(© 2018 by Mingyu Zhao. All rights reserved.



SMOOTHING ESTIMATES FOR NON COMMUTATIVE SPACES

BY

MINGYU ZHAO

DISSERTATION

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics
in the Graduate College of the
University of Illinois at Urbana-Champaign, 2018

Urbana, Illinois

Doctoral Committee:

Professor Zhong-Jin Ruan, Chair

Professor Marius Junge, Director of Research
Professor Florin Boca

Associate Professor Timur Oikhberg



Abstract

In the first part of this thesis, we follow Varopoulos’s perspective to establish the noncommutaive Sobolev
inequaties (namely, Hardy-Littlewood-Sobolev inequalites), and extend the Sobolev embedding from non-
commutative L, spaces to general Orlicz function spaces related with Cowling and Meda’s work. Also we

will show some examples to illustract the relation between the Orlicz function, dispersive estimate on semi-

group T; and general resolvent formula on the generator A of the semigroup (i.e. Az = lim;_,q Tt’i_m ). And
we prove a borderline case of noncommutaive Sobolev inequality, namely the noncommutative Trudinger
Moser’s inequality.

The focus of the second part of the thesis is the completely bounded version of noncommutative Sobolev
inequalities. We prove a cb version of the Sobolev inequality for noncommutative L, spaces. As a tool,
we further develop a general embedding theory for von Neumann algebra, continuing the work for [JP10].
Finally we prove the cb version of Varopolous’s theorem and provide some examples and applications.

The third part of the thesis proves the existence of abstract Strichartz estimates on Ry for operators

that satisfies ultracontractivity and energy estimate. And we show the abstract Strichartz estimates are

applicable to the Schrodinger equation problem on quantum Euclidean spaces Rj.
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Chapter 1

Introduction

Singular integral theory is a fundamental and important topic in harmonic analysis. Real variable methods
of singular integral for higher dimension were original by A. P. Calderén and A. Zygmund [CZ52] in the
1950s. Singular integral operators of convolution type commute with translation on R™ and T". Interpolation
method, Poisson integrals and the Hardy-Littlewood maximal function are the main classical techniques.

We are mostly concerned with the following kernel:
k(z) = |z|*™™ for z €e R™"\ {0},0 < oo < n. (1.0.1)

The singular integral operator I, is formally given by

Inl0)(@) = g | e = ot

which is called a fractional integral. If 1/p — 1/¢ = a/n and 1 < p < n/a, then

Mo fllg S 11f1lp- (HLS)

This estimate is called Hardy-Littlewood-Sobolev inequality, proved by Hardy, Littlewood [HL2§|, [HL30]
and Sobolev [Sob3§|, dating back to 1920’s. In the pioneering work of N. Varopoulos in [Var85a] and E.
B. Davis[Cha84], they tried to put the HLS inequality into the setting of general Markovian semigroups
[VSCCO08]. Then the HLS inequality starts to be widely used in heat kernel estimates in many different
areas. Recalling N. Varopoulos’s paper[Var85al, he identified the equivalence between heat kernel estimates
and Sobolev inequality in a more abstract context. Indeed, Varopoulos proved, given a measure space (2, i),

T; is a symmetric Markovian semigroup with dimension n in the sense, i.e.

ITiflloe S 721 fl11, £ >0



if and only if
L) lla S 1l Taf(2) = / T, f (o)t dt,

with0 <a<n,1<p<Z, % = < — &. Moreover, for the symmetric Markovian semigroup, it’s well-known

1
P
that Ty = e~*4, where A is a positive self-adjoint operator on L2(Q, 1) (See [Var85h] for more information).
Then I, = c¢(a) A~/ where ¢(a) is a constant depending on a. In the classical case of the heat diffusion
semigroup on R™ (n > 3),1, is the standard fractional intergral by the convolution kernel k(z) in .
The Varopoulos dimension of the semigroup has been quite influential in many different areas of mathematics
like probability theory, statistical mechanics or differential geometry. See the survey paper [Grold] for more
details in this topic.

It’s interesting to understand the HLS inequality between the abstract semigroup theory and the frac-
tional integral (namely, resolvent formula) in the noncommutative setting. Many contributions [JPPP17],[TM10]
represent the starting point of Varopoulos dimension of abstract semigroup in the noncommutative context.

For example, Junge, Palazuelos, Parcet and Perrin[JPPPI7] proved that for the free Poisson semgiroup

acting on the free group F., the ultracontractivity bounds are invariant with the number of generators.
Ty : L1 (Foo) = Loo(Foo)|| < 7372

which is a known consequence of Haagerup’s inequality for homogeneous polynomials [Haa78]. Junge and
Mei [JMI0] predict the Sobolev embedding results based on the Varopoulos dimension on the von Neumann
algebra.

In the first part of this thesis, we prove the noncommutative HLS inequalities and extend to the
noncommutative Orlicz function spaces. Recall that Cowling and Meda [CM93] showed that {1} is ¢-
ultracontractive, i.e.

IT¢flloc S &) IFIIL, VF € Li(€2),8 > 0,

if and only if the generator A has the Sobolev embedding properties(HLS), namely,

1A~ fllg S 1 lps

whenever 1 < p < g < oo, = on the measure space. Xiao [Xiol6] extended the ¢-ultracontractivity

1_1
P q

of {T;} and 9(A)~* into the noncommutative setting. However, his work heavily rely on complex analysis,

holomorphic functions, multiplier operator theory and noncommutaive Lorentz space. We investigate some

basic notions and discover that Sobobev embedding can be extended to Orlicz function spaces with suitable



connection between ¢ and modified version of ¢. Indeed we define g and h is p-related if (1) g is increasing,
continuous, positive and p-convex, with satisfying Ag-condition; (2) h is decreasing and invertible; (3)
zg(x)h(z)' 7P is increasing. And we define 1, ,(w) = 2wh™(w)g(h~!(w)) as the generator function of g
and h. In this section, thanks to [JX07] on maximal inequalitiy for the semigroup on von Neumann algebra,

we use the “optimal” splitting point techinque of a Peter-Paul inequality to get the resullt as follows:

Theorem 1.1. Let the semigroup (T3) be a symmetric Markovian semigroup with the generator operator A

on a von Neumann algebra M. Assume the function g and h are p-related by the following conditions:
(i) the semigroup {T;}satisfies the ordered h-p-contractivity, i.e. Tyf < h(t)||fll,1, for f € L} (M);
(i) G(A)(x) = [ Tyeg(t)d.

Let ®(w) be the inverse function of wg,h(wl/p). Then we have the following embedding:
1G(A) : Lp(M) — Le(M)|| < C(p,a), 1<p<oo.

In the second part of this thesis, we investigate the completely bounded HLS (cb-HLS) inequality over
the archetypal algebras of noncommutative geometry: quantum forms of euclidean spaces Ry and tori Ay.
It’s very interesting to ask whether the completely bounded HLS holds when the semigroup has the cb

varopoulos dimension. i.e.
IT¢ : Ly(M) = Loc(M)]|es S 2 = [A™%: Ly(M) = Lg(M)]|es < Cla, q). (1.0.2)

for two reasons. The first reason is that some semigroup on Rj (and .A}) has the cb-Varopoulos dimension.
Indeed, a crucial point, as in abelian algebras, is to identify kernels over Rf ® (R} )P, where the op-structure

(reversed product law) is used in the second copy. This is justified by the important map

g+ Loo(R™) = Re®Ry’,

exp(2mi(§; -)) = Ao (§) © Ao (€)",

which extends to a normal *-homomorphism, for which the op-structure is strickly necessary. We apply
Effros and Ruan’s theorem [ER00] on Ry@R," to the heat semigroup T; = e A where A is the Laplacian
operator. We prove that

I3 2 L1(RE) = Loo(RY) e S /2.



Assume the cb-HLS inequality (1.0.2]) holds, then it implies that
[AAD™ = La(Rg) = Lg(Rg)llev < Clav, q)

The second reason is that the cb-Sobolev embedding on Ry strengthens the classical vector-valued Sobolev
embedding when # = 0 and n = 1. Let us denote x as (A~ *f) and recall the norms of an operator in L,(S;)
and S, (L) as follows:
p\1/p p\1/p 1 1 1
ez, sy = sup (f [lazB})" <( swp  NlazBIp) Y = llzls, o), =10 =11

llallzrsl1Bll2r=1 lleell2rsl1Bll2r=1 r

Therefore there exists a completely contraction from S,(L,(R)) to L,(R,S,). The cb Sobolev inequality
reduces the vector-valued Sobolev inequality, but the opposite direction is not. Therefore the cb-HLS
inequality is more general than the vector-valued one. In chapter 3, we prove (1.0.2]) in an abstract setting

described as follows:

Theorem 1.2. Suppose {T;} is a strongly continuous semigroup of normal selfadjoint subunital completely

positive maps on some semifinite von Neumann algebra M. The following are equivalent:

(1) there exist 1 < p < q¢ < 00 with o = g(% - %) such that

A7 Lp(M) — Ly(M)lep < e1;
(2) the semigroup {T:} satisfies

Ty : Li(M) — Loo(M)]|ep < cat™™/2.

We want to emphasize that the proof of Theorem [I.2] develops a new tool to prove cb-boundness for maps
on the semifinite von Neumann algebra M. The cb-norm estimates of maps between noncommutative LP (M)
spaces have achieved a rapid and considerable progress in recent years. For example, the quantum Fourier
multipliers is easier to prove by transference methods stablished in [GPJP17],[CXY13],[Ric16]. It’s known
from [Bou86][WeiO1] that the UMD-property implies the boundedness of all invariant singular integrals or
standard multiplier operators under some regularity assumption. However, the tools for cb-boundness from
L, to L, are very rare. A. Harcharras [Har99] dealed with completely bounded version of Fourier multipliers
on LP and Schur multipliers on the Scatten class SP when LP and S? are viewed as operator spaces by using

subsets of Z enjoying the noncommutative A(p)-property. In our work, the main obstacle that we deal with

4



is how to completely isomorphically embed a noncommutative L, space into the sum of two weighted spaces
Lo, L, with 2 < ¢ < p. We use Junge and Xu’s machinery [JX07] as the main ingredient. In chapter 3, we

prove a representation theorm as follows:

Theorem 1.3. Let 2 < p < q. Then there is a map u : Lo(M) N Ly(M) — La(M @ B(£2)) such that for

any operator x € L,(M) N L§*(M),

U(Z‘) ,S anDq + DybDoy,a € LQ(M X B(fg)), be Lq(M ® B(éQ))

Here D, and Dy are two multipliers in M @ B({s).

We discover that we can use an explicite decomposition of A™%. We define two matrix-valued singular
integral operators ®,” and @gow" in a concrete form, derived from the split point in the classical proof of
HLS inequality. Following the scheme of Theorem for A=%f, we show that by a deterministic split point,
@down f is an operator in Lo(M @ B(fs), w1) and ®,” f is an operator in Ly(M ® B({2), ws) with a suitable
choice of weights (w1, w2) from interpolation theory.

In the third part of this thesis, we investigate the abstract Strichartz estimates theory in noncommutative
space. Strichartz estimates are a family of inequalities for linear dipersive partial differential equations.
These inequalities establish size and decay of solutions in mixed norm Lebesgue spaces. In [Seg76|, the
author investigates the linear Klein-Gordon equation. In the pioneering paper [ST77|, Strichartz builds the
connection between space-time estimate and the restriction theorem of Tomas and Stein. See [LS95],[Kap89],
[MSS93], [GV95], [Sog95] for many known Strichartz wave equations. See [GV92] [Yaj87] for Strichartz
results for the Schrodinger equation. In [KT98|, Keel and Tao showed an abstract Strichartz estimates for
a family of operators with Varopoulos dimension and boundedness on some Hilbert space. In chapter 5,
we adapt their proof and [Tag08] by defining some bilinear operators. Next we show that the existence of
abstract Strichartz estimates for Rj. Indeed the Schrédinger operator T; = e A gatisfies the dispersive
estimate proved in chapter 3. And Schrédinger operator has the energe estimate followed from Plansherel’s
estimates. Then we apply the Strichartz estimates on R} for the Schrodinger equations.

The thesis is organized as follows. In Chapter 2, we assume the reader has basic knowledge on C*-
algebras and von Neumann algebra theory. We give a brief introduction on interpolation theory, operator
spaces and completely bounded maps, noncommutative L? spaces and vector-valued noncommutative L,
spaces, abstract semigroup theory.

In chapter 3, we prove the Sobolev inequalities in the noncommutative setting. Moreover we extend the

Sobolev embedding from noncommutaive L, spaces to Orlicz function spaces with the Luxemburg-Nakano



norm for 1 < p < oco. We study three examples to show the existence of such Orlicz function spaces.
Then we establish a normal representation from R” to Rg@R," which provide the main ingredient to prove
the ultracontractivity. Then we introduce the notion of Trudinger-Moser’s inequality, which concerns the
borderline case of Sobolev inequality when p leads to infinity. We show some analytic embedding of L,(R})
and prove a noncommutative version of Trudinger-Moser’s inequality on Rj.

In chapter 4, we prove the cb Sobolev inequalities in the noncommutaive setting. We introduce the notions
of "weighted truncated resolvent operator” and show norm estimates of these maps. Then we prove the cb
Sobolev inequlity for Schatten p classes S, with embedding theory for discrete space. Then we explore the
L, embedding theory for general von Neumann algebra. We introdcuce the notion of homogeneous space K
and give some certain regularity condition on the pair of weights. We show that, the fundamental sequences
with a mild regularity assumption, completely determine the operator space structure of K. We find a
canonical representation of the homogeneous space K in terms of weighted row and column spaces. Then
we prove the cb-sobolev inequalities for semifinte von Neumann algebra and the cb-version of Varopolous’s
theorem and provide some examples.

In chapter 5, we adapt the proof of abstract Strichartz estimates in Keel and Tao’s paper [KT98],
with notations from [Tag08]. In this section, we replace (7;) by the group unitaries (e2). With the
ultracontractivity of {73} proved in chapter 3, we prove the existence of Strichartz estimates on the quantum

euclidean space Ry.



Chapter 2

Preliminaries

2.1 Interpolation

In this section, we recall some basic knowledge of interpolation theory. Our main reference is from the thesis

paper [Tag0§].

2.1.1 Complex interpolation

We first recall the definition of complex interpolation for Banach spaces. Let (Ey, E1) be a compatible couple

of complex Banach spaces. Recall that
Eo + By = {ag, +ay : ag € Ep,a; € E1}
with norm
lallzo+ e, = inf{llacl|, + lla1lle, : @ = ao + a1, a0 € Eo, a1 € Er}

(see [[Tr195], 1.2.1] for more details).

Let F(FEy, E1) be the family of all functions f : S — Ey + E; satisfying the following conditions:
e f is continous on S and analytic in the interior of S;

o f(k+it) € Ey for all t € R and the function ¢ — f(k + it) is continuous from R to Ej for £k = 0 and

k=1,
° hmmﬁoo IIf(k+ it)”Ek =0fork=0and k= 1.

When the family F(Ey, E1) is equipped with the norm

1f 1|7z, 2:) = max{sup || f (@) || 5, sup [ f(1 +it)|[ 2, },
teR teR

F(Ey, E1) is a Banach space.



Definition 2.1. For 0 < 6 < 1 the complex interpolation space Eg = (Ey, E1)g is defined as the space of
all those x € Ey + E; for which there exists f € F(Ey, E1) such that f(8) = z, with the norm

[zllo = inf{ || fll 7(&o,0) + [(0) =z, f € F(Eo, E1)}.
Remark 2.2. The complex interpolation space Fy becomes a Banach space. Thanks to maximum principle,
Ey is isomorphic to the quotient of F(Ey, E1).
Theorem 2.3 ([Iri95], Theorem 1.9.3). (Ey, E1) is an interpolation couple. Then
(Z) (E(),El)e = (E17E0)1,9 holds fOT’ 0 S 0 S 1,

(i) Ey C Ey implies that

Ey C (Eo, E1)e, C (Eo, E1)e, C E1
where 0 < Oy < 01 < 1,
(i) (Fo,Eo)e = Eo if 0 <6 <1, and
(iv) EoN Ey is dense in (Eg, E1)g.
Moreover, suppose that 0 < 8 < 1, B = (Bgy, B1)g and C = (Cy,C1)g. If S is a linear operator from By to Cy

and from By to Cq, i.e.

[Sbollcy, < Mollbollsy, [1Sb1lle, < Mullbills,, Vo € Bo, b1 € B,

then S is a bounded linear operator from the interpolation space B to the interpolation space C satisfying

1Sb]|c < My~ M{||bllz Vb€ B.

In Chapter 3, we will often use the bilinear version below.

Theorem 2.4 ([BL12], Theorem 4.4.1). Suppose that the pairs (Ao, A1), (Bo, B1) and (Co,Cy) are Banach
interpolation couples. Assume that S : Ag N Ay X BoN By — Cy N Cy is bilinear and that for every (a,b) in

Ap N Ay x By N By the inequalities

15(a;b)llc, < Mollall 4,10l 5o, [15(a, b)lloy < Millalla, [[bll 5,



holds. If0 < 0 <1 and 0 < g < oo then S extends uniquely to a bilinear mapping from (Ag, A1)e X (Bo, B1)e

to (Co,Ch)g with norm at most Molfer.

2.1.2 Real interpolation

Let Ey, F1 be Banach spaces.We assume the interpolation couple (Fy, E1) is embeded into some larger

Banach space A.

Definition 2.5. Let the real interpolation spaces (Ey, E1)g,q for 0 < 6 < 1,1 < g < 0o be via the norm

< dt\1/q
lellenzn, = ([ 0Ky )"

where

K(tva) = a:%zrol—i-al ”a‘OHEo +t||a1”E1'

We list some basic properties of real interpolation spaces frequently used in this paper.

Theorem 2.6 ([BL12|, Theorem 3.1.2 and 3.4.1). Suppose that (Eg, E1) is a Banach interpolation couple,

0<0<1andl<q<oo. Then the following properties hold:
(i) (Eo, E1)e.q = (E1,Ep)1-6,4 with equal norms,

(i) if 1 < q <r <oo then

(Eo, Ev)o,1 C (Eo, Ev)o,q C (Eo, E1)e,r C (Eo, E1)6,00,

(iii) (Eo, Eo)g = Eoy with equivalent norms, and
(i) if Ey and E1 are complete then so is (Eo, E1)a.q-

Moreover, suppose that 0 < 0 < 1,B = (By, B1)g,q and C = (Co,C1)g,q. If S is a linear operator such that
1Sbollcy < Mollbol| By, [1Sb1lle, < Millb1l|s,, Voo € Bo, b1 € By,
then S is a bounded linear operator from B to C satisfying
1S0]|c < My~ MY|bl|ls Wb e B.

We also use some bilinear results for real interpolation spaces as follows.

9



Theorem 2.7 ([BL12],pp 76-77). Suppose that the pairs (Ao, A1), (Bo, B1) and (Cy,Cy) are Banach inter-

polation couples.

(i) Suppose that for every (a,b) in Ag N Ay X Bg N By the inequalities
1S(a,b)llcy < Mollall bl By, [|S(a, b)llc, < Millal|a,[|bll5,
holds. If0 < @ <1 and 1/r4+1=1/p+1/q with 1 < r < oo, then S extends uniquely to a bilinear

mapping from (Ao, A1)ep X (Bo, B1)a,q to (Co,C1)e,r with norm at most Mol_er.

(i) Suppose that the bilinear operator S acts as a bounded transformation as indicated below:

SZA(]XB()—)C(),
S:onBl%Ol,

SZA1XBO—>C1.

If 69,01 € (0,1) and p,q,r € [1,00] such that 1 < 1/p+ 1/q and 0y + 01 < 1, then S also acts as a

bounded transformation in the following way:

S 1 (Ao, A1)gy,pr X (Bo, B1)oy,qr = (Co,C1)9404,r-

2.1.3 Interpolation of L? spaces by real and complex method

Complex interpolation of LP spaces gives us the desired result as follows:

Theorem 2.8 ([BL12], Theorem 5.1.2). Suppose that (x,u) is a measure space, (Eo, E1) is a Banach

interpolation couple, pg,p1 € [1,00] and 0 <0 < 1. If 1/p=(1—-6)/po+ 0/p1 and Eg = (Eg, E1)g then
(L™ (x; Eo), L™ (x; E1))o = LP(x; Ej).
If p; = oo for some i € {1,2}, then LPi must be replaced with the space L° of bounded functions with

compact support.

In general, real interpolation of LP spaces gives Lorentz spaces rather that LP spaces, since there is an

extra interpolation parameter. We first give the definition of Lorentz spaces as follows:

Definition 2.9. Suppose that (x, 1) is a measure space, E is a Banach space and 1 < p < oo. If 1 < ¢ < 00

10



then the Lorentz space LP*4(y) is given by
LP(x; B) = {F € L'(\G E) + L= (G E) : | Fllpram) < oo},

where
o . dt\1/4
1Plinacery = (| PP 01 T)

and F* is the measure-preserving rearrangement function of F (see [[Iri95], 1.18.6] for further details).

Theorem 2.10. Suppose that x is a measure space, E is a Banach space, 1 < pg < p1 < 00,pg < ¢ < 00

and 0 <0 < 1. If1/p=(1—0)/po + 0/p1 then
(LP°(x; B), LP*(x; E))o,q = LPY(x; E) with equivalent norms.

Lorentz spaces are equivalent to L, space in some conditions.
Lemma 2.11 ([BLI12], p.8). Suppose that x is a measure space and E is a Banach space.
(i) If 1 <1 <rq<ooandl<p<oo, then LP"(x; E) C LP"2(y; E).
(i) If 1 <p < oo then LPP(x; E) = LP(x; E) with equal norms.

Theorem 2.12 ([BL12],p.130). Suppose that x is a measure space, po,p1 € [1,00),0 € (0,1) and 1/p =

(1—6)/po +0/p1. If (Eo, E1) is a Banach interpolation couple then

(LPO(X;Eo%L’“ (X7E1>)9 = LP(x; (Eo, E1)o,p)-

P

Remark 2.13. We will need the interpolation space identities (LZLP°, L?LE')g 5 = L7 LP? whenever py # p1

1-0

and L =
p Po

+ p% in next chapter.
We shall also use interpolation results for weighted Lebesgue sequence spaces in Chapter 5. Let s €

R and 1 < ¢ < 00,l; denote the space of all scalar-valued sequence {a;};ecz such that

{a;}jez

. 1/q
= (ZW\%\Q) < . (2.1.1)

If ¢ = oo then the norm is defined by ||{a;},ez

1, = sup 27%|a;).
Theorem 2.14 ([BL12], Theorem 5.6.1). Assume that 0 < qo < 00,0 < q1 < 00,0 <0 <1 and sg # s1. If

0 < qg<oo then
(50 lat)o.qg = 1
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where s = (1 — 0)sg + 0s1.

Remark 2.15. In chapter 3, we will use the special case (152,152)g1 =I5 with s = (1 — 6)so + 0s1.

o0 Yoo

2.2 Operator spaces and completely bounded maps

We introduce some basic concepts from operator space theory on those aspects which are useful for this

work, and our mainly standard references are from [Xu0g].

Definition 2.16. An operator space E is a complex Banach space together with a sequence of matrix norms

I - |x on My[E] = M}, ® E satisfying the following conditions:
o (Ry):[lv@wlksr = max{||v]lx, [[wlli} and
o (Ra) : [lawpk = [lel[[[wll|A]]

for all v € My[E],w € Mj[E],a € My ;8 € M. (R1) and (R2) above are usually called Ruan’s axioms.
The following theorem is proved in [Rua88].

Theorem 2.17 (Ruan’s characterization). Let E be a vector space. Assume that each My (E) is equipped
with a norm || - ||n. If these norm || - ||, satisfy Ruan’s axioms (R1) and (Rg), then there are Hilbert space H

and a linear map J : E — B(H) such that
Ip = tdpg, @ J 2 My (E) — M, (B(H)) is isometric for every n.

In other words, the sequence (|| - ||ln) comes from the operator space structure of E given by the embedding

J:E = B(H).

Definition 2.18. An operator space E is called homogeneous if every bounded map on E is c.b. and

[[u|les = ||ul]. E is called Hilbertian if E is isometric to a Hilbert space.

Definition 2.19. Given operator spaces E and F and a linear map T : F — F, is said to be completely
bounded if

ITleo = sup [T ]| < oo,
n

here T}, : M,,[E] — M,[W] denotes the linear map by T, (v) = (id, x T)(v) = (T'(vi;))i,;. We say that T is
completely contractive if ||T||c» < 1. Moreover, T is said to be a completely isomorphism (resp. completely

isometry) if each map T}, is an isomorphism (resp. an isometry).

12



Definition 2.20. Given an operator space E, we define the dual operator space E* by means of acceptable

matrix norms

M,|E*] = CB(E, M,),n > 1.

It is not difficult to see that ||7*|lcs = ||T||c» for every T : E — F, denotes the adjoint map of T.

Theorem 2.21 (Haagerup-Paulsen-Wittstock factorization). Let E C B(H) and F C B(K)be two operator
spaces. Let w: E — F be a c.b. map. Then there are a Hilbert space H, a representation 7 : B(H) — IB%(?-Nl)

and two bounded operators a,b € B(K,H) such that
u(z) = b*m(x)a,Vo € E.

Namely, u = Ly-oRgom|g. Moreover, ||u||e = inf{||a]|||b||} where the infimum is taken over all factorizations

of u as above.

2.3 Noncommutative L” spaces

2.3.1 Definitions and Propositions

In this section, we mainly follows the notations of [JLMX06]. Let us take a brief presentation of noncom-
mutative LP spaces associated with a trace. We mainly refer the reader to [Ter81] and [PX03] for further
information on these spaces.

M is a semifinite von Neumman algebra with a normal semifinite faithful (n.s.f) trace 7. We use M to
represent the positive part of M. Let S; be the set of all x € M whose support projection have a finite
trace. Then any x € S; has a finite trace. Let S C M be the linear span of Sy, then S is a w*-dense

*_subalgebra of M.

Definition 2.22. Let 0 < p < co. For any x € S, the operator |z|P belongs to Sy and we define
1
[zllp = (7([z["))7,z € S.

Here |z| = (z*)2 denotes the modulus of x. It turns out that |z, is a norm on S if p > 1, and a p-norm
if p < 1. By definition, the noncommutative LP-space associated with (M, 1) is the completion of (S, ||z||,),

denoted as L,(M).

Remark 2.23. For convience, we let L>°(M) = M equipped with its operator norm. LP(M) N M is dense

in LP(M) for 1 < p < 0o. M = Lo (€, 1) and Schatten classes S, are two simple examples.

13



Assume that M C B(H) acts on some Hilbert space H. We want to have a description of the elements
of LP(M) as (possibly unbounded) operators on H. Let M’ C B(#) denote the commutant of M.

We recall the noncommutative Hélder inequality. If 0 < p, ¢, < oo are such that % + % = %, then

lzyllr < llzllpllyllg, 2 € LP(M),y € LHM). (H)

Conversely for any z € L"(M),there exist x € LP(M) and y € L%(M) such that z = zy, and |z]|,
el il
Thanks to Holder inequality, we get an isometric isomorphism LP(M)* = LP (M) with % + ﬁ =1,1<
p < 00. We can include the case p = oo by identifying L!(M) with the (unique) predual M, of M.
Another important property of noncommutative LP-spaces is that they form an interpolation scale(see
[Ter82]), i.e.

[L°(M), LY (M)]1 = LP(M),1 < p < o0,

=

where [, ]s means the complex interpolation method. We refer to the survey paper [PX03] for more informa-

tion and historical references on noncommuative L, spaces.

2.3.2 Weighted noncommutative L, spaces

We mainly follow the notations in [JRS05]. Let ¢ be a normal faithful semifinite weight on M. Consider
the one-parameter modular automorphism af (associated with ¢) initiated by Haagerup [Haa79]. Then the
semifinite von Neumann algebra M := M x,s R will have an induced trace 7 with a dual action 6. And the
trace and action have the relation 7060, = e~ %7 for all s € R.

Because of the one-parameter group, M now can be considered as a #-invariant von Neumann subalgebra
Loo(M) of M. As for L,(M,$)(1 < p < 00) , it can be identified as the space of all (unbounded) 7-
measurable operators affiliated with M such that 6,(T) = e »T for all s € R. Following [Ter81], we have

the follow theorem,

Theorem 2.24. There is a one-to-one correspondence between bounded (positive) linear functionals ¢ € M.,

and T-measurable (positive self-adjoint) operators hy, € L1(M, ¢) under the connection given by

¢(&) = 7(heT), 7 € M,

where ¢ is the so-called dual weight for ¢

This correspondence actually extends to all of M, and L; (M, ¢). We set the “tracial” linear functional

14



tr=trap: Li(M,¢) = C by

tr(hy) = p(1), satisfying tr(hyz) = tr(zhy,) = ¢(x), ¢ € Mf,z € M.

Given any h € L,(M), we have the polar decomposition h = w|h|. Here |h| is the positive operator
in L,(M)" and w is the partial isometry contained in M . We call s;(h) = ww* the left support of h
(respectively the projection s,.(h) = w*w, right support of h). Thanks to the above therem, we naturally

define a new norm on L,(M, ¢)

Definition 2.25. For h € L,(M, ¢), we define
Il = tr(|RIP)? = o(1)!/P

if o € M, corresponds to |h|P € Li(M,¢)T.

With this norm, it is easy to see that L;(M, ) is isometrically and orderly isomorphic to M,. By
isometry, Ly,-space constructed above is actually independent of n.f.s weight chosed on M.
If h € L,(M)*t, h? is a positive operator in Ly (M)* . So h? is h,, for a positive ¢ € M. Therefore, we

may identify h with '/, i.e. h = p'/P. See [Con00, [Yam92] [She] for more details.

2.4 Vector-valued noncommutative L, spaces

2.4.1 Vector-valued schatten classes

We want to define Schatten classes with values in operator spaces. Our main reference for this section is
from [Pis03]. Let E be an operator space, Soo[E] be Soo @min F and S1[E] be Si®F (projective operator
space tensor product). We define S,[E] by interpolation for any 1 < p < oo, i.e. Sy[E] = (Soc[£], S1[E])1/p-
The elements of S,[E]| are often represented as infinite matrices with entries in E. The following theorems

in [Pis03] are very useful:
Theorem 2.26. Let 1 < p < 0.

1) Any x = (z,5) € Sp|E] admits a factorization x = ayb with a,b € Sa, andy € S [E]. Here the product

is the usual matriz product. Moreover, we have

Ils,iz1 = i€ {lallpllyls..s1 bl
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2) Conversely, for any = (z;;) € Soc[E]
[2]ls ) = sup{llazblls, z) : a;b € Sap, [lallzp < 1,[|bfl2p < 1.}

Corollary 2.27. Let E and F be two operator spaces. Let 1 < p < co. Then a linear map u: E — F is c.b.
iff
sup [|[Isp @ u: Sy[E] — SP[F]|| < oo;

Moreover, in this case the supremum above is equal to ||ul|ep.

Proposition 2.28. For the case operator space E = Sl‘j for some 1 < ¢ < oco. Given 1 < p,q < oo and

L =111 we have
P q

1) If p <gq, ||x||sg[sg] = inf{||a||sgr||y||5;d||b||S§T}, where the infimum runs over all representations X =

(a® Idg)y(b® Idy) with a,b € M, andy € M, @ M.

2) If p = q, ||zl spse) = sup{ll(a ® Ida)x(b @ Ida)||spa : a,b € S5, with [|al], [|b]] <1}

2.4.2 Column and Row p-spaces

Recall that the column and row spaces, C and R, are the first column and row subspaces of So,. Now let E
be an operator space. We denote by Cp[E] (resp. R,[E]) the closure of C, ® E (resp. R, ® E) in Sp[E]. For

any finite sequence (z) € F,

1Y ak @ erlle,im = 10 z5a1) L, )
k k

where (ej) denotes the canonical basis of Cp,. More generally, if a;, € Cy,, then

1> @k @ aklley i = 10 {ay, ar)wia;) | L, m)-
k k,j

We also have a similar description for R,[E].

In general, for a Hilbert space H and 1 < p < oo, we define the Schatten p-class S,(C,H) (resp.S,(H,C))
as Hj (resp.?—[;). When H is separable and infinite dimensional, H; and H,, are respectively C), and R,
above. If dim#H = n < oo, we set Hj, = C)) and Hj, = R};. We call H;, (resp.H}) is a p-column (resp. p-row)

space.
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2.5 Semigroups

The relationship between Littlewood-Paley theory and symmetric contraction semigroups with additional
hypotheses was investigated by Stein [Stel6] in 1970s. Then more attention has been turn to the application
of abstract semigroups on noncommutative L,-spaces. The authors [JX02] and [JX07] use diffusion semigroup
to prove noncommutative maximal inequalities on L,-spaces for the first time. [Mei08| and [JX02] provide
the definition of BMO and tent spaces associated with semigroups. [JM10] studied noncommutative Riesz
transform.

Without special explanation, we always assume that {7}} is a semigroup of completely positive maps on

a finite von Neumann algebra M satisfying the following the assumptions
(i) Every T; is a normal completely positive maps on M such that |T3(1)]] < 1;
(ii) Every Ty is selfadjoint with respect to the trace 7, i.e. 7(Ti(2)y) = 7(2T:(y));

(iii) The family (T}) is strongly continuous, i.e. lim;_,o T3z = x with respect to the strong operator topology

in M for x € M.

Remark 2.29. The first two conditions imply that 7(Tix) = 7(x) for all x, so T} is faithful and contractive
on Li(M). By interpolation technique, T; can be extend to a contraction on L,(M) for 1 < p < oo and

satifies lim_,o Tyo = « in L,(M) for any = € L,(M).

Let us recall that the dommain dom,(A) of the generator A(formally depending on p) is the set of all
x € Ly(M) such that

Tox —
Az := lim r-e
t—0 t

We calll that this semigroup admits an infinitesimal generator A. On the other hand, the resolvent formula
oo
AT = F(a)_l/ T,t*tdt for a > 0.
0

We can easily get the associativity property of A~¢ by functional calculus. But we want to show an

alternative proof of it to illustrate the reason that there is a coefficient I'(a) =1 in this formula.

Proposition 2.30. Given arbitrary two positive numbers ag and v with o = ag + 7,

AT = A7 AT,
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L(ag)T(v)

Proof. Since Beta function B(x, y) and gamma I'(x) have the relationship B(ay,7) = o7

, we get

ATATY (z) = F(aq)*l/mTt(A* (et tdt = T(a q)lfoooTt(/ooT( )s%lds)t%*ldt

= (I( / / T, Tyxs? 't Ldsdt = (T'( / / Ty exs? 1t Ldsdt
= (I( // x(m — 1) e L dmdt

= ([(ag)T'(v))~ /me(/ (m—1t)7~ 1to‘q_1dt)d
0
1
= (I‘(aq)I‘(y))_l/me(/ m*(1—s)7" s dt)dm
0
= (T(ag)T(y) ™ /mema_lB(aq,v)dm =T(a)™? /memo‘_ldm = A"%(x) O
Definition 2.31. A standard semigroup (7}) on a finite von Neumann algebra M admits a Markov dilation
if there exists a larger finite von Neumann algebra N, an increasing filtration (/\/'5)320 with conditional

expectation Ny = E4(N) and trace preserving *-homomorphisms s : M — A such that 7s(M) C N, and

Es(me(x)) = ms(Th—sx)),0 < s < t < 00,2 € M.

In [JMI0], the authors proved that every semigroup of completely positive unital selfadjoint maps on a

finite von Neumann algebra admits a Markov dilation.
Definition 2.32. Let M be a von Neumann algebra. A semigroup (7}) is completely bounded ultracontrac-

tive if it satisfies

T} : Lo(M) — M| < Ct™ 7, (R2)

T} : Ly(M) = M|, < Ct™ 2. (Ry)

If any of these holds, we say the semigroup {7} has the cb-Varopoulos dimension n.
Remark 2.33. In general, the Varopoulos dimension can be any constant. For example,

(i) For the classical case, i.e. R, it’s known that the heat semigroup T} = e~* has the classical(not cb)
Varopoulos dimension n. Here the n is exactly the dimension of the space. And the poisson semigroup

has the Varopoulos dimension n/2.

(ii) Free Poisson semigroup acting on the group algebra of the free group F,, uniformly in the number of

generators, has the following

Ty : Li(Foo) = Loo(Foo)|| < t73/2
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which is a known consequence of Haagerup’s inequality for homogeneous polynomials [Haa78] (See

[JPPP17] for more details).

(iii) More examples of semigroup can be found in the Application and Examples section of Chapter 4.

We may also define the family of condition on the semigroup 7}
1T, Ly(M) = Ly(M)|lap < Ct= 302101 < p< g < oo, (Ru)

However, (RPY)) is equivalent to (RZ)) by the following property, proved in Lemma 1.1.2 in [TMT0]

Proposition 2.34. Let (T}) be a selfadjoint family of operators, uniformly bounded on L,(M). Then (RP9))

holds for one pair 1 < p < q < oo if and only if it holds for all 1 <p < q < 0.
We have an explicit form for T} as follows:

Proposition 2.35. Let (T}) be a selfadjoint family of operators, uniformly bounded on L,(N'). Then there

erists a map ug such that

Ti(yiy2) = we(y1) ue(y2), Yy, yo.
Moreover, let uq(y)(t) = t =D/ 2y, (y). Then A= (y*y) = ua(y)*ua(y) fory € N.
Proof. Let us recall the GNS-presentation of a completely positive map. Let T' : N' — N a completely
positive mapping. Then N'® N with inner product defined by setting

(a®@bxz®y) =b"T(a"x)y

is a semi-Hilbert N-A/-module in a natural way. Denote NullN @ N) = {z € E : (z,x) = 0}. Setting
E=N@N/Nullygy and £ =1® 1 + Nullygp € E, we have T(a) = (€, a€). The pair (F,£) is called the
GNS-presentation of T. Indeed, the Hilbertian module N @7 N = pC®N. Therefore u; : x +— (z @y 1) is
the map satisfying (y @ 1,z ® 1)y = Ty(y*z). us(y1)*us(y2) = T:(y7y2) be the map obtained from the GNS

construction of Ty. Then let uq (y)(t) = t(*~D/2u,(y) satisfying

o (1) () = / T,y y)te Nt = A~ (y"y).
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2.6 Quantum Euclidean spaces and Noncommutative tori

Our main reference for this section is from [GPJPI7]. Given an integer n > 1, fix an anti-symmetric R-
valued n X n matrix ©. We define Ag as the universal C*-algebra generated b a family u1 (s), uz(s), - - -, un(s)
of one-parameter unitary groups in s € R™ which are strongly continuous and satisfy the ©-commutation
relations below

w;(s)ug(t) = 2Oy (t)uy (s).

If © = 0 and by Stone’s theorem we may take u;(s) = exp(2mis(e;,-)) and Ag is the space of bounded
continuous functions R — C. In general given ¢ € R™ we shall extensively use the unitaries Ag(§) =

u1(&1)ua(€) - un(&,) and we define Eg as the closure in Ag of Ag(L1(R™)) with

Yolf) = [ FE@o(e)de.

If © =0, we find Fo = Co(R"™).
Proposition 2.36. Given any O, we easily see that
(1) do(€)" = e Tims Ot rg (—g),
(2) Xo(E)ho(n) = e2TEC Ao () Ao (€) = €7 212k BN (€ 4 1),

(3) Mo(f1) e (f2) = Ao (f1 *o f2) with ©-convolution given by

frxe f2€) = | fi(€ =) falm)e®™ Zsmr Oor(Emmale .
R7L
Definition 2.37. For any smooth and integrable function f : R™ — C, let

To(Xe(f)) =To( | [f(§)Ae(§)dE) = f(0).

Rn

Te extends to a n.f.s trace on Fg. Let Rg = Eg be the von Neumann algebra generated by Eg in the GNS
representation of T7¢. We obtain Rg = Loo(R™) for © = 0. In general, we call the ©-deformation Rg a

quantum Fuclidean space.
Proposition 2.38. The following results hold:

(i) If n =2 and © # 0, we have
Eeo ~ Cp(R) x R.
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In the case, the crossed product action is given by R-translation.

(ii) Let © denote the (n — 1) x (n — 1) upper left corner of © € M, (R). Then there exists a continuous

group action fBn_1 : R — Aut(Eg) satisfying

E(_) = Eé NB,_1 R.

(iit) Te extends to a n.f.s trace on Re, and the action (B, is trace preserving on (Rg,Tg). Induction on

n and iteration give

Re ~Rg xp, 1 R,

Ro = ((Loo(R) %5, R) -+ %5, , R).
Let us now recall the weak-* continuous map

g6 : Ao (§) = expe Do (§),

where exp, stands for the character x — exp(2mi(z,§)) in Lo (R™).
Corollary 2.39. 0 : Ro — Loo(R")®@Re is a normal injective *~homomorphism.

Let us consider the linear map mg, determined by

T 1 expe — Ao(§) ® Ao (§)"

As an illustration, recall that for © = 0 we may expect to get the following identity for any Schwartz function

fR*—=C
mo(D) = m [ F@ exnede)wn) = [ F©espele e = fa =)
Lemma 2.40. meg extends to a normal *-homomorphism
To : Loo(R") = Re®@RG satisfying (0o & idger) o me = (idpn ® Te) 0 Lgn.

where Agn (expg) = expg @ expy s the comultiplication map in R™. Moveover, the map mg also extends to a

completely isometry o : L5(R™) — L§(Re)®RG -
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2.6.1 BMO space theory

We mainly follow the notations in [JXT03].
Definition 2.41. Let 2 < ¢ < 0.

(i) We define LgMO(M) (mean oscillation in L? in the column sense) as the space of all martingale

difference sequences (dy) in Lq such that the sequence z = (z,,),>0 defined by z,, = >°;_, d, satifies

”xH%ZMO(M) = sup ” sup En(‘xm - xn—1|2)”q/2 < 00
m>0 0<n<m

Note that

En(lxm - xn71|2) = En(z |dk‘2)-
k=n
(ii) Define LjMO(M) as the space of all x such that z* € L;MO(M), equipped with the norm

||$|\L3M0(M) = ”x*HLgMO(M)

(iii) Finally,
LyMO(M) = LeMO(M) N LgMO(M)

equipped with the intersection norm

2l 2, momm) = max{”x”LgMO(M)a || L;MO(M)}'

Remark 2.42. 1f ¢ = oo, all these spaces L°MO(M) = BMO(M), L>MO(M) = BMO.(M), LS MO(M) =
BMO, (M) coincide [Pis93] and [JXT03).
Define HE(M)[resp. HE(M)] to be the space of all LP-martingales x with respect to the filtration (My,),>0

such that dz € LP(M; (?)[resp.dx € LP(M;(?)], and set

lzll22 ) = lld||l Lo (asezy and (|2 ]lz ) = [ldz]| Lo ag;e2) -

Proposition 2.43. For faithful von Neumann algebra M, p > 2,we have the following properties:
(i) [BMO, LyMOlg = LgMO, here 1]‘%9 = é

(ii) LEMO ~ H
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(iii) HE N HY = L,

In general, for hyperfinite von Neumann algebras, we have to do some modification to derive the non-
faithful state. In [JXT03|, the authors consider to use the increasing filtration of w*-closed *-subalgebras
{Mp}n>0 of M such that U,>oM,, is w*-dense in M. Let (e,) be an increasing sequence of projections
converging to 1 in M, and D be the subalgebras of M generated by the e,’s. Let f, = e, — e,—1 (with
e_1 = 0). Clearly (f,) is a sequence of orthogonal projections which sum to 1. Set D,, = Cf,, and define
T, : M — D, by T, (x) = (xfn, fn)[n. Note that T,, is the normal conditional expectation from M onto D,.

We denote

gn(x) = Z Ti(x),z € M.

0<k<n

Define Mn as the von Neumann subalgebra generated by M, and D. Then there is a faithful normal

conditional expectation &, from M onto Mn, i.e.

All these mappings extend to contractions and converge on LP(M). Let dy = &y, czo =¢épand d, = ¢, —

€n—1,dn = Ep—En—1 for n > 1. Note that dz,, = d,x for all n. Then for any x € LP(M), (dpz),] resp.(Jnm)n]
is the martingale difference sequence with respect to (M,,)] resp.(ﬂn)]. We have the following easily checked

relations between these martingale differences

dox + > Tpz, n=0
dpz = k>1
dpx — Ty, n>1.
Proposition 2.44. The bmo norm has the following properties:
(1) [1xll5m, = Sup 1Tl + sup | En(Xy,, |di|*) M2

(it) |2l gm0, < sup lgex( = g1, [lzll5m, < sup (1 = gr—1)7qkll;

(ii1) ||z~ < S%P{H%x(l = qr—)Ils 11— qe—1)zqrl }
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Proof. For (i), note that dnz = dpx — Tpyz,n > 1. Then by triangle inequality we obtain,

2]y = sup [1En (> i)/ <Sup\|kaf||+Sup||E O (dr)?)|I'>.
" k>n k>n

For (it), we decompose dj, = df, + d,.

1Ba(Y dia(dia))|'? = 1Bal D diz @ ennl 1" = [lgue(1 = gu-1)z"ga]
k>n k>n
= ||qnx(1 - qnfl)”'
0 Tin
0 Znn

Similarly we get

1E. (D (dga) dpa)||'V? = | Eal Y dix @ ea P2 = [[(1 = gu-1)2gna™ (1 = gu-a)|I'/2
k>n k>n
= (1 = gn-1)zgnl-
0 0 O

Part (iii) follows from (i) and (ii) immediately.
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Chapter 3

Smoothing estimates on von
Neumann algebras

3.1 Generalized Sobolev inequality with Orlicz function

In 1985, N.Varopoulos [Var85al discovered the equivalence between heat kernel bounds and Sobolev inequal-
ity in an abstract settings. He proved that, for any fixed n>2 and a complete noncompact Riemannian
manifold M, the equivalence between Varopoulos dimension n of a symmetric Markovian semigroup 7; in
the sense, i.e.

ITiflloo S 721 fl11, t >0

and the Sobolev inequality
s <5 [ 195 £ € C2(00)

For further developments in this direction, see the following references, e.g. [CKS87), [Gri94],[LS97],
[RS97], [SCO9]. In [CM93], Cowling and Meda extended the ultracontractivity of semigroup (73)i>o to
¢-ultracontractivity on o-measure space M (i.e. (T})>o satisfies the condition ||T}f]|s < Cé(t) 71| f||1 for
all fin L}(M) and all t in RT). They prove that {T;} is ¢-ultracontrative if and only if the infinitesimal
generator A has Sobolev embedding properties, namely, |[¢(A)"%|q S || fllp for all f in LP(M), whenever
1<p<gqg<ooand a =1/p—1/q. More recently, M.Junge and T.Mei [JM10] predicted that given a
semigroup (7}) of normal self-adjoint contractions with ||T} : LY(N) = Loo(N)|| < Ct~% on some semifinite

von Neumann algebra N

[A™* : LY(N) = LYN)| € C(e) z € C,ox = Re(z)

holds for all 1 < p < ¢ < oo such that a = %(% - %) Then Xiao [Xiol6] proved their theorem in the

noncommutative setting. Their proof heavily relied on complex analysis and multiplier theory. Inspired by
the classical proof, we want to prove Sobolev inequalities by real analysis techinques. We also establish the

connection between ¢-ultracontrativity of the semigroup {7;} and Orlicz function spaces on the semifinite

25



von Neumann algebra M.

Orlicz spaces generalize Lebesgue spaces. Recall notations of Orlicz spaces in [CLI7]. An Orlicz function
is a convex function ¢ : [0,00) — [0,00] satisfying ¢©(0) = 0 and lim, o ¢(u) = oo, which is neither
identically zero nor infinite valued on all of (0, c0), and which is left continuous at b, = sup{u>0: ¢(u)<occ}.
It’s worth pointing out that any Orlicz function must also be increasing, and continuous on [0, b,]. An Orlicz
function is p-conver, i.e. for all 0 < A <1, g(Az) < CyNPg(x). An Orlicz function g satisfies Aq-condition if
there exists a constant C, such that g(2t) < Cyg(t),Vt € RT.

Let L°(X, Y, m) be the space of measurable function s on some o—finite measure space (X, ¥, m). The

Orlicz space L¥ (X, X, m) associated with ¢ is defined to be the set

Ly, ={f €L’ o(\|f]) € L' for some A\ = A\(f)>0}.

This space turns out to be a linear subspace of LY which becomes a Banach space when equipped with the

so-called Luzemburg-Nakano norm

[£lle = mf{A>0 = flp(fI/ M) < 1}

Let ¢ be a given Orlicz function. In the context of semifinite von Neumann algebras M equipped with
an f.n.s. trace 7, the space of all 7—measurable operators M (equipped with the topology of convergence
in measure) plays the role of LY. In the specific casew where ¢ is a so-called Young’s function (i.e., a map

¢ : R — [0,00] ) having the properties of Orlicz function with additional symmetry ¢(x) = p(—x)

Lo(M, 1) ={f € M:7(p(\f]))<oc for some A = \(f)>0}

with the Luxemburg-Nakano norm

1£lle = mf{A>0 = 7(@(|f[/A)) < 1}

See [Lux55], [KR], [LZ56], [Kun90] for further development in this direction.

Proposition 3.1. For any two elements x,y € L°(M) and o is an Orlicz function,

(1) If 0 <z <y, |lzlly <lylle

(i) If e <y andy € L,(M),x € L,(M).
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Proof. (i) According to [FK86], for any two measurable elements x, y in L°(M), if < y, their reagr-
rangement functions has the inequality us(x) < ug(y). Therefore, we obtain T(cp(li)\‘)) = fgo(,us(%))ds <
J gp(ﬂs(%))ds = T(ap(%)) Then by the definition, we get ||z, < ||y|l,. (i) follows from [DDPSS9§]. O

In our context, we borrow the concept “related pair” from [Cow83], but with a totally different definition

as follows:

Definition 3.2. A pair of functions i : Rt — R and g : RT™ — C is p-related (p > 1) if
(i) g is a p-convex Orlicz function satisfying the As-condition;
(ii) h is decreasing and invertible when p > 1.

If g and h are p-related, we call 1, 5 (w) :== wh™ (w)g(h~!(w)) the generator function of g and h. Using

the definition of Orlicz function, we can easily obtain the following:
Proposition 3.3. Assume a pair (g, h) is p-related, the following holds
(1) g is increasing, continuous, and positive function;

(2) xg(x)h(x)!~P is increasing.

&(z)

Proposition 3.4. A function ® has Ag-condition if and only if the function == is increasing.

Proof. By induction for all 0 < A < 1,®(Az) S A®(x). Assume y < z and let A = £, then we can
get d(y) < Lo(x) ie. ¥ < @. For the other direction, let y = 22 and we get the As-condition

immediately. O
The following Lemma motivates us our definition of the generator function v .

Lemma 3.5. Assume g and h are p-related and ¢ : RT — RY is defined as follows:

o(w) = inf (w/obg(t)dt—&-/boo g(t)h(t)dt)

Then
P(w) < thg,n(w)

Proof. Denote the function F(w,b) = wfobg(t)dt + [,7 g(t)h(t)dt. Therefore, ¢(w) = inf, F(w,b). Since
F(w,b) is an integrable formula with respect to variable b. Then we can differentiate the function F(w,b)

with the variable b.
9F(w,b)

ar = w(b) — g(B)h(b) = 9(b) (w — h(2) ).
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The function admits the global minimum value when w — h(b) = 0,i.e. b = h~1!(w). Therefore ¢(w) =

F(w,h~1(w)). Indeed,

¢(w) = F(w,b) < wg(b)b+ bg(b)h(b) = wg(h™" (w))h ™ (w) + h~" (w)g(h™" (w))w

= 2wg(h™" (w))h™ ! (w) < Ygn(w) O
Lemma 3.6. Assume g and h are p-related and 1)y, is their generator function. We define @4 as

P =By 0ty p(2).

(i) @41 has Ag-condition if and only if f(z) = xg(x)h(x)' =P is increasing.
(i1) Therefore, ®4 1, is an Orlicz function.

Proof. (i) According to Proposition ®, 1, satisfies As-condition if and only if @, ,(x)/x is an increasing

function. Then we have the following equivalences:
(i) ®g4.n(x)/x increasing
(ii) @g‘i(z)/x decreasing
(iii) @;}L(xp)/xp decreasing

According to the definition, we know @;}L(:ﬁp) = wg(h~!(w))h~(w). Therefore, W is decreas-
ing if and only if % = bg(b)h(b)* P is increasing. (ii) It immediately holds by the definition of that g

and h are p-related and (i). O

Remark 3.7. Assume f(z) = xg(z)h(x)'~P is increasing, the connection between monotonicity of f and p-
convexity of g can be illustrated as follows: given any positive numbers b, ¢ with b < ¢, there exists a number
A =% < 1,b = Ac. By monotonicity of f, we obtain h(Ac)'Pg(Ac)Ac < h(c)'Pg(c)c. After simplifying, we

have

w<w < 2w. (3.1.1)
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Proof. For any positive operator in M, we get the spectral decomposation 0 < w = [tdE,. Define the

spectral projection ey := ljgr gr+1y(w), we obtain

w < ZQ}““ek < QZlek < 2w
k k

Let wy, := 21 and @ := Y, wyek, we get (B.1.1). O

Lemma 3.9. For a sequence of self-adjoint projects {er} in M with > e, = 1. The representation w : M —

M@B(ls) as m(x) =) exze; ® ey is a x-homomorphism. Here ey; is the elementary basis of B({s).

Proof. For any two elements z,y € M, we get

m(x)mw(y) = (Zekxel ® ekl> (Zelyej & elj> = Z(Z exreye;)  eg; = Z exxye; @ ex; = m(xy)
1

We refter the reader to semigroup theory in the chapter of preliminaries.

Theorem 3.10. Let the semigroup (T}) be a family of self-adjoint positive contraction maps, with the
generator operator A on a von Neumann algebra M. Assume the pair (g, h) is p-related with the following

conditions:

(i) the semigroup {T;} satisfies the ordered h-p-contractivity, i.e. Tof < h(t)||fll,1 for f € L}F(M);

(ii) G(A)(z) = fooo Tixg(t)dt.

Let ®(w) be the inverse function of ¥gn(w'/P). We have the following resolvent estimate:
1G(A) : Ly(M) = La(M)[| < Cpga) 1 <p < oo

Proof. Thanks to [JX07], for a sequence of self-adjoint positive contraction semigroups {7;}, we have the
maximal inequality: there exists an operator W such that T;(z) < W. By Lemma there exists a family of
basis {e;} such that [e,Ti(z)e;lr,; < [exWe,lk,j = [wrjlk,;- Let {b;} be abstract positive numbers. Following

from Lemma we decompose the map G(A)(z) into four parts with the family of basis {e;}:

Lyi(x) = /O Lo, (DexTrme;lin s, (Hg(t)dt and Ay =Y I
k.j

I;j(x) :/o 1[07bk](t)ethx6j1[bj7oo) (t)g(t)dt and Ao = ZI;?
k.j
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Ii(x) = /0 1, 00) (DexTize; 1o, (H)g(t)dt and Ay = > I
ij

Ig;f(x) - /O Lpyo0) (DerTime 1y, ooy (H)g(t)dt and Agy = Zf,ij.
k,j

Therefore the integral function can be reformulated by G(A)(x) = A1 + A2 + A1 + Ass. Next we define

three operators Vi, Vo € L§(R)Q5M, J € L (R) @ M as follows:

Z\[H[Ob] ®ej1 @ ej;,Va = Z\[H ) ®ej1 ®ejj
J(t) = n(Tyx) Zeth z)e; Qeg ;.
Then we have A1 = Vi*JV1 A1g = V¥ JVa, Aoy = Vo' IVy, Ags = V5 JV,. Using 2 x 2 matrix, we get

A1 Aiqa Ve o J J i Vy
A= = X X

Apy Ags Vi 0 J J 0 0

Observe that A is a positive definite matrix. Then the anti-diagonal part can be dominated by the diagonal
part as

Az + Ao < Ajq + Ags.

Therefore, G(A)(xz) < 2(A11 + Asg).
By Lemma 7 is a *-homomorphism. Observe that J = 7(T;(z)) < w(W) = J,,. Therefore, we obtain

Ay = ViJV, < ViduVi = Z/Obk wg(t)dtegs,
k
For the estimate of Asz, we use the ordered h-p-contractivity of the semigroup:
Ay = V3 JVQ/Z (1= b())erTife; (1 — by (1)) ga(t)dt < Z/ @) flldters.
Assume || f|, < 1, we take the summation of the two parts

b oo
At <3 (1w [ sattrae+ 111, [ 00w

< Z P(w ey, < ngh(wk)ekk < thgn(W).
k k
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Let ¢, (w) := wgh(w%). Taking the above inequality with (3.2.3]), we have
Ga(A)f S Arr + Az < Pgn(W) = 4, (WP).

Let 2 = Go(A)f and y = 4, (WP). We denote ® = (¢F,)~". Then ®(y) = ®(¢}, (WP)) = WP € Li(M).
By Lemma we know ¢ is an Orlicz function space. Thus by the definition of the Orlicz function,
y € Lo(M). Then by Proposation 3.1 with z <y, x € Lo(M) i.e. Go(A)f € Lo(M). O

As an important example of Theorem let go(t) =t 1 h(t) = t7™. Then G4(A) = A~% and T;

satisfies the Varopoulos dimension n;. And we get

o
P Hf”;l 1_ o ny —oa _mp
(w) = ———w?r mMPpP, <I>(w) = wri—e

gh _ - =
e 1£1lp*

Then let 4= = ¢, ie. o =mny(1 —£), then ®(w) = Cw?. Therefore the Orlicz function space Le(M) is

ni—oa

L,(M). Then we have the following noncommutative HLS inequality:

Theorem 3.11. If the symmetric Markovian semigroup (T;) generated by operator A on a von neumann

algebra M satisfies the Varopoulos dimension n. Then we have the Sobolev embedding:
JA= : Ly(M) = Ly(M)|| < Cpela), o =mny(1— g), 1<p<q< oo

Corollary 3.12. If the semigroup (T}) generated by operator A on a von Neumann algebra M satisfies these

t—™m t<1
conditions in Theorem|3.10. Let go(t) = t*~1 h(t) = . We obtain the following embedding

"2 t>1

1Ga(A) : Ly(M) — Ly, (M) + Ly (M)]| < Cpgla), a =ni(1 — ) =ny(1 = 2.

Proof. According to the assertions of g and h, we can calculate that

o
[T S
ny—« -
p(w) = o
I£1p2 , 11—

n
o W2 w<1
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Therefore,

a nip
7] 1 a N1—Q ,n—o
HJHpoé w;(lf,Tl) w>1 W’w 1 w>1
P _ 1= -
gh(w) - ni ?¢(w) P n
I£112 , 5 (=) np—a et
wP 2’ w<l1 o W "2 w<1
nog—o W
lfllp
mp nop : _ _ Py _ D
If M =qi, 2 = gosiea = ny(1 ql) =ns(l qz), we have
%wth w 2 1
P(w) = £
2ot <]
715

Recall that the measure p; = inf{|| X (1 — p)||, 7(X) < t} in [EKS8G], we get

(o)
tr(®(z)) Sl@/ (I)(Mt)dt:/ u;}hdt—i-/ ud2dt.
0 <1 =1

If we truncate any element X € Lg as X = X1 - 1jg ) + X2 - 1j,00), X1 € Lg,, X2 € Lg,. Then X € Lo <
X €Ly + Ly,. O

Remark 3.13. (i) For any von Neumann algebra M with only 7(-) < 1 part. Therefore, it can be improved

to be Go(A) : Lp(M) — Lg, (M) + Lg, (M) = Lg, (M).
(i) For discrete von Neumann algebra Sy, Go(A) : Sp — Sq, + Sgo = Sgs-

Corollary 3.14. If the semigroup (T3) generated by operator A on a von neumann algebra M satisfies these

ol <1
assumptions in Theorem|3.10} Let g, (t) = Jh(t) =17, We have the following inequality
t2mt >

1Ga(A) : Ly(M) = Ly, (M) + Ly (M)]| < Cpglar, az), ny = 1 — 2202
q1 —p g2 — P

Proof. According to the assertions of g and h, we can calculate that

e
o e
LI =5 > 1

ny—oq
w9h<w) = o .
ny—a
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Therefore,

e nqp
101 D= pni—ar
wwp(l 1 w> 1 oL w w>1
D n1—o - 1l
on (W) = o , O(w) =
Ifllp*, L(1—52 —a 1P
n pa we n1 w<1 L 32211}”1*Q2 w<1
1— a2 e
I1£1lp"
LY LY 1 — Q1q1 __ @292
If T = W e, = G2y ieny = = R we have

—w? w>1

i

d(w) = Il llp
=2 w<l

1

Repeating the same techique in the above Corollary, we take the measure p; = inf{|| X (1 —p)||, 7(X) <t}

0 e <1 pe>1

If we truncate any element X € Lg as X = Xj - 1jg ) + X2 - 1[1,00), X1 € Ly, X2 € Ly,. Then we getX €
Ly & X €Ly + Ly,. O

In the remainning part of this section, we want to apply the above results to quantum Euclidean spaces
R¢. A crucial point, as in abelian algebras, is to identify kernels over Ry®(Rf)°?, where the op-structure

(reversed product law) is used in the second copy. This is justified by the important map

7o : Loo(R™) — R9®Rgp,
exp(2mi(¢, -)) = Aa(§) ® Ao (£)",
which extends to a normal *-homomorphism, for which the op-structure is strickly necessary. We refer
[GPJPI7] for the below Lemma.

Lemma 3.15. Fiz n € N and 0. Then there exists a normal x-endomorphism m : Loo(R™) — Re@Ry"
satisfying
m(Ao(€)) = Aa(&) @ Aa(§)"

Moreover, m and flipow extend to an isometries from L§(R™) — L5(Rg)@Ry.

Let us recall CB(L1(Rp), Ro) = Ro@Rg" in [ER00]. Then by a combination of this equality and Lemma
we have the following result:

Theorem 3.16. Let m € Loo(R"™) and define the multiplier map T,(Xg(h)) = [ m(&)h(&)Xa(E)dE on Ry,
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then we get

1T+ L1(RE) = Loo(R)lew < 5. -
Example 3.17. The following operators have the Varopolus dimension n on Rj:

(i) For Schorddinger evolution operator T; = e*2, the action on R” is as follows:

"t f(x) = W /Rn e T f(y)dy.

Denote the multiplier m(§) := e~ 5 then T, et < ct™ 3.

(ii) For heat semigroup T} = e~*2, the action on R is as follows:

e ' f(x) = W / 6_%f(y)dy~

Denote the multiplier m(¢) := et then || Ty, [lep < ct~ 5.

Lemma 3.18. Given a fized e1, for any p > 2

sup [|A™% : Ly(Rg) — Lp(Ry) < C(p)

ESEl

Proof. According to Cowling’s theorem [Cow83|, the operator A™ is bounded on LP(R%). Therefore, we
have

1A fllp < Co(p)(1 + [uf* log?(Jul))M*~ 1/ exp(r|1/p — 1/2][u])| fI|,.
Applying this for some 2 < p; < oo,

5]

AT Ly, (R§) — Ly, (RY)| < prere=.
On the other hand when p = 2, by Plancherel’s theorem, we get
|AT" : Lo(R) — L2(R§)| < ca.
By the complex interpolation in [Pis93], let z € L,(Rq), X (6) = x,0 # 0.
1 1-6 L 0

X(at < L[| X1 +idt)||]2 <1, here — = .
[ X (it)]|p, [1X( 2 PR
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—ZzE€ r(z— 2 €
Let f(z) = A=>/7X ()= and r > 14

. i 2_42 . lel 2_ 42 24 42
1@t lpy < (A0 = | (it) |, < crprea ™= < eppyen@HT

< epre@HImE=DN < op e HD < Oy
By a similar calculation, we get ||f(1 + it)||2 < C2. Then we conclude that

sup [[A7 0 Ly(Ry) — Lp(Rg)| < C(p)-

e<er
O

Corollary 3.19. If the symmetric Markovian semigroup (T}) generated by operator A on a von neumann

n

algebra Ry satisfies the Varopoulos dimension n, then Sobolev embedding holds with oo = 3 i.€.

A= Ly(Ry) — Lg(RE)|| < Cpg(c).

n

Proof. The generator operator can be written as A™25 = A~(35739) A733. We choose the q satisfying the

condition 7. < €;. Here the €; is the one in the above Lemma Then for Vf € L,(R}),

1A% £ll, < CW)IIf -
Then for o = %(% - %) by Theorem we get
1A (AT )y < Coall A7 fllp < CoaCOIF -

Therefore we get [|A™2 f||, < C||f]|,- O

3.2 A noncommutative version of Moser’s inequality

In the section, we follow the notations from [FK86]. Let M be a semifinite von Neumann algebra with a
normal semifinite faithfull trace. Let M be the set of the closed, densely defined operators on H affiliated
with M. Then for any positive element = € ]/\\/[17 we take its spectrum decomposation x = fooo tde,(t).

Then for any subset E C R, we define v, (E) = tr(e,(F)). Observe that v, is a Borel measure on R and

35



tr(x):= [, tdvg(t) is a faithful extension of tr to M, . Define
M:={zeM: tr(ejz|(t, 00))<oo for some t>0}.

Then M equipped with strong sense operations and with the topology of convergence in measure, becomes

a topological *-algebra, called the algebra of tr-measurable operators.

Remark 3.20. When M = L>(X,m) and tr(f)= [ fdm, then M is the *-algebra of m-measurable functions
that are finite m-a.e. and M is the *-subalgebra of M consisting of functions that are bounded except on a

set of finite m-measure.
Definition 3.21. Let a € M and for all ¢t > 0, we define
(i) Aa(t) := tr(eja|(t,00)), the distribution function of the operator a with respect to the trace tr,

(i) pe(t) :==inf{s > 0: A\y(s) < t},¢>0, the non-increasing rearrangement of the operator a with respect

to the trace tr,

(i) Ka(t) = 2 Ji palr)ar.

Proposition 3.22 ([FK86)]). Let a,b be two operators in M, then
(i) tr(lal) =[5~ pa(t)

(i) pa(t) = inf{[lap|| : p € Proj(M),tr(p*) < t}

(iii) Ka(t) = %WS(B)pS tr(lalp)

(i) Kayp(t) < Ka(t) + K(t)

Recall the definition of the convolution of functions f and g on R, i.e. Ty(f)(z) = [g(x—y)f(y)dy, h =

T4(f). Similarly, we have an analogy of convolutiion in quantum Eculidean space Ry as follow:

Definition 3.23. The convolution in Ry is defined as

TO(f) = g g F = / M(©IE)FE)E, F = No(f).

n

Remark 3.24. When 6 = 0, we get g x M\o(§) = [exp(i (&, y — z))g(z)dx = Ao(§)(y) [ exp(— (&, z))g(x)dz =
Ao(£)9(8)-

Lemma 3.25. There exists a normal, injective x-homomophism o : Ry — Ry ® Loo(R™) such that
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(i) a(Ne(€)) = Ao (&) ® Ao(§),
(ii) o(TS(f)) = (1d @ Ty)(o(Ne(f)))

Proof. We refer to [GPJPI5], for the fact that o, defined by (i), extends to a normal and injective x-

homomophism. Thus it suffices to calculate the second part:

7l s (] =o( [ (O3S = [ 2l @ M(OF©Oa(E)s
(a9 I [ () ® MO F(€)d6) = (145 T) (o (F)). =

Problem 3.26. It remains open whether there exists some o : (Rg,trg) — (R, trg) ® L= (R™, trg) to become
a trace preserving *-homomorphism. It is, however, true for Ayg.
Lemma 3.27. Let Ry be a quantum Fuclidean space, then

(i) Lo(R™ tr) = La(Re,tre) by the map f— Xo(f);

(ii) L5(Ro) —o Loo(R%, LS(Re)) by the map f — a(Na(f)) is isometric;

(iii) LS(Rg) o Loo(Rg, LS(RY)) by the map f + a(Ng(f)) is isometric;

(iv) L1(Ry) =0 Loo(RY, L1(RY)), L1(Re) —o Loo(RE, L1(RY)) by the map f +— a(Ne(f)) are isometric.
Proof. (i) By Plancherel’s theorem, it turns out to be trivial.

(ii) For a function f € Ly(Rg). We have f = [ F(EXa(€)dE, || fll2 = || fll2- In particular, given a Schwartz
function f € SN La(Ryp). Let X = [ F(E)Ag(€) ® Xo(€)dE. By using the fact trg(Xg(€)* Mo (f)) = f(£),

we get

Ty oy @t (X"X) = [ F@tral [ (€ Ma(€) €)1 = [ [FOPae.
Since the Schwartz function space S is dense in Lo(Rp), then we can extend the operator to La(Ryg).

(iii) Let X be defined as in (ii). Now we take the trace of the L, (R™) part as follows:

(tro ® Idg, ) (X" X) = / F©X(©) [tro(Mo(§)” / FE)Na(€) ® No(¢))de')de

Next we take an arbitrary smooth function ¢ € (Rp).,

37



Therefore tro(Ao(€)* [ fe )R (€)dE' = f(€)Ag(€)-1 with respect to the weak operator topology.

Then we get
tro(xX°X) = [ FOF€ () ()6 = [ 17O = 1718

(iv) Analogously we can get the map La(Ry) — Loo (R, L5(Ry)) is isometric from (iii). By [JPO7] we know
Loo(RY, L5(R)) - Loo(R?, L§(Rf)) C Loo(R?, L1(R7)),

we get the cb-isomorphism L1 (Rg) < Loo(R?, L1(RE)). The cb-isomorphism L1 (Rg) < Loo(RY, L1(R?))

is proved similarily. O
Let’s recall the notation of weighted noncommutative L, spaces in Chapter 2, we have the following:

Lemma 3.28. Let F = [EF(&)M\(€)dE, F € S and o : (Ro,trg) — (Ro,trg) @ L®(R™, trg) as o(F) =
fF ) ® Xo(€)dE. For any arbitrary function ¢ € (Rg)«

(i) (¢ @ tro)o(F) = tre(F)

(#i) Denote w as the associated weight with respect to ¢ ® try, then we have

[Hd® Ty : L1 (Re, w) = L1(Re, w)|| < [lgll-

Proof. (i) By using Lemma we observe that Id @ tro(o(F)) = 1- [ F(£)dé. Then for any function
¢ € (Ro)s, we get (¢ @ tro)o(F) = tro(F).

(ii) For any function F' € Ly(Ryg),w(o(F')) = tro(F) and o(F %9 g) = o(F) %9 g. This gives
w((Id®Ty)(o(F))) = w(o(F *gg)) = tro(F o g)
In fact, the weight w is associated with a density D, for which given an arbitrary positive > 0,
lzll o) = tr(D1/2mD1/2) = w(x)

For a completely positive map Ty : L1(Rg) = L1(Rg), o(Ty(Ae(F)*Ag(F)) = (Id@Ty)o(Ag(F)*Xo(F)).

Thus we obtain

1Ty ()12 (br) = o (T (@)l 22wy = [1d @ Ty(0(2)) 22wy = [DY21d & Ty(x) D2
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< 1@ DY2eD2|| 1| Tg| < llo(@) Lt llgll O

Proposition 3.29. Let a be an element in L*(Rg) N L>(Re), g be a scalar-valued function on R and h be

the convolution function, i.e. h = g*ga = Tge(a). The convolution map has the following properties:
(i) Mo < llallssllglly

(ii) I1hlln < llallllgl

(iii) |[hlloo < [lall1]lgllec

Proof. (i) By Lemma we know
lo(T3 (@)oo = [Hd ® Ty (o (Ao (a)))lloo < [1d @ Ty - lalloo = llgll1llalleo

(iii) It follows from Lemma Ty : Li(R"™) = L1(R™) is bounded by ||g||:.

(iii) By using Lemma we know that L;i(Rj)) < Loo(Re, L'(R™)). Therefore, given an arbitrary

operator a € Rg7 we have

a(Ty(a))(2) = Id @ Ty(o(Me(a)))(2) = /g(z —y)a(Xe(a))(y)dy

Define o(f) = [g(z — y) f(y)dy,Vf € L*(RY). Then we know o(Ty(a))(z) = Id ® ¢(Ag(a)). Hence we

get

lo(Ty(a))(2)lloc = [Hd @ ¢(Aa(a))lloo < [Hd @ ¢llepl|(Ao(@))[loo

= llellepllallryzr @y = llgllscllallr,(zr @ay) O

These three inequalities above are necessary in order to develop many basic properties for convolutions.
We want to investigate whether Ry has the analogous properties for convolution operatos mentioned in
|0763]. Thanks to the functional calculus on Ry, the next Lemma follows from |[O763| immediately. For

the convenience of the reader, we show the sketch of the proof in this section.

Lemma 3.30. Suppose the convolution function h = axeg, where the operator a has tr(supp(a)) < 7, ||allc <

a and g is a scalar-valued function. Then for allt > 0,

Kn(t) < avKy(y), Kn(t) < ayKy(t)
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Proof. Let s > 0, we define a function as follows:

g9(z) if[g(z)| < s
gs(2) =
ssgn g(z) otherwise.
Observe that g°(z) = g(2) — gs(2),h = a*g g = a*g (gs + g°) = a *¢ gs + a x¢g g° := hy + ha. By Proposation
we have the following three inequalities:

oo
Ihalloe < llalloollg®ln < o / u(lgl>y)dy
S

1P1lloo < flallillg®fleo < s

Ihalh < lallillg’lls < ay / u(lg>y)dy
Taking s = pg(x)

1 t o0
Kn®) =7 [ an(2)dz < o + el < 0y () + [ il < 031
0 g (v

Taking s = pg(t) yields

t t t [e'e]
H () = / jn(2)dz < / i (2)dz + / iy (2)dz <ty oo + / iy (2)dz = oo + (B2
0 0 0 0

oo

< taypg(t) +ow/ 1(|g1>y)dy < ary(tug(t) +/ ( )u(lg|>y)dy) < aytK,(t)
I Hg(t

Dividing by t, we complete our assertion. O

Lemma 3.31. (Basic lemma on convolution operators) For arbitrary self adjoint a € Lo (Re,trg) N

L1(Ry,tre) and h = a*g g. Then for anyt > 0
Knt) < (0K, 0+ [ alohy(s)ds
t

Proof. By definition we know ji4([t, 00) = tro(ejq|(t,00)), therefore i, is a measure on R. Set f(z) = z. Then
there exists a normal *—homomorphism 7,(f) = f(a) = a. By functional calculus, (f, 1,) and (a,tr) have
the same distribution, i.e. trg(¢(a)) = [ ¢(f)dua(f), for any measurable function ¢.

Given an arbitrary e, there exists a doubly infinite sequence {y,}> such that yo = uys(t),y, <

Yn+1, hmn—)oo Yn = OO0, hmn—>7c>o Yn = 0.
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Decompose f(z) =Y > fn(2). where

0 if |f(2)] < yna
fa(2) = 2= yna wsenf(z) i yoa<|f(2)] < v

(Un = yn—1) xsgnf(2) if yn<[f(z)]
For each f,, we denote F,, := m,(f,) € Ro. Then they have the following properties:
(i) supp(fn) C En = {2 : [f(2)|>yn-1} = [[Fullcc = [ fnlloc, T(suppFr) = p(|fn]>0);
(i) u(En) = u([f1>yn—1) = 7(suppFn) < p([f>yn-1);
(iil) [fn(2)lloo < Yn = Yn—1=> [IFalloc < Yn = Yn—1

(V) [fnlls < Wn = yn-0) ([ f1>¥n-1) = [[Falls < (Wn = yn—1)pllf1>yn—1)

With these properties, we get

e 0 [eS)
:(Zang):( Z Fn)*Q"‘(ZFn)*g::hl'f'hQ

n=-—o00 n=1

By Proposition Kp(t) < Ky, (t) + Kp, (t). To evaluate K, (t) we use Lemma [3.30}

oo

Ky (t Z ra(fu)rog < ZIIF oo (SUPPF, ) K. Z = Yn—1)tta (| f|>Yn—1) Ky (t)

n=1 n=1

IN

([ K0 = 0+ o /f P 0

The series on the last second line is an infinite Riemann sum for the integral f;f( " u(|f|>y)dy using a proper

choice of the sequence {yy}. O

Lemma 3.32. [Ada88] Let a(s,t) be a non-negative measurable function on (—oo,00) x [0,4+00) such that

a(s,t) <1, 0<s<t, (3.2.1)

0 00
SUP(/ +/ a(s, t)? ds)/?" = b<oo. (3.2.2)
—00 t

t>0

Then there is a constant co = co(p,b) such that for ¢ >0,

/Oo P(s)Pds <1, (3.2.3)
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then

/mé*VMugwwﬂwzt—Q/wQSJM@M@#
0

— 00

Theorem 3.33. For 1<p<oo, there is a constant co = co(p), such that for any self adjoint element a €
LP(Reg) with tr(supp(a)) <7,

’Y /
/0 (exp(C| HZﬁ ”)) < oy, for h=1Is%ga€ L*(Ry),
p

where =3 and Ig(x) = |z|#~™ is the Riesz potential of order j3.

Proof. Set h(z) = I/, *¢ a(z) for a > 0. Let g(z) = |#|*~™ with 8 =n/p,

ug(t) = C(t=)Y? and K, (t) = p- ug(t).

Then by Lemma [3.31} we can write

pn(0) < Ki(0) < R, OK,0 + [ o)y (5

’ t ’y ’
=C(pt~ /P / ua(s)ds—F/ Ua(s)s™ VP ds).
0 t

Denote G(t) = pt= /' fg’ uq(s)ds + [] Uq(s)s~ /7' ds. Then the above inequality is as follow

pn(t) < CG(t)

Then replacing C; with C”p/, we obtain

’

Crun(t)?" < G(t)P

Next, we change variables by setting ¢(s) = W;ﬁp - ug(ye~*) - €%/, Then we obtain

1 O<s<t
afs,t) = € pelt=9/7  t<s<oo

0 —00<s <0
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The construction of a(s,t) satifies the assumption (5.1.1) and (3.2.2)) and ¢(s) satisfies (3.2.3)).

’

& p
F(t)=t— ( /0 (s t)zj)(s)ds)
1/p t ¥ , ’
=i- (L(/ g (ve™*)e /Pds + / Uq (ye™*)e!/? e*SdS)>p
||aHp 0 t
1/p ye t ’
(2 / Y1/ t/p'/
=t ug(x)dx + pe Ug (x)dx
(G, (- 7 0@ | @)
1/p , et , ) /
=t (T (e / wa()dz + P / o1/ ua(w)dx))p
ol P s
1 et , o
=t ( (p(ye™)~1/7 / Uq(w)dx + / z /P ua(ar)d:c)>
fally g
—t— (G(W—t)y’
llallp

Then by Lemma [3.32] we have

/ #(s)Pds <1 implies / e FO gt < ¢,
0 0

and

’ ’

o0 o0 (G('\/e_t))p 1 Y (G(m)>p
/ e—F(t)dt _ / e lTallp . e_tdt — / e llallp dz < ¢
0 0 0

Since

Then we have

Then we finish the proof. O

Let ®(a) = exp (C| Loxoa p" _ I xg a),a € L,(Ro) N L1(Ry) with tr(supp(a)) < co. Then according to

llallp

this Theorem above, we obtain ¢r(®(a)) < 1, which means a € Ly (Rg). Now we define the space L)(Rg) =

{a € L,(Ry)|tr(supp(a)) < oo} and the (Lg + Loo)(Re) space with the norm ||z|| = max(||z|e, ||Z||co)-

Corollary 3.34. Let Ig(x) = |z|P~" be the Riesz potential of order 3. Then the map

IB : LgO(Re) — Lo + LOO(RG)

43



is bounded. Here ®(x) = exp (C|x|p,) —1.

Proof. Assume the element a in L,(Ry) has ||al]|[, = 1 and h is the convolution element of the resolvent

operator, i.e. h = Ig(a). Thanks to the monotonicity of uy, we get

Y (Crlun ()" S./w O @) 4 < ¢o(p) (7).
2 v/2

Therefore, we know pp(y) < Co(p). Then we decompose the py, as follows:
ph = 104y o + Ly 00y i i= o, + -

According to Theorem we know fov(ecl(“ilz(“"))p/ — 1)dz < (co(p) — 1)y < co(p)y. Thus u}, € Lo
where ®(u) = exp (Clual”’) = 1. And [liloo = max (u3) = p3(7) < Ca(p). Thus 43 € Lec. Hence

tn € Lo + Loo (R™). By functional calculus, we obtain our assertion of the resolvent operator Is. O

Recall the noncommutative Lorentz space Ly, (M, 7) with the norm ||z, , defined as follows:

0o 1/q
(Jo= @ mae)ed) ™, g <oc,

||9U|p’q =

sup, t1/7 1, (t), q = oo.

Now for any element a in L4, we choose a family of elements ay, where we can decompose

oo
o = Z Ljgk—1 9k e With respect to a = Zak.
k=0 k

Then from the above Corollary we have

2k+1

1
” fra(z)Pda) /P < (/0 ,ua(x)pdx)% + Zﬂa(Qk)Qk(Hl/p)

s (@) a3 Marllzasre < 325 /
k
1 . [e'e) 1 . [e'e)
< (/ pa(z)Pdx)? +/ P, (x)de < (/ pa(z)Pdx)® +/ e /Pradz.
0 1 0 1

When 1/p — g+ 1 is strictly less than zero, the last term above is bounded. Therefore we imply the result

below:

Corollary 3.35. The resolvent operator Ig
Ig:L,N Ly — Lo + Lo,
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is bounded when 1/p — q+ 1 < 0. Here ®(z) = exp (CMP’) _1.
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Chapter 4

Completely bounded Sobolev
inequality

Our main goal in this chapter is to prove the complete version of Varapoulos’ Theorem, i.e. we replace the
operator norm by the completely bounded norm. This makes sense because, thanks to interpolation, Pisier
found a suitable definition of noncommutative L, spaces as operator spaces, [Pis93] and [Pis03]. Quite sur-
prisingly, there are natural examples of semigroups which admit Sobolev inequalities in the bounded, but not
in the completely bounded sense. However, we show that the archetypical examples from noncommutative
geometry, noncommutative tori with finitely many generators satisfy the assumption on completely bounded
heat kernels. Moreover, the easiest examples of noncommutative, noncompact spaces, the higher dimensional
Moyal planes, i.e. the quantum Euclidean spaces from [GPJP15], also satisfy cb-heat kernel estimates. The
complete version of Varopoulos’ theorem is interesting for two reasons. First, for commutative spaces such
as R™, T™ or compact Riemanian manifolds, the heat kernel estimates from Ly to Lo, are automatically com-
pletely bounded. However, estimates for the cb-norm of the resolvent are strict improvements of the classical
estimates by Hardy-Littlewood and Sobolev. Indeed, by positivity the classical HLS inequality implies that

for a matrix valued function

lid@ A= (D)o < ol | 170 (40.1)

whereas the cb-norm implies that id ® A%(f) = (a® 1)F(b® 1) and

lallsg [ Fll Ly @nsy [Bllsg: < Cpq(/R, 1 (@)1, d) 7.

From this algebraic factorization a simple applications of Holder’s inequality for matrices easily implies
. Secondly, cb-estimates for operators from L, to L, for p # g are very rare. A notable excpetion to
this rule are results on completely bounded version of Fourier multipliers and Schur multipliers on the Scatten
class p-classes obtained by A. Harcharras [Har99]. In her work strong algebraic tools for subset of integers
enjoying the noncommutative A(p)-property are used. The theory of estimates for the cb-norm estimates

of maps from LP(M) to LP(N) has made considerable progress in recent years. For example, estimates
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for quantum Fourier multipliers can easily proved by variations of the transference methods stablished in
[GPJP17],[CXY13],[RicI6]. It’s known from [Bou86] [WeilI] that the UMD-property implies the boundedness
of all invariant singular integrals or standard multiplier operators under some regularity assumption, for
further results using BMO-techniques see [JM12, [JM10, [ITMP13]. However, in our proof we have to develop
abstract interpolation tools which allow us to the apply the standard ‘divide and concquer principle from
analysis’. The main difficulty lies, of course, in the lack of pointwise estimates which are replaced by
sophisticated matrix decomposition of operators inspired by the classical proof.

Finally, we also discovered an efficient method to prove complete heat kernel estimates. Starting from
Effros-Ruan’s theorem CB(N,, M) = N®M, we observe that it suffices to estimate the noncommutative
‘heat kernel’ in R ®(Rj )P for the quantum euclidean spaces Ry of dimension n. It is convenient to think of
Ry as the von Neumann algebras with a trace generated by strongly continuous one parameter group ug(¢),
k =1,...,n such that

ug (t)ug(s) < €%ty (s)u;(t).

Recall also that A°P is the C*-algebra obtained from inverting the order in the multiplication. Since
Li(Ry)* = Ry holds for the duality bracket given by the trace, the kernel estimates follow from a sim-

ple use of the *-homomorphism

Y - Loo(Rn) — Rg@Rgp,

exp(i(¢, ) = wr(§1) - un(8n) ® (ur(61) - - un(n))”

o—lwl?/at

Then e ( W

) turn out to be the ‘correct’ kernel for the ‘integral operator’ implementing the heat
semigroup. Hence the cb-estimates follows immediately from the explicit knowledge of the commutative

heat kernel.

4.1 Matrixed resolvent estimates

Because of the failure of the noncommutative analogue of the usual pointwise resolvent formula in the
classical proof, we investigate the matrix decomposation of the matrixed valued resolvent formula. We first
introduce the weighted upper and lower resolvent operators. Then we use the bmo-norm instead of L>°, and

L? norm for other cases to investigate some estimate properties of these two operators.

47



4.1.1 BMO estimates

Definition 4.1. Assume {R;} satisfies the condition (R;) and o < %, we define

Rk’j(x) = 2%2% /]-[Qk oo) [27 Oo)Rtht dt

Thanks to a < %, this is well-defined. Observe that |[Ry; : X — Nl < oo, because ||Ry ;(z)|| =

L ko6 10 _n
25| (o oy Rewt®hdt]| <o 2% 2% (fmax(zwk)ta 1 ) 2l <e cllz]|-

k6
2

2

Definition 4.2. Given a semigroup T3 such that (R;) holds and o < Z, we define the weighted upper

resolvent operator ®," by

CI);I; Zekg ®272 £ 2 3 /1[2k’oo)1[2j7oo)Tt$ta_ldt = Zekj & Rk’j(a?)
Similarly, the weighted lower resolvent operator @bﬁ‘ger is defined as
k(l 0) ](1 0)
q)lower Z €kj ® 2™ 2= / 1[0 Qk)l[o Qg)ﬂxt dt
Lemma 4.3. Let 0 + o0 = 7, then the upper resolvent operator
(I)g’pg : ZQ — me(B(lg))

is completely bounded.

Proof. We observe that di(z) = df.(x) + df.(x) given the following two terms

2) =Y ek @ Ry (), di(x) =Y ejr @ Ry i(x)

i<k J<k
Note that
d};()dr Z emn®kaRkn
m,n<k
di(2)dj ()" = ex s @ (Y R Ry )
Gk
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By the definition of BMO’s norm, we have

l2lzs,,,, = sup || Y Eo(didy)]

k>v
2]l = sup || Y By (didy)l
Y k>

When k > v, we have

E, (dj,(z)"dp(2)) = Z emn ® Ry Ricn

m,nlv

Epr @ ngv R, Ry, k=v

E, (d(z)dy ()"
0 k<o

Summing over all k > v, we get

S B (d(2) dp(2) = 3 ( 3 enn® R,’;,mRk,n) = Y enn®Ri R

k>v k>v mn<v m,n<v<k
D Eu(di(2)di(2)) =Y evp @Y RujR;;
k>v k>v j<v

We mainly focus on the scalar case, i.e.
ko g0 [ a—1,—n k8 310 k(a—2)
o= ||Re, ]| <2222 Tt T adt =222722 = By,
2
here ﬁk = Qk(9/2+a—n/4)’ryj = 2j9/2.

||(ak,j)k,j|| < (Z ﬁ£)1/2(z 7]2)1/2 < Cl2v(9/2+a—n/4)2v9/2 _ 01211(9+a—n/4) =0
k>v j<v
Therefore, we get

1Y di@)3,  <sup > [ RoyRill < G204 = ¢,
v

Jj<v

| Z dZ(x)lligmo <sup| Z €mn @ Rlz,mRk,nH
v

m,n<v<k
= Sup || Z emvn ® (Z Rszkn)H
v m,n<v k>v
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:bupH Z ekn®Rkn”2 SOQ

Y n<u<k

Similarily, we get the max{|| > df,(x) ”%g Ao ds(x) H%Z } <max{C1, Cy}. We finish the proof of the scalar
case. The matrix-valued version follows from My(bmo(N)) = bmo(My ® N'), where now My is incorporated
in the constant functions. Replacing by a matrix of elements in B(¢?), the same argument applies and gives

the cb-version. O

4.1.2 L? estimates

With the concrete resolvent formula of these weighted trucated operators ®," | CI)IQC:X”, we prove the completely

boundness of these maps from noncommutative La(M) to Lo(M) spaces by functional calucalus. Then by
interpolation theory between bmo estimates and L, estimates, we show the cb-norm of the map ®," from

noncommutative Lo(M) to Ly(B(l2) @ M).

Lemma 4.4. Let {T;} be a semigroup of normal selfadjoint contractions such that (RZ)) holds. then for any

x € La(N), the following holds:
(i) 1267, (@)ll2 <cb A=z,
(ii) |25 (@)ll2 <cb [A=F 0|2

Proof. (i) We decompose ®,” (x) into two parts

B (2) = ey @27 2% / gt o Lt ooy Tyt el
k<

+ Zekj & 2%2% / 1[2k’oo)1[2j,oo)Tt£Eta_1dt
k>j

By symmetry, it suffcies to estimate the part

57, (@)l <230 22 [ Tt
k< ¥

For the right side of the above inquality, we have

oo

> 2k9930 / Tyt~ [3 < (, / (§ 2299 / / e*“e*“t“*s“*dtds)dum»
23 S . 27 27
J

k<j B
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Now it remains to estimate the integral part in the above inequality via some calculus

oo oo
22239/ / efAtefx\stozflSafldtds
- 27 23
J

= //Zmin(t,S)Zgl[jgmin(logt’logS)]e_)\te_Asta_lsa_ldtdS
J

o0 o0
</ e—AsSa—ls29(/ ta—le—)\tdt)ds
0

S

We recall that for f:o te—le= Mg < %so‘*le’/\s for all A # 0. Hence we have

. oo oo
Z22j9/ / efAtef)\staflsafldtds
i 23 23
< / oS ga—1420 (75a7167)\s>d5 <z / o—2)s g2a—2+20 5
0 A AJo

2220720 o 202426 2026
_ —u, 2a—2+ —2a—
= et / e "y du < CA

Therefore we have

1255 ()5 = (@, (255,)" k@) < C<w7/A_2a_29dum(A)>/ (4.1.1)

(ii) Similarily, we start the proof for @b‘?ger(m) as follows:

2k
LSO SER Rl e
= 0

Then we use agin the spectral measure and get the analogous inquality of (4.1.1)):
266 ()3 = (2, (PFa) @ae) < Cilz, / R THOVE

Theorem 4.5. Let {T;} be a strongly continuous semigroup with normal selfadjoint completely positive maps

such that (R2)) holds. Then
(4.1.2)

1057, llg <eb [[[A7 9|2

here ag+ 0, = (1 — %)% + 4.
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Proof. In the following section, we will use complex interpolation theory for a function defined as follow

F(Z) _ Zekj ® 2%[(17z)90+291]2%[(172)90+z01] / 1[20,00)1[26700)Tt(Afvlz)t(lfz)aoJrzal—ldt
k7j

We have the boundary conditions
|| F'(it) : o — bmo||cp < o0 and ||F(1 4 it) : by — La||cp < 00
By the desired Stein interpolation theorem in [Ste56], we obtain
[1F(2/p) : b2 — Lglleb < 00
Then the parameters have identities:
90+a07%:0and71:041+01
Take z; = %, we have
F(zg) =) ex; @ 2M0a/?210a/2 / Lpoa 00y Ljgoa o) T (AT79) % Lt

Then v, = %'yl,aq =(1- %)ao + %aheq =(1- %)90 + %91 And oy = 2(3 - %) Similarily, we have the
following equations

o +ap— 7 =0,
v1 = ag + 04,
Vg = 2m,

a,=(1- %)ao + %ah

9q = (1 — %)90 + %91,

After simplifying the above equations, we have

n

2
aq+9q:(1*5) 1

+’)/q
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4.2 Embedding for discrete noncommutative spaces

In this chapter, we investigate the cb-version of the HLS inequality happens to S,(#). As usual, we shall write
R, = B(I2,C) and C,, = B(C,[2) to denote the row and column Hilbert spaces over ¢2. Both spaces embed
isometrically in B(¢2). Hence, they admit a natural o.s.s. As usual, we shall write L5(M) = B(Ly(M),C)
and L§(M) = B(C, Ly(M)) to denote the row and column Hilbert spaces over La(M). According to the
interpolation in [JP10], we obtain L;(M) and Lgj(M). Let ai,az,...,a, € Ly(M) and by, b, ..., b, €
L,(M). Using that the Haagerup tensor product commutes with complex interpolation, it is not difficult to
check that the following identities hold

n 1/2
1Y ae® enlligenenn, = 1D aai)  lz,m.

k=1

M= I

n 1/2
1 e ® bell, o s (M) = ||( bkbk) Iz, )

k=1

=~
Il

1

See [JP10] for more details.

4.2.1 Discrete case

Given a Hilbert space H and 1 < p < 0o, we denote by HC? (resp. HC?) the Schatten p-class Sp(C, H) (resp,
Sp('r':l, C)) equipped with its natural operator space structure. HEr (resp. H") can be naturally viewed as
the column (resp. row) subspace of the Schatten class S,(#) (resp. S,(H)). When H is a separable and
infinite dimensional, H%» and H%» are respectively Cp and R, from above. HCE and HE» are respectively the
p-column and p-row spaces associated with 7. In the following, we consider the case when H = 2 ® (2 (w)).

For 1 < p < oo, we define the weighted L,(w) as follows:
L,(w) ={z € Lo(M) : wz + 2w € L,(M)} and |z||, = |wz + zw]|,.
Lemma 4.6. The natural embedding
i CF = (2@ P(wg))n + (£ @ (0,))? asia(z) =2®1

is a completely bounded isomorphism with weights defined as

>
+
Q
[~
=
>
+
Q
N |
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Proof. According to [Pis93], we know

Z;ejl Qe =inf | 3° Y e @ (e @en)]
]:

CulH) k<ko j—1
For z = Y }_, ex1 ® e, = aj, + by, where
E;-Lzl ej1 ¥ e; k> ko 0 k> ko
ak = 7bk =
0 k< ko 2?21 €1 X €; k< ko

Denote a = > ag, b= by, for C[Cy,] = [CC,CR] [S2,S%] L =5, here 1% =(1-21)3.

1 =
q1

1/2 1 kgb
E k6 150
k<ko

1/2
—ko —koo
Hb”Cz(lg@le*’”) = ”1””55’ ( E 2 ) = \/52 0

k>ko

. . 1, kgt koo
Izl = inf (lall, ic,,) + Bl uotsa-rm) = inf(n32 ¥ +yazom)

ko6

Consider the function f(kg) = nv2%" +/n27 %07 with its derivative function f’ (ko) = gn%2 > —Z\/n27koo,

The critical point appears whenever the equation f’(kg) = 0 holds, then we will have the following equation

b pi-io- o)
o
Then we know
. O, 1_keo 0, 1/0\Ts 1 (.0 1y1 (0
min f(ko) = (1+ 2)ns2 % = (14 Dynv (7)™ 0ok (75) = (9, 0yt 2i (of2
o o

Since we know || > ej1 ® €|

Cn(Cy) = n%(lfé), then we have the following identities

1 o 1

Lo 1o 1
20+0 qb+o0 ¢

Remark 4.7. In general, we assume that § + ¢ = 1. Then we find the standard interpolation pair, i.e.

1_1-6_ 6
p 2 +q1‘

Theorem 4.8. Let {T;} be a strongly continuous semigroup of normal selfadjoint completely positive maps
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such that (RZ) holds for S,. Then

JA™Y 1 by — £y|lep < C,

—_n(l _
here a = % (5

).

Proof. For a finite matrix element x with entries in dom(A~7) , recall (4.1.2) and Lemma

=

1952, #llsg (s, < NA™ ]| spe (52

0,04
1PEN () 53 (50) <eb 14T 0| g (s,
withag +0=(1-2) % +7.
From Lemma EI, we have
A% 2|5 (5,) < 201y, Zllsg (s,) + 1 Prac (@)l sp(s2))

<2(|A7 2| 55 s,y + ||A7%Jr17093||s;f(sz))-

Then let v = oy — (1 — ), we have

[A™ ]

sy (8. < 4|AT ]

53"(S2)

with the identities

Then we will have

Replacing A7z with x,

1A= ]|y <ep 2|2,

Since o = a; — 7y, we deduce the assertion for 0 < o < 1. For the case a > 1, we interpolate between

A7 Ly — Lyl < &

1Lemma is not enough to induce (4.2.1). More details can be found in Theorem @
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||A7w : Lpl - Lpl ” < ca.

We obtain

||A_2/q i Ly — Lp” < C(q)-

2

We choose the parameter with the condition = 5( L1

), le. o=o(1- 4). Then we choose a geometric

=

1
q
1
Pk+1

sequence (py) with = ;%k(l - %)(Tl >4),p1 = p and

|A=2/P% 2 Ly, = Ly, ol < G

Therefore we show that for any o =2/q+ Y} 2/pr =n/2(1/q — 1/pm+1), we have
”Aia : Lq - me+1|| < C(q,perl)

When the sequence approaches to infinity with n > 4, p,,41 approaches to infinity as well and a can be a

number greater than 1. Therefore, we finish the assertion when oo > 1 and n > 4. O

4.2.2 General case

In this section, we explore the L, embedding theory for general von Neumann algebras. We introdcuce the
notion of homogeneous space and give some certain regularity condition on the pair of weights. We show
that, the fundamental sequences with a mild regularity assumption, completely determine the operator space
structure of a homogeneous space. We find a canonical representation of the homogeneous space in terms
of weighted row and column spaces. Then we prove the cb-Sobolev inequalities for semifinte von Neumann
algebra and the cb-version of Varopolouss theorem and provide some examples. Let us recall the following

space mentioned in [JX10]:

Definition 4.9. Let (2, m) be a measure space and 2 < p < ¢ < o0, (i, v) is a pair of weights on ( i.e., a

nonnegative measurable functions)

/min(,u,y)dm < 00. (4.2.1)

Given a semifinite von Neumann algebra M ;| define a norm as

el = it o (”“”Lfﬁ“(M@B(C,Lz(u,m))) * ”bHLfi‘“<M®B(C,Lz(u,m>>>)

56



and the space

K37 (pv,m) = {x € Li(M) N M]|z| g < oo}
Proposition 4.10. Let p, v, (Q,m), M, K{{ (1, v) defined as above:

1. If there exists a map « such that ||a : La(Q,m,p) — La(Q,my,p)|| < X and ||a : La(2,m,v) —

Lo(Q,my, )| < A, then |jid : K (p,v) = K37 (g1, v1) [ler < A

2. For two pairs of measures (u,v) and (u1,v1), if they are equivalent in the following sense Auq < p <

Ay and vy < v < Ay then K (1, v) ~ep K7 (1, 11).
Lemma 4.11. Assume pu,v are X-measurable, K{{ (i, v,m) = K{{ (i, v, ms)

Proof. By the definition of the norm, K{7(u,v,m) > K3 (u,v,mys) since there are fewer Y-measurable
functions. On the other hand, there exists a conditional expectation such that ||E : La(p, m) — L2 (Q, X)|| <
Land [|a @ La(2,m) — Lo(v,X)|| < 1. Then by Proposition we know that [jid : K3 (u,v) —

K{f (1, v)||en < 1. O

It is sometimes convenient to work with the discrete analogue of K7 (u,v), i.e, when (u,v) are two
weights on Z. Then the two weights p and v become two positive sequeseces (1(j));>1 and (v(j));>1 satis-

fying the following weight condition

Zmin(u(j),y(j)) < 0. (4.2.2)

By standard arguments it is easy to transfer the continuous case to the discrete one and vice versa. More
details can be found in [JX10]. However, we need more monotonicity property of the canonical weights.
Therefore, we show the construction as follows:

In the discrete case, we decompose the space Z into Z, and Z_ as follows
Zy ={keZ:vk)<uk)}and Z_ :={ke€Z:v(k) > ulk)}
And we decompose our spaces as follows:

K3 (1,v) = {z € LiM) N Mz = a(k) +b(k), k € Zy

lall g2 manctn@e ) TIPS (Mmoo ) <

and
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K3 _(n,v) ={z € LiM) N M|z = a(k) +b(k) k€ Z_,

+ 1ol e < o0}

lall L2 s Bic iz 2P (M@B(C,l2(Z— 1))

Proposition 4.12. For a pair of weights on Q = [0,T] satisfying the condition (4.2.2), then there exists

two functions f>1,f~ >1 on Q, such that

K§P () = KLP  (FPANN VKL £70).

Here A means Lebesgue measure.

Proof. Since Z=7,\JZ_,0 =7Z,(\Z_, then

max{ ] s Nl } < Noellicn < lllr, + lallier, < 2max{laller,, ol )

Since the norms are equivalent, then we get

K3 (nov) = K0 (o) [V EAF (1, v).

For the domain © = [0, 71, we divide it into disjoint intervals as I, I, - -, with [Iy| = v(k),T = 3, -, v(k).
And we define the Randon Nikodym derivative F':= ", %1 1, on [0, T]. Therefore given the measure space
(Z4, i, v), there exists a pair of weights (Fv, v) on [0, T] satisfying (4.2.1)). Then we can find a rearrangement

decreasing function fT := F* with respect to the Lebesgue measure X\. Therefore according to Lemmam

K30 (nv) = K37 (F7AN).

Similarly, on the domain Q = [0, T] where we decompose into disjoint intervals as I, I, - - - , |Ix| = u(k), T =

>k <0 wu(k), we can find the rearrangement decreasing function f~ on Z_, and we get
K _(uv) = Kgf (A, f~A) with completely equivalent norms.

Therefore we get the result. O

Remark 4.13. We call two functions f; ~ fs is equivalent in the following sense

“h08) < £5) <en5),
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then

K (fix, A) = Kif;(f2A, A) with completely equivalent norms.

We should call the reader’s attention to the fact that the complex interpoolation space is a subspace of
the direct sum of two Hilbert spaces. Therefore we need recall the following decomposition for Hilbertian

operator spaces in [Xu06].

Theorem 4.14. Let Xy, X1 be 1-homogeneous 1-Hilbertian operator spaces. Let X = Xo®2 X7 and S C X
be a closed subspace. Then there are closed subspaces Yy, Zy C Xo,Y1,Z1 C X1 and an injective closed

densely defined operator T from Zy to Zy with dense range such that
S =Yy B2 Y1 @2 G(T) with completely equivalent norms.

Here G(T') = {(z,Tz) : € Dom(T)}, where Dom(T) stands for the domain of T. Let Hy = L2 (2, ug), H1 =
L2 (Q,up),& = (g,h) € Hy @ Hy and H = {(z, fz)|x € dom(T)}, f € Lo(,up). Recall the norm defined in
Ho® Hy/H

(g ) Froerr, e = Jof (g - V)13 +11h — foll3.
As a technical tool, we need to define the interpolation space as follows:
Definition 4.15. Let H C Hy ® Hy and £ € Hy @ H;/G(T), denote the space

Xer (M) = {€@ajz e MNLI(M)} C M® (HO @HI/H)

and

XEP(M) = {€ @ alr € MNLi(M)} € L2 (M @ HY) & Ly (M ® H})/Ly(M)NM @ H

2p
with the norm defined as
= i f
Hx ® 5” §®;r=la+b ||a||L§q2q (M@H&)) + HbHprQP (M®HT)

Lemma 4.16. There exists a pair of weights (u,v) satisfying the condition (4.2.1)) such that

Xg:g(T) (M) = K_(/I\;[p(/l’a v, m)

Proof. By the polar decomposition T' = u|T| and using homogeneity, we can assume Hy = H; = Lo(m) and

T is a positive operator. Therefore we can assume there exists a function f € Lg(m), such that T is the
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multiplication operator My : La(m) — La(m). Let £ € Lo(m) @ La(m)/G(T)
r® = inf T ® , + (v,
foodl= e )+ Sl

= eat o 1T @G H Y e ey T & T I (e L)

Denote a :=x ® & +y and b := —&; + fy. Then we have the following observation
af+b=z® (f& —&)=z®h

Since £ € Hy® H,/G(T'), we can assume ¢ is not equivalent to 0. Therefore h = f& — &5 is not 0. Replacing
h with A - 1,50, we can assume h is a positive function and strictly greater than 0 (Otherwise we multiply
by —1p<0). Thus we get

=zr®l1.

> o

!/ b/:ﬂ
a + h-i—

This implies

lewgl= _nt +

/
jnf, ., lle ”ijqw,B(«:,Lz(\/?m>>> ”Lf,?”(MB«c,L?(x/Em)))

Definition 4.17. A function ¢ satisfies the As condition, if there exist positive constants ¢, d and a with

« > 1 such that

o els) el
= om ™ L)

S

<dVt>s>1.

By normalization of the domain, we can assume the measure space as Q = [0,1]. Given a continuous

decreasing positive function f defined on [0, 1], we define

1
wr(t) ::/0 min(¢, f(s))ds

Lemma 4.18. If the function ¢ (t) satifies the Ay condition, then
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Proof. Decomposing the interval into two parts yields

1

ort) =tf71(t) + /f_l(t) f(s)ds > tf=1(t).

Therefore we get that WT(O > f~1(t). Moreover, if we differentiate the above decomposition form, we obtain

©s(t) = f7(t). Now we assume 6 < 3

t
wf(t)’ds+/ oy (t)'ds
ot

< p1(51) + 01 (60) (1 = 8)6 < Sip5(0) + 5 (31) .

Therefore we get

20 < 9,01y < 27 o)

Now let us consider a special case M = B(l3). We will often identify the canonical bases (e1) of C and
(e1x) of R with (ex) of lo. And we have

n

n
1
I Zek ® ekllc,orr =2 and || Zek ® ek
k=1 k=1

Rr@R = nas (4.2.3)

Lemma 4.19. The fundament sequences have the following equivalence

- 2
pe(n) = H Zekl ® 61k’ wan n9p ey (nt/P1/e),
1 B(ly)
" 2
(pr(n) = H Zek & elk‘ K9® @R ~ nl—l/PSDf7 (’I’Ll/p_l/q)_
1 B(1y)®Fn

Proof. Denote x = Zk ex1 ® e, we get

lzllc.expq, = 1:(1(%317(@ 1> alk) @ exev/u®) lc,eey + 1D bk) @ ere/v(k))|
k k

Crn®Cy

= inf (3 (k) lc,ecy + (D vk) I1lc,ecy

keA keAc
By (4.2.3), we get

~ i 1/q c\,,1/p 1/2: 1/2q : c\,,1/p—1/q 1/2
Il ~ nf (A + (A7) = /20 int ((A) + (A" 9)
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Denote

Pe(t) = ,iIclg w(A) + tv(A°) and §,(t) := Arclfgt,u(A) + v(A°). (4.2.4)
Then we obtain
n 2
|Sewoal, — —alp i),
1 K51y (o)

By the decomposition

Pelt) = Inf p(4) +10(A%)

= \,if\lft“(A NZy)+uw(ANZ) +tv(A°NZy) +tv(A°NZ2))

Sincet >1 andv>ponZ_,u(ANZ_)+tv(A°NZ_) > uw(ANZ_)+u(A°NZ_) = u(Z-). Let f* be the
Random-Nikodym derivative in Proposition and denote A; = {s|fT(s) < t}, thanks to u > v on Z,

WANZy) +tv(A°NZy) > /0 min(t, f1(s))ds = @+ ()

Therefore, we get

Prr(t) < Pe(t) < ppe(t) + w(Z-).

i.e.

@c(t) ~ Prr (t)

Analogously we denote y = >, e ® ey, then we have
Hy||KB(12>®hRn = igfnl/Zq/u(A)1/2 +n1/2p'V(Ac)1/2'

Therefore we get

n

2

1-1 1/p—1

HE €1k®€1kH . ~n /pwff(n /p=1/a)
1 KB(lz)(NvV)®Rn

Proposition 4.20. Let ., . be as in (4.2.4) and both satisfy Ao condition, then
Pe ™~ Pe = er ~ er

The same results hold for o, and f~.

Proof. By Lemma we know f(t) ~ Wf(t). Then by Lemma 3.5 in [JX10], we get the conclusion. O
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Theorem 4.21. If K]qg’g (p,v) = Kq’(p ) (i1, 7) and @c, or satisfying A, then

K¥P(n,v) = K3P (i1, 0) (completely equivalent norm ).

Proof. According to the definition of ¢, ¢,

= Hzek1®6k‘

and @.(n) = Hzem ®€k‘

CnKgh_ (1v)

Bls) Co,KLP (f,0)

B(ly)

Then we obtain ¢, ~ ¢.. Then Proposition implies fT ~ f*. Analogously we get [~ ~ f ~. Then by
Proposition .12} we finish the proof. O

Theorem 4.22. For a von Neumann algebra M,
LS2 (M) = xe. (M) (completely equivalent norm )

1 _1-9
here 5= +

SIS

Proof. Thanks to reiteration theorem for the complex interpolation method, we get

= {f(ﬂ)
6

Then by definition of x¢ g, we observe that

LCQq LCZP Czq

Cas _
LQsé_ 2q >

f‘aoeL (Ly f|aleL (L "), flsanalytlc}

L§92S (M) C x¢,m (M) with constant 2.

We interpolate between these two following spaces:

q=00: MRL>*(0y) — MQL5(0y, o)

g =2: L{(M)@Loc —s LS(M)BLE (B0, o)

We obtain

Fla, € (L5 (M) — L5 (M @ B(C, La(30, 1o)))

Similarily we get

Floy € L (Lo (M) — Lo (M @ B(C, La(01, o)) )-

63



Then it remains to prove the opposite direction inclusion. Recall that

‘|x||?\4nL(LQC2s) = ||x*x||Mm(Ls)
LoMuem) = SUP [[2(a @ D)Ly, (am@Mm)

a€SyL

= sup [[(e®@Da"z(a®1)|

a€Syt

By Holder’s inequality with % = % + 71), we get

)2, ooy = sup laza @ 1| 1,01, 0Mm)
M (L23%) oy <1, lallas <1 ’

Assume x € x¢ g, this means there exists an analytic function f : Q@ — M N Ly(M),s.t.f(#) = z. Fix

1 _1-0 0 1 _ 1-06 1
OK,GZO,E—T—F;,;—W—FE,dGﬁDQ

1—2 2
q +5),

g(Z) _ aﬂ(lv—oz+ﬁ)7h(2) _ as(

Then we define
Thanks to interpolation theory in [BL12], we know

IEO)I, ) <
JIEGOI o cmodualit) + [ NEQ+ IR 0, cnn i1 + i)

For F(z) = o*1 %)% f(2)aia®G ) @ 1

IF(it)]|2 = [la™ f(it)at @ 1]

Similarly,
IF(+it)o = o™ f(it)a® @ 1]

The function a ¥ f(it)ai € Ly(My @ M @ B(C, Ly(ugla,)))-

IO < trla® [ fitaiat st dute)

L2q(M®B(C,L2(80)))

< llallz,, - If(@t)as
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Take & = as € Sge. By assumption, f(it) € My, Log(M ® Lj). Then [ f(it)aa* f(it)*du(t) € Lo(Mpy @ M)

Therefore,

IEG 2 < 1 @) Loy (vt 00

Analogously, we get

IEA+i)ll2 < 11+ )|, (a1, 000

Plugging (4.2.5) and (4.2.6) into (4.2.2)), we have

lz]1?, LSy S 1F Moy a1ty + 1F QL+ )2, (r )
w(Lyy

Therefore, we obtain the missing inclusion.

Theorem 4.23. For a semifinite von Neumann algebra M and % =1=0

q )

kA5

LS (M) = K/q\}ﬁH(Qe, 219 X\) (completely equivalent norms)
Proof. Thanks to Theorem and Lemma for arbitrary von Neumann M, we obtain
L52* (M) = xe.n (M) = K5 g (1, v).

With Theorem for B(ls)

XEVH(B(ZQ)) = K%’Z2)(203 21797 >‘)

we get

K.l/]\;tp(ua V) = K?\;{)(267 21_97 )‘)

Combining (4.2.7) and (4.2.8), we obtain the result.

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

O

With the help of conditional L, spaces mentioned in [JP10], Theorem implies the following result:

Corollary 4.24. For arbitrary semifinite von Neumann algebra M and % =104

q v

SIS

Ly(M) = K37(2°,27% )" @n K{7(27,27°, )
Proposition 4.25. The Scatten class S, has the following embedding

Sy e (Ig ™ (15 @ Lo, wg) + 152 (15 ® la)wy) @ (g™ (I3 ® la, we) + 152 (13 @ lo)w,)
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Recall the resolvent formula

A% = I‘(a)*l/ T,t*'dt for a > 0.
0

Given a family of positive semigroup 73, we want to prove
|A=% : Loy(M) — Ly(M)]|eb < 00

holds for any semifinite von Neumann algebra M. Because the generator A% is completely positive,

A7 (2*y) = ua(x)*uq(y). In our context, we need to use an explicite decomposition of A~.

Theorem 4.26. Let {T;} be a strongly continuous semigroup of normal selfadjoint subunital completely

positive maps such that (Rz)) holds for L,(M). Then

(i) [|1A= s <eb 1957, @llq + 9757, (@)]l2

0,04
(i) |A=*: Ly(N) — Ls(N)|e < C

with + = 122 +

N

—3)anda+0=(1-2)4+7.

N

y =g+ = %(
Proof. (i) By Proposation [2.35] let z = y*y € M,,(La(M)),y € M,,(La(M)) and us(y1)*ue(y2) = T (yiy2)

be the map obtained from the GNS construction of T;. Then let u,, (y)(t) = t(®a~1/2y,(y) satisfying

Ua, () e, (y) = /Tt(y*y)t%’ldt = A"%(y"y)

Then we may choose the following decomposation
o, (4) = Lot o) o, () + 10,24 Ue, (4) 1= ug,, (K) + ul, (), ¥k > 0.

Thanks to Theorem this implies

[ty (W, (s, < ||U(1yq|\Mm(qu(29)) + ”u(zquMm(Lgp(Ql—"))

6 4

Wlth ? . Now we choose p = 2. Then

9
P

[wag @)l a0 (zs,) < (ug,) u Hl/2 + [l (ul, ) u ||1/2 -
(L5,) 2(29)) (Lo (21-9)) (4.2.9)

lower

= ||®y aq(y a2, + 127 e,aq(y*y)||Mm(L2)
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Recall that [|[A™%(2)||ar,,.(.) = [ (U, (¥)) Ua, (y)||}v/li(Ls). By Holder’s inequality, we get

1A= (It 20y < 201265, (a2, + 198250, (21t (22))-

(ii) Let « > 0 and @ € M,,,(L2). Then there exists z € M,,(L4), such that x = z*z. Then we use the map u;
obtained from GNS construction of T}, and generate u.(2)(t) = tO071/2y,(2). We get A= (z) = A7V (2%2) =

Uy (2)*u(2). Next we repeat the argument in part (i) with y = u,(2). Thanks to Lemma we get
A0 = A=O0(A5) = A= (s () uy (2)) = A% (y7y).
And by part(i), we obtain

1A= @ g2y = 1A G Dt < 2009720 0, D 00 (2g) + 1R8N G W) 00 (122)
By Theoremwith a+6=(1- %)% + 7, we get

19650, @ D,z = 1955, (A7 E D L) < 127 2l0L0) = 2], (L2)-

According the Lemma the norm of (I>11°f’§faq (y*y) is controlled by that of A=(®«=1%9) With cancellation

of the exponent, we assume v = o; — 1 4 0, then we obtain

12, U D01, (22) = (9150, (AT (2D at 2y < 12" 200 (22) = I@llat,0 22)-

Therefore we get

AT 2 L0y S 122z, (L)

we deduce the assertion for 0 < a < 1. For the case a > 1, repeating the same technique in Theorem we

obtain the assertion.

Remark 4.27. Equation (4.2.9) leads us to the definition of singular operators @gp% and q)lloivgfaq.

We want to illustrate our result for the strongly continuous semigroup of normal selfadjoint subunital
completely positive maps {7} } for completely bounded norm on commutative space R. Then L? (M) coincides
with the usual commutative space LP(R) and SP(H; LP(R)) = LP(R; SP(H)) for any H and any 1 < p < oo.
Thus a completely bounded map A~ : LP(R) — L(R) is a bounded maps whose tensor extension T'® Iga

extends to a bounded operator on the vector valued spaces A~ : LP(R; S?) — L%(R; S?). However we want
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to show a more general version A= : S;(LP(R)) — S,(L9(R)) as follows:

Corollary 4.28. Let {T;} be a strongly continuous semigroup of normal selfadjoint subunital completely

positive maps such that (Rz)) holds for L,(R). Then
[A7% 0 Sg(Lp(R)) — Sq(LgR))[| < C

with o = %(% — %)

Remark 4.29.
Sa(Lp(R)) —2—— Sy(Lg(R))

£ I

Lp(Ra Sq) ﬂ’ Lq(R»Sq) = Sq(Lq(R))

For the vector valued Sobolev inequality, we already have the base line in the following diagram. And

Corollary proves the up line. Yz € S;(L,), % = |% - %\

lolleys = ([ s facslptr s s (f faaBl = fols,cr,

llellzr l|Bll2r=1 llellzr, 1B ]l2r=1

Therefore there exists a completely contraction from S, (L,(R)) to L,(R,.S;). Up line’s estimate reduces the
base line’s, but the opposite direction is not. Therefore the cb-version of Sobolev inequality is much stronger

than the vector-valued one.

4.3 Application and Examples

In this section, we want to prove the cb-version of Varopoulos’s theorem. The scope of the proof is standard

by now.

Theorem 4.30. Let (T;) be a semigroup of completely positive selfadjoint contractions on a von Neumann

algebra M with negative generator A and n > 2. The following are equivalent

(i) IT; : Ly(M) = Loo(M)lley < Crt ™72

(ii) ||A=% : Ly(M) = L 2o (M)]|ep < 00;

2+4/n 4/n
(iti) |12ll55 L rpmyy Seb Coll ® Az, D)l g, (unyyi

Proof. (1)=(ii) follows from Theorem Next we show (ii)=-(iii). From the assertion (ii), let = €
ST (La(M)), we have

Sa2(Lon/(n-2)) = Ve S2(L2)-
|l < || A2z
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This implies
12012, (L, oy < (1@ AV P2, 10 AV22) = (1© Az, 2).

From interpolation theory in Pisier’s paper [Pis93] for % = % + 7 ¥ with 6 = we obtain

+2’
6
lallsacen) < Iz, oo lelmn-

Therefore we have

24+4/n 4/n
)5 < (1@ Az, z)lallel,,)-

For (iii) to (i), fix x € Sa(La(M)) N Sa(L1(M)) with [|z||g,z,) = 1. Because T} is a completely contraction,

| Tix||s,(z,) < 1. Denote V(t) := ||TtxH§2(L2),
V/(t) =—< ATt.’I],Tt.’L’ >,
the hypothesis yields

2+4/n —4/n 2+4+4/n n
V() < =205 M| Tl 5 0 I Tl g0y < —2C5 HITuarl g (0 < =205 1V () 1+

i.e.

d Coim i
(40 2/ny < op~toy

Integrate both sides, we get
V(t) < (nCo)™2t7™/2 vt > 0.

The first assertion (i) immediately holds by taking square root.

O

Corollary 4.31. Suppose {T;} is a strongly continuous semigroup of normal selfadjoint subunital completely

positive maps. The following are equivalent:

(1) there exist 1 <p < ¢ < 00 with a = %(% - 5) such that

|A=% : L, — Lglle» < c1;

(2) the semigroup {T;} satisfies (R), i.e

Ty : Ly — Loo|lep < cat™™/4,
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As before, let T, = e *4 be a symmetric submarkovian semigroup and let S; = e *Z be a semigroup on

LP(N),1 <p < oo. We then have
Theorem 4.32. Suppose A and B are two completely positive operators that

1. there exist n > 2,C7 > 0 such that
2. there exist Cy > 0,d > 0 and € > 0 such that

(A2, 2) <o Co(Bz,x) + d||z|?, (4.3.2)

Then there exists C' > 0 such that
IS¢ fll2 < Ct=™ el f]l1,VE > 0,Yf € Ly (N).

Proof. From assertion (5.1.3]) and Theorem we obtain || T} : Li(M) = Loo(M)||ey < C1t~"/2. Then by
Theorem [1.26] we get
JA™/2: Ly — Loy j(m—1)|let < C.

here § = (1 — ™=1). Then we get m = 4. From the assertion (4.3.2)),

123/ (1) Seb CIAT %23 <o CCo(Bx,z) + Cdlz||* <y C{(B + Iz, )

i.e.

|2 ll2my(m—1) e Cll(B + )2z

Denote B= B+1. The S; = e Betisa symmetric submarkovian semigroup. Applying Theorem m (ii)
to (i) for B and S;, we get
||§t :Li(M) = Lo(M)||ep < Cwltim/z.

This implies that

||St : Ll(M) — LQ(M)”Cb S élt_m/Qet = élt_n/(4€)et.

Example 4.33. Let X1, Xo, -+, Xi be a system of vector fields satifying Hérmander’s condition at step r

in some open connected €2 of compact Lie group G. For any multiindex I = (i1,1i9,- - ,ix) of length |I| =k
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we set

Xr =X X4, - Xy, and Xy = [Xo,, [Xoy - [ Xy, Xa ] - ]

If I = (i1), then X; = X = X;,. By Hormander’s condition, the vectors {(X7)}r5<a span G. Let
A= Z|I|<d X[QI] and B = Z?Zl X;. We are now ready to state the result proved showed in Lemma 2.1 of
as follows:

(A, z) < (B, x) + cl|=]*

Therefore we apply Theorem to operator A and B, then we can get
1S; = e L(G) — Ly(G) ||y < Ct"/4<e,

Example 4.34. Let the semigroup Ti(e,s) = e_t(r_s)zers. For x = (z,5) € S7"(S1) with Ty(z) =

—tk?
E:keZe (§:3Is+k§es+k§)a

_ 2 _ 2
ITe (@) at B2y < D e 1D worbseaslian o) < e ™ Izl (s0)
keZ s keZ

%) o B
= 2(/0 e dy)HmHMm(Sl) =t |2 s, (50)

therefore the semigroup satifies the (R2)) for n = 1.

2mwijr

Example 4.35. With the matrix M, where vg(e,) = eryr and uj(e,) = € = e, let the semigroup

] _ —t(2+k?),, . _ o . *ok
Ti(ujor) =e G )u]vk. For z =) a pujv;, where o) = Etr(vkujx).

— 2, 42 —
ITellar,, <Y e N (ag)lan, < ¢ 2l a r)-
keZ

Therefore the semigroup satifies the (R2)) for n = 2.

Example 4.36. Let Ay be the quantumn euclidean space with UV = exp(27i0) VU, and the semigroups T}
have

T, (ULV;) = exp(—t(k — )*)UyV;.

Then || T} : L1(Ag, 7o) — Loo(Ag, 7o) ||ev < ct™ 1. See [JMP13] for more details.
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Chapter 5

Stricharz estimates

In applied mathematics, Strichartz estimates are used for linear dipersive partial differential equations.
These inequalities describe size and decay of solutions in mixed norm Lebesgue spaces. In [Seg76], the
author investigates the linear Klein-Gordon equation. In the pioneering paper [ST77|, Strichartz builds the
connection between space-time estimate and the restriction theorem of Tomas and Stein. See [LS95],[Kap89],
IMSS93], [GV95], [Sog95] for many known Strichartz wave equations. See [GV92] [Yaj87] for Strichartz
results for the Schrodinger equation.

Let (Ao, A1) be an interpolation pair and (Ao, A1)/, = Ay/,. Suppose that for each time ¢ € R, we have

an operator U(t) : H — A; /o which obeys the followings:

e For all t and all f € H we have

IU()f 1,2 < Cillfllz (energy estimate) (5.0.1)

e For some o >0, all t # s and all g € L*

NU(s)(UE))*glla, < Calt —s]77|glla, (dispersive estimate) (5.0.2)

In [KT98], Keel and Tao gave the concrete form of Strichartz estimates on R™ as follows:

" )9/ )1/ ..
(/(/IU(t)fl dryt/"de) e < | ]

Here (q,r) satisfies % + 5= = 4. Therefore our goal is to determine the space-time norms

1
1Fllsgscan = (| PO, 0%,

where now A;/, = L™ (M) is a noncommutative L, space and F(t) = U(t)f,Vf € Ay (M).

As for non-commutative space setting, for which noncompact noncommutative n-dimensional space the
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unitary operator U(t) still satisfy the Strichartz estimates is a natural question to ask. First candidate to
check is deformed Euclidean space Ry, since it’s the noncommutative version of Euclidean space R"™. More

precisely, our goal is to prove

([ IO, gyt S 117
Proposition 5.1. If U(t) is an operator from some Hilbert space H to Ay o(M),

(1) If U(t) obeys (5.0.1)), we have
|U(s)*Ut) : H — H| < CF (5.0.3)

(2) IfU(t) obeys (5.0.1) and (5.0.2)), we have

U () TU(t) = Ayjp — Ayl < CFCy7 7 [t — 527500 (5.0.4)

where B(r,7) is given by
o

B(r,i)zo’—l—;—

< Q

Proof. (1) follows from the (5.0.1) directly. We get (2) by interpolation between (5.0.2)) and (5.0.3) with
6=1 O

T

Definition 5.2. We say that the exponent pair (g, r) is sharp o-admissible if ¢, > 2,(q,r,0) # (2,00, 1)

and

Remark 5.3. (1) Note in particular that when o > 1 the endpoint

P:(27 )

oc—1
is also a sharp o-admissible.

(2) By the definition of sharp o-admissible point, one can check that 3(r,7) < 0 for ¢ > 2.

In this chapter we will show that, for certain exponent pair (q,r),(q,7), the family {U(¢) : t € R}
satisfying (5.0.1) and (5.0.2) has Strichartz estimates of the following form:

(i) the homogeneous Strichartz estimate

U@ fllrza,,, < Csllflla
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(ii) its dual estimate

| [ @) Psln < CallFl (505)

(iii) the inhomogeneous(retarded) Strichartz estimate

|| UOWE) Fs)dsliga,,, < ClFl g, (5.0.6)

1/r" —
t<s "

In order to prove Strichartz estimate, we define the bilinear form 7 : L} Ag x L} Ay — C by

T(F.G) = //<t < U(s)*F(s), U(t)*G(¢) > dsdL.

Remark 5.4. Suppose that ¢,q € [1,00] and 7,7 € [1,00]. Then

(i) The homogeneous Strichartz estimate (5.0.5)) is equivalent to the bilinear estimate

T(F, G S 1 FllLya,, |Gl Lya,, (5.0.7)

(ii) The inhomogeneous Strichartz estimate (5.0.6) is equivalent to the bilinear estimate

IT(F,G)| < I1Fll g, 1G] ¢ (5.0.8)

Al/r

5.1 Homogeneous Strichartz estimate

In order to prove the homogeneous Strichartz estimate (5.0.7]), we have to consider p = 2(endpoint estimate)

and p # 2 (nonendpoint estimate) separately.

5.1.1 Nonendpoint estimate

Lemma 5.5. Suppose that ¢ € (2,00] and 6§ € [0,1]. If U(t) obeys (5.0.1) and (5.0.2), then the estimate

T(F,G)| < CRIF |y o, IGl s,

holds with (q,r) sharp o-admissible.
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Proof. By the definition of the sharp o-admissible point (5.0.1)) for the case % + % = %, we have

= —ﬂ(?“, 7”),

ESE N

1
7
and if we integral (5.0.4) and using Hardy-Littlewood-Sobolev inequality when ¢ > ¢’.[Ste70]

T(F,G)| < / | < U(s)"F(s), U(t)*G(t) > |dsdt
< [[ et F = s DB, (GO, dsi

FAl-2
<CrCy T NFl gy, NGy,

5.1.2 Endpoint estimate

For the endpoint case, i.e. ¢ = 2, we have to decompose T(F,G) dyadicdally as Ej T;(F,Q), where the

summation is over the integers Z and

Ty(F,G) = / < (U(s))"F(s), (Ut))*G(t) > dsdt, (5.1.1)

t—20t1l <<t —27

Lemma 5.6. If U(t) is an operator from some Hilbert space H to A;o(M) satisfying (5.0.1) and (5.0.2),
the estimate

IT5(F,G)| < 279D Fll 20, |Gz a (5.1.2)

1
b

holds for all j € Z and all (£, ) in a neighbourhood of (%, 1).

Proof. We first prove the case when j = 0. We may assume that F,G are supported on a time interval
of duration O(1), since we need to decompose F and G into linear combinations of (approximate) L?—
normalized characteristic functions. Without lose of generality, we can assume the supports of functions F,

G is a small interval near the original point. We shall prove for the exponents
(1) a=b=c
(2) 2<a<nrb=2
(3) 2<b<rya=2;

the lemma will then follow by interpolation and the fact that 2 < r < oco.
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To prove(1), observe that (5.0.2)) gives
To(F,G)| S //t i [t = s["7NF(s) |l ao[|G@) | agdsdt S I F | £y apllGl 2y a,- (5.1.3)
—2<]s<t—

For (2), we prove a general case. Bring the s-integration inside the inner product in (5.1.1) and apply

the Cauchy-Schwarz inequality to obtain

IT5(F, G)| < (sup | (U(S))*F(S)dSIIH)/II(U(t))*G(t)IIHdt.

t—2it1<s<t—27

Using the energy estimate ||(U(t))*G(t)||ag < ||G(t)||a, this becomes
2

I73(F, G)| < (sup | (U(s))"F(s)ds||m)[|Gl Ly a, - (5.1.4)

t—20t1 <<t —27

Define the quantity g(a) by requiring (¢(a),a) to be sharp o-admissible. By the results of the previous

section of non-endpoint estimates for (¢(a),a). Now applying this to (5.1.4]) for the case j=0, we obtain

1_1
a

ITo(F,G) : LY Ay )y x LEA, 5, — C| < O 103

_1
a

To(F,G) : L2A, ) x L2A, /5 — C| < CF 103

The last inequality holds if we require ¢(a) > 2. Same argument, we get

1

|To(F,G) : L%Al/Q X Lg(b)lAl/b —C| < Cl%+1022_

1
b

o=

I To(F,G) : L7 Ayja x L{ Ay sy — C| < Cl%ﬂczéi

+

SN

_1_1
1 a b

2
The last inequality holds if we require ¢(b) > 2. Let H(a,b) = Cy *C, . Interpolate these two

inequations, we get for 2 < ag<r,2 < bo<r,
|To(F, G) : L2A%+¥ x L?Ai0, 9 = C| < H(a,2)?H(2,b)'7°

ITo(F,G) : L} A1/, X L7 A1y, — C| < H(ao, bo) (5.1.5)

By interpolating (5.1.3) and (5.1.5)), we get all pair of (a,b) in a neighbourhood of (%, 1), which have

1

9 2 2.2 —
To(F,G) : L3 Ay, x L2A,y - C| < O tEel o H,
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For the general case, it’s same as the above proof. We need to consider three exponents:
(i) a=b=c
i) 2<a<rb=2
(iii) 2<b<ra=2

For case (i) We know
* * 21-2 —1-8(r,r
| <U(s) F(s), UR)G(t) > | < C7 Cy 7|t = s| PO F(s)|a, IG @)Ly,

Now we want to consider the Tj(F,G) = [,_yi1 cp_os < U(s)*F(s),U(t)*G(t) > dsdt.

Taking integral of (5.1.8)), we get

IT5(F.G)| < Co2 97| Fl 2.4, Gl a, (5.1.6)

To prove (ii). By (5.1.4]), we have

1
a

~ ~ 2 1_ ~ ~
Ty(F,G)| < CFC3* |1 Fll o, CulGllza,

_C%"‘lcé_é Ia G
- 1 2 || ||Lg(a)/A1/a|| ||L%A1/2

249 1 1 g 1 1y~ ~
<ot @@ D gy, Gl 4,

241 2L Sl g(i_1y) £ =
<CpTeg TRl a))HFHLfAl/aHGHL;"AI/Z
The last inequality holds if we require g(a) > 2. Repeating the same argument, we get

~ o~ 2 1_ 1 ~ ~
|T](F’G)| S Clb 022 ’ ||F||L%A1/2C1||GHL:1(5)/A1/Z}
= CFTCE T 4, G ey
- 1 2 LtAl/Q Lz(b) Al/b
249 11 g1 1y~ =~
<oy G D Bl g, LG lea,,

241 -1 (i o(l_ly) £ ~
Sclb 022 172](2 0(2 b))HFHLfAl/zHG”LfAl/b

The last inequality holds if we require ¢(b) > 2. Taking the interpolation these two inequations, we get for

2 < ag<r, 2 < byp<r

IT;(F,G)| < H(a,2) H(2,b)' 271 -G080~ (3-2))

(s



X[ Elz2a, 1o 1Glz2a,
a 2

— 0
5 t2

IT3(F, )] < Flao, bo)2 0= 04DV | Pl as. Gllgza, (5..7)
3+% 1-1-1 - 249 1.1 o
Let H(a,b) = Cf *C, * *. Then we set H(a,2) = C¢' C3 = ,H(2,b)
A

a

27%:T*+%6(a b) =0 —1—2 — . Then we know 3(a,b) =

2 1
2412
— b 2
=CP C5

1
b Let 2 =122+

Bla1,b1) + B(az, bs). Since B(a,b) is an
affine form, then it can interpolate. Take C' = max{C%, s}, by (5.1.6) and (5.1.7), we know

T5(F,G)| < C279PC | F| 124, |Gl 2.4,
Ty(F,G) < C298@m) | Flaa |Gllzza
= |TH(F.G)| < C27P ||| 24, Gl 124, ,
here (1, 1) is a neighbourhood of (1, 1).
One would hope that the

IT(F,G)|=>_ ITy(F,G)| < ZTWW)HFHLml 1Glzzay S IFNLza, 1G24,
JEZL JEZ "

However, 5(1/r,1/r) = 0 so the summation diverges. Therefore we have to slightly perturb the exponent

pair (r,r) by abstract real interpolation argument mentioned in the preliminary

Lemma 5.7 (Endpoint estimate). If U(t) obeys (5.0.1) and (5.0.2)), the estimate

IT(F,G): L?A1 x L?A:1 — C| < Cs

(5.1.8)
holds for r = 2“ ,o> 1.
Proof. Thanks to triangle inequality, It suffices to show that
ST (F.G) S IFllzza, Gz, -
Recall the definition of I given by . Then the above inequality is equivalent with the following
T:LiAy, x L{Ay;, — 1§ is bounded. (5.1.9)

78



By Lemma [5.6] there is a positive € such that the map
T:LIA . x LEA, jp — 1509

is bounded for all (a,b) in the neighbourhood N, = {(a,b)|(1/a — 1/r)? + (1/b—1/r)? < &%}. We carefully
choose three points (a,b) as follows: Suppose that ag = bg = 1/r +¢/3 and a1 = by = 1/r — 2¢/3, then
B(ao, b1) = B(a1,bo) # B(ao, bp). And the maps

T i L2410y X LA, 3, — 1500000)

e

D LEAY gy X L3 AL gy, — 18(0000)

T:LiA1ja, x L7 Ay, — 10000)
are bounded. By Theorem (ii) we deduce that the map

T : (L7 A1 ag: LE A jay Jno2 X (LEALbg, LT A1, gy 2 — (18070000 [150b)y, (5.1.10)

is bounded, where 19 = i1 = & and 1 = 1o + 71. And we have (1 — n)B(ao,bo) +nB(ag,b1) = B(r,r) = 0. If

we combine this with (5.1.10]), then we get (5.1.9). O

5.1.3 Inhomogeneous Strichartz estimates

We now want to estimate inhomogeneous Strichartz inequality(5.0.6). By Lemma it suffices to prove

E09), ic.
TE G S IFllyy |

!

Gl LI Ay
into three cases.

Sketch of the proof. Suppose that (¢,r) and (G,7) are sharp o-admissible. Observe that (co,2) is sharp

o-admissible. By the definition of the bilinear form, we have

T(£.G)| £ (sup] / U F sl ) IGllzpa, o

(i) If (¢,7) = (0,2) then we can use the homogeneous Strichartz estimate ([5.0.5), we have the map
T: Lg/Al/r/ x L{ Ay /5 is bounded;

(ii) If (¢,r) = (0,2), by symmetry we have the map T : L{ Ay /5 X LglAl/f/ is bounded;
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(iii) If (¢,7) = (¢, 7), it’s the homogeneous Strichartz estimate (5.0.7). Therefore we have T : LflAl/T, X
LY Ay, is bounded.

) and (0, &) are

=il

We interpolate between these three special cases we can obtain the result since (%, %), (%,

collinear. ]

Combining thess above three subsections, we get the Abstract Strichartz estimate theorem as follows:

Theorem 5.8 (Abstract Strichartz estimates). If U(t) obeys (5.0.1) and (5.0.2), then the estimates

U@ fllrsa,,. < Cslflla

| W) F@)dsl < CallFlly

| [ U@ FG sl <CallFlg,
hold for all sharp o-admissible exponent pairs (q,r), (4, 7).

Remark 5.9. So a natural question comes whether strichartz estimates still hold in completely bounded norm

setting. Given the operator U(t) : H — L?(M) satisfies

IU@)fl 4,201 <ev Crllfll

1U(s)U @) gllarary <eb Colt = |77 llgll ao(an)-

Then

?
IU®) fllzaa,,, < Csllfllu

However, the answer is negative. By the above conditions, we get
| <U(s)"F(s), U®) G(t) > | < CRIF(s)llsga,,, GO lsy 4,

| <U(s)"F(s), U@®)"G(t) > [ < Coft — |7 F(s)]| 5340 [G ()| 55 40

By interpolation, we know

| <U(s)*F(s), UM G(t) > | < Olt — 5| ||F||sya, IG(t)llsga,
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Then by the Hardy-Littlewood-Sobolev inequality, we have
IT(F,G)| < CIFl sy apllGlliL, spa.

However, ¢'<2<gq, therefore, we fail to swap the Schatten-2 class with the L, space. Therefore, the

technique we used above doesn’t work any more.

5.2 Application to PDE

In this section, we define an operator

U)(f) =e"2f
on the Hilbert space H = L*(Ry) and Ay, = L"(R}).
Lemma 5.10. The operator U(t) has the following estimates:
(i) 1U@) flay,e S llay
(i) \U@U(s)* fllag S 1t = s/~ f]|a,
Proof. (i) follows from Plancherel’s theorem and (ii) is given in Example O
Combining Lemma with Theorem we get the following result:

Corollary 5.11. The operator U(t) on quantum euclidean space R has the Strichartz estimates:

U@ fllzza,,, S I1flla,,

I U@U(s) F(s)dsllLga,,. SIFI

t>s Lg_,Al/i"
hold for all sharp n/2-admissible exponent pairs (q,r), (G, 7).

Corollary 5.12. (q,r) and (¢,7) are two pairs with sharp n/2-admissible conditons for n > 1,r,7<oco. If u

is a (weak) solution to the problem

(i + A)u(t,z) = F(t, ), (t,x) € [0,T] x Ry
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for some data f, F and time 0<T<oo, then
lullago,mia,,) S 114y, + ”F”Lﬁ’([O,T];Al/F/)'
Proof. Accoring to [KT9§|, the Schrodinger problem can by solved as follows:
u=Sf—iGF

with S(t)(f) = xjo,nU(t)f and GF(t) = [, Xjo,1)(t,8)U(t)U(s)* F(s)ds. Then by applying above Corollary
[.11] we obtain

lullLago,ma,,) < N1S@) fllago,rya, ) + 1GF | Lago,1):4,,.)

= [Ix0. 11 (OU (&) fllLa(po,73:4,,,) + X077 (t)/ Ut)U(s)" F(s)ds|| a(jo,1:4, ,,)

t>s

S llaye + 1l La o.13:4, ) 0

82



References

[Adass]

[BL12]

[Bou86]

[Chag4]
[CKS87]

[CL17]

[CMO93)]

[Con00]

[Cow83]

[CXY13]

[CZ52]

[DDPSS98]

[EROO]

[FKS6]

[GPJP15]

[GPJP17]

David R Adams. A sharp inequality of j. moser for higher order derivatives. Annals of Mathe-
matics, 128(2):385-398, 1988.

Joran Bergh and Jorgen Lofstrom. Interpolation spaces: an introduction, volume 223. Springer
Science & Business Media, 2012.

Jean Bourgain. Vector-valued singular integrals and the h™ 1-bmo duality. Probability theory
and harmonic analysis, pages 1-19, 1986.

I Chavel. Heat kernels and spectral theory. Cambridge UP, 1984.

Eric A Carlen, Shigeo Kusuoka, and Daniel W Stroock. Upper bounds for symmetric markov
transition functions. Ann. Inst. H. Poincaré Probab. Statist, 23(2):245-287, 1987.

Vladimir Chilin and Semyon Litvinov. Individual ergodic theorems in noncommutative orlicz
spaces. Positivity, 21(1):49-59, 2017.

Michael Cowling and Stefano Meda. Harmonic analysis and ultracontractivity. Transactions of
the American Mathematical Society, 340(2):733-752, 1993.

Alain Connes. Noncommutative geometry year 2000. In Visions in Mathematics, pages 481-559.
Springer, 2000.

Michael G Cowling. Harmonic analysis on semigroups. Annals of Mathematics, pages 267—283,
1983.

Zeqgian Chen, Quanhua Xu, and Zhi Yin. Harmonic analysis on quantum tori. Communications
in Mathematical Physics, 322(3):755-805, 2013.

Alberto P Calderén and Antoni Zygmund. On the existence of certain singular integrals. Acta
Mathematica, 88(1):85, 1952.

Peter G Dodds, B De Pagter, EM Semenov, and FA Sukochev. Symmetric functionals and
singular traces. Positivity, 2(1):47-75, 1998.

Edward G Effros and Zhong-Jin Ruan. Operator spaces, volume 23 of london mathematical
society monographs. new series. The Clarendon Press Oxford University Press, New York, 8:29—
32, 2000.

Thierry Fack and Hideki Kosaki. Generalized s-numbers of 7-measurable operators. Pacific
Journal of Mathematics, 123(2):269-300, 1986.

Adridan M Gonzélez-Pérez, Marius Junge, and Javier Parcet. Smooth fourier multipliers in group
algebras via sobolev dimension. arXiv preprint arXiv:1505.05316, 2015.

Adridan M Gonzéalez-Pérez, Marius Junge, and Javier Parcet. Singular integrals in quantum
euclidean spaces. arXiv preprint arXiv:1705.01081, 2017.

83



[Gri94]

[Grol4]

[GV92]

[GV95]

[HaaT78]

[Haa79)

[Har99)]

[HL28]

[HL30]

[JLMXO06]

[IM10]

[IM12]

[JMP13]

[JPO7]

[JP10]

[JPPP17]

[JRS05]

[JX02]

[JX+03]

Alexander Grigor’yan. Heat kernel upper bounds on a complete non-compact manifold. Revista
Matemdtica Iberoamericana, 10(2):395-452, 1994.

Leonard Gross. Hypercontractivity, logarithmic sobolev inequalities, and applications: a survey
of surveys. Diffusion, quantum theory, and radically elementary mathematics, pages 45-74, 2014.

Jean Ginibre and Giorgio Velo. Smoothing properties and retarded estimates for some dispersive
evolution equations. Communications in mathematical physics, 144(1):163-188, 1992.

Jean Ginibre and Giorgio Velo. Generalized strichartz inequalities for the wave equation. Journal
of Functional Analysis, 133(1):50-68, 1995.

Uffe Haagerup. An example of a non nuclearc*-algebra, which has the metric approximation
property. Inventiones mathematicae, 50(3):279-293, 1978.

Uffe Haagerup. Lp-spaces associated with an arbitrary von neumann algebra. In Algebres
dopérateurs et leurs applications en physique mathématique (Proc. Colloq., Marseille, 1977),
volume 274, pages 175-184, 1979.

Asma Harcharras. Fourier analysis, schur multipliers on sp and noncommutative. In A (p)-
sets,Studia Math. Citeseer, 1999.

Godfrey Harold Hardy and John Edensor Littlewood. Some properties of fractional integrals. i.
Mathematische Zeitschrift, 27(1):565-606, 1928.

GH Hardy and JE Littlewood. Notes on the theory of series (xii): On certain inequalities
connected with the calculus of variations. Journal of the London Mathematical Society, 1(1):34—
39, 1930.

Marius Junge, Christian Le Merdy, and Quanhua Xu. H functional calculus and square functions
on noncommutative Ip-spaces. Astérisque, 2006.

Marius Junge and Tao Mei. Noncommutative riesz transformsa probabilistic approach. American
journal of mathematics, 132(3):611-680, 2010.

Marius Junge and Tao Mei. Bmo spaces associated with semigroups of operators. Mathematische
Annalen, 352(3):691-743, 2012.

Marius Junge, Tao Mei, and Javier Parcet. An invitation to harmonic analysis associated with
semigroups of operators. Harmonic analysis and partial differential equations, 612:107-122,
2013.

Marius Junge and Javier Parcet. Mixed-norm inequalities and operator space lp embedding
theory. Memoirs of the American Mathematical Society, to appear, 2007.

Marius Junge and Javier Parcet. Mized-norm inequalities and operator space L_p embedding
theory. Number 952-956. American Mathematical Soc., 2010.

Marius Junge, Carlos Palazuelos, Javier Parcet, and Mathilde Perrin. Hypercontractivity in
group von Neumann algebras, volume 249. American Mathematical Society, 2017.

Marius Junge, Zhong-Jin Ruan, and David Sherman. A classification for 2-isometries of non-
commutativel p-spaces. Israel Journal of Mathematics, 150(1):285, 2005.

Marius Junge and Quanhua Xu. Théoremes ergodiques maximaux dans les espaces lp non
commutatifs. Comptes Rendus Mathematique, 334(9):773-778, 2002.

Marius Junge, Quanhua Xu, et al. Noncommutative burkholder/rosenthal inequalities. The
Annals of Probability, 31(2):948-995, 2003.

84



[JX07]

[JX10]

[Kap89]

[KR]

[KT98]

[Kun90]

[LS95]

[LS97]

[Lux55]
[LZ56]

[Mei08]

[MSS93]

[0763]

[Pis93]

[Pis03]

[PX03]

[Ric16]

[RS97]

[Ruagg]
[ST77]

Marius Junge and Quanhua Xu. Noncommutative maximal ergodic theorems. Journal of the
American Mathematical Society, 20(2):385-439, 2007.

Marius Junge and Quanhua Xu. Representation of certain homogeneous hilbertian operator
spaces and applications. Inventiones mathematicae, 179(1):75, 2010.

Lev Vil’evich Kapitanski. Some generalizations of the strichartz-brenner inequality. Algebra i
Analiz, 1(3):127-159, 1989.

MA Krasnosel’skii and Ya B Rutitskii. Convex functions and orlicz spaces [in russian], moscow
(1958). Google Scholar.

Markus Keel and Terence Tao. Endpoint strichartz estimates. American Journal of Mathematics,
pages 955-980, 1998.

Wolfgang Kunze. Noncommutative orlicz spaces and generalized arens algebras. Mathematische
Nachrichten, 147(1):123-138, 1990.

Hans Lindblad and Christopher D Sogge. On existence and scattering with minimal regularity
for semilinear wave equations. Journal of Functional Analysis, 130(2):357-426, 1995.

Daniel Levin and Michael Solomyak. The rozenblum-lieb-cwikel inequality for markov genera-
tors. Journal danalyse mathématique, 71(1):173-193, 1997.

Wilhelmus Anthonius Josephus Luxemburg. Banach function spaces. 1955.

WAJ Luxemburg and AC Zaanen. Conjugate spaces of orlicz spaces. In Indagationes Mathe-
maticae (Proceedings), volume 59, pages 217-228. Elsevier, 1956.

Tao Mei. Tent spaces associated with semigroups of operators. Journal of Functional Analysis,
255(12):3356-3406, 2008.

Gerd Mockenhaupt, Andreas Seeger, and Christopher D Sogge. Local smoothing of fourier
integral operators and carleson-sjolin estimates. Journal of the American Mathematical Society,
6(1):65-130, 1993.

Richard ONeil et al. Convolution operators and I(p,q) spaces. Duke Mathematical Journal,
30(1):129-142, 1963.

Gilles Pisier. Noncommutative vector valued [_p-spaces and completely p-summing maps. arXiv
preprint math/9306206, 1993.

Gilles Pisier. Introduction to operator space theory, volume 294. Cambridge University Press,
2003.

Gilles Pisier and Quanhua Xu. Non-commutative lp-spaces. Handbook of the geometry of Banach
spaces, 2:1459-1517, 2003.

Eric Ricard. Lp-multipliers on quantum tori. Journal of Functional Analysis, 270(12):4604-4613,
2016.

Grigorii Vadimovich Rozenblum and Mikhail Zakharovich Solomyak. The cwikel-lieb—
rozenblyum estimator for generators of positive semigroups and semigroups dominated by pos-
itive semigroups. Algebra i Analiz, 9(6):214-236, 1997.

Zhong-Jin Ruan. Subspaces of c-algebras. Journal of functional analysis, 76(1):217-230, 1988.

Robert S Strichartz et al. Restrictions of fourier transforms to quadratic surfaces and decay of
solutions of wave equations. Duke Mathematical Journal, 44(3):705-714, 1977.

85



[SCO9]

[SegT6]

[She]
[Sob38]
[Sog95]

[Ste56]

[Ste70]

[Stel6]

[Tag08]

[Ter81]

[Ter82]

[Tri95]
[Var85a]

[Var85b]

[VSCCO8]

[Wei01]

[Xio16]

[Xu06]

[Xu08]

[Yaj87]

[Yam92]

Laurent Saloff-Coste. Sobolev inequalities in familiar and unfamiliar settings. In Sobolev Spaces
In Mathematics I, pages 299-343. Springer, 2009.

Irving Segal. Space-time decay for solutions of wave equations. Advances in Mathematics,
22(3):305-311, 1976.

D Sherman. Applications of modular algebras.
Sergej Lvovich Sobolev. On a theorem of functional analysis. Mat. Sbornik, 4:471-497, 1938.

Christopher Donald Sogge. Lectures on non-linear wave equations. International Press Boston,
1995.

Elias M Stein. Interpolation of linear operators. Transactions of the American Mathematical
Society, 83(2):482-492, 1956.

Elias M Stein. Singular integrals and differentiability properties of functions, volume 2. Princeton
university press, 1970.

Elias M Stein. Topics in Harmonic Analysis Related to the Littlewood-Paley Theory.(AM-63),
volume 63. Princeton University Press, 2016.

Robert James Taggart. Evolution equations and vector-valued L p spaces. PhD thesis, Ph. D.
dissertation, The University of New South Wales, Sydney, 2008.

Marianne Terp. Lp spaces associated with von neumann algebras. Notes, Math. Institute,
Copenhagen Univ, 3, 1981.

Marianne Terp. Interpolation spaces between a von neumann algebra and its predual. Journal
of Operator Theory, pages 327-360, 1982.

Hans Triebel. Interpolation theory, function spaces, differential operators. 1995.

N Th Varopoulos. Hardy-littlewood theory for semigroups. Journal of functional analysis,
63(2):240-260, 1985.

N Th Varopoulos. Isoperimetric inequalities and markov chains. Journal of functional analysis,
63(2):215-239, 1985.

Nicholas T Varopoulos, Laurent Saloff-Coste, and Thierry Coulhon. Analysis and geometry on
groups, volume 100. Cambridge university press, 2008.

Lutz Weis. Operator—valued fourier multiplier theorems and maximal [_p-regularity. Mathema-
tische Annalen, 319(4):735-758, 2001.

Xijao Xiong. Noncommutative harmonic analysis on semigroup and ultracontractivity. arXiv
preprint arXiw:1603.04247, 2016.

Quanhua Xu. Embedding of ¢ q and r q into noncommutative 1 p-spaces, 1 pj q 2. Mathematische
Annalen, 335(1):109, 2006.

Quanhua Xu. Interactions between quantum probability and operator space theory. In Quantum
Potential Theory, pages 117-159. Springer, 2008.

Kenji Yajima. Existence of solutions for schrédinger evolution equations. Communications in

Mathematical Physics, 110(3):415-426, 1987.

Shigeru Yamagami. Algebraic aspects in modular theory. Publications of the Research Institute
for Mathematical Sciences, 28(6):1075-1106, 1992.

86



	List of Symbols
	Chapter 1 Introduction
	Chapter 2 Preliminaries
	Interpolation
	Complex interpolation
	Real interpolation
	Interpolation of Lp spaces by real and complex method

	Operator spaces and completely bounded maps
	Noncommutative Lp spaces
	Definitions and Propositions
	Weighted noncommutative Lp spaces

	Vector-valued noncommutative Lp spaces
	Vector-valued schatten classes
	Column and Row p-spaces

	Semigroups
	Quantum Euclidean spaces and Noncommutative tori
	BMO space theory


	Chapter 3 Smoothing estimates on von Neumann algebras
	Generalized Sobolev inequality with Orlicz function
	A noncommutative version of Moser's inequality

	Chapter 4 Completely bounded Sobolev inequality
	Matrixed resolvent estimates
	BMO estimates
	L2 estimates

	Embedding for discrete noncommutative spaces
	Discrete case
	General case

	Application and Examples

	Chapter 5 Stricharz estimates
	Homogeneous Strichartz estimate
	Nonendpoint estimate
	Endpoint estimate
	Inhomogeneous Strichartz estimates

	Application to PDE

	References

