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ABSTRACT

In the first part of this thesis, we show that a wide range of the properties
of the roots of translated Chebyshev polynomials of the first kind (call these
complex numbers Chebyshev points), are illuminated by the study of geo-
metric properties of the ellipse and conversely. This includes the following;
Chebyshev points lie on certain ellipses centered at the origin, and conversely,
every such ellipse contains infinitely many sets of Chebyshev points. In spe-
cial cases, the products of all curvatures at Chebyshev points can be expressed
in terms of Fibonacci and Lucas numbers. Sets of certain Chebyshev points
interlace on an ellipse. We also show that Chebyshev points generated by
Chebyshev polynomials of the second kind lie very close to certain high order
algebraic curves that are “nearly” ellipses. Next, we examine roots of linear
combinations of Chebyshev polynomials. Here we use continued fractions to
give estimates for the roots that do not lie in the interval (—1,1). We then
show the connection between polynomials with roots on concentric circles to
polynomials with roots on ellipses. In particular, we construct a sequence of
polynomials satisfying a fourth-order recurrence relation with a parameter c,
by replacing coeflicients of finite geometric series by Chebyshev polynomials
in a simple way. We show that for ¢ real, the roots of these polynomials lie
on two concentric but inversely related circles. The associated n x n Hankel
determinants are also determined. We conclude the first part of the thesis by
studying some polynomials that are related to Chebyshev polynomials, and
having their roots on hyperbolas.

In the second part of the thesis, we study continued fractions of quadratic
irrationals. We construct a class of rationals and quadratic irrationals hav-
ing continued fractions whose period has length n > 2, and with “small”
partial quotients for which certain integer multiples have continued fractions
of period 1, 2 or 4 with “large” partial quotients. We then show that num-

bers in the period of the new continued fraction are simple functions of the
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numbers in the periods of the original continued fraction. We give general-
izations of these continued fractions and show that polynomials arising from
these generalizations are related to Chebyshev and Fibonacci polynomials.
Finally, we examine non-periodic and non-simple continued fractions formed
by two interlacing geometric series and show that in certain cases, they con-
verge to quadratic irrationalities. This phenomenon is connected with certain

sequences of polynomials whose properties we examine further.
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INTRODUCTION

The first part of this thesis examines the geometry of Chebyshev-like polyno-
mials that satisfy a fourth-order linear recurrence relation, as well as linear
combinations of Chebyshev polynomials. In particular, we show the connec-
tion between root distributions of these polynomials and and the geometry
of conics.

There has been recent progress in the study of zeros of polynomials that are
rationally generated. Tran [1] describes the root distribution of polynomials

generated by the rational function

1+ B(z )t+A ZH

These satisfy a three-term recurrence relation. For more on root distribution
of polynomials generated by similar rational functions, see for example |1,
2, 3]. For an arbitrary rational generating function, (i.e., polynomials that
solve recurrences of arbitrary order) the problems are quite open. Here, for
a real number ¢, we study the root distribution of the translated Chebyshev

polynomials
To(x)—c and U,(z)—c

and the polynomials

ZUk c/2) (27F 4+ 2F) + U, (c/2)2"

arising from modifying finite geometric series by replacing coefficients with
Chebyshev polynomials. We can choose ¢ such that these polynomials satisfy
four-term recurrence relations and their rational generating functions have a
reducible denominator.

We will show that a wide range of the properties of the roots of translated



Chebyshev polynomials of the first kind T),(x) — ¢, are illuminated by the
study of geometric properties of the ellipse and conversely. One could in
general ask, for what polynomials p(z) do the roots of p(x) — ¢ lie on a
“simply describable” family of curves as ¢ varies. There are two obvious
cases: if p(z) = 2™ then the curves are circles, and if p(z) = (22 — a)® then
the curves are ovals of Cassini. It is less obvious that if p(x) = T, (x), the
curves are ellipses. Chapter 1 answers this question in some detail. For the
classical ¢ = 0 case, the ellipse degenerates to the line [—1, 1].

In general, for a given p(z), it seems quite hard to determine for which
¢ the roots of p(z) — ¢ lie on the boundary of a convex curve. However,
asymptotic and approximate results are within reach. For |c| large, it is clear
that the roots are “near” to the vertices of a regular polygon with deg(p(x))
vertices. For p(z) = T, (z), the convexity problem is of course solved by what
was indicated above. For p(x) = U,(z), the nth Chebyshev U-polynomial,
the p(z) + ¢ roots in general do not lie on an ellipse, but as we will show in
Section 1.6, their arrangement is “nearly” elliptic. In fact, the roots are close

to algebraic curves of the form

2y (g
A2 K2 A ’

where c(z,y) = (k*z? + My?)/Ak is an expression that arises in the study
of curvatures at Chebyshev points (roots of translated Chebyshev polynomi-
als). In both the 7" and U cases, we encounter in connection with their root
distribution some notable and apparently new factorizations: see equations
(1.1.12) and (1.1.14). We add that some non-convex curves have also been
encountered in the study of the distribution of certain modified Chebyshev
polynomials. See for example [4].

In the opposite direction, given a “simply described” family of curves,
is there a nicely structured family of polynomials whose roots lie on these

curves? In Chapter 1, we show that for any ellipse of the form

2 2
. x vy _
E(a,b) : ¥+b_2_1’
we can find a translated Chebyshev polynomial whose roots are arbitrarily
dense on it.

There is an overlap of some of the results in this thesis and properties of



Chebyshev polynomials studied by Kim and Lee [5]. Independently, they

proved that for a constant a, the roots of

Tn(Z) - Tn(a)

Z—a

QT.(a,z) =

lie on the ellipse #?/a* + y*/(a®* — 1) = 1, see Theorem 7 in [5]. This is a
special case of Theorem 15 with r» = T,,(a) and o = 1. It is also a special case
of Theorems 2 and 3 with @ = 1. Our proof of Theorems 2 and 3 employs
the “new” factorizations (1.1.12) and (1.1.14). An added advantage of our
approach is in proving a similar but approximate statement for Chebyshev
U-polynomials and other related polynomials whose roots lie close to the
ellipses.

Two important geometric invariants are curvature and cross ratio. The
cross ratio is fundamental to the study of conics, as Chasles’ Theorem [6, p.
133] indicates. Thus it is expected that the study of how Chebyshev polyno-
mials and conic Sections interract will involve both of these concepts. In fact
this interraction leads to the Fibonacci and Lucas number sequences. The
connection with curvature and cross ratio is examined in Section 1.3. Other
properties of the geometry of the ellipse E(1/5,1) in relation to Chebyshev
points of T}, (z/2) — T,,(i/2) and T, (z/2) — T,(v/5/2) are studied in Section
1.2.

Let p,(z) be a polynomial of degree n with real roots, and k is a fixed
real number. We call p,(z) — kp,—1(x) a linear combination of the p,(x)
polynomials is of the “first kind”. What can be said of the roots of p,(z) —
kpn_1(x) as k varies? If p,(z) is monic and k is sufficiently large, p,(z) —
kpn—1(x) will have a root close to k by Rouches’ Theorem. If p,(z) is a
Chebyshev polynomial, we will have a real root of p,(z) — kp,—1(x) outside
(—1,1) and all other roots in this interval whenever & > 1. In Chapter 2, we
use the continued fraction expansion of the largest root of p,(z) — kp,_1(x),
when p,,(z) is the nth Chebyshev polynomial and k is an integer, to study the
nature of this root lying outside (—1,1). We then give bounds for this root
for any real k. We give a generalization of the “first kind” linear combination
of Chebyshev polynomials 7}, (z) — kT, (x) and U, 1, (z) — kU, (x), and show
that they have r roots close to a fixed ellipse. We will give a remarkable
approximation for these r roots.

Now call T,,(z) — $kU,_»(z) a “second kind” linear combination of Cheby-



shev polynomials. Graphs show that the Chebyshev polynomials T),(z) —
kU, _»(z) have n — 2 real roots in (—1,1) and two roots outside this inter-
val. What can be said of these two roots outside (—1,1)? Using asymptotic
approximations, we show that these two roots are close to the roots of the
quadratic 4(k + 1)z? — (k + 2)2.

Circles can be conformally mapped to and from ellipses, see for example
(7, § 1.4.1]. In a similar way, some polynomials with bi-concyclic roots can
be mapped to polynomials with roots on ellipses in a very natural way. In

Chapter 3, we construct a sequence of polynomials P,(c, z) defined by

n—1

Py(c,z) =Y Uil(c/2) (2" 7F + %) + Un(c/2)2",

k=0

where ¢ is a fixed real number. It is easy to see that the P,(c, z) polynomials
are just generalizations of finite geometric series, where the coefficients are
replaced by Chebyshev polynomials. Indeed when ¢ = 2, P,(c, z) reduces
to the square of a geometric series since U, (1) = n + 1. We show that the
roots of P,(c, z) always lie on two concentric and inversely related circles
that do not coincide unless —2 < ¢ < 2, in which case the zeros lie on the
unit circle. Since P,(c, z) satisfies a fourth-order recurrence relation, their
k x k Hankel determinants are of interest. Note that for £ > 5, Hankel the
dereminants are identically zero. We give polynomial identities for the £ x k
Hankel determinants of P,(c, z) from which we conjecture their curious root
distributions.

The main theme of Chapter 4 is to describe Chebyshev-like polynomials
with roots on hyperbolas. First we construct a sequence of non-trivial poly-
nomials from convergents of periodic continued fractions and show that under
some specialised conditions, the roots of these polynomials lie on hyperbolas.
We then show that any polynomial with real roots can be lifted to polynomi-
als with roots on hyperbolas by what we call “a hyperbolic mapping” defined
by

z s ib(2® +a)+c

where a, b, ¢ are real and ¢+ = v/—1. If a polynomial has real roots and the
formula for the roots is known, we can use the hyperbolic mapping to give a
formula for the roots on the hyperbola. We then give non trivial examples

of Chebyshev-like polynomials with roots on hyperbolas.



In 1971, Zaremba [8] conjectured that given any integer m > 1, there is a
constant B (say =5) such that for some integer a < m with a relatively prime
to m, the simple continued fraction [0, ¢y, ca,...,¢.] of a/m has ¢; < B, i =
1,...,r. This conjecture was confirmed by Bourgain and Kontorovich [9] in
2014 for a set of density one. For more on Zaremba’s conjecture, see also
10, 11].

In Chapter 5, we construct rationals N, (a,b)/D,(a,b) (a and b are fixed
integers) whose continued fraction [cg, ¢1, ¢a, . . ., ¢;] has bounded length, i.e.,
r < 4, and whose partial quotients ¢;, ¢ = 1,...,r, are unbounded (they
depend on N, (a,b)). Dividing the numerator N, (a,b) by N,_1(a,0), we get
a rational number that has a periodic continued fraction [cg, ¢y, ca, ..., ¢,
whose length depends on n in N, (a,b), and with partial quotients ¢; < a+b.

If « is a quadratic irrational, then clearly for any positive integer N, N« is
still a quadratic irrational and its continued fraction will be periodic. In [12],
Cusick presents an algorithm for obtaining the continued fraction of Na and
uses it to give estimates for the length of the period of the expansion of Na in
relation to that of . In Chapter 5, we also construct a quadratic irrational o«
such that when N is a Fibonacci or Lucas number, the continued fraction of
Na has period of length 1, 2 or 4. As we will see, the length of the period of
the new continued fraction depends on the parity of n, where n is the length of
the period of the original continued fraction. We will prove using elementary
methods that the numbers in the period of the new continued fraction are
simple functions of numbers in the periods of the original continued fraction.

It is well known (by a Theorem of Lagrange, see for example [13] or [14])
that any quadratic irrational has a continued fraction expansion which is pe-
riodic after a certain stage, and conversely, every periodic continued fraction
represents a quadratic irrational.

First, we introduce the continued fraction

F(z,y) = [z,y Yo%y 3 2%y 2ty ]
where x and y are integers. Despite its simple form, this two variable con-
tinued fraction does not seem to appear in the literature. Some preliminary

computer experiments suggest;

Conjecture 1. If z and y are positive integers, and x # y, then F(x,y) is

transcendental.



However the case where x = y is different. We will prove in Chapter 6
that when x is a positive integer, F'(x, z) is the largest root of the quadratic
22— (20— 1)z — .

The original motivation for this work came from the study of simple con-
tinued fractions with many large partial quotients. A classical example is the

continued fraction expansion for exp(%) given by Euler in the 1730’s, namely;

o —k

> xk—' =[1,2—1,1,1,32—1,1,1,52—1,1, ..., 1, (2n+1)z—1,1,...]. (0.0.1)

k=0

For x a large integer, there will be infinitely many large partial quotients.
These are partial quotients that are linear in x.

The phenomenon of large partial quotients also occurs for polynomial func-
tions of x. For example, one may simply truncate the series of (0.0.1). For

another example, consider the polynomial
P(a,r) =2* +3a(z + 1) + 32 +5

where a is a very large positive integer. If we set a = 10, it has a root xg

near £ = —1 and a root z; near x = —3000000. The continued fraction of

—x( begins

106—1 105 -1 106 —1

0 3 Y , 27, 027 ,81,12345,1,2,26,1,2,4114, 1,8, .. .].
(0.0.2)

By Lagrange’s Theorem these will eventually be periodic, with perhaps a

[1,10%,3,

very long period. However the remarkable initial pattern suggests the study
of F(z,y), at least for x = y.

We generalize the continued fraction F(z,x) and prove that for nonzero
positive integers x and s, the continued fraction
, E] (0.0.3)
converges to the largest root of the quadratic sz2 — ((s + 1)z — 1)z — .

We then show some (rather surprising) connections between the continued
fraction F/(1,y!) and some g—series studied by Auluck [15], and a Ramanu-
jan g—series [16, p. 18].

Finally, a byproduct of this thesis is the augmentation of known examples



of polynomials and pairs of polynomials that have reasonably compact for-
mulas for their resultants and discriminants. For ready reference, we provide
the following list; Page 38 Theorems 24, 25, 26, 29. Page 63, Theorems 38,
41, 42, and Page 83, Theorems 50, 53 and 54.

The calculations leading up to the resultant formula of Theorem 42 are
somewhat intricate. They require the introduction of a new sequence of
polynomials we denote by b,(k). The b,(k) polynomials complement the
a, (k) polynomials introduced by Dilcher-Stolarsky [17], and later studied
also by Ismail-Gishe [18].



CHAPTER 1

TRANSLATED CHEBYSHEV
POLYNOMIALS AND ELLIPSES

Chebyshev polynomials of the first kind T,,(z) and of the second kind U, ()

are sequences of orthogonal polynomials that solve the recurrence relation

Fasa(2) = 22 fu(@) = fua (@) (L0.1)

under the initial conditions Ty(z) = Up(x) = 1, Ti(x) = = and U;(z) = 2.
They are also defined by the explicit formulas

To(z) — %((w+\/x2—1)"+(x— Zo1y), (1.0.2)

Un(z) = 2\/% ((x + Va2 —1)" — (z — Va2 — 1)”+1> ,(1.0.3)

and are generated by the rational functions

e} o

1—uxt
". 1.0.4
1—2at+¢2 Z 1—2xt+t2 Z ( )

It is well known [19] and [7], that Chebyshev polynomials of the first kind
T, (z) and of the second kind U, (z) have real roots in (—1,1), respectively

2k -1 k
1.0.
cos ( 5 7T) and  cos (n n 17r> : (1.0.5)

where k =1,2,...,n

There is a close connection between Chebyshev polynomials and ellipses.

given by

The line segment joining -1 to 1 can be thought of as a degenerate ellipse with
these points as foci. It is in this interval that one has the usual orthogonality
properties for the Chebyshev polynomials. Chebyshev polynomials are also
orthogonal inside non-degenerate two dimensional ellipses. See for example
20, p. 258] .

In this chapter we show that the roots of a translated Chebyshev polyno-



mial T, (x) + ¢, where ¢ is a real number, lie on an explicitly defined ellipse.
We first consider two cases. First, if ¢ is a Fibonacci or Lucas ‘type’ number
then the ellipse on which the roots lie is independent of the degree of the
polynomial. The second case is a generalization of the first case. Here we
fix ¢ to be any real number, and the ellipse on which the roots of T),(x) 4 ¢
lie depends on the degree of the polynomial. The converse of the statements
is also true. Given an ellipse F(a,b) centered at the origin, we can get a
sequence of translated Chebyshev polynomials whose roots are arbitrarily
dense on the ellipse.

We then consider a specific case of the translated Chebyshev polynomials
of the first kind and show that a wide range of the properties of the roots
of these polynomials are illuminated by the study of geometric properties of

the ellipse and conversely.

1.1 Translating using Fibonacci and Lucas ‘like’
numbers

In this section, we prove that for all n, the roots of T,,(2/2) — T,,(i/2) and
T, (2/2) — T(v/5/2) lie on the ellipse F(v/5,1) :  2%/5+4?> = 1 and are
dense on this curve as n — oco. We will also show that if n # 0 mod 4
then these polynomials have a strict interlacing on E(v/5,1). It is easy to
deduce from (1.0.2), (1.0.3) and from Binet’s formulas (see for example [21,
p. 88] ) that for all n, T,,(i/2) = £ L,, T,,(v/5/2) = :L,, when n even and n
odd, T,,(v/5/2) = ‘/TEFn, where F,, and L,, are Fibonacci and Lucas numbers
respectively.

We first examine the more general T),(z/a) — T, (ix/a) and T,(z/a) —
T,(\/a) polynomials, where A\ and s are non-zero real numbers with o? =
A? — k? also non-zero.

From the generating function of Chebyshev polynomials (1.0.4), we find
that the generating functions of T, (z/«a) — T, (ik/a) and T, (z/a) — T,,(A/ )
to be respectively given by

(z —ir)(1 —t?)
(o — 2ikt + at?) (o — 22t + at?

= D (Tu(z/a) = Tu(ir/a))t"  (1.1.1)

n=0



and

(z =M1 —1%)
(o — 2t + at?) (a — 22t + at?)

= Z(Tn(z/a) —T.(\a))t".  (1.1.2)

n=0

From the rational generating functions (1.1.1) and (5.5.4) it is clear that
T.(z/a) — T,(ik/a) and T,(z/a) — T,,(\/«) satisfy a four term recurrence

relation.

Theorem 2. Let \, k € R be non-zero with \*> — k2 = o > 0. Then for all
n, the roots of T, (z/a) — T, (ik/a) and T, (z/a) — T,,(A/ ) lie on the ellipse
E\k): 2?/X?+y*/s*=1.

Proof. Starting with the given ellipse
EOvk): —+2L =1, (1.1.3)

we have the factorization over C given by

G0 G2 s

We rewrite the ellipse (1.1.3) as

or

Completing the square on the right gives

2
2 — 4 2ixy — (A — K?) = k2N (AQ —i—zﬁ) :

or

2
22— (A = K?) = K7\ ()\2 + Zi) : (1.1.5)

where z = z 4+ 1y. Now
z+ /22— (A2 — K2) 1 Yy
5 5 x+zy+/<o)\<)\2+z—>)
A+

- = (5+) (1.1.6)

10



and

z— /22— (A2 — K?) 1 4 x Yy
) = 5 (- (G+ig))
A—K /T Yy
To simplify notation, let
A A—
o="2" ad 6=""

and recall that

() = % (G+ V=D + (- VE—1)).
Now define
1 z+4/22— (N2 — K?) " z— /22 — (N2 — K?) "
o= () ()
(1.1.8)
It is easy to see that
To(z/a) = (2/a) 1. (2), (1.1.9)
and .
mlin) = 5 (6" + (=0)") (1.1.10)

It follows that

() —malin) = 3 [0 (5 +2)" =) v o (5 -iY)" - (—i)(")] -

Now multiply both sides of (1.1.11) by (£ +i%)", and use

(G (G- =) = 1o oy
- (G -e)

11



The result is the remarkable factorization

(; +¢y)"(fn(z) o (iK))

R

S G (G ) - (G )

which can be written as

Ta(2) — (i) = % ((; + z%)” - z") (1 g (%’) G + z%)_”> .
(1.1.12)
For k, A > 0 and z on the ellipse (1.1.3), the last sum has the form 1—u where
lu| = )gﬁ/qﬁ‘n < 1 since from (1.1.3), |£ + i%| = 1. By the triangle inequality,
the last factor of (1.1.12) is non-zero, so 7,(2) — 7,(ix) = 0 is equivalent to
(§ + Z%)n = ¢". In particular this means that each root satisfies ’% + 1%‘ =1,

and hence lies on the ellipse (1.1.3). Similarly, from equation (1.1.8)

Ta(A) = % (gb” + én) .

It follows that

u(2) = Ta(A) = % o ((; + %)" —1) +¢" ((; - - 1)]. (1)

K

Now multiply both sides of (1.1.13) by (£ +i%)", and use

o) (G- - 1= ey

12



Again, we get a remarkable factorization

which can be written as

TG0 (-(3) G
- — 2 (2l ) (12 (2442 L (1.1.14
Tn(2) — T(N) 5 5 i 5 y Hi ( )
For A > 0 and z on the ellipse (1.1.3), the last sum has the form 1 —u where
¢/6| < 1. By the triangle inequality, the last factor of (1.1.14) is
non-zero, and hence 7,(z) — 7,(A) = 0 is equivalent to (£ +4¥%)" = 1. In

jul =

particular this means that each root satisfies ‘f + 2%} = 1, and hence lie on
the ellipse (1.1.3). Since T,,(z/a) = (2/a)"T,(z), the result follows. O

Theorem 2 also implies that given an arbitrary ellipse centered at the
origin, we can always obtain at least two sequences of translated Chebyshev

polynomials with roots on the ellipse.

Example 1. Set A = /5 and k = 1, to get « = 2. By Theorem 2 the roots
of Tn(2/2) — T,,(i/2) and T, (2/2) — T,(v/5/2) lies on E(\/5,1). Figure 4.1
tllustrates this for n = 33 from which we also see the interlacing property.

The case forn =0 mod 4 is however different since Ty, (i/2) = Tyn(vV/5/2) =
%L4n where L, is the n'™ Lucas’ number. This implies that the roots of
Tun(z/2) — Tyn(i/2) coincide with the roots of Tyn(z/2) — T4n(\/5/2).

The interlacing property of these polynomials on the ellipse easily follows
from the explicit formula for the roots. It is possible to get an explicit formula
for the roots due to the ‘nice’ factorization of the polynomials on the ellipse
i.e. in equations (1.1.12) and (1.1.14).

Theorem 3. The roots of T,,(z/a) — T, (ik/a) and T,,(z/a) = T,,(A/ ) are re-
spectively given by z; = Asin(2mj/n)+ik cos(2mj/n) and Z; = Acos(2mj/n)+
iksin(2mj/n) for j =0,1,2,...,n— 1.
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Figure 1.1: Roots of Ts3(2/2) — T33(7/2) in red and Ti3(z/2) — Ts3(+v/5/2) in
blue lie on the ellipse E(v/5,1).

Proof. If 2(0) = Asinf + ik cosf, then z(0) = i(pe~® — pei?), where ¢ =
(A+x)/2 and ¢ = (A — K)/2. Recall that o = VA2 — k2, hence o2 = 4¢¢. If

sinf = (¢ — ™) and cos 0 = $(e + e7), then

22 = —(¢26_2i9—2¢$+$2@2w) _4@3
= (e 4 e,

s0 V22 — a2 = i(¢e " + ¢e?). Now we have

(z4+ V22 —a?)/2 = ige ™™,

(z—Vz22—a?)/2 = —ige”.
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Recall that T,,(2) = 1/2((z + V22 — a?)" + (2 — V2% — a?)"), hence

2n71

Tn<Z/O{) _ Tn(lli/Oé) _ ~ (ingbnefnie + (_Z)nénenw _ Zn¢n - (_Z)n$n>
_ 2”;7117171 <¢n(€7m‘9 . 1) + (_é)n(emﬂ _ 1))
n—1,n R )
— 2 anl (eniG o 1) ((_¢)n . ¢nefnu9>
2n—1 m An ) . )
— a—iqs (6”29 o 1) ((_¢/¢)n . efnze) ,

Since ]¢E/ ¢| < 1, by the triangle inequality, the last term on the right
hand side is non zero. We must have that T,,(z/«) — T,,(ik/a) = 0 implies
that €™ —1 = 0 or nf = 27k for an integer k. Precisely, § = 2 for
k=0,1,...,n— 1, giving the n distinct roots of T,,(z/a) — T, (ir/c).

Similarly, if y(8) = Acos 6 + ik sin 6, then y(0) = ¢pe'? + de~ and

¥ —a? = (¢262i9+2¢$+$2672i9) _4¢$

50 /42 — a2 = ¢e? — pe=. Now we have
y+Vy?—a?)/2 = ¢,

(y—Vi2—a2)/2 = ¢e ™,

hence
n—1 R ) R
Tu(yfo) ~ Tu(Ma) = 2 (67" 4 gre? — g — 4
2n—1 n( nif n( —mnif
= (0" =)+ M - 1))
n—1
_ 2an (eniG o 1) (¢n . ggne—nw)
anl n ) R )
— an¢ (enzﬁ . 1) (1 . (¢/¢)n€—n10> '

Since |¢/¢| < 1, by the triangle inequality, the last term on the right hand
side is non zero. As before, we must have that if T,,(y/a) — T,(A/a) = 0
then e™ — 1 = 0 or nl = 2mj for an integer j. Precisely, § = 2%] for
j=0,1,...,n—1 giving the n distinct root of T, (y/a) — T,,(\/ ). O
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From similar calculations and with y(6) = Acosf + iksiné, it is easy to
see that T,,(y/«a) — T, (ik /) factors as

2n—1¢n
an

T,(y/0) = Tulin/a) = =5 (¢ =) (1= (i) (d/o)e ).

The last term on the right is clearly non-zero by the triangle inequality, and

hence we have four cases for the roots of T, (y/a) — T,,(ik/):

1. If n = 0 (mod 4), then § = 27j/n, and the roots coincide with the
roots of T,,(z/a) — T,(A/ ),

2. f n=1 (mod 4), then 0 = w(2j + 1/2)/n,
3. If n=2 (mod 4), then § = w(2j + 1)/n and
4. If n = —1 (mod 4) then 0 = 7(25 + 3/2)/n.

Here the values j = 0,1,2,...,n—1 give the n distinct roots z; of T,,(y/«a) —
T, (ik/a).

Now if n # 0 mod 4, T,,(z/a) — T, (ix/«) and T, (z/a) — T,,(A\/a) each
have n distinct roots z; = Acos(m(2j +t)/n) + iksin(m(25 +t)/n) and Z; =
Acos(2mj/n) + iksin(2mj/n) respectively for j = 0,1,...,n — 1, where ¢t =
0.5, 1, 1.5 when n = 1,2,3 mod 4. All the roots lie on E(\, k), are simple
and do not coincide. Moreover, for these values of ¢, these two polynomials
have roots that strictly interlace on the ellipse.

The density of the zeros of T),(z/a) — T, (ix/«) and T,,(z/a) — T, (A/a) on
E(\ k) as n — oo clearly follows from the explicit formulas for the roots.

In the next section, we are going to study properties of the roots of
T,(2/2) =T, (i/2) and T,,(2/2) — T,,(v/5/2) that lie on E(+/5,1). The formula

for Chebyshev points described in Theorem 3 will be extremely useful.

Corollary 4. The roots of T(2/2) — T,,(i/2) and T,,(2/2) — T,,(v/5/2) are

respectively given by
z; = V5sin(2mj /n) 4 i cos(2mj/n), (1.1.15)

and
%, = V5 cos(2mj /n) + isin(27j /n), (1.1.16)

forj=0,1,2,...,n—1.
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Proof. Set A = v/5 and x = 1 in Theorem 3. If n = 0 mod 4, T),(2/2) —
T,(i/2) and T,(z/2) — Tn(v/5/2) coincide. There is a strict interlacing of
T,(2/2) — T,(i/2) and T, (z/2) — T,(v/5/2) on E(\/5,1) whenever n % 0
mod 4. O

1.2 Properties of the Chebyshev points of
T,(2/2) — T,(i/2) and Tp,(2/2) — T,(v/5/2)

We deduce these properties from the explicit formula for the roots of T,,(z/2)—
T,(i/2) and T,(z/2) — T,(v/5/2). Naturally, these properties can be ex-
tended to Chebyshev points of the more general T,,(z/a) — T, (ik/a) and
T,(z/a) — T,(\/a) polynomials.

Theorem 5. Forn =2m + 1 an odd integer, let x,y # 0, where z = x + 1y
is a root of T, (2/2) —T,(i/2) and 2 = & +17 is a root of T,(2/2) — T, (\/5/2).

Then x and —y are roots of

22 22
U, (% — 1) — U, <% — 1) and  Upn(y) — Un-1(y),

respectively while T and 1 are respectively roots of

22 27
U, (% - 1) + Ups (% ~ 1) and U (y) + U1 (y)-

Proof. Let x = /5 sin 0; then 2x2/5 — 1= —cos26. It suffices to show that
for 0 = (2nk)/n, Uy (—cos @) — Uy,—1(— cos @) = 0. First recall that

U () ((3; + M)m+l —(z— V22— 1)m+1> 7

1
N

hence U,,(z) — Up—1(x) = 0 implies
(+Ve2-1)"(z+Va?—-1-1)—(z—Va2-1)"(z—Va2—-1-1)=0
which on multiplying by (z + V22 — 1)™ gives

(z+ V2 -1z +Va2—-1-1)—(r —Va2—-1-1)=0. (1.2.1)
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Now let x = —cos# in (1.2.1). Making this change of variable, we find that
(—cosf +isin0)*™(—cosf +isinf — 1) — (—cos® —isinf — 1) = 0,

or
e 2™ 1)+ (? +1)=0

which simplifies to
(67(2m+1)i9 . 1)(61'9 + 1) —0.

We have a trivial zero of U,,(z) — U,,—1(z) = 0 when cosf = —1, or x = 1
and the other zeros are at cos(2m + 1)6 = 1 or when 6 = 2?&’:. The proof
for the other two cases is identical. O

Ellipses are often defined as the locus of all points in the plane such that
the sum of distances r; and r5 from each point to two fixed points F; and

Fy is a constant. We now describe the distances from Chebyshev points of
T,(2/2) — Tn(i/2) and T,(2/2) — T,,(v/5/2) to the foci of E(v/5,1).

Theorem 6. Let n =2m + 1 be an odd integer, then the distances from the
Chebyshev points of Ty (2/2) — Tn(i/2) and T,,(2/2) — T,,(v/5/2) to the foci of

E(\/5,1) are respectively roots of Usyy, (%\/x(Q\/g —x)— 1) and Usy, (3(z — V/5)).

Proof. First recall that U, (cosf) = Snntlf yg %\/x(Q\/g —1x)—1=cosb,

sin 0

then Us,, (%\/:17(2\/5— x) — 1) = 0 implies that sin(2m + 1)§ = 0, or 6 =

(27k)/(2m + 1). Let %\/x(Q\/g— z) —1 = cosf; then z(2v5 — z) — 1 =
4 cos? . We have a quadratic 22 — 2v/52 — (4 cos®§ 4 1) with roots

r = /5 =+ 2sinf.

We show that when 6 = (27k)/(2m + 1), the values of = are the distances

from Chebyshev points of Th,,41(2/2) — Tom41(i/2) to the foci of E(v/5,1).
By Corollary 4, for n odd, the roots of T,(z/2) — T,(i/2) are given by

zj = V5sin @ + i cosf where = 27j/n. The distance d from zj to the foci
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(£2,0) is given by

2
> = (\/gsinﬁzlz2> + cos? 6
— 5sin?0+4v5sin6 + 4 + cos2d
= 4sin?0 + 5+ 4v/5sin b,

or d = /5 + 2sin 6. The result follows.

Similarly if %(x —/5) = cosf, then £ = /5 & 2cosf. It can be shown
that if z; is a root of T,,(2/2) — T,,(v/5/2), then the distance d from z; to the
foci (£2,0) is given by d = /5 £ 2 cos § where 6 = 275 /n. O

The ellipse E(a,b) has the pedal equation

o2
Vo2
Pt
with respect to the focus F. Here, for P = (z,y), r is the distance from F to
P, and p is the distance from F' to the line tangent to the ellipse at P. Thus
P is the foot of a perpendicular drawn from F. Consider the case a = v/5
and b = 1. Here, the pedal equation is given by
1 2V56 )
oo
Theorem 6 describes r in terms of Chebyshev polynomials. Using the
formula for the roots of T},(2/2) — T,(i/2) and T, (z/2) — T,,(v/5/2) given
in Corollary 4, we have that r = V5 4+ 2sinf and r = /5 + 2cosf for
Chebyshev points of T},(2/2) — Ty,(i/2) and T,,(z/2) — T,,(v/5/2) respectively.

Substituting the values of r gives

9 V5 — sin 6 9 V5 — cos 6
pPP=—— and p =——0o
V5 + sin 6 V5 + cos 6

for Chebyshev points P of T},(2/2) — T, (i/2) and T},(z/2) — T,,(v/5/2) respec-
tively. This leads to the following Theorem,

(1.2.2)

Theorem 7. Let ¢(z) := 2/ —1+ 3z — 22/(1+2), o(x) := V/5(1—2)/(1+x)
and p be as defined above. For an odd integer n = 2m + 1, the roots of
Usm (@) are values of p* for Chebyshev points P of T,(z/2) — T,(i/2),
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while the roots of Usp, (@) are values for p* for Chebyshev points P of
To(2/2) — T(V5/2).

Proof. The proof follows the same pattern as that of Theorem 6. If ¢(x)/2 =
cos 0, then Us,, (@) = 0 implies that sin(2m+1)0 = 0, or § = (27k)/(2m+
1). Let ¢(z)/2 = cos @, then —4(z* — 3z + 1)/(z + 1)? = 4cos? 0, or /5(z —
1)/(x +1) =sinf. Hence
B V5 —sinf
v V5 +sinf
The result now follows from the argument above. The proof of the second

statement is very similar. [

We are now going to see that if z and Z are Chebyshev points of T),(z/2) —
T,(i/2) and f T,,(2/2) — T,,(v/5/2) respectively, then |z|? and |Z|? are roots
of a two term linear combination of Chebyshev polynomials.

Define R,,(z) and S,,(z) as

> , (1.2.3)
Sn(z) = U, (x;3> —Ups (‘7”;3) (1.2.4)

It can be shown that

Rin(0) = Upn(=3/2) 4+ Upn-1(=3/2) = (=1)" Fams1

and
Sm(0) = Upn(=3/2) = Upn-1(=3/2) = (=1)" Lam+1,

where F),, and L,, are the m*" Fibonacci and the m** Lucas numbers respec-
tively. It is also easy to show that R,,(1) = (—=1)™, S,,(1) = (—=1)"(2m + 1),
R, (5) =2m+1 and S,,(5) = 1.

A less obvious fact is that the roots of these polynomials are all real and lie
in the interval (1,5). This will become clear once we establish a relationship
to the T,,(2/2) — T,,(i/2) and T,,(2/2) — T,,(v/5/2) polynomials.

Let 0 = 2wk /n. By Corollary 4, if z is a root o T,,(z/2) — T,,(i/2) and Z a
root of Ty,(2/2) — T,,(v/5/2), then

2> =3
2

Kl

= —cos20 and = cos 20.
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Following the same construction as in the proof of Theorem 5 we have that
when n = 2m + 1, |2]? is a root of S, (z) and |Z|* a root of R,,(z). This

proves the following,

Theorem 8. If z and Z are Chebyshev points of T, (x/2) — T,(i/2) and
T, (x/2) —T,,(\/5/2) respectively that are not real (or purely imaginary), then
for each odd integer n = 2m + 1, |z|* and |Z|* are respectively roots of Sy, (x)

and Ry, (z).

From Corollary 4, the slope on E(1/5,1) at a Chebyshev point of T}, (x/2) —
T,(i/2) or T, (x/2) — T,(v/5/2) is given by \/ig cot(2wk/n) or \/Lg tan(27k/n)
respectively. We are going to show that the minimal polynomials for these
slopes are factors of G,,,(x) and H,,(x), where G,,,(x) and H,,(x) are gener-

ated by

1+ (52% + 1)t >0
1—2(522 — 1)t + (52 + 1)2¢2 mZ:OG (z) (1.2.5)
1—(52* + 1)t i
= Hyp ()™ 1.2.
1 —2(522 — 1)t + (5x2 + 1)2¢2 T;) m ()t (1.2.6)

Theorem 9. Let n =2m+1 be odd, and G,,(z) and H,,(x) be as defined in
(1.2.5) and (1.2.6). Then the minimal polynomial for the slope at a Cheby-
shev point of T, (x/2) — T,,(i/2) (or of Tp(2/2) — Tu(vV/5/2)) on E(v/5,1) is

a non-triwvial factor of G,,(z) (or a non-trivial factor of H,,(x)).

Proof. First comparing the generating functions (1.2.5) and (1.2.6) for G,,(z)
and H,,(z) to the generating function (1.0.4) of Chebyshev polynomials of
the second kind, we deduce that

hr? — 1 5x2 — 1
= 24 1)m _
Gm() 5z 4+ 1) (Um (5x2+1) + Uy <5x2+1)),

5r? — 1 5rZ — 1
H,, = G2+1)" (U, — U .
(z) (527 +1) ( (5:c2+1) 1<5x2+1)>




_ 1
For x = \/gcotH,

a2 —1 cot?h — 1
522+1  cot?6+1
= sin®f(cot?d — 1)

= cos’f —sin’6

= cos20,
so that

Un(z) + Up_1(x) = Unp(cos20) + Uy,—1(cos 20)
= Usmr1(cosO) + Usppy—1(cos )

= 2c08(0)Usy(cos )
in(2 1)0
_ gcos(e)SmEm D
sin(0)
which is zero whenever 6 = ;:fl. The roots of G,,(z) are slopes on the
ellipse £(+/5,1) at points that are roots of T},(x/2) — T,,(i/2). Similarly let
Y= \/Lg tan 6,
5y°—1  tan®6—1
52+1  tan?6 +1

= cos?f(tan’d — 1)
= sin?0 — cos? 0

= —cos26,
Recall that U,,(—z) = (—=1)"U,,(x). We now have

Un(y) = Un-1(y) = Up(—cos20) — Upy_1(— cos20)

= (—=1)" (Un(cos26) + Up,—1(cos 20))
sin(2m + 1)6
= (—=1)"2cos(0) ————
(~12cos() R
which, as before, is zero whenever 6 = 25;2]:1. The roots of H,,(z) are slopes

on the ellipse F(v/5,1) at points that are roots of T},(x/2) — Tn(v/5/2). O
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For k # j, define £ ; by

Lij =

Det | ij ; (1.2.7)
Ye Yj

£i; is the area of the parallelogram enclosed by the vectors (xy,yx) and
(Z,9;) where z, = x), + iy and 2 = Ty, + 17y are distinct roots of T),(x/2) —
T,(i/2) or T,(x/2) — T,,(v/5/2) that lie on the ellipse E(y/5,1).

Theorem 10. Let £;; be as defined above. The minimum polynomial for

£i.; divides the polynomial Q,(x) defined by the generating function

Lot ZQn . (1.2.8)

1 — 2(2a2 — 5)t + 25¢2

Proof. By Corollary 4, ( is either given by /5sin(27k/n) + i cos(2wk/n) or
V5 cos(2mk/n) + isin(2rk/n). In either case, £;.; = V/5|sin(2r(k — j)/n)|
which is non-zero if k # j. £;; = Rez, where z; is a root of T,(x/2) —
T,(i/2). From Theorem 5, we have that whenever k # j, £;; is a root of
Un(22%/5—1) = U,_1(22%/5—1). Also, from the generating function (1.2.8)

we deduce
Qu(z) =5" (Un(22°/5 — 1) — Up1(22%/5 — 1)) . (1.2.9)

]

Corollary 11. For a fized j € {1,2,...,m}, £ix—; is a constant as k varies
through the 2m + 1 roots of Tp,(2/2) — Tp(i/2) or T, (x/2) — T, (v/5/2).

Proof. For a fixed j, £;.5_; = v/5|sin(2mj/n)|, a constant. O

This Corollary implies that the area of the parallelogram enclosed by any
two roots of Tp,(2/2) — T,(i/2) or T, (x/2) — T,,(v/5/2) that are a ‘distance’

7 apart is a constant.

Remark 1. If n is an odd prime, R,(z), Sn(z), Vim(z), Wy (z) and r,(x)

are 1rreducible.
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1.3 Curvature and cross ratio at Chebyshev points of

T(x/2) — T,(i/2) and T),(x/2) — T,,(v/5/2)

The curvature at any point on E(a,b) is given by

—(ab)*
(aty? + bia2)3/2"

K =

For our case where a = /5 and b = 1 we have that

1 1 1

—= g(%y? +2%)* = 5(25 — 42%)3, (1.3.1)
We are going to prove that the product of reciprocals of squares of curvatures
at Chebyshev points of T, (z/2) —T,(i/2) or T,,(x/2) —T,,(v/5/2) on E(v/5,1)

are just scalar multiples of cubes of Fibonacci numbers of Lucas numbers.

Theorem 12. Let r; be the curvature at a Chebyshev point (x;,v;) of Top+1(x/2)—
Toni1(i/2) on E(\/5,1). Then

Similarly let k; be the curvature at a Chebyshev point point (x;,v;) of Tony1(x/2)—
Toni1(V5/2) on E(v/5,1). Then

n : (_1)n :
— == 3 ..
2 2n+1
sielli? 5

J

On the ellipse £(v/5,1), =1 <y <1 and —/5 < 2 < v/5; hence % <K<
5.

To study, in the context of Chebyshev polynomials, the curvature at Cheby-
shev points of T),(x/2) — T,,(i/2) or T},(x/2) — T,,(v/5/2), the first step would
be to find the minimal polynomials for 25y% + x2. Here, x + iy is a root of
T, (x/2) — T,(i/2) or T,(x/2) — Tn(V/5/2).

Consider the monic polynomials defined by




We will later see that the roots of V,,(z) and W,,(x) are all real and lie in the
interval (5, 25). For n odd, let z = 41y be a root of T,,(x/2) —T,,(i/2) that
is not purely imaginary. Then, by the explicit formula (1.1.15) for the roots,

((25y* + 2*) — 15)/10 = cos(26).

Similarly if Z = 7 + i7 is a root of T},(z/2) — T,,(v/5/2) that is not real, then
by the explicit formula (1.1.16) for the roots,

((257* + %) — 15)/10 = — cos(26).

Here 0 = 27k /n.

Theorem 13. If z, = xp + iy, and Z = T + 1y, are respectively roots
of Tp(x/2) — T,,(i/2) and Tp(x/2) — To(v/5/2) that are not real or purely
imaginary, then for n = 2m+1 odd, 25y7 + 3 and 253: + T3 are respectively
roots of Vi, (z) and W, (z).

Proof. The proof is similar to that of Theorem 5. m

Since —v/5 < z < /5 and —1 < y < 1 it is immediate that for all n, the
roots of V,,(z) and W, (z) are all real and lie in the interval (5, 25).

Now, what can be said of the minimal polynomials for 1/x2? Tables 1.1
and 1.2 give the minimal polynomials for 1/x* in the case of Chebyshev
points of T},(x/2) — T,,(i/2) and T, (z/2) — T,,(v/5/2) respectively.

From tables 1.1 and 1.2, the constant term is a power of Fibonacci or Lucas

numbers. To see this, recall that

Un(z) ((:z: + \/ﬁ)mrl — (. — Va2 — 1)n+l)

1
oz — 1

and Binet’s formula for Fibonacci and Lucas numbers

(1+VB)" = (1++5)" (VB (1 +VE)"
27/5 o 2" '

It can easily be shown from (1.4.15) and (1.4.16) and using the Binet’s for-

mulas that

F, =

Vn(O) = (—5)nF2n+1 and Wn(O) = (—5)”L2n+1,
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n | Minimal polynomial of 1/k% in the case T, (x/2) — T,,(i/2).

1|}

3 | —F}+5x

5 | F3 2502 + 2502

7 | —F? +190x — 237522 + 12527

9 | F3 — 171565z + 118275z% — 1750023 + 625x*

11 | —F3 + 3793260z — 42798752% + 125612523 — 1156252 + 31252°

13 | F% — 80610900z + 12920152522 — 6290000022 + 10870000z —
7187502° + 156252°

15 | —F% + 16702401252 — 349068682522 + 25091150002 — 7009062502+
836250002° — 42968752°% + 7812527

17 | F2 — 33980195390x + 876994691752 — 8583250075022 + 3522862687521 —
66158437502° + 5961406252% — 250000002" + 39062528

Table 1.1: Minimal polynomial of 1/k? for the Chebyshev points of
T,(x/2) — T,(i/2) that liec on E(y/5,1).

=

Minimal polynomial of 1/x? in the case T, (z/2) — T,,(v/5/2).

= = O~ O W
W =

—_
(S

17

Ly

—L3 + 5z

L} — 560z + 2522

—L3 4 26720x — 392522 + 12523

L} — 864695z + 285675Hx* — 2525023 + 62524

— L3, + 23025720z — 1375657522 + 24418752% — 154375x* + 31252°

L3, — 551197560z + 51420757522 — 1560317502 + 185425002 —
9125002° + 156252°

— L3, + 123829064652 — 1630572397522 + 759458750023 — 147377500024+
1307062502° — 52656252 + 7812527

L3, — 266986683040z + 4625957246 752% — 3055391030003 + 88570288125z —
1240858125025 + 8751406252° — 2984375027 + 3906252°

Table 1.2: Minimal polynomial of 1/x? for the Chebyshev points of
T, (x/2) — T,,(v/5/2) that lie on E(v/5,1).
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where n = 2m + 1. Since V,(z) and W, (z) are monic, the product of
their roots are just the constant terms V,,(0) and W,,(0). Now from (1.3.1),
the product of reciprocals of squares of curvatures at points on the ellipse
E(+/5,1) which are roots of T},(x/2) — T,(i/2) is given by (_?l)n F3, ., while
the product when the roots are of T,,(2/2)—T,,(v/5/2) is given by (Z)" L3, ..
This proves Theorem 12.

Let A, B, C and D be the intersection between a line [ and the ray
through a point P on E(1/5,1) and any four distinct and fixed Chebyshev
points on E(1/5,1). Chasles’ Theorem asserts that the cross ratio

C-A/D-A
(A BiC.D) = p—r | ==

is independent of P and the line [. Here, we choose [ so that it’s not parallel
to any of the four rays. We are going to show that in the case of T, (z/2) —
T,(i/2) and T,(z/2) — T,,(v/5/2), there exists four Chebyshev points such
that the minimal polynomial of the cross ratio (A, B; C, D) is a Chebyshev
like polynomial.

Recall (see Theorem 3) that the roots of T,,(2/2) — T,,(i/2) and T,,(z/2) —
T,.(v/5/2) are respectively given by z; = Asin(27j/n) + i cos(27j/n) and
Z; = Acos(2mj/n) +iksin(2wj/n) for j =0,1,2,...,n — 1.

We first consider the case where the four Chebyshev points are consecutive
on E(1/5,1), and show that in these cases, we have the same cross ratio. Draw
aray from P = /5440 passing through the kth root Zj, of T,(2/2)—Tn(v/5/2).

The intersection of this ray with the line z = —+/5 is

. sin(27k/n)
Ay = — 2 .
k Vot Z1 — cos(2mk/n)

Now take the four collinear points to be Ag, Axi1, Ario and Ag,3. The

cross ratio of the four points is

4 cos(m/n)?
1+ 2cos(27/n)
4 cos(m/n)?
4cos(m/n)?2—1°

(Ak7 Ak+1; Ak+2, Ak+3)

Similarly, draw a ray from P = 0 + ¢ passing through the kth root z; of
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T.(z/2) — T,,(i/2). The intersection of this ray with the line y = —i is

_ 2/5sin(2nk/n)
By = 1 —cos(2rk/n) v

Now take the four collinear points to be By, Bii1, Birie and By,3. The

cross ratio of the four points is

4 cos(m/n)?

By, Byy1; Br12, B = .

Theorem 14. Let n = 2m+1 be odd and (Ay, Axi1; Agro, Axrs) be as defined

above. Then the minimal polynomial of (Ay, Ag11; Agra, Akys) is a non trivial

factor of
o ) e (355)

Proof. Let x = %. Then % = 2cos(m/n)? — 1. Tt is easy to

prove the identity

Un(y) + Un-1(y) = Uam ( = ;r 1)

from the generating function (1.0.4) of Chebyshev polynomials. This implies
that

Un(2cos(m/n)? —1) + Up_1(2cos(m/n)* — 1) = Uyp(cos(m/(2m + 1)))
sin()
sin(m/(2m + 1))
- 0,

completing the proof. O

Four collinear points can have at most six different cross ratios. In ta-
ble 1.3, we give these six cross ratios (when n = 2m + 1 is odd) and the
polynomials R,,(z) of which the minimal polynomial for the cross ratios is
a non-trivial factor. The proof for the minimal polynomials is exactly the
same as the proof of Theorem 14 above.

Now consider the case where p is fixed at the center of the ellipse £ (\/5, 1).
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Cross ratio

b

3

—~

8

N— | —

(Apy Apr1; Apga, Akys) = % (z = 1)"Usm, (% -
(A Apto; Ak+1>Ak+3) W 2" Uz, ( %
(A, Apys; Apgrs Apg2) = W " Usyy, <ﬁ5
(Ap, Apys; Apya, Ap1) = 4cos(m/n)? Uspn (2
(A, Akr1; Aprs, Arr2) = 1 = gosterr (1= 2)"Usp, ( 5=
(Ak, Ak+3, Ak+2, Ak+1) =1- 4COS(7T/TL) Ugm (%\/ 1-— ZE)

Table 1.3: Cross ratios when p is on E(+/5, 1), and respective polynomials
R (z) of which the minimal polynomial of the cross ratio is a non trivial
factor.

Draw a ray from P = 0 + 40 passing through the kth root Z; of T,,(z/2) —
T,,(v/5/2). The intersection of this ray with the line z = —/5 is

Cy == —V/5 +itan(2rk/n).

The cross ratio of the four collinear points C, Ciy1, Crio and Clig is

4 cos(2m/n)?
4cos(2m/n)? —1

(Cka Ck-i—l; Ck+2; Ck+3) =

The ray from P = 0410 passing through the kth root z; of T,,(z/2)

intersects the line y = —i at

—T(i/2)

Dy, := 2V/5tan(2wk/n) — i

The cross ratio of the four collinear points Dy, Dgi1, Dyyo and Dy, 3 is

4 cos(2m /n)?
4cos(2m/n)? — 1

(D, Diy1; Diya, Diys) =
It turns out that (Ck, Cri1; Crre, Cris) and (Ag, Agr1; Akio, Arys) have

the same minimal polynomial. Table 1.4 gives the six cross ratios when p is
at the center of E(/5,1) and when n = 2m + 1 is odd.
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Cross ratio Ron(z).
(Ck, Cry1; Crya, Crys) = % (x —1)"Uspm (%E)
(Ck, Cry2; Crg1, Cryg) = m z U2m< %
(Ch Gt Cirt, Crp2) = 1oy U (5
(Cy, Cry3; Crio, Cry1) = 4cos(2m/n)? Usm ‘/75
(Ck, Crg1; Crps, Crg2) = 1 — m (1 —2)"Usp, ( —
(Cr, Ciys; Crya, Crp1) = 1 — 4cos(2m /n)? Usp (2v/1— 1)

Table 1.4: Cross ratios when p is at the center of (\/5, 1), and respective
polynomials R,,(x) of which the minimal polynomial of the cross ratio is a
non trivial factor.

1.4 Translating using a fixed number

In this section, we give a generalization of Theorems 2 and 3. Let r be a real
number. We will show that if |r| > 1, T,,(z) — r will have all its roots on
an ellipse determined by r and the degree n of the polynomial. We will also
show that in some cases, the roots can be given by an explicit formula from
which the interlacing property of the polynomials as well as other properties
described in the previous section follows. For r € R, define the polynomials
A, (r, 2) by

Ap(ryz) = a" (Th(z/a) —r). (1.4.1)

We know that the roots of T,,(z) are all real and lie in the interval (—1,1)
and are explicitly given by (1.0.5). Naturally, for very small r, we expect
the roots of A,(r, z) to be very close to the roots of T,,(z). Surprisingly for

|| <1 the roots are all real, as will be seen from the explicit formula. Define

A i= acos <M> and ik = asin (M) : (1.4.2)
n n

where i = v/—1. For n > 1 define T}/, (x) as

T} () = cos (M) . (1.4.3)

n

We then have A = aTy,,(r), K = VA? — a2 from which it is immediate that
A is a real root of A, (r,2). Now by (1.4.2), for a fixed r, A\ — k* = a? and
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as n — 00, ik — 0 so that A ~ «a.

Theorem 15. Let \ and k be as defined in (1.4.2), then for all r € R with
|r| > 1, the roots of T,,(z/a)) — 1 lie on the ellipse

Proof. The proof is very similar to that of Theorem 2 and employs the same
factorization. Recall from (1.1.8) the definition of 7,(z) and the relationship
between 7,,(z) and T},(z/«) from (1.1.9). Making this change, T,,(z/a)—r =0
implies that 7,, — r(a/2)" = 0, or precisely

<Z+\/Z2—()\2—/€2)>n+ (z— \/22—(AQ—“Q))n_%(a/Q)n:O'

2 2
Since A is a root of T,,(z) — r, we have by equations (1.1.6) and (1.1.7) that
" 4 " — 2r(a/2)" = 0, (1.4.4)

where, as before, ¢ = (A + «)/2 and ¢ = (A — k)/2. It is clear that ¢ < ¢,

and
1 no n
() = (a2 = 5 (6" (5 +i2) " +on (5 —i) - 2r(a/2y).
Now, 7,(2) — r(a/2)™ = 0 implies that

¢" <§ + Z%)% —2r(a/2)" (% - z%)n +é" = 0.

Let

— (Z ﬂ)"
w ()\+Z/<; .

Making the substitution in the above equation, we get the quadratic
" w? — 2r(a/2)™w + ¢" = 0.

Now solving the quadratic using (1.4.4), we get w = 1 or w = (¢/¢)". This
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implies that 7,,(z) — r(«/2)" factors as

o(2) = r(a)2)" = % ((§ + z%)" -1) (1 . <§) (; + @%)‘")
(1.4.5)
The last term on the right of (1.4.5) is of the form 1 — u where |u| < 1, and
is therefore non-zero by the triangle inequality. Hence 7,(z) — r(a/2)" = 0
implies that (f + z%)n = 1, or that every root satisfies ‘f + z%‘ =1.

The proof for the roots of 7,,(2) +7(«/2)" is similar but there are two cases
to consider. For n even, ik is a root of T,,(x) 4+ r while for n odd, —\ is a
root. These two conditions give relation (1.4.4) for all n. It can be shown
that

n o__ 1 n(% Y\ n (L Y\ n
To(2) + r(a/2) =3 <gb ()\—1—1/{) + ¢ <)\ z/{) + 2r(a/2) ),
from which, 79,(z) + r(«/2)™ = 0 implies that
2n n ~
" (; + 2%) +2r(a)2)" (§ + z%) +é" =0,
We thus obtain the quadratic
" w? + 2rw + ¢" = 0,

which we solve using (1.4.4) to deduce that w = —1 or w = —(¢/¢)". This
implies that

o= (52 o) 1+ (3) G+0))
(1.4.6)

As before, the last term on the right-hand side of (1.4.6) is non-zero by the
triangle inequality. Hence 7,,(2) + r(e/2)" = 0 implies that (£ 4 i¥)" = —1,
or that every root satisfies ‘f + 2%‘ = 1. For all » € R with |r| > 1, the roots
of T,(z/a) — r lie on the ellipse E(\, k). O

The main reason for scaling by « is to have a better view of the ellipse on
which the roots of T),(x/a) — r lie. A large enough « scales the roots to a
larger ellipse centered at the origin, and it is much easier to see the behavior of

the roots on the ellipse. Hence if we set & = 1, we have translated Chebyshev
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polynomials. The following Corollary is immediate.

Corollary 16. If Ty,,(r) is as defined in (1.4.3), then for all r € R with
|r| > 1, the roots of T,,(z) — r lie on the ellipse

2 2

-1 "

E <T1/n(7”)a T3),(r) = 1) © T

+
l/n(r) T2

1/n

We are now going to use the same factorization for the proof of Theorem
15 to prove a formula for the roots of 7,,(2/a) — r. The added advantage of
the exact formula is its validity for all » € R and all n > 1. From the formula
of the roots, we can deduce the interlacing of T,,(z/«) — r and T,,(z/a) + r

on the ellipse F(\, k) as well as the density of their roots.

Theorem 17. If X\ and k are as defined in (1.4.2), then for all r € R, the
roots of T, (z/a) —r and T,(z/a) + r are respectively given by

z; = Acos(2mj/n) + iksin(2mj/n), (1.4.7)
and
Z; = Acos((2] + 1)m/n) +iksin((2j + 1)7/n), (1.4.8)
for j=0,1,2,...,n— 1, and they interlace on the ellipse E(\, k).

Proof. The proof is almost identical to that of Theorem 3. If 2(0) = A cos 0+
irsind, then z(f) = (¢e + pe=), where, as before, ¢ = (A + £)/2 and
¢ = (A —k)/2. Also from (1.4.2), a2 = \? — k2, hence a® = 4¢¢p. Write

sinf = (e — ™) and cosf = (e + ¢7*). Then

P’ = (82 4 20¢ + e ) — g,
e
s0 Vz2Z — a2 = ¢e — ge=?. Now we have

(z+Vz2—a2)/2 = b,

(z—=V2—0a2)/2 = ¢e .



Recall that 7,,(z) = 1/2((z + V22 — a?)" + (z — V22 — a?)™). Hence

Te/) =1 = 2 (r() - 2r(0/2)")
= T (et et — g - )
- 2;;1 (¢ = 1) = gre-mingeno - 1)
- 27< ~ 1) (47 - rem)
= e -1 (1= Gore),

where we have used (1.4.4) in the second line. Since |¢/¢| < 1, by the
triangle inequality, the last term on the right hand side is non zero. Hence
To(z/a) — T,(ik/a) = 0 implies that ¢ — 1 = 0 or nf = 2jn for j =
0,1,2,...,n — 1. This gives the n distinct roots of T,,(z/a) — r as stated in
the Theorem.

Similarly, if y(6) = A cos @ + ik sin 6, then y(6) = pe + de~* and

y2_a2 — (¢2€2i6+2¢$+$26_2i9)—4¢$
_ (gbew—(ﬁe*w){

0 /12 — a2 = ¢e’? — pe. Now we have

(y+Vy2—a?)/2 = ¢,
(y—Vy>—a?)/2 = e,

and
2n71
Tly/a) +r = —=(Tuly) +2r(a/2)")
n—1 R ) R
—_ 2@ <¢n nif ¢n€fn19 _|_¢n +¢n>
2n—t n( ni —ni
= — (0" + )+ e+ 1))

= 2;_:<€ni9+1) (¢n+$n€fni0)
= T g (14 @/0) e ).

&n
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Figure 1.2: Roots of A13(7,2) in red and A33(—7, z) in blue with o = 13.

Since |¢/¢| < 1, by the triangle inequality, the last term on the right hand
side is non zero. So T),(y/a)+r = 0 implies that ¢’ +1 = 0 or nf = (2j+1)7
for y = 0,1,2,...,n — 1. The interlacing property is immediate from the
formulas (1.4.7) and (1.4.8) of the roots. O

Corollary 18. For alln > 1 and r € R, the roots of
(Unia(z) = Un(2)*(z 4+ 1) — (r+1)

lie on the ellipse E (Tl/n(r), TP, (r) — 1).

Proof. We will use the well known identity for products of Chebyshev poly-

nomials
2T, ()T () = Tgn (@) 4 Ty (), (1.4.9)

the Pell equation
T (z) — (2* — )U2_,(z) =1 (1.4.10)
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and the identity

Tgn(x) — Tlm—nl(x)
x2—1 '

22U (2)Uy, () = (1.4.11)

Expand (U,y1(z) — U, (2))?(x + 1) — (r + 1) and simplify using the identities
(1.4.11), (1.4.10) and (1.4.9) to find that

(Upi1(z) = Up(x)*(x + 1) — (r + 1) = Topys(z) — 1. (1.4.12)

The proof follows by applying Corollary 16. O
By equation (1.4.12),

%(Unﬂ(a:v) U (az))(az +1) — 7 = %(T2n+3(ax) C@2r—1)), (1.413)

and its roots lie on the scaled ellipse

2 2
L i y — 1.

1/a? (Tf/n(zr - 1)) 1/a2 (Tf/n(% —1) - 1)

The effect of making the change = + ax in T, (x) — r for any non-zero real
a is to scale the roots of T, (z) — r by a factor of 1/a. Clearly the minimal
polynomial for 1/aT},(2r — 1) will be a non-trivial factor of (Up41(az) —
Un(az))*(ax + 1) — 2r.

We have seen that for any real number r, the roots of the polynomial
T, (z) + r lie on an ellipse whose eccentricity depends on the degree of the
polynomial and on 7. Hence as r runs through R, the eccentricities of these
ellipses are dense in [—1, 1].

For the case where r € C, numerical calculations suggests that the roots

of T,,(2) — r lie on the same ellipse as the roots of T),(z) — |r|.

Conjecture 19. If r € C is non-zero, then for all n > 1, the roots of
T.(z) — r lie on the ellipse E (Tl/n(|r]), Tf/n(w) — 1) , are all simple and

are given by the formula
2 = Tin(r) cos 2k /n) + ivV12 — 1Uy /1 () sin (27k /n). (1.4.14)

It is easy to see that for any non-zero a € R, a change of variable T,,(ax) —r
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has the effect of scaling the roots of T},(ax) — . The roots of T, (ax) — r will
now lie on the scaled ellipse.

By construction, the minimal polynomial for £7},,(r) is obviously a non
trivial factor of 7),(az) — r. What can be said of the minimal polynomial for

Proposition 20. For n > 1 odd, the minimal polynomial for - o Tf/n( r) di-
vides Ty, (2a*x — 1) — 2% + 1. If n is even then the minimal polynomial is a
non-trivial factor of T,,(2a%x — 1) — 2r% + 1.

Proof. We will use the identities

T,(20% —1) = 2T%(z) — 1, (1.4.15)

n

To(T(x)) = Tom(2). (1.4.16)

Consider the polynomial T,,(z ) —2r2 +1. It has a zero at 21 = Ty/,(2r? — 1),
and by the identity (1.4.15), #; = 277, (r) — 1. Since 2, = 277, (r) — 1 is a
zero of Ty, (x) — 2r + 1, it follows that = Tf/n( r) is a zero of T),(2a*x — 1) —
2r2 + 1. If n is an odd prime, this polynomlal is irreducible. On the other
hand if n is even, write n = 2m and use the identity Ty, (z) +1 = 2772 (z) to
deduce that

Tym(20°x — 1) — 2r® + 1 =2 (T2 (2a°z — 1) — 17 ,
which factors as
Tom(2a°z — 1) — 20° +1 =2 (T,,(2¢°x — 1) — r) (T, (2a°z — 1) + 1) .

Hence the minimum polynomial for 2T12/2 (r) divides T, (2a%*x —1) —r. O

Notice that Ty(r) = 2r? — 1. To identify the ellipse on which the roots of
T, (2a%x — 1) — Ty(r) lie, observe that the roots of T}, (2a*x — 1) — Ty(r) are
just the roots of T),(2a*z) — Ty(r) shifted along the real axis by 5 units.
Also by Corollary 16, the roots of T,,(2a*z) — Ty(r) lie on the scaled ellipse

2 2
i
N Y

1/(2a2)°T3,(Ta(r) 1 /(2q2)2 (TZ/ (Ta(r)) — 1) -

In Proposition 68, replace r by Ty(r) and replace a by 2a® to deduce that
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that the minimal polynomial for 1/ (QaQ)ZTE/n(T 5(r)) divides the polynomial
T.(8a'z — 1) — Ty(Tx(r)),
which by identity (1.4.16) can be written as
T, (8a*s — 1) — Ty(r).

By the argument above, the roots of T},(8a*x — 1) — Ty(r) lie on the shifted

ellipse )
(c-m) v
1/(8a4)2T12/n(T4(7“)) 1/(8a%)? (Tf/n(TzL(T)) - 1>

= 1.

Theorem 21. For each non-zero n, let a # 0, r € R and k > 0. Then the

,2k+1T2

minimal polynomial for 22" +2q L (Tor (1)) divides

T, (22’“1*1@2’““:5 - 1) Ty (1), (1.4.17)

whose roots lie on the shifted ellipse

(22k+1_1a2k+1$ _ 1>2 <22k+1_1a2k+1y>2

+
T12/n(T2k+1 (7“)) Tf/n(Tzkﬂ (7“)) -1

= 1. (1.4.18)

Proof. We have seen in Proposition 68 that the statement is true for k£ = 0.

It is also true for £ = 1 by the argument above. Now substitute r by Tor+1(r)

2222422 i) proposition 68 to find that the minimal

_ok+2 T12/n <T2k+1 (’I“)) divides

and substitute a by

polynomial for 272""*+2¢
T, (2(22k+2_2a2k+2)x - 1) — Ty (Tyera (1)),
which by identity (1.4.16) can be written as

k+2_ k+2
2 1a2

T, (2 T — 1) — Tort2(r).

The roots of this polynomial will then lie on the shifted ellipse given by the
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cartesian equation

(22k+271a2k+2$ . 1)2 <22k+21a2k+2y>2

+
Tf/n(TQk-s-z (7“)) Tf/n(Tzk-s-z (7“)) -1

= 1. (1.4.19)

1.5 Resultants and discriminants

There has been a great deal of study on the resultants of Chebyshev polyno-
mials. See for example [22, 23, 24, 17, 18]. In this section we give identities
for discriminants and resultants of some of the polynomials that we have
studied in this section. First we state some standard identities for resultants
and discriminants that will be used.

Let f(z) and g(z) be two polynomials of degree m and n respectively, and
aq,...,a, be the roots of f(z). Then the resultant of f(z) and g(z) with

respect to z is given by

Res,(f(2), g(x)) = ap, Hg(ai), (1.5.1)
where a,, is the leading coefficient for f(x).
Resy(g(x), f(2)) = (=1)"" Res,(f(2), 9()). (1.5.2)

If g(x) = f(x)q(x) + h(z) where deg(h(z)) =1 < m, then

Resy(f(x), 9(2)) = ap" Res,(f(x), h(2)), (1.5.3)

from which we get
Res,(f(z),a) = a", (1.5.4)

where « is a non zero scalar. If g(x) factors as g;(z)g2(x),

Resy(f(x), 91(2)g2(7)) = Resa(f(x), 91(2)) Resa(f(x), g2(x)).  (1.5.5)

We will also use the chain rule technique (see [25]) for evaluating resultants.

Let f(z), g(z) and h(x) be polynomials, and let hy be the leading coefficient
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of h(z). Then

degh
Res,(f(h),g(h)) = [hy™ "7 Res, (f, 9) (1.5.6)

unless h(x) is (a constant which is) a common root of f(z) and g(x). The

discriminant of f(x) with respect to x is given by

. ()™ ,
Discy(f(2)) = *———Res.(f(2). '(x)) (L5.7)

Am

where f’(z) is the derivative of f(x) with respect to x.
We will apply an identity for the resultants and discriminants of Chebyshev
polynomials by Stolarsky and Dilcher (see [17]) stated below, in later proofs.

Theorem 22. [17, Theorem 2] For all n > 2, we have

n(n—1)
2

Resy(Un() + kUp_1(x), Up_1(2)) = (=1) on(n=1) (1.5.8)
Theorem 23. [17, Theorem 4] For alln > 1, we have
Discy(Up(z) + kUp_1(z)) = 2" Va,_(k), (1.5.9)

where

_ n_(2n+1L)"E" n+1+nk? n+1+nk?
an—l(k) - (_1) (n4+1)2—n2k2 [Un <_ (;nil)k ) + kUn (_ (;rnil)k )}
(1.5.10)

s an even polynomial in k of degree 2n — 2 with positive integer coefficients.
Another proof of this Theorem was given by Gishe and Ismail in [18].

Theorem 24. For all > 0 the discriminant of R,(x) and S,(x) is given by
Disc,(Ry(z)) = Discy(Sp(z)) = (2n + 1)1, (1.5.11)

Proof. If h = (z — 3)/2, then using (1.5.9) with & = £1, we find that
an-1(—1) = a,_1(1) = 2n +1)"! (1.5.12)

and Disc,(R,(h)) = Discy(sn(h)) = 27"~V (2n + 1)"~1, from which by ap-
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plying (1.5.7) with f = S,,(h) and ag = 2", we find that

!

RGSh(Sn(h),Sn(h)) = (_1)n(n71)/2anDiSCh(Sn(h))
= (=) VR 2n F ),

Now apply (1.5.6) with kg = 1/2 and LS, (h) = 145, (h) = 15, (h) to
deduce that
/ 1 /
Resy(Sn(2), 5, (2)) = Resy(Su(h), 55.(h))
1 /

= 2_nReS:v(Sn(h>7Sn(h))

— (_1)n(n—1)/2<2n + 1)71—1‘
Finally apply (1.5.7) with a,, = 1 to find that

Disc,(S,(x)) = (2n +1)" 1.

Calculations for Disc,(R,(x)) are similar to those of Disc,(S,(x)). O

Theorem 25. The discriminant of r,(x) is given by
Discy(Qn(x)) = 5"r=D24* (2 4 1)1

Proof. In the construction of the proof, we use @, (z) in the form of equation
(1.2.9). Let h = 22% — 1, and note that S, (h) = U, (h) — U,—1(h) so Qu(h) =
5"S,(h). Hence,

/

Resy(Qn(h),Q,(h)) = Resh(5”5n(h),5"5;(h))
= (_1)n(n71)/22n25n(2n71)(2n+ 1)n,1.

Also note that £Q,(z) = £-2Q,(h) = %Q;(h) We now have

/

Resy(Qn(r), @n(2)) = Res, <Qﬂ(h)’ %x

Q)

= ftes, (Qulh). T ) Res. (@0 @,0)

= (=1)" D294 51 (90 4+ 1) Res, (Qn(h), Q. (R)).
To evaluate Res, (Qn(h), %) we used (1.5.1) with f = Q,(x) which has

5

41



!/

degree 2n and g = 4x/5. To evaluate Res,(Qn(h),Q,(h)) we apply (1.5.6)
with hg = 2/5, Deg(h) = 2 and Deg(Q,(h)) = n to find that

Reso(Qu(h).Qu(h)) = [R3" Y Resy(Qu(h), Qu(h)]
22n(2n—1)52n2<2n+ 1)271—2'

We now have that

’

R€S$(Qn(l‘), Qn(l,)) _ (_1)n(n—1)/222n(2n+1)5n(2n—1)(2n + 1)271—1‘
Finally apply (1.5.7) with a,, = 2%" to find that
Discy(Qn(x)) = 25771 (2 + 1)21,

]

To evaluate the discriminant of the A, (r, z) polynomials, we will use the
Pell equation for Chebyshev polynomials (1.4.10), the derivative of T),(x)
given by LT, (z) = nU,_1(z), and (1.4.9).

Theorem 26. Forn > 1 even, the discriminant of A,(r, z) with respect to

z 18 given by

D.(An(r,2)) = 27V pra =D (1 4 7) (1 — 7“2)”/2_1 .
Proof. We first write Ay,(r,2) = o*"(2T7}(2/a) — 1 — 1) using (L4.9). Its
derivative

d 4dn
%AWL(T? Z) = EQZ”TTL(Z/O‘)Un—1<Z/Oé)7

has leading coefficient 2?"n. Now taking resultants, we find that

Res,(Agn(r, 2), Ay, (1, 2))
= Res.(A(r,2), 4na"T,(z/a))Res,(As(r, 2), & U, 1(z/a))
= (=1)"2%" (2n)%" " (r + 1)"Res.(Agn(r, 2), 0" Up_y(z/a)).
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To evaluate Res,(Asg,(r,2), a" U, 1(z/a)), we use (1.4.10) to deduce that

o

Agu(r,z) = o™ (2 +2 (Z—2 — 1) U2 (z/a) —1— r)

o2

= 22" <Z—2 — 1> U2 (z/a) +a®"(1 — 7).
Since a"'U,,_1(z/a) has 2”71 as the leading coefficient, we find that
Res,(Ag(r, 2), " U, _1(2/a)) = 22”(”_1)042"(”_1)(1 — )"t
Hence
Res,(Ag, (1, 2), A;n(r, z)) = (—1)"22"(2”_1)(Qn)@”)a%@”_l)(l +r)(1—rH)" L,

Finally apply (1.5.7) with ag = 22"~! to complete the proof. O

For n odd, the identity for the discriminants of A, (r, z) is not as straight
forward. We first state some identities for Chebyshev polynomials that will

be used in the proof.

Lemma 27. The even Chebyshev polynomials of the second kind have a

factorization over Z given by
Usa(x) = (Ug(x) — Ug1(2))(Ug(x) + Ug—1(z)). (1.5.13)
Proof. 1f x = cos #, then using trigonometric identities,

Ui (x) — Ui (x) = sin ?f(sin*(d + 1)0 — sin* db)
sin(2d 4+ 1)6
sin 6

= Ugd(ZL‘).
[

Lemma 28. The odd Chebyshev polynomials of the first kind and Chebyshev

polynomials of the second kind are also related by the identities,

Toaii(x) +1 = (24 1)(Uy(z) — Ug_1(2))?, (1.5.14)
Togir(z) =1 = (z— 1) (Ug(x) + Uy_i(z))% (1.5.15)



Proof. It x = cos#, then using well known trigonometric identities, we find
that

1
(z+ 1) (Ug(z) — Ugr(2))?* = (a)ée—%)(sin(d +1)8 — sin df)?
sin
= 1+cos(2d+1)0
= 14 Toqp1(x).
By (1.4.10) and Lemma 34,
Toap (@) = 1= (2* = D)(Ug(x) — Ug,(2))*.

Using the difference of squares on both sides and substituting in the values

of (1.5.14), we find (1.5.15). 0

Theorem 29. Forn > 1 odd, the discriminant of A, (r,z) with respect to z

is given by
D,(Apn(r, z)) = 20D prar=1 (1 — 2)(n=1)/2,

Proof. For n = 2k + 1, then, Agyy1(r,2) has leading coefficient 2%. The

derivative is given by
D s (1, 2) = (2K + 1)a? Upe(2/a)

7z 2k (T 2k )
and has leading coefficient 2%%(2k + 1). By equation (1.5.13),

Uar(z/ar) = (Ur(z/a) = Up-1(2/ ) (Uk(z/ @) + Ug-1(z/ )
and by equations (1.5.14) and (1.5.15) we can write Agyy1(r, 2) as

Agpir(r,2) = o2 (z/a41) (Up(z/a) — Up_1(z/a))’ —a® 1 (1+r), (1.5.16)

or

Aoy1 (1, 2) = &2z /a+1) (Up(z/a) + Up_1(z/a))*+a® 1 (1—r). (1.5.17)

To evaluate the resultant of Agy,1(r,2) and d%Ang(r, z) with respect to
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z, we will apply (1.5.5) with

gi(w) = " (U(z/@) = Up1(2/0)

and

g2(w) = oM (U(z/ ) + U1 (2/0)).

Notice that g;(x) and go(x) have leading coefficient 2F.

First using Aggy1(r, z) as in (1.5.16), we have
Resy(Appin (1, 2), g1) = (—1)F2REH+D Q@D (] | gy
and then using Agg1(r, 2)) as in (1.5.17), we have
Res.(Agpir (1, 2), go) = 2PERFD QFERFD (1 _ gk

Since d%AQkH(r, z) = (2k 4+ 1)g1 g2, we find that

d
Resz (A2k+1(r7 Z), EA%—H(T, Z)) _ (_1)k22k(2k+1)(2k+1)2k+1a2k(2k+1)(1_,'02)19‘

Finally apply (1.5.7) with ag = 22* to get
Dz <A2k+1 (7", z)) — 24k2(2k + 1)2k+1a2k(2k+1)(1 . T2)]§.

]

Corollary 30. Forn > 1, the discriminant of T,,(z/a)—T,(\/«) with respect

to z is given by

D, (Tn(z/a) = Th(M a))
B { 2(n_1)2nna_%n(2n—1)+lﬁn—2(1+Tn(/\/a>>Un_1()\/a)n_27 for n even,

2(n—1)2nn067%n(2n71)+1/€n—1Un()\/oé)n—lj for n odd.

(1.5.18)

Proof. Recall that A2 + k% = o2, and it is easy to show that for all n > 0,

1—Tu(z)* = (1 —2*)U,_ (7).
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The proof is now immediate by identifying that

LA, T\ a), 2).

T an

Tu(z/a) = Tu(A @)

1.6 Translations of U, (x) and remarks

Translated Chebyshev polynomials of the second kind display a similar root
distribution as those of the first kind when their degrees are sufficiently large.
We will show that the ellipse E (A, ) is the limiting curve for the set of zeros
of Uy(z/a) — U,(ik/a) and U, (z/a) — Up(N/ ).

From equations (1.1.6) and (1.1.7), we have

P
Vi—az="gq Z—y,
A K
and together with the standard equation for Chebyshev polynomials of the

second kind (1.0.3) we deduce after simplification

B 2" \k wit (T Y et e [T 1Y ntl
Un(Z/OZ) - Oln(I{Q.ZC‘f‘)\Qy) <¢ <)\ + I{) ¢ )\ K )

Un(’ili/&) _ ZlTl: (¢n+1 + (_1)nqgn+1>

and on
Un()\/Oé) _ E <¢n+1 _ ¢En+l) )

It follows that

, 2npn T \k v ay\" LKA+ Ny
Un(z/a) = Uplic/a) = ({ <X+_ v

an(k2x +1iA%y) K

(¢ " <f _ i_y>n+1 _ (_Z')HM
o A K A2k ’
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and

Un(z/a) ~UnMa) = —t 2 ({(XM) _LW}

an(k2x +1iA%y) K K2
~\ n+1
) A K AK?

Since ¢/¢ < 1, in the limit as n — oo, the roots of U, (z/a) — Uy (ir/a) and
Un(z/a) — Uy(A/ ) are respectively distributed close to the curves

AR x N 1y mHLn
K2x +iXNy \ A K A

K n i\ 1
K2 +iX2y \ N kK K

These curves can also be written as

z? +y2 c(z,y)\ = q z? +y2 c(z,y)\
S+5=(— and — 4+ = =
A2 K2 A A2 K2

and

respectively, where c(z,y) = (k*z? + My?)/ k. It is easy to see that the
limiting curve is indeed the ellipse E (A, k). For z on E(\, k) we have ¢(z,y) =
c(z) = (M —a?2?)k/\ and from the conditions A\ > x we find that if |z| < ),

(c(x) /N <1< (efa)/m)O

so that the roots of U, (z/a) — U, (ir/«) lie inside but very close to the ellipse
E(\, k), while the roots of U,(z/a) — U,(A/«a) lie outside but very close to
the ellipse F(\, k).

It turns out that in certain cases, “products” of the T, (z/a) — T,,(ik/«a)
and T, (z/a) — T,,(A\/a) polynomials have their roots close to E(\, k) where

2

as before, A\ and x are non-zero real numbers and a? = \? — k? is non-zero.

For a non-negative integer m, consider the polynomials

Prm(2) =T (z/a)T(z/a) — T (ik]/ )T (ik/ o),
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and

Qum(z) =T (z/a)Tn(z/a) — T,(Na)T(N ).

These can respectively be written as linear combinations
Pnr(2) :=Tn(z/a) = Tn(ik/a) + T (z/a) — T (ik/ ),

and
On,(2) =Tn(z/a) = Ty(N a) +T.(z/a) — T,.(\ )

where N =n+m and r = [n — m)|.
Using equation (1.1.9), we have a factorization similar to that in equations
(1.1.12) and (1.1.14) given by

= S (G ) (0 () G

= £ (G2 (-(0) 6o
N—r

i (Gt ) (1-(5) G+)7))

Since gz@/gb < 1 and g5 < 1, this implies that for a fixed r, and N suffi-
ciently large, the roots of Py ,(z) and Qn ,(z) lie close to the ellipse E(\, k).

_|_

In particular if A = /5, kK = 1 and n is sufficiently large, the roots of
T.(2/2)Tnyr(2/2)=Tn(i/2) Ty (i/2) and Tn(z/z)Tn+r(z/2)_TN<\/E/Q)Tn-w(\/g/?)
lie close to the ellipse 22/5 + y? = 1.
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CHAPTER 2

LINEAR COMBINATION OF CHEBYSHEV
POLYNOMIALS

In this chapter we study roots of a linear combination of two Chebyshev
polynomials of the first kind, i.e., T,,(z) — kT,,_1(x) as well as of the second
kind i.e., U,(z) — kU,—_1(x). We then consider the case where the linear
combination involves Chebyshev polynomials of each kind, i.e., a polynomial
of the form T,,(z) — kU, _1(z) where k is a real number. We employ continued
fractions in this investigation. When k is an integer, the continued fraction
of the largest root (in absolute value) begins in a very interesting way which
we can easily describe. We then use convergents of the continued fraction to
give estimates for the bounds of the largest root of these linear combinations.

Generalizations T}, (z) — kT,,—1(x) and U1, (z) — kU, —1(x) of these linear
combinations of Chebyshev polynomials have interesting root distributions.
We show that in both cases, some of the roots of these generalized linear
combinations lie arbitrarily close to ellipses studied in chapter 1.

In the second part of this chapter, we study linear combinations of the
form T,,(x) — 5kU,—2(z). Again, we give approximations for the largest (and
smallest) root that lies outside (—1,1). This polynomial in particular has
other interesting identities that will be presented.

We conclude the chapter by giving identities for resultants and discrimi-
nants of some of the polynomials studied. Of particular interest is the dis-
criminant of T,(z) — $kU,_s(z). We introduce the polynomials b, (k) (see
equation (2.3.12)) in the calculation of the discriminant of T}, (z) — 3kU,—2()
when n is even. These complement the polynomials a, (k) introduced by
Dilcher-Stolarsky [17].
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2.1 “First kind linear combination” of Chebyshev
polynomials

For n > 1 and k£ € R non zero, let
R, (k,x) = U,(z) — kU,_1(z), (2.1.1)

and
Sp(k,x) =T, (x) — kT-1(z). (2.1.2)

The roots of R, (k,x) are the points of intersection of U,,(x) and kU, _1(z).
Scaling a polynomial does not change the number or location of its roots. The
number of critical points is also unchanged, but the location of critical points
depends on the scalar. We consider two cases for the number of intersections
of Uy(x) and U,_1(x) in (—1,1) and with £ > 1. For n odd, U,(x) has a
root at = 0 and has 25 critical points in (0,1) and in (—1,0). Similarly,
kU,_1(x) has a critical point at z = 0 and 252 critical points in (0,1) and in
(=1,0). So the two polynomials have exactly “5* intersections in (0,1) and
by symmetry n — 1 intersections in (—1, 1).

On the other hand for n even, U, (x) has a critical point at = 0 and § —1
critical points in (0, 1) and by symmetry in (—1,0). Similarly, kU,,_;(z) has a
root at x = 0 and § — 1 critical points in (0, 1), and by symmetry in (—1,0).
The two polynomials have exactly § — 1 intersections in (0,1), and § + 1
intersections in (—1,0). As z approaches —1, Us,(x) approaches 2n + 1 and
Usn—1(z) approaches —2n giving the extra point of intersection, and hence a
root of R, (k,z) in (—1,0). We now deduce that R, (k,z) has n — 1 roots in
(—1,1). By a similar argument, S, (k, z) has n — 1 roots in (—1,1).

What can be said of the root of R, (k, z) and S, (k, ) that lie (—1,1)? Call
these roots r, and s, respectively. A quick observation is that when k > 1,
r, and s, are positive and when k£ < 1, r, and s, are negative. Also when
—1 < k < 1, all the roots of R,(k,z) lie in (—1,1). We can also observe
that S, (1,2) has a root at x = 1 and S,,(—1,z) has a root at x = —1, since
T,(1) = 1 and T,,(—1) = (—1)" for all n. When —1 < k < 1, all roots of
Sy (k,x) lie in (—1,1).
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Let £ > 1 be an odd integer. The continued fraction of r,, starts off as

{kgl,l,l,kgl,an(k:), {%J } (2.1.3)
where
a(k) = D (n— k™ (2.1.4)

B —1)  nk
(k2 -1 k-1

On the other hand, let £ > 1 be an even integer. The continued fraction of

r, starts off as

Bk 2k, San(h), LLJ ] . (2.1.5)

n—1
If [ag, a1, a9, ..., ak,...| is a continued fraction of a positive real number «

with convergents
Pk _ OkPr—1 + Pr—2

QG OkQr—1 + Qe—2’
where pg = ag, p-1 = 1, qo = 1 and g_; = 0, then by Theorem 7.8 of [26, p

193],

G 92 G % 93 @1
In both cases (i.e. (2.1.3) and (2.1.5)), we have
k+ (k* + 1)gn(k) k*+1

>4 2hgn(k) T ok

Since ¢, (k) is a polynomial with non-negative coefficients, whenever k > 1,

qn(k) grows without bound. This implies that

, E?+1
lim r, =

Theorem 31. Let |k| > 1 and r,, be the largest root of R, (k,z) := U,(z) —
kU, —1(z) in absolute value that is outside (—1,1). Then for all n > 1,
k+ (k* + 1)gn(k) k*+1

>t 2hgn(k) T ok
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Proof. To simplify the notation, let

and
_ k+(K*+1)B

2(kB + 1) (2.1.7)

First, we show that for all k£ > 1, R, (k,v) is a very small (in absolute value)
negative number.
First,

, (k? — 1)2B2 ( 2% (k2 — 3) k2 — 4 ) | 218)

1=
v 4(Bk 1 1)? 2128 (2128
and by the Taylor series expansion of the square-root we find that

— _ (P-1B k(K2 — 3) 2
T T 9Bkt ( (k2 —12B (k2 — 1)'B?

k(k? = 3)(k* —4) »
i i OB ))
(k* —1)B k(k? — 3) 1

2(Bk+1)  2(k2—1)(Bk+1) (k2—13(Bk+1)B
k(k2 — 3)(k* — 4)

TR2 —1P(BRk+ B O(B™),

so that
v+vViri—1 = k- K — L
(k2 —1)(Bk+1) (K2—13Bk+1)B
k(k? — 3)(k2 — 4) »
TR —1P(BRk+ B OB,
and
v—Vit—1 = = + ! + !
ko k(kR2—-1)(BEk+1) (k2—-13Bk+1)B

k(K2 — 3)(k2 — 4)
8(k2 — 1)3(Bk + 1) B2

+O(B™).
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We now have

. . nkm" nkm1
V=) = W T B D 1) (BhT DB
n(n — 1)k" -3
2(k2 — 1)2(Bk + 1)2 +O(B™),
and
. . nk™" nk—"t1
v—vi2=1)" = k" + (k* —1)(Bk + 1) * (k2 —1)3(Bk +1)B
n(n—1)k™" n O(Bf?’).

(k% — 1)2(Bk + 1)?

Again we have

(v+vv2 = 1" — k(v + V2 —1)"

_k;nJrl kn
T (®-1D)(Bk+1) (K-13Bk+1)B
nkn—l—l 3
+ S+ 0(B7%) (2.1.9)

(k2 — 1)2(Bk + 1)

and

(v =V —1)" — k(v — V2 —1)"
=K —=1)  (1—n(k?*—1))k (D
fntt (k2 —1)(Bk+1)
nk™" M (n+1— (n—1)k?)
(k? —1)%2(Bk +1)?

+O(B™%). (2.1.10)

Finally Subtracting (2.1.10) from (2.1.9) and using (1.0.3) we find that

K2 —1 k20D 41 —n(k-1)
W2 —1R,(k,v) = -
Ve = Lha(k,v) et (k2 — 1)(Bk + 1)

n(2k*" + (n — )k* —n — 1)
k= 1(k2 — 1)2(Bk + 1)2
" —nk? +n+1
k"(k2 —1)3(Bk+1)B

+O(B™).
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For all n, k > 1,

E2—1 KX 41 —nk?-1)

0
e (2 —1)(Bk 1)

and since vv2 —1 > 0, we must have that R,(k,v) < 0 and is arbitrarily
close to zero.
The proof for the upper bound is much easier. Let © be the ratio of the

arithmetic mean to the geometric mean of k2 and 1,

E2+1
2k

UV =

. (2.1.11)

Then 72 — 1= k;;l and

1
v+VI2—1=k and 7 — VD2 — :E.

By (1.0.3),

Un(D) — ka_ : (knJrl . k*(n+1)) ’

and substituting in (2.1.1) gives

For the case when k < 1 notice that if r, is a root of R, (k,z), then —r,
is a root of R,(—k,z). The proof is now identical to the case when k is

positive. [

Let k£ > 1 be an odd integer, the continued fraction of s,, starts off as

-1 —
[%,1,1,%,1,2%_1(1{) - 1} : (2.1.12)

while for an even integer £ > 1, the continued fraction starts off as

1 1
[ik,%—l,l,aqn_l(k) —1,..}, (2.1.13)

where g, (k) is as defined in (2.1.4).
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In both cases (i.e. for all positive integers k) and for all n > 2, we have

k2 2 _ .
2k 2kq,_1(k) — 2
This implies that
. k2 +1
lim s, = )

Theorem 32. Let |k| > 1 and s, be the largest root of S, (k,z) := T,(x) —
kT, _1(x) in absolute value that is outside (—1,1). Then for all n > 2,

k* 41 P (k* + 1) gn_1(k) — k
2k " 2k 1 (k) — 2

Proof. To simplify notation, let

K200 — 1) (n— 1)k

T TRl o (2.1.14)
and K2+ 1)B—k
po DBk 2&‘3}{)_ 1_) (2.1.15)

We first show that when k > 1, S, (k, 1) is a very small negative number. By
(2.1.15),

2 (k2 — 1232 ( LGRS k2 —4 ) | (2.1.16)

T (BE -1 2128 T @15
and by the Taylor series expansion of the square-root we get

— _ (¥ -1B k(k? — 3) 2 _3
T = s (- e~ et o)

_ (R®-1)B k(K2 — 3) 1 y
= oBE-1) aE-nBh-1)  @E-npmk-np TP

so that

_ : 1 L
pEVIESL = R T B ok nB O )

and

- - | .
poviE =L =k e mE ) T e — ke T CP )




We now have

- w nkn nkm!
itV =" = M oD T = 18Bk—1)B
n(n — 1)k" -3
s —eme =1 T OB
and
; w nk=" nk—"t1
(n—vp2=1)" = k" — (k2 — 1)(Bk — 1) * (k* —=1)3(Bk — 1)B
n(n— 1)k + OB,

2(k? —1)%2(Bk — 1)
Again we have

2 n 2 n-1 — kn — kn_l
(n+ V2 =" = k(p+ /2 = 1) = B—1)(BE-1) (k2—1)3(Bk—1)B

+ ez + O(B7%),  (2.1.17)

—1)2(Bk—1
and
o k2—1 —1 kiz_
(= =) — k(g — /=D = (k:” k”((1212—1)>(3k711)
(n=D)k>—n (2.1.18)

~ kn—1(k2—-1)3(Bk—1)B

(n—1)(n—(n—2)k? _
+k”(k2—1)2(3k—1)2 + O(B 3)'

Finally adding (2.1.17) to (2.1.18) and using (1.0.2) we find that

11—k K"+ (n—-1k*—n

25uko ) = e EmE— D (BE =)
(n—1)(k* — (n — 2)k* + n)
kn(k? — 1)2(Bk + 1)?

k2D 4 (n —1)k* —n
knl(k2—1)3(Bk —1)B

_|_

+ O(B™).

It can be verified numerically that for all n > 3 and k£ > 1,

1—-k kE"+(n—-1)k—n

O e Y- DBE=1)

so that for n > 3, S, (k, ) > 0 and is arbitrarily close to zero.
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Note that this upper bound for the largest zero of S,,(k, ) does not work
for n = 1,2 because qy(a, k) = ¢1(k) = 0. It is however easy to determine
the largest zero as k and (k + v/k2 + 8)/4 when n = 1, 2 respectively.

The proof for the lower bound is much easier. Let © be as defined in

(2.1.11). Then by (1.0.2)

Finally substituting into (2.1.3) gives

1— K2
2k

Sn(k, D) =

For the case when k < 1 notice that if s, is a root of S,,(k, z), then —s, is a
root of S, (—k,x). O

Remark 2. For alln > 1, r, and s, are irrationals. Theorems 31 and 32

show that when n is sufficiently large, % 15 the best rational approximation

of their absolute value.

2.1.1 A generalization of the R,(k,z) and S, (k, z)
polynomials

In this section, we give a generalization of the R, (k,z) and S, (k, z) polyno-
mials and describe their roots. Let kK > 0 and r > 1, and define

Rym(k,x) := Upym(x) — kU, (2) (2.1.19)

and
Spm(k, ) = Thyim(x) — KT, (2). (2.1.20)

It can be shown (same as for R,(k,z) and S, (k,z)) that R, ,,(k, z) and
Spnm(k, z) have n real roots in (—1,1). We are now interested in the remaining

m roots.

Theorem 33. Forn sufficiently large, S,(k,x) and R, (k,x) have m roots
close to the m roots of t,,(k,x) defined by

twm(k, ) == k* + 1 — 2kT,,(z). (2.1.21)
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Proof. From the explicit formula (1.0.2) of T,,(z), S, (k,z) = 0 implies that
(24+V22 = 1) (=22 — 1) —k(z4V2? — 1) —k(z—Vz% — 1)" = 0,
which implies

(z+Va2 = 1) (z+Va2 = )" —k)+(z—V22 = 1)"((z—V22 = 1)"—k) = 0,

which also implies

(x — V22 —1)" _ —((z+ V22 =1)™ — k)
(x + a2 —=1)" (x—Va2—1)m -k

Rationalizing the numerators on both sides of the above equation and sim-

plifying we find that

1 —(k? + 1 = 2kT,,())

(z4+ V22— ((x— Va2 —1)m — k)2

For x > 1, Va2 —1 > = — % so that as n gets larger, the left-hand side
vanishes, and the m zeros of S, .(k,x) approach the zeros of ¢,,(k,x).

Similarly, using the explicit formula (1.0.3) of U,(z) in R, ,(k,x), we de-
duce that R, ,(k,x) = 0 implies

(x + m)n—&-m—i—l o (I . m)n—%m—l—l o k(m + /:L‘2 — 1)n+1
+ k(z — Va2 —1)" =0,

which implies that
(z+vVa2 — )" ((24+Va?2 — D)™ —k)—(z—V22 — )" ((z—v22 — 1)"—k) = 0,

from which we get

(2 —VE-D)™ (e 4+ VB D) —k

(z+ V22 =1t (2 — V22— 1) —k

Rationalizing the numerators on both sides of the above equation and sim-
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plifying we find that

1 K2+ 1 — 2kT, (2)

(z+ Va2 — 120D ((z— /22— 1)m — k)2

So that, as before, the m zeros of R,, .(k, z) approach the zeros of t,,(k, z) as

n advances. O

By corollary 16, the roots of T, (x) — oy, for ay > 1 lie on the ellipse

2 2

. X Y _
E(An(ak), 22 (o) — 1) B TRt
where |
A (o) = T jn (o) := cos (E arccos(a@) )

If we set 121

ap = il ’

2k
then
1 1
An(ak) _ 5 (k,l/n + k,—l/n) and /)\%(O‘k) 1 — 5 (k.l/n _ k,—l/n)

This shows that the m roots of R,, ,,,(k, z) and S,, ,,,(k, z) lie close to an ellipse.
In fact, a formula for the roots of ¢,,(k, z) can be deduced from Theorem 17.

Figures 2.1 and 2.2 show the roots of R, 7(3,z) in blue, S, 7(3,z) in red
and t7(3, ) in green with n = 3 and with n = 25. Notice that for n as small
as 25 the roots seem to coincide on the ellipse £ (An(ak), A2 (ay,) — 1).

2.2 “Second kind linear combination” of Chebyshev
polynomials

Let £ € R be non-zero and consider the polynomial

P,(k,z) =T,(x) — %kUn_g(x). (2.2.1)
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Figure 2.1: Roots of R37(3,2) in red, S;57(3,z) in blue and #7(3, z) in green.

Figure 2.2: Roots of Ry;7(3,2) in red, Sa57(3,2) in blue and t7(3, z) in
green.
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Using the identities

To(z) = [{n($)_xUn1(x)

= 3 (Un(z) — Up—2(x)), (2.2.2)

we can rewrite P,(k,x) as

P,(k,x) = = (Uy(z) — (k+ 1)U,—2(x)) . (2.2.3)

N | —

In this section, we study some interesting properties of the polynomials
P,(k,x) . First, we give an identity involving P,(k,z) when n is an odd

integer.

2.2.1 An identity involving P, (k, x)

We first show that k" Py, 1 (k—1, 2) —z factors into a cubic and an irreducible

polynomial. Let k£ € R and define

k" (2Ton41(7) — (K — 1)Usp (7)) — 22

Gl ) = 2w(4ka® — (k+ 1)2) |

(2.2.4)

so that
knPQn-l—l(k - ]_,ZE) - T

Gn(k, x) = r(4kx? — (k +1)?)

We will show that G,,(k,z) is a polynomial in k£ and z, but first we give a

recurrence relation for G, (k, x).

Lemma 34. For all k € R, G,,(k,z) has a recurrence relation given by
Gn(k, 1) = k" Uy _o(x) + (1 — k)Gp1(k,7) + kG, _o(k,z).  (2.2.5)

Proof. We use the definition of G,,(k, z) to show that the right hand side of
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(2.2.5) is just

k" Uy, o(2)
N (1—Fk) (k" Py 1 (k—1,2) —x) + k (k" 2Py, _3(k — 1,2) — x)
x(4ka? — (k+1)?)
(1= k)k" Py q(k—1,2) + k" ' Py 3(k — 1,2) — x
x(4kz? — (k+1)?) '

= knilUQn,Q(l’) +

It suffices to show that

knP2n+1(k — 1,([5) = (1 — k)kn_lp2n_1(k’ — 1, ZL‘) -+ k‘n_lpgn_g(k’ — 1, ZE)
+ kK" a(dka? — (k4 1)*)Usgy_o(). (2.2.6)

We use P,(k,z) as given by (2.2.3) together with the recurrence relation
(1.0.1) in the form

Unia(2) = (422 — 29U, 1(2) — Uy s(2)
on the right hand side of (6.1.5) to obtain

(1=E)E" Py (k—1,2)+k" ' Py _s(k—1, 2)+k" o (4ka?® — (k+1)*) Usp_o(z)

<w4_mﬂwwmm—u%ﬁm»+§”%%www—u%4@D

k’n_1<4k’I2 - (k + 1)2)U2n_2($) (Ugn_1<I> - /{?Ugn_:g(x))

R L
NN

—~

1
P — k™) (Ugp—y () — kUsp_s()) + 5l~c”—1U27H,(:L~)

—_

—ék" ((4x2 — 2)Upp—3(z) — U2n—1(x))

+%k”1(4kx2 — (ki + 1)) Usp_s(2) (Usnor () — kUsn_s(x))

1 1

= § (kn(4l'2 - 2) - k’n+1) Ugn_l(I) - Ek’nUgn_g({E)
1 1 1

= §k'n (U2n+1($> + U2n73(.f€)) — §I€n+1U2n,1<I) — §an2n,3(.T)
1

= K" (Uznni(2) = kU2n1(2))

as desired. O
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We now use the recurrence relation (2.2.5) to prove another identity for

G, (k, z) from which it becomes clear that it is a polynomial.

Theorem 35. Let k € R and G, (k,z) be as defined in (2.2.4). Then for all

n>1,
n—1 n—1
Gn(k,x) = (=) Uy (). (2.2.7)
=0 j=i
Proof. We show that
n—1 n—1
= Z — 1)K Uy ()
i=0 j:i

solves the recurrence relation (2.2.5) under the same initial conditions as
those of G,,(k, x) and hence they must be equal. For n = 0 it is easy to see
that gO(kux) =0= Go(k,ﬂf) and gl(kux) = UO(x) = G1<k,$),

gns1(k,x) = ZZ 1)k Us()

= k" "Us( +n ( {nz —k)j+(—k)”‘1(1—k)}> Us;()
= k"Usn(z) + gna(k,z) + K" (k= 1) _( )" Uy (). (2.2.8)

We can also write

gn(k,z) = K" Upy_o(x) + ' ((—1)1{ '(—k:)j + (—k:)"_l}> Usi(x)

=0 j=i
n—2
= K" Uy o(x) + gna(k, ) — "1 Z(‘U"HU%(J?)
=0
n—1
= gn71(k,x) — k1 Z(_l)nﬂUQi(iﬂ),
=0
so that
n—1
g1 Z(_l)nHUgi(fL') = gn_1(k,z) — gn(k, x). (2.2.9)
=0
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Making the substitution in (2.2.8), we obtain

gnir(k, ) = KUz () + gna(k, 2) + (k = 1) (o1 (k, 7) = gn(2))
= k"Usp(x) + (1 — k)gn(k, z) + kgn-1(k, x),

as desired. 0
The following corollary is immediate.

Corollary 36. For all k € R and alln > 1,

k" (2T 1(x) — kUsp 1 (7)) — 2$ n—1 n—
20(4(k + 1)22 — (k + 2)?)

1
)i (k + 1)U (). (2.2.10)

=0 j=1

2.2.2 Roots of P,(k,x)

Recall that U,,(—xz) = (—=1)"U,(x) so that if r,, is a root of P,(k, x), so is —r,.
We will show that when k£ > 1 and n > 3, P,(k,z) has n — 2 roots in (—1,1)
and two roots outside this interval. We need n > 3 because P;(k,z) = = and
Py(k,z) = 22 — 5(k 4 2) and these are trivial cases. We then give estimates
for the bounds of the roots that lie outside (—1,1).

The quadratic 4(k + 1)z — (k + 2)? that we encountered in the previous
section has connections to the roots of P,(k,z). In fact, we will see that the
two roots of P, (k,x) that are outside (—1,1) are very close to the roots of
this quadratic.

The roots of P,(k,z) in (—1,1) are the intersection of U,(x) and (k +
1)U,—2(z) in (—1,1). For n odd, both U,(x ) and U,_»(z) have a root at
x = 0 which is also a root of P,(k, ). U,(z) has 25 critical points in (0,1)
and in (—1,0). Similarly, U,_»(z) has 32 crltlcal points in (0,1) and in
(—1,0). Clearly, U,(z) and U, 5(x) have 253
(—1,0), which are the n — 3 non trivial roots of P,(k, x)

On the other hand, when n is even both U, (z) and U, _»(z) have a critical

point at x = 0 with one being a maximum and the other a minimum. U, (x)

intersections in (0,1) and in

and U,_»(x) respectively have § — 1 and % — 2 critical points in (0,1) as
well as in (—1,0) by symmetry. This implies that U, (z) and U, _5(z) have

% — 1 intersection points in (0, 1), and by symmetry in (—1,0), which together
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make the n — 2 roots of P,(k,z). We now study the remaining two roots of

P,(k,x).

Theorem 37. Let n > 3, and let r,, be the largest root (in absolute value) of
P,(k,z). Then for all k >0,

k+2  Vk ey o k2
Wk+1 4lk+1)t "~ " To/k+ 1

Proof. To simplify the notation, if

I/—ﬁ and p = hr2 vk (2.2.11)
NS Mokt A+ v =
then )
v4+vV12—1=vVk+1, and v—Vi2—1= 1

We also have 2\/% = vk + 1, so that by (1.0.2) and (1.0.3),

o2pn(k,v) = ((k: + 1)/ 4 W) —VEk+1 ((k: +1)" - %)

(k+1)" 2
k+2 S
(k + 1)n/2

for all £ > 0 and for all n > 1. Now

> 4 R - k+2 N 1
a 4k +1) k3(k+1)"3  4k(k+1)23 |
By series expansion,

p*—1

2vk+l 2k3 (k+1)n3 2RI k3 (k1)*m 2

VR kb (et aR2(ern)> 8 K2 (k1)3n=s )

(2.2.12)
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and

Ve Sm— _ 1.2
- k + 1 (1 + 3 2 3 + 3211423(?]:1))25173 + Ok ( 5 k2 9 >>

4k2 (k+1)" "2 k§(k—|—1)3”_§

= VE L4z BENRE o (—1 )

4kZ (k+1)n—2  32k3(k+1)>"" 2 k3 (kg1)3n—6
(2.2.13)

We also obtain the expansions
(o v

= 1 — 1 _ 1 1
( k+ 2k%(k+1)n72 4k2(k:+1)2n_% + Ok (k%(k+1)3n5)>

— (]{Z—}—l)% . n + n(n—1)k—2n

k
WD (h+1)5 3 8k (k1) T 3 <k2(k+1)2" 2>

2.2.1

\ro

and
(- vie 1)’

_ 1 1 1 1

= L.+ Lo+ O <+n4> . (22.15)
2 2

(k+1)2 22 (k+1) k2(k+1)2

From (2.2.13) we find that

: —\ o 2(k+1)—nk
241 (revir=a) = (k1= + 23 (k+1)3 -

4n?—20n+15
F = + O | " )
32k(k+1) 2 k2(k+1) 2

(2.2.16)

N|Co)

n—1
2¢/p2-1 <,u a 1) RRTEEaT 23 (k+1)% 3 + Ok <k2(k+1)52”—5)‘
(2.2.17)
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Now subtract (2.2.16) from (2.2.14) to obtain

—(k+1) _4n2—20n+15 n
Sk+1)3 32+ DT\ kY

5

2
n
2

=~

and add (2.2.17) to (2.2.15) to obtain

3n_ 3
2

k+2 (nk+2)(k+1)+nk n
n 3 +Ok
(k+1)z 2k2(k+1)=~

Finally add (2.2.18) to (2.2.19) to find that

2P, (K, 1)

R ) (k1) n 16(nk+2)(k+1) 8 —k3 (4n2—20n+15) +
- 3 n 3 3n
k2 (k+1)2 32k2 (k+1)2 3

It is easy to check that for all £ > 0
k2(k+2)— (k+1)2 <0

and is ~ —1k%% — k2 for k large.

2.3 Resultants and discriminants

k+1)%-

) , (2.2.18)

W) . (2.2.19)

In this section we give identities for resultants and discriminants of some of

the polynomials studied in this chapter. Identities for resultants are par-

ticularly important in understanding the relationship between some of the

polynomials.

Theorem 38. If k € R, then for all n > 1, the resultants of S,(k,x) and

R, (k,x) with respect to x are given by
Resz(Sn(k,x), Rn(k;7x)) — 2n(n—1)

for n even, and
Res,(Sy(k, ), Ry(k,z)) = on(n-1).

forn odd.
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Proof. Recall that
To(z) = Uy(z) — U,y (2),

so that
Sp(k,x) = Ry(k,z) — xR, 1 (k, ).

By (1.5.3),
Res,(Sn(k,z), Ry(k,x)) = Resy(—xR,_1(k,z), Ry(k, x)).

It is easy to check that R,(k,0) = (—=1)"2 for n even and R,(k,0) =
(=1)"s k for n odd. Now by (1.5.1) and (1.5.5),

Res,(Sy(k,x), Ry(k,x)) = (—1)”/2_1Resx(Rn(k, x), Ry_1(k,x)),

for n even, and for n odd we have

n+1

Res,(Sp(k,z), Ry (k,x)) = (—=1) 2 kRes,(R,(k,z), R,_1(k,x)).
It remains to show that for all n >1
Resy(Ry(k,x), Ry_1(k,2)) = (=1)72""=D,

where j = n/2 for n even, and for n odd, j = (n — 1)/2. It is easy to
check that Res,(Rs(k,x), Ro(k,z)) = —25, Res,(Ry(k,x), Ri(k,z)) = —22,
and Res,(Ry(k,z), Ro(k,z)) = 2°. Using the recurrence relation (1.0.1) we
obtain

R.(k,x) =2zR, 1(k,x) — R,_2(k,x),

so that by (1.5.3) and (1.5.1)

Res, (R, (k,x), Ry—1(k,x))
= Res,(2xR,_1(k,x) — Ry—a(k,x), Ro—1(k, 2))
= (=1)" 122"V Res (R,_1(k, ), Rp_o(k, x)).
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Similarly

Res,(R,—1(k,x), Ry—a(k,x))
= Res,(2zR, _o(k,x) — R,_3(k,x), R,_2(k,x))
= (=1)"222"2D Res (Rn_o(k, ), Ru_s(k, x)).

The proof follows by iterating this process n — 3 times and using the initial
values Res,(Rs(k, ), Ro(k, 1)) = —2°, Res,(Ro(k, ), Ry(k,z)) = —22, and
Res,(Ry(k,x), Ro(k,x)) = 2°. O

Conjecture 39. The resultant of S, ,(k,x) and t,(k,z) with respect to x is
given by

Resy (Sny(k, ), te(k,x)) = (—1) 2 =D (k2 — 1),

Conjecture 40. The resultant of R, ,(k,z) and t.(k,x) with respect to x is
given by
Res, (R, (k, ), t.(k,x)) = 2" ) (k2 — 1)1

for r odd, and

Res, (R, (k,x), t.(k,z)) = 2t (- 1) (k4 1)

for r even.

Theorem 41. For all k € R and n > 1, the discriminant of Py, 1(k —1,x)

15 given by
Discy (Pops1(k —1,2)) = 2 ((2n + 1) + n(k — 1))?an_1 (k)2

where an (k) is given by (1.5.10).

Proof. 1t can easily be shown (see [7, p. 10]) that Chebyshev polynomials of
the second kind satisfy the identity

Usni1(z) = 22U, (22 — 1).
We use this identity to write
Popyi(k —1,2) = 2 (U, (22> — 1) — kU, (22° — 1)) .
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To simplify the notation, let
ho(k, ) == U,(22° — 1) — kU, _1(22% — 1).

The derivative of Chebyshev polynomials is given by

%Tn(l‘) = nUn—l('r)
Ona) = T Rals) (23.1)

To calculate the derivative of h,(k,z), we use (2.3.1) and simplify using the

recurrence relation (1.0.1) to get
(1 —2®)h (k,z) = (k — 22 + Dnh,(k, 2) + L, (k, 2)U,_1 (22> — 1) (2.3.2)

where
L(k,z) =nk* +n+1—k(2n+1)(22° —1).

Using the derivative of h,(k, x) given by (2.3.2), we find that the derivative

of Pa,11(k —1,z) to be given (after rearrangement) by

(1—a2®) Py (k= 1,2) = (1—2*)h,(k,z)+ (k- 22° + 1)nh,(k, 2)
+ (b, 2)Up_1 (22 — 1)
= ((n+1+nk)— 2n+ 1)z*)h,(k, )
+ 1 (k, 2)U, 1 (22 — 1).

Apply (1.5.3) with a,, = 2*" and the role of n —[ played by (2n+2) —2n = 2
to deduce that

Resy(why(k,z), (1 — 2%)(zh,(k,2))) =
24" Resy (xhy (), (n+ 1+ nk)h,(k, ) + S, (2)Up_1(22* — 1)). (2.3.3)

Now, evaluate the left-hand side of (2.3.3) using the special values

Ul)=n+1, Uy(~1)=(-1)"(n+1) (2.3.4)
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(see e.g., [27, p. 777]), and using identities (1.5.1) and (1.5.5) to find that

Resy(why(k,2),1 —2%) = (=1)*""h,(k,1)(=1)h,(k, —1)
= (Un(1) = kU,_1(1))?
= (n+1-nk)

so that

Resy(ah(k, 2), (xha(k, 7)) = Resx(azhn(/{éﬁ (f:skggxhn(k, )')

(2.3.5)
To evaluate the right-hand side of (2.3.3), we first note that

hy(k,0) = U,(—1) — kU,—1(—1)
= (—1D)"(n+1+nk),

and
Lk, 0)U,_1(—=1) = (=)™ 'n((2n + Dk +n + 1+ nk?),

so that

Resg(z, (n+ 1+ nk)h,(k,z) + L, (k,2)U,_1(22° — 1))
= (n+ 14+ nk)h,(k,0) +1,(k,0)U,—1(—1)
= (=1)"(n+ 1+ nk).

Again by using (1.5.3) with a,, = 2?" and n — [ = 0, we have
Resg(hn(k, 1), (n + 14+ nk)h,(k,z) + L,(k, 2)U,_1 (22> — 1))

= Resg(hn(k, ), 1, (k, 2)Up_1 (22% — 1)).

Using the chain rule for resultants (1.5.6) with deg f = degg = n, and
t(x) = 22? — 1, we find that

Resy(hy(k, t(2)), L (k, (@) Un_1(t)) = 2™ [Resy(hn(k, x), Ly (k, 2)Un_1(2))]* .
(2.3.6)
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Now

Res,(hy(k,x),l,(k, x))
= Res,(Up(x) — kU,_1(x), —(2n + Dkx +n + 1 + nk?)

— (=10 1)k (U () - kU ()]

= (n+1)? = n?k*)an_1(—k)
= ((n+1)* = n’k*)an,—1(k), (2.3.7)

which follows from (1.5.10) and the fact that a, (k) is an even polynomial in
k. On the other hand, from (1.5.10)

n(n—1)
2

Res,(Up(x) — kUp—1(z), U,—1(x)) = (—1) gnin=1), (2.3.8)

Substituting (2.3.7) and (2.3.8) in (2.3.6) and together with (2.3.5), we find
the right-hand side of (2.3.6) to be equal to

(=1)"2%° =2 (n 4+ 1 4 nk)((n + 1)% = nk>)an_q (k)2
By (2.3.5),

Resy(Poni1(k —1,2), Py, (k= 1,2)) = (=1)"(n + 1 4 nk)>27+2q, (k)2

(2.3.9)
Finally apply (1.5.7) with a,, = 2" and (—1)% = (—=1)*"**" to complete
the proof. O

The discriminant of Py, (k—1, x) with respect to z involves some polynomi-
als b, (k) that seem to behave in a similar manner to the a, (k) polynomials.
Recall that the a, (k) polynomials first appeared in the work of Dilcher and
Stolarsky [17] and later in the work of Gishe and Ismail [18]. Below is a list
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of the first few a, (k) polynomials

(k) = 1

(k) = k*+4

(k) = 4k*+13k* + 32

as(k) = 32k5 + 93k* + 204Kk* + 400
(k) = 400k® 4 1084k° + 2213k* + 4032k + 6912
(k) 6912k10 + 17856k° + 34709k° + 60152k* 4+ 98000k* + 153664
(k)

—  153664k'2 + 383376k'0 + - - - + 2850816k2 + 4194304
(2.3.10)

This is the first time we are encountering the b, (k) polynomials. The first

few terms of this polynomial sequence are

bi(k) = 1
bo(k) = Kk*+2k+5

bs(k) = Hk*+ 8k® + 18k* + 28k + 49

by(k) = 49k5 + 70K + 151k* + 212k3 + 351k 4 486k + 729
bs(k) = T729k® + 972k™ + 2052k5 + 2704k° + 4350k* + 5676k>+

8228k? + 10648k + 14641
be(k) = 14641k10 + 18634k° + 38841k® + 49016k" + 77522k° + 97116k°+
137930k* 4+ 171704k3 + 230685k2 + 285610k + 371293

br(k) = 371293k'% + 456976k + - - - + 9112500k + 11390625
(2.3.11)

Observe that just like the a, (k) polynomials, the leading coefficient of b, (k)

coincides with the constant coefficient of b,,_1 (k).

Theorem 42. For all k € R and n > 1, the discriminant of Py, (k —1,x) is
given by
Discy (Pon(k — 1,2)) = 22D+ (| 4+ 1)b,, (k)2

where b, (k) are defined by

bn (k)

o —onpngn (2n—1)k%+(2n+1) (2n—1)k+1
— (2n—1)k—(2n+1) [U" ( 4nk ) - 2n Un—

. ((2n—1)k2+(2n+1)>:|

Ank

(2.3.12)
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Proof. We first use the identity
Usn(z) = U, (22° — 1) + U1 (22° — 1)
together with the recurrence relation (1.0.1) in (2.2.3) to obtain

Py (k—1,1) = % ((k+ 1)U, (22" — 1) + (k + 1 — 4k2®)U,_1(22% — 1)) .
(2.3.13)

Using the derivative for Chebyshev polynomials (2.3.1) we have

d 2
- 1_ (222 — 1) (—n(2$2 — 1)Un(2x2 —1)+(n+ 1>Un71(2$2 _ 1))
B ﬁ (=n(22® = DUL22° = 1) + (n+ YUpa (227 = 1)) . (23.14)

Now apply (2.3.14) in (2.3.13) to find that

(1 —2*)Py, (k—1,2)
= %(k +1) (—n(22® = DU (22> = 1) + (n+ 1)Up—1(22% — 1))
+ =(k+1—4k2®) (—(n — 1)(22° — 1)Up—1(22° — 1) 4+ nU,_»(22% — 1))

—4k(1 — 2%)2°U,_1(22° — 1). (2.3.15)

N | —

We now simplify (2.3.15) using the recurrence relation (1.0.1) in the form
Unp_o(22% — 1) = 2(22* — 1)U, _1(22% — 1) — U, (22° — 1)
to arrive at

(1 —2*)Py (k—1,2) = n(k—1)2*U,(22% — 1)
+ ((Bnk — k+n+1)2* — dnkaz*) U,—1(22° — 1). (2.3.16)

We now verify that

2n(k —1) x?

E+1 x2P2n(k_17x)+k—+1Qn(k7 I)Un—1(2x2_1)7

(2.3.17)

x(l—x2)P2'n(k—1, x) =
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where
qu(k, ) = (k+1)((2n — Dk +2n + 1)) — 8nkz? (2.3.18)

is equivalent to (2.3.16) by applying the formula (2.3.13) for P,(k — 1,x)
and expanding.
Using (1.5.2) with f(z) = 2%/(k+1) and g(z) = P2, (k—1,x) we find that

22
Res,, (Pgn(k —1,x2), o 1)

— m (% ((k+1)Un(-1) + (k + 1)Un_1(—1))>
1

nrEE

2.3.19)

where we have used (2.3.13). Next apply (1.5.3) with g(x) = Py, (k — 1, )
and f(z) = U,_1(22%* — 1) to arrive at

Res., (Pgn(k —1,2),U,_1(22% — 1))

- (%(/{; + 1))2n_2 Res, (Up(22% —1),U,1(22° — 1)) . (2.3.20)

Now using (2.3.8) and the chain-rule for resultants (1.5.6) in (2.3.20), we
deduce that

Res, (Pon(k — 1,2),Up_1(22% — 1)) = 22" D=0} 4 1)20=2 (2.3.21)

Let
2 _ (k+1)(2n—1k+2n+1)

8nk ’
Then r(n, k) is a root of g,(k,z). If x = +r(n, k), then 22% — 1 is the

r(n, k) (2.3.22)

(2m — 1)k* + (2m +1)

z(m, k) :== pr—

(2.3.23)

expression that appears in the definition of the polynomials b,(k) . Apply
(2.3.22) to (2.3.13) to obtain

Pyl — 1,7(n, k) = W(k‘ F1)((2n — Dk — (20 + 1)bu(k), (2.3.24)
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where b, (k) is as defined in (2.3.12). Using (1.5.1) with f(z) = ¢,(k,z) and
g(x) = (Pan(k — 1, ) together with (2.3.24), we obtain upon simplification

Resx (P2n(k - 17 SL’), qn(k,l’))
= (=8nk)™ Pon(k — 1,7(n, k))*
= 220D (k4 1)2((2n — 1)k — (2n + 1))2b,(k)2. (2.3.25)

Combining (2.3.19), (2.3.21) and (2.3.25), and applying (1.5.5) we find that

Res, (Pa(k —1,2),2(1 — 2*) Py, (k — 1, ))
= 22Cn=D=2(k L 1)2((2n — 1)k — (2n +1))%b, (k)% (2.3.26)

Now

Res, (Pop(k —1,2),2(1 —27)) = Pap(k —1,0)Pan(k — 1,1) Py, (k — 1, 1)

= (—1)”%0{ +1)((2n — Dk — (2n + 1)),
(2.3.27)

where we have used the special values (2.3.4) in the evaluation of the re-
sultant. Using (1.5.5) again, together with (2.3.26) and (2.3.27), we find
that

Res, (Py,(k —1,2), Py, (k—1,x))
Res, (Pop(k —1,2),2(1 — 2*) Py, (k — 1,x))
Res, (Po,(k — 1,z),2(1 — x2))
= (=1)m22Cr= DB 4 1)b, (k). (2.3.28)

Finally use (2.3.28) in the formula for discriminants (1.5.5) with f(z) =
Po,(k—1,2) and ag = 2*"~! to obtain

1
Discy (Pon(k —1,2)) = (—1)n@n=D(—1)n2nCn=D+ (L 4 1)p, (k)?

2271,—1

_ 2(2"_1)2+1(/€+1)bn(k)2

as desired. n

Remark 3. It can easily be shown that U, (%) as a polynomial in k has
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all roots on the unit circle. Here,

k2 +1 .
i = Jm #(m. k),

where z(m, k) is as defined in (2.53.23).
Recall that U,, (cos(jn/(n+1)) =0 foralln>1 and j =1,2,...,n. Soif

we set z(m, k) = cos @ where 0 = jm/(n+ 1), we will have
Un(z(m,k)) = 0.

We now show that for m > - all the roots of Un(z(m, k)) lie on

1
2sin(7/(n+1

the circle of radius /3242 Setting z(m, k) = cos 0, we have
1
k= <2m cosf + (1 — 4m*(sin 6’)2)1/2>
2m —1

and k is non-real whenever m > 1/(2sinf). It is straightforward to check

2m+1
2m—1"

that k lies on the circle of radius

Corollary 43. Let b, (k) be as defined in (2.3.12). Then the leading coeffi-
cient of this polynomial is (2n — 1)"~2. Further,

0) = (2n—3)"7?, (2.3.29)
1) = 2" n", (2.3.30)
bo(—1) = 2" 1pm L, (2.3.31)

Proof. The first statement and (2.3.29) follow from the fact that U, (z) has
leading coefficient 2". Using the special values (2.3.4), we find that (2.3.30)
and (2.3.31) follow quite easily. O

77



CHAPTER 3

POLYNOMIALS WITH CHEBYSHEV
COEFFICIENTS AND BI-CONCYCLIC
ZEROS, AND THEIR HANKEL
DETERMINANTS

Let ¢ > 0 and consider the polynomials K, (c, z) defined as
n—1
K,(c,x) := ZTk(C/2)(22n_k + 28+ T (c/2) 2™ (3.0.1)

k=0

We show in Section 3.1 that the generating function for K, (c, 2) is

(1 — 22t%)(2 — ctz) R i
D7 D(F — e 7 1) 2 KA

(3.0.2)

Since T,(1) = 1 for all n, then K,(c, z) reduces to

for ¢ = 2, a self-reciprocal polynomial which of course has all roots on the
unit circle. So as we will see in Section 3.1, for ¢ = 2 — € where € is real and
very small, all roots must remain on the unit circle. It is easily seen that as
¢ varies through real values, no zero can move off |z| = 1 until it becomes
a multiple root by coinciding with another zero. Thus we want to know the
discriminant Disc,K,(c, z) and its roots. This discriminant has no known
“nice form”. For n = 13, its peculiar root distribution is shown in figure 3.1.
Indeed as ¢ decreases from 2 through real values, multiple zeros occur and
a complete description of the root description even for —2 < ¢ < 2 seems
elusive.

It would seem even more difficult to handle a corresponding modification
of
2n 2
i=0
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03

02

-0.11

02}

-03%

Figure 3.1: Roots of Disc,Ki3(c, z).

For example

(Z zi> = Z(z +1)(z5" + 2") + 524,

=0
so the most natural corresponding Chebyshev modification would be P, (c, 2)

defined by
P,(c,z) = i: Ui(c/2) (2*"7F + 2F) + U, (c/2)2". (3.0.3)

In this chapter, we study properties of P,(c, z) in great detail. Of particular

interest is the root distributions and Hankel determinants of P,(c, z).

3.1 Generating function and zeros of P,(c, 2)
We start by showing that the polynomials generated by the rational function

1— 222
(t—1)(tz2 = 1)(2%2 —czt + 1

= gopn(c, )" (3.1.1)
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n | P,(c 2)

01

1|22+cz+1

2 | 2t e+ (2 - +cz+1
3

4

2 l)z

Dted+ (=12 + (B -202+ (2 —1)22+cz+ 1

B+ (=120 4 (¢ —20)2° 4 (¢* =32 + 1)zt + (¢* — 20)2°+

(*=1)22+cz+1

5 zm—i—czg+( — 1)z —|—(c —2¢)2" +
(¢ —4c? +3c)z +(c* =3+ 1) +

212 4 et + (2 1)210 + (¢ 20)29

(c* — 3c? +1)26+
(3 =20)23 4+ (2 =1)22+cz+1
+( 3c +1)z+
A —4c 4+ 3¢)2" + ct + 6c2 64 3+ 3c)z
4 3 -5 6c° — 1)z —4 3c)z°
c c+1)z" + c)2® + z+cz+
(' =3¢ 1)“( —20)2° + (¢ — 1) 1

Table 3.1: Table of the first seven polynomials P, (c, z).

are indeed the polynomials defined by equation (3.0.3). From the generating
function (3.1.1), we deduce that these polynomials have a five term recurrence

relation given by

Poii(e,2) = (Z2+cz+1)P(c,2) — z(c2* + 22+ ¢)P1(c,2) +
(22 +cz+1)P,s(c,2) — 2* P _s(c, 2). (3.1.2)

The first seven polynomials in this sequence are given in the table below;
We can see that they are palindromes with Chebyshev polynomials in ¢/2

as their coefficients. The following Theorem makes this precise.

Theorem 44. For alln > 0 and c € R,

Po(e,2) = i Ui(e/2) (2"7F 4 2F) + U, (c/2) 2" (3.1.3)

Proof. 1t is easy to check the right hand side of (3.1.3) for n = 0, 1 and 2.
It suffices to show that (3.1.3) satisfies the recurrence relation (3.1.2). We
will proceed by induction on n using the recurrence relation for Chebyshev

polynomials (1.0.1) in the form

Un+1 = CUn — Un—1~ (314)
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From (3.1.2), we have

Poyi = (2+1)(P,+22P,_y) —2:°P,_ — 2*P,_3
+ ¢ {an + 2P g — (22 + z)Pn,l} ) (3.1.5)

First we evaluate the sum of ‘terms without ¢’ in (3.1.5) above. By (3.1.3),

(22 4+ 1)(P, + 22P,_3) — 22°P,_| — Z4Pn_3

= (2%41) {ZU N +ZU Sy 2+k)—|—Unz"+Un_2z”}

n—2 —4
_2 § Uk (22n k 2+k § 2n 2— k 4+k)_2Un_1Zn+1_Un_3Zn+1.
k=0 k=0

—1 n—1 n—3
Z 2n+2 k Zk) + Z U, (Zank + Z2+k) + Z U, (Zank + Z2+k)
k=0 k=0 k=0
n—3
-9 Z U Lk 2+k) + Z U, (2271727]6 + Z4+k)
k=0

_ZUk 2n—2— k 4+k) +CUn,1<2n+2—|—2n)

+

1
—U,_12"t — cU,_o2" .

Note we have used (3.1.4). And after cancellations we obtain

Z Uk: (22n+2—k’ + Zk) + 2Un—lzn+1 + 2Un_32n+1 o Un_2(2n+2 + Zn)
+eUp 1 (2" 4 2™) — Up_1 2™ — Uy g2
Using (3.1.4) once again, we deduce that
Z U 2n+2 k ) _ Un_2(2n+2 + Zn) . Un_lzn—i—l
+c {Un_l M2 2" 4 Upo2" ) (3.1.6)

Now combining ‘terms with ¢ in (3.1.6) together with those in (3.1.5) and
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use (3.1.3) to find that

2P+ 2Py — (2* 4+ 2) Py 4+ Up1 (2" 4 2™) + Up_g2™™!

n—1 n—3
_ Z U, (22n+1—k + 21+k) + Z U, (anflfk + Z3+k)
k=0 k=0
n—2
— (2 +2) Z Up (2*"727% 4+ 25) + U2 420,521

k=0

Upon rearranging and simplifying, we obtain
Unp_1(2"T2 4+ 2") + U, 2",

Using the recurrence relation (3.1.4), we find that the total contribution of

‘terms with ¢’ is given by

c {Un71(2n+2 + zn) + Unszrl}
= (Up+ Un2) (2" +2") + (Ups1 + Un1)2" (3.1.7)

Finally add ‘terms without ¢ in (3.1.6) together with (3.1.7) to get

n—1

P = Z U, (Z2n+2—k + Zk) _ Un,g(znﬂ + zn) _ Un,lz"H
k=0
+(Up + Un) (2" + 2") + (Upgr + Uy 2™

_ Z Uk (22n+2—k + Zk:) + Un+1zn+1,
k=0

completing the proof. m

From the generating function (3.1.1) of P,(c, z), we easily get the gen-
erating function of K, (c,z). First recall (see (2.2.2)) that the Chebyshev
polynomials of the first kind and those of the second kind are related by the
identity

T () = Uy(z) — U,y (2). (3.1.8)

Using this identity in (3.0.1) and (3.0.3), we deduce the identity

K,(c,z) = Py(c,2) — %can_l(c, 2). (3.1.9)
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Corollary 45. For alln > 0, K,(c, z) are generated by the rational function

(1 —22t%)(2 — ctz)
Ko
20t — 1)(t2% — 1)(22£2 — cat + 1) Z (c,2)¢

Proof. Straightforward using the generating function (3.1.1) and the identity
(3.1.9). 0

To calculate the zeros of P,(c, z), we first transform the polynomials to a
much simpler expression. We do this by multiplying each polynomial P,(c, 2)
by the quadratic z? — cz + 1.

Lemma 46. For eachn >0,
(22 — cz+1)P,(c, 2) = 222 — 2T, 1 (¢/2)2"" + 1 := P,(¢,2).  (3.1.10)

Proof. We are going to use (1.0.1) and (3.1.8). From the definition of P, (c, z),

—

Pie,z) = (I—cz+2%)) U(c/2) (2*"F +2) + Up(c/2)2"

3

B
Il

—1
— Uk(C/Q) (22n+2—k + Zk+2 + ZQn—k + Zk) + Un(C/Q) (Zn+2 + Zn)
k=0

Z (Ust1(c/2) + Up—i(c/2)) (227441 4 2541)

3

O

(Un+1(0/2)+Un 1(c/2)) 2"

_ Z Uk 0/2 2n+2—k + Zk—l—? + ZQn—k + Zk) + Un(C/Q) <2n+2 + Zn)
k=0

= (Uk(e/2) + Uk—a(c/2)) (22752 + 2F)

k=
— (Un11(¢/2) + Un-1(c/2)) "1,

3

3

;_n

where we have used (1.0.1) with # = ¢/2. After cancellations we get

P,(c,z) = Ay 2U,_1(c/2)z"tt — (Uny1(¢/2) + U,—1(c/2)) P
= nt2_ (Uny1(c/2) — U,—1(c/2)) ARy |
— 22n+2 o 2Tn+1<C/2)Zn+1 i 1’
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where the last line above follows from (1.0.1) and (3.1.8). O

From this simple expression for the polynomials pn(c, z), we can easily

show how their roots are distributed.

Theorem 47. Let ¢ € R be non-zero, and let P,(c,z) be as defined above.
For alln > 0, Pn(c, z) has all roots on T, the union of two concentric and
wnversely related circles with radii

c+\/02—4'
2

ry = and 1o =

c— 02—4‘

2

Proof. Set 2" =y in (3.1.10) to obtain the quadratic
y? — 2T 41 (c/2)y + 1.

The roots of this quadratic are

y = Tuni(e/2) £ (T2, (c/2) — 1)

1
= Thi1(c/2) £ 5\/02 — 4U,(c/2),
where the last equality follows from Pell’s equation for Chebyshev polyno-

mials

T (z) — (2 = )U2_(z) = 1. (3.1.11)

Now use the explicit formulas (1.0.2) and (1.0.3) for Chebyshev polynomi-
als to deduce the two roots of the quadratic y? — 2T;,,1(c/2)y + 1 to be given
by

y1 = Thii(e/2) + %v 2 —4U,(c/2)

B (c+\/7¢2—4)"“
= (=)

and

yo = Thi1(c/2) — %\/ 2 —4U,(c/2)
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Recall that y = 2" so P,(c, z) factors as
Po(e,z) = (" = y) (2" = )

with roots z; = r1e?/ ) and z;, = ree?™/ ) for j k = 0,1,2,...,n
where r| = @ and ry = @. Clearly all the zeros of pn(c, z) lie on
T and are dense on T" as n — co. Moreover from the explicit formula for the
zeros, it is easy to see that they are evenly distributed on 7" with an equal

number of zeros on each circle. O

The explicit formula for the roots of Pn(c, z) implies that for each ¢ € R,

the roots of Pn(c, z) come in both conjugate and ‘angular’ pairs.

Corollary 48. Let ¢ € R be non-zero, then for all n > 0, P,(c,z) has all

roots on T', the union of two concentric and inversely related circles with radii

c+\/02—4'
T = T and r9 =

2

c— 02—4‘

Since the quadratic 22 — cz + 1 has its roots on 7', the proof is immediate
from Theorem 47.
We are now going to see how P, (¢, z) can be conformally lifted (in a very

natural way) to a polynomial with roots on the ellipse

2 2
E(e, V2 —4): T, Y

= 1.
2 c2—-4

For more on the conformal mappings between circles and ellipses, see for
example [7, § 1.4.1].

From the generating function (3.1.1) we have

1—t2 = 1
= Pu(c, _tny
1= (z+1/2)t+ )1 —ct +2) 7; (e.2) 5

(3.1.12)

and by setting

w:=z+ -

we find that

1
P,(c,w) = —P,(c, 2).
Z'fl

Comparing the generating function (3.1.12) for P,(c,w) to the rational gen-
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erating function

4(1_(11;1];“251(_75@“2 Z n(w/2) = Tp(c/2))t" (3.1.13)

for translated Chebyshev polynomials, it is easy to see that

Pole,w) = —— (Ty(w/2) — Tu(c/2)) .

w—cC

From Theorem 3 with A = ¢ and «a = 2, the roots of P,(c,w) are given by

2 21
ijCCOS< m)—i—@v 4sin(ﬂ>

n n

for 1 < j <n—1 and lie on the ellipse E(c,v/c? —4) whenever |¢| > 2. For

|| < 2 the roots are all real.

3.2  Resultants and discriminants

Our main goal is to give identities for the discriminants of P,(c,z) with
respect to ¢ and with respect to z. A knowledge of the resultants of cyclo-
tomic polynomials will be useful. A classic article on resultants of cyclotomic
polynomials is [28], and an elementary proof of an identity for cyclotomic
polynomials was given by Dresden [29].

We start by proving a trivial (but rather useful) identity for the resultant

of a product of cyclotomic polynomials. Recall that

at—1= H@d(x)

dln

where

by(x) = [ (x—elk/a)),

(k,d)=1

and e(k/d) is the shorthand notation for exp(2mik/d).

Lemma 49. Form >1andn=m — 1,

Res, ((ax)™ — 1, (bx)" — 1) = (=1)" (a™" — ™). (3.2.1)
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Proof. The roots of (bz)" — 1 are je(k/n) for k = 1,2,...,n. Now apply
(1.5.1) with f = (bx)™ — 1 and g = (bx)™ — 1 to deduce that

Res,(f,g) = ™ ﬁ ((%e(k:/n))m - 1)

k=1

_ amnkﬁl (e(km/n) - Z—:)
= e T (5 et

bmn
— (=1)"a™ 1),
(~1)"a (m )

Here we have used m =n+1 and 2" — 1 = [[,_, (z — e(k/n)). O
For n > 0 and a € C, let
Qnla,z) = 22 —2az" +1 (3.2.2)
— @ -
where r = a + va2 — 1. We can now write
Qn(a,z) = ((z/rY™" = D) ((xr/™)™ = 1). (3.2.3)
Theorem 50. Forn > 1,
Res, (Qula, ), Qu_1(b,z)) = 4(Tp(b) — Ty1(a))”. (3.2.4)
Proof. 1f we write
— 1)((wst/ D)=t 1), (3.2.5)

Quor(b, ) = ((a/sY0 Dy

then by (1.5.5), the resultant of Q,(a,z) and Q,—1(b, z) is a product of four

resultants. Using (3.2.1) with a = r=/" and b = s7%/("=1 we have

Res, (((z/r'/™)" = 1), ((x/s"/ =Dyt =
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Next apply (3.2.1) with @ = 7=/ and b = /("1 to find that
Res, (((x/rl/")” — 1), (st D)yt — 1)) = (—=1)" (s" — r’(”’l)) :
Now apply (3.2.1) with a = /™ and b = s~1/("=1 to find that
Res, (((zr*™™ = 1), ((x/s"/ )=t — 1)) = (=1)" (s — r("’l))
Finally apply (3.2.1) with a = 7¥/" and b = s'/("=Y to obtain
Res, (((xr*™™ = 1), ((xs/™ D)=t — 1)) = (=1)" (s" =" V) . (3.2.9)
Multiplying the right-hand sides of (3.2.6) and (3.2.7), we obtain
1 — = D(g" g7 4 720D (3.2.10)
and multiplying the right-hand sides of (3.2.8) and (3.2.9), we obtain
1—r=D(g" 457 4 2D, (3.2.11)
Now note that by definition,
2T, (a) =r" 4+ 17",

and has the identity
2T, (a)? = Ton(a) + 1.

Multiply (3.2.10) and (3.2.11) to obtain after simplification

Resgy (Qu(a, ), Qu_1(b,x)) = 24 Toy_o(a) — 8T,_1(a)T,(b) + 4T, (b)*
= A(T(b) = To1(a))*.

We have an immediate corollary

Corollary 51. For alln > 1,

Res, (]Sn(c, x), ]5”_1(0, x)) =0
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This can be seen directly from the definition of pn(c, x). We can also
apply the Theorem with a = T,,(¢/2) and b = T,,_1(¢/2). By the well known
identity (see for example [19, p. 5])

the corollary follows.

Corollary 52. For alln > 1,

Resy (Qn(a,2), Qn-1(a, 2)) = 4(a — 1)*(Up-1(a) + Un—2(a))’

Proof. Set b = a in (3.2.4) and use the recurrence relation (1.0.1) for Cheby-
shev polynomials together with the identity (3.1.8). O

Theorem 53. The discriminant of pn(c, z) with respect to z is a polynomial

in ¢ giwen by the identity,
Disc,(P,(c, 2)) = (n + 1)) (2 — )10, (¢/2)2 ), (3.2.12)

Proof. First using (3.1.10), we have

%Pn(c, z)=2(n+1)2" (?J”Jr1 — Tn+1(c/2)) ’

so that

. d .
Res, (Pn(c, z), @PH(C, z))
= Res, <]5n(c, z), 2(n+ 1)z"> Res, (Pn(c, z), (2" — Tn+1(c/2))> :
Clearly
Res. (Pa(c,2), 2(n+ 1)z") = 2(n + 1)),
while on the other hand,

Res. (Pale.2), (2" = Toia(¢/2))) = (Tuna(/2)* = 2Talef2)? + 1)

(T3
— (1) (T (e/2)? = 1)
9~ 2(n+1)< _4)n+1Un(0/2)2(n+1)7
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where we have used Pell’s equation for Chebyshev polynomials (3.1.11) to
find (T,,41(c/2)* — 1) = —i/2v/c? — 4U,(c/2). Putting everything together,
we find that

Res. (Pn(c, 2), d% (e, z)) = (n 4 120 (2 — 4)"117, (¢/2)2 D,

A

Now use (1.5.7) with f(x) = P,(c, z) and ag = 1 to get the desired identity,
Disc.(P,(c,2)) = (n 4 1)> (2 — )"+, (¢/2)2 Y.

]

Since the roots of U, (z) are all real and in the interval (—1, 1), the roots

~

of Disc,(P,(c,z)) are all real and in the interval [—2, 2].

Theorem 54. The discriminant of pn(c, z) with respect to c is a polynomial

i z giwen by the identity,
Discy(Pon(c, z)) = (2n + 1)2nF1220Cnt) (Ant2 _ 120, (3.2.13)
forn even and

Discc(p2n+1 (C, Z)) _ (2n + 2)2n+2z2(2n+1)(n+1)(22n+2 + 1)2(z4n+4 . 1)271,
(3.2.14)
forn odd.

Proof. Recall the definition of P, (¢, z) in (3.1.10). As a polynomial in

~

Pu(c,2) = =20, 11(c/2) 2" + 2272 4 1,

and has leading coefficient z"*!. Its derivative with respect to c is given by

@ Pale,2) = ~(n+ DU(e/2).

This implies that

R d -~
Res.. (Pn(c, z), d_P"(C’ z)) =
c

(1) (n + 1)1 204D Res, (Pn(c, 2), Un(c/2)) .
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A

Applying (1.5.7) with f(x) = P,(c, z) and ay = 2"*!, we have

A

Disc. (Pn(c, z)) = (n+ 1)""12"" Res, (pn(c, z), Un(c/Q)) :
It suffices to prove that for n even,
Res. <Pn(c, 2), Un(c/2)> — (242 q)n
and for n odd
Res, ([f’n(c, z), Un(c/Q)) = (2"t 1) (22— )t

From (3.1.8) we get the identity T,,41(x) = 2U,(z) — U,—1(x) which we use
to find that

Res, (Pn(c, 2), Un(c/2)> = Res. ((2U,_1(c/2) — cUy(c/2))2" !
+ 2" 4+ 1, Uy(c/2))
= Res. (2U,_1(c/2)z" " + 2772 + 1, U,(c/2))

n

k
- H (2Un1 (cos T ) 2L 2 1)
n+1

k=1

— (Z2n+2 + 2
k=1

sin(nkm/(n+ 1))
sin(km/(n+ 1))

We have used the well known identity (see [7, p. 15])

sin(nd)
sin(6)

Up—1(cosf) =

Recall that

sin(kr/(n+1)), if kis odd

sin(nkr/(n +1)) = { —sin(kn/(n+ 1)), if k is even '

The theorem follows. O

Corollary 55. Forn > 1, let p,(x) be defined as

pn(2) := Up(x) + Uy (). (3.2.15)
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Then for 2n + 1 prime,

0, if m#0 mod 2n+1

» (3.2.16)
m, if m=0 mod 2n+ 1.

pn<Tm(x)) mod pn(x) = {

3.3 Hankel determinants

For a sequence {ag, ai, as, ...}, its n x n Hankel matrix is given by the sym-

metric matrix
Qo c. Ap—1

H, = : : . (3.3.1)
ap—1 ... Q2p-1

In this Section, we are going to give identities for the determinant of the k x k
Hankel matrix of the sequence {P,(c, z)}. Since P,(c, z) has a much simpler
form, it is easier to calculate for the Hankel determinants of {P,(c, z)} from
which the Hankel determinants of {P,(c, z)} are easily obtained.

Denote by m'¥ the k x k Hankel matrix

ﬁn,l(c, z) ... Pn+k,2(c, z)
m®) = : : (3.3.2)
]‘:’n+k72(07 z) ... Pn+2k73(ca z)

of {P,(c,z)}. We start with the most challenging calculation, the 2 x 2

Hankel determinant of P, (c, z).

3.3.1 The 2 x 2 Hankel determinants of {P,(c, 2)}

We give the identity for the 2 x 2 Hankel determinants of {P,(c, z)}, a mul-
tivariate polynomial in ¢ and z, and conjecture some interesting root distri-

bution properties of this polynomial.

Theorem 56. The 2x2 Hankel determinant for P, (c, z) is given by —z"J,,(c, 2)

where

i
L

Ju(e,2) =Y 2(k+ DT i(c/2)(z27F + 2F) + (2n + 1)2". (3.3.3)

B
Il
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Proof. To simplify calculations for the 2x2 Hankel determinants of { P,(c, 2)},

we will first calculate for mg)(c, z), the determinant of m'? and show that

mg)(c, 2) = —2"(22 —cz+ 1)), (c, 2). (3.3.4)

The Theorem will be immediate by applying (3.1.10) and some basic prop-
erties of determinants.

From the definition of P,(c, z) in (3.1.10), the determinant of m{ is given
(after simplification) by,

—2" (2T, (c/2) (2> + 1) — 4T, 41 (c/2) (2" + 2)
+ 2T 12(c/2) (27" 4 2°%) — 252" T2 — (2" — 42"%2 + 27).) (3.3.5)

We now have to show that

2Tn(22n+4—|—1)—4Tn+1 (22n+3+z>+2Tn+2(Z2n+2+22>_2T22n+2_(zn+4_4zn+2_'_zn)
(3.3.6)
is equal to (2% — cz + 1)%J,,(c, z). Write

(22 —cz+1)? =2* — 4T 22 + (2Ty + 4)2° — 4Tz + 1,
and use it to expand the product

(2* — ez +1)* (2(k + DT i (2% 4+ 2%) + (2n + 1)2")
to deduce that

= 2(k+ 1)Tnik(22n+4fk + Z4+k) —8(k + 1)Tn,kT1(22”+3’k + Z3+k)
+ Ak + 1)Tn,kT2(z2"+2’k + 22+k) +8(k + 1)Tn7k(z2n+27k + 22+k)
— 8(k 4 DTy Ty (2278 1 280 1 2(k + )T, (227F 4 2F)
+ 20+ 1)2" M —4(2n + D)T12" +2(2n + 1)To2™ 2 + 4(2n + 1)1
—4(2n + D)T2"™ + (2n + 1)2" (3.3.7)

Now use the identity (see for example [19, p. 5])

2T, (2)Tn(z) = Thym(z) + Tlnfm\(x)
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n (3.3.7) to find that

= 2(k + DT (22 7F £ 247 —4(2n + D)T12"™ + (20 4 1)2"
404 1) (Tt T ) (257 297

+ 2( (Togo—i + Tino—g)) (2°"T27F 4 22HF)

4+ 8(k 4+ )Ty (227270 4 2278 1 2(k + )T p(227F + 2F)

— Ak +1 ( itk + D1 k‘) (2 A1k Zl—i—k) + (2n+ 1)Zn+4

—4(2n + D)T2" +2(2n + 1)To2™ 2 4+ 4(2n + 1)2" 2 (3.3.8)

)
)
)T
)

We now compare coefficients of T; in (3.3.6) and those of 7} in (3.3.8) for
0 <j<n-—1. We get coefficients for T,, when k = 0, 1,2 and these are

T, 2022 4 2% = 8(27 2 4 21) +6(2% + 2*) +8(22 2 + 27)
— 8(22T2 4 2B £ 2(2M 4+ 1)
= 222"t 4+ 1).

For k£ = 0,1 we get coefficients of T, ;. These are

Thit: —4(22"+3 + 23) + 4(z2”+1 + 23) — 4(22"+1 + 2)
= —4(2"3 4 2).

Coefficients for T},, o appear only when k£ = 0, and these are
Thio: 2(22T2 4 22).

We now examine the coefficients of 7,,_,, for 1 < m < n — 3 and show that

they are all zero. These are

T o 2(m 4 D)(22H™ 4 24— 4(m + 2) (2227 4 24
— Am(2TE™ L 22T L (m 4 3) (2P 4 2T
+2(m = DT+ 27) 4+ 8(m - 1T 4 2T —
— d(m +2)(22 T 4 2 — A (2T 4 2™
(m+ 1) (22" + 2™)
0
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The coefficients of T, come from the valuesof k =n—4, n—3, n—2, n—1.

These are

Ty:  2(n—1)(2"T0 4+ 2"2) —dn(2"™ 4 2"2) — 4(n — 2)(2" 10 + 2")
+2(n = 3)(2"T0 4+ 2" ) £ 8(n — 1)(2" T 4+ 2") — dn(2"T2 + 27
—4(n —2)(2"M 4+ 2" 1 2(n — 1)(2"T2 + 2"2) 4 2(2n + 1)

_ _2zn+2

-1
-1

Coefficients of T} come from the values of K =n —3, n—2, n— 1. These are

Ty 2n(2"P° 4 2" —4(n — 1)(2"° + 2" 2n (2" 4 2
+2(n —2)(2"° 4 2" 4+ 8n (2" + 2" —4(n — 1) (2" 4 2"
+2n(2" T+ 2" —4(2n + 1)2"T — 4(2n + 1)
= 0.

Finally the coefficients independent of T,, when n > 0 are given by

To:  —4n(z"™ + 2" +2(n — 1)(2" M + 2™) — 4n(2"2 + 2")
+ (2n 4+ 1)2" +4(2n + 1)2"2 + (20 + 1)2"

o Zn+4 +42n+2 o Zn'

All the coefficients of T; for 0 < j < n+ 2 match, hence the two polynomials

must be equal. O

Numerical calculations suggest that for all n > 1 and all real ¢ with |¢| > 2,

the roots of J,(c, z) all lie on the unit circle.

Conjecture 57. Forn =2k + 1 odd, all the coefficients of ¢ in J,(c, z) are

polynomials in z whose non trivial roots lie on the unit circle.

Let n be the degree of J,,(c, z) as a polynomial in the variable c¢. We easily
see that .
lim —J,(c,2) = 2" + 1

n—oo C"
has all roots on the unit circle. Of course the truth of the conjecture requires
this. We now ask about the coefficients of the other powers of ¢. For n
odd, they seem to have all non-zero roots on the unit circle, in spite of not

satisfying in general any standard sufficient condition for this to be true.
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The coefficient of the zeroth power of ¢ in Joy1(c, 2) is given by zJ,EO)(z)

where

T
L

JOE) = A (PG DE ) 4 (<) (dn 4 8)2%
5 2k+2 kN 2

= ﬁ (4285 — (—1)F(z* = 622 +1)2% + 4) . (3.3.9)

Il
=)

The coefficient of ¢ in Jogy1(c, 2) is given by (2272 + (—1)’“)],51)(2) where
k

Tz = Y (-1 (2K +1—25)(2) + 1)

J=0

The coefficient of ¢2 in Jopy(c, 2) is given by (—1)F7122J%)(2) where
k

JE) = D= G+ D 4 2Y),

J=0

The coefficient of ¢® in Jop11(c, 2) is given by (—1)’““Jl§3)(z) where

D1k =)k =+ 1)k = )+ 1)(2) + D 4 2%),

D=

The coefficient of ¢* in Joe1(c, 2) is given by (—1)%2z(22 +1)J{")(2) where

k
HOG) = o S k= (k= ) = D0+ DE 4 ),

7=0

3.3.2  Other Hankel determinants of P,(c, 2)

The following lemma will be useful in the proof of the next two Theorems.

Lemma 58. Let P,(c,z) be as defined in (3.1.10). Then for all n > 0 and
all j >0

pn+j<cv Z)—Can+j_1<C, Z)_I_ZQpn-i-j—Q(ca Z) = (Z2n+2j+1)(22_cz+1)' (3310)
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Proof. From the definition of P,(c, z) in (3.1.10),

A

Poyj(c,2) — czPy(c, z) + 22P,_j(c, 2)
= (2D 9T 2" 1) — ez (22D - 9T, 2T 4 1)
+ 22(20 ) o, 2T )
= 220022 — ez 4 1) — 22" YT — Ty + Toajo1) + (1 — ez + 22)
= (22" 4 1)(2* —cz + 1).

O

Theorem 59. The 3x3 Hankel determinant of P,(c, z) is given by z*"*2H,,(c, 2)
where H,(c, z) is a palindrome in z of degree 2n + 2 given by the identity

[y

3

H,(c,z) = 2 (Thio(c/2) — Ti(c/2)) (22"F27F 4 27 — 2T0,(¢/2) (22 + 2")
k:—O4Tn+1(c/2)z”+1. (3.3.11)
Proof. First, we show that the determinant of m is given by
m® (e, 2) == 22"T2(2* — c2 + 1)°Hp (¢, 2) (3.3.12)

from which the Hankel determinant of P, (c, z) follows. We first write m{ (c, z)

as

N

P”—l(ca Z) (07 Z) pn+1<c7 )
C

mf’)(c, Z) - Pn(cv Z) +1( ,Z) Pn+2<c> Z)

~ A A

Poyi(c,2) Pata(c,2) FPuys(c, 2)

In the matrix, perform the row operation r3 — czry + 2%r; using (3.3.10) and

P,
P,

factor out 22 — cz + 1 from the new row 75 to find that

mg)(c Z) ‘éN—l(Caz) P;n(C,Z) P;n-i—l(C,Z)
22 —cz41 - Pn(c7 Z) Pn+1(c7 Z) Pn+2(C, Z)

Next, perform the column operations C3 — czCy + 22C) using (3.3.10) and
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factor out 22 — cz + 1 from the new column Cj to find that

(3) Poi(c,2) Pule,2) 22241
ma(e2) | g 2 2n+4
(2—cz+1)2 Pu(e,z)  Papa(e,z) 22 +1

22n+2 + 1 Z2n+4 + 1 Z2n+4 + 1

Next, perform the column operations Cy — C5 to obtain a new column C,

followed by the row operation ry — r3 to obtain a new row 79 to find that

22041 — 2T, 2" —2T, 2" 2272 4]
—2T, 12"t —2T. 02" 0

Z2n+2 + 1 0 Z2n+4 + 1

md(e2)
(22 —cz+1)2

We can simplify the first row(column) further by r; — z272r3 to obtain a new

Trow 71
3) 1—272-2T,2" —2T, 2" 1—272
_mi(eD) | op e g g
(22 —cz+1)2 1% nt2% ’
Z2n+2 +1 0 22n+4 +1

and finally C; — C3 to obtain the new column C} to obtain a much simpler

matrix
m(g)(c 2 2T, 2" — 2T 12" 272(22 = 1)
T Amr | 9T 1z"+1 _oT 22n+2 0
(22 —cz + 1)2 n+ n+
_22n+2(z2 _ 1) 0 z2n+4 +1
Now
—2T,. 2" 2Ty 12" 272(22 - 1)
—2Tn+12n+1 —2Tn+22n+2 0
_22n+2(22 _ 1) O z2n+4 + 1
2Ty 2222 —1)

— _223n+2(22_1) +4<Z2n+4+1>z2n+2

T, Tou ‘

Z2Tn+2 0 Tn+1 Tn+2
= 2P AT L ) (T Thye — T2y ) — 22"(2° = 1)°Thya )

n

= 2 1)@~ 4) = 2272 - 1) T}
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where the last step follows from

TnTn+2 - T,3+1 == Tn(CT’rL+1 - TTL) - T13+].

= -T2, + Ty — T2
- _Tn—i—l (CTn - Tn—l) + CTnTn+1 - Ts
= Tn+1Tn—1 - TZ

= LT, - T¢

C2

= — —1. 3.3.13
: (33.13)
it suffices to show that
(22" 4 1)(* —4) = 22"(2* — 1) 0 = (2 —cz+ 1)H,(c, 2).  (3.3.14)
First

—22"(2% — 1) Ty + (22 — cz + 1)(2T0(c/2) (2" 2 + 2™) + 4T 41(c/2) 2" )
= 22" {(cz* = 22° =224 )Ty — (22" — c2® — 2+ 2)T,, } .

For k > 0, let Fi, = F,, x(c, z) be defined as

Fk = —QZn_k {(CZ4+2k — 223+2k — 22 + C>Tn—k+1

—(22M%F — 2R — x4 )T, ) (3.3.15)
We show that

Flo=2(2% — ez + 1) ("™ 4 2T i — Tooj1) + Fropr
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Indeed

L gk f(pAt2k _
Fy—Fen = {(c

_(224+2k _ CZ3+2k
9 ,n—k—1 {(626+2k

_(226+2k _ B2k

22 2 4 )Tk

—cz+ 2)Tn,k}

— 22T 22 4+ )Ty,
—cz+ 2)Tn_k_1}

_ g k-1 {(Cz5+2k B

(252 PRk

24 222 4 ) T_j

cz+2) Tk

T (_Z6+2k + Z4+2k + ZQ o 1 CTn,k}
= 202" —cz+ 12" =T+ DT+

(Z4+2k+1) n—k—l}

= 2(22 —cz+ D)2 4 ) (Tokgr — Toier),

since 1}, = T, 11 + T,—1. We can now write Fj as

i
L

F, =22 —cz4+1)Y (Tnopor — Toepor) (2" pon by

b
I

0

where

F, = —2(c2™ — 22372 _ 22 4 )T} + 2(22M" — 2" — c2 + 2)Th

= (@),

which conveniently cancels with the remaining term on the left-hand side of

(3.3.14).

Numerical computations suggest a rather interesting behavior for the roots
of Hy(c,z). For n sufficiently large and |c| > 2 real, H,(c,z) has a pair of
complex conjugate roots close to —1, and a pair of real reciprocal roots close

to 1. The remaining roots lie close to 7', the union of two concentric and

inversely related circles with radii

c++c2—4
2

r =

100

and 19 =




Theorem 60. The 4 x 4 Hankel determinant of P,(c, z) is given by
(22 o 1)2(02 o 4)Z4n+6'

Proof. We show by elementary row and column operations that the determi-

)

nant of mflk is given by the identity

mM (e, 2) = (2% — cz + 1) (22 = 1)%( — 4) 2416, (3.3.16)
First write m(k)(c z) as
4 )
pnfl(ca Z) Pn(c? Z) anrl(Ca Z) pn+2(c7 Z)
4 Pn(ca Z) Pn—i—l(cv Z) Pn+2(ca Z) Pn+3(cv Z)
m®(c,z) =1 . . . .
Pn—l—l(C; < Pn+2(C, Z) Pn+3(cu Z) Pn+4(cv Z)
Pn+2(C, < Pn+3<ca Z) Pn+4(cu Z) Pn+5(c> Z)

In the matrix, perform the row operations rs — czry 4+ 2%r; — r3 and ry —
czrs + 2°ry — 1y using (3.3.10) and factor out 22 — cz + 1 from each of the

new rows to get

Pn—l(ca z) Pn(Q z) pn+1(0’ z) pn+2(C» z)

m(cz) | Pulen) Punlez) Puolez) Pusc?)
(22 —cz+ 1)2 Z2n+2 +1 Z2n+4 +1 Z2n+6 +1 z2n+8 +1
22n+4 +1 22n+6 +1 22n+8 +1 ZZnJrlO +1

Next, perform the column operations C3 — czCy + 22C; — C3 and Cy —
czCs + 2°Cy — Cy using (3.3.10) and factor out z? — ¢z + 1 from each the

new columns to get

P,_i(c,2) Po(c,z) 22241 224

m\P(c, z) B P(c,2) Po(c,z) 22441 22046 4
(22 —cz 4+ 1)4 | p2nt2 41 g2ntd ] G241 2046
Z2n+4 + 1 z2n+6 + 1 Z2n+6 +1 Z2n+8 + 1

Now follow the last step by 74 — 2%r3 — 74 and factor 1 — 22 from the new
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row. And C; — 22C5 — Oy, and factor 1 — 22 from the new column to get

Po_i(c,z) Pu(c,z) 22241 1

mi(c, 2) | Pue2) Pupa(ez) 2411

(22— cz + 1)i(1 — 22)2 L2  L2nd ] L2y ]
1 1 1 1

Further simplify the matrix by the column operations C; — Cy — C; followed

by factoring 2"/ from Cj respectively for j =1, 2, 3, and 2? from r3 to get

9T, A T, 11

mgfl)(c, 2) B 22 22T 2 = 22T, 221

(22— cz + 1)A(1 — 22)24n+5 n e+l 11
0 0 0 1

This is now a determinant of a 3 x 3 matrix. Now ry — 2?r; — 79 and

r3 —1T1 — 11 gives

n n+1
m(4)(c 2) # =2l 2= 2T 1
n s B 9 9
(2 —cz + D31 = 2)aints 22T, — 22141 22°Th41 — 221,42 0
2Tn 2Tn+1 0
— 4z ZTn - Tn+1 ZTnJrl - Tn+2
Tn Tn+1

= 42(T,Thie — Toiy).

The theorem follows by applying (3.3.13). O

3.4 Remarks

Let

One might ask about the root distribution of the polynomials formed by first
expanding S, ,»(x) and then replacing each integer coefficient k41, for k > 0,
by Uk(c/2). The case n = 6, m = 4 and ¢ = 5 already shows that the zeros

need not lie on the union of two circles. In fact we get 12 zeros on the union
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of two inversely related circles and 4 zeros on the unit circle. Is it always
true that we will have 2n zeros on the union of two inversely related circles,
and m zeros on the unit circle? We leave open the problem of finding the
root distribution in this more general case.

Another interesting problem comes from modifying the numerator of the

generating function for P,(c, z) to obtain

1+ 222 -
=Y By(c,2)t".
T -2 = 2 Bale
(t=1)(tz* = 1)(*> —czt +1)

The zeros of B,(c,z) seem to lie close to the zeros of P,(c, z). Unlike the
polynomials P,(c, z) from which we could get a simpler polynomial, it is not
clear how the same can be done to B, (c, z). Also, the polynomials B,(c, 2)
do not have simple identities for their discriminants with respect to both z
and c¢. What relationships can we draw from P,(c, z) and B,(c, z)? We also
leave open the problem of finding the root distribution as well as identities

for the discriminants of B,(c, z).
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CHAPTER 4

CHEBYSHEV-LIKE POLYNOMIALS WITH
ROOTS ON HYPERBOLAS

We have so far just connected Chebyshev polynomials with ellipses. What
about other conic sections? It turns out that a family of parabolas formed
from the roots of a generalized cyclotomic polynomial has parameters whose
various minimal polynomials are of interest. Some of them lead immedi-
ately (but conjecturally) to Chebyshev T-polynomials. We conjecture specific
generating functions for the others. Various specializations of these gener-
ating functions lead to rational functions with quartic denominators whose
power series coefficient ratios connect with periodic continued fractions (even
though periodic continued fractions are traditionally only associated with
quadratic polynomials!)

We then proceed in another direction, motivated by a connection between
one of the quartics, and another quartic which then becomes our primary
focus. The connection here might appear tenuous, but this quartic leads us
to periodic continued fractions that we find of considerable interest. These

depend on a parameter z, namely

2z, 2z(z? — 2)].

When 2 is replaced by a parameter s, we obtain polynomials with many (and
in many cases all) roots on hyperbolas, and which are expressible in terms of
Chebyshev U-polynomials. We thus have connected Chebyshev polynomials
to all types of conic sections.

In section 4.2 of the chapter, we construct from polynomials with real roots,
polynomials with roots on hyperbolas. Here, we show how any polynomial

with real roots can be lifted to a polynomial with all roots on a hyperbola.
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4.1 Chebyshev-like polynomials from continued
fractions with roots on hyperbolas

4.1.1 Parabolas and the unit circle

This section contains mostly conjectural statements. However, the generat-
ing functions encountered here raise interesting questions about rationally
generated integer sequences and periodic continued fractions. Consider the

polynomial
Go(m,x)=m+ao+2®+2°+- + 22+ ma™ (4.1.1)

where m is real. By a theorem of Weiyu Chen [30], G, (m, x) has all its roots

on the unit circle whenever m > 1.
Conjecture 61. Form > 1/2, all roots of G,(m,x) =0 are on |z| = 1.

Obviously when m = 0, G,(m,x) has a trivial root and the remaining

roots lie on |z| = 1. For m = 1/2,

(1+2)%(1 — a2

Gul1/2.0) = g

which clearly has all roots on |z| = 1. As m increases from 0 to 1/2, the two
real (and inversely related) roots of G, (m,x) move towards |z| = 1, and at
m = 1/2, the two real roots coincide at z = —1. As m further increases, the
double root splits into complex conjugate roots on |z| = 1. In the limit as
m — 0o, the 2n roots of G, (m, ) approach the roots of 1 + z*".
Let
y* = h(2x — h) (4.1.2)

be the parabola that goes through (z,y) and (x,—y), the left-most pair of
conjugate roots of G,,(m, z). For non-real roots x &+ iy with 0 < y < x there
are two distinct real values for h, call them hy and hy. Let H,(m,z) be the

minimal polynomial for hyhs.
Conjecture 62. Forn odd,

Hy(m, z) = m2T(2)? — (2m — 1)%@”_1(@ —om@m—1), (413)
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while for n even,

H,(m,x) = m*T,(z)* — (2m — 1)%@,”(3:) —2m. (4.1.4)

It is easy to prove the conjecture when m = 1, m = 0 and m = 1/2. From

the right hand side of (4.1.3) and (4.1.4),

H,(1.3) = —=Toa(VE). Hy(0.) = 2= To,0a (V).

and
T.(\/7)? for n odd

Hn(1/2,$) = { %(Tgn(ﬁ) _ 1) for n even.

The two non-real and left-most roots of G, (1, x) are given by
—cos(m/(2n+ 1)) £ isin(nw/(2n + 1)).

Solving the quadratic (4.1.2) for h using these roots we find that

hy = —cos(m/(2n+ 1)) — \/cos(2r/(2n + 1)),
hy = —cos(m/(2n+ 1)) + \/cos(2m/(2n + 1)),
so that
hihy = sin(m/(2n + 1))
To see that

%Twﬁ-l (\/5)

is the minimal polynomial for hyhs, recall that

T.(x) = % ((x +Va2—1)" + (z — Va? — 1)”> :

Now we have

" Z'n—i—l

T, (sin(z)) = 5(1 + (—1)") cos(nz) — 5

(1 —(—1)")sin(nx).

It is clear that for n odd, T,,(sin(7/n)) = 0. The proof is now straightforward.

The case where m = 0 is very similar.
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Now
hi + hy = —2cos(m/(2n + 1))?,

and its minimal polynomial divides U, (z/2) + U,_1(x/2). To see this, first
note that hy + he is a root of Ty,y1(z/2) — 1. It remains to show that
Un(x/2) 4+ U,—1(x/2) is a non-trivial factor of To,41(z/2) — 1.

Lemma 63. For alln > 1, Ty, 11(x/2) — 1 factors as
Toni1(7) — 1= (z — 1)(Uy(2) + Up_1(2))* (4.1.5)

Proof. First we apply Turan’s identity for Chebyshev polynomials to the
right-hand side of (4.1.5) to deduce that

(x — 1) (Un(2/2) + Up_1(2/2))? = (2 —1)2(x + 1)U, (2)Up_1(x) + 1)
= 2(2* = 1)U, (2)Up_1(2) + 2 — 1.

Let x = cos# and use the well known trigonometric identity

cos(a + b) — cos(a — b) = —2sin(a) sin(b)

to find that
—2sin? U, (cos 0)U,,_1(cos ) +cosf —1 = —2sin(n + 1)fsinnd + cosd — 1
= cos(2n+1)0 — cos@ + cosf — 1
= Ty,y1(cosh).
[l
For the case where m = 1/2, the two non-real and left-most roots of

G,(1/2,x) are given by
—cos(m/n) £ isin(w/n).
Solving the quadratic (4.1.2) for h using these roots we find

hy = —cos(m/n) —+/cos(2m/n),

hy = —cos(m/n)+ +/cos(2m/n),
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so that hihy = sin(m/n)?. It is now easy to show that for n odd, the minimal
polynomial will be a non-trivial factor of \%Tn(ﬁ) Recall that for n even,
T,(sin(x)) = i"cos(nx). This implies that T (sin(r/2k)) = (—1)*** and
hence the minimal polynomial will be a non-trivial factor of T),(y/x)* — 1.

Now hy + he = —2cos(m/n) and its minimal polynomial is a non-trivial
factor of (—1)"T),(x/2) + 1. When n = 2k is even,

T, (z) + 1 = 2Ty (z)?,

so the minimal polynomial of h; + hy will be a non trivial factor of Ty (x/2).
On the other hand, when n = 2k + 1 is odd, we have from Lemma 63 that
the minimal polynomial of hy + he will divide Ug(x/2) + Uy—_1(x/2).

What can be said of the minimal polynomials for h; and hs? The first

observation is that h; and hs have the same minimal polynomial. If we let
(x — h)(x — hy) = 2% + 2z cos(n/n) + sin’(7/n),

we find that the minimal polynomial for h; (or hs) is a polynomial in Q[z]

for which

4G+ ) e — (2462

where ¢, = e is a factor in C[z].

Conjecture 64. Let m,(x) be the required minimal polynomial. Then for

n=2j+1 odd, m,(z) is a non trivial factor of M;(x) where

1+ (4o — 1)t + (4o — )2 + ¢3 -

J(x,t) = = ZMj(m)tj.

1 —4(1 + 22)t +6(1 4+ 4x2)2 — 4(1 + 22)3 + 14

j=0

(4.1.6)
The first 6 polynomials in this sequence are given in the table below;

Conjecture 65. For all j > 1, the two leading coefficients of M;(x) are 2%.
M;(z) is irreducible if and only if j is prime. If p|j and p is prime, then
My ()| M; ().

Conjecture 66. If p is prime, the discriminant N, (M,(x)) is divisible by p
(and in fact by p*=2). If q| AN (My(x)), where p and q are prime, then ¢ = +1
(mod p).
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J | M;(x)
0|1
1| 3+ 4x + 422
2 | 5420z + 42% + 162° + 1624
3 | 7+ 56z — 5622 + 487% — 1621 + 6425 + 6425
4194120z — 3122% — 14423 — 464" + 642° — 1922° + 25627 + 2562°
5 | 114 220z — 10122 — 15842° — 1584z — 17922° — 25602° — 25627
—1280x® + 10242 + 102421°
Table 4.1: Table of the first six polynomials M;(z).
J | Yi(x)
01
1|4+ 422
2 | 10 + 8% + 162!
3| 20 — 442% + 64x°
4 | 35 — 3522% — 448x* — 12825 + 2562°
5 | 56 — 141622 — 2048z* — 26242°% — 102428 + 102421°
6 | 84 — 427222 — 2912x* — 691225 — 128002® — 61442'° + 409622
Table 4.2: Table of the first seven polynomials Y;(z).
Now set
K(r,1) = 1 —S v
x
1 —4(1 4 22)t + 6(1 + 422)t2 — 4(1 + 22)t3 + 14 il

7=0
(4.1.7)
The first few polynomials in the sequence are given by

Then M;(x) and Y;(z) have many properties in common.

Conjecture 67. The roots of the polynomials generated by J(x,t) and K (x,t)

are either real in the interval (—2,2), or lie on the ellipse
E(1/vV2,1): 222 +4>=1.

The real roots are either “significantly” inside or outside the ellipse. So
none are very close to +-L 7 the points at which the ellipse intersects the real
axis. The roots on the ellipse cluster somewhat at the top and bottom of the

ellipse.
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Recall that the transfinite diameter of E(+/5,1) equals the golden ration.
The ellipse E(1/4/2,1) is also very special in the sense that its orthogonal

trajectories are parabolas. To see this, Let i—j + Z—j = 1 be an arbitrary
ellipse. Then 3/ = —Z—i%, so the orthogonal slope is Z—;% Now ¢/ = Z—j% has

the solution y = k’x“z/bQ, and this is a parabola when a = 1/\/5 and b= 1.

4.1.2 Rationally generated integer sequences and periodic
continued fractions

Given any integer sequence {C),},>0, the ratios of consecutive elements of
the sequence C,.1/C, are rational numbers with finite continued fraction
expansion. Suppose the integer sequence is rationally generated. When
is the ratio C,41/C, a truncation of a periodic continued fraction? Put
another way, what rational functions generate integer sequences such that the
ratio C,11/C,, of consecutive elements is a truncation of periodic continued
fractions?

As an example, the rational function ﬁ generates Fibonacci numbers
and clearly the ratio of consecutive Fibonacci numbers is the truncation of
% (1 + \/5), the golden ratio.

Remark 4. It is easy to show that integers generated by the rational functions

1+t 1+0t
1—at+t2 1—at—t2’

ratio of consecutive integers is a truncation of a periodic continued fraction.

and

where a and b are integers, have this property, i.e., the

We will revisit these integer sequences in chapter 5 where we will look at

integer multiples of continued fractions.

In this section, we look at examples of rationally generated integers of the

form

D]\(]C(ﬁ) - ; Ciy(a)t” (4.1.8)
where D(a,t) is a quartic in ¢, and a is an integer. We show that for specific
values of a, Cy,+1(a)/Cy(a) is a truncation of a periodic continued fraction.

Revisiting the rational function J(x,t) defined in equation (4.1.6), we note
that the values z = 1,4,1/ /2 are special in this rational function. Consider

for instance
(14 1)(1 —2(1 — V2)t + 12)
1 —6t+ 182 — 6t3 + t4

J(1/vV2,t) =
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Its denominator factors over Q(v/7) as
((8+3\/?)—(3+f7)t+t2) ((8 3V7) — (3 \/_)t+t2)

Below are some phenomena connected with Q(v/7).

Proposition 68. Expand J(1/v/2,t) and replace every a + bv/2 by the coef-

ficient a. The resulting sequence is generated by

(1—t)*(1+1) ZCt”

1 — 6t + 18t2 — 613 + ¢4

The C,,11/C, in this case are essentially truncations of the continued frac-

tions of 8 +3v/7, 24+ V7, —(24+V7)/3 and (4 +V7)/3.

Proof. We are going to show that for all n > 0,

Cin

2t = [4,1,{1,1,4,1,1,1,4,1}™],
C’4n

Cin

R = 02,4,1,{1,1,4,1,1,1,4,1}],
C4n+1

Cun

— S 1,1,4,1,{1,1,4,1,1,1,4, 1},
C4n+2

Cin

it 15,1, {14, 1,14, 1}, 15, 1],
C4n+3

and these are truncations of 2 + v/7, %(4 + \/?), %(2 + \/7) and 8 + 3v/7
respectively. The notation {ci, cs, ..., c; }¥) means the word ¢y, co, . . ., ¢4 has
been repeated j times.

The sequence C,,,1/C,, starts off as

11 17 271 1259 2789 4319 68833 319781
"5 117 177 271712597 27897 4319 7 68833

We first divide the sequence C,, into four classes as shown below:

1—17t 5+ 11t

=" Ot Cunirt™,

14254t +¢2 Z 4 14254t +¢2 Z antl
17+t > 11 + 5t

ast™, — N Oy iot™

14254t + 2 Z An+3 14254t + 2 Z Ant2

n=0
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Now define the sequence [,, by

1 o0
—_— = [t
1 4 254t 4 2 ;%

From (4.1.9), we get the relations

Now

ln—i—l

C4n

C4n+1

C'471—}—3

[4,1,{1,1,4,1,1,1,4, 1}("+1)] = [4,1,1,1,4,1,1,1,

= 2541, — l,_1,

= ln - 17ln717
- 5ln + 1].ln_1,
= =170, + l,-1.

CV4n-§-1 ]
C4n
9223C! st + 144Cy,

48Cyn1 + 31Cy,

Using (4.1.10), (4.1.11) and (4.1.12), we have

and

223Cyn41 + 144Cy, =

48C 41 + 31Cun

293(50, + 110,_1) + 144(L, — 170,_1)
5 x 2541, — 11, + 51, 1

5(—lp i — o) — 11 + 51y
—(5lpg1 4+ 11lp41)

_C4n+57

= 27U, + 1,1
= (_anrl - lnfl) + 17ln + lnfl
- —(ln+1 - 17ln)

- O4n+4 .
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Hence

Clan
[4,1,{1,1,4,1,1,1,4,1}(n+D] = 2782,
C’471—1—4

The proofs for %Lﬁ and _% are very similar and will be omitted. Suppose
that

Cin
it 15,1, {14,1,14,1}™ 15, 1].
C4n+3
Then c 150
dn+4 — an+3 (n)
= [{14,1,14,1}"™ 15,1],
—Clinya +16Cs0, 3 3 f |
so that
Clunsa — 15CY,
[1571’{1471714,1}("“"1)715’]_] = [15,1,147171471’ Ak e

—Clynta +16Cy 13
255C4 44 — 16Cy543
16Cun+a — Capgs

Using (4.1.10), (4.1.11) and (4.1.13), we have

955C ey — 16Css = 255,11 — 40631, — 161,
= (_ln+2 - ln) + ln+1 + 16<ln+1 + lnfl) + ln - 16ln71
= _ln+2 + 17ln+1

- C4n+8-
Similarly,

160471—1—4 - C’4n—i-3 = ]-6l'rL+1 - 255ln - ln—l
= ]-6ln+1 + (ln—l—l + ln—l) - ln - ln—l
= 17ln+1 - ln

- _O4n+7-

This implies that

Cin
[15,1, {14, 1,14, 1}V 15 1] = =248

An+7

The proof follows by induction on n. m

Proposition 69. Ezpand J(1/v/2,t) and replace every a + b\/2 by the coef-
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ficient b. The resulting sequence is generated by

2t(1 4 t) ZB .

1 — 6t + 18t2 — 613 + t4

The Byi1/B, in this case are essentially truncations of the continued frac-
tions of 54+2v7, (114+4v7)/3, —(5+2v7)/3 and also, 1 is a ratio infinitely
often.

Proof. We are going to show that for all n > 1, %ﬁ =1 and

By,
It —[3,2,3,{10,3,2,3}™)],
B4n+2
By,
Dant2 [7,{5,6,1,6}(")],
B4n+1
By,
—=l —[{10,3,2,3}0],
B4n

and these are truncations of %(5—1—2\/?), %(11—}—4\/7) and 5+2+/7 respectively.
The sequence B,,,1/B, starts off as

24 247 1777 6096 62737 451351

St = 1 P
7’7’7 247 247177777 6096 © 62737

We divide the sequence B,, into four classes as shown below

o0

48t 24 14t
—_— = By t", Bypiat",
1+ 254t + t2 HZ:U ! 14 254t + 12 Z et
48 - 14+ 2t
N Bt By iot".
1+ 2541 + ¢2 7; ks 14 254t + 2 Z ez
and from (4.1.9), we get the relations
B4n+4 - B4n+3 — 48ln, (4114)
Bupsr = 20, + 141, 4, (4.1.15)
B4n+2 - 14ln + 2ln71- (4116)
Clearly, 3 B“"*‘* = 1 follows from (4.1.14). Now suppose
Bun
—in _ 13,2,3,{10,3,2,3}™)],
B4n+2
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we find that

By,
3,2,3,{10,3,2,3}"*V] = [3,2,3,10, =3
B4n+2
247Bypt3 + 24Bapto

72Byni3 + "Bt

Using (4.1.10), (4.1.14) and (4.1.16), we have

24T Binss + 24Bynsy = 48(254L, + L,_1)
== —48ln+1

- _B4n+7a

and

72Bupis + TBanss = 35541, + 141,
- 14(_ln+1 - lnfl) - 2ln + 14ln71

— _B4TL+67

which implies that

By,
[3,2,3,{10,3,2,3} (1] = 24T

N B4n+6.
Next suppose that
By,
—% = [{10,3,2,3}()].
Then
By,
[{10,3,2,3}"*V] = [10,3,2,3,— g =y
4n

—247Byy 11 + T2Ban
—24Buypi1 + TBan
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Using (4.1.10), (4.1.14) and (4.1.15), we have

—247Byps1 + 72By, = —494l, — 21,4
= 2(lpg1 + lp1) + 141, — 21,4
- 2ln+1 + 14ln

- B4n+57
and
—24Byny1 + 7By, = —48l,
= _B4n+4-
Hence B
[{10,3,2,3} (1] = — 2245
B4n+4

Finally, suppose that

By,
2ant2 7,{5,6,1, 6}(”)].
B4n+1

Then

B4n+1
= [{5,6,1,6}™)].
Bunyo — TBinta 1t 7l

We now find that

B4n+1
Binyo — TBipta
259 Bunys — 36 Bans 1

36Bnt+2 — DBant1

(7,{5,6,1,6}"*Y] = [7,5,6,1,6,

Using (4.1.10), (4.1.15) and (4.1.16), we have

259Bupi2 — 36Buns1 = 3554l + 141,
= 14(—lp1 — ly_y) — 2, + 14l
- —14ln+1 — 2ln

— _B4n+6a
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and

36Bynt+2 — 5Bany1 = 4941, + 20,
= 2(—ln+1 - lnfl) - 14ln + 2ln,1
- _2ln+1 - 14ln

- _B4n+57

which implies that
By,
[77 {57 6,1, 6}(n+1)] _ Zant6

B4n+5
The proof follows by induction on n. O]
Now consider the rational function
(1—#2)? S
= Chrla)t™. 4.1.17
1 — 6t + at® — 613 + (4 nzg (@) (4.1.17)

For what values of a do we get integer sequences {C,(a)} such that the ratios
of consecutive elements of the sequence is a truncation of a periodic continued
fraction?

First, Cy,(a) and Cy,11(a) are respectively generated by the rational func-

tions
(1—1)*(1+at +1?)

1+ 2(a — 18)t + (a2 — 70)¢2 + 2(a — 18)t3 + ¢4

and
6(1—1)%(1+1)

14 2(a—18)t + (a? — 70)t? 4+ 2(a — 18)¢3 + t*

Taking the resultant of the numerator and the denominator of the above

rational functions with respect to t we obtain
2'3%(a — 2)%(a — 10)?(a + 14)?,

which implies that the numbers 2, 10, —14, 18 and /70 are of interest. For

a = 10, we have

1+10t 4+ .

e~ 2 OO

6(1 +1) - "

Tt~ 2 0"
n=0

117



Proposition 70. For all n > 0, the consecutive ratios C,,11(10)/C,(10) are

truncations of periodic continued fractions. Precisely,

Cossll0) 1y (o1.2.121.20)0)
gi:zgg; = [3,1,2,1,{2,1,2,1,2,1,2,1}(],
gi::ﬁg; = [3,1,2,1,2,1,{2,1,2,1,2,1,2, 1},
g:iigg; = [3,1,2,1,2,1,2,1,{2,1,2,1,2,1,2,1}"].
These continued fractions are truncations of 2 + /3.
For a = —14 we have
_ 9
1—3;2%1; ZO% —14)t",

1— 62t+t2 ZCQ"“ —l4)t

Proposition 71. For all n > 0, the consecutive ratios Cyy1(—14)/Cp(—14)

are truncations of periodic continued fractions. Precisely,

sl _ 171 461,6,1,6,1,6,110)
gi:ig:ig = [7,1,6,1,{6,1,6,1,6,1,6,1}")],
gi:ii:g = [7,1,6,1,6,1,{6,1,6,1,6,1,6,1}("],
gj:jjjg = [7,1,6,1,6,1,6,1,{6,1,6,1,6,1,6,1}(")].

These continued fractions are truncations of 4 + v/ 15.

For a = 18 we have

(1—1)2(1+ 18t +12)
=Ny, (18)87,
1+ 25442 + ¢4 Z n(18)

6(1 —t)? >
1+ 254752 + t4 Z Conir(18)t
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Proposition 72. For all n > 0, the consecutive ratios Cy,11(18)/C,(18) are

truncations of periodic continued fractions. Precisely,

Lio(1
Cunea18) 1o 1 11, 4,1, 1,1,4,1, 1309,
C4n+1<18>
Ciyn+3(18)
= [0,2,1,1,1,{4,1,1,1,4,1,1}™)].

These continued fractions are truncations of V7 and 1 / VT respectively.

The continued fractions of Cly,11(18)/Cl4y, (18) and Cyy4(18)/Cipny3(18) do
not have a simple description but are truncations of [6, 7] and [47,1, 4, 3, 4, 1, 46]
respectively.

The proofs of these propositions are similar to the proofs of propositions
68 and 69 and will thus be omitted. Another interesting observation is that
the ratios Cy41(a)/Cp_1(a) and C,4o(a)/Cy_1(a), where a = 10, —14, 18,
also seem to be truncations of periodic continued fractions. As an example,
forn > 1,

gi:igg; = [13,1, {12,137 13, 1],
cot——
gi:jgg; = [13,1,{12,1}¢""Y.13,1],
gj:;gg; = [13,1, {12, 1}V)].
Similarly

gﬁf&g = [61,1,{60,1}**% 61,1],
Oéwz:z(__lﬁ) = [61,1,{60, 1} 1],
CossCU o1 g0,y 9,61,
giiiﬁiﬁi = [61,1,{60,1}")].

Continued fractions of this type will be studied in chapter 5.

The continued fraction of ¢, 1(a)/c,(a) when a = 2 does not have a pattern
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that can easily be described, but there is periodicity in the continued fraction.
For a = /70, ¢,41(a)/cy(a) is a quadratic irrational with an infinite periodic
continued fraction.

How about any other value of a? Numerical calculations show that if we use
any other value of a that is not 2, 10, —14, 18 or /70, the continued fraction
of ¢,11(a)/cn(a) does not seem to have any periodicity and hence cannot be a
truncation of a periodic continued fraction. We attempted the case for a = 0
and a = 1 and for the first 2700 partial quotients in the continued fractions,
periodicity was not detected. This leads to the conclusion that either the
period is too long (or much farther out in the continued fraction), or they
are truncations of non periodic continued fractions.

Another rational function of interest is

o0

! = By(a)t". (4.1.18)

1 — 6t + at? — 613 + t*

It can easily be shown that By, (a) and Bs,.1(a) are respectively generated

by the rational functions

14 at + t2
1+ 2(a — 18)t + (a2 — 70)t2 + 2(a — 18)t3 + t4

and
6(1+1)

1+ 2(a — 18)t + (a2 — 70)22 + 2(a — 18)t3 + t*"

Taking the resultant of the numerator and the denominator of the above

rational functions with respect to ¢ we find
2'3%(a — 2)?,

which implies that the numbers 2, 18 and /70 are of interest. The case

where a = 18 will be studied in detail in the next section. When a = 2,
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It can be shown (just like in the previous cases) that

s g
e N

Pl B G
g::gi = [5,1,4,1,{4,1,4,1}™)],

for all n > 0.

4.1.3 Polynomials from convergents of a generalized periodic
continued fraction

Let
Qi(x,t) =1 —4(1+ 2°)t +6(1 + 422> — 4(1 + 2H)t* + 12,

and
Qa(z,t) = 1 — 20t + 22** — 228> + 1.

Recall that Q4 (t, =) is the denominator to the rational functions J(z,t) and
K(z,t) in (4.1.6) and (4.1.7) respectively, and connects with the ellipse
E(1/v2,1).

Observe that )
(2p)
2

— 2 =0
and that
4(1 + 2%)?

5 —6(1 +42%) = 2(—1 + 22%)%

Thus
Q1(1/v2,t) = Qa(3,1).

The polynomial Q5(z, t) has a very interesting denominator expansion. Write

Qi@ 5= > eala)t, (4.1.19)

n=0

Here, the ¢,(z) are remarkably composite. Below is a table of the first 10

polynomials in this sequence.
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n | cp(T)

0 |1

1 |2z

2 | 22?

3 |2z

4 | — (222 =22 —1) (222 + 22— 1)

5 | —4x (22 —42® + 1)

6 | —4a? (2z* — 422 + 1)

7 | —4x (22 — 42® + 1)

8 | (4at — 4x® — 62% + 62 — 1) (42" + 42® — 62% — 62 — 1)
9 |2z (22% —3) (222 — 1) (222 — 22 — 1) (22° + 22 — 1)
10 | 222 (22% — 3) (22% — 1) (22% — 22 — 1) (22* + 22 — 1)

Table 4.3: Table of the first seven polynomials ¢, (z).

Remark 5. Qy(x,t) factors over Q(v/2 — x2) as
Qo) = (£t (s +v2=a2) +1) (# —t (1= v2—a2) +1).

Proposition 73. The ratios c,i1(x)/cn(x) are truncations of the periodic

continued fraction

E(2,z) := 2z, 2z(2? — 2)],

which converges to

2?2 —1
Q=T+ —.
x? —2
Here,
_ 1
aq = .
2 — 22

Proof. We will show that for all n > 0,

Cant1(T) 2 (n)
—— =22, {2z(2" - 2), 2x
(@) 2z, {2x( ), 2z ]
and ()
Canl) 2 (n)
— = {2z(x” — 2), 2z ,
s = Han(a® = 2), 20)7)
where the notation {cy,c,. .. ,ck}(j) means the word ¢y, co, ..., c; has been

repeated j times. First we break down the ¢, (z) polynomials into four classes.

Recall that ¢, (z) are generated by the rational function in (4.1.19). It is easy
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to show that

2z -
5 = Z Can+1 (:C)tna
1+&(2,x)t+t o
1+t & "
5 Can ()", (4.1.20)
1+&2,z)t+t —
where
£(s,x) =2 — s32% 4 s (4.1.21)

is a quartic that plays a key role in proving the root distribution of ¢,(s, x)

and other related polynomials that we will encounter later. Moreover,

TCan11(T) = TCan13(T) = Canta(T)

which implies that for all n,

Cant3(2) v and Cant2(2) 1
Canta(T) Cinp1(T)
Let .
4.1.22
1+ 5(2 x)t + 2 Z ( )

n=0

Then from (5.5.2) we obtain the recurrence relation
bn-i—l(x) = _5(27 l‘)bn(l') - bn—l(l’) (4123)
together with the relations

a1 (T) = TCanis(T) = Canaa(x) = 22%b,(2), (4.1.24)
Can(z) = bp(x) +bypr(x).  (4.1.25)

From the initial list, ¢1(z) /co(z) = 2z and —cy(x) /c3(z) = 2w(22—2)+1/(22).
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Suppose c“c%(lg) = [2z, {2z(2? —2), 22}(], then
2z, {22(z® —2), 22}" Y] = [2z, 2z(2? - 2), 2z, {22(2? — 2), 22}
2xb, (z) ]
bn () + b1 ()
22(£(2, 2)by (z) + by—1(2))
£ 1)ba (1) — b0 (1) + b ()

= [2m, 2z(2® — 2),

_ —2bp41(2)
—bp1(x) — bn(7)

_ Cany5(T)
Cana()’

where we have used (4.1.23), (4.1.24) and (4.1.25).

Now suppose —iji—(f&) = [{2z(2? — 2), 22}™)]. Using the same relations

as above, we deduce that

[{22(z% — 2), 22}"TY] = [2z(2? - 2), 2z, {22(2® — 2), 22}"]
= [20(2% - 2), 21, _bnf;btbln(;)(x)]
_ 82 2)bn(2) — bn(2) + b1 ()
2xb,(x)
_ =haa(@) = ba(z)
2xb,(x)

_ _C4n+4<x>‘

C4n+3<x>

]

Corollary 74. The continued fraction of Yi,i1(1/v2)/Yi(1/V/2) and of
~Yin(1/3/2) ) Yan_1(1/3/2) are respectively truncations of the continued frac-
tions 0f3+§ 7 and 21 + 8/7.

Proof. Recall that Q;(1/v/2,t) = Q4(3,t) and hence ¢,(3) = Y,,(1/v/2) for
all n. The proof follows by setting x = 3 in Proposition 73. O]

Proposition 75. Let ¢, (x) be as defined in (4.1.19). Then the ratios c,1(x)/cp—1(x)

are identically 1 or are truncations of periodic continued fractions.

Proof. Following from the proof of Proposition 73, it is clear that for all n,
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Can+3(T)/Ccans1(z) = 1. We are going to show that for all n > 1,

C4n+1(95) (n—1)
= [62,7)— 1,1, {¢2,2) 2,1 :
Bt = e - L1 ) 210 )
Can () 2 21 (n)
—— = [{2(z*-2),2z ,
S = 2 -2)2%))
and for n > 0,
Cant2(T) 2 2 27 (n)
——= = [22°,{2(2* — 2),2x .
wit S = a2 — 2), 207}
From the initial sequence, Zigg = 2z, ng; =1, —z‘;gg =2(z? - 2) + 5

and —2553 =¢&(2,x).

Suppose — =18 = [£(2,2) — 1,1, {£(2,2) — 2,1}""V]. Then

[6(2755) - 17 17 {5(27'73) - 2a 1}(n)]
= [5(27x) - 17 175(2755) - 27 17 {5(273;) - 27 1}(n71)]

= [§(27I) - 17 1,5(2,$) - 27

§(2,2)bn () + bna (2)
bn ()
)

_bn+1 (12
Cba(z)

_ Cants (z)
Cant3()

as desired. To simplify the calculations, we used (4.1.23), (4.1.24) and

(4.1.25). Using the same relations, suppose — 04"2(36) [{2(2? — 2), 222} ()],
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Then

[{2(z% — 2),222} V] = [2(2? — 2),222, {2(2? — 2), 222} )]
= [2(2® - 2), 22, —b"(;j%ff@)(x)]
(€(2,7) = 1)bp(z) + by ()
222b,(x)
—byy1(7) — bu()
2220, (z)

_C4n+4($)'

C4n+2(37)

Finally suppose 4"*—?()) [222,{2(2? — 2),222}™]. Then

222, {2(2% — 2), 222} V] = [227,2(2? — 2), 222, {2(2? — 2), 227} )]
22%b,,(x)

= 2 -2 T

_ 20%(8(2, 2)bu(x) + b (2))
(£(2,2) = Dbp(2) + bna(z)

_ —22%b,11 (2)

— ~buga(2) = ba(2)

_ Canto(T)
Canta(T)

The proof for all the cases easily follows by induction on n. m

If F(2,x) is truncated, we seem to have numerator and denominator poly-

nomials

Bp(2,7) = w:—éf

with real roots lying in the interval [—\/5, \/5], and concentrated towards

the endpoints of the interval and at x = 0.

For example,

Ey(2,2) = [{22, 22(z% — 2)}W)]
(1 — 82 + 4a*)(1 — 7222 + 4202* — 8962 + 8642° — 384210 + 642'2)
8r(—2 + x2)(1 — 422 + 224)(1 — 1622 + 4024 — 3226 + 8a8)

The numerator of Ey(z) factors further over Q(z). As shown in this case,
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wy(x) and vy(z) are very composite. What about

E(3,x) := [3x, 3x(z? — 3)]?

Here it seems that all roots are real and in [—\/g, \/5] The roots seem to be
symmetric about x = 0 and are concentrated at the ends of the interval and
at x = 0. This begs the question; What is the behavior in general, of the

numerator and denominator polynomials of the convergents of

E(s,x) := [sz, sz(x? —s)|?

Theorem 76. For s > 2, all the roots of the numerators and denominators of

the convergents of [sx, sx(x? — s)] are real and lie in the interval [—/s, /3]
The roots are symmetric about x = 0 and are concentrated at the ends of the
interval and at x = 0. Moreover for large s, the roots approach ++/s and 0.

For s < 2, we have real roots are in [—/s,/s] and its non-real roots lie on

H <\/5/_2 \/s/_2> 2?2y = s, (4.1.26)

As s further decreases to 0, all the roots become arbitrarily close to the asymp-

the hyperbola

totes of the hyperbola.

First we describe the polynomials that appear in the numerators and de-
nominators of the convergents of E(s,z). It can easily be shown that E(s,x)

converges to

1 252( 12 — 4
a(s,r) = =sx + Vst at —5) &

2 2Vx?t—s 7

the largest root of the quadratic

(2% — 5)y* — sx(2x? — s)y — 1= 0.

The convergents p,(s,x)/qn(s,z) of [{sz, sz(z* — s)}] for 0 < n < 3 are
given by

1— 8322 + 22t sz(2 — 32 + s%2?)
Tl — s34+ %t
1 — 35322 + 352t + s82t — 25%26 + 5128
sz(x? — s)(2 — 322 + s2x?)

ST, y

sz(x? — s)
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Lemma 77. For alln > 0,

Q2n<57 Z') = p2n71<37 33'),

Gni1(5,2) = (2% — 8)pan(s, x).

Proof. We can see from the convergents above that g¢»(s,x) = pi(s,z) and
q3(s, ) = (2% — s)pa(s, ). We are going to use the well known relations for

convergents of continued fractions given by

Pa(s8,2) = an(s,2)pn_1(8,x) + pn_a(s, ), (4.1.27)
Qn(svx) = an(svx)Qn—l(sax)+Qn—2<37x)7

where the a, (s, z)’s are partial quotients of the continued fraction. Note that
for our continued fraction E(s,x), we have ay, = sz and ag, 11 = sz(z? — s)
for all n > 0.

Assume that the statements of the lemma are true forall j =0,1,2,...,2n.
Then

Qnt1(8,7) = am41(8,2)qn(s, ) + qan—1(s, )

= sx(2? — 8)pon—_1(s, ) + (% — 8)pan_a(s, )

— (;UQ - 3) (sprn,l(S, $) —|—p2n—2(3a x))

= (2® — 8)pan(s, ).

Similarly,
q2n+2(57x) = G2n+2(37$)Q2n+1(37$> + q2n(57'x>
= s2(2® — 8)pon(5,2) + pon_1(8, )
= a2n+1(37x)p2n(87x) +p2n—1(sax>
= P2n+1 (37 :L‘)
Hence by induction, the statements of the Lemma are true for all n. O]

It is now enough to study only the numerators of the convergents of E(s, z).

To simplify the notation, write

Pon(s, ) = sxw,(s,x) and  po,i1(8, ) = v,(s, ).
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n | wy(s,x) Un (s, )

011 1

1| &(s,x) 1+&(s, )

2 | =1+ &(s, ) —1+&(s,2) +&(s,2)?

3| —2&(s,x) + &(s, )3 —1—2&(s,2) + &(s,2)* + &(s,x)3

411 —=3E(s,2)2 + E(s, )t | 1 —2E(s,2) — 3E(s,2)% + (s, 2)3 + E(s, 1)

Table 4.4: Table of the first five polynomials w, (s, x) and v, (s, z) where
£(s,x) =2 — 322 + st

The first five polynomials in each sequence are given in terms of the (s, x)
of (4.1.21) by the tables below.
From (4.1.27),

pn+2(87 l’) = 5(57 ‘T>pn(57 JI) - pn—2<57 LL’),
from which we obtain the recurrence relations
wy(s,2) = &(s,2)w,_1(s,2) — w,_a(s, x),

(s, ) = &(s,2)vp_1(8,2) — v,_a(s, ).

From the initial conditions and the recurrence relations above, it is easy to

show that w,(s,x) and v,(s,z) are generated by the rational functions

1
1—&(s,x)t+¢2

= ) wa(s,2)t", (4.1.28)
n=0

1—t -
_ (s, )" 4.1.29
1—&(s,z)t +¢2 ;U (5, ) ( )

It is immediate from the generating functions that

(s, ) = wy(s,r) — wp_1(s, ), (4.1.30)
1
wy(s,x) = U, <§f(s,x)) . (4.1.31)
For each root cos (nL_Hﬂ') of Up(x), k =1,2,...,n, there are four correspond-
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ing roots of w, (s, ) which are the roots of the quartic
2 — %2 + %0t — 2r,, =0, (4.1.32)

and are given by

T = \F\/52:|:\/s4—8 l—cos %ﬂ')) (4.1.33)

Since the roots of U,,(x) are symmetric about x = 0, the roots of w, (s, z) are
n+1 | < 1’ it
is clear that whenever s > 2, all the roots of w, (s, z) are real and lie in the

interval [—+/s, \/s]. Write (4.1.32) as

symmetric about = 0 as well. Hence from (4.1.33) and !cos (

*(s —2%) = % (1 — cos (£57)).

This shows that for large s, the roots of wy,(s,z) are concentrated at x = 0
and near the end points of the interval [—+/s,/s]. It also shows that as s
increases, the roots of w,(s,z) approach r = 0 and x = +/s.

What about the case s < 27 Let

= V‘ ;L L cos? (%4 - 1)J . (4.1.34)

The non-real roots of w, (s, z) are given by (4.1.33) for k = 1,2,...,~ while

the real roots are given by (4.1.33) for k = v+ 1,...,n. It remains to show
that the non-real roots lie on the hyperbola H (\/8/2, \/s/2> defined in

(4.1.26). If 8 (1 — cos ( _";1 7)) > s*, then we have the square-root

W e
(\/ V2 (1= cos ( +52j:z\/ /2 (1= cos ))_52>_

(4.1.35)

From (4.1.35),
2R (z)? — 2Z(z)* = s,

showing that all the non-real roots of w,(s,x) lie on H (\/ /S ) See
figures 4.1, 4.2, 4.3, 4.4, 4.5 and 4.6 below for an illustration.
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o Figure 4.2: Roots of
Figure 4.1: Roots of wsg(3, ). wsg(2.1, ).
Figure 4.3: Roots of Figure 4.4: Roots of
’U)39(1.8,CC). w39(1.0,x).
Figure 4.5: Roots of Figure 4.6: Roots of

w39(0.5, ZL‘)

W39(0.08, l’)
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The roots of v,(s, x) are distributed in exactly the same way as the roots
of wy,(s,x). First we describe the roots of U,(z) — U,—1(x) which are the
intersections of U, (z) and U,_;(z) in the interval (—1,1). We consider two
cases (depending on the parity of n) for the number of intersections. For
n odd, U,(x) has a root at = 0 and has % critical points in (0,1) and
in (—1,0). From graphs, U,_1(x) has a critical point at = 0 and § — 1

critical points in (0,1) and in (—1,0), so the two polynomials have exactly

n—1
2

(0,1), with the additional intersection between cos(w/(n + 1)) and 1 where
cos(m/(n + 1)) is the largest root of U, (z).

For n even, U, (z) has a critical point at 2 = 0, § — 1 critical points in
(0,1) and in (—1,0). Now, U,_1(z) has a root at # = 0 and § — 1 critical
points in (0, 1), and in (—1,0). The two polynomials have exactly § points
of intersection in (0,1), and in (—1,0). The largest root of U, (z) — U,—1(x)

is the intersection of U, (z) and U,,—1(x) which occurs between cos(mw/(n+1))

intersection points in (—1,0). There are ”T_l + 1 point of intersection in

and 1. In both cases, U,(z) and U, (z) — U,_1(x) are strictly interlacing on
the interval (—1,1).
For each root /3 of U, (z) — U,_1(x), there are four roots of v,(s, z), which

are the roots of the quartic
2 — 5302 + 5%t — 26 =0 (4.1.36)

and are given by

1
x:i\/—Q_S\/s?i\/s‘i—S(l—ﬁ). (4.1.37)

This explains the symmetry of the roots of v,(s,x). The explanation of
the distribution of the real roots and the non-real roots of v,(s,x) on the

hyperbola is exactly the same as that of w,(s, z).

Corollary 78. Let £(s,x) be as defined in (4.1.21) and T,(z) be the nth
Chebyshev polynomial of the first kind. Then for s > 2, all the roots of
T, (%5(3, :U)) and T, (%5(3, :L’))iTn,l (%5(5, x)) are real and lie in the interval
[—/s,V/s]. The roots are symmetric about x = 0 and are concentrated at the
ends of the interval and at x = 0. Moreover for large s, The roots approach
+/s and 0.

For s < 2, we have real roots in [—+/s,/s] and non-real roots on the
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hyperbola H (\/5/2, \/3/2). As s further decreases to 0, all the roots become
arbitrarily close to the asymptotes of the hyperbola H <\/3/2, \/s/2>.

The proof is very similar to that of Theorem 76.
Corollary 79. All roots of c,(x) are real and lie in the interval (—v/2,/2).

Proof. Recall that c,(x) is defined by (4.1.19). Comparing the generating
functions (4.1.20) and (4.1.29) we find that c4,11(2) = cany3(x) = (—1)"22w, (2, x)
and ¢4 () = (—1)"v,(2, z). Hence the proof for the root distribution of ¢, (x)

is exactly the same as that for v, (s, ) and w,(s, z) when s = 2. O

4.2 Chebyshev-like polynomials with roots on
hyperbolas

All polynomials with real roots can be lifted to polynomials with roots on

hyperbolas. Let a,b,c € R with a # 0 and consider the map
z a2 +b) +c. (4.2.1)

If g(x) is a polynomial with real roots, then g(ib(z* + a) + ¢) will have all its
roots on the hyperbola
Hy: y>—a2*=h. (4.2.2)

To see this, write

where z; € R. Then
g(ia(z* +a) +¢) = cp, H(z’a(22 +b)+c—z)=0
k=1

implies that

and hence



a2

o2\ /2 . . .
where r = <b2 + u) . It is easy to see that these points lie on the
hyperbola H;. We make this precise in the following Lemma.

Lemma 80. Let a,b,c € R with a # 0, and g(x) be any polynomial whose
roots are all real. Then all the roots of g(ia(x*+b)+c) lie on the the hyperbola
Hy: y?—a2?=hb.

Since T,(x) and U,(x) have real roots for all n > 1, by Lemma 80,
To(ia(z* +b) + ¢) and U,(ia(2* + b) + ¢) have all their roots on the hy-
perbola H;,. We will give a formula for the points on the hyperbola H; which
are roots of T, (ia(z? + b) + ¢) and U, (ia(z* + b) + ¢).

First, consider the Chebyshevs T),(a(z* — 1) + 1) and U, (a(z* — 1) + 1),
Recall that the zeros of T,,(x) and U, (x) are respectively given by

cos (%7) and cos (nk—fl) ,
where kK = 1,2,...,n. This implies that for a € R non-zero, the zeros of

To(a(z* —1)+1) and U,(a(x* — 1) + 1) are respectively given by the square
roots of
La—1+cos(%17r)) and 1(a—1+cos(L%)). (4.2.3)

a n+1

Clearly, a = 0 is the degenerate case where the two polynomials are constant
polynomials. For a ‘very small’, the zeros of the two polynomials are all
purely imaginary and large in modulus. To make this precise, whenever
0<a<l-cos(s)and0 <a<1l—cos (nLH) respectively in T, (a(z?—1)+1)
and Uy, (a(z* — 1) +1) their zeros are purely imaginary and large in modulus.

As a increases, the moduli of the zeros decrease and a zero of minimal
modulus drops to 0 to coincide with its conjugate. The double 0 then splits,
as a further increases, into two real zeros moving in opposite directions along
the real axis. This process continues until when at a = 1, where with the
exception of the trivial zero, we have an equal number of real and purely
imaginary zeros.

Before a = 2 is reached, and when a > 1 — cos (%) and a > 1 — cos (nLH)
respectively in T;,(a(2? — 1) +1) and U, (a(z* — 1) + 1) their zeros are all real.
Past a = 2 the zeros continue moving towards 1 and (the other half) to —1.
Hence given € > 0, for N = N(e) large enough, a > N implies all zeros lie in

(—1,—14¢€) and (1 —¢,1).
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When a is purely imaginary, the two polynomials have a hyperbolic distri-

bution of their zeros.

Proposition 81. For alla # 0 and n > 1, the zeros of Ty, (ai(z*>—1)+1) and
U, (ai(z*—=1)+1) all lie on the hyperbola x> —y* = 1 and are respectively given
by zr(n,a) = coshOi(n,a) £ isinhOx(n,a) and Tr(n,a) = coshpr(n,a) £
isinh ok (n,a), where

Op(n,a) = flog‘ | (1 — cos (%=17) + \/a2 (1 — cos (%nlﬂ))2> :
vr(n,a) = 11og| ‘ (1—COS +\/a2 (1 — cos ( kj:l))2> :

and k=1,2,...,n

Proof. Recall that sinhz = 1(e” — e™™) and coshz = £(e” + e"). From the

definition of 0;(n,a) we have

sinh y(n,a) = {( L) + a2 + (1= cos ( 2n17r))2>1/2
_ (1_005(% 7r)+\/a2+(1 cos (21 W))2>_1/2}
= {(1 — cos (%1m) + yfa? + (1 — cos (zgnlw))?)l/z

N\ 12
<cos 1—i—\/a2 1—cos % 7r)) ) }7

and by taking the square on both sides,

sinh® 0y (n, a) (\/1 (1 — cos (anlﬂ))Q — 1) .

Finally taking square-roots on both sides of the above equation we obtain

1/2
sinh @i (n, a) <\/1+ (1 — cos (2= 17r)) —1) .

Similarly

1/2
cosh Ox(n, a) —\}§<\/l+ (1 —cos (&1 ))2+1> :

Now it is easy to check that ai(zy(n,0)* — 1) + 1 = cos (2-17) and hence
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the roots of T),(ai(z* — 1) + 1) are given by
xk(n,a) = cosh Ok (n,a) + isinh Oy (n, a).

In exactly the same way, it can also be shown that if Z4(n,a) is a zero of
Un(ai(z? —1) 4+ 1) then

Zr(n,a) = cosh pr(n,a) + isinh pi(n, a).

where

1/2
coshigu(n,a) = & (1 (1—eos ()P +1)

1/2
sinheu(n,0) = (Ve 0 -e () 1)

From these calculations, we can see that if a is sufficiently large, both sinh ¢y (n, a)
and sinh @k (n, a) are arbitrarily close to zero, while cosh ¢y (n, a) and cosh pg(n, a)

are arbitrarily close to £1. O]

Remark 6. Fora ‘sufficiently’ large, there exists an €(a) such that T),(ai(z*—
1) + 1) and U,(ai(2*> — 1) + 1) have all their zeros in the union of disjoint
balls Be()(—1) and Bea)(1). We can take e(a) to be 5.

In general if a,b, c € R with a # 0 then T),(ai(z* — b) + ¢) and U, (ai(z? —
b) + ¢) have their roots on the hyperbola 2% — y? = b and are respectively
given by

xr(n,a,b, c) := cosh O (n,a,b,c) + isinh by (n,a,b,c)

where

1/2
cosh (., ¢) 1= 5 (Vo o e cos o +0)

1/2
sinhfy(n,,b.¢) = 3 (Vo & (- (520)" 1)

and

Zr(n,a,b,c) := cosh pi(n, a,b, c) + isinh i (n, a, b, c),
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where

<\/b+ (¢ — cos ( kfl))2+b>1/27
(v@+1(c—am(TJf—b>ua

cosh pi(n,a,b,c) =

Sl

sinh px(n,a,b,c) =

Sl

fork=1,2,...,n

Y

We have already seen that for all k € R, R, (k,x) = U,(z) — kU,_1(x) and
Sn(k,x) = T, (z) — kT,,—1(z) have real roots. By Lemma 81, if a is purely
imaginary, R, (k,a(x? — 1) + 1) and S, (k,a(z* — 1) + 1) have all their roots
on the hyperbola 22 — y? = 1. We are now going to give a formula for the
roots of R,(1,a(z* — 1)+ 1).

Proposition 82. For a fivzed n and a € R, the roots of R,(1,a(x* — 1) + 1)
are given by
L2 2k 12
=(1——=sin”{ — :
Yk a 2(2n + 1)
When a is purely imaginary, the roots are given by

zi(a)

1/2 1/2
_ - i 4 2k
— \/ﬁ<\/1+ 4 sin (2(22n+11)7r>+1> +\[<\/1+ 4 sin (ﬁ )—1) )

fork=1,2....n

From the generating functions (1.0.4), R,(k,a(z* — 1)+ 1) is generated by

o

1 — kt
(k, a(a® — 1) + 1)¢"
1—2(a(a® — 1) + D)t + 12 Z a@® = 1)+ D",

and comparing it to the rational generating function of odd Chebyshev poly-

nomials of the first kind

(1—1t)z -
1—2(222 — 1)t + 2 Z; o

we obtain

TR, (1,202 — 1) = Topy1(7). (4.2.4)
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We are going to use this relationship to give a formula for the roots of
Ru(a,z) = R,(1,a(z* — 1) +1).

For a fixed n, and a # 0 real, R,(a,z) = 0 implies that a(z? —1)+1 = 222 —1

2k—1
2(2n+1)

where z;, = % cos ( 7r> is a non-trivial root of Ty, 1(z).

This gives the roots of R,(a,z) as

L2 2%k 12
=(1——sin® | ——=7
Yk a 220+ 1) ’

for Kk = 1,2,...,n. We can see that the roots of Rn(a,m) are all purely
imaginary and very large in modulus whenever a < 2(1 — z2). The behavior
of the roots when a is real can easily be verified from the formula for the
roots.

Now when a is purely imaginary, the construction of the roots is very
similar to the case when a is real. For clarity in calculations, write Rn(a, )
as R, (ia(z*—1)+1). Then R, (ai(z*—1)+1) = 0 implies that ai(z*—1)+1 =
227 — 1 where z, is a non-trivial zero of Ty, 1(x). Let x = cosh € + isinh 6,
then 22 = 1 + isinh(260) so that if z is a root of R,(ia(z* — 1) + 1), then
sinh(20) = 2(1 — 27). Using the identities

sinhz = \%(\/ 1+ sinh®2z —1)Y/2 and coshz = \%(\/ 1 + sinh® 2z + 1)1/2

we find that

1/2
cosh @, = % <\/1 + % sin’ (2(221111)70 + 1) ,

1/2
sinh 0y = 75 (\/1 + gz sin’ (2(22];111)70 B 1) ’

and the Proposition follows.

Define the operator J, as
1d

Jp = (4.2.5)

rdr
If we apply J, to an even polynomial g(x), we will still obtain an even
polynomial. In fact, if g(x) is an even polynomial with degree 2n, then
applying J, to g(x) n — 1 times will give a polynomial of degree 2, i.e.,
J¥g(x) has degree 2n — 2k for 1 < k < n. The following lemma is immediate.
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Lemma 83. Let a,b,c € R with a # 0, and g(x) be any polynomial of
degree n whose roots are all real, then all the roots of JEg(ia(x? +b) + ¢) for
1 < k < n lie on the the hyperbola Hy : y? — 2% = 0.

Proof. By the Gauss-Lucas theorem, the convex hull of the roots of g(x)
contains the roots of ¢'(z). It follows that all the derivatives ¢g*®(x) will
have real roots. If we define f(z) := ¢ (z) then J*g(ia(x® +b) + ¢) =
(ia)® f(ia(x® + b) + ¢), and by Lemma 80, J¥g(ia(x? 4 b) + ¢) has all its roots

on y? —a%=0. O

Corollary 84. If a is purely imaginary, then J*T, (a(x®+b)+c), JEU, (a(x®+
b)+c), JER,(k,a(x® +b) +¢) and J*S, (k, a(x® +b) + ¢) have their roots on
Y —a2?=0bfor1 <k<n.
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CHAPTER 5

MULTIPLES OF LONG PERIOD SMALL
ELEMENT CONTINUED FRACTIONS TO
SHORT PERIOD LARGE ELEMENTS
CONTINUED FRACTIONS

Fibonacci numbers and Lucas numbers are integers that solve the the recur-

rence relation

Jon1 = fo + faa

under the initial conditions Fy =0, Fy = F, =1, Lo = 2 and L; = 1. Fi-
bonacci numbers can also be defined by evaluating the Fibonacci polynomials
F,(x) at 1, i.e., F,,(1). The sequence of Fibonacci polynomials is generated

by the rational function

[e.o]

T kz (5.0.1)
In the first section of this chapter, we show that certain families of ra-
tionally generated integers have the property that the ratio of consecutive
integers in the sequence is finite periodic with the length of the continued
fraction dependent on the integers, and the partial quotients of the contin-
ued fraction are bounded. We then show that certain integer multiples of
these continued fractions give a continued fraction of fixed length, but whose
partial quotients are functions of the integers.
In the second section of the chapter, we construct Fibonacci and Lucas
like’ integers F,(m) and L,(m), and use them to construct a quadratic

irrational a,(V), the largest root of the quadratic
2% — 2Nh,x — hyhy(2N)

where N is a positive integer and h, is either a Fibonacci or Lucas-like
integer. Of interest is the continued fraction of ., (N). In particular we will

show that the continued fraction of «,, is related to the continued fractions
F, -[2N,1(»=1)]
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n | r,(a,b) sp(a,b)

011 1

1|la+b a+b

2 1a®>+ab—1 a’?+ab+1

31a*+a’h—2a—b a4+ a?b+2a+0b

4| a*+ah—3a% —2ab+1 a* 4+ a®b + 3a® + 2ab + 1

51 a®+a*b —4a® —3a*b+3a+b a® + a*b + 4a® + 3a®b + 3a + b

6 | a®+ a’b — ba* — 4a>b + 6a® + 3ab — 1 | a® + a®b + 5a* + 4a3b + 6a® + 3ab + 1

Table 5.1: Table of the first seven polynomials r,(a,b) and s,(a,b).

and

L, - [2N, 102 21 2k 1,2, 1(n-2).

5.1 On Integer multiples of finite periodic continued
fractions

Let a and b be fixed integers, and define the integer sequences r,(a,b) and

sn(a,b) by the generating functions

1+ 0t
e Zrn a,b)t (5.1.1)
and
1+ bt - .
n=0

These integers are clearly related to Fibonacci and Lucas numbers. The first

seven integers in each sequence are given in the table below

Lemma 85. Forn > 1,

Tno1(a,0)rni1(a,0) —ry(a, 0> = -1, (5.1.3)
$n_1(a,0)sp41(a,0) — s,(a,0)> = (=1)"* (5.1.4)
Proof. we can easily prove (5.1.3) and (5.1.4) by induction on n. O

From the generating functions (5.1.1) and (5.1.2), we obtain the recurrence
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relations

rni1(a,0) = arp(a,b) —r,_1(a,b), (5.1.5)
Spy1(a,b) = asp(a,b) + s,—1(a,b) (5.1.6)

for the integer sequences r,(a, b) and s,(a,b).

Proposition 86. Forn > 1,

%‘E?’b)b) —la—1,1,{a—2,13"Y a4+ b—1]
and )
e~ Ha}a
where {cy, ..., cx}™ means that the word cy, . . ., c; has been repeated n times.

Proof. Clearly for n =1,

a*+ab—1  rya,b)

a—1,1,a+b—-1] =

a+b rl(a,b)
and ) b )
aa+p =Ll @b
a+b Sl(a,b)
It TZ:(lcE(Z’)b) =la—1,1,{a -2, 1}(7%1),& + b — 1], then
[a—l,l,{a—271}(”),a+b_1] = [CL—1,1,@—2,1,{&—2,1}(71_1)7@4-[)_1]
= [a—1,1,a—2 rn(a})

’ Tn+1(a,b)f(a71)'rn(a,b)]
arpy1(a,b) —ry(a,b)
Tna1(a,b)
Tnie(a,b)
Tny1(a,b) '
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Similarly, if Sg:éé‘z)b) = [{a}™,a + b], then

{a} ) o +0] = [a,{a}™, a+b]
“ Sni1(a, b)]
" su(a,b)
asp+1(a,b) + s,(a,b)
5n+1(aa b)
Sni2(a,b)
Sn+1(a,b)

as desired. The proof follows by induction on n. O

Clearly, the length of the continued fractions of r,.(a,b)/r,(a,b) and
Sp+1(a,b)/sp(a,b) depends on n. We are going to see that by multiplying
these ratios by r,-1(a,0) and s,_1(a,0) respectively, the continued fractions
of the new rational numbers will be of fixed length, but the partial quotients

will now depend on r,(a,b) and s,(a,b) respectively.

Proposition 87. Forn > 1,

Tn+1(a> b) _ o
Tn_1<a, O)W = [Tn(a, 0) — 1, ]_, Tn((l, b) 1]
and
Sni1(a, b) { [sn(a,0),s,(a,b)] for n odd,
Sp-1(a,0)———= =
sn(a,b) [sn(a,0) —1,1,s,(a,b) — 1] for n even.

Proof. Forn > 1,

rn(a,0)rp(a,b) — 1

[rn(a,0) — 1,1, 7,(a,b) — 1] = roaD) ,

and

ru(a,0)ra(a,0) =1 = 74(a,0) (ru(a, 0) + bro1(a,0)) — 1
= rn(a, 0)2 + brn(a, O)Tn_1(a, O) -1
= rn_l(a, O)rn+1(a, 0) + an—l(ay O)Tn(a7 0)

= rn_l(a,())?"n+1<a7 b)’
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where we have used (5.1.3). Similarly, using (5.1.4) we find that for n odd,

Sn(a,0)s,(a,b) +1

[Sn(a7 0)7 Sn(aa b)] =

sn(a,b) ’
and
sp(a,0)s,(a,b) +1 = s,(a,0) (sp(a,0) + bs,_1(a,0)) + 1
= s,(a,0)* 4 bs,(a,0)s,_1(a,0) +1
= 5,-1(a,0)sp41(a, 0) 4+ bs,_1(a,0)s,(a,0)
= $,-1(a,0)s,41(a,b).
The proof for n even is exactly the same. O]

Theorem 88. Let r,(a,b) and s,(a,b) be as defined by the generating func-
tions (5.1.1) and (5.1.2). Then for alln > 1

Tnfl(avo) ) [a - 1,1, {CL -2, 1}(n71)7a +b— 1] = [Tn(av 0) -1, 1,rn(a, b) - 1]7

(5.1.7)
and
s a ™ g _ [Sn(av O)a Sn((l, b)] for n odd,
n-1(a,0) - [{a}'"™, a + 0] { (s0(@.0) — 1.1, s,(a.) — 1] for n even.
(5.1.8)

Proof. The proofs of (5.1.7) and (5.1.7) from Propositions 86 and 87. O

The most interesting observation from the above theorem is that the left
hand side of equations (5.1.7) and (5.1.8) have finite continued fractions of
variable length n, and multiplying these continued fractions by certain inte-

gers give continued fractions of fixed length, but with large partial quotients.

5.2 Fibonacci-like numbers and quadratic irrationals

Let m be a positive integer and define the sequence F,(m) by the recurrence
relation
Ey(m) = Ep_1(m) + F,_y(m) (5.2.1)
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under the initial conditions Fy(m) = 0, Fy(m) = 1 and Fy(m) = m. It is

easy to see that they are generated by the rational function

1S e o

n=0

Clearly, for m = 1 we get the usual Fibonacci sequence. From the generat-
ing function (5.2.2), and the generating function of Fibonacci numbers, we

deduce the relation

Eoi(m) = Fuy+4 (m—1)F,
— mE, +Fy . (5.2.3)

For a fixed positive integer NN, consider the quadratic
2*> — 2NF,z — F,F,(2N). (5.2.4)

The roots of the quadratic are given by

an(N) = NF,+ \/ N2F2 4 F,F,(2N),

Gu(N) = NB,—\/N?F2 + B, F,(2N). (5.2.5)

We study the continued fraction of these quadratic irrationals.

A quadratic irrational « is said to be reduced if @ > 1 and —1/a > 1. If
« is reduced, then its continued fraction is purely periodic (see [31] Theorem
2.48). First we show that for n odd, 1/(ay(N) — F,41(2N)) is reduced.

If B,(N) = N>F? 4 F,F,(2N), then

1/(en(N) _Fn-kl(QN)) = —1/(NF,+ F,-1— v/ By(N))
—(NF, + Fo1 + /Bn(N))
R Y

= NF,+F, 1++Bu.(N)>1.

On the other hand,

Fo1(2N) —@,(N) = NE, + F,_y + \/B,(N) > 1.
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We have used the identities (5.2.3) and the well known identity for Fibonacci
numbers
F? | —F,F, 5= (1" (5.2.6)

Let x,(N) = NF, + F,_1 + v/ Bn(N). By using (5.2.3) and the Euclidean

algorithm we get

r,(N) = 2Fn+1(N)_(NFn+Fn—1_ B,(N))

We now have

an<N) = ITn— L'p-1
_ 1
= F 2N
n+1( )+ ﬂfn<N)

= [Fra(2N), 2F, 1 (N)].

For n even, the calculations for the continued fraction expansion of «,, are
a bit involved due to the identity (5.2.6). Thus,

) 1
1/(an(N) = Fopa(2N) +1) = 1 — (NFy + Fy1 — /Bo(N))
NF, + F,y + /Ba(N)
NFE, + Foo1 4 /Ba(N) = (Fi_y = FoFy o)
NF,+Foa+V/BaN)
NFn—i—anl‘i‘\/m_l

We also have that

E,1(2N) =1 —a, = NE, + F, 1+ /Bu(N) —1> 1.

Now if 2, (N) = 1/(1 — (NFy + F_y — \/Bu(N))), then

1
NFE,+ F, 1+ +/Bn(N)—-1
1
= 14+ —
2F,11(N) =24+ (1 —(NF,+ F,_1 — \/B.(N)))

1
= 14— i
2F 1 (N) — 2+ 1/2,(N)

zo(N) = 1+

146



This implies that for n even,

an(N) = F,1(2N) -1+ ﬁ

= [F41(2N) — 1, 1,2F, 1 (N) — 2.

In each case, the length of the period in the continued fraction expansion of

a,(N) is independent of n. We have proved the following theorem

Theorem 89. Let o, (N) be the largest root of the quadratic (5.2.4) and
N > 1 be a positive integer. Then the continued fraction of a,,(N) for n odd
s given by

an(N) = [Fo1(2N), 2,1 (N)], (5.2.7)

while for n even it is given by

n(N) = [Fy1(2N) = 1,1,2F, 1 (N) — 2]. (5.2.8)

We now show the relationship between the continued fraction of a,,(NN)
and F, - 2N, 1=D] where 1™ = 1,1,...,1 n times. Let a have the simple

continued fraction

a =[co,c1,Coy .0y Chp1,C] = %, (5.2.9)
k

where py = a9 = |, p-1 =1, go = 1 and ¢_; = 0. We will use the

correspondence (see [31, Lemma 2.8])

co 1 c 1 Cr—1 1 a 1Y [ Pk pra
1 0 1o/ L 1 o 1 0/) \ g g/
(5.2.10)

Taking the determinant on both sides of (5.2.10) gives the identity

Pree—1 — Pr—1qe = (—1)". (5.2.11)

Also, taking the transpose of the matrices on both sides of (5.2.10) we find
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that

o 1 cr—1 1 c 1 co 1 _ Pk Gk
1 0 1 o) \1o0 1 0 Dt Q1 )

(5.2.12)
from which we deduce
Pk
[Clmck;—l)"'aCl)CO] =
Pk-1
leb ooty nycr] = — (5.2.13)
qr—1
Lemma 90. For all n > 2, we have the continued fraction,
F,
Funslm) _ oen ) (5.2.14)
and for n > 3, we have the continued fraction
F,
Fuia(m) 19 y-2) 1 (5.2.15)
Fo(m)
where 1™ =1,1,...,1 n times.

Proof. We can easily show by induction on k that for all £ > 1,

k
11 | Frer
tro/) \ E F_. )
It follows that

11 7 m o | Fia(m)  F
10 1 0) \ F(m) Fei)’

where we have used (5.2.3). It follows by (5.2.9), and the correspondence

(k—1) _ Fya(m)
(5.2.10) that [1 ,m] Frm)
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Similarly,

2 1 11k_2m17Fk+1Fk m 1

10 10 1 o) \FR., F, 1 0
Frpa(m) Frp
ﬁ’k(m) Fk,1 ’

from which we deduce that [2,1%~2) m] = % We can observe that all
the partial quotients of [1(™,m] are bounded, and for j < n, its sequence
of convergents {p;/q;} is the same as the sequence of convergents for the
continued fraction of F,1/F,, which converges to the golden ratio. By
comparison, for any positive integer m, F, 1(m)/F,(m) also converges to

the golden ratio. O]

We now show another interesting property of the continued fraction of
an(N).

Theorem 91. Forn > 1, let
A(N) = F, - [2N, 1(»=D],

where the 1™ means that 1 has been repeated n times, and F, is the nth

Fibonacci number. Then \,(N) is an algebraic integer, and for n odd

)‘n(N) = [Fn+1(2N)a 2Fn+1(N)]a

while for n even

AH(N) = [Fn-i-l(QN) -1, 1, 2Fn+1(N) - 2]'

One way of approaching this question is by the use of Chatelet algorithm
for integer multiples of a continued fraction described by Cusik in [12] in
order to derive the continued fraction of A,(N). This approach is tedious
and very involved. We will employ a rather straightforward approach by
using the correspondence (5.2.10).

Let 2 = [2N,1(-D], and recall

— TDn + Pn—1

= [2N, 17 4] m ,
Tdn dn—1
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where [2N, 1("~V] = 22 By the correspondence (5.2.10), we find that

Gn’

n—1
IN 1 11 (2N 1 E, F,,
1 0 10 B 1 0 Fooi Fo
[ Fui(2N) F,(2N)
B Fn Fn—l 7

from which we deduce that

2N, 107 D] = —F“}(w),

n

and N N
rF,1(2N) + F,(2N)
xr =

xﬁn+Fn—1

Clearly x is the largest root of the quadratic
Fha2®> —2NF,x — F,(2N)

given by

r=N + \/N2 + E,(2N)/F,.

It is also clear that x is an algebraic integer, and so is A\, = F,x. Also, F,,xz =
o, as defined in (5.2.5) and whose continued fraction has been described in
theorem 89.

5.3 Lucas-like numbers and quadratic irrationals

Let m be a positive integer and define the Lucas-like sequence f}n(m) by

Ln(m) = an—l + Ln—27 (531)

where L, (1) is the usual Lucas sequence. The numbers L, (m) solve the

recurrence relation
Ln(m) = Ly_1(m) + Ln_s(m) (5.3.2)

with initial conditions Lo(m) = 3—m, Ly(m) = —1+2m and Ly(m) = 2+m.
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For a fixed positive integer IV, consider the quadratic
2? — 2N Lyx — L,L,(2N). (5.3.3)

The roots of the quadratic are given by

Bu(N) = NL,+ \/ N2I2 + L,L,(2N),

B, (N) = NL,— \/ N2L2 + L,L,(2N). (5.3.4)

Just like in the previous section, we are going to examine the continued

fractions of these quadratic irrationals. We will use the well known identity
L2 | — L,L, o= (—1)""15, (5.3.5)

as well as identities (see for example [21, p. 93]) that relate the Fibonacci

sequence to the Lucas sequence
L,=F,1+F, (5.3.6)

and
L,+2L, 1=5F,. (5.3.7)

First we show that for n even, 1/(3,(N) — L,4+1(2N)) is reduced.
Let C,(N) := N?L? + L, L, (2N). Then

/(Ba(N) = Lua(2N)) = =1/ (NLy + Lyt = V/Cu(N))
— (NLu+ Ly + C(N))

L%_l - LnLan

= 1 (NLn + Ly g+ v Cn(N)> > 1,

bt

where we have used (5.3.5). On the other hand,

Lni1(2N) = Bo(N) = NLy, + Ly_1 + /Co(N) > 1.

For an integer k > 0, let N = 5k+3 and y,,(N) := 1/(5,(N) — L,11(2N)).
Using (5.3.1) and the Euclidean algorithm we find that
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Ya(N) = 2kL, +2F + = (\/ ~ NL, — L. 1))
(L?z—l LnLn—2>

5 (NLu+ Luot + V/Cul(N))

1

NL,+ L, 1+ +/Co(N)

= 2kL, +2F, 1 +

We also have that

NLyp+ Lyy +/Co(N) = 2L,41(2N) (\/ ~ NL, — L,_ 1))

= 2L,1(2N) + (L2 = Lol 2)
oo NL + Lot ++/C,

yn(N)'

= 2Ln+1(N) +

We now have that for n even,

ﬂn<N) = 5yn(N) —Ln

= En+1(2N> +

kL, + 2F, .1 +

- 1

= [Lot1(2N), 2kL, +2F, 11, 20,1 (N)].
For n odd, the calculations for the continued fraction expansion of (3, are
a bit delicate due to the identity (5.3.5). First,

1
1 (NLn YLy — Cn(N)>

NL, + Ln_l + \/Cn(N)

1/(Ba(N) = Lny1(2N) + 1) =

NL +Ln 1+\/ - %,1_LnLn—2)
NL,+ L,_ 1Jm/ o1
NL, + L, ++/C, 5 ’
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for n > 1. We also have that

Lpy1(2N) =1 =B, =NL,+ L, 1+ /Cp(N) — 1> 1.

It can easily be verified that for all n > 1, 1 < y,(N) < 2. Let N =5k + 3

where k£ > 0 is an integer, and

Yu(N) =1/ (1 . (NLn YLy — m)) .
Then,

1

L (NLn+Ln_1 +\/Ca(N) — 5)
1

yo(N) = 1+

= 1+

WLy + 2F g — 2+ L (5  NLyp— Ly + w/Cn(;\r—)) .

It is easy to show (by induction on n) that

0<é(5—NLn—Ln1+\/W><1.

Now
1 . |
%(5—NLn—Ln,1—|—\/m) NLy+ Lyt 4+ /Co(N) — 1
— 14 !
_ 1
2Lnn(N) =24

This implies that for n odd,

ﬁn(N) = Ln+1(2N)_1+m

= [Ln41(2N) =1, 1, 2kL, +2F, 41 — 2, 12L,1(N) — 2],
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where N = 5k + 3. Using (5.3.1), we can also make the simplification

2
2kL, +2F,,, = 2kL,+ 5(3Ln + L, 1)

2

2.
= gLnJrl(N)

in the two statements above. We have proved the following theorem.

Theorem 92. Let N =5k +3 for k > 0 and S, (k) be the largest root of the
quadratic (5.3.3). Then the continued fraction of B, (k) for n odd is given by

/Bn(N) = [zn+1(2N> - 1,1, §Ln+1(N) -2,1, 2[~/n+1(N) - 2]7 (538>

while for n even it is given by

Bn(N) = [L,11(2N), gLn+1(N)7 2L, 1(N)]. (5.3.9)

There are some purely periodic continued fractions with periods of arbi-
trary length, which when multiplied by L,,, give periodic continued fractions
with period of length 2 or 4 depending on the parity of n. We examine these

continued fractions in the theorem below.

Theorem 93. Letn > 2, k>0, and

pin(k) := Ly, - [2(5k +3),1(n=2) 21,2k, 1,2, 1(n=2)],

where the 10 means that 1 has been repeated n times, and L, is the nth

Lucas number. Then p, (k) is an algebraic integer, and for n odd

~ 2 ~
(5.3.10)

while for n even it is given by

- 2 -
pin(F) = (L (10K 4 6), = Livg (5K +3), 2L (5K + 3)]. (5.3.11)
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Proof. Fix N = 5k + 3 and let

y=[2N, 102 21 2k, 1,2,1(+-2)].

Then

Yan + qn—1 ,
where [2N, 1772 21,2k, 1,2, 172 ¢] = £z By the correspondence (5.2.10),

IN 1 11\ (21 11 % 1 11 2 1 11\
1 0 10 10 10 10 10 10 10
(2N 1 F., F, 6(3k +2) 6k+5 F., F,
1 0 E, o F, 4 6k+5 2k+2 E, o F, 4

_ Pn Pn—1
qn  Gn-—1 7
6

4 1
4 2 2
Pn—1 = 5N2LnLn—1 + EN (Li - LnLn—l) + gLnLn—l + (4k + 2)L72'L 1)
2 ~ 2 .
== E(QN - 1)Ln_1Ln+1(N) + gLnLn—f—l(N)a

2~
= gLn—l—l(N) (2NLn—1 - Ln—l + Ln) )

2~
= ZL,1(N)L,(2N),
=L, L,

y=[2N, 1072 2.1,2k,1,2,1"72 y] =

with Pns Pn—1, 4n and Gn-1 giVen by

5

2

9 .
= gLnLnJrl(N)a

)
2
5
1 2 2
Qo1 = (k+ 1)L, L, 1+ = (L + L2 ).

In evaluating the matrix multiplication, we used the identities (5.3.1), (5.3.6)
and (5.3.7). Clearly, y is the largest root of the quadratic

Y240 + (@u-1 — Pn)Y — Pr1-
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Here,

4 -
Gn—1 — Pn = _ENLnLnJrl (N)7

and so the quadratic can also be written as

=Lun(N) <y2Ln —ONLyy— En(QN)> .

The largest root of the quadratic is given by

1 .
_ 272
Yy = I (NLn + \/N L2 + LnLn(QN)) ,
from which it is clear that y and p,(k) = L,y are algebraic integers. The

continued fraction of p, (k) = L,y follows from theorem 92. O]

5.4 Generalizations

We now examine the continued fraction of Gi(N,z) defined by
Gr(N,x) := Fi(z) - [2N, 2=, (5.4.1)

where z > 1, ) means the word z,z, ...,z is repeated k times and N is a
non-zero positive integer.
Let Gi(N,z) = [2N, z(-=D], so that

Gr(N,z) = 2N, z* Y Gu(N, z)] = ka(N’x)pk(x) erk—l@)’

Gr(N,z)qr(r) + gr—1(x)

where [2N, 2~V = %. It can easily be shown by induction on £ that

v 1) _( Bl B
1 0 Fk(l') Fk,1($) 7
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from which we deduce that

oN 1\ [z 1\ ON 1 Fu(z)  Foalo)
<1 0)(1 o) N (1 0><Fk_1(x) Fk_g(x)>
( ONF(z) + Fry(z) 2NFoy(z) + Fes(2) )
Fi(z) Fr_1(2) .

This implies that

INFy(2) + Fyy ()
Fk<l') ’

2N, z*~V] =

and

Gu(N.z) = Cr .2 ONF (@) & Fia(@)) + 2NFica(a) + Fios(a)
o Cr(N,2) Fe(a) + Fir(a) ‘

Clearly, G (N, z) is the largest root of the quadratic
Fi(2)2* = 2NFy(2)z — 2N Fy_1(2) + Fj_o())

and is given by

Gr(N,z) = N + /N2 + (2NF,_(z) + Fr_s(z))/Fi(z).

We can now write

Ghl(N,2) = NFy () + / N2F2(z) + Ful(2)@N Fooa(2) + Fia(®)). (5.4.2)

As we will see below, the continued fraction of G (N, z) depends on the

parity of k£ because of the identity
F? () — Fy(2)Fya(z) = (=)~ (5.4.3)
To simplify the notation, let
Be(N,x) := N*F2(z) + Fp(2) 2N Fy_1(z) + Fy_o(2)),

so that Gx(N,z) = NFy(x) + /Br(N,z). We first examine the continued
fraction of Gi(N,x) for k odd. For all £ > 1 and x > 1, we have by (5.4.3)
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that Br(N,z) = (NFy(z) + Fj_1(z))*> + 1 so that

Go(N, ) — @NFy(2) + Fy1(2)) = /Bo(N, 2) — (NE(2) + Fy_1(2)) > 0

and

1/(Ge(N, x) = 2N Fi(z) + Fia(2)))

—(Fi_y(2) = Fi(2) Fea(x))
= NFy(z) + Fp1(x) + /Br(N,z) > 0.

1f GV(N, z) := NFy(2) + Fy_1(z) + /Br(N, z), then
Gy (N, 2) = @NFi() +2F1(2)) = VBN, 2) = (NFi(2) + Fia(2)),
and from the above calculations,
1/(GV(N, z) — (2NFi(2) + 2F,_1(z))) = GV (N, z).

Hence the continued fraction of G,(:) (N, z) is purely periodic with period of
length 1 given by {2NFy(x) + 2F)_1(x)}. For all k£ > 1 odd, the continued
fraction of Gi(N,x) is given by,

Gr(N,z) = 2NFy(z) + Fy_1(x), 2N Fy(z) + 2F,_1(x)]. (5.4.4)

Now for the case of k > 1 even. From (5.4.3) we have B;(N,z) = (N Fy(x) +
Fy_1(2))? — 1, so that

Gk(N, I)—(ZNFk<JI)+Fk_1(ZL’)—1) = ﬁk<N, x)—(NFk(I)—i-Fk_l(l‘))—i-l > 0.
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1f GP(N, z) := \/Be(N, z) — (NFy(z) + Fr_1(z)) + 1, then

YN, g = 14 Y@@~ VAN2)
Gk (NJ I)
Fp_y (2)=Fp(2) Fy—2(2)

=1

+ NFk(:r)-l-Fk—l(fUH\/ﬂk(N’w)—(Fkg_l(f)—Fk(w)Fk—ﬂﬂC))
— 1+ !
- 1+ !

ONFy(z) + 2Fe_1(z) — 24+ GP(N, z)

We can now see that 1/ G,(CQ)(N ,x) is purely periodic with a period of length
2 given by {1, 2N Fy(x) + 2F)_1(xz) — 2}. For all k > 1 even, the continued
fraction of Gi(N,x) is given by,

We have proved the following theorem.

Theorem 94. For all k > 1 and x > 1, the product of the kth Fibonacci
polynomial Fy(x) with the periodic continued fraction [2N, x#=V] gives the

periodic continued fraction

for k odd and

[QNFk(JI) + Fk_1<x> - 1, 1, 2NFk($) + 2Fk_1(l‘) — 2]

for k even.

If we set x = 1 we get the result of theorem 97.

5.5 Polynomials from convergents of [N, z:(%)]

In this section, we show how polynomials arising from the convergents of

[N, 2(F)] are related to Chebyshev and Fibonacci polynomials. We describe
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the polynomials for £ = 1,2 and 3 and show how the roots of these polyno-
mials are distributed.

First, for a fixed k = 1, let p,(N,1)/q,(N, ) be the convergents of [N, z].
When n = 0 (mod 2) and n = 1 (mod 2), g2,(NV,z) and ¢o,4+1(NV, z) are
respectively generated by the rational functions

1—-1t z

d . 5.5.1
I-(Ne+2)t+e2 N T-(Ne+2)t+e (5:5.1)

Comparing these generating functions to the generating function of Cheby-

shev polynomials of the second kind below

L S e (5.5.2)

=2zt +1* =
we have
1 1 1
¢@n(N,x) = Un(§Nx+1)—Un,1(§N:c+1) and  gopi1 (N, z) = xUn(ﬁNx—i—l).

To determine the roots of g (z), first note that U, (x) has all its roots in the

interval (—1,1) given by z; = cos (niﬂw) (see for example [7, Section 2.2]).

It follows that go,+1(N,x) has real roots in the interval (—4/N, 0] given by
T = % (Cos (niﬂw) — 1) . It can also be shown that o, (N, z) has n — 1 real
roots in the interval (—4/N, 0] and one real root outside this interval.

Now for the case when k = 2, let p,(N,z)/q.(N,z) be the convergents
of [N,z,z]. When n = 0 (mod 3) and n = 1 (mod 3), ¢s,(N,z) and
@3n+1(IV, x) are respectively generated by the rational functions

T+ x

d 5.5.3
e rni e M T e rm e Y

and their zeros seem to lie close to the hyperbola y* — 2> =1 — 1/N?,

Let p, (N, z)/q, (N, z) be the convergents of [N, x, z]. Whenn =2 (mod 3),

¢n(N, z) are generated by the rational function

1+ a2
1—(N2?2+2x+ N)t —t2

and have a factor of 22 + 1. By eliminating this factor and making a change

of variable x — x—1/N we obtain (after clearing denominators) polynomials
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Q. (N, ) that are generated by

1 %0 )
1— (N?22+ N2 — 1)t — N°2 ;Qn(N,fC)t :

(5.5.4)

Comparing this generating function to that of the Fibonacci polynomials

(5.0.1), we have

Qi(N, ) = N*Fy, (Nz* + N + 1/N) .

Theorem 95. For any non-zero k € R, let Q, (N, z) be as defined in equation

(5.5.4). Then for alln > 1, all the zeros Q,(N,x) lie on the hyperbola

N? -1
H1: y2—x2:T.

Proof. Bicknell and Hoggatt proved in [32] that if F,(z) = 0 then z
2icos(jm/n) for j =1,2,...,n—1. Let

N2 —1
z = T(sinh¢+ i cosh ¢)

where 0 < N. Then

Nz*>4+ N —-1/N = (N —1/N)(2isinh¢cosh¢ —1)+ N —1/N
= (N —1/N)isinh 2¢.

Now @, (N, z) = 0 implies that

sinh 2¢ =

2
m COS ‘9]

where 0; = jn/(n+1) for j =1,2,...,n — 1. Using the identity

sinh 'z = log(z + V22 +1), —o0o <z < o0, (5.5.5)

in which we consider the principal branch of the log, we obtain

1
¢j = 510g
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The 2n zeros of Q, (NN, z) are now given by

z; = £4/(1 — 1/N?)(sinh ¢; + i cosh ¢;) (5.5.7)

for j =1,2,...,n — 1 where ¢; is given by (5.5.6). It is straightforward to
check that all these points lie on H1. Il

Numerical calculations suggest that the polynomials generated by the ra-
tional functions (5.5.4) have their roots close to H1.

These polynomials arising from the convergents of [m] seem to get
more complicated as k gets larger. For example, let k = 3, and p, (N, z)/q.(N, z)
be the convergents of [N, z, z, z]. Then qu,,3(N, ) are generated by

z(z? +2)
1 — (N3 + 222 + 2Nz + 2)t + 2

Now for k =4, g5,44(V, x) are generated by

rt 43241
1— (Na*+ 223+ 3Na? + 4o+ N)t — 12

In general, for a fixed k, let g,(N, ) be the denominator of the convergents

of [N,2®] when n = —1 mod (k + 1). To simplify the notation, call them
Qm(N,z). Then @Q,,(N, ) are generated by

Fip1(2) _ - m
1— gu(N,2)t — (—1)ke2 T;)Qm(N, )", (5.5.8)

where gi(N, ) are defined by the generating function
———— =) g(N,x)t", (5.5.9)

By (5.0.1),
ge(N,2) = NFpyy () + 2F ().

We can apply a theorem of Khang Tran (see [1, Theorem 1]) to determine
the curve on which the roots of Q,,,(N, x) lie. As k increases however, so does

the difficulty in describing this curve. As an example, for & = 4 the roots of
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Qm(3,x)/F5(x) lie on the curve given by
32t — 182%y% + 3y* + 223 — 6y + 922 — 9y? + 4 + 3 = 0.

The relationship to Fibonacci and Chebyshev polynomials of the second

kind follows from the generating function (5.5.8). For a fixed k that is even,

Qn(N’ IE) = Fk+1($)Fn(gk(N’ Ilf)),

while for a fixed k that is odd,

Qn(N7 33) = Fk+1($)Un<gk(Nv ZL‘))

5.6 Conclusion

In conclusion, we pose a question. Are there any other integer sequences f,

such that fn+1(m) :=mf, + fn_1, for which the continued fraction of

= (an VI fnfn(zm)

is purely periodic with length of the period depending on n, and the continued

fraction of

Nfu+ \/N2f,% + fufn(2N)

is periodic with a fixed period length independent of n?
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CHAPTER 6

NON-PERIODIC CONTINUED
FRACTIONS FOR QUADRATIC
IRRATIONALITIES

Consider the continued fraction

10°—1 105 -1 10°
9 27
3 Y Y 9 ) Y

-1
1,108, 3, 5 81,12345,1,2,26,1,2, 4114, 1,8, ..
(6.0.1)
of the largest root (in absolute value) of the quadratic

P(a,r) =2*> —3a(zx +1) -3z +5

with a = 106.

In the language of van der Poorten and Shallit [33], we call a partial quo-
tient (other than ‘the first’ which may be zero) ‘inadmissible’ if it is zero,
negative or a fraction. Hence all partial quotients of a regular continued
fraction expansion of a real number are admissible. From the initial pattern

in (6.0.1) we are led to an elegant continued fraction,

106 —1
— ]

(6.0.2)

which is non-simple and has partial quotients that are inadmissible from some

106 -1
34

106 -1

10°—1 5 10° 1
Y Y 33

1,108, 3
[7 ) M 3 32

3 4 k
)37 737 7"'73)

point on. From computations in Mathematica it seems to converge to the
same real number as (6.0.1). Consider more generally, for nonzero positive

integers x and s, the continued fraction
s s 5 s s
Fi(x,s) =[x, =, 2 = o3 = o) =0 2k = (6.0.3)
In this chapter, we will prove the following theorem.

Theorem 96. The continued fraction Fy(x,s) converges to the largest root

of the polynomial P(x,z,s) = sz — ((s + 1)z — 1)z — .
Of special interest is the rate at which P(z, Fi(z,s),s) approaches zero as
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k — o0; see equations (6.2.11) and (6.2.12) that occur in the proof of Theo-
rem 108. Additional results on (6.0.3) are presented in Section 6.3. We shall

however begin with the case s =1,
Loy 1 4 4 k
F(z):=[z,— 2% =, o>, —, 2", —, ..., 2%, —,...]. (6.0.4)

Results of this chapter are contained in the paper [34].

6.1 Convergents and generating functions

This section investigates the convergents of (6.0.4), which give two sequences
(A;(z)) and (Bj(x)) of polynomials with positive integer coefficients. The
recurrence relations and generating functions of these sequences are studied.
It is rather difficult to prove results on (6.0.4) in its given form, but it becomes
easier when we transform it into an ‘equivalent’ continued fraction of the
form;

a; a2 as a;

0o+ — — —

6.1.1
b1+b2+bg+...+bj+... ( )

We use the familiar notation

a; a; a; as as a;
K(Z2)|=K2,[Z]|=— = =2 N
(b]) =1 (b]) bl+bg+b3+m+bj+m
Two continued fractions are said to be equivalent ie. K(3) ~ K(Z),
J J
if they have the same sequence of classical approximants (or convergents)

([35], pp. 77). Tt is straightforward to verify that ~ is indeed an equivalence

relation.

Theorem 97. K (Z—J> ~ K (2—J> if and only if there exists a sequence {r;}
of complex numbers with ro =1 and r; # 0 for all j € N, such that,

Theorem 98. If F(x) is defined by (6.0.4), then F(z) is equivalent to F(x)
defined by

r 1 x 1 z
F = - - = - - . 1.2
(m) T l+z+1+ . +x+1+.. (6 )
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x 1

2z 1

z(2x + 1) r+1

r(dx + 1) 20+ 1

r(42? + 3z + 1) 222 + 2z + 1
82 +4x+1) 4a* 4+ 3z + 1

423 + 522 + 3x + 1
8r3 4+ 8x2 +4x +1

8% + 8% + 4z + 1)

z (1623 + 1222 +5x+1)

T
T
0z

= © 00 O Uik W~ O
8

o~~~ —~

162* + 202® 4+ 132% + 5z + 1)
32x* 4 3227 + 1822 +6a:‘—|—1)
3225 4 48z* + 3823 + 1922 + 6z + 1)

Srt + 1223 + 922 + 4 + 1
162* + 2023 + 1322 + 5x + 1
162° + 28z% + 2523 + 1422 + 5x + 1

Table 6.1: First 11 polynomials for A; and B;.

Proof. In the notation of (6.1.1), F(z) is expressed as

1 1 1 1 1

Flz)=a+ — — -
(@) =2+ 1 x+a2+1/a2+ . +axk+1/ak+

Let K (Z—j) = F(z)—z and apply Theorem 97 with the sequence {r;} defined

as "
J+1 .
T2 or j odd,
rj = { J d j (613)
x~2  for j even.
O
From the relation gj: = Z;igﬁgzig: of the convergents g—j of (6.1.1),
we have the recurrence relations
Aj(z) = binAj(x) + ajnAja(z), (6.1.4)
Bin(z) = bjB;(x) + a1 B ().

This will be useful in proving a similar result for (6.0.4). The first 11 terms
for A;(z) and B;(z) are given in Table 6.1.

Theorem 99. The polynomials A;(x) and B;(x) from the convergents g]g;
of (6.1.2) are given by the recurrence relations;
Ai(@) = Qo+ 1Ay () - 24, () 615
Bj(z) = (2z+ 1)Bjs(x) — 2Bj_4(7)

166



Proof. To simplify the notation, set we will use 4; := A;(z) and B; := B;(z).
From (6.1.2) first observe that for j odd, a; = x and b; = 1, and for j even,
aj = 1 and b; = z. Let g—j be the convergents of F(z). The A; and B;
have initial conditions Ag = z, A; = 2z, Ay = x(2x + 1), By = B; = 1 and
By = x + 1. Also for j =4, (6.1.5) holds. Suppose that for all ¢ < j (6.1.5)

is true. Then for j even,

Aj+2 . z 1 z 1 1'2
B, oW = T et
(.1' + 1)B] + .Z'2Bj,1.

Since j is even, by (6.1.4), A; = xA; 1 + A;_» and B; = 2Bj_1 + B,_5, so
that,

Ajpr = (e+ DA +2(4; — Aj)
= (21’ —|— 1)AJ — [EAj_Q,

and

Bjr2 = (2+1)Bj+x(B; - Bj»)
= (2ZL' + ].)BJ — JTB]'_Q.

Similarly for j odd,

Aj+2 ~ X 1 X xXr 1
Bjia Gale) = o T+a+1+.+1+2z
. 2ZL'AJ + Aj—l
n QSL’BJ + Bj,1 ’

and by (614), Aj = Aj—l + Z)Z'Aj_g and Bj = Bj—l + ZL’Bj_Q. Thus

= (237 + 1)14] — ‘TA]',Q,

and

Bj+2 = 2JIBJ + (Bj — xBj,g)
= (21’ + ].)BJ — ZL'Bj_Q.
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We have the same recurrence for j odd and j even. Hence by induction the
recurrence holds for all j. This is the recurrence for F'(z) by the equivalence
F(z) ~ F(x). O

It is clear from the initial conditions and from the recurrence relations
(6.1.5) that the A;’s and Bj;’s are polynomials in = with positive integer

coefficients. We now give their generating functions.

Proposition 100. The polynomials Ay; and Asji 1 are respectively generated

by

“” — i Agj ()t (6.1.6)

1— (2 + )i+ at?

(2 —t)
1 — 2z + 1)t + xt?

= Y Aga(x)t, (6.1.7)
j=0

while the polynomials By; and Baji1 are generated by

! =S By, (6.1.8)

1— (22 + 1)t + zt?

1—uat ,
1-— (Q(x + 1)t)+ o2 Z By ()t (6.1.9)

Proof. From equation (6.1.5)

Z Agjtj = Z ((21‘ + 1)A2j,2 — .I'Agj,4) tj
Jj=2

Jj=2

= (271 + 1>$ Z Agjfgtjil — ZL’tQ Z A2j74tj72
j=2 j=2

= (27’L + ]_)[E Z AQj_Qtj_l — ItQ Z AQj_4tj_2 - (2ZE + 1)tA0

=1 j=2
Hence
(1= Qe+ Dt+at’) ) Ayt = —(2z+ 1)tAg+ A + tA,.
=0
= X.

The proofs of (6.1.7), (6.1.8) and (6.1.9) follow the same pattern as above. [
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From the generating functions, we can observe relationships between the

polynomials A; and B;. Here are some notable ones.

Corollary 101. For all j > 1,

A2j+1 - 2142] - AQj,Q, (6110)
1

ng+1 = EAzj, (6111)
1

BQj - EAQJ - Agj_g, (6112)

= BQj+1 — $ng,1. (6113)

There are other relationships of interest between the polynomials B;’s and

%Aj’s. The following lemma is an example.

Lemma 102. Let the polynomials A; and B; be as defined in Theorem 99.
Then
1 1

Bj=5-A;+ 5B, (6.1.14)

Proof. Proceed by induction on j with base case j = 2 using the initial
conditions for A; and B; as well as their recurrence relations. For j = 2,
r+1= %AQ + %BO = By. Suppose for all i < j, (6.1.14) is true. Then

Bj+1 = (21’ + 1)Bj_1 — ZBBj_g
1 1 1 1
= (21’ + 1) (%Aj_l + 5 j—3> — X (%Aj_?) + 5 j—5>

1 1
= — ((21’ + 1)Aj_1 — IA]'_:J,) — 5 ((2$ + 1>Bj_3 — IBj_5)

2z
1 1
= %Aj+1+§ j—1-

]

We use the above lemma to show that the polynomials B; can be expressed

in terms of the polynomials A;.

Theorem 103. Let the polynomials A; and B; be as defined in Theorem 99.
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Then

k

Ay 1 Ay,
By = g+~ sz oy (6.1.15)
=
AQ 1
Bojs1 = _sz L (6.1.16)
Ay _

Proof. From the initial conditions,
i <7, (6.1.15) is true. Then by (6.1.14)

By and % + % = B,. Suppose for

1 1
Boio = §A2k+2+53%
k
1 1( A4, 1 A,
— A S j
ou M2 T g (2]@; T ; 2fw+1>
k
Ay 1 [ Agkto Ay,
T oktiy g ( 2 +Z ok—jt2
=1
k41
A 1 i Agj
T 9k+lg T ok—j+2°
j=1
Similarly, 41 = B and suppose for i < j, (6.1.16) is true. Then by (6.1.14)
1
Bopysz = _A2k:+3+§BQk+1
A2]+1
- _A2k+3+ ng —j+2
|
- 2l~c j+27

so by induction on j, (6.1.15) and (6.1.1

6.2 Convergence of Fi(x)

6) are true for all j.

In this section we prove that Fj(x) converges to a quadratic irrational. We

present two different proofs for the convergence. Since F (x) is periodic, if it

converges, the proof of its convergence is

straightforward. By the equivalence

proved in Theorem 98, F'(x) will converge to the same limit.
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Proposition 104. If F(x) converges, then the limit is a root of the quadratic
P(r,2)=22—(2x — 1)z — .

Proof. Suppose F(z) converge to z. Then,

r 1 x 1 x
z2 = x+- - — - —
l+z+1+. +x+1+..
+x 1
= i _——-
1+2°
from which we deduce that 2% + (1 — 2x)z — z = 0. O

Let a be an irrational number with a simple continued fraction
a = [ag, a,as,...].

We know by Lagrange (see [13, p. 48]) that the continued fraction is periodic
and does not terminate. Let p,/q, be the nth convergent of the continued
fraction for a. Call p,/q, an even convergent if n is even, and an odd
convergent if n is odd. By Theorem 7.8 of [26, p. 193],

G 92 % 93 @1
Even convergents are strictly increasing while odd convergent are strictly
decreasing.
We now prove the convergence of Fj(x) by solving the recurrences (6.1.5)
by the method of characteristic roots (see for example [36, p. 300]). In

particular, we treat even and odd convergents of Fy(x) separately.

Theorem 105. Let Fy(x) be defined for k > 1 by
1 1 1 1
F(x) =[x, -, 2% =, 2% — 2% — ... 2" —]. (6.2.1)

Then Fy(x) converges to a quadratic irrational that is the positive root of the

polynomial P(z,z) = 2*> — (2x — 1)z — .

Proof. Since odd convergents are increasing and even convergents are de-
creasing, they will be treated separately. Let ay = Ag. Then from (6.1.5)
we deduce the recurrence a;, = (2 + 1)ay_1 — xagp_o with characteristic

polynomial A\* — (2z + 1)A + 2 = 0. The roots of this polynomial are
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M =122+ 14 V422 +1) and Xy = (22 + 1 — V42? + 1), both positive
with A\; > Ay and ap = a\¥ + A5,
From the initial conditions Ay = x and A, = 222+ x, we obtain the values

_9p2__ _ 9.2
of the constants a = % and 8 = % so that

Mx — 222 — 2

AL — Ao

_/\2x—2x2—a7

ar =
‘ —(A1 = A2)

A+ AL

Similarly let by, = Bay. Then from (6.1.5) and the fact that the recurrences
are the same, by = o/\¥ + #\E. From the initial conditions By = 1 and
By = x4 1, we find that o/ = 22=2-L and ' = 2=2-1 50 that

—(A1—X2) A1—A2
)\2—517—1 k )\1—£L'—1k
b, = A A
ST v vy S Vi T
and
ar (A —22% — 2)AY — (M — 227 — 2)\§

()\11’ - 21‘2 - x)(>\2/)\1)k
(M —z—1)(A/N)F

)

)

Aoz — 222 — )
(Ao—z—1)

and recalling that Ay < A;, we deduce that

Coap herxr—2x*—x
llm —= ————. 6.2.2

Substitute for Ay in equation (6.2.2) and rationalize the denominator to find

that
i 2 — 1+ 422 + 1
im — = )

On the other hand, let a;, = As,_;. Since we have the same recurrence
relation as before, a; = yA¥ 4+ d\L. From the initial conditions A; = 2z and
Az = 42? + z, we find that v = % and 0 = %. Thus

2y —dat —x 22N —da® —w

— MY
S VS Vs At S V5 W VR

Similarly let by = Bar_1. From (6.1.5) and the fact that the recurrences

are the same, by = YA} + &’\5. From the initial conditions B; = 1 and
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B3 = 2x + 1, we find that 7/ = ?\21;222;% and ¢’ = )/{11;222;51 Thus

— 2z —1 —2r—1

MAg — A2 T AN = AT

Hence
Coap  2x)he —42% — 2
lim — =

k—o0 bk )\2 —2z—1

(6.2.3)

Substitute Ay into (6.2.3) and rationalize the denominator to deduce that

Coap 2x—1++V4x2+1
lim — = .
k—o0 bk‘ 2

This completes the proof. O

In preparation for an inductive proof of Theorem 105, we give some results
on linear combinations of products of the polynomials A; and B; that yield

monomials.

Lemma 106. Let %j be the convergents of F(n). For j > 1,

AgjoAgjio — A5, = —a/t? (6.2.4)
Bsj2Bajya — ng = 2/t

and for j > 2,
A2j73A2j+1 - A%j—l = $j, (625)
Byj 3Baji1 — 333;1 = —2/

Proof. From the initial conditions Ay = #, Ay = 222 + 2 and Ay = 423 +
322 + x, AgAy — A2 = —z3. Suppose (6.2.4) holds for all integers up to j.
Then

AgjAgjia — A3y = Agi{(2r + 1) Agjio — w Ay} — A3
= Agjo{ (20 +1)Ag;} — 2 A3, — A3,
= Agja{Asjio + wAy; 0} —xA5, — A3,
= $A2j72A2j+2 - JUAgj

_ _xj+3’
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where we have used the recurrence relations (6.1.5) for A;. By induction on
J, (6.2.4) is true for all j. The proofs of the other relations are identical to

the above proof with the only difference being the initial conditions. m

Lemma 107. Let the polynomials A; and B; be as defined in Theorem 99.
Then for 7 >0,

A3; — (22 = 1)Ag; By — wBy; = —a/ ™2, (6.2.6)
and for j > 1,
ASj1 — (20 = 1) Agj 1 Bojoy — By =2 (6.2.7)

Proof. From the initial conditions Ay = z and By = 1, A2 — (2x — 1) AgBy —

rBZ = —x* Suppose (6.2.6) is true for all i < j. From the recurrence

relations (6.1.5), we find that

Ay — (22— 1)AgjyaBajio — B3

= [(2z +1)Ag; — A2 o) — 2((22 + 1) Baj — ¥ Ba;_2)*
— (22— 1)((2r + 1)Ag; — xAg;_5)((22 + 1)Byj — xBaj_2)
= (2z+ 1)*(A}; — (22 — 1)Ay; By; — aB3;) — 22° (2 + 1) Byj_2 By
+a%(AY_y — (20 — 1) Agj2Baj 5 — xB;; )
— (204 1) (2xA9;_2As; — (22 — 1)(2Ag;Baj_o + v Azj_2Bs;))
= — (20 +1)%7%? — 271 — (20 + 1) 20422 Ay,
— (22 — 1) (2 A3 Baj_s + ©Az;_2Bs;) — 20°Byj_2Bsj] . (6.2.8)

It suffices to show that the expressions in the square brackets equals —(2n +
1)n/*2. Using (6.1.12) and (6.2.4) we find that
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21’142]‘_2142]' — (21’ — ].)(ZL'AQjBQj_Q + JIAQJ‘_QBQJ‘) — 2ZL‘2B2j_QB2j

= 20Ayj 2 Ay — (22 — 1)(Ag;(Agja — wAzj4) + Agja(As; — 1As5))
—2(Agjo — 2 Az 4)(Agj — vAg; 2)

= —2a0Ay 9 As +x(2w + 1) (A3, + Agj_4Agj) — 227 Agj 4 Ay s

= —2xA9_o(Asj +xAsi4) + (20 4+ 1)(2A49;_2 — It

= =20 o((27 + 1)Ag; o) + (2 + 1)(249;_5 — 2711)

= —(2z+ 1D)a?™2

Substituting in (6.2.8) we obtain
AZiyo — (20 — 1) Agj 49 Bojip — xBj; = =272,

Similarly, A; = 2z and B; = 1 so that A? — (2o — 1)A,B; — 2B} = z.
Suppose (6.2.7) is true for all ¢ < j. From the recurrence relations (6.1.5),
we find that

A5 — (20 — 1) Agj 11 By — B3

= ((2z+1)Ag1 — xAgj_g)z — 2((22 + 1) Byj_1 — 7By _3)*
— 2z - 1)((2x 4+ 1)Agj—1 — 2 As;—3)((22 + 1) Byj—1 — xBs;_3)

= (204 1)%(A5;_ — (20 — 1)Agj_1 By — aB3;_,) — 22°Byj_3By;_1)
+ 2?(A3;_5 — (2x — 1) Agj_3Baj_3 — 1Bj,_3) — 222z + 1) Agj_345;
+ (22 +1)(22 — 1)(xAgj—1Baj_3 + xAg;_3Baj_1)

= (2z+ 1% + 277 + (224 1) [22°Byj_3Baj1
— 20 As; 3A% 1+ (2x — 1)(wAgj_1Boj_3 + tAs;_3B2j_1)].

It suffices to show that the expressions in the square brackets in the equation
above equals (22 + 1)z7. Using (6.1.10), (6.1.11) and (6.2.5), we find that
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2$A2j—3A2j—1 - (2$ - 1)($A2j—1B2j—3 + $A2j—332j—1) - 2$232j—332j—1

= 2%42]‘73142]'71 - 2(142]'73 - xA2j75)(A2j71 - $A2j73)
— (22 — 1)(Agj—1(Agj—s — 2Azj_5) + Asj_3(Azj1 — TAs-3))
= —2xAy_3A5 1+ 22z + 1)(143].73 + Agj_5Ag; 1) — 202 Ag; 5A95 3
= —2xAg_o(Asj +xAsiy) + (20 + 1)(2A9;—2 — it
= =20 3((27 + 1)Ag;_3) + x(2x + 1)(24s;_3 + 2771
= (2z+1)a’.

Substituting in (6.2.9) we obtain
A%jﬂ — (22 — 1) Agj1 Boji1 — xB%j—f—l =2/,

By induction on j, (6.2.6) and (6.2.7) are true for all j. O

We now use lemma 107 to prove the convergence of Fi(z) in a manner

that quantifies how close the convergents are to the limit.

Theorem 108. For k > 1, let

1,1 1,1 L1
Fi(z) == [x,;,x S TE b J N b SERREL ,E], (6.2.9)

and 1 1 1 1
Fi(z) = [:B,E,:UQ,?,J:?’,E,x“,g,...,xk] (6.2.10)

be truncations of F(x) to give odd and even convergents respectively. Then

Fy(x) and F}(z) converge to the positive root of P(x,z) = 2> — (2z—1)z — .

Proof. Since Fy(x) = %, equation (6.2.7) yields

A3 — (22 — 1)Agg_1Bog—1 — xB3,_,
B3,

P(z,Fy(z)) =

ZEk

S — (6.2.11)
ng—1(x)
Here Byy_1(x) has positive integer coefficients and deg(Bag_1(z)) = k— 1, so
for x > 1,

k

T 1
klggo P(z, Fi(z)) klggo ng_1<$) = klggo k2 —3k+1 0
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Since Fj(z) = %, equation (6.2.6) yields

A3y — (20 — 1)Agg_9Bog—o — xB3,_,
B3,

P(z, F(r)) =

k1
S (6.2.12)
Bl _»(x)
As before, By () has positive integer coefficients and deg(Bay_o(x)) = k—1,

so for x > 1,

k+1

khi& P(x, Fj(x)) khjgo B2 (z) = khfolo k2 =3k 0

To show that they converge to the positive root of P(z,z), write P(x,z) =
(z—21)(2—22) where 21 = £(2z—1+v/42? + 1) and 2o = 1(2z0—1—V/422 + 1).

Note that Fj(z) and F}(z) are all positive and so they converge to z;. [

The evaluations of the function P(x, z) at the convergents of the continued
fraction is analogous to the known result that u? — zu — 1 evaluated at

[z, ..., x] with n partial quotients of x is

—~

~—

where F,(z) is the Fibonacci polynomial of degree n. This result implies that
[z, x,x,...] converges to 3(x + V4 + 22), a root of u? — zu — 1, for z > 1.

6.3 A generalization of F(x)

We now give a generalization of (6.0.4) by introducing a parameter ‘s’ to
obtain a continued fraction of the form (6.0.2). In this section, we just
present results and omit the proofs since they have the same construction as

the proofs already presented. For a positive integer s, define F'(z,s) as

F(z,s):= [ac,i,xQ,i x3,i x4,i ...,xk,%,...], (6.3.1)
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then F(z,s) has an equivalent presentation
x
F(z,s) =2+ — — — - — . (6.3.2)

With the use of Theorem (97), it is straightforward to verify the equivalence

with the sequence {r;} defined by (6.1.3). Clearly, F(z,s) is periodic and
converges to a root of the polynomial P(z,z,s) = s2> — ((s+ 1)z — 1)z — .

By the equivalence to F(x,s), F(z,s) converges to the same limit. To see
4;(a.9)
Bj(z,s)
and Bj(z,s) have initial conditions Ay = =, A; =x(s+1), Ay = z((s+

this, consider the convergents

of F(x,s). The polynomials A;(z,s)

l)x+1), Bo=1, By =sand By =xs+ 1 with recurrence relations

Ai(z,s) = ((s+1)x+1)Aj o(x,s) —zA;_a(x,s),

(6.3.3)
Bj(z,s) = (s+ 1)z +1)B;_o(x,s) —xB,_4(z,s).

From the recurrence relations (6.3.3), we deduce the generating functions

1= ((s+ Do+ 1)t +at2 ;A%(ZE, s)t/,
z((s+1)—1t)

A, i
1= ((s+ Da + 1)t + at? Z 251(% )t
Jj=0

s
1—((s+ )+ 1)t + at?

= Z B2j+1(l’, S)tj,
7=0

(1 — xt) B > | }
1= ((s+ Dz + 1t +at2 ;B%(%S)t-

From the generating functions above, we establish relationships between the

polynomials A;(x,s) and Bj(z,s) given by

Agja(z,s) = (s+1)Ag;(x, s) — Agja(w, 5),

rByji1(z,8) = sAyj(x,s),
SBQj (l’, 8) = B2j+1(£L‘7 8) — Ing_l(ZL', S),
1

= EAQJ'(I', S) — Agj,Q(ilf, S).
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It can be shown that for 7 > 0,
Agj(z,8)? — (22 — 1) Agj(z, 8) Baj(x, 8) — Bgj(z,5)* = =2/, (6.3.4)
and for j > 1,
Agj_1(m,8)* — (22 — 1) Agj_1(x, 8) Baj_1(x,8) — 2 Baj_1(,5)*> = 2’s. (6.3.5)

Thus one finds from equation (6.3.5) that for odd convergents Fi(z, s)

!L‘kS

P(z, Fy(z,s)) = 5. (6.3.6)
ng_1<l‘,s)
Here, Bg_1(z,s) has positive integer coefficients, has s as a factor and
deg(Bak-1(x)) = k — 1. Hence for z > 1,

ks 1

lim P(z, Fi(z,s)) = lim ——— < lim ————— = 0.

2 - k2—3k+1
k—o0 k—ro00 B2k71(1‘) k—oo I S

Similarly one finds from equation (6.3.4) that for even convergents F}(z, s)

kL

Pz, F}(x,s)) = B L)

(6.3.7)

As before, Box(z,s) has positive integer coefficients and deg(Ba,_2(x)) =
k — 1. Hence for x > 1,

_karl -1

: . lm 5 o hm Y o
klgIoZP(x’Fk(x’S)) klgIolo B2, ,(z,s) _klgIolo ph? =3k 0

Since for all k, Fi(z,s) and Fj(x,s) are positive, F(x,s) is positive and

converges to the positive root of the quadratic
P(z,2,8) = 52> — ((s+ 1)z — 1)z — 2.

We can then deduce the following theorem.
Theorem 109. The continued fraction

S S S S
F(l’78) = [ZL‘, _7$27 D) x?)’ —,ZE4, — xkv

> ]
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converges to the positive root of the quadratic P(z,z,s) = sz*> — ((s + 1)z —
1)z —x.

We conclude by drawing a relationship between the continued fraction
F(1,27') and some g—series studied by Auluck, [15] and a Ramanujan

g—series. Define a continued fraction with m interlacing geometric sequences
by

F(mwy,.. . 0m) = [T1, .. T, 25, 20,20 s ] (6.3.8)
Aside from the present work, nothing seems to be known for m > 2. We
also don’t see anything of immediate interest for m > 3, or even the case
m = 1 (despite a superficial resemblance to the famous Rogers-Ramanujan

continued fraction). However the case m = 2, 1 = 1 and x5 = , namely;
F(2;1,2) = [1,z,1,2% 1,2% 1,2%,.. ] (6.3.9)

does seem of immediate interest. Write the k' truncation of F(2;1,x) in

reduced form as g’;—gg. Here (D (x)) seems to converge, as a formal power

series, to the g—series

K24k

2 (1= 2)(1—22)... (1 — 2F1))2(1 — o)

k=1

studied by Auluck in [15]. Coefficients of this power series are A001524'. On
the other hand, reversing the coefficients of Doy, 1(x), the sequence (Dg(x))
seems to converge as a formal power series to another g—series studied by
Auluck whose coefficients are A0055762.

The sequence of polynomials (Noy1(2)) seems to converge, as a formal

power series, to a Ramanujan g—series

K24k
2

2 (L= 2)(1—22)... (1 —2h))

00
k=1

which has coefficients A1431843. This g-series appears in part II of Ramanu-
jan’s Lost Notebooks [16, p. 18].

1 As given in the Online Encyclopedia of Integer Sequences https://oeis.org/A001524
2As given in the Online Encyclopedia of Integer Sequences https://oeis.org/A005576
3As given in the Online Encyclopedia of Integer Sequences https://oeis.org/A143184

180



Remark 7. The root distribution of the A,(x,s) and B,(x,s) polynomials
easily follows from a theorem of Khang Tran (see [1, Theorem 1] or [2]).
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