®¢g°®, which is equal to ¢?. Thus, V,, g% is one

of the (d, e) solutions above, and ag = m.

®z1q.q-116"1
0= Wd+1 =eVm fa.a7"] (X)Z[q’q—l] Vm+1,

so Vi1 = 0.

_116—1

&
Assume V, =0 form < a <n. 0 =Wy (c—1)4nt1 = eV, 101 ®2z[q.q-1] Va+1. Thus
Vn+1 == 0
Then by induction, V, with a > m are all zero. So = = V,,,q™.

Thus, we get the lemma.

O

From the power operation of quasi-elliptic cohomology, we can construct the Adams

operation for quasi-elliptic cohomology.

Proposition 3.5.6. The composition

Px :QElG(X) 2% QEllgs, (X*N) X QEllgys, (X*V)
diag*

— QEllgxsy (X) = QEla(X) ®z14%) Qs (pt)

— QEllg(X) ®zi4+) QElls (pt) /T2 = QElG(X) @g4+) [[ Zla,a 'lq)/{a” — )
N=de

defines an additive operation, where res is the restriction map by the inclusion
G XXy —G1XN, (9,0) = (9, g;0),

diag is the diagonal map

X — XNz (z,--x)

and the last map is the isomorphism in Theorem 3.5.1. Moreover, it is a homomorphism

between the ZlqT]— algebras.

Proof. Let V.= [] V, € QEllg(X). Apply the explicit formula of the power operation
gthors

conj
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in (3.30), the composition diag* o res o Py sends V to

1
H Rk ®(i1,---ik) ngq’c
ge(;tors

conj
tors
UGENC()M

where (i1, - i) goes over all the k—cycles of o, and the tensor products are those of the

Z[q*]—algebras. Each factor has a decomposition

PV, @z142) p € Kng9)(X9) @zig+) Ky (o) (DY)
P

where p goes over all the irreducible Ay, (o) —representation and V, is the Ag(o)—bundle

uniquely determined by p and V. Then after taking the quotient by the transfer ideal IgE”,

all the factors in diag* oresolP (V') are cancelled except those corresponding to the elements

tors

in Xy on; with cycles of the same length. And for the bundles in the factor corresponding

to the element o € Xy with d e—cycles and de = N, the nontrivial part is the subbundles

Ve p ®z[q%] p corresponding to p = ¢’ with

i _1,d
Ga,c = Polq) = (g7) e

and a =0,1,---e — 1. The restriction of ¢’ to the subgroup Cs, (o) is trivial. Vye oo is the

q,971]

. ® d . . .
fixed point space of Vgez[ by the permutations ¥4, i.e. the pull-back bundle via the

diagonal map i, q. : X9 < (X9°)%9.

Thus,
- % Qpqx1d
Py(V) = [I itgaoVe™" @z1die = I Ve @21 die- (3.57)
(de) (de)
N=de N=de

By this formula, we can see immediately that P is a homomorphism between the Z[g*]—algebras.

Let V, W be two elements in QEllg(X). We have (V & W)ge ¢ = Vye o & Wee . So we

have
Py(Ve W)= H (V& W)ge g @zpg%] qél,e = H (Voe,or © Wye ¢r) ®zg] q;l,e
(d,e) (d,e)
N=de N=de
- ( 11 Veew ®210%) CJ&,e) ® ( I Woewr ®210%) QZz,e) =Pn(V) @ Pn(W).
(d,e) (d,e)
N=de N=de
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Remark 3.5.7. P, is the Adams operation for quasi-elliptic cohomology, as explained below.

Tate K-theory is an elliptic cohomology with a Hopkins-Kuhn-Ravenel theory. And using
the stringy power operation P39 = P, ® Id cited in Remark 3.2.3 we can define Hecke
operators for Tate K-theory. From Ps'""9 we can define the Hecke operators T,,, as shown
in Section 5.4 in [24]. T, is the Adams operations for Tate K-theory. P, uniquely extends

to an additive operator
Pstringn = ?n & Id: KTate(X//G) — KTate(X//G) ®Z((q)) KTate(pt//EN)/Ig;ate.

For any « € Krate(X//G), the trace of Pstring, (x) is equal to nT,(x).
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Chapter 4

Spectra

Goerss, Hopkins and Miller have proved that the moduli stack of elliptic curves can be
covered by E, elliptic spectra. It is not known whether this result can be extended to
global elliptic cohomology theories and global ring spectra. In Chapter 4 we construct an
orthogonal G—spectrum for each compact Lie group G which weakly represents quasi-elliptic
cohomology. However, we show that it cannot arise from an orthogonal spectrum. Instead,
in Chapter 6 we construct a new global homotopy theory and in Chapter 7 we show there
is a global orthogonal spectrum in this new global homotopy theory that weakly represents
orthogonal quasi-elliptic cohomology.

Let X be a G—space. Let KU¢ , denote the space representing the n—th G—equivariant
K —theory. Recall

QEUGX) = [ Kiow)X)
TEGL

In Section 4.3, for each compact Lie group G and each integer n, we construct a space

QFEllq,, representing QEUE(—) in the sense of (4.1).
70(QEllg.) = QFEIZ(S%), for each k. (4.1)

First I construct in Theorem 4.3.7 a homotopical right adjoint R, for the functor X — X9

from the category of G-spaces to the category of Ag(g)-spaces. Then we get

H Map, . (9 (X7, KUng(g),n)
gecto’r's

conj

is weakly equivalent to

MapG(Xv H RQ(KUAG(g),n))7
geGtors

conj

as stated in Theorem 4.3.8.
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So QEllgy = I Ry(KUpg(g),n) is one choice of the classifying space we want.
gthors

cong
In Section 4.5, based on the construction of QFEllg,, we construct for each faithful
G—representation V a space E(G,V) that weakly represents QEIll/(—) in the sense of

(4.2),
m(E(G,V)) = QEIIY(S*), for each k. (4.2)

Moreover, in Section 4.5.4 we construct the structure maps making F an orthogonal G —spectra
and an Zg—FSP.
In Section 4.5.5 we construct the restriction maps E(G,V) — E(H,V) for each group
homomorphism H — (. This map is not a homeomorphism, but an H—weak equivalence.
The orthogonal G—spectra E(G, —) cannot arise from an orthogonal spectrum, as indi-

cated in Remark 4.5.29. This fact motivates us to construct a new global homotopy theory.

4.1 Basics in equivariant homotopy theory

In this section I introduce the basic notions and concepts in equivariant homotopy theory
that I need in further sections. The main reference is [44].

Let G be a compact Lie group. Let 7 denote the category of topological spaces and
continuous maps. Let G7 denote the category of G—spaces, namely, spaces X equipped

with continuous G—action

GxX —X

and continuous G—maps.

Let H be a closed subgroup of G. Let X be a G—space and Y an H—space. Define
X" .= {2|hx = x,Yh € H}. (4.3)
For = € X, the isotropy group of x
Gy := {hlhx = x}. (4.4)

The induced G—space
G X H Y
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is a quotient space of G x Y with (gh,x) and (g, hx) identified for ¢ € G, h € H. The
coinduced G—space

MapH(G7 Y)

is the space of H—maps G — Y with a left action by G induced by the right action of G

on itself, namely

(9- )= f(d'9)

We have the adjunctions

GT(GxyY,X)= HT(Y,X) (4.5)

and

HT(X)Y) = GT(X,Mapy(G,Y)). (4.6)
We have the G—homeomorphisms

GxpY = (G/H)xY. (4.7)

Fix a family of representatives {ga }aeq/m of the left cosets of H in G. For any g € G, there

is a unique g, and h € H such that g = g,h. The homeomorphism is defined by

[9,y] = (9o H, hy).

The left G—action on (G/H) x X is defined by

a(gatl,y) = (gsH, h'y) (4.8)

where ggH is the unique left coset containing ag, and ag, = ggh'.

We have the G—homeomorphism

Mapy(G,Y) = [] V. (4.9)
H\G

Fix a family of representatives {b},cm\g of the right cosets of H in G. For any g € G,

there is a unique b, and h"” € H such that g = h”b,. The homeomorphism is defined by

[ = (f(br))rema-
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The left G—action on [] Y is defined by
H\G

g- (yT)TEH\G' = (hT’yT’)TEH\Ga (410)
where for each 7 € H\G, there is a unique 7" € H\G and unique h,» € H s.t. Hb,g = Hb,/,
brg = hyiby.

Definition 4.1.1. A G—homotopy between G—maps X =Y is a G—map

XxI—Y

where I =[0,1] is a trivial G—space.

This gives as a homotopy category hG7 whose objects are G—spaces and morphisms
are G—homotopy classes of continuous G—maps. Recall that a map of spaces is a weak

equivalence if it induces an isomorphism of all homotopy groups.

Definition 4.1.2. A G—map f : X; — X» is said to be weak equivalence if f7 : XH —

XH s a weak equivalence for all the subgroups H of G.

Let hGT denote the category constructed from hG7T by adjoining formal inverses to the
weak equivalences. hG7T is the desired homotopy category which contains all the algebraic

invariants of G—spaces we are interested in.

Another approach to study equivariant homotopy theory is we start with the orbit cat-

egory Og.

Example 4.1.3. O¢g has objects G/H indexed by the subgroups H of G, and morphisms
G—maps G/H — G/K. Note that there is a G—map f : G/H — G/K if and only if
H s subconjugate to K since if f(eH) = gK, then g *Hg C K. Obviously Og is a full
subcategory of GT .

Each G—space X determines a contravariant functor

X506 —1T

defined by
XCG/H .— xH
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and for each morphism

f:G/H — G/K, aH — agK,

the map X (f) : XX — XH s given by x — gu.

Given two functors X, Xy : OF — 7, a natural transformation F' : X; — Xo
is a weak equivalence if it is an objectwise equivalence. We can observe that a G—map
X, — Xy is a weak equivalence if and only if the corresponding natural transformation
Xf_) — Xé_) is an objectwise weak equivalence.

Let hT9&" denote the homotopy category of Og—shaped diagrams in 7 by formally

inverting the weak equivalences. We have a well-defined functor
d:GT — Tog, X - X,
It preserves weak equivalences, so we have an induced functor

®: hGT — K79,

Moreover, we can define a functor
. 79% — GT,

as indicated in [20]. T sketch the construction below. For any small topological category D,

let B, (D) be the set of n-tuples f = (f1,--- fn) of composable arrows of D, depicted

do f1 dy f2 fn d,.

By(D) is the set of objects of D and B, (D) is topologized as a subspace of the n—fold
product of the total morphism space [[D(d,d’). With the zeroth and last face given by
deleting the zeroth or last arrow of n—tuples f and with the remaining face and degeneracy
operations given by composition or by insertion of identity maps in the appropriate position,
B. (D) is a simplicial set, i.e. the nerve of D. Its geometric realization is the classifying space
BD. Let S : O — GT be the covariant functor sending an object G/H to the G—space
G/H, and it sends a morphism G/H — G/K to the same map G/H — G/K. For each

OF —space T, define UT to be the G—space B(T, O, S) to be the geometric realization of
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B.(T,0%,S)| where B,(T, O, S) is the simplicial space whose set of n—simplices is
{(t, f,s)lt € T(do), f € Bo(OF), s € S(dn)}.

The theorem below shows the two approaches are equivalent.

Theorem 4.1.4 (Elemendorf’s Theorem). The functor ¥ : hT9G — WGT is a right

adjoint of the functor ® : RGT — hTOE . They give an equivalence of the two categories.

Next let’s look at how equivariant CW-complex is constructed.

Let X be a space of the homotopy type of a G—CW complex. Let X, denotes the
n—skeleton of X. X0 is a disjoint union of orbits G/H and X"*! is obtained from X" by
attaching G—cells G/H x D"*! along attaching G—maps G/H x S" — X™.

We have the homotopy pushout for each k

[[G/H x S* —=1[G/H x D (4.11)
X Xit1

X is the homotopy colimit of the diagram

Xo X, X, o (4.12)
\ )i{

with each map in it an inclusion.
Let GC denote the category of G—CW complexes and celluar maps.

Proposition 4.1.5 is a conclusion needed for the construction of the rest of the section.

Proposition 4.1.5. Let D be a complete category. Let i : OF — GC be the inclusion of
subcategory. If Fy, Fy : GC°P — D are two functors sending homotopy colimit to homotopy
limit and if we have a natural transformation p : Iy — Fy, which gives a weak equivalence
at orbits, then it also gives a weak equivalence on GC.

Especially, if p gives a retract at each orbit, Fy is a retract of Fy at each G—CW com-

plezes.
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Proof. Apply the functor F; and F to the homotopy pushout diagram (4.11), and get the

homotopy pullback diagrams

F(IG/H x S*) <~ Fy([[G/H x D¥) (4.13)
Fi(Xy) Fi(Xg41)

fori=1,2k=0,1,2--
Since Fy and F» are weak equivalent on O, for each closed subgroup H of G, we have
homotopy equivalence py : Fy(G/H) — F»(G/H).

For 0—dimensional G—cells, we have

(] G/H x 8°) ~ B(J[(G/H) x S°) (4.14)

Since G/H x D¥ is G—homotpic to G/H, we have
F(]] G/H x D*) ~ By(][(G/H) x D*) for any k. (4.16)

So we have the commutative diagram

/\

Fi(Xo) <— F([[(G/H) x §°) — Fy(][(G/H) x D')

| | |

F XO <;F2 G/H XSO H,FQ G/H)XDI)

\/

which gives the weak equivalence

Then we consider (4.13) when k = 1, similarly we can get the commutative diagram
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/\

Fi(X1) <=— F(J](G/H) x S*) — R ([[(G/H) x D?)

| | |

F X1 %FQ G/H XSl 4>F2 G/H)XDQ)

\/

thus, the weak equivalence

F1(X2) = F(Xo). (4.18)
Note that we have weak equivalences
F([1(G/H) x 5%) = B([[(G/H) x 5¥) (4.19)
for any £ =0,1,2---. So by induction, for each skeleton X}, we have the weak equivalence
Fi(Xg) = F2(Xk). (4.20)
Passing to the colimit of the diagram (4.12), we get the weak equivalence
Fi(X) = Fy(X) (4.21)
since I and F5 send colimit to limit.

If we have natural transformations ¢ : F; — Fy and r : 5, — F} between the functors
Fi,F, : OF — D such that r o4 is the identity natural transformation, by the above

argument, for each k =0,1,2---, we have the weak equivalences

T Fo(Xg) — Fi(Xg)

ik : Fl(Xk:) — FQ(Xk)

and

Tk Oik = idFl(Xk)~
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Passing to the colimit of (4.12), we can get the weak equivalences

rx FQ(X) — Fl(X)

iX . Fl(X) E— FQ(X)

and

rx OiX = idFl(X)-

Thus, F;(X) is a retract of Fy(X).

4.2 Equivariant Obstruction theory

Equivariant obstruction theory works exactly as it does nonequivariantly. I will give a
sketch. The references for this theory include [12], [44], [61].

First let’s recall several basic concepts.

Let hOg be the homotopy category of Og. A coefficient system is a contravariant functor
from hOg to the category Ab of abelian groups. One example of coefficient system is the

system =, (X)) of a based G—space X with
7, (X)(G/H) = m (XT).

More generally, any covariant functor h7 — Ab, such as m,, composed with the functor
X&) . Og — T gives a coefficient system.

Equivariant obstruction theory is established in terms of ordinary cohomology theories
with coefficients in such coefficient system.

Let X be a G—CW complex. We have a coefficient system
C(X) = H, (X", X" 7). (4.22)

Its value on G/H is
H, (X7, (X"~HH).
The connecting homomorphisms of the triples ((X™)#, (X" 1) (X"=2)H) specify a map
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d:C,(X) — C,_1(X) of coefficient systems, and d*> = 0. In this way we get a chain
complex of coefficient systems C, (X).
Let Homo, (M, M') denote the Abelian group of maps of coefficient system M — M’.
Define
C&(X; M) = Homo,(C,,(X), M), with 6§ = Homo,(d, id). (4.23)

C&(X; M) is a cochain complex of Abelian groups. Its homology is the Bredon coho-

mology of X, denoted by H(X; M).

Definition 4.2.1. A connected space X is said to be n—simple if w1 (X) is Abelian and acts

trivially on my(X) for ¢ < n.

Let (X, A) be a relative G—CW complex and let Y be a G—space such that Y is
non-empty, connected, and n—simple if H occurs as an isotropy subgroup of X \ A.

Givena G—map f : X"UA — Y, we ask when f can be extended to X" *!. Composing
the attaching maps G/H x S™ — X of cells of X \ A with f gives elements of , (Y#),

which together specify a well-defined cocycle

cr € CEHH (X, Aym, (V).

[ can extend to X" if and only if ¢y = 0.
If f and f’ are maps X" UA — Y and h is a homotopy rel A of the restrictions of f

and f' to X" 1 U A, then f, f’, and h together define a map

BT (X [0,1)" — Y.

Applying the cocycle cp (s 41y to cells j x [0, 1] we obtain a deformation cochain

dy.prn € Cg(X, A;m, (Y))

such that 5df7f/7h =Cf — Cyr.

Theorem 4.2.2. (i) For f: X" UA — Y, the restriction of f to X" 1 U A extends to a
map X" LU A — Y if and only if [cf] = 0 in HE™H (X, A;7,(Y)).
(ii) Given maps f, f' : X" — Y and homotopy rel A of their restrictions to X" LU A,

there is an obstruction in HX(X, A;m,,(Y)) that vanishes if and only if the restriction of the
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given homotopy to X" 2 U A extends to a homotopy f ~ f rel A.

4.3 The Construction of QFEllg,,

In this section, for each integer n, each compact Lie group G, I construct a space QFEllg,y,
representing the n—th G'—equivariant quasi-elliptic cohomology QEII7 up to weak equiva-
lence.

Before constructing the spectra, I explain what a good ”weak equivalence” means.

Definition 4.3.1 (homotopical adjunction). Let H and G be two compact Lie groups.
Let

L:GT — HT and R: HT — GT (4.24)

be two functors. A left-to-right homotopical adjunction is a natural map
Mapy (LX,Y) — Maps (X, RY), (4.25)

which is a weak equivalence of spaces when X is a G—CW complex.

Analogously, a right-to-left homotopical adjunction is a natural map
Mapo(X,RY) — Mapy (LX,Y) (4.26)
which is a weak equivalence of spaces when X is a G—CW complez.
L is called a homotopical left adjoint and R a homotopical Tight adjoint.

Let’s see an example.

Example 4.3.2. Let G =7Z/2Z and g be a generator of G. We want to find a homotopical
right adjoint R of the functor X — X9 from the category GT of G-spaces to the category T
of topological spaces.

Let'Y be a topological space. Suppose we have

Map(X9,Y) ~ Maps (X, RY).
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G has two subgroups, e and G.

RY® = Map,(G/e, RY) ~ Map((G/e)9,Y) ~ pt;

RYY = Maps(G/G, RY) ~ Map((G/G)?,Y) =Y.

If Y is the empty set, RO is EG. And generally for any Y, one choice of RY is the join
Y x EG.
By Elmendorf’s theorem 4.1.4, the space RY is unique up to G—homotopy. By definition,

the functor R is a homotopical right adjoint to the fived point functor X — X9.
This definition below is Definition 4.5 in Chapter V of [44].

Definition 4.3.3. A family F in G is a set of subgroups of G that is closed under subcon-
jugacy: if H € F and g-'Kg C H, then K € F. An F-spaces is a G-space all of whose
isotropy groups are in F. Define a functor F : hOg — Sets by sending G/H to the 1-point
set if H € F and to the empty set if H is not in F. Define the universal F-space X of
the homotopy type of a G-CW complex, there is one and, up to homotopy, only one G-map
X — EF. Define the classifying space of the family F to be the orbit space BF = EF/G.

For any compact Lie group G, let (g) denote the cyclic subgroup of G generated by

g € G and * denote the join. Let
Sa,g = Map,, (G, xx E((9)/K))

where K goes over all the maximal subgroups of (g) and F({g)/K) is the universal space of
the cyclic group (g)/K. The action of (g)/K on E({g)/K) is free.

For this space Sg 4, it’s classified up to G—homotopy, as shown in the following lemma.

Lemma 4.3.4. For any closed subgroup H < G, Sg.4 satisfies

pt, if forany b€ G, b=Y{g)b £ H;
S& .4~ £ (4.27)

0, if there emists a b € G such that b=1{g)b < H.

Proof. For any closed subgroup H of G.

S&.4 = Map gy (G/H, ¥k E((g)/K)) (4.28)
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where K goes over all the cyclic groups (¢9™) with Lnil a prime.

If there exists an b € G such that b=1(g)b < H, it’s equivalent to say that there exists
points in G/H that can be fixed by g. But there are no points in *x E({g)/K) that can
be fixed by g. So there is no (g)—equivariant map from G/H to xx E({g)/K). In this case
S’g’g is empty.

If for any b € G, b= {g)b £ H, it’s equivalent to say that there are no points in G/H that
can be fixed by g. And for any subgroup (g™) which is not (g) itself, (xx E({g)/K))9") is
the join of several contractible spaces E((g)/K){9" thus, contractible. So all the homotopy

groups m, ((xx F((g)/K)){9")) are trivial. For any n > 1 and any (g)—equivariant map
f(G/H)" — xx E((9)/K)

from the n—skeleton of G/H, the obstruction cocycle [cs], which is formulated in Section
4.2, is zero.

Then by Theorem 4.2.2, f can be extended to the (n + 1)—cells of G/H, and any two
extensions f and f’ are (g)—homotopic.

So in this case Sé{g is contractible. O

Remark 4.3.5. Let S, denote the set of all the proper subgroups of (g) and M, denote the

set of all the maximal subgroups of {g). The space
TG,g == Mapg, (G, *Kkes, E((9)/K))

also satisfies the conditions in Lemma 4.5.4, so it’s G—homotopy equivalent to Sg 4. In

fact, for any subset Sy of Sg containing My, the space

T¢,y = Map (G, *kes,, E((9)/K))

is a choice satisfying the conditions in Lemma 4.3.4, which is straightforward to check. The

weak equivalence Sg,q — T, can be constructed as

fritof

where i : *em, E((9)/ K)) — *xes, E((9)/K)) is the inclusion x + (1z,0,---0).
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In Theorem 4.3.6 I show another example of homotopical right adjoint, which is crucial

to the construction of QEIIE.

Theorem 4.3.6. Let G be a compact Lie group and g € G*°T5. Consider the functor
L,:GT — Cg(9)T, X — XY.
A homotopical right adjoint of it is R, : Ca(9)T — GT with

R)Y = Mapcc(g)(G, Y * Scg(g)g)- (4.29)

Proof. Let H be any closed subgroup of G.

First T show given a Cg(g)—equivariant map f : (G/H)Y — Y, it extends uniquely
up to Cg(g)—homotopy to a Cg(g)—equivariant map f G/H — Y % Sc(qg),q- [ can be
viewed as a map (G/H)? — Y * Sc(g),g Dy composing with the inclusion of one end of
the join

Y — Y * Scgg),90 ¥ (1y,0).

If bH € (G/H)Y, define f(bH) := f(bH).

If bH is not in (G/H)Y, its stabilizer group does not contain g. By Lemma 4.3.4,
for any subgroup K of it, Sgc(g),g is contractible. So (Y Scc(g),g)K =YX« S({‘(G(g),g is
contractible. In other words, if K occurs as the isotropy subgroup of a point outside (G/H)?,
Tn((Y % Scg(g),) ™) is trivial. By Theorem 4.2.2, f can extend to a C(g)—equivariant map
f G/H — Y * Scg(g),g, and any two extensions are Cg(g)—homotopy equivalent. In
addition, ngc(g)’g is empty. So the image of the restriction of any map G/H — Y %S¢ (g).¢
to the subspace (G/H)Y is contained in the end Y of the join.

Thus, Mapc,, o) ((G/H)?,Y) is weak equivalent to Mapc, ) (G/H,Y * Sce(g).g)-

Moreover, by the adjunction (4.6) we have the equivalence

Mapg (G/H’ Mapc,, () (G, Y * SCG(g),g)) = Mapc, () (G/H, Y * Sca(g).0) (4.30)

So we get

RyY" = Mapg(G/H, RyY) = Mapc,, () ((G/H)?,Y) (4.31)

Let X be of the homotopy type of a G—CW complex. Let X* denote the k—skeleton of
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X. Consider the functors
MapG(_7 RQY) and MapCc(g)((_)g7 Y)

from G7 to 7. Both of them sends homotopy colimit to homotopy limit. In addition,
we have a natural map from Mapg(—, RgY) to Mapc ) ((—)?,Y) by sending a G—map

F:X — R,Y to the composition
x9 2 (RY) —yICY (4.32)

with the second map f — f(e). Note that for any f € (R,Y)?, f(e) = (g- f)(e) = f(eg) =
flg) = g- fle) so f(e) € (Y * Scy(g),g)? = Y9 and the second map is well-defined. It
gives weak equivalence on orbits, as shown in (4.31). Thus, by Proposition 4.1.5, R, is a
homotopical right adjoint of L.

O

Theorem 4.3.7. Let G be a compact Lie group, g € G*"%, and Y a Ag(g)—space. The

subgroup

{I(1,1)] € Ac(g)lt € R}

of Ag(g) is isomorphic to R. Let’s use the same symbol R to denote it. Consider the functor
Ly:GT — Ag(9)7,X — X9 where Ac(g) acts on X9 by

lg,1] - = = ga.
The functor Ry : Aq(9)T — GT with
RgY = Mape,(,)(G, Y™ % Sce(g).9) (4.33)

is a homotopical right adjoint of L.

Proof. Let X be a G—space. Let H be any closed subgroup of G. Note for any G—space
X, R acts trivially on X9, thus, the image of any Ag(g)—equivariant map X9 — Y is in
YR, So we have

Map,, () (X7, Y) = Mape,, (o (X9, YF).
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First I show f : (G/H)9 — Y® extends uniquely up to Cg(g)—homotopy to a C(g)—equivariant
map f: G/H — YR« Sca(g).g- [ can be viewed as a map (G/H)I — YR Sce(g).g bY

composing with the inclusion as the end of the join

YR — YR * SC(;(Q),Q? Y= (1?!70)

If bH € (G/H)?, define f(bH) = f(bH).

If bH is not in (G/H)Y, its stabilizer group does not contain g. By Lemma 4.3.4, for
any subgroup K of it, S§_ ) is contractible. So (Y * Sgg(g),0)" = (V) SE_ )
is contractible. In other words, if K occurs as the isotropy subgroup of a point in G/H
outside (G/H)9, 7, (Y™ % Sc(g),9)%) is trivial. By Theorem 4.2.2, f can extend to a
C¢(g)—equivariant map f: G/H — YR*SCG(Q),Q, and any two extensions are C(g)—homotopy
equivalent. In addition, Sgc(g),g is empty. So the image of the restriction of any map
G/H — Y® %S¢ (g),q to the subspace (G/H)? is contained in the end Y* of the join.

Thus, Mapcc(g)((G/H)g,YR) is weak equivalent to Mapc, (4 (G/H, YE % Scg(g).9)

Moreover, by the adjunction (4.6) we have the equivalence

MapG (G/H7 Mapcc(g) (Ga Y SCc;(g),g)) = Mapcc(g) (G/Ha Y SCG(Q),Q) (434)

So we get

RgY" = Mapq(G/H,RyY) = Mapc,, ) (G/H)?,Y) (4.35)

Let X be a space of the homotopy type of a G—CW complex. Consider the functors
MapG(77 RQY) and Ma‘pC’G(g) ((7)97 Y)

from G7 to 7. Both of them sends homotopy colimit to homotopy limit. In addition,
we have a natural map from Map,(—,R,Y) to MapCG(g)((—)g,Y) by sending a G—map

F: X — R,Y to the composition
x9 2 (R,Y) — v (4.36)

with the second map f — f(e). Note that for any f € (R,Y)?, f(e) = (g9- f)(e) = f(eg) =
flg) =g fle) so fle) € (Y® % Sc,g),0)¢ = Y™ and the second map is well-defined. It
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gives weak equivalence on orbits, as shown in (4.35). Thus, by Proposition 4.1.5, R is a

homotopical right adjoint of L.

Theorem 4.3.7 implies Theorem 4.3.8 directly.

Theorem 4.3.8. For any compact Lie group G and any integer n, Let KUg ,, denote the

space representing the n—th G—equivariant KU —theory. The n—th quasi-elliptic cohomology

QEUL(X) = ] X9 KUng(galte®
gth()T‘S

conj
is weakly represented by the space

QElgy = || Re(EUrsig)n)
gectors

conj

in the sense of (4.1) where Ry(KUpg(g),n) 15 the space

Mapcg(g)(G, KU}\{G(Q)W * SCG(g)’g).

Moreover, for Real quasi-elliptic cohomology

QEUR(X):= [[ KR, (X9,

qthors

conj

and real quasi-elliptic cohomology

QEIr(X):= [[ KOi, (X9,
gthors

conj

we also have similar conclusions by applying the homotopical right adjoint R, in Theorem

4.3.7.

Theorem 4.3.9. Let KR, denote the space representing the n—th G—equivariant K R—theory.
The G—space

QEllRg., == H Mape,, ) (G KR (gyn * Sce(e).g)
gthors

conj
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weakly represents the Real quasi-elliptic cohomology QEURE(—) in the sense of

70(QElURG.,) = QEIRE(S?). (4.37)

Theorem 4.3.10. Let KOg¢ , denote the space representing the n—th G—equivariant K O—theory.
The G—space

QFEllrg,y = H Mapcc(g)(G’KOﬁc(g),n * 5Ca(g).9)

qEGtors‘

conj

weakly represents the real quasi-elliptic cohomology QElrg(—) in the sense of

70(QEllrg ) = QFEllri(S°). (4.38)

4.4 Global homotopy theory

In this section, I recall the concepts and construction of orthogonal spaces and orthogonal
spectra needed for my construction in Section 4.5 and Chapter 7. There are many references

for this section, [11], [56], [43], etc.

4.4.1 Orthogonal G-spectra

First Let’s briefly recall some basic concepts for orthogonal G-spectra, which are usually
defined in terms of diargrams on the category of orthogonal representations of G. The main
reference for this part is [11] and [41].

Let G be a compact Lie group. Let Zg denote the category whose objects are pairs (R™, p)
with p a homomorphism from G to O(n) giving R™ the structure of a G—representation.
Morphisms (R™, ) — (R"™, p) are linear isometric isomorphisms R™ — R".

Let Tope denote the category with objects based G—spaces and morphisms continuous

based maps.
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Definition 4.4.1. An Zg—space is a G—continuous functor X : I — Topg. Morphisms

between La—spaces are natural G—transformations.

Example 4.4.2. The sphere Ig—space S is the functor V +— SV which sends a represen-

tation to its one-point compactification.
Definition 4.4.3. An orthogonal G—spectrum is an Zg—space X together with a natural
transformation of functors Ig x I — Topg

X(=)ANST —X(—®-)
satisfying appropriate associativity and unitality diagrams. In other words, an orthogonal
G—spectrum is an Lg—space with an action of the sphere Zg—space.

Definition 4.4.4. For Zg—spaces X and Y, define the ”external” smash product X\Y by
XAY =No (X xXY):Zg xZg — Topg; (4.39)

thus (XAY)(V, W) = X(V) A Y (W).
We have an equivariant notion of a functor with smash product (FSP).

Definition 4.4.5. An Zg—FSP is an Zg—space X with a unit G—map n:S — X and a
natural product G—map p: XAX — X o @ of functors Ig x I — Tope such that the

evident unit, associativity and centrality of unit diagram also commutes.

A Tg—FSP is commutative if the diagram below commutes.

XWV)AX(W) —L£— X(Vaew)

| x|

XWYANX(V) —E2— X(WaV).

Note that this diagram commutes implies the centrality of unit diagram commutes.

Lemma 4.4.6. An Zg—FSP has an underlying Zg—spectrum with structure G—map

o=po (idAn) : XAS — X o @.
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4.4.2 Orthogonal spectra

The global homotopy theory is established to better describe certain theories naturally
exists not only for a particular group, but for all groups of certain type in a compatible
way. Some good examples of this are equivariant stable homotopy, equivariant K-theory,
and equivariant bordism.

The idea of global orthogonal spectra was first inspired in the paper [28] by Greenlees
and May where they introduce the concept of global Z,—functors with smash product. The
idea is developed by Mandell and May [41] and Bohmann [11]. Schwede develops another
modern approach of global homotopy theory using a different categorical framework in [56],
which is the main reference for Section 4.4.2.

For definition of orthogonal spectra in detail, please refer [43], [42], [56].

First let’s see the definition of orthogonal spaces. Let L denote the category whose
objects are inner product real spaces and whose morphism set between two objects V' and

W are the linear isometric embeddings L(V, W).

Definition 4.4.7. An orthogonal space is a continuous functor Y : L. — T to the category
of topological spaces. A morphism of orthogonal spaces is a natural transformation. We

denote by spc the category of orthogonal spaces.

For each compact Lie group G, let Uy denote a fixed complete G—universe, and let s(Ug)
denote the poset, under inclusion, of finite dimensional G—subrepresentations of Ug.

The G—equivariant path components
7roc(Y) = colimVES(uG)ﬂo(Y(V)G).

Let G and K be compact Lie groups. And let V be a finite-dimensional G—representation

and U a K— representation. Then we can define a left K —action and right G—action:
Vo € L(V,U), k€ K,ge GveV,(k,g) ¢)(v):=kd(g 'v).

Definition 4.4.8. The global classifying space By;G' of a compact Lie group G is the free
orthogonal space

BuG =L(V,-)/G
where V' is any faithful G—representation.
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B, G(Uk) classifies (K, G)—bundles. For the trivial universe R>*, B, G(R*) = BG;
EG = L(V,R*) for any faithful G—representation.

Orthogonal spectra is the stabilization of orthogonal spaces.

Let O denote the category whose objects are inner product real spaces and the morphisms

O(V, W) between two objects V and W is the Thom space of the total space
EV,W) = {(w,¢) e W x L(V.W)|[W L ¢(V)}

of the orthogonal complement vector bundle, whose structure map &(V, W) — L(V, W) is

the projection to the second factor.

Definition 4.4.9. An orthogonal spectrum is a based continuous functor from Q to the
category of based compactly generated weak Hausdorff spaces. A morphism is a natural

transformation of functors. Let Sp denote the category of orthogonal spectrum.

For each linear isometric embedding ¢ : V' — W consider the one-point compactifica-
tion of the inclusion of the fiber over ¢ of the bundle £(V, W). We can define a continuous
map

(=) : SVV) — O(V, W), wi (w, )

Let X be an orthogonal spectrum. The structure map of X associated to ¢ is defined to

be the composite

X(V)A(=,9)
_ 5

b = X 0o (X(V) A (=, 8)) : X(V) A SW—e(V) X(V)AO(V, W) —— X(W),

If pg: V—VeaU, v— (v,0) is the direct summand inclusion, Let
oy = dox s X(V)ASY — X(VaU)

denote the associated structure map.

Remark 4.4.10 (Coordinatrized orthogonal spectra). Fvery real inner product space
is isometrically isomorphic to R™ with the standard inner product for some n > 0. This
leads to a more explicit ”coordinatized” description of orthogonal spectra.

Up to isomorphism, an orthogonal spectrum X is determined by the values X, := X (R")

and the following additional data relating these values:
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e a based continuous left action of the orthogonal group O(n) on X,, for each n > 0;
e based O(n)—maps o, : Xp A S* — X,41 for n > 0. This data is subject to the

following condition: for all n,m > 0, the iterated structure map

On,m * Xn NS — n+m

defined as the composition

opAS™ 1 Ont1 ANS™ 2 Ontm—aASt

X, AS™

Xy ASm1 Xppmo1 A ST 2=t X

is O(n) x O(m)—equivariant. O(m) acts on S™ since this is the one-point compactification
of R™, and O(n) x O(m) acts on the target by restriction, along orthogonal sum, of the
O(n + m)—action.

If G is a compact Lie group and V is a G—representation, then X (V') is a G— space via

the action of O(V') on X (V), i.e. by restriction along the representation homomorphism

If V and W are G—representations, then the structure map

ovw : X(V)ASY — X(Vaw)

is G—equivariant where the group G also acts on the representation sphere SV . ov,w 18
also O(V)) x O(W)—equivariant, so altogether it is equivariant for the semi-direct product

group G x (O(V) x O(W)) formed from the conjugation action of G on O(V) and O(W).

Definition 4.4.11. Given an orthogonal spectrum X and a compact Lie group G, the
collection of G—spaces X (V), for V- a G—representation, and the equivariant structure maps

oy,w form an orthogonal G—spectrum. This orthogonal G—spectrum

X{(G) ={X(V),ovw}

is called the underlying orthogonal G—spectrum of X.

An essential invariant of an orthogonal spectrum X is its integer graded equivariant

homotopy groups 7& (X).
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If ¢ : V. — W is a linear isometric embedding and f : SV — X (V) a continuous based

map, we define 1, f : S — X (W) as the composite

f/\SW*QP(V)
-

P f 1 SW = GV A SWH(V) X(V)ASW—4() 2, x(W).
The construction is continuous in both variables, i.e. the map

L(V,W) x Map(S", X(V)) — Map(S", X(W)), (4, f) = v.f

is continuous.

We obtain a functor from the poset s(Ug) to sets by sending V' € s(Ug) to
[SV, X(V)9,

the set of G—equivariant homotopy classes of based G—maps from SV to X (V). For V. C W

in s(Ug), the inclusion ¢ : V. — W is sent to the map
[V, X(V)] — [SY, X(W)|9, [f] = [i.f].
The 0-th equivariant homotopy group 7§ (X) is then defined as
76 (X) = colimyes e[SV, X (V)]C.

We can also define the global version of loop spectrum and suspension, which are functors

from Sp to Sp. For inner product space V,
(QX)(V) == Map(S*, X (V));

(STAX)(V): =S AX(V).

We have the adjunction

Sp(X,QV) = Sp(S* A X,Y)
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taking a morphism f: X — QY to the morphism f: S'A X — Y whose V—th level is

fOV):S'AX(V) —Y(V), sAhz— f(V)(x)(a).

Let k be a positive integer. We set

7¢(X) = 7§ (QFX) and 7%, (X) = 75 (S* A X). (4.40)

Definition 4.4.12. A morphism f : X — Y of orthogonal spectra is a global equivalence
if the induced map

e (f) 7l (X) — 7l (V)
is an isomorphism for all compact Lie groups G and all integers k.

The global equivalences are the weak equivalences of the global model structure on the

category of orthogonal spectra.

4.4.3 Unitary spectra

Real global homotopy theory is a richer theory than the global homotopy theory based
on compact Lie groups, which is talked about in Section 4.4.2. It can describe Real phe-
nomenon from a global perspective. And it’s the natural place where topological K-theory
and complex bordism reside.

Real global homotopy theory is formalized by defining unitary space and unitary spec-
tra. Since the class of closed subgroups of orthogonal groups coincides with the class of
closed subgroups of unitary groups, the global homotopy theory of unitary spaces is Quillen
equivalent to the global homotopy theory of orthogonal spaces.

Let W be a complex inner product space, i.e. a finite dimensional C—vector space
equipped with a hermitian inner product (—, —). Let W denote the underlying real inner
product spaces of W, i.e. the underlying finite dimensional R—vector space equipped with
the euclidean inner product

(v,w) = Re(v,w).

Let
C = Gal(C/R) = {Id¢, 7}
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denote the Galois groups of C over R where 7 : C — C is the complex conjugation 7(A) = .

Definition 4.4.13. LC is the complex isometries category whose objects are finite dimen-
stonal complex inner product spaces and morphism space between two objects V. and W is
the space of the pairs

(Y,0) € L(rV,rW) x C

that satisfy (X -v) = a(A) - ¥(v) and (V(v), ¥ (")) = o((v,v")). The composition in LC is
defined by
(¥, 0)0 (¥, 0") = (Y¢', 00")

and the identity morphism of V is (Idy, Idc).

The extra piece of the unitary structure gives a richer global homotopy theory that is

indexed not only on compact Lie groups, but on the larger class of augmented Lie groups.

Definition 4.4.14. An augmented Lie group is a compact Lie group G equipped with a
continuous homomorphism € : G — C', called the augmentation, to the Galois group of C

over R.

Let Go, = ¢ }(Idc) denote the even part of G and Gogq = € 1(7) the odd part of G.
The product in the category of augmented Lie groups is defined to be the fiber product over
C. Explicitly, the product of two augmented Lie groups G and K is the augmented Lie
group G x¢ K with (G x¢ K)ey = Gey X Kep and (G x¢ K)oga = Godd % Kodd-

Example 4.4.15 (extended unitary group). The endomorphism group of a complex

inner product space W in the category LC is defined to be

UMW) = LE(W, W).

The augmentation ey : U(W) — C is defined to be ey (¢, c) = c.

The extended unitary group is a closed subgroup of O(rW).
The augmented Lie group contain compact Lie groups as the ones with trivial augmen-
tation. It also contain the Real Lie groups of Atiyah and Segal in [8], which are defined as

compact Lie groups equipped with an involution.

Example 4.4.16 (Split augmented Lie groups). Let G be a compact Lie group equipped

with an involution T : G — G on it, namely a Real Lie group in the sense of [6]. We can
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construct an augmented Lie group from it. The semi-direct product G %, C is an augmented

Lie group with the augmentation
Gx.C—C, (g,0)— 0.

A real representation of G X C' amounts to a unitary representation V. of G with a real

structure T : V. — V such that

m(g-v)=17(g9) - 7(v), Vg € G,v € V.

For the opposite direction, given an augmented Lie group, it is isomorphic to a G X, C
for some Real Lie group G if and only if its augmentation has a multiplicative section, i.e.,
it has an odd element of order 2.

For any complex inner product space W, there is a canonical involution 7 on U(W) by

complex conjugation. We have the isomorphism of augmented Lie groups

UW) %, C — UW), (1),7) — 1hory. (4.41)

Definition 4.4.17. A real representation of an augmented Lie group G is a finite-dimensional
complez inner product space V and a continuous homomorphism p : G — T}(V), i.e., such

that ey o p = €.
Definition 4.4.18. Let G be an augmented Lie group. An augmented right G—space is a

right G—space A equipped with a continuous map ¢ : A — C such that

e(a-g) =ela)-e(g)

foralla € A and all g € G.

Example 4.4.19 (Product augmented Lie groups). Given any compact Lie group G,
we can augment the product G x C' by the projection to the second factor. We denote it by
G* = (G x C, proj) and call it the product augmented Lie group corresponding to G. Then

the even part of G* can be identified with G via

G 2 (G*)ew, g+ (g, Idc). (4.42)
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A real representation of G* is equivalent to an underlying unitary representation V of G
equipped with a G—equivariant real structure 7 : V. — V i.e. the action of (1,7) € G x C.
So the fixed point subspace V™ is G—invariant, hence an orthogonal G—representation, and

the canonical isomorphism

CerV™ 2V (4.43)

is G—equivariant, i.e. the G—action on the left hand side is the complezification of G— action
on V7. The fized point functor V +— V7 is thus an equivalence from the category of real
representation of G¥ to the category of orthogonal representations of G. In particular, iso-
morphism classes of real representations of G* biject with isomorphism classes of orthogonal

representation of G, and the map

RR(G*) = RO(G),[V] — [VT] (4.44)

is a ring isomorphism. The inver isomorphism is given by complezification

RO(G) — RR(G*),[W] — [C @r W]. (4.45)

Example 4.4.20 (Products of augmented Lie groups). The category of augmented Lie
groups has products. They are given by fiber product over C. More explicitly, the product of

two augmented Lie groups G and K is the augmented Lie group G x¢c K with
(G Xc K)ev = Gey X K¢y and (G Xc K)odd = Godd X Kodd-
Generally, the augmented product G x¢o K is not the product of underlying groups G and

K.

Definition 4.4.21. A unitary space is a continuous functor from the complex isometries
category LC to the category of spaces, where LT is the category in Definition 4.4.13. A
morphism of unitary spaces is a natural transformation of functors. We denote the category

of unitary spaces by spc¥ .
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Orthogonal and unitary spaces are related by various functors
u

spc¥ <— spe

P

where c is the ”complexification”, u the ”underlying” and 1 the ”fixed point” functor. ¢

and u arise by precomposition with continuous functors

(=)c
AN

LIS

relating the real and complex isometries categories.

The complexification functor (—)¢ sends a euclidean inner product space V' to its com-
plexification Vg = C ®g V' equipped with the unique hermitian inner product (—,—) that
satisfies

(1®v,1@w)= (v,w)

for all v,w € V. On the morphism spaces, (—)c sends ¢ € L(V,W) to (¢c,Idc) €
LE(Ve, We).
The realification functor r sends a hermitian inner product space W to its underlying

R—vector space equipped with the euclidean inner product defined by

(v, w) = Re(v,w).

On morphisms, r sends (¢, o) to ¢.
Then,
uY :=Yo(—)cand cX:=Xor

where Y is a unitary space and X is an orthogonal space.
Moreover, we can define an involution ¢ : Y — uY on the underlying orthogonal space
of a unitary space Y. For any euclidean inner product space V, let 7y € (7(V(c) denote the

canonical real structure determined by

vA®v) =T @uv=AQu.
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Define

Yy =Y(1y): Y (Vo) — Y (Vo).

And the fixed points
(Y¥)(V) =Y (Ve)? ={y e Y(Vo)IY (v)(y) = v}

Definition 4.4.22. The real global classifying space BﬁG of an augmented Lie group G is
the unitary space

BIG = L°(V.-)/G
where V' is any faithful real G—representation.

Unitary spectra is the stabilization of unitary space.
Let U denote the category whose objects are complex inner product spaces and the

morphisms U(V, W) between two objects V and W is the Thom space of the total space
(VW) = {(w, ¢) € W x LYV, W)W L ¢(V)}

of the orthogonal complement vector bundle, whose structure map £¢(V, W) — LE(V, W)

is the projection to the second factor.

Definition 4.4.23. A unitary spectrum is a based continuous functor from U to the cat-
egory T of based compactly generated weak Hausdorff spaces. A morphism is a natural

transformation of functors. Let SpU denote the category of orthogonal spectrum.

For each C—linear isometric embedding ¢ : V' — W, consider the one-point compactifi-
cation of the inclusion of the fiber over ¢ of the bundle £(V, W). We can define a continuous
map

(_’d)) : SW_¢(V) - U(V7 W)’ w = (w7¢)

Let Y be a unitary spectrum. The structure map of Y associated to ¢ is defined to be

the composite

Y (VA=)
ey

bu =Y o (Y(V)A (=) : Y(V)ASV—61) Y(V)AU(V,W) —— Y(W),
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Ifgg: V—VBW, v (v,0)is the direct summand inclusion, Let

ovw = ¢ox : Y(VIANSY —YV(VaWw)

denote the associated structure map.
The complexification functor ¢, underlying functor u and fixed point functors 1) between

orthogonal and unitary spaces all have stable analogs.

u

SN
Sp¥ <—Sp
T
P

Let X be an orthogonal spectrum and Y a unitary spectrum.

cX:=Xor.

(uY) (V) := Map(S?V, Y (V¢))

where V is a complex inner product space and ¢V = iR ®g V C V¢ is the imaginary part of
V.

We can define a natural involution ¥ : uY — uY . Define

by == Map(S7,Y (ry)) : Map(S™, Y (Vi) — Map(S', ¥ (Ve))

where 7 : ¢V — ¢V is multiplication by -1.

(YY) (V) := Map® (5", Y (Ve)).

4.4.4 Global K-theory

A classical example of orthogonal spectra is global K-theory. Quasi-elliptic cohomology can
be expressed in terms of equivariant K-theory. And this example is especially important for
our construction.

In [35] Joachim constructs G-equivariant K-theory as an orthogonal G-spectrum for any
compact Lie group G. In fact it is the only known E°°—version of equivariant complex

K-theory when G is a compact Lie group.
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Let G be a compact Lie group. For any real G—representation V', let Cly be the Clifford
algebra of V and Ky be the G —C*—algebra of compact operators on L?(V). Let s := Cp(R)
be the graded G — C* —algebra of continuous functions on R vanishing at infinity with trivial
G—action. Then the orthogonal G—spectrum for equivariant K-theory defined by Joachim

is the lax monoidal functor given by

Kg(V) = Homc* (8, (Clv ® ’Cv)

of Z/2—graded *—homomorphisms from s to Cly @ Ky .

Bohmann showed in her paper [11] that Joachim’s model is ”global”, i.e. the lax monoidal
functor K is an orthogonal G—spectrum. For more detail, please read [11] for reference.

Schwede’s construction of global K-theory KR in [56] is a unitary analog of the con-
struction by Joachim. It is an ultra-commutative ring spectrum whose G—homotopy type
realizes Real G—equivariant periodic K-theory.

For any complex inner product space W, let A(W) be the exterior algebra W and

Sym(W) the symmetric algebra of it. The tensor product

AW) @ Sym(W)

inherits a hermitian inner product from W and it’s Z/2—graded by even and odd exterior
powers. Let Hyy denote the Hilbert space completion of A(W) ® Sym(W). Let Ky be the
C*—algebra of compact operators on Hy,. The orthogonal spectrum KR is defined to be
the lax monoidal functor

KR(W) = Home+ (s, Kw).

Let ulWW denote the underlying euclidean vector space of W. There is an isomorphism of

Z/2—graded C*—algebras

Cl(uW) @g K(L*(W)) = K.

So we get a homeomorphism

KR(W) = Home- (s, Cl(uW) @r K(L2(W))) = K(uW).
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n [56], Schwede shows that the spaces in the orthogonal spectrum K R represent real

equivariant K-theory.

Theorem 4.4.24. For an augmented Lie group G, a "large” real G—representation and a
compact G—space B, there is a bijection Vg pv : Kg(B) — [By, KR(V)|€ that is natural

in B. The left hand side is the real G—equivariant K —group of B.

We have the relations below between the global Real K-theory KR, periodic unitary

K-theory KU and periodic orthogonal real K-theory KO.

KU =u(KR); KO =KRY (4.46)

We will use the orthogonal spectra KU in the construction of orthogonal quasi-elliptic

cohomology.

Definition 4.4.25. An orthogonal G—representation is called ample if its complexified sym-

metric algebra is complete complex G—universe.

Theorem 4.4.26. (i) Let G be a compact Lie group and V' an orthogonal G—representation.

For every ample G—representation W, the adjoint structure map
oot KU(V) — Map(S™,KU(V @ W))

is a G—weak equivalence.

(ii) Let G be an augmented Lie group and V a real G—representation such that Sym(V)
is a complete real G—universe. For every real G—representation W the adjoint structure
map

ooyt KR(V) — Map(S™ ,KR(V & W))

is a G—weak equivalence.

4.5 Orthogonal G—spectra of QFllg

In Section 4.5.3 and 4.5.4, via the spaces I construct in Section 4.3, I construct a G—orthogonal
spectra for quasi-elliptic cohomology up to weak equivalence (4.1), which is a commutative

orthogonal G—spectra.
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4.5.1 Preliminaries: faithful representations of Az (g)

Before the construction of the G—orthogonal spectra, I discuss about A (o) —representations.

Let G be a compact Lie group. As shown in Theorem 4.4.24, KU(V) represents
G —equivariant complex K-theory when V is a faithful G—representation. Before the con-
struction in Section 4.5.3, we construct a faithful Ag(o)—representation from a faithful

G —representation.
Lemma 4.5.1. Let G be an augmented Lie group with augmentation eg.

1. if 0 € Goga, for any augmentation ex on Ag (o), its restriction on Cg(o) can not be

€clcg(e). One choice of an augmentation ex on Ag(o) is the trivial augmentation.

2. if 0 € Geyen, we have a nontrivial augmentation € on Ag(o) defined by €([o,t]) =

ea(0). € is the only augmentation whose restriction on Cg(0) is €c|og(o)-

The proof of the lemma is straightforward, noting the fact that the only augmentation

on R is trivial since it’s dense.

Let o € G'"* with order [. We construct a functor (—), from the category of G—representations
to the category of Ag(o)—representations.

Let p be a complex G—representation with underlying space V. Let i : Cg(o) — G
denote the inclusion of groups. The restriction i*V is a complex Cg(o)—representation.

Let {A} denote all the irreducible complex representations of Cg(0). As said in [22], we

have the decomposition of a representation into its isotypic components

itV EB 1%\ (4.47)
A
where V) denotes the sum of all subspaces of V' isomorphic to A. Each
Vi = HOTTLCG(U)(A, V) Rc A

is unique as a subspace. Note that ¢ acts on each V) as a diagonal matrix.
Let’s equip each V) a Ag(o)—action, as shown below.
2mim y

Each A(o) is of the form e—7 I with 0 < my <1 and I the identity matrix. As shown

in Lemma 2.4.1, V) O¢ quA is a well-defined complex Ag(c)—representation. Define

my

(M) :=VaOc g™

(4.48)

137



and

(V)o =@ Vaoecqg™ (4.49)
A

Each (V)), is the isotypic component of (V') corresponding to the irreducible represen-
tation A Oc ¢T.

The complex Ag(o)—representation (V'), has the same dimension as V.

Proposition 4.5.2. Let V be a faithful G—representation. And let o € G°Ts.
(i) If V' contains a trivial subrepresentation, (V), is a faithful Ag(o)—representation.
(ii) (V)o ® (V) @c ¢t is a faithful Ag(o)—representation.
(i1i) (V)e @V is a faithful Ag(o)—representation.

Proof. (i) Let [a,t] € Ag(0) be an element acting trivially on (V),. Assume ¢t € [0,1). On
(V)o, [a,tjvg = €*™tvg = vg. So t = 0. Then on the whole space V,, since Cg(o) acts
faithfully on it and for any v € V, [¢,0] - v = a-v = v, then a = e.

So (V). is a faithful Ag(o)—representation.

(ii) Let [a,t] € Ag(o) be an element acting trivially on V,. Consider the subrepresen-

tation (Vy), and (Vy)o ®c ¢! of (V), ® (V), ®@c ¢! respectively. Let v be an element in

2mimyt 1

the underlying vector space V. On (V))s, [a,t]-v=e¢" 7 a-v=wv;and on (V))s ®c ¢~ ",

27mimyt

[a,t] v=ce T —2mit

a-v=uv. Sowe get 2™ .y =v. Thus, t = 0.
Cc (o) acts faithfully on V, so it acts faithfully on (V),@®(V),®cq 1. Since [a,0]-w = w,
for any w € (V), & (V)o ®cq !, s0a=e.

Thus, (V), @ (V), @c ¢! is a faithful Ag(c)—representation.

(iii) Note that V¢ with the trivial R—action is the representation (V?), ®@c ¢~!. The

representation (V), & V7 contains a subrepresentation (V?), & (V?), @c ¢!

, which is a
faithful Ag(o)—representation by the second conclusion of Proposition 4.5.2. So (V), @ V?

is faithful.

Lemma 4.5.3. For any o € G°", (), defined in (4.49) is a functor from the category of
G—spaces to the category of Ag(o)—spaces.
Moreover, (=)o ® (=)o @cq~ ! and (=), @ (=) in Proposition 4.5.2 are also well-defined

functors from the category of G—spaces to the category of Ag(o)—spaces.
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Proof. Let f : V. — W be a G—equivariant map. Then f is Cg(o)—equivairant for
each 0 € G*"%. For each irreducible complex Cg(o)—representation A, f : Vi — W) is

C¢(0)—equivairant. And

fU : (VA)U — (W/\)0'7 (% f(’U)

with the same underlying spaces is well-defined and is Ag(o)—equivariant.
It is straightforward to check if we have two G—equivariant maps f : V — W and
g:U — V, then
(fog)oe = fo09o-

So (=), gives a well-defined functor from the category of G—representations to the category

of Ag(o)—representation.

1

Similarly, we can see (—), ®c ¢~ * is also a well-defined functor from the category of

G—representations to the category of Ag(o)—representation, so (=), @ (=), ®c ¢~} is.

g

Since the fixed point functor (—)? is also a functor from the category of G—spaces to

o

the category of Ag(o)—spaces, (=), ® (—)7 is as well.

O

Proposition 4.5.4. Let H and G be two compact Lie groups. Let 0 € G and 7 € H. Let
V' be a G—representation and W a H—representation.

(i) We have the isomorphisms of representations below.

(V (&) W)(U’.,-) = (VU (&) W-,—)

as Agxm(o,7) = Ag(o) X1 A (T)—representations.

VoW ioen®VeW)on&cqg ' =(V)e®(V)e@cqg )@ (W), ® (W), ®cqg )

as Agxr(0,7) 2 Ag(o) x1 Ag (T)—representations.
And
(VOW)om & (Vo) =((V)e & V)& (W), & W)
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as Agxm(o,7) 2 Ag(o) X1 A (T)—representations.
(i) Let ¢ : H — G be a group homomorphism. Let ¢ : Ap(17) — Ag(é(7)) denote

the group homomorphism obtained from ¢. Then we have

and

as Ay (T)—representations.

Proof. (i) Let
{)\G} and {/\H}

denote the sets of all the irreducible Cg (o) —representations and all the irreducible C (7)—representations.
A¢ and Ap are irreducible representations of Cgx (o, 7) via the inclusion Cg(o) —

Coxp(o,7) and Cy (1) — Caxu (o, 7).
The R—representation assigned to each Cgx g (0, 7)—irreducible representation in VW

is the same as that assigned to the irreducible representations of V' and W.

So we have

VeW)ern=VeoW;)

as Agxm(0,7) 2 Ag(0) x1 Ag(T)—representations.

Similarly we can prove the other two conclusions in (i).

(ii) Let 0 = ¢(7). If (¢£V),, is a C (7)—subrepresentation of ¢5 V), the R—representation
assigned to it is the same as that to V).

So we have

o7 (V)pry = (V)7

as Ay (7)—representations.

Similarly we can prove the other two conclusions in (ii).
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4.5.2 Real Ag(0)—representation

In this section I discuss real Ag(o)—representation and its relation with complex A (o) —representation
introduced in Lemma 2.4.1.

Let G be a compact Lie group, o € G*"%. For real representations of Ag(c), the case is
a little complicated. First let’s recall some definitions and conclusions in real representation

theory. The main reference is [13] and [22].

Definition 4.5.5. A complex representation p : G — Autc(V) is said to be self dual if
it is isomorphic to its complex dual p* : G — Autc(V*) where V* := Hom¢(V,C) and

p*(g) =plg")*.

An irreducible complex representation p : G — Autc(V) is said to be of real type if
satisfies the equivalent conditions (1-3).

(1) V=CQU is the complexification of a real representation G — Autg(U).

(2) V admits an equivariant real structure, i.e. an antilinear map S : V — V such that
S2(v) = v.

(8) There is an equivariant isomorphism B : V. — V* such that B* = B.

An irreducible complex representation is said to be of quaternionic type if it satisfies
the equivalent conditions (4-6).

(4) V = Wt is obtained from a quaterionic representation G — Auty(W') by restriction
of scalars C C H.

(5) V admits an equivariant quaternionic structure, i.e. an antilinear map S :V — V
such that S?(v) = —v.

(6) There is an equivariant isomorphism B : V. — V* such that B* = —B.

An irreducible complex representation is said to be of complex type if it’s not self dual.

Definition 4.5.6. A complex representation is said to have an irreducible real form if

it 1s the complezification of an irreducible real representation.

Lemma 4.5.7. An irreducible complex representation V is of
(1) real type if and only if V' has irreducible real form.
(II) complex type if and only if V& V* has irreducible real form.

(II1) quaternionic type if and only if V@&V has irreducible real form.
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Example 4.5.8. Let G = Z/pZ for some integer p. Let py : Z/pZ — O(2) send m to the

matric
cos 2mm sin 2mm
gin 2rm cos 2mm
p p
1 . . 2
Lete; = , and e = . Letuy = ey +ies, ug = e —ieg € C2. Let Vi = Cluq),
0 1

and Vo = Clug). Then the complezification of the real Z/pZ—representation R? have the

decomposition into irreducible Z/pZ— representations

CCxV, @V (4.50)

Vi and Vs are both not self dual, so they are of complex type. And Vi = V5.

Let 0 = [n] € Z/pZ be non-trivial. Then let x1 and x2 be complexr R—representations
with x1(t) = e and x2(t) = e

Applying Lemma 2.4.1, we have irreducible complex Ag(o)—representations (Vi Oc¢ x1)
and (Va O¢ x2), which are of complex type. And (V1 O¢ x1) = (Va O¢ x2)*. So (V1 O¢ x1) ®

(Vo O¢ x2) is an irreducible real Ag(o)—representation.

[m, t] is mapped to

27 (m+4nt)i
e 0
_ 2m(m4nt)i
e p
which is conjugate to the real matriz

oS 2w (m+nt) sin 27 (m+nt)

P P
sin 27r(77;;+nt) COS 277(n]1)+nt)

Example 4.5.9. Let G be any compact Lie group. LetV be an irreducible real Cg(o)—representation.
Let’s consider its complezfication V ®@r C. If it is irreducible complex representation, by

Lemma 2.4.1, we can get an irreducible complex Ag(o)—representation V- O¢ n where the
character n(1) acts the same as o on V. And as the discussion in Example 4.5.11, we can

get an irreducible real Ag(o)—representation.

If the Cg(o)—representation V ®r C = @ Vi is reducible with each Vi, an irreducible
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complex Cq(0)— subrepresentation, then each Vj, is either of complex type or of quaternion
type. So Vi + Vi or Vi, + V¥ has irreducible real form. Since V ®@r C has irreducible
real form, the decomposition is either V @r C = Vi3 @ Vi if V1 is of quaternion type or
VerC=Vi® V" if Vi is of complex type. Let o = €™ be a nontrivial element. Let x be

2mait

an irreducible complex R—representation with x(t) = e . Then Vi O¢ x is an irreducible
complex Ag(o)—representation. And (V Ocn) @ (V ©cn)* is a real Ag(o)—representation.
If o is trivial and n is the trivial representation, (V ©¢n) and (V O¢n)* are isomorphic real

representations, thus, (V ©cn) @ (V ©c n)* is also of real type.

Example 4.5.10 (real representation ring of circle). We know the complex repre-
sentation ring RT of a circle is Z[q,q~ '] where q : T — U(1) is the isomorphism class
e27rit)

of irreducible complex representation sending e*™ to ( . The real representation ring

RO(T) is the subring of RT fized by the involution on it given by q — q .

Let f(q) be any polynomial in q and let f(q) = f+(q) + f-(q) + n - 1 where f1(q) is
the part in f(q) with positive power in q, f_(q) is the part with negative power and 1 is the
trivial representation. f(q) represents an element in RO(T) if and only if f1 and f_ are the

same polynomial. Let V be the representation space of fi. Then V* is the representation

space of f—. So a real representation of T is always of the form

VoV eonR

for some complex representation V' of T and nonnegative integer n.

Example 4.5.11. Let p: Ca(g) — Autr(V) be an irreducible complex C(g)—representation.
Then as in Lemma 2.4.1, there exists a character n : R — C such that p(g) = n(1)I.
And p O¢ n is an irreducible complex representation of Ag(g). Since (p ©¢c n)*([ant]) =
p Oc n([a™t, —t)T = pla=HTn(—t), it’s not self-dual if n is nontrivial. In this case it’s of
complex type. By Lemma 4.5.7, (V ©cn) @ (V ©cn)* has irreducible real form.

If V is of real type, it is the complexification of a real Cg(g)—representation W. If
g = e and the character n we choose is trivial, (p ©c n)*([a,t]) = p Oc (o™, —t)T =
pla™)Tn(=t) = pla™HT = p(a) = (p Oc 1), t] since V is self-dual. In this case W is
a real Ag(g)—representation via (o, t] - w = aw. And V O¢ n is of real type since it’s the
complezification of W. For any nontrivial element g in G'°", the Ag(g)—representation

V Oc 1 is of complex type, then (V ©Ocn) ® (V Oc n)* is of the real type.
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IfV is of quaternion type, then V- = Ug can be obtained from a quaternion Cg(g)—representation
U by restricting the scalar to C. If g = e and n is trivial, (p Oc n)*([o,t]) = p Oc¢
n(la™ =) = pla=H)n(—t) = pla™™)T = p(a) = (p Oc n)[a,t] since V is self-dual.
In this case W is a quaternion Ag(g)—representation with [a,t] - w = aw. So V O¢ 1 is of
quaternion type.

Consider the case that V' is of complex type. If g = e and n is trivial, (p ©cn)*([o, t]) =
p Oc n(fa™t, —thT = pla=")Tn(=t) = pla")" = p(a) # (p Oc n)la,t] since V is not

self-dual. So V ©¢ n is of complex type.

For any compact Lie group, let’s use RO(G) denote the real representation ring of G.

In light of the analysis in Example 4.5.9 and 4.5.10, we have the following conclusion.

Lemma 4.5.12. Let o0 € G*°"5. Then the map ©* : ROT — ROAg(0) ezhibits ROAg (o)
as a free ROT—module.

In particular there is an ROT—basis of ROAg (o) given by irreducible real representations
{VA}. There is a bijection between {Va} and the set {\} of irreducible real representations of
Ca(0). When o is trivial, Vi has the same underlying space V as A\. When o is nontrivial,
Va=((A®rC)ocn) @ ((A®r C) ¢ n)* where n is a complex R—representation such that
(A®r C)(0) acts on V ®g C via the scalar multiplication by n(1). The dimension of V is

twice as that of A.

As in (4.49), we can construct a functor (—) from the category of real G—representations

to the category of real Ag(o)—representations with

(V)& =(VerC), ®(VearC);, (4.51)

which we saw in Example 4.5.9 is of real type.

Similarly we have the conclusion below.

Proposition 4.5.13. Let V be a faithful real G—representation. And let o € G and |

denote its order. Then (V)& is a faithful real Ag(o)—representation.

Proof. Let [a,t] € Ag(c) be an element acting trivially on (V)®. Assume t € [0,1). Let
v € (V ®r C), and let v* denote its correspondence in (V ®g C)%. Then [a,t] - (v +v*) =
(ae?™imt 4 qe= 2™t (y 4+ v*) = v 4 v* where 0 < m < [ is determined by o. Thus a is equal

to both €2™™*] and e~ 2™"*]. Thus t = 0 and « is trivial.
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So (V)R is a faithful real Ag(o)—representation.

Moreover, we have

Proposition 4.5.14. Let H and G be two compact Lie groups. Let 0 € G and 7 € H. Let
V' be a real G—representation and W a real H—representation.

(i) We have the isomorphisms of representations below.

as Agxg(o,7) 2 Ag(0) X1 Ay (T)—representations.
(i) Let ¢ : H — G be a group homomorphism. Let ¢ : Ag(17) — Ag(o(7)) denote

the group homomorphism obtained from ¢. Then we have

GV = (V)E,
as Ay (T)—representations.

4.5.3 The Construction of F(G,V)

Let G be any compact Lie group. In Section 4.3, I construct a G—space QEllg representing
QB (-).

In Section 4.5.3 I show that there is a Zg—space E(G, —) such that for each faithful real
G—representation V, E(G,V) weakly represents QEIl, (—).

I show in Section 4.5.4 that these spaces E(G, V') together give an orthogonal G—spectra
and a Zg—FSP.

First we need an orthogonal version of the space Sg 4 satisfying the condition in Lemma
4.3.4.
Let g € G and V a real G—representation. Let Sym™ (V') denote the n—th symmetric

power V" which has an evident G ! ¥,,—action on it. And let

Sym(V) = @ Sym™ (V).

n>0
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If V is an ample G—representation, Sym(V') is a G—representation containing all the ir-
reducible G—representations. Since V is faithful G—representation, for any closed subgroup
H of G, Sym(V) is a faithful H—representation and, thus, complete H —universe.

Let S(G, V), be the space

Sym(V)\ Sym(V)9. (4.52)

It has an involution induced by the complex conjugation on V. For any subgroup H of G

containing g, S(H, V'), has the same underlying space as S(G,V),.

Proposition 4.5.15. Let V' be an orthogonal G—representation. For any closed subgroup

H < Cql(g), S(G, V), satisfies

S(G,V)H ~ | ' (4.53)

Proof. If (g) < H, Sym(V)H is a subspace of Sym(V)9, so (Sym(V)\ Sym(V)9)H is empty.
If (9) £ H, g is not in H. To simplify the symbol, let Sym™L denote the orthogonal

complement of Sym™ (V)9 in Sym™ (V).

(Sym(V)\ Sym(V)*)™ = colimy, oo Sym™ (V)™ \ (Sym™(V)*)"

= COlzmn—)oo(Symn(V)g)H X ((Symn’J_)H \ {O})
Let k,, denote the dimension of (Sym™)#. Then
(Sym™L)H\ {0} = Sk, (4.54)

As n goes to infinity, k, goes to infinity. When k, is large enough, S*»~1 is contractible.
So
(Sym(V)\ Sym(V)?)"

is contractible.

So we have proved the conclusion. O

If V is a faithful G—representation, by Proposition 4.5.13, (V);R is a faithful Ag(g)—representation.

And we consider V9 as a Ag(g)—representation with trivial R—action. Then by Theorem
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R g
4.4.24, KU((V)§ @ V) represents KI(X?(‘;?V (=). (V)§ is not always an ample orthogonal

Ag(g)—representation, thus,
Map($™)s, KU((V)E @ V9))

is not Ag(g)—weak equivalent to KU(V9). But it does represent KX;(Q)(—), as shown
below.

Let X be a G—space.

(X9, Map(S™V)s, KU((V)g @ Vve)))te@ = [X9 A SV, KU((V)§ @ v9))he@

_ K(V)S@Vﬂ

Ac(9) (X9 A SV5) = K\ ) (X9).

Ac(g)

To simplify the symbol, let’s use
Fy(G,V)

to denote the space MapR(S(V)E,KU((V)]g @ V9)). The basepoint ¢ of it is the constant
map from S5 to the basepoint of KU((V)§a V).

For F,(G,V), we have the conclusions below.

Proposition 4.5.16. Let G and H be compact Lie groups. Let V be a real G—representation
and W a real H—representation. Let g € G, h € Ht°s,
(i) Fy : (G,V) — Fy(G,V) is a functor from I to the category C(g)T of Ca(g)—spaces.

(i) We have the unit map
ng(G,V) 87— Fy(G.V)
and the multiplication
1y (G, V), (H, W) : Fy(G, V) A Fy(H,W) — Fgp) (G x HV & W)

making the unit, associativity and centrality of unit diagram commute.
Andng(G,V) is Cg(g)—equivariant and ,uf;’h) (G, V), (H,W)) is Caxu(g, h)—equivariant.

(#ii)Let A denote the diagonal map

G— GxG, g—(9,9).
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Let 5,(G,V,W) : Fy(G,V) — Map(SW’,F,(G,V @ W)) denote the map

- (w e (A 0 1 (V). (G W) (2my (G, W><w>>)-

Then 64(G,V,W) is a Ag(g)—weak equivalence when V is an ample G—representation.

(iv) We have
Hlg.m (G V), (H, W) (@ Ay) = pip 0 (H, V), (G,V))(y A ) (4.55)

for any x € Fy(G,V) and y € F,(H,W).

Proof. (i) Let V4 and V, be orthogonal G—representations and f : V3 — V4 be a linear
isometric isomorphism. f gives the linear isometric isomorphisms f; : (Vl)]? — (‘/2)5, and
f2: (Vg @V — (V2)¥ & VY. Then define Fy(f) : Fy(V1) — Fy(V2) in this way: for any

R—equivariant map a : S(1)s — KU((V1)§ & VY), Fy(f)(a) is the composition

—1
s SULY) )} o, k()R o vy) YY) KU ()R @ V) (4.56)

g

which is still R—equivariant.
It’s straightforward to check Fy(Id) is the identity map, and for morphisms V; 4,
Vo 5 Vs in Tg, we have Fy(f' o f) = F,(f') o F,(f).

So we have a well-defined functor F : Zg — Cq(g)7 .

(ii) Define the unit map 7,(G,V) : SV’ — F,(G,V) by
vis (V- n(lg,)ngg@‘,g (vA")) (4.57)

where 77(?/) L SVgeve KU((V)§ @ V9) is the unit map for global K-theory. Since

a®Ve

(V)]gf ® V9 is a Ag(g)—representation, n{f/) is Ag(g)—equivariant. So ny(G,V) is well-

G®Ve
defined and Ag(g)—equivariant.

Define the multiplication uf;,h)((G, V),(H,W)) : Fo(G,V) N Fp(H,W) — Fgp)(G x
H,V &W) by

a B (vAw e pgw(a() ABw)) (4.58)

where u{f’ w is the multiplication for global K-theory.

Since pis y is Ag(g) x A (h)—equivariant, ,uf;h) (G, V), (H,W))is Caxu (g, h)—equivariant.
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It’s straightforward to check the unit map and multiplication make the unit, associativity

and centrality of unit diagram commute.

(iii) Since V' is a faithful G—representation, by Proposition 4.5.2, (V)¥ & V¥ is a faithful

Ag(g)—representation. By Theorem 4.4.26, we have the Ag(g)—weak equivalence
~K g
KU((V)E @ V) 25 Map(SW5OW' KR((V @ W)E @ (V & W)9))

where 6% is the right adjoint of the structure map of the global complex K-theory KU.

Thus we have the Ag(g)—weak equivalence

Map (52, KU((V)§ @ V) — Map($™)s, Map($™)s®W* K R(V & W) & (V & W)?)))

= Map(S"", Map($" )0, KR((V & W)§ & (V & W)?)),

ie. Fy(G,V) 2cg (g Map(SW*, Fy(G,V & W)).

(iv) (4.55) comes directly from the commutativity of the orthogonal spectrum KU. O

In Theorem 4.3.8 I construct a G—space QEllg representing QEIUE (—). With F, (G, V)
and S(G, V), just constructed, we can go further than that. Apply Theorem 4.3.7, we get

the conclusion below.

Proposition 4.5.17. Let V be a faithful orthogonal G—representation. Let B'(G, V') denote
the space

I Mapc, (G, Fo(G,V) % S(G,V)y).

ge Gtors

conj

QEIY (—) is weakly represented by B'(G,V) in the sense

70(B'(G,V)) = QENL(SY). (4.59)

The proof of Proposition 4.5.17 is analogous to that of Theorem 4.3.8 step by step.

Below is the main theorem in Section 4.5.3. Let’s use formal linear combination
tia + tob with 0 < tq,t0 < 1,81+t =1

to denote points in join, as talked in Appendix A.1.
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Proposition 4.5.18. Let E,(G,V) denote

{tla +tab € Fg(G, V) * S(G, V)g|||b|| < tg}/{hCo —|—t2b}.

It is the quotient space of a closed subspace of the join Fy(G,V)*S(G, V)4 with all the points
of the form tico + tab collapsed to one point, which I pick as the basepoint of E4(G,V),
where co is the basepoint of Fy(G, V). E4(G,V) has the evident C(g)—action. And it is
Cc(g)—weak equivalent to Fy(G,V)*S(G,V),. As aresult, [[ Mapc, (G, Eg(G,V))

is G—weak equivalent to l_t[ Mapc, ) (G, Fy(G, V) * S(GLZEVG)C;;.j So when V is a faithful
G—representation, e
E(G V)= ][ Mape,) (G, Ey(G,V)) (4.60)
9eGTS
weakly represents QEILY (=) in the sense
mo(E(G,V)) = QFEIY(S°). (4.61)

Proof. First I show F,(G,V)* S(G,V), is Ca(g)—homotopy equivalent to
Ey(G,V) = {tia+tab € Fy(G,V) x S(G,V),|[b]] < ta}.

Note that b € S(G, V), is never zero. Let j : Ey(G,V) — F,(G,V)* S(G,V), be the
inclusion. Let p : Fy(G,V)* S(G,V)y — Ey(G,V) be the Cg(g)—map sending t1a + t2b

min{|[b],t2}

to t1a+t2 Mol

b. Both j and p are both continuous and Cg(g)—equivariant. p o j is

the identity map of Ej (G, V). We can define a Cg(g)—homotopy
H: (Fy(G,V)*S(G,V)y) x I — F4(G, V)% S(G, V),

from the identity map on Fy(G,V) % S(G,V), to j o p by shrinking. For any t1a + t2b €
Fy(G,V)*S(G,V),, Define

min{ |l 2},

H(tia + tab,t) :=t1a+t2((1 —t)b+ 1t ol

). (4.62)

Then I show Ej (G, V) is G—weak equivalent to F,(G, V).
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Let q : Ej(G,V) — E4(G,V) be the quotient map. Let H be a closed subgroup of
Ca(9)-

If g is in H, since S(G, V) is empty, so E¢(G, V)" is in the end Fy(G,V) and can be
identified with F,(G, V). In this case ¢/ is the identity map.

If g is not in H, E;(G,V)" is contractible. The cone {co} * S(G, V) is contractible,
so q(({co} * S(G,V)g)") = q({co} * S(G,V)F) is contractible. Note that the subspace of
all the points of the form t1cg + t2b for any t; and b is ¢(({co} * S(G,V)4)*). Therefore,
Ey(GV)H = E) (G, V) /q({co} * S(G,V)g)H is contractible.

Therefore, £ (G, V) is G—weak equivalent to Fy (G, V) * S(G,V),. O

In fact, for any based C(g)—space Y, we have the general conclusion below.

Proposition 4.5.19. Let g € G*™. Let Y be a based Ag(g)—space. Let )N’g denote the

Ca(g)—space
{tla + tgb c YR * S(G, V)gH|b|| < tQ}/{tlyO + th}

It is the quotient space of a closed subspace of Y® x S(G, V)g with all the points of the form
t1yo + tab collapsed to one point, i.e the basepoint of f’g, where yq is the basepoint of Y . f’g
is Ca(g)—weak equivalent to Y® x S(G,V),. As a result, the functor R, : Cq(9)T — GT
with

R,Y = Mapc,, (G, Yy) (4.63)

is a homotopical right adjoint of L : GT — Cg(9)T, X — X9.

The proof of Proposition 4.5.19 is analogous to that of Theorem 4.3.7 and Proposition
4.5.18.

Remark 4.5.20. We can consider E,(G,V') as a quotient space of a subspace of Fy(G,V') x
Sym(V) x I

{(a,b,t) € F,(G,V) x Sym(V) x I||[b]| < t; and b€ S(G, V), if t # 0} (4.64)

by identifying points (a,b,1) with (a’,b,1), and collapsing all the points (co,b,t) for any b
and t. In other words, the end Fy(G, V) in the join Fg(G,V) x S(G,V), is identified with
the points of the form (a,0,0) in (4.64).
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In Section 4.5.4 we need this identification of Eq(G,V) in mind to prove the structure

maps are well-defined and continuous.

Proposition 4.5.21. For each g € G*°",
Eg : IG — CG(g)T, (G, V) = EQ(G7V)
is a well-defined functor. As a result,

E:Ig— GT, (G,V)— [ Mapo,( (G, Eq(G,V))
gthors

conj

is a well-defined functor.

Proof. Let V and W be G— representations and f : V — W a linear isometric isomor-
phism. Then f induces a Cg(g)—homeomorphism F,(f) from Fy(G,V) to Fy(G,W) and a
Ca(g)—homeomorphism Sy (f) from S(G, V), to S(G,W),. We have the well-defined map

Ey(f) - Eg(G,V) — E4(G, W)

sending a point represented by t1a + t2b in the join to that represented by t1Fy(f)(a) +

t254(f) (D).
It’s straightforward to check E,(Id) is the identity map and the composition law holds.

E(f): E(G,V) — E(G,W) is defined by

H Qg — H Ey(f) o ay.

gthoTs gecto'r's

conj conj

It’s straightforward to check that it’s well-defined, E(Id) is identity and the composition

law holds. O

4.5.4 Structure Maps

In Section 4.5.4 I construct a unit map n¥ and a multiplication u? so that we get an
orthogonal G—spectrum and Z5—FSP that represents quasi-elliptic cohomology.
Let G and H be compact Lie groups, V an orthogonal G—representation and W an

orthogonal H—representation. Let’s use x4 to denote the basepoint of E (G, V), which is
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defined in Proposition 4.5.18.
Let g € G'"*. For each v € SV, there are v; € SV’ and vy € SV)™ such that
v = v1 N\ Va.

Let n2(G,V): SV — E4(G,V) be the map

EGV)(0) = (1 = [o2lD)ng (G, V) (01) + [lva vz, if [Joafl < 15 (165)

Zg, if H’UQ” 2 1.

where 1,(G, V) is the unit map defined in Proposition 4.5.16.
Lemma 4.5.22. The map nf(G, V) defined in (4.65) is well-defined, continuous and Cg(g)—equivariant.

Proof. When v; is infinity, n,(G, V')(v1) is the basepoint of F,(V'). So by the construction
of E4(G,V) in Proposition 4.5.18, v = v1 A v is mapped to the basepoint of E,(G, V).
When v is infinity, 2 (G,V)(v) is the basepoint by definition. So 1J(G,V) is well-

defined. And since 1y(G, V) is Ca(g)—equivariant, n¥ (G, V) is Cg(g)—equivariant.

Next T prove n2 (G, V) is continuous by showing for each point in E4(G, V), there is an
open neighborhood of it whose preimage is open in SV .

Consider a point z in the image of 775(6', V') represented by t1a + tab.

Case I: 0 <ty <1 and a is not the basepoint of Fy(G,V).

Let A be an open neighborhood of @ in Fy(G, V) not including the basepoint. We can
find such an A since Fy(G, V) is Hausdorff. Let § > 0 be a small enough value. Let U, 5 be

the open neighborhood of x
Ups = {[s1a + 520]) € Eg(G, V)| € A, |s2 —ta| <6, |8 —b|| < d}.

Then nf(G, V)~Y(U, ) is the smash product of n,(G,V)~!(A), which is open in sV,

and an open subset of SVt
{we SV |ty — 5 < |w| < ta+ 6, |lw—1b| <5}
So it’s open in SV,

Case II: t; =0 and a is not the basepoint of F,(G, V).
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Let A be an open neighborhood of a in Fy (G, V) not including the basepoint. Let § > 0

be a small enough value. Let W, s be the open neighborhood of x
W :={[s1c+ s20] € E,(G,V)|a € A, |s2| < 6,8 —b|| <}

Then 77;3(G7 V)~ (W,.s) is the smash product of ny(G, V)~ (A), which is open in sve

and an open subset of SV
{we sV flwl < 6w - b] < 8},

So it’s open in SV,

Case III: z is the basepoint x4 of E (G, V).
Let Ay be an open neighborhood of the basepoint c¢g.
For any point w of the form t1c + t2b in the the space E (G, V) with 0 < t5 < 1, let

Uw,s, denote the open subset of E,(G, V)
{[Sla + 826] S Eg(Ga V)IO{ S A07 |82 - t2| < 611)7 ||ﬂ - b” < 511)}

with §,, small enough.

Let Ws denote the open subset of E,(G,V)
{[sia + s28] € E4(G,V)|a € Ao, |s2]| < 6,8 —b|| <}

with § small enough.

For any b € S(G,V), with ||b]| < 1, let V} 5, denote the open subsect of E (G, V)
{[8105 + 526} € Eg(G, V)‘SQ >1— 6, ||ﬁ - b” < 517}

with &, small enough.
Let’s consider the open neighborhood U of = that is the union of the spaces defined

above

U .= (U Uw,éw) UWsu (U ‘/;3,6,,)
w b

where w goes over all the points of the form [tico + t2b] in Ey(G,V) with 0 < ¢t < 1, and b
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goes over all the points in S(G,V), with ||b] < 1.
The preimage of each U, s, and W;s is open, the proof of which is analogous to Case I

and II. The preimage of Vj 5, is the smash product of SV? and the open set of SVt
g\
{wy € SV [|wa|| > 1 = by, [lwa — b]| < &},

thus, is open.

The preimage of U is the union of open subsets in SV, thus, open.

Therefore, The map ngE(G, V') defined in (4.65) is continuous.

O

Remark 4.5.23. For any g € G, it’s straightforward to check the diagram below com-

mutes.

Svg ﬂg(G,V) Fg(G,V)
nZ(G,V)
SV —2—5 E,(G,V)

where both vertical maps are inclusions.

By Lemma 4.5.22, the map

(G V): 8V — ] Mapgy) (G, Ey(G,V))
gthU’V's

conj

defined by
vie [ (a=nf (G V)(a-v), (4.66)

gthars

conj

is well-defined and continuous. Moreover, n¥ : S — E with E(G,V) defined in (4.60) is a

well-defined functor.

Next, let’s construct the multiplication map p¥. First we define a map ”ah) (G, V), (H,W)) :

Ey(G,V)NE,(H,W) — E41)(GxH,V&W) by sending a point [t1a1+tab1]Auias+uzbs]
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to

[(1— \/M) (G V), (H,W))(ar A ag) + /15 +u3(bi + )], if 13 +u3 < 1 and taus # 0;
[(1- tg)/ut(};h)((G, V), (H,W))(a1 A az) + tob1], ifug =0and 0 <ty <1
[(1— e ) (. (G, V), (H,W))(a1 A az) + uzbs], ifto=0and 0 < uy < 1;
D“@,h)((Gv V), (H,W))(a1 A az) + 0], if ug =0 and ty = 0;
ZLg.hs Otherwise.

(4.67)

where “g,h) ((G,V),(H,W)) is the one defined in (4.58) and x4 j, is the basepoint of 4 ;) (G x
H,VaoW).

Lemma 4.5.24. The map uah)((G, V), (H,W)) defined in (4.67) is well-defined and con-

tinuous.

Proof. Note that when either a; is the basepoint of Fy(G, V), or as is the basepoint of
Fn(H,W), or to = 1, or ug = 1, the point [t;a; + t2b1] A [ujas + usbs] is mapped to the
basepoint xg .

The spaces S(G, V'), have the following properties:

(i) There is no zero vector in any S(G, V), by its construction;

(ii) For any by € S(G,V)y, ba € S(H,W)p, b1, by and by + by are all in S(G x H,V &
W) (g.n)- b1 and by are orthogonal to each other, so |[by + ba[|? = [|b1]|? + |[b2]|*>. Thus, if

tous # 0, ||by + ba|| < /17 + t3.

Therefore, u@ w (G, V), (H,W)) is well-defined.

Let

x = [s1a+ 2]

be a point in the image of u ((G V), (H,W)). If sy is nonzero, there is unique 3; €
S(G,V), U {0} and unique B2 € S(H, W);, U {0} such that 8 = 31 + Bs.

For each point in the image, I pick an open neighborhood of it so that its preimage in
E,(G,V)ANEL(H,W) is open.

Case I: z is not the basepoint, 0 < 51,82 < 1 and 3; and (> are both nonzero.

Let A(a) be an open neighborhood of a in F(y ) (G x H,V @& W) not containing the

basepoint. Let § > 0 be some small enough value. We consider the open neighborhood U, s
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of x
U%g = {[T1a+7”2d] S E(g7h)(G><H, V@W”Hdl—ﬂlu <4, ||d2—ﬂ2|| < d,a € A(Oé), |7"§—8§‘ < (5}

where d = dy + do with d; € S(G, V), U {0} and dy € S(H, W), U{0}.

The preimage of U, 5 is

{[tra1 + tadi] A [urag + ugds] € Ey(G, V) AN Ex(H,W)|ay Aag € ply 1y (G, V), (H,W)) " (A(a)),

ldy = Bull <0, |ldz — Ball < 6, |3 +uj — s3] < &},

where uf‘; m (G, V), (H,W)) is the multiplication defined in (4.58).
Note that E,(G,V) A Ey(H,W) is the quotient space of a subspace of the product of
spaces

Fy(G, V) x S(G,V)g x [0,1] x Fr(H,W) x S(H,W)p, x [0,1]

and U, s is the quotient of an open subset of this product. So it is open in E¢(G,V) A
Eh(Ha W)

Case II: z is not the basepoint, 0 < s1,s2 < 1 and 8 € S(H, W),.
Let A(a) be an open neighborhood of a in F(y ) (G x H,V @& W) not containing the
basepoint. Let § > 0 be some small enough value.

Consider the open neighborhood W, 5 of
Was :={[ria+rad] € Egpy(GxH,VOW)|||dy =B <9, |da]| <6,a € Ala), r2 —s3| < 6}

where d = dy + da with d; € S(G, V), U {0} and dy € S(H, W), U{0}.

The preimage of W s is

{[tlal + tzdl] A\ [ulag + u2d2] € Eg(G, V) A Eh(H, W)|a1 Nag € /l(};h)((G, V), (H, W))il(A(Oz)),

ldy = Bull <0, lld2]| < 6, [t +uj — s3] < o}
It is the quotient of an open subspace of the product

Fy(G, V) x S(G,V)y x [0,1] x Fr(H,W) x S(H,W ), x [0,1].
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So the preimage of W, s is open in E¢(G,V) A Ey(H, W).

Case III: z is not the basepoint, 0 < s1,s2 <1 and 8 € S(G,V),.

We can show the map is continuous at such points in a way analogous to Case II.

Case IV z is not the basepoint and s, is zero.
Let A(a) be an open neighborhood of a in Fi, (G x H,V © W) not containing the
basepoint. Let 6 > 0 be some small enough value.

Consider the open neighborhood of x
By = {[r1a+rd] € E(gp)(G x H,V ®W)la € A(a), ||di]| < 6, ||d2|| < 6,0 <75 < 5}

where d = dy + dg with dy € S(G,V),U {0} and d2 € S(H,W);, U {0}.

The preimage of B, 5 is

{[tra1 + tadi] A [uras + ugds] € Ey(G,V) A En(H,W)|ay Aag € ply 1y (G, V), (H,W)) ™ (A(a)),

|| < 6, ||dz2| < 8,0 < t3+ud <6}
It is the quotient of an open subspace of the product
Fy(G,V) x S(G,V)g x [0,1] x Fr,(H,W) x S(H,W ), x [0, 1].

So the preimage of B, s is open in E¢(G,V) A Ep(H,W).
Case V: z = [sj« + s2/] is the base point.
Let Ag(a) be an open neighborhood of « in Fy ) (G x H,V & W).
For any point w in EEg,h)(G x H,V @& W) of the form t1¢o + t2b with 0 < t2 < 1 and by

bz both nonzero, let U, s, be the open subset of E, ;) (G x H,V & W)
{[T1a+7‘2d] S E(g,h)(GXH,V@W)|||d1—b1” < O, ||d2—b2|| < Ow,a € AQ(O&), ‘T%—ta < 5w}

with §,, small enough.
For each point ¥ in EEQ h)(G x H,V @& W) of the form t;co + t2b with 0 < 2 < 1 and
be S(H,W)p, let W, 5, be the open subset

{[7”1(l+7”2d] € E(gﬁ)(G X H,V@ W)|||d1 — blH < 6y, ||d2|| < 6y,a € 140(04)7 ‘Tg — t%| < (5y}
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with J,, small enough.
For each point z in EEg h)(G x H,V & W) of the form t1co + tab with 0 < to < 1 and

be S(G,V), let V, 5, be the open subset
{lr1a +r2d] € Eg (G x HV @ W)|[[dy = bal <02, [lda[| < 62,0 € Ao(a), |r; — 15| < 6.}

with 0, small enough.

Let B, s denote the open set
{[T10+T2d} S E(g7h)(G X H,V b W)|||d2|| < (5, ||d1|| < 5,(1 S AQ(CQ),O < ro < 5}

with ¢ small enough,

For each 0 in E/

(g7h)(G x H,V & W) of the form 0 + 1b, let Dy s, be the open subset

{[’I‘la—i—’f‘zd] S E(g’h)(G X H,V@W)Md— b” <bg,1>2ry>1-— 59}

with dy small enough.
Let’s consider the open neighborhood of z in E(, )(G x H,V @& W) that is the union of

the spaces above

U= (JUws,) U JWys,) U((JVes.) UBays U (LOJ Do .s,)
w Y z

where w goes over all the points in E( (G x H,V & W) of the form t1co + t2b with
0 < to < 1 and by, by both nonzero, y goes over all the points in EEg,h)(G x HV e W)
of the form tycp + t2b with 0 < t5 < 1 and b € S(H, W), z goes over all the points in
B, (G x H,V @ W) of the form t1co + t2b with 0 <t <1 and b € S(G,V),, and 0 goes
over all the points of the form 0+ 1b in Ef, , (G x H,V & W).

The preimage of each Uy s,, Wy s

8y> V26,5 Bay,s is open, the proof of which are analogous

to that of Case I, II, III and IV. The preimage of Dy, is

{[ﬁal —‘rtgdl] /\[u1a2 —‘rUgdg] € Eg(G,V)/\Eh(H, W)|Hd1 +ds —bH < 0,1 — \/tg + u% < (59},

which is open. Therefore, the preimage of U is open.

Combining all the cases above, the multiplication “@,h)((G’ V), (H,W)) defined in (4.67)
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is continuous.

Remark 4.5.25. For any g € G, h € H'", we have the diagram below commutes.

1l (GV),(HW))
Fo(G, V) NFp(H, W) Fign(GxH,Va&W)

! !

U(Eg,h)((Gav)v(va))
Eg(G,V)/\E}L(H,W) E(g)h)(G X H,V@W)

where the vertical maps are both inclusion into the end of the join.

The basepoint of E(G, V') is the product of the basepoint of each factor Map¢, () (G, Eg(G, V),
i.e. the product of the constant map to the base point of each E,(G,V).

We can define the multiplication
vE(G, V), (HW)): E(G,V)ANEH,W) — E(G x H'V&W) (4.68)
by the composition

I Mapc, (G Eg(G, VYA T Mape,, gy (H, Ey(H,W)) —

gEGLITS, heHG
H Mapc,, (g (G,Ey,(G,V)) A MapCH(h)(H, E,(H,W)) —

gEGtUT'S‘ hthors

conj’ conj

H MapCGxH(g,h)(G x H, Eg(G>V) /\E}L(H> W)) —
gthov‘s hthors

conj’ conj

11 Mabey,, (g.m) (G X H, Egn) (G x HV & W))
gthors hthors

conj’ conj

where the first map sends

H ag N\ H O

gthors hthors

conj conj

to

H ag A B,

gthoTs hth,oTs

conj’ comnj

the second map sends a point

H ag/\ﬂh

ge Gtors hthors

conj? conj
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to

T (@nra@amo)

ge Gtors‘ hthors

conj’ conj

the third map sends

II fig.m

gE Gtars hthors

conj’ conj

to
H /*L(Eg;,h)((Ga V)a (H7 W)) of(g,h)-
gEGL hEH TS
More explicitly, uZ((G, V), (H,W)) sends
( II adnC IT 5w
9EGL heH{G
to
I () (@ WD) A5 ). (469

gtho'r's he Hto'r's

conj’ conj
Lemma 4.5.26. Let G, H, K be compact Lie groups. LetV be an orthogonal G—representation,
W an orthogonal H—representation, and U an orthogonal K —representation. Let g € Gt°s,

h e H'¢ and k € K°"S. Then we have the commutative diagrams below.

nZ (G, V) A0y (H,W)

SV ASW Eg(va)/\Eh(va)
[= |4 0 (@) (4.70)

E
gvew N(g,n) (GXH,VOW)

E(g,h)(G X H V& W)

pE (G V), (HW))AId

E (G, V)ANEL(H,W)AE(K,U) E(g,h)(G x HVe&W)AEL(K,U)
JVIdApgb,k)(HxK,WEBU) uﬁgy,w)((GxH,V@WMK,U))l

Hﬁ;,(h,k)) (G,V),(HxK,WaU))

Ey(G, V) A Egyiy(H x K,W @& U) Egni(Gx Hx K, VaWaU)

(4.71)

g (G,V)AId 1oy (GV),(HW))

SV A En(H,W) E,(G,V) A Ey(H, W) Egn) (G x HV & W)

l‘r JVE(g,h)(T)

IdAnE (G, V Gy (HW),(GV
Eh(H, W) A SV Ang ( ) K, g) ) )

En(H,W)AE4(G,V)

E(h,g) (H x G W ® V)
(4.72)
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Moreover, we have
1oy (G V), (H W) (@ A y) = i, ) (H, W), (G V) (y A ) (4.73)

for any x € E4(G,V) and y € E,(H,W).

Proof. In this proof, I identify the end F,(G, V) in the space E4(G,V) with the points of
the form (a,0,0), i.e. 1a+ 00, in the space (4.64) as indicated in Remark 4.5.20. And if the

coordinate t5 in a point t1a + t2b is zero, then b is the zero vector.

(i) Unity.

Let v e SV and w € SW. Let

v =v1 A vy, with vy € SV’ and vy € S(VQ)L,
h hyL
w = wy A wa, with wy € SV ,andwgeS(W) ,

g (G V), (H, W) o (ng (G, V) Ay (H, W) (v A w)

is the basepoint if [[vg|? + [Jwz||* > 1. If [Jvg||? + |Jwe|? < 1, it equals

(1 = V/vall? + [w2l|2)ng (G, V) (01) A (H, W) (w1) + v/ [[vz][* + [wa|*(ve + w2)]. (4.74)

On the other direction, 775] m (G x H, V@& W)(vAw) is the basepoint if [vz + wa|| = 1.
Note that since vo and wy are orthogonal to each other, ||va 4+ wsl|? = |lva]|? + |Jwa]|?.

If JJvg +U12|| <1,itis

(1= Vllw2ll? + lw2lI?)ng (G, V) (01) Aqu(H, W)(w1) + V/lva||? + [[wa]|? (v2 + w2)], (4.75)

which is equal to the term in (4.74) by Proposition 4.5.16 (ii).

(ii) Associativity.
Let x = [t1a1 +t2b1] be a point in E,(G, V), y = [s1a2 + s2b2] a point in Ej(H, W), and

z = [rias + r2bs] a point in Ex(K,U).

1l (G x HV & W), (K, U)) o (ufy ) (G, V), (H,W)) Ad)(z Ay Az)
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is the basepoint if t2 + s3 +r3 > 1.

If 3+ s34+ 73 < 1,

Wilg.ny oy (G X HV @ W), (K, U)) o (ny 1y (G, V), (H,W)) Ad)(z Ay A 2)

=1l (G x HV & W), (K,U))

([(1 = /83 + 53)ugn((G. V), (H,W))(ar A az) + /15 + s3(by + b2)] A 2)

(1= /85 + 83 + r3) (g .y i) (G x HV @ W), (K, U)) (g n (G, V), (H,W))(a1 A az) A as)

+ \/t% +5§ +T§(b1 + by +b3)]

Note that

(V13 +53) +uy = (/13 + 3 + u3)®

Then let’s consider the other direction.
1, (i (G5 V), (H x K, W @ U)) o (Id A 0 (H x K, W @ U))(x Ay Az)

is the basepoint if t3 + s3 +73 > 1.

If 13+ s3+713 <1,

B () (G V), (H x W & U)o (1 A i, (H x KW & U))(w Ay A 2)

:M@,(h7k))((G7 V),(Hx K,WaU))

(@ A (L= £/73 + s3)ufhu) (H, W), (K, U))(az A ag) + /75 + s3(b2 + bs)])

=[(1 = /13 + 83 + 13y (1) (G V), (H x KW @ U)) (a1 A py gy (H, W), (K, U))(az A az))

+ /3 + 3 +1r3(by + ba + b3)],

which is equal to

[(1 Y. t% + S% + T%)M{Eg,h),k)((G X H, V& W)? (Ka U))(:U/f;,h)((G7 V)a (H7 W))(a‘l A a2) A Cl3)
+ \/t% +S% +7’%(b1 +b2 +b3)]
by Proposition 4.5.16 (ii).

(iii) Centrality of unit.
Let v € SV and o = [tja + t2b] a point in Ey(H, W).
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By n)(7) © 1y (G, V), (H,W)) 0 (17(G, V) AN d)(v A )

is the base point if ||va]|? +#3 > 1. If 2> + 3 < 1, it’s

[(1 = /2l + 83) ) (G V), (H, W) (g (G, V) (v1) A @) + /02| + 3 (v2 + b))
=[(1 = /o2l + 83) iy o) (H, W), (G, V) (@ A mig(G, V) (1) + 1/ loa]|? + 5 (v2 + )],

by Proposition 4.5.16 (ii).

King) (H, W), (G, V)) o (Id Ay (H, W) o 7(v A )

is the base point if ||va||? + 3 > 1. If |jvo* + 3 < 1, it’s

(1= \/llall? + ) (s g (H, W), (G, V) (@ A mg(G, V) (01) + /022 + 3 (v + )],

So the centrality of unit diagram commutes.
(iv) According to the formula of uah)((G, V), (H,W)) and Proposition 4.5.16 (iv),
1oy (G5 V), (H W) (xAy) = [(1=\/13 + 53) g, (G, V), (H, W))(a1Aaz)++/15 + s3(bi+

bo)] = [(1=/t3 + s3) i, o (H, W), (G, V) (a2Aar)+/t5 + 85 (ba+b1)] = pj, o) (H, W), (G, V) (yA

O

Theorem 4.5.27. Let Ag : G — GG be the diagonal map g — (g,g). For G—representations
V oand W, let
(Ag)vew : E(GxG,VoW) — EG,VaoW)

denote the restriction map defined by the formula (4.93). Then
E:7Tq — GT

together with the unit map n® defined in (4.66) and the multiplication Akou®((G, —), (G, —))

gives a commutative Zg—FSP that weakly represents QEIU(—).
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Proof. Let G, H, K be compact Lie groups, V an orthogonal G—representation , W an
orthogonal H —representation and U an orthogonal K —representation.

Let

X= ][ eweEBE@GV Y= ][] BeEHW);Z= ][] weEXKU).
gtho'rs hthors k}EKt‘”'S.

conj conj conj

First let’s check the diagram of unity commutes.

Let v € SV and w e SW. (G, V), (H,W)) o (n®(G,V) AnF(H,W))(v Aw) is

T (60 = w1 ()0 GG VI A I o AN ).
9EGlors heH!grs
(4.76)
nP(G x H,V & W)(v Aw) is
I (W) =@ xmvewy valw),  @m
9€GLgy hE LSS

which is equal to the term (4.76) by Lemma 4.5.26.

Next let’s check the diagram of associativity commutes.
pP(Gx H,V & W), (K,U))o (u"((G, V), H,W)) ANId)(X ANY A Z)
is

11 ((g’, Wk —

gthors‘hthors_ kthors‘

conj conj? conj

1igmy a0 (G X H,V @ W), (K, U)) o (4, 1y (G, V), (H, W) A Id)(ag(g") A Br(h") A ’Yk(k/))>
And

pE(G V), (Hx KW aU))o(IdApP(Hx K,WaU))(XAY AZ)
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is

/ / /
I (102
gegtors‘hthors‘ kthors‘

conj conj? conj

Hosnay (G V), (H x K, W @ U)) o (Id A pl, 1o (H x K, W @ U))(ag(g') A Br(R') A ’Yk(k/)))

By Lemma 4.5.26, the two terms are equal.

Then let’s check the diagram of centrality of unit commutes.

E(r) o p”((G. V), (H,W)) o (n"(G,V) Ad)(v A X)

I ((h', o) = By my(r)of. o (G, V), (H, W))o(n (G, vwcz)((gﬂvwh(h')))

ge Gtors hthors

conj? conj

pE(H, W), (G, V)) o (Id AP (H,W))or(vAX)

is

T () i ()G o (Ta A 0 705" 0) A 511

gthors hthors

conj’ conj

The two terms are equal. So the centrality of unit diagram commutes.

Moreover, let’s check
pE((G V), (H W)X AY) = @ ((HW), (G, V))(Y A X). (4.78)

By Lemma 4.5.26,
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wF(G V), (H W)X AY) = II <(g’,h’) = sy (GLV), (H, W) (g (g) Aﬁh(h,)))
gEGTOTs he Htors

conj’ conj

T ((h’,g’>Hua,g)«H,W),<G,v>><m<h’>Aag<g'>>)

gtho'rs_ he Ht‘”‘s.

conj’ conj

= uP((H, W), (G, V)Y AX).

Therefore we have the commutativity of E.

Remark 4.5.28. For each g € G275, consider

conj’
E(G, V)g = Ma’pCG(g) (G, Eg(G, V))

1t has the relation with E(G,V)

EG V)= ][] E@GV),.

gtho‘r's

conj

Moreover, we can define a unit map ngEl (G, V) and a multiplication map “Eylh) (G, V), (H,W)).
Let
ngE/(Ga V) : SV - E(Ga V)g

be the map defined by
v (a— nf(G, V)(a-v)). (4.79)

Let pf) (G, V), (H,W)) : E(G,V)y NE(H,W);, — E(G x H,V &W)(gn) denote the
map sending

ag/\ﬁh

to

(g/’ h/) = N’(Eg,h)((Ga V)v (Hv W)) (ag(g/) A 6h(h/)) (480)

We have the relations

ﬂE(G7V): H Ug/(G»V)» NE((va)v(HvW)): H ﬂf/((va)»(H’W))'

gthors gthors

conj conj

167



The proof of Theorem 4.5.27 also shows that E(G,—)y is a Zg—FSP with the unit map

nf'(G, —) and the multiplication A}, o ,ug,g)((G’, =), (G, —=)).

Remark 4.5.29. Definition 4.4.11 gives a way how an orthogonal spectrum gives orthogonal
G—spectra. Then we may ask under what condition a given orthogonal G—spectrum is part
of a global family, i.e. arise from an orthogonal spectrum in the way indicated in Definition
4.4.11. There is a criterion. The two conditions below are equivalent:

(a) The G—spectrum Y is isomorphic to an orthogonal G—spectrum of the form X (G)
for some orthogonal spectrum X ;

(b) for every trivial G—representation V the G—action on Y (V) is trivial.

It’s straightforward to check E doesn’t satisfy the condition (b), so it cannot arise from

an orthogonal spectrum.

Proposition 4.5.30. Let G be any compact Lie group. Let V be an ample orthogonal
G—representation and W an orthogonal G—representation.
Let Ug,v,w :SWAE(G,V) — E(G,V @ W) denote the structure map of E defined by

the unit map n¥(G,V). Let 557V7W denote the right adjoint of 057V7W. Then

Gévw  E(G.V) — Map(S™ ,E(G.V &W))
is a G—weak equivalence.

Proof. From the formula of n¥ (G, V), we can get an explicit formula for
TG vw  B(G,V) — Map(S", E(G,V & W)).

For any element

= H Oy

gthors

conj
in

E(G, V)= ][] Mapc, (G E(G,V)).

ge Gtors

conj

Let w be an element in SV. For each g € Gtors., w has a unique decomposition

_ 1 2
w—wg/\wg
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. 1 -
with w; e "’ and wg e W™, oGvw sends a to

wH( 11 g’HAEouﬁm((G,V)?(G,W))(ag(g'),nf(G»W)(g’-w))>-

gthors

conj

It suffices to show that for each g € G, the map

conj’

a:g,g,V,VV : EQ(G7 V) - Mang(g)(SW? EQ(G7 Vo W)) (481)

e (w o Aol (GV), (G W) (P (G, W><w>>) (1.82)

is a Cg(g)—weak equivalence.

I check for each closed subgroup H of Cg(g), the map (ﬁg’g’V’W)H on the fixed point
space is a homotopy equivalence.

Case I: g€ H.

E,(G,V)H is the space Fy(G,V)#. By Proposition 4.5.16,
G4(G, V. W) Fy(G, V)T — Mapy (™", Fy(G,V & W)

is a weak equivalence.

By Theorem 4.3.7,
MapH(SW7Eg(Ga Ve W)) - MapH(SW97F9(G7 Ve W))7 f = f|SWg

is a homotopy equivalence.
And we have the diagram below whose commutativity can be checked directly by apply-

ing the formula (4.82).

Fy(G, V) —== Map (S, F,(G,V & W)) (4.83)

\TN

Mapy; (8", Ey(G,V & W)

So
GE sy Fy(G V) — Mapy (S, F)(G,V & W)

is a homotopy equivalence.
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Case II: g is not in H.

In this case, E,(G, V) is contractible. It suffices to show that Map (SW, E,(G,Ve&W)
is also contractible.

Note that for any closed subgroup H' of H, E,(G,V & W)H " is contractible. So for each
n—cell H/H' x D™ of SV it’s mapped to E,(G,V @& W)H" unique up to homotopy.

So Map (SV, E,(G,V @ W) is contractible.

Therefore 557 svaw 18 a Cg(g)—weak equivalence. So 557V7W is a G—weak equivalence.
O
By Proposition 4.5.18 and Proposition 4.5.30 we can get the conclusion below.

Corollary 4.5.31. For any compact Lie group G, any faithful G—representation V., E(G,V)

represents QEllY,(—) weakly in the sense

m(E(G,V)) = QEIIY(S*). (4.84)

4.5.5 The Restriction map

Let G be a compact Lie group. For any complex inner product space V; KU(V) has an
O(V)—action inheriting from that on V. Any real representation p : G — O(V) defines a
G—action on E(G, V). In this section I construct the restriction maps F(G,V) — E(H,V)
for group homomorphisms H — G.

Let ¢ : H — G be a group homomorphism and V' a G—representation. From the
change of group isomorphism, for any homomorphism of compact Lie groups ¢ : H — G
and H—space X, we have

QEUL(G x i X)

isomorphic to

QEI (X).

Thus, for any subgroup K of H, we have the isomorphism

QEUL(G/K) = QEUL(G xy H/K) = QEUY, (H/K).
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So by Proposition 4.5.18 the space E(G, V)X is homotopy equivalent to E(H, V)X when V
is a faithful G—representation. It implies when we consider F(G,V) as an H—space, it is
H—weak equivalent to E(H, V).

As indicated in Remark 4.5.29, the orthogonal G—spectrum E(G,—) cannot arise from
an orthogonal spectrum. As a result, the restriction map E(G,V) — E(H,V) cannot
be a homeomorphism. We construct in this section a restriction map ¢j, that is H —weak

equivalence such that the diagram below commutes.

(BE(G,V)) —— QEUY(S*)
[0 |o (4.85)
m(E(H,V)) —— QEIIY(S*)

where ¢* is the restriction map of quasi-elliptic cohomology.

Now let’s start the construction of the restriction map ¢j,. Let X be a G—space. Let
g € Gt and h € H""s.

The group homomorphism ¢ : H — G sends Cg(h) to Ci(g) and also gives
@it A (h) — Ac(o(h)), [W,t] — [¢(h),1].

¢ induces an H—action on X. Especially, X9 = X" and ¢. induces a Az (h)—action on it
for each h € H®°"s,

We can define a homotopy equivalence
Pg(G, V) : MapG(X, Mapcc(g)(G, Eg(G, V))) — Mapcc(g) (Xg, Fg(G, V))

similar to that defined in (4.36), as shown below.
Let
f: X — Mapg, ) (G, Ey(G,V))

be a G—map. Py(G, V)(f) is defined as the composition

X9 2 Mapey, () (G, By(G, V) 222 G, v) (4.86)
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Let’s first consider the equivalent definition of quasi-elliptic cohomology

QEUGX) = ] Ki.o&X

gGGtcns

with the product over all the torsion elements of G. With this definition, the restriction

map can have a relatively simple form.

For each g € G'°"*, we first define the map

Resg,g : Mape,,,) (G, Eg(G,V)) — [ [ Mape,, ) (H, E(H,V))

in the form
1T <R¢T Mapc,, () (G, Ey(G,V)) — Mapg,, (- (H, E-(H V))>

T

where 7 goes over all the elements 7 in H'°"® such that ¢(7) = g. Then we will combine all

the Resg ¢s to define the restriction map ¢y,

The restriction map

to be defined should make the diagram (4.87) commute, which implies that (4.85) commutes

(4.87)

X9 X — Lo Mape ) (G By (G, V) Y F 6, v)
—l —L lR(ﬁ,T lresmﬁ(ﬁ_é
Rq& Tof ﬁHB(e)F (H7 V)

Acl9) s the restriction map defined in (4.88)

where res|, /7

Let 7 € H'"" and g = ¢(h). Then we have the isomorphism

a; (V)§ oVI— V)ERav™

ar([6(b), t]v) = [b, t]ar (v).

sending v to v. For any [b,t] € A (h),
) . F,(G,V) — F,(H,V) defined

In addition, we have the restriction map res|AH(T)

as below. Let 8 : Sy — KU((V)§ ® V9) be a R—equivariant map. Note that SV)
and S()s have the same underlying space, and (V)5 @ V9 and (V)F @ V7™ have the same
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underlying vector space.

res|ﬁc (g)) (B) is defined to be the composition

KU (ar)
—_—

SV, gy L KU((V)E e ve) KU((V)B@ V™) (4.88)

which is the identity map on the underlying spaces.
Let ¢ : K — H be another group homomorphism and (k) = h for some k € K. Then
we have
(R) Ac(g)

res|2§( k) O Tes|nnny = S‘QG(&)) (4.89)

Note S(G, V), has the same underlying space as S(H,V),. Consider the join of maps
res|yo\0) w Id : Fy(G,V) % S(G,V)g — Fr(H, V) S(H,V), (4.90)

It is the identity map on the underlying space and has the equivariant property: for any

CLECH(T),xEH,

res|yot9) « Id(¢(a) - ©) = a - res|y 89 « Id(x). (4.91)

res|AH( ) * br gives a well-defined map on the quotient space Ey(G,V) — E-(H,V).
Let’s use g, to denote this map. It also has the equivariant property as (4.91).

For any p in Mapc,,5)(G, E¢(G,V)), let Ry (p) be the composition

H—2— G L E,(G,V) 2" E.(H,V). (4.92)

Ry +(p) is Cg(7)—equivariant:

Ry~ (p)(ah) =14 (p(p(ah))) = ro-(p(¢(a)p(h)))

= arg,-(p(¢(h))) = a- Ry +(p)(h),

for any a € Cy(1), h € H.

For any g € Im¢, Resgy 4 is defined to be

[1Ro-

173



where T goes over all the 7 € H'" such that ¢(7) = g. The restriction map is defined to

be
ot = HResg E(G,V) — E(H,V) (4.93)

where g goes over all the elements in G in the image of ¢.

Lemma 4.5.32. (i) R, defined in (4.92) is the restriction map making the diagram

a—ale)

Mape, ) (G, Ey(G, V) =22 F (G, V) (4.94)

R¢,Tl \Lreq/\g((i))

B—B(e)
Ma’pCH(T)(H E; (H V)) T(H7V)

commute. So the restriction map @3, makes the diagram (4.87) commute.

(ii)Let ¢ : H — G and : K — H be two group homomorphism and V' a G—representation.
Then
¥y 08 = (Gow)y

The composition is associative.

(11t) I1d3, : E(G,V) — E(G,V) is the identity map.
Proof. Tt’s straightforward to check by the formula (4.92) and that the restriction map of
the global K-theory is associative.

(i) Ry r(a)(e) = ryroale) = res|A (T))a(e). So the diagram (4.94) commutes, which

implies (4.87) commutes.

(ii) Let py : G — E4(G,V) be a C(g)—equivariant map for each g € G*". Note that
if we have ¢(0) = 7 and ¢(7) = g, then 74 0 7y o = T'goy,o since both sides are identity
maps on the underlying spaces.

Then we have for any k € K,

wroor( I po) = 111111 ree o rorpa(e(@ (k)

gthoTs
= [TIITT reesopa(oovth) = (@ow)i( I »o)

gectors

where 7 goes over all the elements in H!" with ¢(7) = g and o goes over all the elements
in K" with ¢(c) = 7. So
Ui oy = (0o v)y
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(iii) For the identity map I'd : G — G, by the formula of the restriction map, Id3, ( cl:! Pg) =
geGtors
[T pg, thus, is the identity. O
gthors

We also show the construction of the restriction map for the equivalent definition of

quasi-elliptic cohomology

QEUL(X)= [[ Ki,mX9),

gEGtov‘s

conj

which is unique up to G—homeomorphism.

For each g € Gos. we first define the map

conj’
Rescy.g - Mape,, () (G, Eg(G,V)) — [[Mape,, () (H, E-(H,V))

in the form

TT (Rer - Maper (6. E,(G, V) — Mave, i (H, E-(H,V)))

T

where 7 goes over all the elements 7 in H/J/% such that ¢(7) is conjugate to g in G. Then

we combine all the Rescy 45 to define the restriction map g}}

Let 7 € H!" and g = g-'¢(h)g, for some g, € G. Then we have the isomorphism

conj
acgr: (V)g @ VI — (VEa VT

sending v to g, - v. For any b € Cy(h), acy -(¢(b)v) = (g-bg; Vacy - (v).
In addition, we have the restriction map resc\ﬁc(g) 1 Fy(G, V) — F(H,V) defined

H(T)

as below. Let 3 : sV KU((V)§ ® V9) be a R—equivariant map. Note that SW)%
and )5 have the same underlying space, and (V)5 & V9 and (V)F @ V7™ have the same

underlying vector space.

a(9)
(T)

resc|2 () is defined to be the composition

KU (acg,r)
SRR AN

gtz
SVT X2 1 gy P KU((V)E e V) KU((V)EaVT)  (495)

Note that different choice of g, leads to a difference by a C¢(g)—homeomorphism on the

domain.
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Let ¢ : K — H be another group homomorphism and h;lw(k)hk = 7 for some k € K
and hy € H. Then we have

97 ' (hi) ¢ o (k) p(hi)gr = g (4.96)
With this choice of g, and hy fixed, we have

rese| N1 o rese[y9 ) (8)(x) = KU (acy 1) KU (acy - )B(g7 é(hi) ")

=KU(acsop)B((6(hi)gr) " - z) = resc [y () (x).

Thus,

A
Tesc\A (kg o resc|A (h) = res,. AG((k)) (4.97)

Moreover, we have the map by, : S(G,V), — S(H,W), sending w to g,w. Note
S(G, V)4 has the same underlying space as S(H,V),. It’s straightforward to check

by © g7 = bpoy k- (4.98)
Consider the join of maps

rese|yS\D) wbgr : Fy(G,V) % S(G,V)g — Fr(H, V) S(H, V), (4.99)

Note that g7 *Cy(¢(h))g- is a subgroup of C(g). It has the equivariant property: for any
a€Cy(r),z€H,
A
TeSC\AG((QT) *by (97 pla)g, - x) =a- resC|AfI((i)) * by (). (4.100)
resc|2f1((i)) * by, gives a well-defined map on the quotient space E,(G,V) — E.(H,V).
Let’s use rcg (V) to denote this map. It also has the equivariant property as (4.100).
For any p in Mapc,, () (G, Eg(G,V)), let Reg -(p) be the composition

I g7 é(—)gr

G —— E (G, V) s E.(H,V). (4.101)
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Rcy - (p) is Cu(T)—equivariant:

Rey - (p)(ah) = reg - (p(g7 " d(ah)gr)) = reo-(p((97 " d(a)gr) (g7 d(h)g-)))

= reg.r (gfqb(a)gfp(g:gb(h)gf)) — a-regr (plo= B(R)g.))

= a- Regr(p)(h),

for any a € Cy(7), h € H.

For any g € Im¢, Rescgy is defined to be

H RC¢,T

where 7 goes over all the 7 € H ﬁg;j such that ¢(7) is conjugate to g in G. The restriction

map is defined to be

¢y =[] Rescy : E(G,V) — E(H,V) (4.102)
g

H).

where g goes over all the elements in GZ(O):LSJ that are G—conjugate to some element in ¢(

Lemma 4.5.33. (i) Rc, defined in (4.92) is the restriction map making the diagram

D p (G, V) (4.103)

A )

5'—>5(€)FT(H’ 1)

Mapc,, (G, Eq(G,V))

Rc¢$7l

MapCH(,,.) (H, E-(H,V))

commute. So the restriction map ¢ci, makes the diagram (4.104)commute.

Ok (@, V) (4.104)

X9 —> X I Mapc, ) (G, Eq(G,V))
lresc|

Ag(9)
Ap(T)

_i _L chqu
Re 7.o~ —
X7 —— x 2o ape o (H, E(H V) 2D B (71,7

So the restriction map ¢ci, also makes the diagram (4.85) commute.

(ii)Let ¢ : H — G and : K — H be two group homomorphism and V' a G—representation.

Then
{/RF/ © 5?/ =¢oty.

The composition is associative.
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(i1i) Let Id : G — G be the identity map. Then T&*V : BE(G,V) — E(G,V) is the

identity map.

Proof. Tt’s straightforward to check by the formula (4.101).
(i) Reg - (a)(e) = regroale) = rescmi((i))a(e). So the diagram (4.103) commutes, which

implies (4.104) commutes.

(ii) Let py : G — E4(G, V) be a C(g)—equivariant map for each g € G*". Note that
if we have h; 1 (0)h, = 7 and g;*¢(7)g, = g for some h, € H and g, € G, then we have
97 p(ho) oY (0)p(he)gr = g. Moreover, we have rcy ; 0 1Cy o = TCpoy,o since (4.97) and
(4.98) hold.

Then we have for any k € K,

Dy odi( [T ro) =TTTL] e © rorpe(or olhs (k) ho)g-)
g T g

gtho'rs
= TTTI I rvovrslor élhe)  ou(k)o(ha)gr) = b0ty ( TT 1o
g T O

conj
gth()!é

conj

where 7 goes over all the elements in Hﬁgfg with g71¢(7)g, = g and o goes over all the

elements in K" with h; 14 (0)h, = 7. So

Gy o By = do by

(iii) For the identity map Id : G — G, by the formula of the restriction map, }E*v( [T pg) =
gthors

conj

IT pg, thus, is the identity. O
gthors

conj

4.6 Global Idea

As indicated in Remark 4.5.29, the orthogonal G—spectrum E(G, —) cannot arise from an
orthogonal spectrum. In Section 4.6 we express my thinking how to view these orthogonal
G—spectra globally, on the way to that we introduce a new perspective to view the theory,
quasi-elliptic cohomology.

Let’s consider two categories first. For each compact Lie group G, we can construct a

category I/, with objects o € G'"* and morphisms Mor(o,0’) = Ag(o,0’), which is the
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quotient of Cg(0,0’) x R under the action of Z

(g,t) — (go,t +1) = (o'g,t +1).

I}, is a groupoid. A skeleton sk(Ij;) of I}, is the category with objects o € G'2"* with

conj
Mor(o,0) = Ag(0).

Each group homomorphism p : H — G gives a functor

I [— (4.105)

sending 7 € H" to p(7). If p is a group isomorphic, p, is an isomorphism of categories.
Then we define I’ with objects I/, for each compact Lie group G, and morphisms p, :
Iy; — I, given by group homomorphisms p. We have well-defined functor from the
category of compact Lie groups to I’ sending G to I,.
I’ is a symmetric strict monoidal category. We have the isomorphism of groupoids
It xp Iy — If, g sending (o,7) — (o,7), and on morphisms ([g, ], [k, t]) — [(g,h),t].

The unit object is I, which has one object e and the morphisms A.(e) =T, i.e. the circle.

Example 4.6.1. For each G—space X, we have the functor

e(X): I — GT

sending all the objects o to X, and a morphism o = [g,t] € Mor(o,0’) to the identity map.

Example 4.6.2. Let X be a G—space. We can define a I},—space

Lo(X): I, — T, g— X9.

Let o = [g,1] € Mor(o,0"). La(X)(e) : X — X7 is defined by x — g.

For each compact Lie group G, we have the functor

Lg:GT — I T,X — Lg(X).

A morphism ¢ : X — X' in GT gives the morphism between I[,—spaces

0" ={0s 1 X7 — X7 2 ¢(z)},.
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Let p : H — G be any group homomorphism. We have the restriction p* : GT —

HT.X — p*X and p* : I, T — IyT, F — Fop, with p, defined in (4.105). The diagram

*

Le(X) —2 = La(X)

ol

* ¢ *
Ly(p*X) —— Ly(p*X’)

commutes.

So for each G—space X, we have a natural transformation, the restriction

p* i Lg(X) — Ly(p*X).

Especially, for each G—representation V, we have define the I;;—space Lg(SY).

Let ZgS denote the category of Zg—spectra, i.e. orthogonal G—spectra.

Example 4.6.3. Let V be a G—representation. We can define another Ij,—space
FGV): I, —T
sending the object o to Fy(G,V). For a morphism o = [g,t] € Mor(c,c’), it’s sent to
F,(G,V) — F.(G,V), z+— ax

where ax is res\ﬁgg,)) (x) defined in (4.88), i.e.

SV 22978 gy P gy (v, @ ve) KU

KU((V)U/ ® VU') (4106)
Let iq : sk(I;) — I, be the inclusion of the subcategory, which is an equivalence of

categories.

Mapy, 7 (La(X), F(G,V)) = Map 1 yr (igLa(X), igF(G,V)) = H Mape, (5)(X7, KUpg (o))
seGters

conj

(4.107)
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Example 4.6.4. First let’s see for each G—representation V, we can define

GV I —T (4.108)

sending an object g to E(G,V), which is defined in Remark 4.5.28.

It’s straightforward to check E(G,V) is a well-defined I,—space: Let o = [g,t] €
Ag(o,0") and f € E(G,V),. Then E(G,V)(a) send each p € E(G,V), to Ry (p) defined
in (4.92), i.e.

ror (V)
T

G 2L, g P B(G,V) E,.(G,V). (4.109)

By Lemma 4.5.32 (ii), the composition law holds and for each Id, = [e,0] € Ag(o,0),
E(G,V)(Id) is the identity.

By Theorem 4.3.7, [[  Mapc,, (X7, F(G,V)(0)) is weakly equivalent to
seGiors

conj

H Maps (X, E(G,V)(0)),

o.thoTS

conj
which is not

Map;, 7(e(X),£(G,V)).

But we do have a natural transformation P(G,V) : E(G,V) — F(G,V). For each
oe G P(G,V)(o): E(G,V) (o) — F(G,V)(0) is defined by

Mape, o) (G, Eo (G, V) 219 F v, (4.110)

4.7 The category S

Let’s consider the full subcategory S of the homotopy category Ho(Top) consisting of the
objects

{Sc,¢4| G is a compact Lie group and g € G}.

Let G be the category with objects {(G, g)|G is a compact Lie group and g € G} and a
morphisms ¢ : (H,h) — (G, g) a group homomorphism from H to G sending h to g.
G is a lax symmetric monoidal category with product (G, g) x (H,h) = (G x H,(g,h))

and unit object ({e},e).
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We have a contravariant functor p : G — S sending an object (G, g) in G to Sg 4.

For a morphism ¢ : (H,h) — (G, g), the restriction @|y : (h) — (g) is surjective. For
any subgroup K of (g), we have isomorphism of groups ¢x : (h)/¢ 1 (K) — (g9)/K. If K
is a maximal subgroup of (g), ¢~ (K) is a maximal subgroup of (h).

Then for any f € S 4, p(¢)(f) is the composition

b f *x (D5 ) i
H—"> G —— +xE((g)/K) =% % E((h) /¢~ (K)) — > s E((h) /K")
where K goes over all the maximal subgroups of (g), K’ goes over all the maximal subgroup
of (h), and the last map 4 is inclusion.

p is not symmetric monoidal. Let’s consider the contravariant functor
pn G —S, (G, 9) = Sng(g).9> (4.111)

where Ng(g) denotes the normalizer of g in G.

For each morphism ¢ : (H,h) — (G, g), it gives a homomorphism ¢ : (Ng(h),h) —
(Na(9),9). For any f € Sa,q, pn(0)(f) is the composition

¢ f *rc (05 1 i ’
Na(h) — Na(g) — i B(g) /) O i B(R) 671 (K)) — 510 B(()/K)

I'll show SN, (hog),(g.h) 18 Na(g) X N (h)— weak equivalent to Sy (g),g * SNy (h),h-

First let’s look at the fixed point spaces. Let K be a subgroup of Ngxm(h,g) = Na(g) x
Ny (h). For any (a,b) € K, (a,b){((g,h))(a,b)~! is contained in K if and only if (g,h) € K.

Thus, by Lemma 4.3.4,

K
(SNa(9). * SNunyn) =0 (4.112)
if and only if (g, h) € K; and
Sﬁg(g)xNH(h))(g)h) ~ ) (4.113)
if and only if (¢g,h) € K. Thus,
SNe(9),g * SNu(h)h =Ne(9)x Nz (h) SN (9)x Nut (h),(g.h)- (4.114)

Let’s see an easy fact. Let u denote the least common multiple of |h| and |g|. Then the

maximal subgroups of ((h, g)) are of the form ((h,g)7) for some prime p dividing u. And
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u

(h?) (resp. (gv)) is either a maximal subgroup of (h) (resp. (g)) or the trivial group.

For each prime p dividing u, if the cyclic group (h%> is not trivial, it is isomorphic to
((h,9)%)

By Milnor’s construction [45], for any topological group G, the universal space EG =

colimG *x G % - - - * G. We have a G—weak equivalence
kg : EG+* EG — EG

as the colimit of the maps

sending

(tlah T tnan); (tn—i-lbla o tn-‘rmbn-i-m)

to

(tlal, tn+1b17 t2(12, tn+2b27 e tnana tn+nbn; tn+n+1bn+17 e tn+mbm)

if n < m; to

(tlala tn+1b17 t2a27 tn+2b27 e tmam7 tn+mbm7 tm+1am+17 e tnan)

n+m
if n > m, where each ¢t; > 0and ) t¢; =1.
j=1
Let {py} denote all the primes dividing |g| and {ps} denote all the primes dividing |h|.

Let A = {p € Z|p divides both |h| and |g| and g7 and h# are both nontrivial}. For any

r € A, we have isomorphisms

Sl
~
&
j}
[oW
—~
>
~
~
—~
>
*|
~
12
—
—
°
>
N2
~
~
—
—
°
>
N2
Se
~

(9)/(g) = ((9,1)/((g,h)

thus, homeomorphisms

lgl [h]

o B(10/6%)) = B((0.m) /(a1 ) and g B0/ = B (g, mh 107 ).
Let &, denote the composition

Ll |k frxgr

E((g)/(g 7)) = E((h)/{g=)) = E({(g. 1))/ {(g. 1) 7)) * E({(g. 1)) /{(g,h) ")) —= E({(g. 1)) /{(g,}) "))
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where the last map is

u
I

Filgm) /(g )

Let

. ( E<<g>/<gw>>) " ( E<<h>/<hm>>) e B9, )9 1))

sends

*pggAapgapg *Ph&A bphﬂph *TEA dT(tT'loéT17 6T‘2f7‘2)

in

lgl | |

sp,2A5((9)/(97°)) #puga E(R)[(hon) #rea (E((9)/ (g7 )) * E((h)/(h))),

=

to

*pQQAafpgapg *pth bphﬁph *reA drﬁlr(trlarlv ﬁr2fr2)-

Then, we define ® : Sy (g),9 ¥ SNy (h),h — SNa(9)x N (h),(g,h) &S the composition k. o X,

sending (t1 f1,t2f2) to a map

(a,0) — K(t1fi(a), t2f2(D)).

® is Ng(g) x Np(h)—weak equivalence.
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Chapter 5

Real and real Quasi-elliptic
cohomology

In this chapter we construct Real and real quasi-elliptic cohomology.
Based on the definitions in [3], we formulate the definition of Real G—space and Real
orbifold vector bundle. From them, we give a reasonable definition of Real quasi-elliptic

cohomology. Moreover, we discuss the involution on the spectra.

5.1 Real K-theory

First let’s recall Real K-theory and its equivariant version in the sense of [6].
Definition 5.1.1. A Real space X is a compact space X with an involution x +— T.

Definition 5.1.2. Let X be a Real space. A Real vector bundle E over X is a complex
vector bundles E over X with a given involution E — E which takes the fibre E, antilinearly

to Fz, and such that p(e) = p(€), where e € E and p : E — X s the projection map.

K R(X) is defined to be the Grothendieck group of the isomorphism classes of Real vector

bundles over X.

Moreover, we can define equivariant space and bundle.

Definition 5.1.3. A Real Lie group G is a Lie group G with a Lie group involution g — g

on it.

Definition 5.1.4. Let G be a Real Lie group with involution g — g on it. A Real G—space

X is a G-space with an involution on it such thatg-x =7 - X.

Definition 5.1.5. Let G be a Real Lie group. A Real G—wvector bundle over a Real G—space

X is a real vector bundle which is also a G—bundle, and is also a Real G—space.

The equivariant version K Rf,(X) with G a Real Lie group and X a Real G—space is
defined to be the Grothendieck group of the isomorphism classes of Real G—vector bundles

over X.
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5.2 Basic Constructions and Real quasi-elliptic
cohomology

In this section I will explain what Real quasi-elliptic cohomology should be.

We define the notion ”involution” for Lie groupoid G first.

Definition 5.2.1. Let G be a Lie groupoid. An involution on G is a covariant Lie groupoid
functor F': G — G such that F o F' is the identity functor. A Lie groupoid with an involution

on it is called a Real Lie groupoid.

In the rest of this chapter, let G be a Real Lie group and X a Real G—space. There
are some simple facts about Real Lie groups: the involution of the identity element of G is
itself. And for any subgroup H < G, its image under the involution, denoted by H, is also

a subgroup of G.

Example 5.2.2. For the subspace X of X, the involution on X induced a homeomorphism
between XH —s XH by

o :T— T.

This map is well-defined: if we have ha = x, Vh € H and Vo € X, then T = ha = hz.

And o o oy is the identity map on XH_ Especially, we have
og: X7 — X9, 2T,

Vg € G.
Obuviously, the centralizer Cg(g) is exactly Ca(g), and Ca(q,7') is Calg,q’). And we
have the bijection

Og,9' ¢ AG(Q,Q/) X X9 — AG(?7§,) x X9

sending ([h,t],z) to ([h, —t],T). ogg 0044 is the identity map on Ac(g,g').
By o4 and 04,4, we get an involution on the orbifold groupoid A(X//G). Let’s denote

the involution by ox .

Given a Real Lie groupoid G, we also define Real G—space and Real orbifold vector
bundle, i.e. Real vector bundle over G.

Let’s recall the definition of G—space first. Definition 5.2.3 is from the book [3].
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Definition 5.2.3. Let G be an orbifold groupoid. A left G—space is a manifold E equipped
with an action by G. Such an action is given by two maps: an anchor m : E — Gy, and an
action p: G1 Xg, E — E. The latter map is defined on pairs (g, e) with w(e) = s(g), and
written u(g,e) = g-e. It satisfies the usual identities for an action: w(g-e) = t(g), l,-e = e,

and g- (h-e)=(gh) -e, for sy inG andec E with 7(e) = x.
I give the definition of Real G—space below.

Definition 5.2.4. Let G be an orbifold groupoid. A left Real G—space is a Real space E

which is a left G—space such that the anchor m and the action p preserve the involutions.

Ezxplicitly, n(e) = n(e) andg-e=7g-e.
Let’s also recall the definition of G—vector bundle, which is from the book [3].

Definition 5.2.5. A G—wvector bundle over an orbifold groupoid G is a G—space E for which
w: E — Gy is a vector bundle, such that the action of G on E is fiberwise linear. Namely,
any arrow g : ¥ — Yy induces a linear isomorphism g : E, — E,. In particular, E; is a

linear representation of the isotropy group G, for each x € Gj.
And T give the definition for Real G—vector bundle below.

Definition 5.2.6. A Real G—uvector bundle over a Real orbifold groupoid G is a G—vector
bundle over G, a Real vector bundle over Gy, and also a Real G—space, so that the involutions

and the G—structure are compatible with each other.

Now let’s consider Real A(X//G)—vector bundles E over the Real groupoid A(X//G)
with the involution ox.

For any g € G, consider the subgroupoid X9//A¢(g) of A(X//G). The involution on E
maps the restriction of E over X9//Ac(g) to a X9//Ac(g)—vector bundle over X9//Ac(g),
each fibre of which over T is antilinearly isomorphic to that of E over x.

Thus, the involution of E induces an isomorphism K4 (X9) — K, ) (X7).

Definition 5.2.7. QEUR}(X) is defined to be the Grothendieck group of the isomorphism
classes of Real A(X//G)—wvector bundles over the Real groupoid A(X//G) with the involution

ox constructed in Example 5.2.2.

Below is an interpretation of this map, which gives an involution of QEIIR(X).

First let’s recall the definition of universe for G—representations.
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Definition 5.2.8. A G—universe U is a countable infinite direct sum &2 U" of a G—inner
product space U’ satisfying the following:

(1) the one-dimensional trivial G—representation is contained in U';

(2) U is topologized as the union of all finite dimensional G—subspaces of U (each with
the norm topology);

(8) the G—action on all finite dimensional G—subspaces V' of U factors through a compact

Lie group quotient of G.

Definition 5.2.9. If the G—action on U is trivial, then U is called a trivial universe. If
each finite dimensional G—representations is isomorphic to a G—subspace of U, then U is

called a complete G—universe.

We have seen that the involution of the Real group G induces an isomorphism d, from
Ac(g) to Ag(g), which sends [h,t] to [h,—t]. If V is a Ag(g)—representation, then the

complex conjugate V of V is a representation of Ag(g) with the action defined by

[h,t] - D = [h, —t] - v, (5.1)

where [h,t] € Ag(g), v € V, and T is the complex conjugate of v.

So the complex conjugate of each Ag(g)—inner product space is a Ag(g)—inner product
space. And if V is a one-dimensional trivial Ag(g)—representation, V is a one-dimensional
trivial Ag(g)—representation. The opposite is also true.

Let U, be a complete complex Ag(g)—universe. Let Hg denote the same space as U,
with the same topology but for each V' € U, we consider it as a Ag(g)—representation with
the action defined in (5.1). Then U, is a Ag(g)—universe.

If W is a finite dimensional Ag(g)—representation, its complex conjugate W is a finite
dimensional Ag(g)—representation, so W is isomorphic to a Ag(g)—subspace of U, which

implies W is isomorphic to a Ag(g)—subspace of U,. So U, is a complete Ag(g)—universe.

Let BUg(n,V) be the Grassmannian G—space of complex n—planes in a complex inner
product G—space V and EUg(n, V) be the G—space consisting of pairs (m,v) wherer €
BUg(n,V) and v € 7. If V is sufficiently large, for example if V' contains a complete
complex G—universe, BUg(n, V) classifies complex n—dimensional G—vector bundles, and
the projection p : EUg(n,V) — BUg(n,V), (m,v) — 7 is a universal complex n—plane

G —bundle.
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We can construct a G—spectrum representing equivariant K-theory. Let U be a complete

G—universe. For any V C W C U and ¢ > 0, we have an inclusion
BUg(q,VoU) — BUg(q+|W =V, WealU)
sending a plane A to A+ (W — V). Let BUg(V) be the space

[ BUc(a.Veu).
q20
The plane V € BU(|V|,V @ U) is a G—fixed point. Take it to be the canonical basepoint
of BUg(V). We have an inclusion BUg (V) in BUg(W) of based G—spaces.
Define BUg to be the colimit of the BUg(V').
By sending a plane A to its complex conjugate, we get a homeomorphism from BUy,(4)(n, V')

to BUpg(5)(n, V). Passing to the colimit, we get a homeomorphism
BUng(9) — BUss(g)
and thus, a homeomorphism
Ag : BUpg(g) X L — BUng(g) % Z,

which send (A4,n) to (A,n). For any [h,t] € Ac(g), A, sends the space [h,t]-V to [k, —t]- V.
And Ago A, is the identity map.

We can consider Ky, (4)(X?Y) as a space homeomorphic to map, 4y (X9, BUp(g) X Z).
If E|xs//aq(g) is classified by a Ag(g)—map f : X9 — BUx,(g) X Z, then E|xg, /5. () i

classified by the composition of the maps

og A
f: XﬁHgXQL)BUAG(g) X249>BUAG(§) X 7 . (52)

Thus, f(z) = Ay(f(T)). It’s straightforward to check f is a Ag(g)—map:

V[h, —t] € Ac(3), = € X7, we have f([h, —t] - z) = Ag(f([h, 1] - @) = Ag(f([h, 1] - 7)) =
Ay, A1 @) = [, 18y (£(@)) = (1, 0T ().

Thus, f represents a map in MapAG(g)(Xﬁ, BUp @) X Z). And ? goes back to f.

If {g} is a family of representatives for the conjugacy classes of elements in G, so is
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{g}. As a whole, we get an involution on

QEURG(X)= T[] Ki.pX?= [I X% BUss x 2%,
9eGLoTs geGLors,

conj conj

by sending

fe [ (X9 BUsg x 2"
gthors

conj

to

117 € [1X7. BUA 5 x 2)*¢@ = QElR:(X).
g g

5.3 Construction of the Real Spectra

5.3.1 QFlls; as a diagram space

Recall the conclusion in Theorem 4.3.7, there is a G—spectrum representing QEIlf,, which
is unique up to G—homotopy. In the rest, for any compact Lie group G, BUg X Z is denoted
by KUg.

Let’s recall the orbit category O¢g of G, introduced in Example 4.1.3.

Let Ag be a subcategory of Og with objects [G/(g)]gec. If g and ¢’ are conjugate in G,
the space of morphism [G/(g)] — [G/{g¢’})] is that of O¢; if g and ¢’ are not conjugate, it’s

empty.

Proposition 5.3.1. QFEllg is a functor from the category Ag to the category of space,
sending [G/(g)] to Ry(KUpy(q)). Let’s call it Rg.

Proof. 1f g' is conjugate to g in G, Ry(KUp,(g)) is G—homeomorphic to Ry (KUp(g)), as
explained below. Thus, if we choose another family {g'} of representatives of the conjugacy

classes in G*°", l_[ Ry(KUp(g)) is G—homeomorphic to ]G_[ Ry (KUp(g))-
ge tors gle tors

conj conj

If ¢ = h~'gh, the centralizer Cg(g’) = h='Cq(g)h, and each E({g’)/K') in the formula
of St (g, 18 the same space as a E((g)/(h~'K'h)) but with different group action, g'-z :=
gzjie. hg'h~lz, for any z € E({g)/(h"1K'h)).

Let f: Ca(g) — *kE((9)/K) be a (g)—equivariant map. We can define a (g’)—map
f i Calg)) — *xBE((g')/K') by f(b) := f(hbh™'). This map Sc(g).g — Scu(e).e
f— f, is a homeomorphism.

Generally, for any subgroup H < G containing g, we can define a homeomorphism
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Sty — Sh-1mny in this way. In addition, for any @ € H, b € h™'Hh, (;Tf(b) =
f(hbh~ta) = f(h(bh~tah)h=1) = f(bh~tah) = ((h " ah) - f)(b).

Thus, a - f = (h~'ah) - f.

A special case is when the subgroup is G itself, we get a homeomorphism jj, : Sg,y —
Sa,g-

Similarly, KUy g is the same space as KUy, () but with the group action defined by

[a,t] - & := [hah~!,t]x. Together with the map Scetg).g — Sca(g),g'> We get a map
R R
Th - KUAc(g) * SCc(g),g i KUAc(g’) * SCG(g'),g"

For a € Cg(g), x € KU}\{G(Q) * Scg(g).gs Thia-x) =h~tah - (Th(x)).

Given a Cg(g)—map F : G — KUIHfG(g) * Scs(g),9> We can define a Cg(g')—map F:
G — KUY () * Sca(g).g by F(b) := (740 F)(hbh™1).

Forany b € G, d’ € Cq(g) F(a'b) = mhoF((ha’h=Y)(hbh™Y)) = 74 ((ha’h~ ) F (hbh™1)) =
a/Th(F(hbh™1)) = ' F(b). So F is Cg(g')—equivariant.

And, for a, b € G, ﬁ(b) = (1hoF)(hbh~ta) = (1hoF)(h(bh~tah)h~t) = F(b(h~*ah)) =
((h="ah) - F)(b).

Thus, a- F = (h~'ah) - F.

Let vj, : G — G be the isomorphism v, (b) = h~'bh. So finally we get a G—homeomorphism
between [G, KUID\Qg(g)*SCG(g)yg]CG(g) and [G, KUlﬂfg(g,)*SCG(g/)yg]CG@/) by sending F' to I/Zﬁ
Join with the G-homeomorphism v} o j, on Sg 4, we get a G—homeomorphism J;, between
Ry(KUng(g)) and Ry (KUpg(g1))-

Thus, we get a functor Rg from Ag to the category of based space, sending the object
[G/(g)] to Ry(KUp(g)), and sending the morphism [G/(g)] — [G/(g")], a(g) — ah(g’) to
JIh.

O

For each g € G, I'll define a map @, : Ry(KUp(y)) — Rg(KUpg(g)) in this section.

Combining the ®,4s together, we can get an involution on the diagram spectra Rg.

5.3.2 Thoughts on involution on diagram spaces

Before I construct the involution of QEIIRE, I talk a little about my thoughts on the involu-

tion on diagram spectra. There may be more general definition than these I give, which are
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based on the involution on the diagram D. The reference for diagram spaces and diagram
spectra is [42].

Let D be a skeletally small category. Let

ﬂDZ'D—>ID

be an involution on D, i.e. a functor such that 8p o Bp is the identity functor. Obviously,
for any D—space X, X o Bp is also a D—space. If D is symmetric monoidal, an involution
Bp on it needs to be symmetric monoidal.

There are several examples we will use in the constructions in the later sections.

Example 5.3.2. Let Og denote the orbit category of a Lie group G with objects [G/H] and
the space of morphisms [G/H| — |G/K] is the space of G—maps G/H — G/K, which is
nonempty if and only if H is subconjugate to K.

When G is a Real Lie group, we can define an involution on Og by sending [G/H]| to
[G/H]. As for the morphisms, if f : G/H — G/K is a morphism in Og with f(eH) = gK,
we can define a map f: G/H — G/K by f(eH) = gK, which is well-defined. In this way

we get a functor between Og. I'll denote this involution by (-),. When there’s no confusion,

it’s denoted by (+).

Example 5.3.3. Let G be a Real Lie group with involution (-). Then we can define an
involution on Ag by sending the object |G/(g)] to [G/(g)]. For the morphisms, let f :
G/{g) — G/{¢') be a morphism in Ag with f(e{g)) = h{g’). Then we can define a
morphism f : G/(g) — G/(7') by f(e(@)) = h(G'), which is well-defined. Then we get a

functor between Ag. I'll use (-), to denote it. When there’s no confusion, it’s denoted by

[OF

Example 5.3.4. Let G be a Real Lie group with involution (-). We can define an involution
on the product Ag x Og by sending (a,b) to (a,b).

Other than this one, Id x (-)» and (-), x Id also give involution on the product.

Let DT be the category of D—spaces and natural maps between them.

I define the involution on a D—space associated to the involution Gp.

Definition 5.3.5. An involution on a D—space X is a morphism Yp in DT from X to

X o Bp such that ¥p o U is the identity functor between X.
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Example 5.3.6. A trivial case is that the involution on D is just the identity functor and

the involution Vp on X is also the identity.

Now let’s consider the case when D is symmetric monoidal with unit v and product OJ.

Let R be a monoid in D7 with unit A and product ¢. Let

QR : (R, gb) - (R» ¢)

be an involution on R, i.e. an involution on the D—space R respect the monoid structure.
Here is the definition I give for an involution on a D—spectrum (X, o) over R where

X :D— T is a D—space and o : X(d) A R(e) — X (dOe) are the structure maps.

Definition 5.3.7. An involution on a D— spectrum (X,o) is an involution ®p on the

D—space X such that for any objects d, e in D, the diagram commutes

X(d) A R(e)

X (dOe)
i@D(d)/\aR(e) \L@D(dlje)
X(Bp(d)) A R(ar(e)) —= X (Bp(dTe))

Then the involution preserves the associativity diagram.

5.3.3 The construction of ¢,

Now let’s start constructing the involution W, for the spectrum Rg.
First let’s define a map ¥g ., : Sy — Sgj for any H < G and h € H, which has the

property Y o ¥, = Idg, ,-

If K is a maximal subgroup of H < G, then K is a maximal subgroup H and
{K|K is a maximal subgroup of H}

are all the maximal subgroup of H. So the involution induces a bijection on the quotients
(h)/K — (h)/K. This isomorphism induce a homeomorphism E({h)/K) — E({(h)/K)
sending (V,v) to the complex conjugate (V,7), where V is a complex (h) /K — representation

space and v € V. The complex conjugate V is a (h)/K —representation space via

ol
gl
li
Q
S
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where a € (h)/K and w € V.

In this way we get a homeomorphism
5n txxk E((h)/K) — xzE((h)/K).

¢ E((h)/K) can be viewed as a (h)—space while +=E((h)/K) can be viewed as a (h)—space.
For any a € (h), x € xg E((h)/K), we have dy(a-x) =@ - dp(x).

Let f: H — g E((h)/K) be a (h)—map. Define ¢y »(f) : H — xzE((h)/K) to be the
composition

T 0 L s BURYJK) 2 v B(RY ).

In other words, ¥ 4 (f)(a) = 5u(f(@)), for a € H.
Let h' € (h). Y n(f)(R-a) = 0n(f(I - a)) = on(f (') = on(W"-f(@)) = W-n(f(@)) =
h - 7/1H,h(f)(0l)- Thus, 1/)H,h(f) is a <E>—map. 1//H,h : SH,h — Sﬁﬁ is well-defined. And

VYO Yu,n(f) goes back to the map f.

S, is a H—space with the action defined by (a - f)(z) := f(x - a) where a,z € H.

Yun(a-f) = aun(f) since for any 2 € H, g n(a-f)(x) = 0n((a-f)(T)) = 6n(f(T-a)) =
on(f(z-@)) = Yun(f)(@-a) = @ Yun(f)) (@)

From the maps

Ag : KUAG(g) — KUAg(§)7 Vi— V
and Ve (g),9» We get a well-defined map between the joins
¢g : KU (g) ¥ S06(9).0 — BUnc@) * Sce@ g
pgody is the identity map. And for any b € Cq(g), v € KU (g)*Scs(g).g> Pg(bT) = by ().
Next, use ¢4 to construct a map
Dy - Mapcg, g) (G KUng(g) * S06(9).9) — MaPcg () (G KUng () * Sca()9)-

Given a Cg(g)—map F : G — KU, (g) * Scg(g),g> let @¢(F) be the composition of
maps:

O, o F ¢
G — G — KUxu(g) * Sca(o).0 — KUno@ * Sca@ a
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We can check that ®4(F) is Cq(g)—equivariant. For a € G and h € Cg(q), @g(F)(h -

) = ¢g(F(h-a)) = dg(F(h- @) = dy(h- F(@)) = h - ¢4(F(@)) = h - ®4(F)(ax). Thus
Dy MapCc(g)(G’ KUAG(Q) * SCG(Q%Q) - MapCG(E)(G’ KUAG(?) * Scog (?)@)

is well-defined.

Mapc, () (G, KUng(g) * Sca(g).g) 18 @ G—space with the action defined by a - F(a) =
F(a-a) for a,a € G.

@,(a-F) = @-,(F) since &, (a- F)(a) = ¢,((a-F)(@)) = ¢4 (F(@-0)) = ¢,(F(@-a)) =
&, (F)(a @) = (@- dy(F))(a).

®g 0 @y is the identity map. And for any b € G, x € Map,, () (G, KU (g) * Sce(g).9)s
P, (bx) = bDy(x).

Moreover, if ¢ = h~!gh, then we have §’ = Eilgﬁ, and the commutative diagram below

Jh
Ry(KUpg(g) — Ry (KUng(g))

i% l%,

J-
Rg(KUp(5) — Ry (KU (7))

where Jj, is the G—homeomorphism defined in the proof of Proposition 5.3.1. It’s straight-
forward to check it commute.

Therefore, combining the ®4s, we get an involution

®pr, : Rg — Rg o ()A

on QFEllg.

We'll go a little further on this.

Recall a Og—space is defined to be a continuous contravariant functor Og — 7 where
T is the category of topological spaces. Let Og7 denote the category of Og—spaces.

Let GU denote the category of G—spaces. Let © : GU — OglU be the functor send a

G—space X to its fixed points G/H — XH.

Moreover, we can construct Ag x Og—space R by sending ([G/(g)], [G/H]) to (RgK Uy, (5)) ™.
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Re = R([G/{e)]). We can also get an involution

P:R— Ro(()y x()p) (5.3)

For each ([G/(g)],[G/H]), ®ia/g).ic/H] is O(@y)([G/H]). Let’s denote it by &, pr.

5.3.4 Construction of the involution A

In this section I'll show a functor 7" : Ag X Og — 7 and give an involution on it.

For each g € G, consider the Og—space

Ty : G/H — Mapy, ) ((G/H)?, KUpg (g))-

T,(G/H) is homotopic to (RgBUx(g))" .
For any a € G, Ty and Tj,-1,, are naturally isomorphic, as shown below.

For any two subgroup H and K of G, consider

Mapy () ((G/H)?, KUn(g)) Map, () ((G/K)?, KUpq(g))

lnH \L"]K
Mapy (a1 gay (G/a™ Ha)® 9%, KUp(a-1ga)) —= Map,(a-140)(G/a Ka)® 9% KU (a1 ga))

Let the upper horizontal map be induced by a map (G/K)? — (G/H)?,aK — afH. Then
the bottom horizontal map is induced by (G/a~'Ka)* 9 — (G/a"*Ha)* 9, a *aKa —

a 'afHa. ny maps f to the composition of maps
_ f
nu(f) : (G/a~'Ha)* 99 — (G/H)9 —— KUps(g) —> KUn¢(a-14a)

where the first map is aa™'Ha — aca™' H and the third one is V +— a~'Va.
It’s straightforward to check the diagram commutes.
Thus, we get a functor T' from the diagram Ag X Og to the category of based spaces,

sending ([G/(g)], [G/H]) to T,(G/H).
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For any subgroup H and K of G, consider diagram

Mapy g (g) (G/H)?, KU (g)) —= Mapy ) (G/K)?, KUng(g))

| |

MapAG(g)((G/F)ga KUAG(g)) - MapAG ((G/K)g KUAG(Q))

Let the upper horizontal map be induced by a map (G/K)? — (G/H)?, aK — afH. Then
the bottom horizontal map is induced by (G/K)? — (G/H)9,aK — «afBH. The vertical

maps are the involution f — f sending f to the composition of maps

f: (G/H)g$(G/H)9HKUAG<g>HKUAc;( ) -

f is Ag(g)—equivariant and for [h,t] € Ag(g), [h,t]- f = [h,t]- f. So f — f is well-
defined. ? goes back to f.

It’s straightforward to check this diagram commutes. Thus, we get an involution
A:T%TO(GAXUO),
where () A X 6@ is the involution defined in Example 5.3.4.

5.3.5 Relation between ® and A

It’s straightforward to check the diagram

EntiC)
Ty(G/H) =" (RgKUpy(q)" (5.4)

lAg,H i‘l’[c/w,[c/zﬂ
fo(E)
T3(G/H) ™ = (RgKUpy) T

commutes.
The involution is unique up to G—equivariance in this sense: if ®' is another involution,

then ® o @’ is a G—equivalence: In diagram (5.5),
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the composition Agﬁ o Ay g is the identity map. So ® o &' is weak equivalence on the

fixed point sets. By the equivariant Whitehead theorem, ® o ®' is a G—equivalence.

The involution ® is what desired.
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Chapter 6

A new global homotopy theory

Not every equivariant cohomology theory has a global version in the sense of the definitions
in [41], [43], [56], etc. Unlike many classical global theories, global K-theory, global cobor-
dism, etc., quasi-elliptic cohomology cannot fit into most existent global homotopy theories
smoothly as indicated in Remark 4.5.29.This motivates us to establish a more flexible global
homotopy theory in this chapter. In Chapter 7 I show quasi-elliptic chomomology can fit
into this new theory.

An orthogonal space is a continuous functor from the category LL of inner product real
spaces to the category of topological spaces. We enlarge the category L by adding restriction
maps to it, which are identity morphisms on the underlying vector spaces in L, and form a
category D. Instead of orthogonal spaces, we study the subcategory Dy of it corresponding
to finite groups and the category DyT of Dg—spaces. There is a fully faithful functor from
the category of X —spaces to the category of Dg—spaces where ¥ is the category of finite
sets and injective maps. In other words, DyT contains all the information of LT

We establish several model structures on DoT. As a category of diagram spaces, it’s
equipped the level model structure, as shown in [42]. Moreover, Dy is a generalized Reedy
category in the sense of [10]. Thus, there is a Reedy model structure on DT, as shown in
Section 6.4.

It’s conjectured that there is a model structure on DyT Quillen equivalent to the global
model structure on the category of orthogonal spaces constructed in [56]. We construct a
global model structure on DyT in Section 6.5. In Section 6.6 we show this model structure
on a full subcategory D{T of DT is Quillen equivalent to the global model structure on
the orthogonal spaces.

In Section 6.7, we introduce the unitary Dy—space and unitary Dy—spectra.
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6.1 The category Dy and Dy—spaces

Definition 6.1.1. Let D be a category with objects (G,V, p) where V is an inner product

vector space, G a compact group G and p a faithful group representations
p:G— O(V).

A morphism in D ¢ = (¢1,¢2) : (G,V,p) — (H,W,T) consists of a linear isometric
embedding ¢o : V. — W and a group homomorphism ¢1 : 7= 1(O(¢2(V))) — G, which

make the diagram commute.

G ——2—=ow) (6.1)

N B

THO(¢2(V))) ——= O(W)
In other words, the group action of H on ¢2(V) is induced from that of G.
The composition of two morphisms
(G, V,p) 5 (1w, 7)) (1,0, )
is defined to be
(61 0 V1la-1(0(pa062(v)))s Y2 © P2).

The identity morphism in D((G,V,p),(G,V,p)) is (Id,Id). And the composition is asso-

ciative.

All the maps in (6.1) are injective. Given a linear isometric embedding ¢ : V — W,
77 Hp24(p(@))) is always nonempty since the identity element is in it. But the group

homomorphism ¢; may not always exist. If it exists, it’s unique and injective.

Lemma 6.1.2. Two objects (G,V,p) and (H,W,T) in D are isomorphic if and only if

there’s an isomorphism G — H which makes V and W isomorphic as representations.
The proof is straightforward.

Remark 6.1.3. Since the representation p in an object (G,V,p) of D is faithful, we may

consider the group G as a closed subgroup of O(V'). Then the diagram (6.1) is in fact
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G——— O(V)

]

HNO®V) —= O(W)

where we consider O(V') as a closed subgroup of O(W) as well. All the maps in the diagram

are inclusions.

Example 6.1.4. Let (G,V, p) be an object of D and (¢1, ¢2) be a morphism in D((G,V, p), (G,V, p)).
tox 1 O(V) — O(V) is always of the form A — TAT~' for some linear transformation

T in O(V). By the commutativity of the diagram
G
m]
G

p1(g) =T 'yT.

We have the bijection

F: Nowy(G) — D((G,V.p).(G.V.p))

T — ¢r
where ¢ is the morphism
(g— T gT, v p(T)v).
So the automorphism group of (G,V,p) is Now(G).

To define a reasonable topology on D((G,V, p), (H, W, 7)) we need the category L defined

below.

Definition 6.1.5. Let L be the category with objects inner product spaces and morphisms the
linear isometric embeddings. Let L(V, W) be the space of all the linear isometric embeddings

V —W.

This category is a topological category. L(V, W) is homeomorphic to the Stiefel manifold

of dim(V)—frames in W and has a CW structure.
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Consider the map

P:D((G,V,p),(H,W,7)) — L(V,W)

(¢1,¢2) g (252

It’s injective. We define the topology on D((G,V, p),(H, W, 7)) by requiring P to be con-
tinuous so D((G,V, p), (H,W, 7)) is a subspace of L(V,W). The map F in Example 6.1.4 is

continuous under this topology.

Remark 6.1.6. The space D((G,V, p), (H,W,T)) of morphisms inherits an H—action and
G—action on it. For ¢ = (¢1,¢2): (G, V,p) — (H,W,7) and (g,h) € G x H,

(g:h) - (61, ¢2) = (go1(h~" —h)g~ ", hoa(g™" - —)) (6.2)

The H—action on ¢o is left and the G—action on it is right, whereas the H—action on ¢,
is Tight and the G—action on ¢ is left.

We can see the map P is G x H—equivariant. So D((G,V,p),(H,W,T)) is a G X
H—subspace of L(V,W).

Proposition 6.1.7. The category D is a symmetric monoidal category.

Proof. The tensor product + : D x D — D is defined by

(G, V,p), (H,W, 7)) = (GXx H,VOW,p&T). (6.3)

The unit object is u = (e, 0, *) where e is the trivial group and = is the unique map from e.
From the property of product of representations, the tensor product is associative. And we
have the isomorphism (G x H VW, p®7) — (HX G WOV, 7d p).

It’s straightforward to check it satisfies all the required diagrams.

O

Definition 6.1.8. A D—space is a continuous functor X : D — T to the category of
compactly generated weak Hausdorff spaces. A morphism of D—spaces is a natural trans-

formation. I will use DT to denote the category of D—spaces.

Definition 6.1.9. A monoid D—space is a D—space R equipped with unit morphism n :

1 — R and a multiplication morphism p: RX R — R that are unital and associative in
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the sense that the square

o &
(RRR)®RR—>RR(RKR) % RRR

uml l

RXR R

commutes.
A monoid D—space R is commutative if moreover ppoTr gp = p, where T g : RKR —
RX R is the symmetry isomorphism of the box product.

A morphism of monoid D—spaces is a morphism of D—spaces f : R — S such that

fouf=pSo(f®f) and fonr =ns.

Note that each object (G,V,p) is isomorphic to (p(G),V,i) with i : p(G) — O(V) the
inclusion of closed subgroup. We won’t lose any information if consider the full subcategory
D’ of D with objects (G, V, i) with G a closed subgroup of O(V') and i the inclusion. Let’s
denote (G, V,i) by (G,V). In fact we are more interested in the full subcategory Dgy of D’

defined below.

Definition 6.1.10. Dy is a full subcategory of D', whose object (G, V') with finite group G.
An Dg—space is a continuous functor X : Do — T to the category of compactly generated
weak Hausdorff spaces. A morphism of Do—spaces is a natural transformation. I will use

DyT to denote the category of Dg—spaces.

Dy is also a symmetric monoid category with the tensor product and unit defined in the

proof of Proposition 6.1.7.

Definition 6.1.11. A monoid Dy—space is a Dy—space R equipped with unit morphism
n:1— R and a multiplication morphism p: RX R — R that are unital and associative

in the sense that the square

o &
(RRR)®R—>RR(RKR) % RRR

ml l

RXR R

commautes.
A monoid Dy—space R is commutative if moreover ioTp r = i, where Tp g : RR —

RX R is the symmetry isomorphism of the box product.

203



A morphism of monoid Do—spaces is a morphism of Dy—spaces f : R — S such that
fouf=pSo(fRf) and fonr=ns.

Example 6.1.12. We can define the Do—sphere. For each object (G, V) in Dy, define
SEV) .= 8§V, (6.4)

SV inherits a G—action from that on V.

Let ¢ = (¢1,¢2) : (G, V) — (H,W) be a morphism in Dy.
S(¢) := 8% .8V — SV, (6.5)

S(Id) is the identity map.

Definition 6.1.13. Let R be a monoid in DoT with unit n and product . A Do—spectrum

over R is a Dog—space X : Dy — T together with continuous maps
o:X(d)NR(b) — X(d+Db),
natural in d and b, such that the composite
X(d) = X(d) AS° Y X(d) A R(u) -2 X(d + u) = X(d) (6.6)
is the identity and the following diagram commutes:
X(d) A R(b) A R(f) 2295 X (d + b) A R(f) (6.7)
“A“i l
X(A)ANRD+ f) —5—=X(d+b+f)
Dy is a topological category. And we can define a degree function on Dy by

deg(G,V) = |G| dimV,

the order of the group G times the dimension of the vector space V.

We have this lemma:
Lemma 6.1.14. Two objects (G,V) and (H,W) are isomorphic if and only if there’s an
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isomorphism G — H which makes V' and W isomorphic as representations.

But the objects with the same degree may not be isomorphic.

We will show Dy is a generalized Reedy category in the sense of Definition 6.1.15 below,
which is from [10]. Recall that a subcategory S of a category R is called wide if S has the

same objects as R. Let Iso(R) denote the maximal subgroupoid of R.

Definition 6.1.15. A generalized Reedy structure on a small category R consists of wide
subcategories RT, R™, and a degree-function d : Ob(R) — N satisfying the following four
azrioms:

(1) non-invertible morphisms in RT (resp. R™) raise (resp. lower) the degree; isomor-
phisms in R preserve the degree;

(ii) RT N R~ = Iso(R);

(111) every morphism [ of R factors as f = gh with g € RT and h € R™, and this
factorization is unique up to isomorphism;

(i) If 0f = f for 0 € Iso(R) and f € R™, then 0 is an identity.

A generalized Reedy structure is dualizable if in addition the following axiom holds:

()" If f0 = f for 6 € Iso(R) and f € R, then 0 is an identity.

A (dualizable) generalized Reedy category is a small category equipped with a (dualizable)
generalized Reedy structure.

A morphism of generalized Reedy categories R — S is a functor which takes R (resp.

R™) to ST (resp. S™) and which preserves the degree.
Proposition 6.1.16. Dg is a dualizable generalized Reedy category.

Proof. Let D, be the subcategory of Dy with the same objects as Dy and morphisms
(G,V) (01,02) (H,V') where ay : H — G a group homomorphism and ay an isometric
isomorphism. In other words, the morphisms of D, are all restrictions. We have the

commutative diagrams
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The left vertical map is injective. So the order of H is no larger than that of G. So

deg(G,V) > deg(H,V").

(a1,02)

By Lemma 6.1.14 we know that if (G, V) "—"" (H, V’) is not an isomorphism, deg(G, V) >
deg(H,V').

Let D§ be the subcategory of Do with the same objects as Dy and morphisms

(G V) %) (1w
where ¢1 : H N O(¢2.V) — G is a group isomorphism. In other words, the morphisms
in Da' are linear isometric embeddings. Since G is isomorphic to a subgroup of H and
dimV < dim W, so deg(G,V) < deg(H,W). deg(G,V) = deg(H,W) if and only if (G,V)

is isomorphic to (H, W).
Any morphism (¢1, ¢2) : (G, V) — (H, W) has the decomposition

(V) ) (61(H 1 62.(G)), V) % (1) (6.9)
where 7 : ¢1(H N¢p2.(G)) — G is the inclusion. Note that in the second morphism (¢1, ¢2),
11 HN 2. (G) — ¢1(H N ¢2.(G)) is a group isomorphism.

If (¢1,02) = (f1, f2) o (a1, a2) with (aq,a2) : (G, V) — (G', V') in Dy and (f1, fa) :
(G"\ V') — (H,W) in D, as : V. — V' is an isometric isomorphism and f; : H N
O(f24(V")) — G’ is a group isomorphism. The group homomorphisms «; (resp. fi) is
uniquely determined by as (resp. fa). Note that O(f2(V')) N H = O(¢2(V)) N H. We have

the commutative diagram

So we have the isomorphism in Dy

(f1ofit a2) : (G1(HNO(2(V))), V) — (G", V).
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The morphism (i, Id) : (G,V) — (é1(H N O(¢2(V))), V) equals to the composition (¢ o
it o)™ o (ar,az) and (¢1, é2) : (o1 (H N O(pa(V))), V) — (H,W, ) is the composition
(f1, f2) o (¢1 0 fi ', az). So the decomposition (6.9) is unique up to isomorphism.

Let (81, 32) : (G, V) — (G', V') be a morphism in both Df and Dy . Then 3; and 3, are
both isomorphism. So (£, B2) is an isomorphism. By Lemma 6.1.14, Df N Dy = Iso(Dy).

Let a = (ag,a2) : (G, V) — (G, V') be a morphism in Dy and 6’ = (01,65) :
(G", V') — (G'",V’) be a morphism in Iso(Dy). If 0 o @ = «, 6} is the identity map.
So 0] is the identity.

Let f = (f1, f2) : (G,V) — (H,W) be a morphism in D and 8 = (61,6,) : (G,V) —
(G,V) be a morphism in Iso(Dg). If fo8 = f, 0 is the identity map. So 6, is the identity.

So Dy is a dualizable generalized Reedy category in the sense of Definition 6.1.15.

We have the fully faithful functors

l:L — D

sending V to (O(V),V, Id), and
lo N — DO

from the category ¥ of finite sets and injective maps to Dy, sending n to (X,,R"™). They

give the forgetful functors

U: DT — LT

X—Xol
and

UO : DoT — 2T

Y Yol

By the proposition below from [42], both forgetful functors have left adjoints and the

unit of each adjunction is a natural isomorphism.

Proposition 6.1.17. Letl : C — D be a continuous functor between topological categories.
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If C s skeletally small, then U : DT — CT has a left adjoint prolongation functor P :
CT — DT. Ifl: C — D is fully faithful, then the unit n : Id — UP of the adjunction

is a natural isomorphism.

Proof. Please see Section 23 of [42]. O

6.2 Global Classifying Space

Example 6.2.1. (i) Let (G,V) be an object of Dy, o : H — G be a group homomorphism
from a finite group, then H acts on (a(H),V).

(ii) Let (G,V) and (G,W) be two objects of Dy. Then (G x G,V @& W) is an objects
in Dg. Let A : G — G x G be the diagonal map. Then G acts on (A(G),V & W) via its
action on the G—representation V& W.

(i1i) Let Ug be a G—universe.

MG%@éA

AN 1

where A contains representatives of all irreducible G—representations. Let
Pt G — O(Ug)

denote the group homomorphism of the representation. Then G acts on (poo (G),Ug) via its

action on the G—universe.
We have the fundamental contractibility property below.

Proposition 6.2.2. Let G be a compact Lie group, (V, p) a G—representation and (U, pso) @
G—universe such that V' embeds into U. Then the space Do((p(G), V), (pso(G),U)), equipped

with the G—action

g+ (d1,02) = (p(9)01(ps(9) ™" = Poc(9))p(9) ™", Poo(9)D2(p(9) "' =), (6.10)

is weakly G— contractible.

Proof. Let (U, T) be a G—representation of finite or countably infinite dimension. Let K be
a closed subgroup of G and A : G — G x G the diagonal map. We have the continuous

well-defined map
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H :[0,1] x D((p(G), V), (7(G),U))* — D((p(G),V), (T ® p) o A(G), U @ V))*
H{(t, ¢)2(v) = (t2(v), V1 = t?v);

H(ta¢)1 = Id7

which is a homotopy from the constant map

(Id,ig: V —U®V)
to postcomposition with the map

(Id,i; : U —U®V).

Since (U, pso) is a G—universe such that V' embeds into U, we have (U, poo) = (UBV>®, 7P

Poo) for some G—representation (U, 7).

D((p(G), V), (p(G),U))" = D((p(G), V), ((r @ p>) 0 A(G),U & V)X

= colimpzoD((p(G), V), ((T & p") 0o A(G), U @ V")K,
where the colimit is formed along the postcomposition maps with
(T@p") o A(G),Ud V") — ((T@®p"t) o A(G),U @ V).

Each map in the colimit system is a closed embedding and homotopic to a constant map.
So the colimit is weakly contractible. So D((p(G), V), (pso(G),U)) is weakly G—contractible.
O

Given an object d = (G, V) in Dy, we can define the evaluation functor

evg : DoT — GT
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sending each X to X(d), and its left adjoint Dy : GT — DoT sending a G—space A to

DgA:b— D(d,b) x A/(g- d,a) «~ (¢, g-a). (6.11)

If we consider evy as the evaluation functor from DyT to the category T, its left adjoint
is the shift desuspension functor

Fd:T—>DOT

with

Fa(A)(b) = Do(d,b) A A. (6.12)

Proposition 6.2.3. Let (V,p) be a faithful G—representation, and (U, Too) a complete
H—universe. Let d = (p(G),V) and b = (1eo(H),Usr) be objects in Dy.

(i) The (G x H)—space D((p(G), V), (Teo(H),Urr)) is a universal F(H; G)—space of the
homotopy type of a G x H—CW complex, where F(H;G) consists of the subgroups T' of
H x G that intersect G x 1 only in the identity element (e,e).

(i) If (W, p') be another G—representation such that d' = (p'(G), W) is an object in Dy,

then the restriction map

pvw (Too (H),Usr) : D(((p®p")oA(G), VOW), (Toe (H),Un)) — D((p(G), V), (1ee(H), Un )

is a (G x H)—homotopy equivalence.

For each G—space A, the map

(pv,w xa A)(D) : Dipapyonic),vew) (D) — (Dc),v)A) (D)

is an H—homotopy equivalence and the morphism of Dy—spaces

pv,w Xg A: D((p@p’)oA(G),V®W)A - D(p(G%V)A

is a global equivalence.

Proof. (i) Let T be any closed subgroup of G x H. If T intersects G x 1 nontrivially, since V
is a faithful G—representation, D((p(G), V), (Too(H),Uw))" is empty. If I intersects G x 1
only in (e, e), I' is the graph of a unique continuous homomorphism « : K — G where K

is the projection of " to H.
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D((p(G), V), (Too (H),Ug))F and D((po a(K),V), (Too(H),Ur))¥ are the same spaces,
which can be checked directly from (6.2). Since Uy is a complete H—universe, the underlying
K —universe is also complete, so D((poa(K), V), (Teo(H),Us))¥ is contractible by the proof
of Proposition 6.2.2. So D((p(G), V), (Tee(H),Un))¥ is a universal F(H; G)—space.

(ii) Since V@W is also a faithful G—representation, so D(((p®p")oA(G), VOW), (Teo (H),Ugr))

is also a universal F(H; G)—space. So the map
pV7W(Too(H)7uH) : D(((p@p/)OA(G), V@W)v (TOO(H>7Z/{H>) - D((p(G)’ V)’ (Too (H)7Z/{H))

defined by postcomposition with the map (Id,i : V — V @& W) is a (G x H)—homotopy
equivalence. The functor — X A preserves homotopy, so the restriction map (pv,w X¢
A)(Too (H),Up) is an H—homotopy equivalence.

The Dy—spaces D((,@p)0n(G),vew)A and D(,q),v)A are closed, so py,w X g A is a global

equivalence. O

For each G—space A, the map

pv7w(Too(H),uH) X A/ ~

D(((p x p) 0 A(G),V O W), (Too (H),Un)) x A) ~— D((p(G), V), (Teo(H),Usr)) x A/ ~

is an H—homotopy equivalence. Then pyw x A/ ~ is a global equivalence. And we can

define the D—global classifying space.

BEG = D((p(G), V), -)/G. (6.13)

6.3 Level Model Structure

In [42] a ”level model structure” is given to the category of D—spaces for any skeletally
small category D.

I recall and apply the conclusions directly from [42].

Definition 6.3.1. Let f : X — Y be a morphism in the category DoT.
(i) [ is level equivalence if for each object d in Dy, f(d) : X(d) — Y (d) is a weak

equivalence.
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(ii) f is level fibration if for each object d in Dy, f(d) : X(d) — Y (d) is a Serre
fibration.

(iii) f is level acyclic fibration if it is both a level equivalence and a level fibration.

(iv) [ is a q—cofibration if it satisfies the left lifting property with respect to the level
acyclic fibrations.

(v) [ is a level acyclic g—cofibration if it is both a level equivalence and a q— cofibration.

Definition 6.3.2. Let I denote the set of h—cofibrations Sifl — D%, wheren >0 (when
n =0 interpreted as x — S°).

Let J be the set of h—cofibrations ig : DY} — (D" x I)4.

Define FI to be the set of all maps Fyi with d an object in Dy and i € I. Fy is the
functor defined by (6.12).

Define F'J to be the set of all maps Fyj with d an object in Dy and j € J.
We have this model structure on the category T

Theorem 6.3.3. The category T is a compactly generated proper topological model cate-
gory with respect to the weak equivalences, Serre fibrations, and retracts of relative I—cell
complezes. The sets I and J are the generating q— cofibrations and the generating acyclic

q— cofibrations.
The level structure on DyT inherits the model structure in Theorem 6.3.3.

Theorem 6.3.4. The category of Dg—spaces is a compactly generated topological model
category with respect to the level equivalences, level fibrations and q— cofibrations. It is right
proper, and it is left proper. The sets FII and FJ are the generating q—cofibrations and
generating acyclic g— cofibrations, and the following identifications hold.

(i) The level fibrations are the maps that satisfy the right lifting property with respect to
FJ or, equivalently, with respect to retracts of relative FJ-cell complexes, and all Dy—spaces
are level fibrant.

(ii) The level acyclic fibrations are the maps that satisfy the right lifting property with
respect to FI or, equivalently, with respect to retracts of relative FI-cell complezes.

(iii) The g-cofibrations are the retracts of relative FI-cell complexes.

(iv) The level acyclic q—cofibrations are the retracts of relative FJ-cell complexes.

(v) Any cofibrant Do—space is non-degeneratly based.
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6.4 Reedy Model Structure

In this section I construct the Reedy Model Structure of DyT. The main principle is from
Theorem 1.6 in [10]. But in my case, for each object d of Dy, the chosen projective model
structure on T4%(@) ig the projective model structure in which the weak equivalences and
fibrations are defined not forgetting the group action.

Let’s recall some constructions on Reedy category first. Let R be any generalized Reedy
category as in Definition 6.1.15. For each object 7 of R, let R™(r) denote the category
with objects the non-invertible morphisms in Rt with codomain r and morphisms from
¢:b— rto¢d : b — r all the morphisms u : b — b’ such that ¢ = ¢ ou. The
automorphism group Aut(r) acts on R (r) by composition.

For an R—space X The r—th latching object L.(X) of X is defined to be

L.(X) = lim X, (6.14)

b—r

where the colimit is taken over the category RT(r). L,(X) has an Aut(r)—action.

Dually, we can define R~ (r) to be the category with objects the non-invertible morphisms
in R~ with domain r and morphisms from 1 : r — b to ¢’ : + — b’ all the morphisms
w:r — b such that ¥ = wo . Aut(r) acts on R~ (r) by precomposition.

For a R—space X, the r—th matching object M,.(X) of X is defined to be

M,(X) = lim X, (6.15)

r—b

where the limit is taken over the category R~ (r). Aut(r) acts on M, (X).

Note that for any object r of R and R—space X, the maps
L. (X)— X, — M.(X)

is Aut(r)—equivariant. For a map f : X — Y of R—spaces, these give the relative latching
map

XT. UL,,'(X) L,(Y) — 5/,

and the relative matching map

Xr — MT(X) XMT(Y) Yr.
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L,(f) and M,(f) are both Aut(r)—equivariant, so the two maps are also Aut(r)—equivariant.

Moreover, there is an alternative definition of latching and matching objects in [10],

which is more global.

Definition 6.4.1. Let R be a generalized Reedy category.

For each natural number n, let R<,, denote the full subcategory of R of objects of degree
<n.

Let G, (R) denote the full subgroupoid of Iso(R) with objects of degree n.

Let R, denote the discrete category of objects of R of degree n.

Let RT((n)) be the category with objects the non-invertible morphisms u : b — 1 in RT

such that deg(r) = n and morphisms from u to u' the commutative square

b——=V

such that f € RT and g € G, (R).
Let RT(n) denote the wide subcategory of R*((n)) with morphisms for which g is an

identity.

We have the relation

Rf(n)= [ R'(r (6.16)

deg(r)=n
and the commutative diagram
R~<—"R"((n)) —"=Gn(R) =R (6.17)
R™(n) - R,

where a,, is the domain-functor, b,, and ¢, are codomain-functors, and i,, j, and k, are
inclusion-functors. ¢, is cofibered and the square is a pullback.

Let X be a R—space and

Xn = jn(X) = Xl|a,(r)- (6.18)
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For any functor a : A — B between small categories, let a! : T4 — T8 denote the left
Kan extension along «.

Then the latching object

Ln(X) = (ep)la’ (X) € T ) (6.19)

We have

Ln(X)r = LT(X)‘ (6'20)

Definition 6.4.2. For each natural number n, let R~ ((n)) be the category with objects the
non-invertible morphisms u : v — b in R~ such that deg(r) = n and morphisms from u to

u' the commutative squares

ﬁ\

-
Q\

S=<—3
S

o
~

such that f € R~ and g € Gp(R).

Let D~ (n) be the wide subcategory of D~ ((n)) with morphisms for which g is an identity.

We have the relation

R ()= ] R () (6.21)

deg(r)=n

and the commutative diagram

R<—"R((n)) 2= Gn(R) =R (6.22)
R~ (n) R,

where 7, is the codomain-functor, 3, and §,, are domain-functors, and i,, j, and k, are
inclusion-functors. §,, is cofibered and the square is a pullback.

Then the matching object

My (X) = (8,)75(X) € TG (6.23)

We have

My (X), = M, (X). (6.24)
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Each T4%t(") admits a projective model structure with

e weak equivalences given by continuous Aut(r)—maps f : A — B that induce weak
homotopy equivalences fH : AH — BH on the H—fixed point spaces for each closed
subgroup H of Aut(r).

e fibrations given by continuous Aut(r)—maps f : A — B that induce Serre fibration
fH A" — BH on the H—fixed point spaces for each closed subgroup H of Aut(r).

This model structure is topological, proper and cofibrantly generated.

Definition 6.4.3. Let R be a generalized Reedy category. A map f: X — Y in RT is
called a
-Reedy cofibration if for each r, the relative latching map X, ]_[LT(X) L.(Y)—Y,.isa

Aut(r)—cofibration.

-Reedy weak equivalence if for each r,
fr)" X () — v ()"

is a weak equivalence for each closed subgroup H of Aut(r).

-Reedy fibration if for each r, the relative matching map
X — M) X, vy Y

is a Serre fibration for each closed subgroup H of Aut(r).

Definition 6.4.4. A trivial (co)fibration is a Reedy (co)fibration which is also a Reedy weak

equivalence.
We have

Theorem 6.4.5. Let R be a generalized Reedy category. The Reedy cofibrations, Reedy
weak equivalences and Reedy fibrations form a model structure, the Reedy model structure,

on the category of R—spaces.

The proof of Theorem 6.4.5 is a slight variation of Theorem 1.6 in [10]. Before the proof,

I show several lemmas needed for it.

Lemma 6.4.6. A map f : X — Y in RT is a Reedy cofibration (resp. a Reedy weak
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equivalence, resp. a Reedy fibration) if and only if, for each natural number n, the map
XU, (x) Ln(Y) — Yy, (resp. X, — Yy, resp. Xy — My (X) Xar,(v) Yn)

is a cofibration (resp. a Reedy weak equivalence, resp. a Reedy fibration) in TGn (1)

Proof. This follows from the equivalence of categories
TGn(R) L) HTAut(T)
T
where r goes over a set of representatives for the connected components of the groupoid

Gn(R). O

Lemma 6.4.7. Let f: A — B be a trivial Reedy cofibration; suppose that, for each n, the
induced map Ly (f)y : Ln(A), — L,(B), is a trivial cofibration in TA*(") for each object
r of R of degree n. Then f : A — B has the left lifting property with respect to Reedy

fibrations.

Proof. Consider a commutative square in RT

A—>Y
f ig
B?X

where f is a trivial Reedy cofibration and g is a Reedy fibration and for each object r
of R of degree n, the induced map L,(f), : Ln(A), — L,(B), is a trivial cofibration
in 74%(") T construct a diagonal filler v : B — Y by constructing inductively a filler
Y<n : B<y — Y<,, on the full subcategory R<,, of objects of R of degree < n.

For n = 0, we get a diagonal filler 7 : By — Yp in

Aoi>yo

BO — XO
Bo

since R<y is the groupoid Go(R), and Lo(A) = 0, and My(X) = 1, so that by hypothesis fo

is a trivial cofibration in TG and g is a fibration in TG0
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Assume by induction that a filler y<,,—1 : B<y,—1 — Y<,—1 has been found for

A<n—1
Acna Yon_1

f<n—1l ig<nl

B<n_1 5 X<n-1.
This yields composite maps in 76 (1)
L,(B)— L,(Y) —Y, and B,, — M,(B) — M,(Y)
and the commutative square

ApUr,a) Ln(B) ——— Y,

Bn _— Xn XMn(X) Mn(Y)

On each object r, the maps are all Aut(r)—equivariant.
Now we construct a G, (R)—equivariant filler to complete the inductive step. By hy-
pothesis v, is a cofibration and w,, is a fibration in 76 It sufficient to check v, is a

weak equivalence. Consider the diagram below in T4%*(") | The square in it is a pushout.

A)T A% ‘BT

Ln(
Ln(f)T
.

L,(B), — (AU, (a) Ln(B)),.

Since by hypothesis Ly, (f), is a trivial cofibration, A, — (AU, (a) Ln(B)), is a weak
equivalence in T4 And f, is a weak equivalence in T4%(") by hypothesis, so v, is a

weak equivalence in 7444

O

Lemma 6.4.8. Let f : A — B be a Reedy cofibration such that for all objects r of R of
degree < m, fr: A, — B, is a weak equivalence in TA"*(") . Then, for each object b of R of

degree n, the induced map Ly (f)y : Ln(A)y — Ln(B)p is a trivial cofibration in TAut(d)

Proof. Let’s prove the lemma by induction.

For n = 0, the conclusion is obvious.
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Assume by induction that Lg(f)y : Li(A)y, — Li(B)y is a trivial cofibration of k < n
and any object b with degree k. We want to show that ¢ L, (f) is a trivial cofibration in
TH» where i, : R, — G, (R) is the inclusion. To this end we have to find a filler for any
commutative square

iy Ln(A) —

Y
o] ]

ifL,(B) —= X

(6.25)

in TH» in which g : Y — X is a fibration. As in (6.19), i’ L,, = i’ (c,)la = (by)!klal, a

n-n’

filler for the square (6.25) is the same as a filler for the square below in TR (M)

knap(A) ——b,(Y)

Zail(f)l ibi(g)

knan(B) —— by, (X).

The category S = R*(n) is a generalized Reedy category for which ST = S, S~ = Iso(S).
In particular, the Reedy fibrations in ST are the same as Reedy fibrations in RT'. So b} (g)
is a Reedy fibration and kfa’(f) is a Reedy cofibration whose induced maps on latching
objects of degree < m are trivial cofibrations.

Let ¢ = apk,. The functor ¢j : GEr(R) — 7Gx(5) induces a canonical isomorphism

Li(67(A)) = 6(Li(A))-

Thus, the relative latching map

¢ (A) Ur, (¢+(a)) Lr(¢™(B)) — ¢™(B)

may be identified with @7 of the relative latching map Ay Up, (ay Lx(B) — By. Since
or © Gp(S) — Gi(R) is a faithful functor between groupoids, ¢; preserves cofibrations,
thus kXd’(f) is a Reedy cofibration. Since Li(A) — Lg(B) is a trivial cofibration for
k <n, Lp(¢*(A)) — Li(¢*(B)) is a trivial cofibration for k < n.

O

Lemma 6.4.9. Let g : Y — X be a trivial Reedy fibration. Suppose for each n, each

object v of degree n, the induced map M, (g), : M, (Y), — M, (X), is a trivial fibration in
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TAut(r) )

Proof. The proof is dual to that of Lemma 6.4.7.
O

Lemma 6.4.10. Let g : Y — X be a Reedy fibration such that g, : Y, — X, is a weak
equivalence for all objects r of R of degree < n. Then for each object b of degree n, the

induced map M, (Y ), — M, (X)y is a trivial fibration in TA“*®).

Proof. The proof is dual to that of Lemma 6.4.8.
O

Proof of Theorem 6.4.5. Limits and colimits in RT are constructed pointwise. The class of
Reedy weak equivalences has the 2-out-of-3 property. Moreover, all three classes are closed
under retract. It remains to be shown that the lifting and factorization axioms of a Quillen
model category hold.

For the lifting axiom, by Lemma 6.4.8, trivial Reedy cofibrations fulfill the hypothesis of
Lemma 6.4.7, and therefore have the left lifting property with respect to Reedy fibrations.
Dually, Lemma 6.4.10 and 6.4.9 imply that trivial Reedy fibration have the right lifting
property with respect to Reedy cofibrations.

Now let’s show the factorization axiom holds. Let f: X — Y be a map in RT, I will
construct inductively a factorization X — A — Y of f into a trivial Reedy cofibration
followed by a Reedy fibration.

For n = 0, obviously fy can be factored in T¢o(f) as Xy — Ag — Y} into a trivial
cofibration followed by a fibration.

Then assume X<,_; — A<p,_1 — Y<,_1 is a factorization of f<,_; into trivial
Reedy cofibration followed by Reedy fibration in T%<n-1 in R<, 1T. Then we have the

commutative diagram in TG (1),

Ln(X) —— Ln(A) —— La(Y)

!
%

3

:
|

M, (X) —— M,(A) —— M, (Y).
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This diagram induces a map X, Ur, (x) Ln(A) — My(A) Xar, vy Yn which can be

factored as a trivial cofibration followed by a fibration in 76 (%)
X5 Up, (x) Ln(A) = A,y — My (A) X, (v) Yo

The object A, of TE»(%) together with the maps L,(A4) — A, — M,(A) define
an extension of A<, _; to an object A<, in R<,T together with a factorization of f<,, :
X<n — Y<, into a Reedy cofibration X<, — A<,, followed by a Reedy fibration A<, —
Y<,. The former map is a trivial Reedy cofibration because X, — A,, decomposes into

X — XnUr,(x) LnA — A, the first map of which is a weak equivalence by Lemma

6.4.8, the second is by construction. So we get the required factorization of f<, in R<,T.

The factorization of f into a Reedy cofibration followed by a trivial Reedy fibration is
constructed dually using Lemma 6.4.10.

O

Next we describe explicit sets of generating cofibrations and generating acyclic cofibra-
tions of the Reedy model category. First let’s recall some relevant concepts and notions.
The reference is [31].

Let d be an object of Dy and A a G—space. Let F'4 be the free diagram on A generated

at d, i.e., the Dy—space defined by
F4(b) = Do(d,b) x¢ A.

Let 0Dy(d,b) be the subspace of Dy(d,b) consisting of g : d — b for which there is a

factorization

——
9=99

with g € Df, g € Dy and ‘g # Idg. In other words, Dy(d, b) is the set of maps from d
to b that factor through an object of degree less than that of d.

Let OF? denote the boundary of F, i.e., a sub-diagram of F¢ defined by
(0F3)(b) = dDy(d, b) x ¢ A.
For a set of maps K in the category of topological spaces, let RF 11{)0 denote the set
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of maps in DoT of the form F(i) : F§ HaFg OFf — Fp for d an object of Dy and
k

1: A, — By, an element in K.

Proposition 6.4.11. A map f: A — B in RT is a trivial Reedy cofibration if and only
if, for each object r of degree n, the relative latching map (A, Ur, (ay Ln(B))r — (By)r is
a trivial cofibration in TA)

A map g: Y — X in RT is a trivial Reedy fibration if and only if for each object r of
degree n, the relative matching map (Yy,)r — (Xn X a1, (x) Mn(Y))r is a trivial fibration in

TAut(r)

Proof. For each object r of degree n, the induced map f, : A, — B, in TA%(") factors as
A, =5 AU,y L (B) =5 B,

If f is a trivial Reedy cofibration then f,. is a weak equivalence, so by Lemma 6.4.8, u,
is a weak equivalence and hence v, is a trivial cofibration.
Conversely, if each v, is a trivial cofibration, then an induction on n based on Lemma

6.4.8 shows that u, is a weak equivalence and hence f is a trivial Reedy cofibration.

The proof for the trivial Reedy fibration ¢ : ¥ — X is dual, using Lemma 6.4.10 instead
of Lemma 6.4.8.

O

Proposition 6.4.12. Let R be any generalized Reedy category and M a model category. If
A— Bisamapin M and X — Y is a map of R—diagrams in M, then for every object
a of R the following are equivalent:

(1) The dotted arrow ezists in every solid arrow diagram of the form

A%Xa

B%Ya XM,Y MaX
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(2) The dotted arrow exists in every solid arrow diagram of the form

FXH@F;!@FJ%;;X

F§4>Y.

Corollary 6.4.13. The Reedy model structure on DoT is cofibrantly generated.

Proof. We get the conclusion from Proposition 6.1.16, Proposition 6.4.11, Proposition 6.4.12
and that for any compact Lie group G, the projective model structure T¢ is cofibrantly
generated.

We describe the set of generating cofibrations and generating acyclic cofibrations explic-
itly.

For each object r in R, let I,. be the set of generating cofibrations in the projective model
structure on the category TA“*") of Aut(r)—spaces and J, be the set of generating acyclic
cofibrations for the projective model structure on the category of Aut(r)—spaces.

Let RFFP° denote the set of maps in DoT of the form F4(i) : Fq, ]_[and oFg — Ff
for d an object of Dy and i : Ay — By an element in I,.

Let RFY° denote the set of maps in DoT of the form F4(i) : Fi, ]_[and OFg — Ff
for d an object of Dy and i : Ay — By an element in Jy.

RF ID © detects the acyclic fibrations in the Reedy model structure and RFJDO detects the
fibrations in the Reedy model structure.

O

The h-cofibrations are the morphisms with the homotopy extension property and used
in various categories, such as the category of G—spaces, orthogonal spaces and orthogonal
spectra. The category of Dy—spaces is a category enriched over the category of spaces. First

we recall the definition of h-cofibration in the standard way and some basic properties of it.

Definition 6.4.14. A homotopy in DyT is a morphism
H:[0,1]xA—X

defined on the pairing of the unit interval with a Do—space.
A morphism f : X — Y DgT is a homotopy equivalence if there is a morphism g :

Y — X such that gf and fg are homotopic to the respective identity morphisms.
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Remark 6.4.15. If f : X — Y is a homotopy equivalence, then for each d = (G,V) and
closed subgroup H of Aut(d), f(d)f : X(d)" — Y (d)" is a homotopy equivalence. So

each homotopy equivalence is a Reedy weak equivalence.

Definition 6.4.16. A morphism of Do—spaces f : A — B is an h-cofibration if it has
the homotopy extension property, i.e. given a morphism 3 : B — X and a homotopy
H :[0,1] x A — X such that Hy = B o f, there is a homotopy H : [0,1] x B — X such
that H o ([0,1] x f) = H and Hy = 3 where for t € [0,1], H; : A — X is the composition

A1) x AMEA G x4 2 X

We have the closure properties below of h-cofibrations.

Proposition 6.4.17. Let C be a cocomplete category tensored and cotensored over the cat-
egory of spaces.

(i) the class of h-cofibrations in C is closed under retracts, cobase change, coproducts,
sequential compositions and transfinite compositions.

(i1) Let C' be another category tensored and cotensored over the category of spaces, and
F : C — C' a continuous functor that commutes with colimits and tensors with [0,1].
Then F takes h—cofibrations in C to h—cofibration in C’.

(i1i) If C is topological model category in which every object is fibrant, then every cofi-

bration is an h— cofibration.
Proof. See the proof of Corollary 4.14 in [56]. O

Proposition 6.4.18. Let
f

A——B
CT>D

be a pushout square of Dy—spaces such that g is Reedy weak equivalence. If in addition f

or g is an h-cofibration, then the morphism k is a Reedy weak equivalence.
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Proof. Let d = (G,V, p) be an object of Dy. Then the square

Ad) 1% Ba)

is a pushout square of G—spaces such that f(d) or h(d) is an h-cofibration of G—spaces by
Proposition 6.4.17 (ii).

It yields a pushout square of spaces of H—fixed points

(f(an™
_—

A@" H2 oy
(Q(d))HJ/ J{(h(d))H
(@) —= (D))"

_—
(k(d)™

where H is any closed subgroup of G. Again by Proposition 6.4.17 (ii), (f(d))¥ or (h(d)) is
an h—cofibration of spaces and (f(d)) is a weak equivalences. Thus, by the gluing lemma

H g a weak

for weak equivalences and pushout along h-cofibrations shows that then (k(d)
equivalence. Hence the morphism k is a Reedy weak equivalence.

O

Definition 6.4.19. Let M be a model category that is a category enriched, tensored and
cotensored over the category of compactly generated weak Hausdorff spaces. We denote the
tensor by x. Given a continuous map of spaces f: A — B and a morphism g : X — Y

in M. Let fOg denote the pushout product morphism defined by
fg=(fxY)U(Axg): AxY Usxx BxX — BxY.

M is called topological if the following two conditions hold:

o if f is a cofibration of spaces and g is a cofibration in M, then the pushout product
morphism fUg is also a cofibration;

e if in addition f or g is a weak equivalence, then so is the pushout product morphism

fOg.

Let ix : 0D* — DF and ji : D¥ x {0} — D* x [0, 1] be the inclusions. {ix}x>0 is the

standard set of generating cofibrations for the Quillen model structure on the category of
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spaces, and {ji x>0 is the standard set of generating acyclic cofibrations.

Proposition 6.4.20. Let M be a model category that is a category enriched, tensored and
cotensored over the category of spaces. Suppose that there is a set of objects G of M with
the following properties:

(a) The acyclic fibrations are characterized by the right lifting property with respect to
the morphisms of the form i x K for all k>0 and K € G.

(b) The fibrations are characterized by the right lifting property with respect to the mor-
phisms of the form j, x K for allk >0 and K € G.

Then the model structure is topological.
We have
Theorem 6.4.21. The Reedy model structure is topological and proper.

Proof. Each Dy—space is fibrant, so the Reedy cofibrations are h-cofibrations by Proposition
6.4.17 (iii), and the Reedy model category is right proper. Left properness is a special case
of Proposition 6.4.18.
The proof that the Reedy model category is topological is formal.
O

Proposition 6.4.22. We have the Quillen pair between the strong level model structure on
the category of symmetric spaces and the Reedy model structure of the Dy—spaces, which is
not a Quillen equivalence
P: YT == DyT : Uy (6.26)
Uy is fully faithful.

Proof. There is no matching object in X7T'. Uy sends Reedy weak equivalence to the strong
level weak equivalence and sends Reedy fibrations to strong level fibrations. So Uy preserves
both fibrations and trivial fibrations. So (P,Up) is a Quillen pair. Uy is fully faithful by

Proposition 6.1.17. O

6.5 Global Model Structure

In this section we construct the global model structure on the category of Dy—spaces.
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Definition 6.5.1. A morphism f : X — Y of Dy—spaces is a global equivalence if for any
object (G,V) in Dy, every closed subgroup H of G, every k > 0 and all continuous maps
a:0DF — X(G, V) and g : D* — Y(G,V)H such that f(G, V)" o a = Blyp», there
is a G—representation W, a morphism ¢ = (¢1,¢2) : (G, V) — (G, W) with ¢ = Idg
and ¢y the inclusion of G—subrepresentation, and a continuous map \ : D¥ — X (G, W)
such that X gpr = X(¢)H oo and such that f(G,W)H o X is homotopic, relative to OD*, to
Y($)"op.

In other words, for every commutative square

oDk — X (G, V)1
J{incl if(G’V)H
DF ——=Y(G, V)",

there exists an object (G,W) and a morphism ¢ = (é1,¢2) : (G, V) — (G, W) with
é1 = Idg and ¢o the inclusion of G—subrepresentation, and a continuous map \ : D*¥ —

X(G,W)H such that the diagram below commutes.

H
(#) X

oDk —= X(G, V)1 20 x(G,w)H
A

LT
imcl lf(Gyw)H

Y(o)¥

Definition 6.5.2. A Dy—space Y is closed if it takes each morphism ¢ : (G,V) — (H,W)
to a closed embedding Y (¢) : Y(G,V) — Y (H,W).

Proposition 6.5.3. Let f : X — Y be a morphism between closed Dy—spaces. Then
f is a global equivalence if and only if for any finite group G, any subgroup H of G, any

G—universe Ugwith the representation map
Poo 1 G — O(Ua),

the map
F(pos(G)sU)™ : X (poo(G), Uc)™ — Y (po(G), Uc)™

s a weak equivalence.

Proof. The poset s(Ug) has a cofinal subsequence, so all colimits over s(Ug) can be real-

227



ized as sequential colimits. The claim is then a straightforward consequence of the fact
that compact spaces such as D* and 0D* are finite with respect to sequences of closed
embeddings. Points in compactly generated weak Hausdorff spaces are always closed, so the

Ty —separation property holds.

Proposition 6.5.4. (i) Every Reedy weak equivalence is a global equivalence.

(i) The composite of two global equivalences is a global equivalence.

(i5i) If f, g, and h are composable morphisms of Do—spaces such that gf and hg are
global equivalences, then f, g, h and hgf are also global equivalences.

(iv) Every retract of a global equivalence is a global equivalence.

(v) A coproduct of any set of global equivalences is a global equivalence.

(vi) A finite product of global equivalences is a global equivalence.

(vit) Let f,, : Y., — Y41 be a global equivalence of Do—spaces that is objectwise a closed
embedding, for n < 0. Then the canonical morphism fo : Yy — Yoo to the colimit of the

sequence { fn}n<o is a global equivalence.

Proof. (i) Let f : X — Y be a Reedy weak equivalence and d = (G, V') an object in Dy.
Let H be a closed subgroup of G. Let o : dD* — X (d)# and 8 : D¥ — Y (d)¥ continuous
maps such that f(d)? o a = B|gpr. Since f is a Reedy weak equivalence, the map f(d) :
X(d)H — Y (d)" is a weak equivalence, so there is a continuous map A : D¥ — X (d)#
such that A\|spr = @ and f(d) o X is homotopic to 3 relative to dDF. So the pair (Idg, \)

solves the lifting problem, and hence f is a global equivalence.

(ii) Let f: X — Y and g : Y — Z be global equivalences, d = (G, V) be an object
in Dy, and H a closed subgroup of G. Let o : D¥ — X(d)? and 3 : D*¥ — Z(d)#
continuous maps such that (gf)(d)f oa = B|gpr. Since g is a global equivalence, the lifting

problem (f(d) o a, 3) has a solution (¢ : d — b, A\ : D¥ — Y'(b)¥) such that

Mopr =Y (@) o f(d)" o= f(b)" o X (1) 0,

and g(b)“ o X is homotopic to Z (1) o 3 relative 9D¥. Since f is a global equivalence, the
lifting problem (X (1)) o a, \) has a solution (¢ : b — b, N\ : D¥ — X (0')#) such that

Nlopr = X(@) o X()" 0a = X(¢9)" 0 a
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and such that f(b')# o X is homotopic to Y (4) o A relative 9D*. Then (gf)(')7 o X is

homotopic, relative 9D*, to
g0 oY (9) oA =Z(¢)" 0 g(b)" o N

which in turn is homotopic to Z(¢1) o 3, also relative D*. So the pair (¢, \') solves the

original lifting problem for the morphism gf : X — Z.

(i)

Claim 1: If f: X — Y, g:Y — Z and h: Z — @ are composable morphisms such
that gf : X — Z and hg : Y — @ are global equivalences, then f is a global equivalence.

Let d = (G, V) be an object of Dy and H any closed subgroup of G. Let a : dD* —
X(d)# and B: D* — Y (d)# continuous maps such that f(d) o a = B|yps. Since gf is a

global equivalence and

(9@ oa=g(d)" o f(d)" oa=g(d)" o Blapr = (g(d)" o B)lapr,

the lifting problem (o, g(d)¥ o 8) has a solution (¢ : d — b, A : D¥ — X (b)) such that
Maopr = X (¢) o and (gf)(b)H o X is homotopic to Z(¢) o g(d) o 3 relative ID*. We
let

H:DFx[0,1] — Z(b)#

be a homotopy between (gf)(b) o XA and Z(¢)# o g(d) o 3 relative D*. Let K : 9D* x
[0,1] — Y (b) be the constant homotopy of the map f(b)H 0 X (¢)Hoa = Y (¢)7 o f(d) o

We have the commutative diagram:

(ODF x [0,1])

Since the pair (D*x[0, 1], 0D* x [0, 1]JuD* x {0, 1}) is homeomorphic to the pair (D*+1, 9Dk +1)
and since hg is a global equivalence, there is a morphism 1) : b — b’ and a continuous map

N DF x [0,1] — Y (V')# such that

Nlopkx[0,1JuDk x{0,1} = Y ()" o (KU (f(b)" o XU (Y(6)" 0 p)).
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So )\ is a homotopy, relative dD*, from
Y ()T o f0) o A= F) o X()" oA

to Y(vp)” o 8. So the pair (¢, X ()7 o \) solves the original lifting problem for the

morphism f: X — Y, and thus f is a global equivalence.

Claim 2: If f: X — Y and g : Y — Z are two composable morphisms such that g f
and f are global equivalences, then g is a global equivalence.

Let d = (G, V) be an object of Dy and H a closed subgroup of G. Let o : 9D* — Y (d)#
and 3 : D¥ — Z(d) be two continuous maps such that g(d) oa = 3|gpr. For k = 0 the
lifting data is determined by the point 3(0) € Z(d)¥. Since gf is a global equivalence, there
is an object b = (G, W) of Dy and a morphism ¢ : d — b and a point x € X (b)H such that
(gf)(b)H (x) is in the same path component of Z(b) as Z(¢)(5(0)). The pair (¢, f(b)" (z))
then solves the original lifting problem.

Now suppose k < 1 and choose a point 2 € dD*. Since f is a global equivalence there
is a morphism ¢ : d — b and a point 7 € X (W)Y such that f(b)(Z) is in the same path
component of Y (b)# as the point Y (¢) (a(x)). The homotopy extension property of the
pair (9DF,{z}) lets us replace Y (¢ o @) by a homotopic map @ : D* — Y (b)# such that
FO)@) = al).

Let’s choose a continuous surjection e : D¥~! — 9D* such that e factors over a home-

omorphism D*/dD*~1 = 9Dk, Since f is a global equivalence, the lifting problem

Hpk-1 const; X(b)H

e

DE-1 —— Y (B)H

‘@oe

has a solution. There is an object ¥’ = (G,U) and a morphism ¢ : b — ¥’ in Dy and a
continuous map A : DF~! — X (b)H such that A|gpr-1 is the constant map with value
X ()H(z) and f(b')H o ) is homotopic to Y (0)H o@o e relative 9D*~1. Since A is constant
on OD*~1 it factors uniquely as

A=aoce

for a continuous map @ : dD* — X (b') | and then f(b') o @ is homotopic to Y () 0@,
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and hence homotopic to Y (¢) o a. Instead of solving the original lifting problem (o, 3)
for g(d)f, it suffices to solve the lifting problem (Y (v¢)" o o, Z(yp¢p)H o B) for g(b').
We can prove in the same way that the original lifting problem for g(d)¥, the map « :
OD* — Y (d)¥ is homotopic to a map of the form f(d)? o & for some continuous map
a: 0D — X(d)H.

We use the homotopy extension property of the pair (D*, dD*) to replace 3 by a homo-
topic map 3 such that S|ypr = (gf)(b) oa. Since (a, B) is pair-homotopic to (f(d)" oa, 3),
it suffices to solve the lifting problem (f(d)¥ o &, ).

Since gf is a global equivalence, the lifting problem (&, 3) for (gf)(d)* has a solution
(¢:d—b,\: D¥ — X (b)) such that \|ypr = X(¢) oa and (gf)(b)* o\ is homotopic
to Z(¢)H o B relative 9D*. Then

(f®)" o N)]apr = f(b)T 0 X(¢)" 0 =Y(¢) o f(d)" 0a,

so the pair (¢, f(b) o \) solves the lifting problem (f(d) o &, 3), and thus g is a global

equivalence.

Finally we prove the 2-out-of-6 property. Let f: X — Y, g:Y — Z andh: Z — Q
be the three composable morphisms such that gf : X — Z and hg : Y — @ are global
equivalences. Then f is a global equivalence by Claim 1, so g is a global equivalence by
Claim 2. Apply Claim 2 again and we get h is a global equivalence. Therefore, hgf is a

global equivalence by part (ii).

(iv) Let g be global equivalence and f a retract of g. So there is a commutative diagram

X—tsA—"sXx

A
f J/g f

such that 7i = Idy and sj = Idy. Let d = (G,V) be an object of Dy and a : 9D* —
X(d)? and 8 : D* — Y (d)H continuous maps such that f(d)? o a = B|ypr. Since g is a

global equivalence and



there is a morphism ¢ : d — b and a continuous map A : D¥ — A(b)H such that
Maopr = A(@)H 0i(d) o a and g(b)™ o X is homotopic to B(¢)™ o j(d)* o 3 relative ODF.

Then

(r(®)" o Nlopr = ()" 0 A(¢) 0i(V)oa = X(g) or(d)" oi(d) o= X(d) o

and

is homotopic to

s(b)T o B(@) o j(d)T 0 B=Y(9)" 0s(d) 0 j(d) 0 8=V ()" 0 8

relative 9D*. So the pair (¢, r(b) o \) solves the original lifting problem for the morphism

f: X — Y. So f is a global equivalence.

(v) is true since D¥ is connected so any lifting problem for a coproduct of Dy—spaces is

located in one of the summands.

(vi) Tt suffices to consider a product of two global equivalences f : X — Y and f :

X’ — Y. Since by (ii) global equivalences are closed under composition and

fxf=(fxY)o(Xx[f), (6.27)

it suffices to show that for every global equivalence f : X — Y and every Dy—space Z the
morphism f x Z : X x Z — Y x Z is a global equivalence. Let (G, V) be any object in
Dy, H any subgroup of G, and o : 0D* — (X x Z)(G,V)H and §: D* — Y x Z(G,V)H
continuous maps such that (f x Z)(G, V)" oa = B|5pr. For Dy—spaces we have the equality
for fixed points

(X x 2)(G, V) = X(G,V)H x (G, V)", (6.28)

Therefore, we have o = (aj,a2) and 3 = (B1,82) for continuous maps oy : dD¥ —
X(G, V), a : D — Z(G,V)H, B : D¥ — Y(G, V)" and B : DF — Z(G,V)H.
The relation (f x Z)(G,V)H o (a1, a2) = (81, 82)|gpr shows that as = Ba]gpr. Since f is a
global equivalence, the lifting problem (ay, 1) for f(G,V) has a solution (¢ = (Idg, ¢2) :
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(G, V) — (G,W),\: DF¥ — X(G,W)H), with ¢ the inclusion of G—subrepresentation,
such that A|gpr = X (¢)” ooy and f(G, W)H o ) is homotopic to Y (¢) o 3, relative OD*.
Then the pair (¢, (A, Z(¢) o B82)) solves the original lifting problem, so f X Z is a global

equivalence.

(vii) Let (G,V) be any object in Dy and o : dD* — Yo(G,V)H and g : D¥ —
Yoo (G, V) continuous maps such that foo(G,V)H o a = Blopr : OD¥ — Y (G, V).
Since D* is compact and Y, (G, V) is a colimit of a sequence of closed embeddings, the
map 3 factors through a map 3 : D¥ — Y,,(G,V) for some n < 0. Since the canonical
map Y, (G,V) — Y. (G,V) is injective, 3 lands in the H—fixed points and restricts to
((fa—r 00 fo)(G, V)" o on OD*

The composite f,,—10---0 fo: Yy — Y} is a global equivalence by part (ii), so there is a
morphism ¢ = (Idg, ¢2) : (G, V) — (G, W), with ¢y the inclusion of G—subrepresentation,
and a continuous map A : D¥ — Y,(G, W)# such that \|gpr = Yp(¢p) o and ((fp_10---0
fo)(G,W))H o X is homotopic to 3 relative 9D*. So the pair (¢, \) is also a solution for the

original lifting problem and hence f, : Yo — Yo is a global equivalence. O

Definition 6.5.5. A morphism f : X — Y in DoT is a global fibration if it is a Reedy fibra-
tion and for each object d = (G,V'), b = (G, W) of Dy, any closed subgroup H of G and any
morphism ¢ = (¢1,¢2) : d — b with ¢1 = Idg, ¢2 an inclusion of G—subrepresentation,
the map

(F@)", X)) : X(@)" — Y (@) xypu XB)F

is a weak equivalence.
In other words, a morphism f is a global fibration if and only if f is a Reedy fibration
and for each object d = (G, V), b = (G,W) of Dy, any closed subgroup H of G and any

morphism ¢ = (¢1,¢=2) : d — b with ¢1 = Idg, the square of H—fized point spaces

u X@"

X(d) X ()" (6.29)
f(d)Hl lf(b)H
Y(a)" Yo "

is a homotopy cartesian.

Definition 6.5.6. A Dy—space X is static if for every object (G, V') of Dy, every morphism
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o = (¢1,02) : (G, V) — (G, W) with ¢1 = Idg, ¢2 an inclusion of G—subrepresentation,
the map X (¢) : X(G,V) — X (G, W) is a G—weak equivalence.

Proposition 6.5.7. A Dy—space X is static if and only if the unique morphism from X

to a terminal Dy—space is a global fibration.
Proof. Straightforward from the definitions. O

Theorem 6.5.8. The global equivalences, global fibrations and Reedy cofibrations form a
model structure, the global model structure on the category of Do—spaces. The fibrant ob-
jects in the global model structure are the static Dy—spaces. The global structure is proper,

topological and compactly generated.

Before the proof of Theorem 6.5.8, I state and prove several properties of global equiva-

lences needed for the proof.

Proposition 6.5.9. (i) Let
f

A——B
gl b
¢——D
be a pushout square of Dy—spaces such that f is a global equivalence. If in addition f or g

is an h—cofibration, then the morphism k is a global equivalence.

(i) Let

o< 4-1.p

AN

C'<—A ——>PB

be a commutative diagram of Do—spaces such that g and g’ are h—cofibartions. If the

morphisms «, B and vy are global equivalences, then so is the induced morphism of pushouts
YyUB:CUy B — C' Uy B

(iii) Let
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be a pullback square of Do—spaces in which f is a global equivalence. If in addition one of
the morphisms f or h is a Reedy fibration, then the morphism g is also a global equivalence.

(iv) Every global equivalence that is also a global fibration is a Reedy weak equivalence.

Proof. We use the Reedy model structure (Theorem 6.4.5) to construct a cofibrant re-
placement of the pushout square. More explicitly, we construct a Reedy weak equivalence

a: A’ — A from a Reedy cofibrant Dy—space A’. Then we factor
foa=Bof andgoa=yog"

for some Reedy cofibrations f’: A® — BY and ¢° : A® — C® and Reedy weak equivalence

B:B? — B and v:C® — C. We then have the commutative diagram

b b
Cb<LAL> b
Y

R
A

C<-—A——>B

9 !

in which all vertical maps are Reedy weak equivalences, the Dy—spaces in the upper row are
Reedy cofibrant and the morphisms g” and f° are Reedy cofibrations. As Reedy cofibrations,
f* and g° are also h—cofibrations by Proposition 6.4.17 (iii).

Claim: The induced morphism
YyUB:C*Usp B® — CUsB=FE (6.30)

is a Reedy weak equivalence.
Assume that the morphism g is an h—cofibration. Since f? is an h—cofibration, so is its

cobase change, the upper map in the commutative square below.

ct—CP Uy BY
’Yl“‘ \L’YUBb
C——CUy BY

Since v is a Reedy weak equivalence, so is its cobase change by Proposition 6.4.18.
Since f¥ is an h—cofibration and « is a Reedy weak equivalence, its cobase change

BY — AU BY is also Reedy weak equivalence by Proposition 6.4.18. Since 3 : B® — B
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is a Reedy weak equivalence, so is the morphism fU 3 : AUy B® —- B, by 2-out-of-3. The
commutative square

AUy BP ——=C Uy BY

fup i ~ ic us

B——CUs B

is a pushout where f U 3 is a Reedy weak equivalence and the upper horizontal morphism
is a h—cofibration since it’s the cobase change of the h—cofibration g : A — C. So by
Proposition 6.4.18, C'U B in the square is a Reedy weak equivalence.

Since the morphism (6.30) factors as the composite
b
C'up BB cuu BP X ous B

with both factors Reedy weak equivalences. So the claim is proved.

Now consider the commutative square

kP
Cct —=Ct Uy BY

VlN NlWUﬂ

C*AAA?(7UA13::E

where both vertical morphisms are Reedy weak equivalences, hence global equivalences. So
to show k is a global equivalence, we should show k’ is a global equivalence.

Assume without loss of generality that the Dg—spaces A, B and C' are Reedy cofibrant
and f is a Reedy cofibration. So the cobase change k is also a Reedy cofibration, and in

particular, E is also Reedy cofibrant. For each (G,U) with Y a G—universe, the square

AG,u) M5 By

g(U) h(U)

cu) D)

_—
k()

is a pushout. Since f is a Reedy cofibration, it’s an h—cofibration of Dy—spaces by Propo-
sition 6.4.18 (iii). So f(U) is an h—cofibration of G—spaces. Since A and B are Reedy
cofibrant, they are closed and f (i) is a G—weak equivalence by Proposition 6.5.3.

The map f(U) is then an h—cofibration and a G—weak equivalence, hence so is its cobase

change k(U). Since C and D are Reedy cofibrant, thus closed, by Proposition 6.5.3, so k is
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a global equivalence.

(i) Choose a factorization f = (f as the composite of an h—cofibration f : A —
B followed by a Reedy weak equivalence 3 : B — B by the Reedy model structure,
Theorem 6.4.5, and that all Reedy cofibrations are h—cofibrations by Proposition 6.4.18
(iii). The canonical morphism B — C' Uy B is an h—cofibration as a cobase change of the

h—cofibartion g. The pushout square

B—>B

L

CUysB——=CU4 B
CUB

then shows, using part (i), that C' U@ is a global equivalence as the cobase change of a global
equivalence along an h—cofibration.

By replacing (B, f) by (B, f) we can thus assume without loss of generality that in
addition to g and ¢’, the morphism f is also an h—cofibration. The morphism U (3 factors
as the composite

cusBEcu,B Y c'uy B

The morphism « U B participates in the commutative diagram

C c’

‘R

BHCUABWC’UAB

in which both squares are pushouts. The canonical morphism from C to C' Uy B is an
h—cofibration as a cobase change of the h—cofibration f. So vU B is a global equivalence,
by part (i), as the cobase change of the global equivalence v along an h—cofibration.

The canonical morphism B — A’U4 B is a global equivalence, by part (i), as the cobase

change of the global equivalence o along the h—cofibration f. The composite
B— Au,B Y B

is the global equivalence 3, so the second morphism f’ U 3 is also a global equivalence. The
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morphism C’ U @ participates in the commutative diagram

! / f’Uﬁ I
A ——> AUy B—>B

|

C'HC/UABTU;C/UAB/

in which both squares are pushouts. The vertical morphism ¢’ U B is an h—cofibration as a
cobase change of the h—cofibration g. So C' U is a global equivalence as the cobase change
of a global equivalence along and h—cofibration. Now we have shown that both vU B and

C’" U (8 are global equivalences, hence so is the composite v U 3.

(iii) Let d = (G, V) be an object of Dy and H a subgroup of G. Let a : 9D* — P(d)H
and 3 : D¥ — Z(d)" be continuous maps such that g(d)f o a = B|gpr. Since f is a
global equivalence, there is a morphism ¢ = (¢1,¢2) : d — b in Dy with ¢; = Idg
and ¢ the inclusion of a G'—subrepresentation, and a continuous map \ : D¥ — X (b)H
such that A\gpr = X(4)% o k(d) o a and such that f(b)¥ o X is homotopic, relative to
0Dk, to Y(¢) o h(d)? o 8. Let H : D* x [0,1] — Y (b)¥ be a relative homotopy from
Y(¢) o h(d)? o 8 =h(b)H o Z(¢) 0 B to f(b) o \. Now we distinguish two cases.

Case 1: The morphism £ is a Reedy fibration. Thenthe relative matching map
Zlf{ — Mb(Z)H XMb(Z)H ZZ{J

is a Serre fibration. So h(b)f : Z(b)# — Y (b)H is a Serre fibration. We can choose a lift

H in the square

Z(p)oBUK
DF x 0 Ugpr o OD* x [0, 1ﬁ¢)ﬂ> Z(b)H
7
Nl e lh(b)H
D¥ x [0,1] Y (b)H

where K : 9D* x [0,1] — Z(b)¥ is the constant homotopy from g(b) o P(¢)H o« to itself.
Since the square is a pullback and h(b) o H(—,1) = H(—,1) = f(b) o ), there is a unique

continuous map A : D¥ — P(b) that satisfies

g oX=H(—,1) and k(b)) o X = \.
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The restriction of A to D* satisfies

9" 0 Nopr = H(= Dlgpr = g(b)" o P(¢)" 0 a and

k(b)H OX‘@Dk = AMgpr = X(QS)H o k(d)H oa = k(b)H o P(¢)H oq.

The pullback property thus implies that A|gpr = P(¢)H o a.

Finally the composite g(b)¥ o X is homotopic, relative dD* and via H, to H(—,0) =
Z(¢)" o B. This is the required lifting data, and we have verified the defining property of a
global equivalence for the morphism g.

Case 2: If the morphism f is a Reedy fibration. The argument is similar to that of
Case 1. Now f(b)H : X (b)# — Y (b)H is a Serre fibration. We can choose a lift H’ in the

square

D* x 1 Uppirq ODF x [0,1] 2255 Z(p)H

g
J{ w if(b)

Dk x [0,1] ————= Y ()"

where K’ : 9D* x [0,1] — X (b)¥ is the constant homotopy from X (¢) o k(d) o a to
itself. Since the square is a pullback and f(b) o H'(—,0) = H(—,0) = H(b)7 o Z(¢) 0 3,

there is a unique continuous map \ : D¥ — P(b) that satisfies
g(B)" o X = Z(6)" o 4 and k(b)" o X = H'(~,0).
The restriction of A to dD* satisfies

90" o Xopr = 2(9)™ 0 g(d)" 0 a = g(b)" 0 P(¢)" 0 and

k(D) o Mapr = H'(—,0)|apr = X ()" 0 k(d) 0 a = k(b)" o P(¢)" 0 av.

The pullback property implies that A|gpx = P(¢)" o a. Since g(b)# o X = Z(¢)™ o 3, this is
the required lifting data, and we have verified the defining property of a global equivalence

for the morphism g.

(iv) Let f: X — Y be a morphism of Dy—spaces that is both a global fibration and

a global equivalence. Let d = (G, V) be an object in Dy and H a closed subgroup of G.
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Let a : 9D¥ — X (d) and 3 : D¥ — Y (d)® be continuous maps such that the diagram

below commutes.

oDk —> X (d)"

z‘kl lf(d)H

Dk 7> Y(d)H

We will exhibit a continuous map u : D¥ — X (d)H such that u|gpr = o and f(d)* op
is homotopic to f3, relative dD*. Then f(d)¥ is a weak equivalence, so f is Reedy weak
equivalence.

Since f is a global equivalence, there is an object b = (G, W) in Dy and a morphism
¢ = (p1,02) : d — b with ¢; = Idg and ¢y the inclusion of a G—subrepresentation, and
a continuous map A : D¥ — X (b)# such that Aypr = X(¢)? o : 9D¥ — X (b)H and
such that f(b)# o X : D¥ — Y (b)f is homotopic to Y (¢) o 3, relative to D*. Since f is
a Reedy fibration, so f(b) : X(b)# — Y (b)¥ is a Serre fibration. So A can be improved
into a continuous map A : D¥ — X (b)# such that X|ypr = Agpr = X(¢)¥ o a and such
that f(b)H o\ is equal to Y (¢) o 3.

Since f is a global fibration the morphism
(f(@", X(0)") : X() — V(D) xy@ym X (b)"

is a weak equivalence. So there is a continuous map u : D¥ — X (d)¥ such that u|spr = «

and (f(d), X (¢)")op is homotopic, relative OD* to (8, X) : D¥ — Y (d)H xyyn X (b)H

oDk ———— X (d)"
kJ/ g J/(f(d)H,X(@H)
k H H

This is the p we want.

O

Definition 6.5.10. Let j : A — B be a morphism in a topological model category. j can

be factored as the composite through the mapping cylinder

A4 70) = (10,1 x A)u; B2 B,
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where ¢(j) is the front mapping cylinder inclusion and r(j) is the projection, which is ho-
motopy equivalence. If both A and B are cofibrant, the morphism c(j) is a cofibration by the
pushout product property. Let j be a morphism between cofibrant objects. Define Z(j) to be

the set of all pushout product maps
ix0c(j) : D* x AUgpry 4 OD® x Z(j) — D* x Z(j)

for k <0 and iy, : OD* — DF is the inclusion.

Proposition 6.5.11. Let C be a topological model category, j : A — B a morphism
between cofibrant objects and f : X — Y a fibration. Then the following two conditions
are equivalent:

(i) The square of spaces

X
map(B, X)L ap(A, X) (6.31)

maP(B,f)J/ lmap(A,f)

map(B, Y)m%§)nwp(147 Y)

is homotopy cartesian.

(i) The morphism f has the right lifting property with respect to the set Z(j).

Proof. The proof is that of Proposition 5.5, Chapter I, in [56].

O

Let J denote the set of generating trivial cofibrations in the Reedy model structure, i.e.
RF f ¢ described in the proof of Corollary 6.4.13. Let K denote the set of morphisms that de-
tect the squares (6.29) are homotopy cartesian. Let (V] p) and (W, p') be G—representations
such that d = (p(G),V) and b = ((p @ p') o A(G),V & W) be two objects in Dy and let
¢ : d — b be the morphism (Idg,iy) with iy : V — V @& W the inclusion. Then we have
the restriction morphism

pav,w = ¢* 2 Dyx — Dgx

where * is the one-point G—space. This morphism is a global equivalence by Proposition
6.2.3 (ii). Let

K:= |J Zpcvw), (6.32)
G,V,W
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the set of all pushout products of boundary inclusions dD¥ — D* with the mapping cylin-
der inclusions of the morphisms pg v,w, where the union goes over a set of representatives
of the isomorphism classes of triples (G, V, W) with (G,V) and (G, W) objects of Dy. By
Proposition 6.5.11 the right lifting property with respect to the union J U K characterizes
the global fibrations.

Proposition 6.5.12. A morphism of Dyo—spaces is a global fibration if and only if it has

the right lifting property with respect to the set J U K.

Proof of Theorem 6.5.8. The numbering of the model category axioms is as that in Defini-
tion 3.3, [18].

The category of Dy—spaces is complete and cocomplete, so axiom MC1 holds. By
Proposition 6.5.4 (iii), global equivalences have the 2-out-of-6 property, so they satisfy the
model category axiom 2-out-of-3(MC2). By Proposition 6.5.4(iv), global equivalences are
closed under retracts. It’s straightforward that Reedy cofibrations and global fibrations are
closed under retracts, so MC3 holds.

By the Reedy model structure, each morphism in DyT can be factored as a Reedy
cofibration followed by a Reedy weak equivalence. Since by Proposition 6.5.4 Reedy weak
equivalences are global equivalences, we get one of the factorizations required by MC5. For
the other half of MC5, apply the small object argument to the set JUK. All morphisms in J
are Reedy cofibrations and Reedy weak equivalence. Since Dy* and Dg* are Reedy cofibrant,
the morphisms in K are also Reedy cofibrations, and they are global equivalences because
the morphisms pg v,w are. The small object argument provides a functorial factorization

of every morphism ¢ : X — Y of Dy—spaces as composite

X-“w- Ly

where 7 is a sequential composition of cobase changes of coproducts of morphisms in K and
q has the right lifting property with respect to J U K. Since all morphisms in K are flat
cofibrations and global equivalences, the morphism ¢ is a Reedy cofibration by the closure
properties of Proposition 6.5.9. Moreover, ¢ is a global fibration by Proposition 6.5.12.
Now we show the lifting properties of MC4. By Proposition 6.5.9 (iv) a morphism
that is both a global fibration and a global equivalence is a Reedy weak equivalence, and

hence an acyclic fibration in the strong level model structure. So every morphism that is
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simultaneously global fibrations and a global equivalence has the right lifting property with
respect to Reedy cofibrations. Now let j : A — B be a Reedy cofibration that is also
a global equivalence. I show that it has the left lifting property with respect to all global
fibrations. Factor j = goi, via the small object argument for JU K, where i : A — W is an
J UK —cell complex and g : W — B a global fibration. Then ¢ is a global equivalence since
j and i are, and hence an acyclic fibration in the strong level model structure by Proposition

6.5.9 (iv). Since j is a Reedy cofibration, a lifting in

*1>W

Kl
J T~ l q
B

—_—

<

exists. Thus j is a retract of the morphism 4 that has the left lifting property with respect to
all global fibrations. But then j itself has the lifting property. Thus we verified all the model
category axioms. Meanwhile We have also specified sets of generating Reedy cofibrations I
and generating acyclic cofibrations J U K. Sources and targets of all morphisms in these
sets are small with respect to sequential colimits of Reedy cofibrations. So the global model
structure is compactly generated.

Left properness of the global model structure follows from Proposition 6.5.9 (i) and the
fact that Reedy cofibrations are h—cofibrations by Proposition 6.4.17 (iii). Right properness
follows from Proposition 6.5.9 (iii) since global fibrations are Reedy fibrations.

The proof the the global model structure is topological is formal.

O

Proposition 6.5.13. Let f : A — B be a morphism of Dyg—spaces. Then the following
conditions are equivalent.

(i) The morphism f is a global equivalence.

(i) For some (hence any) Reedy cofibrant approzimation f° : A® — B’ in the Reedy

model structure and every fibrant object X the induced map

[f°, X]: [B°, X] — [A°, X]

on homotopy classes of morphism is a bijection.

Proof. By Proposition 6.5.4 (i), the morphism f is a global equivalenc if and only if the
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Reedy cofibrant approximation f: A> — B’ is a global equivalence. Since A® and B® are
both Reedy cofibrant, they are cofibrant in the global model structure. So f? is a global
equivalence if and only the induced map [f?, X] is bijective for every fibrant object in the
global model structure. By Theorem 6.5.8 these fibrant objects are precisely the static

Dgy—spaces.

6.6 Relation between Dj—spaces and [—spaces

In this section I show the global model structure of I —spaces and the global model structure
on a subcategory of Dy—spaces are Quillen equivalent.
Before that let’s recall basic concepts and properties of I—spaces, the main reference of

which is [55]. I omit most of the proofs.

Definition 6.6.1 (I—spaces). Let I denote the category of finite sets and injective maps.

An I— space is a functor from the category I to the category T of spaces.

The category I is symmetric monoidal under disjoint union. The category of I—spaces

thus inherits a Day convolution product X.

Definition 6.6.2. (i) A morphism f:Y — Z of I—spaces is a strong level equivalence if
for every finite set A the map f(A):Y(A) — Z(A) is a ¥ a—weak equivalence.

(i) A morphism f:Y — Z of I—spaces is a strong level fibration if for every finite set
A the map f(A) :Y(A) — Z(A) is a ¥ a—fibration.

(i) A morphism f Y — Z of I—spaces is a flat cofibration if for every finite set A

the latching morphism Y (A) Up,y LaZ — Z(A) is a 34— cofibration.

Proposition 6.6.3. The strong level equivalences, strong level fibrations and flat cofibra-
tions form a model structure, the strong level model structure, on the category of I—spaces.
The strong level model structure is proper, topological, cofibrantly generated and satisfies the

pushout product property with respect to the box product.

The global model structure for I —spaces is obtained from the strong level model structure

by Bousfield localization with the appropriated class of static I—spaces as local objects.

Definition 6.6.4. An I—space Z is static if for every finite group G, every faithful finite
G—set A and every monomorphism of finite G—sets ¢ : A — B the structure map Z(¢) :
Z(A) — Z(B) is a G—weak equivalence.
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Definition 6.6.5 (global equivalence of I—spaces). A morphism of f : X — Y of
I—spaces is a global equivalence if for some (hence any) flat approvimation f°: X° — Y?

in the strong level model structure and every static I—space Z the induced map
[fbvz] : [Yb7X] - [Xb,Z]

on homotopy classes of morphisms is bijective.

Definition 6.6.6 (global fibration of I—spaces). A morphism f: X — Y of I—spaces
is a global fibration if it is a strong level fibration and for every finite group G, every faithful
finite G—set A and every monomorphism of finite G—sets ¢ : A — B the square of G— fized

point spaces
o X@°¢

X(4) X(B)“
f(A)GJ/ lf(B)G
V(A S Y(B)°

is homotopy cartesian, in other words,
(f(AYX(9)) : X(A)F — Y (A)F xy(p)e X(B)Y

is a weak equivalence.

Theorem 6.6.7 (global model structure for I—spaces). The global equivalences, global
fibrations and flat cofibrations form the global model structure on the category of I—spaces.
The fibrant objects in the global model structure are the static I—spaces. The global model
structure is proper, topological, compactly generated, and it satisfies the pushout product and

monoid axioms with respect to the box product of I—spaces.

The global model structure of I—spaces is Quillen equivalent to a model structure on
the category of orthogonal spaces, Fin—global model structure. I briefly introduce it below.

My reference is [55].
Definition 6.6.8. Let F be a global family. A morphism f: X — Y of orthogonal spaces
18

e an F—level equivalence if for every compact Lie group G in F and every G—representation

V the map (V)9 : X(V)¢ — Y(V)Y is a weak equivalence;
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e an F—level fibration if for every compact Lie group G in F and every G—representation
V the map f(V)%: X(V)¥ — Y(V)< is a Serre fibration;
o an F—cofibration if the latching morphism X (R™) Up,mx LrmY — Y(R™) is an

F N O(m)—cofibration for all m < 0.

Proposition 6.6.9. Let F be a global family. The F—level equivalences, F—level fibrations
and F—cofibrations form a model structure, the F—level model structure, on the category
of orthogonal spaces. The F—level model structure is proper, topological and cofibrantly

generated.

Definition 6.6.10. Let F be a global family.

(i) A morphism f : X — Y of orthogonal spaces is an F—global equivalence if for
every compact Lie group G in F, every G—representation V, every k < 0 and all maps
a: dDF — X (V)¢ and B : D* — Y(V)9 such that f(V)% o a = Blypr there is a
G—representation W, a G—equivariant linear isometric embedding ¢ : V — W and a
continuous map X\ : D* — X(W)% such that A\gpr = X(¢) o a and such that f(W)% o X
is homotopic, relative to OD*, to Y (¢) o 3.

(ii) A morphism f : X — Y of orthogonal spaces is a F—global fibration if it is
an F—level fibration and for every compact Lie group G in the family F, every faithful
G—representation V and every equivariant linear isometric embedding ¢ : V. — W of

G—representations, the map
(f(V),X(9)) : X(V)T — Y(V)F xy e X(W)©

is a weak equivalence.

Theorem 6.6.11. Let F be a global family. The F—global equivalence, F—global fibrations
and F—cofibrations form a model structure, the F—global model structure, on the category
of orthogonal spaces. The F—global model structure is cofibrantly generated, proper and

topological.

Let Fin be the global family of all finite groups.
Let R : I — L denote the functor sending a finite set A to the free R—vector space RA

generated by A with A an orthonormal basis. The injective maps between finite sets then
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linearize to isometric embeddings. Let Up : LT — I'T denote the forgetful functor

X +— XoR.

It has a left adjoint Lp.

Theorem 6.6.12. The global model structure of I—spaces is Quillen equivalent to the
Fin—global model structure on the category of orthogonal spaces. We have the Quillen
equivalence

Lp:IT == LT :Ufp (6.33)
The lemma below is from [33]. We need it later in this section.

Lemma 6.6.13. Let P: A — B and U : B — A be a Quillen adjoint pair. If U creates
the weak equivalences of B and n: o — UPa is a weak equivalence for all cofibrant objects

A, then (P,U) is a Quillen equivalence.

Let lp : I — Dg be the inclusion sending n to (X,,R™). Let U be the restriction of
5 : DoT — IT to DoT. By Proposition 6.1.17 U has a left adjoint L. U also has a right
adjoint R.

Let p be a functor from Dy to L sending an object (G,V) to V, and a morphism
¢ = (¢1,¢2) to the linear isometric embedding ¢2. Let P denote the functor from the
category of orthogonal spaces to the category of Dy—spaces sending X to the orthogonal
space

(G, V) = X(V).

P has a left adjoint @) that sends a Dy—space X to the orthogonal space

Vi— X(e,V).

X (e, V) is the colimit of all the restriction maps, i.e. the diagram with all the maps like

X(G,V) — X(H,V).
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We have the commuting diagram

LT (6.34)

AN

DT

Ur = Up o P. So the left adjoints commutes: Ly = Q) o L.

Theorem 6.6.14. (i) The adjoint functors
Q:DyT=—=ILT:P (6.35)

is a Quillen pair between the global model structure on Dy—spaces and the Fin—global model
structure on the orthogonal spaces.

(ii) And the adjoint functors
Q: DT =—=1ILT:P (6.36)
is a Quillen pair between the global model structure on I—spaces and the global model struc-

ture on Dy—spaces.

Proof. (i) First let’s check (@, P) is a Quillen pair. By the definition of global equivalences
in DoT and LT, we can check directly that P sends global equivalence to global equivalence
and it creates the global equivalence in LT

For any object r = (G, V) in Dy, any orthogonal space X, the matching object M,.(PX)

is

Let f: X — Y be a Fin—global fibration in the category of orthogonal spaces. Then
for any subgroup H of G, f(V)? : X(V)# — Y(V)H is a Serre fibration. And for each

equivariant linear isometric embedding ¢ : V. — W of H —representations, the map

(fEX(0)") : XWV)T — Y (V)T xyqwyn X(W)H (6.37)

is a weak equivalence.
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So the map
(PF(G, V)T, PX()T) : PX(G, V)T — PY(G, V)" X py@w)n PX(G,W)"  (6.38)

is a weak equivalence, where ¢ = (11,12) a morphism in Dy with ¢, the identity map, 19
the inclusion of G—representation.

The space M,.(PX) X, (pyy PY; is exactly X(V) xy ) Y(V). The identity map
X(W)H — X(V)H and

Pf(G,V)H . PX(G, V) — PY (G, V)

are both Serre fibrations. Since Y (V) is connected, Pf(G, V) is surjective if X (V) is
nonempty. So the map

XV — (X(V) xy) Y (V)" (6.39)

is a Serre fibration. Note that when X (V) is empty, the map (6.39) is f(V)#. Thus, P(f)
is a Fin—global fibration.
So (@, P) is a Quillen pair.

(ii) Let lp : I — Dq be the inclusion sending n to (¥,,R"). Let U = I§ : DoT —
IT. By Proposition 6.1.17 U has a left adjoint P. And since [y is fully faithful, the unit
1 : Id — UP of the adjunction is a natural isomorphism.

Note that in I there is no matching object. U sends the Reedy fibrations to strong
level fibrations. If f : X — Y is a morphism of Dy—spaces, for each object d = (G,V),
b= (G,W) of Dy, any closed subgroup H of G and any morphism ¢ = (¢1,¢2) : d — b

with ¢1 = Idg, ¢2 an inclusion of G—subrepresentation, the map
(f(@", X(¢)") : X() — V(D) xypym X (b)"
is a weak equivalence, then for j : n — m, the restriction

(f o)™, X (lo(7))) : X (lo(@)™ — Y (lo(@)™ Xy (1o # X (lo(m)"

is also a weak equivalence. So U sends global fibrations to global fibrations. It also direct

to check it sends global equivalence to global equivalence.
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So we have the Quillen pair
L:IT9 == DyT9:U . (6.40)

O

Let  : Id — PQ be the unit of the Quillen pair (P, Q). For any Dy—space X, PQX
sends (G, V) to X(e, V).

Definition 6.6.15. Let DFT be the full subcategory of DoT' with objects X : Dy — T
such that the unit n(X) : X — PQ(X) is a global equivalence.

Remark 6.6.16. By the transfer theorem, Dy'T inherits the global model structure on DoT
in Theorem 6.5.8.

And we have the Quillen pair
Q:DyT=—=LT:P (6.41)

between the global model structure on Dy—spaces and the Fin—global model structure on the

orthogonal spaces., and the adjoint functors
Q:DfyT=—=1_IT:P (6.42)

between the global model structure on I—spaces and the global model structure on Dy—spaces.
Moreover, apply Lemma 6.6.13, these two Quillen pairs are both Quillen equivalences.
However this is not so exciting since QEIR discussed in the next Chapter is not in the

subcategory Dy'T.

6.7 Unitary Dy—spectra

In this section we construct the Real version of Dg—space and spectra.

Definition 6.7.1. D€ is the category whose objects are (G,V, p) with G an augmented Lie
group and (V, p) a faithful real representation of G, and the morphism space D((G,V, p), (H, W, 1))
is the space of the pairs (¢1, ¢2) with ¢o € LE(V,W) and ¢y : 7= ({U(¢2(V))p(G) — G a

250



group homomorphism, which make the diagram commute.

uw) (6.43)

g

T (U(g(V) — U (W)

In other words, the action of the augmented Lie group H on ¢2(V') is induced from that of
G.

Let Dg denote the full subcategory with objects (G, V,i) where G is a finite group and

i is the inclusion of augmented Lie subgroup into U (V). We can omit i from the symbol.

Definition 6.7.2. A DS—space is a continuous functor from the category D to the category
of spaces. A morphism of DS—spaces is a natural transformation of functors. We denote

the category of D§—spaces by D§T.
D—spaces and D®—spaces are related by various functors

<N
DT <,— DT (6.44)
~__ 7
¥

where ¢ is the ”complexification”, u the ”underlying” and v the ”fixed point” functor. ¢

and u arise by precomposition with continuous functors

(=)
P

D‘“‘T’DC

relating the real and complex isometries categories.
The complexification functor (—)c¢ sends the compact Lie group G to the product aug-
mented Lie group G¥, and sends a euclidean inner product space V to its complexification

Ve = C®gr V equipped with the unique hermitian inner product (—, —) that satisfies
(1®v,1®w)=(v,w)

for all v,w € V. On the morphism spaces, (—)c sends ¢o € L(V,W) to ((¢2)c,Idc) €
LC(Vc, W@), and ¢1 to ¢1 X Idc.

The realification functor r sends an augmented Lie group G to its underlying Lie group,
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and sends a hermitian inner product space W to its underlying R—vector space equipped

with the euclidean inner product defined by

(v, w) = Re(v,w).

On morphisms, 7 sends ¢2 = (¢, 0) to ¢ and ¢ to ¢1.

Then, the functors in (6.44) are defined by

uY :=Yo(—)cand cX :=Xor (6.45)

where Y is a D€—space and X an D—space.
Moreover, we can define an involution ¥ : Y — uY on the underlying orthogonal
space of a unitary space Y. For any (G, V) € ob(Dy), let 7 € U(Ve) denote the canonical

real structure determined by

Define
Yy =Y (Id, ) : Y(G*, Ve) — Y(G*, V).

And the fixed points

(Yw)(Gv V) = Y(Gﬁ7 V(C)wv = {y € Y(Gﬁa Vc)|Y(Id, TV)(Z/) = y}

Proposition 6.7.3. The category D€ is a symmetric monoidal category.

Proof. Let (G,V,p) and (H,W,7) be two objects in D®. The tensor product of (G,V, p)
and (H, W, 7) is defined to be (G xc H,V@®W, px¢c 7). The product is obviously associative
and commutative. The unit is (1,,1) where 1 is the trivial group equipped with the trivial
augmentation.

O
Corollary 6.7.4. The categories DS, (D)"Y, DY are all symmetric monoidal categories.
Similarly we can also define monoid D¢—space and D§—space.

Proposition 6.7.5. Dg is a generalized Reedy model category in the sense of Definition
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6.1.15.

Definition 6.7.6. The real global classifying space BﬁG of an augmented Lie group G is
the DS —space

for any object (G,V) in D§.
D§ —spectra is the stabilization of D§—space.

Example 6.7.7. We can define the D§—sphere. For each object (G,V) in DS, we can
define
SEV) .= gV, (6.46)

SV inherits a G—action from that on V.

Let ¢ = (¢1,62) : (G, V) — (H,W) be a morphism in D§.
S(¢) = 8% .8V — SV, (6.47)

S(Id) is the identity map.

Definition 6.7.8. Let R be a monoid in DST with unit n and product p. A D§—spectrum

over R is a Dg—space X Dg — T together with continuous maps
o: X(d)ANX(b) — X(d+D),
natural in d and b, such that the composite
X(d) 2 X(d) A S° Y X (d) A R(b) 2> X(d + u) = X(d) (6.48)
is the identity and the following diagram commutes:
X(d) A R(b) A R(f) 2% X (d + b) A R(f) (6.49)
id/\(bi \La
X(d) A R(d+ f) ——> X(d+b+ f)

The complexification functor ¢, underlying functor u and fixed point functors 1) between
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Dy—spaces and Dgfspaces all have stable analogs.

u

TN
~_ 7
P

Let X be a Dyg—spectrum and Y a Dgfspectrum.

cX:=Xor.

(uY) (V') = Map(S*Y, Y (G*, V)

where V' is a complex inner product space and ¢V = iR ®g V C V¢ is the imaginary part of
V.

We can define a natural involution ¥ : uY — uY . Define

wV = Map(ST,Y(ICZ, TV)) : Map(SiV7Y(Gﬁ7 V(C)) — Ma‘p(siv’ Y(Gﬁ’ V(C))

where 7 : ¢V — ¢V is multiplication by -1.

(YY) (V) := Map® (5", Y (Ve)).
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Chapter 7

Global Quasi-elliptic
Cohomology

In this chapter we construct a global spectrum representing Quasi-elliptic cohomology in
the sense developed in Chapter 6.

Based on the orthogonal G—spectrum (E(G, V), n”(G, V), u¥ (G, V)) constructed in Sec-
tion 4.5, we show the construction of the Real version E'R and the real version EO in Section
7.1. They weakly represent the Real and real quasi-elliptic cohomology respectively. We
show ER is a unitary D®—space and, in Section 7.2, a D®—FSP over S. Similarly one can
show that E and EO are both Dy—spaces and Dy—FSP over S.

In Section 7.3, we show the relation between Real, complex and real global quasi-elliptic

cohomologies. We have the global equivalences

E = u(ER); and EO = (ER)".

7.1 Construction of QFIIR

In Section 4.5.3 and 4.5.4 I construct an orthogonal G —spectrum (E(G, V), nF (G, V), u®?(G,V))
weakly representing quasi-elliptic cohomology. In Section 7.1.1, I show there is a Real and a
real version of that orthogonal G—spectrum representing the Real and the real quasi-elliptic
cohomology respectively. In Section 4.5.5 I construct the restriction maps. In Section 7.1.2

I show that data makes up a D€—space.

7.1.1 Construction

We have the Real version FR and real version FO of the family of spaces E in Proposition
4.5.18. 1 present them respectively in this section.

Let G and H be augmented Lie groups. Let V be a real G—representation and W a real
H —representation. Let g € G*", h € H'"s,

Let’s use F'R,(G,V) denote the space Mapy (S(V)s, KR((V9), ® V) where K R repre-
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sents the global Real K-theory. The basepoint crg of it is the constant map from S to
the basepoint of KR((V), & VY).

For FR,(G, V), we have the conclusions similar to Proposition 4.5.16.

Define the unit map nR,(G,V): SV’ — FR,(G,V) by

v (V- nRg/)g@Vg (vA)) (7.1)

where nRg,)g@V : SMa®V? — KR((V), ® V) is the unit map for global Real K-theory.
Since (V),® V9 is a Ag(g)—representation, nR(I%,)g@Vg is Ag(g)—equivariant. So nR,(G, V)
is well-defined.
Define the multiplication ﬂRg,h)((G, V),(H,W)): FRy(G,V)ANFRy(H,W) — FR4 p)(Gx
H)VoW) by
a B (vAw e uR" (a(v) A B(w))) (7.2)

where pRE is the multiplication for global Real K-theory. Since puR¥ here is Ag(g) x
A (h)—equivariant, uR (. (G, V), (H,W)) is Caxn(g, h)—equivariant.

FRy(G,V) weakly represents KRXQ( y(=)- The unit map nRy(G,V) : SVY — FR,(G,V)
and the multiplication uR (G V), (H,W)) : FRy(G, V) NFRy(H,W) — FR(g 1) (G x
H,V & W) make the unit, associativity and centrality of unit diagram commute. Moreover,
nRy(G,V) is Cq(g)—equivariant and uR m (G V), (H,W)) is Caxul(g, h)—equivariant.
And both maps are real.

The proofs of these conclusions are similar to that of Proposition 4.5.16. And we also

have the conclusion below.

Proposition 7.1.1. Let ER,(G,V) be the Cq(g)—space
{tia + 120 € FRy(G,V) x S(G, V)g[[bll < t2}/{trcro + t2b}.

It is the quotient space of a closed subspace of FRy(G,V)*S(G, V)4 with all the points of the
form ticro+tab collapsed to one point, i.e the basepoint of ERy(G, V'), where crq is the base-
point of FRy(G,V). ERy(G,V) is Ci(g)—weak equivalent to FRy(G,V)* S(G,V)4. As a
result, []  Mapc, (G, ERy(G,V)) is G—weak equivalentto [  Mapc,,y)(G, FRy(G,V)*

qEGtors qthOTS

conj conj

S(G,V),). So

= JI Mapo,,) (G ERy(G,V)) (7.3)
gthors

conj
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weakly represents QEIRY(—).

Let G and H be compact Lie groups. Let V' be an orthogonal G—representation and W
an orthogonal H —representation. Let g € G, h € Ht°"s,

Let’s use FO4(G, V') denote the space MapR(S(V)Hj, KO((V)§ @ V9)) where KO repre-
sents the global real K-theory. The basepoint cog of it is the constant map from S s to
the basepoint of KO((V)§ & V).

For FO,(G,V), we have the conclusions similar to Proposition 4.5.16.

It weakly represents KOXZ(g)(—). And we have the unit map 70,(G,V) : SV* —
FO4(G,V) and the multiplication MO(IZ’h)((G, V), (H,W)): FO,(G,V)ANFO,(H,W) —
FO@m(G x H,V & W) that making the unit, associativity and centrality of unit dia-
gram commute. Moreover, n0y(G,V) is Cq(g)—equivariant and ,uOf‘;)h)((G, V), (H,W)) is
Cexm(g, h)—equivariant. And both maps are real.

The proofs of these conclusions are similar to that of Proposition 4.5.16. And we also
have the conclusion below.

Define the unit map 70,(G,V) : SV’ — FO4(G,V) by
v (V- 770([‘(,)5@‘/9 (vAV")) (7.4)

where nOg/ L sVgeve KO((V)§ @ V9) is the unit map for global real K-theory.

oV

Since (V)5 @V is a Ag(g)—representation, nOg/)R is Ag(g)—equivariant. So n0,(G, V)
g

oV
is well-defined.

Define the multiplication uO&h)((G, V), (H,W)): FO,(G,V)NFO»(H,W) — FO(g 1) (Gx
H,V & W) by

a B (v Aw e pO* (a(v) A B(w))) (7.5)

where O¥ is the multiplication for global Real K-theory. Since pO¥ here is Ag(g) x
A (h)—equivariant, ,uO(I;h)((G, V), (H,W)) is Caxn(g, h)—equivariant.

Proposition 7.1.2. Let EO,(G,V) be the Cc(g)—space
{tia +1t2b € FOG(G, V) S(G,V)gl[|b]| < t2}/{t1co0 + t2b}.

It is the quotient space of a closed subspace of FO,(G,V)*S(G, V'), with all the points of the

form ticog+t2b collapsed to one point, i.e the basepoint of EO4(G, V'), where coq is the base-
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point of FO4(G, V). EOy4(G,V) is Ca(g)—weak equivalent to FO4(G,V)* S(G,V)y. As a

result, [l Mapc, (G, EOy(G,V)) is G—weak equivalent to  [[  Mapc,,4)(G, FO4(G,V)x
gGG“’” gGGtors

conj conj

S(G,V),). So
EO(G,V):= ][] Mapc, g (G, EO4(G,V)) (7.6)

qthOTS

conj

weakly represents QEUOY (—).

7.1.2 ER is a D®—space

Proposition 7.1.3. Let G be a augmented Lie group and V a real G—representation such
that for each g € GLovs, V9 is a faithful Ca(g)/(g)—representation. Consider G as an

augmented Lie subgroup of U(V). Let Nﬁ(v)(G) denote the normalizer of G in U(V). Then

there is a well-defined N . (G)—action on ER(G,V).

V)
Remark 7.1.4. The conclusion of Proposition 7.1.3 is a corollary of Theorem 7.1.5 when
G is a finite group, by Example 6.1.4. I show explicitly what the group action is in the proof

below. It has similar form as the restriction map.

Proof of Proposition 7.1.3. There is a right Nﬁ(v)(G)f action on G by conjugation
a-g=a"‘gaforany g € G,a € Nﬁ(v)(G). (7.7)

Let g € G*" and p: G — ER,(G,V) be a Cg(g)—equivariant map. Define the map

ap: G — Eug,-1(G, V) to be the composition
—a lga T—a-x
GG L ERY(G, V) "EET ERyga—1 (G, V). (7.8)

Let o € G and b € Cg(aga™?) = aCg(g)a™?.

1

(ap)(ba) = a(p(a™rba - a ' aa)) = a(a™ ba - pla~ aa))

— ba- p(a~"aa) = blap)(a)
So ap € Mapc, (aga—1) (G, ERaga-1(G,V)) and we get a well-defined map

a-—:ERG,V)—ERG,V), [ re— I ers (7.9)

qEGtors_ qthors‘

conj conj
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It’s straightforward to check for any a, a’ € Ng1,(G), a(a” [ pg) = (ad’) I pq
gthors gEGtOTS
and e - — is the identity map.

So (7.9) defines a N

i(v)(G)—action on ER(G,V).

Theorem 7.1.5. ER is a D§—space.

Proof. Let (G, V) be an object in D§.
Let ¢ = (61, ¢2) : (G, V) — (H, W) be a morphism in DS. Let H' denote HNU (¢2(V')).
Recall both ¢; and ¢5 are injective. And the linear isometric embedding ¢o gives linear

isometric embedding
G2+ (V)n & vorh) W)n & Wh7 (v1,v2) = (P2(v1), P2(v2)). (7.10)

It is equivariant in the sense that

P2 ([01(a), 8] - ) = [a,t] - Pou ()

for any r € (V)h 2] V¢1(h)7 [a’vt} € AH/(h)v and [¢1 (a)at] € AG(¢1(h))
Let
B: SV — KR((V), @ Vor)

be an element in F Ry, 1) (G, V). We can define FRy(¢2.)(8) : SW)n — KR((W), & W)
by the composition

S — GW)Ia=(V)grimy A Sy L2 W)=V, () ANKR((V) gy ® V) —
KR(W)p @ V)
KRUIOD) pep (W), @ W)

where the third map is the structure map of KR and Id @ ¢, is the evident linear

isometric embedding

(W@ Vo — (W), @ Wh.

It is R—linear.

It’s straightforward to check for morphisms

(G, V) ¢=(b1,92) (H, W) h=(1,92) ([(7 U)
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we have

FRy(2+) 0 FRy(h2.)(8) = FRy (¢ © $)24)(5)- (7.11)

and if ¢ is the identity map, FRy(¢2.) is identity.

¢2 also gives embeddings
Sym(V) — Sym(W) and Sym(V)?*M) — Sym(W)",
So we have well-defined
S(¢2) : S(G, V), () — S(H, W), (7.12)
which is equivariant in the sense:

S(¢2)(@r(R') -y) = B - S(¢2)(y), for any b’ € Cpr(h).

Then we have the join ¢o. * S(d2) : FRy, (1) (G, V) * S(G,V)g, )y — FR(H,W) *
S(H,W)p.
Let

¢2* : ER¢,1(}L) (G7 V) h— ERh(H, W)

denote the quotient of the restriction ¢g, * S(¢2)|ER; () (G-
1
Let h € H'™. Let f € Mapc,, (4, (n)) (Gs ERg, (1) (G, V). Define ¢, f : Cﬁ(W)(h) X Gy (h)
H — Mapc,, (n) (G, ERp(H, W)) by

dxf([a, B]) = a(gax o f o d1) () (7.13)
Define

ER(¢)n : Mapc, (g, (n)) (Gy ERg, (1) (G, V) — Mape,, () (H, ERy(H, V)

* , if C5 Lo H;
ER(¢)n(f)(g) == @:J(9), 19 € Coy (M) X (7.14)

cro, otherwise.
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where crg denotes the basepoint of Ej,(H,V).

ER(¢):= ][] ER($)n (7.15)

hEHtOTS

If ¢ is the identity map, ER(¢) is the identity map. If ¢ : (G,V) — (H,W) and

Y (H,W) — (K,U) are two morphisms in D, we have

ER(¢ 0 ¢) = ER(¢) o ER(9).

So ER defines a functor from DY to the category 7 of spaces.

7.2 FERis a D5—FSP over S

In Section 7.2 we show ER is a D§—FSP over S.

We construct the unit map n% : § — ER the multiplication
pE® . ERANER — ER.

More explicitly, for any objects d = (G, V) and b = (H,W) in DS, we have n¥%(G,V) :
SV — ER(G,V)

pFR(G, V), (H,W)) : ER(G,V) AN ER(H,W) — ER(G x H,V & W)

Recall
ER(G, V)= [ Mape, (G ERy(G,V)), (7.16)

9ECLT;
which is defined in (7.3), with ER,(G, V') defined in Proposition 7.1.1.
Let G and H be augmented Lie groups, V a real G—representation and W a real
H —representation. Let’s use xry to denote the basepoint of ER,(G, V).
Let g € Gto"s. For each v € SV, there is v; € SV’ and v, € SV such that v = v1 Asg.

We construct nf similar to n¥ defined in (4.66).
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Let nP%(G,V) : SV — ERy(G, V) be the map

(1= |z 1Ry (G, V)(wr) + [[oallva, i [loal] < 1
nER(G,V)(v) = (7.17)

xrgv lf HU2|| > ]‘

where nRy(G,V) is the map defined in (7.1). nf"(G,V) is well-defined, continuous and
Ca(g)—equivariant.

nPR(G,V): SV — I Mapg, (G, ERy(G,V)) is defined by
gecto’rs

conj

v H (aHan(G, V)(a-v)), (7.18)
gtho’r‘S

conj

which is well-defined, continuous and G —equivariant. And n”% : § — ER is a well-defined

functor.

We construct the multiplication map u®# analogous to the construction of x4 in (4.68).
Define a map uiﬁ((G, V),(H,W)): ERy(G,V) NER,(H,W) — ER4 1) (G x H,V ©

W) by sending a point [t1a; + tab1] A [uras + ugbs)] to

[(1— \/tg—&—u%)uRih((G,V),(H,W))(al Aag) 4+ /13 +ud(by + b2)], if t3 +u3 <1 and taug # 0;
[(1 — tg)ﬂR!ih((G, V), (H, W))(a1 A CLQ) + t2b1]7 ifus =0and 0 <ty < 1;
[(1- uz)uRgh((G, V), (H,W))(a1 A az) + usgbs), ifto =0and 0 <wus < 1;
[1uR§h((G, V), (H,W))(a1 A a2) + 0], if up =0 and t3 = 0;
TTg b, Otherwise.

(7.19)

where uRgh((G, V), (H,W)) is the one defined in (7.2) and xry;, is the basepoint of
ER (G x H,V & W).

Note that the basepoint of FR(G,V) is the product of the basepoint of each factor
MapCG(g)(G, ER4(G,V)), ie. the product of constant map to the base point of each
ER,(G,V).

We can define the multiplication

pER(G, V), (H,W)) : ER(G,V)ANER(H,W) — ER(G x H,V & W) (7.20)

262



by the composition

I Mapc, (G ER(G, V) A [ Mape, @y (H, ERy(H,W)) —
gthors hEHtOTS

conj conj

11 Mapc,, () (G, ERy(G,V)) A Mapg,, () (H, ERy (H,W)) —
gegtors hthors

conj? conj

H Mapc,,, i (gm) (G x H,ERy(G,V) A ERy(H,W)) —
gEGtors hthors

conj? conj

H Mape,,, (g (G x H,ER( 1) (G x HV &W))

gthors_ he Htors

conj’ conj

where the first map sends

H og N\ H B

gthors he Htors

conj conj
to

I1 (ag A B s (a,) = agla) A mb)),

gthors hthars

conj? conj

the second map sends a point

T (0n 6@ agr60)

ge Gtors hthors

conj’ conj

to

T (@nra@amo)

ge Gtors hthors

conj? conj

the third map sends

11 fig.m)

gthors hthors

conj’ conj

to

11 pCh (G V), (H, W) o fign-

gthors he Htors

Proposition 7.2.1. (i) ufGRV) (v defined in (7.20) is G x ¢ H—equivariant.

(ii) /‘@i) makes the diagram (7.21) commute for any (g,h) € G x¢ H.

Mapc, (4)(G, ERy(G,V)) A Mape,, ) (H, ERy(H,W)) ——— F,(G,V) A Fy,(H, W)

WER(GLV), (W) l luRih«G,m,(Hw»
MapCGXCH(g,h)(G Xc H,ER(%}I)(G Xc H,V@W)) e F(g,h)(GXH,V@W)
(7.21)
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The left vertical map is (f1, f2) — (f1(e), fa(e)) and the right vertical map is f +— f(e).
Proof. Tt’s straightforward to check. O
We have the conclusion similar to Lemma 4.5.26.

Lemma 7.2.2. Let G, H, K be augmented Lie groups. Let V be a real G—representation,
W a real H—representation, U a real K —representation. Let (x,0) be the unit in DS where

* is the trivial group. Let g € G*°™*, h € H'™, k € K", Then

H(x,0),Gv) = LdERG,v) = IMG,V),(+.0)- (7.22)
And we have the commutative diagrams below.

ne (G V) AR T (H, W)

SV A SW ER,(G,V)NER,(H,W)
lg lua{?'h)((G,V),(H,W)) (7.23)

niy (GXHV&W)

SV@W

ERy (G x HVaW)

ER,(G,V)NERy(H,W)ANER,(K,U) —— ER(%h)(G x HVeW)ANERL(K,U)
Id/\u(b;fk)(HxK,W@U)J( u(E(gyh)yk)((GxH,VéBW),(K,U))l

ERy(G,V) AN ER()(H x K,W &U) —— ERyuun(GxHxK, VoW aU)
(7.24)

where the top horizontal map is u (G, V), (H,W))AId and the bottom map is ugf%(h 1y (G, V), (H %

K,WeaU)),
SV NERy,(H,W) - ER,(H,W)ASY
ngER(G,V)/\Idl IdAn,’fR(H,W)l
ERy(G,V)NER,(HW) ——— ER,(H,W)AERyG,V) (7.25)
ufgf‘h)((GV),(HW))i ;Lgfg)((H,W),(G,V))l

ER(g,h)(G x H, V& W) _— ER(h’g) (H x G, W ® V)
ER(Qwh)(T)

Proof. Analogous to that of Lemma 4.5.26.

So we get the main conclusion in this section.

Theorem 7.2.3. ER is a D5—FSP weakly representing QEIIR.
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Proof. The proof is analogous to that of Theorem 4.5.27. O

In addition, we can construct the structure maps for QFEIll and QFEllr analogously and

.show they are Dy—FSP over S.

One more word is generally we have the construction below.

Construction If A is any topological space and X an orthogonal spectrum, we can define
a new orthogonal spectra A x X by joining with A; the structure maps and actions of the

orthogonal groups do not interact with A. More explicitly, we set

(AxX)(V)=AxX(V)
for an inner product space V. The structure maps are given by the composite
(AxX)(VIASY = (Ax X (VIASW 25 Ax(X(V)ASY) 28 AsX (VW) = (4xX)(VeW)

where the first map p is the map constructed in Appendix A.2.

7.3 The global Real, complex and real quasi-elliptic
cohomology

The global Real, complex and real quasi-elliptic cohomology have similar relations as those
for global K-theory.
Let G be any compact Lie group. Let K be a subgroup of it and V a real inner product

space. On fixed point spaces

I$

E@G V)2 T] Mapy, ) (G/K)*, Map(s™, u(KR)((V),)))

QGGto'r‘s

conj

[T Mapa, ) ((G/K)? x SV u(ER)(V),))
geGiors

conj

[T Map(s™ Map,,,) (G/K)*, u(ER)((V),)))
geGtoTs.

conj

1%

1%

«uw(ER)(G,V)K
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and

EOG,V)* = [ Mapy, ) (G/K),Map®(5™, u(KR)(((V),))))
gthO’V‘S

conj

[T Maph.q) (G/K)? x 57 u(KR)(V),))
gectoTs

conj

[T Map“(S™, Mapy,, ) (G/K)*, u(KR)((V),)))
gthoT‘s

1%

1%

~u(ER)Y(G,V)K

It’s G—weak equivalence.

Thus, we have the global equivalences below:
E = u(ER); and EO = (ER)".

Remark 7.3.1. I believe there are smarter constructions of spectra and global spectra of
quasi-elliptic cohomology than that we give in the thesis, which should have better properties.

I'm still trying some of my ideas on this.

7.4 An example of Dy—spectra and Dy—FSP over S

Let’s consider an equivariant cohomology theory which is similar to QEIl* but a little simpler
than that. Let G be a compact Lie group and X a G—space. For each g € G*"*, Cs(g)

acts on X9.

EG(X) =[] Kiup(X9). (7.26)
gthors

conj

By Theorem 4.3.6, Ef, can be represented weakly by the space

Eg = H Mapc,, (g) (G KUcq(g) * Sca(g).9) (7.27)
gthors

conj

And we can construct the Dg—space representing the theory, the tensor product of it in

a way similar to the construction for QFEIIR*.

Theorem 7.4.1. E is a Dg—space.
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Proof. Let (G,V) be an object in Dy.

E(G,V):= [ Mapgy) (G, KU(V)*S(G,V),). (7.28)
gecturs

Let ¢ = (¢1,¢2) : (G, V) — (H, W) be a morphism in Dy. Let H' denote HNO(¢p2(V)).

Both ¢1 and ¢2 are injective.¢o is equivariant in the sense that
P2(d1(h) - ) = h - po(x), for any h € Cys(h).
So ¢9 also gives an embedding
Sym(V) — Sym(W) and Sym(V)?*") — Sym (W)™,
So we have well-defined
S(p2) : S(G, V), (ny — S(H, W), (7.29)

which is equivariant in the sense:

S(d2)(¢1(h) - y) = 1" - S(2)(y), for any h' € Cy(h).
Let h € H'". Let f € Mapcy (4, (n) (G, K Ry, (n)(V)® % S(G,V)g, (n)). Define

Gou : KU(V) * S(G, V) g,y — KUW) * S(H, W)y,

to be the join of KU (¢2) and S(¢2). Define Oof Cow)(h)x ¢y, (nyH' — Mapc,, ) (G, KU(W)*
S(H,W),) by

Ouf ([ 1']) = i 0 f 0 d1) () (7.30)

Define

E(¢)n : Mapgy, (g, (n)) (G, KU(V) % S(G, V) g, (n)) — Mapg,, iy (H, KU(V) % S(H,V))
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o.f(g), ifgeC h) X, H';
Blom(f)(g) = 4 0T 190 19 € Comn B xeya (7.31)

*, otherwise.

where * denotes the basepoint in KU (V).

E@):= [[ E@n (7.32)

heHio'r‘s

If ¢ is the identity map, E(¢) is the identity map. If ¢ : (G,V) — (H,W) and

¥ (H,W) — (K,U) are two morphisms in Dy, we have

E(yo¢) = E(¢) o E(¢).

So FE defines a functor from Dy to the category 7 of spaces.

Theorem 7.4.2. E is a monoid Dy—space.

Proof. The multiplication morphism and unit morphism are constructed analogously to
those of FllR in Section 7.2.

Let (G,V) and (H,W) be objects in Dy. Then for any g € G, any h € H, V is a faithful
C¢(g)—representation and W is a faithful C'p(h)—representation.

Let

1Sy gn : KUV)ANKUW) — KU(V & W)

denote the multiplication of global complex K-theory.

To simplify the symbol, I use RyKU(G, V) denote the G—space Map¢, (4 (G, KU(V) *
S(G,V)g).

Define pgp.gn : RgKU(G,V) x R, KU(H, W) — MapCGXcH(gﬁh)(G x H, (KU(V) *

S(G, V)g> x <KU(W)*S(H, W)h>) be the map (a, 8) — (a x B (a,b) (a(a),ﬂ(b))).
Define

Sapgh: S(G,V)gx S(H,W)p, — S(G x H)V O W) n), (t1v,taw) = tyv +taw. (7.33)

Here t1,t3 > 0 and ¢; 4+t = 1. This is the same map as that defined in (??). Sgpq.p is

Cex (g, h)—equivariant.
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Let £4,5,9,n be the map from

(KU(V) (G, V)g> x (KU(W) « S(H, W)h>

to
(KU(V) X KU(W)) * S(G,V)g*S(H,W)p
by sending
((urwg, uzsy), (t1zn, t2sn))
to

Ug ta
5 Sg, S
urt] + ug + to urty + ug + 12

U1ty
urty + ug + to

h)-

(igﬂxh)

Here tq,to,u1,us > 0 and t; +t5 = 1, uy + us = 1. Note that the sum w1ty + us + o is
nonzero.

Sap 18 Caxp(g, h)—equivariant. And for any objects a, b, d in Dy, we have the associa-

tivity.
Let

Mav: [ RKUG V)X [] BaKUHW)— 11 R,KU(G,V)x R, KU (H, W)
gEGteTs heHtors (9,R)E(Gx H)tors

be the map sending

(H Qg, H Bh)

gthors heHtors

to

H Cngﬁh

(g,h)€(GxcH)tors
as discussed in Example A.1.5.
Then Hd,b,g,h * RgKU(G, V) X R}LKU(H, W) — R(g’h)KU(G x H,V & W) is defined

to be the composition

(3 W * Sd,b.g.h)x © Ed,big.x © P bg.h- (7.34)
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The multiplication morphism of E is defined by

tab = ( 11 [d,b,g,h) © Ad,b (7.35)
(g:h)e(GxcH)tors

For any object d = (G, V') of Dy and g € G, let 14, denote the constant map sending G
to the basepoint of KU (V). And let 14 denote

H lag.

ge Gtors

It’s straightforward to check, as I did in the proof of Proposition7.2.1, that with the
multiplication p and unit morphism 1, E is a monoid Dy—space.

O

Let’s recall the definition of diagram FSP in [42]. Let S denote the Dy—sphere discussed

in Example 6.1.12.

Definition 7.4.3. A Dy—FSP over S is a Dyo—space X together with a unit map n:S —
X of Dy—spaces and a continuous natural product map p: X ¥ X — X o+ of functors

Dy x Doy — T such that the composite

idA\n

X(d) = X(d) A S(e,0) Y22 X (d) A X (e,0) > X(d+ (e,0)) = X(d)

is the identity and the following unity, associativity, and centrality of unit diagrams com-

mute:

S(d) A S(b) % X (d) A X (D)

S(d+b) ——= X(d+10)

pAid

X(d) AN X(b) AN X(f) — X(d+b) A X(f)

X(d)AXD+ f) X(d+b+f)

w
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and
nAid
e

S(d) A X () 2% X (d) A X (8) > X (d+ )

l lxm

X(8) A S(d) —= X(b) A X(d) 5= X (b+d)

A Dog—FSP is commutative if the following diagram commutes, in which case the cen-

trality of unit diagram just given commutes automatically.

For QFEIIR, so far I cannot define a unit map to make it a D§—FSP. But for E, we have

the theorem below.
Theorem 7.4.4. E is a commutative Dy— FSP.

Proof. 1 will define n: S — FE as the product

H”g

geG

with each ny(G,V) : S(G,V) — RyKU(G,V). First we have the C¢(g)—equivariant map
(G, V) : S(G,V) — KU(V)* S(G,V), sending s to (1n"V(V)(s),0) where n*v(V) :
SV — KU(V) is the unit map for global complex K —theory.

Then we can extend 7, (G, V) to ny(G, V) : S(G,V) — RyKU(G,V) by sending s to

f:G— KUV)*S(G,V),, g (1gn"Y(V)(s),0).

Then 1 := [] n,.
geG
It’s straightforward to check 7, together with the multiplication morphism p defined in

Theorem 7.4.2, equip F the structure of a Dy—FSP over S.
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Appendix A

Some Basics about Join

A.1 Join

A.1.1 Definition

Definition A.1.1. In topology, the join A x B of two topological spaces A and B is defined
to be the quotient space

(Ax B x[0,1)/R,

where R is the equivalence relation generated by
(a,b1,0) ~ (a,bs,0) for alla € A and by, bz € B,

(a1,b,1) ~ (ag,b,1) for all ay,as € A and b € B.
At the endpoints, this collapses A x B x {0} to A and A x B x {1} to B.

The join A x B is the homotopy colimit of the diagram (whose maps are projections)
A<—AXxB——DB.

A nice way to write points of A x B is as formal linear combination tya + tob with
0 < t1,to < 1 and t; + to = 1, subject to the rules Oa + 1b = b and la + 0b = a. The

coordinates correspond exactly to the points in A x B.
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We need the topology on A * B to make the four maps below continous

AxB — A, tija+tb—a
A*B—)R, t1a+t2b»—>t1
AxB — B, tia+tb—b

A*B—)R, t1a+th»—>t2.

Proposition A.1.2. Join is associative and commutative. Explicitly, A (B xC) is home-

omorphic to (Ax B) x C, and A x B is homeomrphic to B x A.

Proof. Consider the map p; : A* (B xC) — (A * B) x C defined by

t . . .
sitia + (s1ta + 32)(512f52 b+ sltZisz ¢) if s1ty + so is nonzero;

pl(sl(t1a+t2b)+520) =
la if s1ts + 50 = 0.

This is a continuous map in the topology we want. We can also define a map analogously

p2: (AxB)xC — Ax(Bx () defined by

S1 Saty : : .
(s1+ Sztl)(sl+szt1 a+ R b) + satoc  if s1t9 + so is nonzero;

p2(51a+52(t1b+t20) =
1c if s1t9 + 89 = 0.

It’s straightforward to check the composition p; o ps and ps o p1 are both identity maps.
Thus, A * (B * C) is homeomorphic to (A * B) x C.

Since there is a homeomorphism

f:AxB— BxA

tia + tob — tob + ta,

join is commutative.
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A.1.2 Construction of some maps

Example A.1.3. Let A, B, C, D be topological spaces. If we have two continuous maps

f:A— C and g: B — D, we can define the join of the two maps
fxg:AxB— CxD.
Let tia + tob denote a point in Ax B witha € A, b€ B, and t1,t5 >0, t1 +ty = 1.

(f *g)(t1a + t2b) :=t1 f(a) + tag(b).

By the topology we choose for join, f x g is continuous.

Example A.1.4. We can also define several types for join of spaces as below. Let A B C
D be topological spaces

(1) We can define a map
a:(AxB)xC — (AxC) x (BxC)

by sending (t1(a,b), tac) to ((t1a,tac), (t1b,tac)). Under the topology of the join we choose,

it’s well-defined and continuous.

(2) We can define a map
B:(AxB)*(CxD)— (AxC) x (BxD)

by sending (t1(a,b),ta(c,d)) to ((t1a,tac), (t1b,t2d)). It’s well-defined and continuous.

Example A.1.5. For the product of spaces, let’s take the product topology on it, namely,
the coarsest topology.

For the products of spaces

A= H A; and B := H B;,
€A1 JEA,
we can define a map

)\A“BZHAZ‘*HB]‘% H AZ*B]

i€A JEA, (1,7)EA1 X As
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by sending an element

tl Ha,;+t2 H bj

i€EA JEA2

to

H tlai +t2bj
(1,7) €A1 X A2

with t1,t2 > 0 and t1 + to = 1. It is well-defined and continuous.

Let C := er/\3 Cy be another product of spaces. We can also define

)\A’B’C:HAi*HBj*HCk—) H Ai*Bj*Ck

i€AL JEA2 keAs (i,4,k)EA1 X A2 X As
by sending
ty H a; + 12 H bj + 13 H Ck
=N JEA2 kEAs
to
H tia; +tab; +t3cp

(i,j,k)EAl XAox A3z
with t1,ta,t3 > 0 and t1 + to +t3 = 1. It is also well-defined and continuous.

Let’s use A x B denote the space

(4,5) €A1 X A2

In addition, we have the associativity:
Aa,B,c = AaxB,c © (Aa,B * Id.) = Mg, B«c © (Ida * AB.C),
which is from the associativity of the join.

A.1.3 Group Action on the Join

Example A.1.6. Let G be a compact Lie group. Let A, B be G—spaces. Then A * B has

a G—structure on it by

g (tia+1tab) :=1t1(g-a) +ta(g-b), for any g € G,a € A,b € B, and t1,t2 > 0,11 +t3 = 1.
(A1)

It’s straightforward to check (A.1) defines a continuous group action.
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Example A.1.7. Let G and H be compact Lie groups. Let A be a G—space and B a

H—space. Then A x B has a G x H—structure on it by

(g,h)-(tra+t2d) :=t1(g-a)+ta(h-b), for any g € G,a € A,b € B, and t1,ta > 0,t1+t2 = 1.
(A.2)

It’s straightforward to check (A.2) defines a continuous group action.

A.2 Reduced suspension

Let X be a topological space. The unreduced suspension SX is the quotient space
(X x I)/{(21,0) ~ (22,0) and (x1,1) ~ (z2,1) for all 1,22 € X}.

SX is homeomorphic to the join S° * X, and each point in it can be written as a
formal linear combination s;x + sop+ in a unique way where S° = {p,,p_}, 51,52 > 0 and
$1 + 8o = 1. And we have the equivalence 0z + 1p+ = p+ and 1z + Op4 = z.

If X is a pointed space with basepoint zg, The reduced suspension XX is obtained
from SX by collapsing the line zy x I. So each point in XX can be expressed as a linear
combination s1x 4 sopy as above but with one more equivalence that s;zg + sopyr = 1py =
1p_ for any s1,80 > 0 and s; + so = 1. And it is homeomorphic to the smash product

STAX.

Example A.2.1. Let A be a pointed space with basepoint ag and B a topological space.

Then A x B is a pointed space with basepoint lag. We can define a continuous map
pag:S*A(AxB) — (S'ANA)x B
by sending
S1Pp+ + Sg(tla + tgb)
to

S1 82t1
+
s1 + 52t1p s1+ satq

(81 + Sgtl)( a) + Sgtgb

when s1 + Sat1 is nonzero, and to b when s1 + saty is zero, where s1+ 82 =1 and t1 +t; =1

and Sl,SQ,tl,tQ Z 0.

277



As we have seen in the proof of Proposition A.1.2, the formula of pap gives a bijection
between S° x (A * B) and (S° x A) x B. Each point in the subspace I x {ag} of S° x (A * B)
is of the form sip+ + sa(lag + 0b). It is mapped to a point (s1p+ + seap) + 0b in SA x B.
Thus, the image pap(I x {ao}) is the subspace (I x {ag}) x {1} of SA x B at the endpoint

of the join, and it is contained in the subspace
(Ix{ap})x BXxICSAxBxI

to collapse when we get the reduced suspension (S A A) * B.

So pap is well-defined map. When B is the single point space, pap is bijective.

Moreover, if A is a based G—space and B is a H—spaces for some compact Lie groups

G and H, then pap is a based G X H—equivariant map.

Example A.2.2. We can also define a map S* A (A* B) — (S? A A) x B by
SZA(AxB)=SYA((SYAA)*B) — (SYA(S'AA)x B (S? A A) + B.

For any finite-dimensional vector space V., SV A (A * B) is homeomorphic to the smash
product of
AV GLA (A% B)

By induction we can also define SV A (A% B) — (SY A A) x B.
In addition, let’s consider a special case of Example A.1.5.

Example A.2.3. Let {A;}5 be topological spaces. We can define a map as Aap in Example
A.1.5

S'A([T A0 — [](S" A 4)

icA ieA
by sending

S$1p+ + S2 H a;
€A

with each a; € A; to

H 51P+ + 5204
i€

for any s1,s2 >0 and s1 + so = 1.
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More generally, for a vector space W, we have

fw o S™ A (J] A) — TIS™ A4y

i€A ieA
by sending
51p + S2 H a;
€A
with p € SV and each a; € A; to
H $1p + s204

€A

for any s1,s9 >0 and s1 + so = 1.
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