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Abstract

Modulational or Benjamin-Feir instability is a well known phenomenon of Stokes’ periodic
waves on the water surface. In this dissertation, we study this phenomenon for periodic trav-
eling wave solutions of various shallow water wave models. We study the spectral stability or
instability with respect to long wave length perturbations of small amplitude periodic trav-
eling waves of shallow water wave models like Benjamin-Bona-Mahony and Camassa-Holm
equations. We propose a bi-directional shallow water model which generalizes Whitham
equation to contain the nonlinearities of nonlinear shallow water equations. The analysis
yields a modulational instability index for each model which is solely determined by the
wavenumber of underlying periodic traveling wave. For a fixed wavenumber, the sign of the
index determines modulational instability. We also includes the effects of surface tension in

full-dispersion shallow water models and study its effects on modulational instability.
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Chapter 1

Introduction

A fundamental question in the study of partial differential equations (PDEs) is the stability
of solutions. At its core, a solution of a PDE is deemed stable if it is not “affected” by a “small
disturbance” added to it initially. To make the terms “affected” and “small disturbance”
precise, we work in a suitable function space with a suitable notion of distance. These choices
give rise to different notions of stability. In this dissertation, we will be mainly concerned

with spectral or linear stability.

We study systems which take the form
u = Lu+ N(u), (1.0.1)

where L is some linear operator and N is a nonlinear term depending on u. Here, u can be
a scalar or vector-valued function depending on a spatial variable x € R and a time variable
t € RT. All the systems discussed in this dissertation arise as models for water waves in
shallow water wave theory. Probably, the most famous example of such a system is the

Korteweg-de Vries (KdV) equation,
Up + Uy + Ugrs + vu, = 0.

Here, u typically represents the average horizontal velocity of the fluid. This equation was
first formulated by Boussinesq [Bou77] and later studied by Diederik Korteweg and Gustav
de Vries [KdV95]. A major drawback of the KdV equation is that the linear phase velocity
for the KdV equation,

crav(k) =1 — k?

becomes negative for |k| > 1, where k is the wave number; thereby contradicting the assump-
tion of uni-directional propagation. A couple of alternatives to the KdV equation have been

proposed. The Benjamin-Bona-Mahony (BBM) equation or regularized long-wave equation

Up + Uy — Ugge + Uy = 0,



was introduced in 1966 by Peregrine [Per66] in the study of undular bores. It was studied by
Benjamin, Bona and Mahony [BBMT72] later in 1972 as an improvement of the Korteweg-de
Vries (KdV) equation. The linear phase velocity for the BBM equation,

1

CBBM(k) = ma

is bounded for all k, and unlike KdV, it is a good model even for high wave numbers. An
improvement over the BBM equation is the Camassa-Holm (CH) equation [CH93, CHH94|

Up + Uy — Uyt + SUUy = 2UpUyy + Ullgey,

which extend the BBM equation to include higher order nonlinearities. There is an entire
family of the CH equations both for the velocity u and surface displacement n which we
discuss in detail in Chapter 3.

The linear phase velocity for the Euler’s equations describing surface gravity waves is

con(k) = ﬂ/tar;{hk, (1.0.2)

where “ww” in the subscript stands for Water Waves. Note that the linear phase velocities

of the KAV, BBM or CH equations agree with (1.0.2) only for small wave numbers k. It was
Whitham who realized that the full-dispersion of water waves is necessary to observe the

phenomenon of wave breaking and proposed the Whitham equation [Whi74]
Up + Cone (|02 )y + uu, = 0,

which has same linear phase velocity as in (1.0.2). Here, c,,(|0;|) is a Fourier multiplier

operator given by
— 2.\ [tanhk »

Corw(|02]) f (K) = ¢ (K) f (K) = [ (k).

The Whitham equation can be thought as a full-dispersion generalization of the KdV equa-

tion as both have same nonlinearity. Likewise, a full-dispersion generalization of the CH

equation can also be defined as
Up + Con (| 02| ) + Butty = 2uptipy + Uty

In Chapter 3, we introduce another version of full-dispersion generalization of the CH equa-
tion which not only includes full-dispersion of water waves but also improves upon the

nonlinearity of the CH equation.



All the models we introduced so far only describe uni-directional propagation but Euler’s
equations describing surface gravity waves are bi-directional. The nonlinear shallow water
equations,

M+ Uy + (un), =0,
Uy + Ny + uu, =0,

arise from the direct approximation of the Euler’s equations in shallow water regime. Here,
7 is the fluid surface displacement. The linear phase velocity for the nonlinear shallow water
equations is constant. The nonlinear shallow water equations can be generalized to include

full-dispersion of water waves in (1.0.2). Two such possible systems are

N+ Uy + (UT/)w - Oa

. (1.0.3)
ut + wa(‘aanr _I_ uux = 07

and

+ 3 (10:Dug + » =0,
Nt + Co (0]t + (um) (1.0.4)

Up + Ny + vy = 0,
where ¢2_(]0,|) is the Fourier multiplier operator with symbol ¢2_(k), where c,,, (k) is defined
in (1.0.2). The system (1.0.3) was proposed in [HJ15a, HT'18] while (1.0.4) was proposed
in [MKD15].

We look for periodic traveling wave solutions of these systems. A periodic traveling wave
solution is of the form, abusing notation, u(z,t) = u(x — ct), where u is a periodic function
of its argument. For all speeds ¢ > 0, u = 0, is a solution. To prove the existence of
nontrivial solutions bifurcating from the trivial solution, we use Lyapunov-Schmidt reduction
(see [Nir01, Section 2.7.6], for instance). At some specific values of the speed ¢, the linearized
operator turns out to be a Fredholm operator. Then the original problem can be written as
an equivalent system of two equations. The first equation can be solved by implicit function
theorem as the linearized operator is invertible on the reduced space. Since the linearized
operator is Fredholm, the second equation is finite-dimensional and can be solved easily. We
carry out the Lyapunov-Schmidt reduction in a suitable Sobolev space and then establish
the smoothness of the solution using some bootstrapping argument. We also calculate small

amplitude expansion of these solutions.

Assume that there is a periodic traveling wave solution, u.(x,t) = u(z — ct) of (1.0.1).

Formally applying the ansatz u = u, + v and expanding the function N in a Taylor series,



we obtain,

vy = Lv + DN (u)v + O(v?),

where D is the derivative operator. When v is small, which corresponds to the original
solution u being near the particular solution u,, the O(v?) terms are small when compared
with the linear term Lv + DN (u,)v. Therefore, a reasonable approximation to the equation

u; = Lu + N(u) near the solution wu, is
vy = Lv + DN (us)v =: Lo, (1.0.5)

which is referred to as the linearization of the PDE at the solution u,. We look for solutions
of the form v(z,t) = eMv(z) of (1.0.5), which reduces (1.0.5) to a spectral problem:

= L.

We say that wu, is spectrally unstable if the L?(R)-spectrum (or L?(R) x L?(R)-spectrum, if
u is vector-valued) of £ intersects the open, right half plane of C and it is stable otherwise.
For all the systems in this dissertation, £ is symmetric with respect to the reflections about
the real and imaginary axes and therefore, u, is spectrally unstable if and only if the L*(R)-
spectrum of £ is not contained in the imaginary axis. If the solution is spectrally stable or
unstable then we can hope that in many situations this will imply the same is true (locally)
for the full, nonlinear equation. The goal of this dissertation is to study the spectral stability
or instability of periodic traveling wave solutions of some aforementioned shallow water wave
models. In Chapter 2, we remark that how the spectral instability result obtained for the

BBM equation in this dissertation has been used to obtain a nonlinear instability in [JLL17].

The L?*(R)-spectrum of £ is continuous since the coefficients of £ are periodic. This
makes the spectral stability of periodic traveling waves a delicate issue. The problem is
much simpler if we look at L?(T)-spectrum, in which case the spectrum is discrete and only
consists of eigenvalues. Then the question is: is there a way to connect L?*(R)-spectrum
with L?(T)-spectrum? Fortunately, Floquet-Bloch theory comes to the rescue. It follows
(see [Joh13], for a proof) that A € C belongs to the L?(R)-spectrum of £ if and only if

Ao = e L = Lot (1.0.6)

for some £ € [-1/2,1/2) and ¢ € L*(T). For each £ € [—1/2,1/2), the L?(T)-spectrum of



L¢ comprises of discrete eigenvalues of finite multiplicities. Moreover

spec(r) (L) = U specz2(py(Le)-
£e[-1/2,1/2)

In other words, the continuous L?(R)-spectrum of £ is parametrized by the family of discrete
L*(T)-spectra of L¢’s.

If ¢ € L*(T) is an eigenfunction of L¢, then from (1.0.6), €%“*¢ is an eigenfunction of L.
Note that ¢%*¢ is 2mn-periodic in z if € = 1/n for some n € N. In this dissertation, we
analyze the L*(T)-spectrum of L for || small that is close to zero. If £¢ has an unstable
eigenvalue that is an eigenvalue A(§) with R(A()) > 0 for all |£| sufficiently small, then
L is spectrally unstable to perturbations which have large periods or in other words, long
wavelengths. The long wavelength perturbations create small changes or modulations in the

periodic wave and therefore, the resulting instability is called modulational instability.

The modulational instability in periodic water waves was first observed in 1960s by Ben-
jamin and Feir [BF67,BH67| experimentally and theoretically using some formal expansions.
They created uniform trains of periodic waves on the water surface using a wave maker but
the wave train got disintegrated after certain time; see Figure 1.1. During the same time,
independently, Whitham [Whi67] discovered that a periodic wave on the water surface would
be unstable to long wavelength perturbations, namely, the Benjamin-Feir or modulational
instability provided that

kh > 1.363...,

where k denotes the carrier wave number, and / is the undisturbed water depth. Results in
the support of the Benjamin-Feir instability arrived about the same time, but independently,
by Lighthill [Lig65] and Zakharov [Zak68], among others. For full account of the early history,
see [ZO09]. The theories developed by Benjamin and Feir or Whitham are difficult to justify
in a functional analytic setting. In the 1990s, Bridges and Mielke [BM95] addressed the
corresponding spectral instability in a rigorous manner. But the proof leaves some important
issues open, such as the stability and instability away from the origin in the spectral plane.
The governing equations of the water wave problem are complicated, and they as a rule

prevent a detailed account. One may resort to approximate models to gain insights.

Whitham in [Whi65, Whi67] (see also [Whi74]) developed a formal asymptotic approach

to study the effects of slow modulations in nonlinear dispersive waves. Since then, there has



Figure 1.1: The Benjamin-Feir’s laboratory experiment

been considerable interest in the mathematical community in rigorously justifying predic-
tions from Whitham’s modulation theory. Recently in [BH14, Joh13,HJ15a, HJ15b, HP16b,
HP16a, HP17, Panl7] (see also [BHJ16]), long wavelength perturbations were carried out
analytically for a class of Hamiltonian systems permitting nonlocal dispersion, for which
Evans function techniques and other ODE methods may not be applicable. Specifically,
modulational instability indices were derived either with the help of variational structure
(see [BH14]) or using asymptotic expansions of the solution (see [Joh13, HJ15a, HJ15b,
HP16b, HP16a, HP17, Pan17]). This dissertation is a collection of works of the author
in [HP16b,HP16a,HP17, Pan17].

In Chapter 2, we work with a general equation with multiplier operator. For a specific
multiplier, this equation reduces to the Benjamin-Bona-Mahony equation. Unfortunately,
there is no other known physical example of this general equation but it makes the exposition
simple. The equations we study in Chapter 3 includes the Camassa-Holm equation and full-
dispersion Camassa-Holm equation. The analysis for both the equations are slightly different
and we only produce the details for the full-dispersion Camassa-Holm equation and only
hit the main points for the Camassa-Holm equation. Chapter 4 is devoted to the study of
modulational instability of small amplitude periodic traveling waves in full-dispersion shallow
water models (1.0.3) and (1.0.4).

The modulational instability changes immensely when the effects of surface tension is



added. It has been investigated for the capillary-gravity waves using formal asymptotic ex-
pansions in [Kaw75] and [DR77], for example. These studies show that for large surface
tensions, the modulational instability is similar to gravity waves but for small surface ten-
sions, the wave numbers get partitioned into three intervals of stability and three intervals
of instability. Recently, in [HJ15b], the authors determined the modulational stability and
instability of a sufficiently small and periodic traveling wave of the Whitham equation with
Cow(]|0z]) replaced by ¢, (|0:]; T') where

e BT F(8) = (14 70 K g

where T is the coefficient of surface tension. The result agrees by and large with those
in [Kaw75,DR77], for instance, from formal asymptotic expansions of the physical problem.
But it fails to predict the limit of “strong surface tension”. In a joint work, the author
studied the effects of surface tension on modulational instability in various aforementioned
shallow water wave models in [HP16a, HP17,Pan17]. In Chapter 5, we present the effects of

surface tension on modulational instability in some shallow water models.



Chapter 2

The Benjamin-Bona-Mahony equation

The Benjamin-Bona-Mahony (BBM) equation or regularized long-wave equation
Uy — Uy + Uy + (u%); = 0, (2.0.1)

was introduced in 1966 by Peregrine [Per66] in the study of undular bores. It was studied by
Benjamin, Bona and Mahony [BBM72] later in 1972 as an improvement of the Korteweg-de
Vries (KdV) equation

Up + Uz + (u?)g =0

for modeling long surface gravity waves of small amplitude.

In this chapter, we prove the existence of periodic traveling waves of the BBM equation
using Lyapunov-Schmidt reduction method. As a by-product, we also obtain the small am-
plitude asymptotics of periodic traveling waves. Then, we study the stability and instability
of periodic traveling waves in the vicinity of the origin in the spectral plane. We derive
modulational instability index as a function of the wave number of the small underlying
wave. We show that a sufficiently small, periodic traveling wave of the BBM equation is
modulationally unstable to long wavelength perturbations if the wave number is greater than

a critical value much like Benjamin-Feir instability of Stokes’ waves.

2.1 The equation
We do our analysis on a more general equation
up + M(u+u?), = 0. (2.1.1)

Here, M is a Fourier multiplier, defined via its symbol as

—_ ~

M (k) = m(k)f(k)



and characterizing dispersion in the linear limit. Note that
m(k) = the phase speed and (km(k))" = the group speed. (2.1.2)

Assumption 2.1.1. We assume that:

(M1) m is real valued and twice continuously differentiable,

(M2) m is even and, without loss of generality, m(0) = 1,

(M3) Cy|k|* < m(k) < Ca|k|™ for |k| > 1 for some o > —1 and Cy,Cy > 0,
(M4) m(k) # m(nk) for all k > 0 and n = 2,3,....

In the case of M = (1 — 9?)~!, note that (2.1.1) reduces to the BBM equation.

2.2 Periodic traveling waves

By a traveling wave of (2.1.1) we mean a solution of the form, abusing notation, u(x,t) =
u(z — ct) which progresses at a constant velocity ¢ > 0 without change of form. Then u

satisfies by quadrature that
M(u+u®) —cu=(1-c)’

for some b € R. We seek a 27 /k-periodic traveling wave, i.e. k > 0 is the wave number and,

abusing notation, u is a 2w-periodic function of z := kx, satisfying that
M (u+u?) — cu = (1 —¢)?b. (2.2.1)

Here and elsewhere,
Mie™ = m(kn)e™ for ne€Z (2.2.2)

and it is extended by linearity and continuity. Note from (M2) of Assumption 2.1.1 that My

maps even functions to even functions. Note from (M3) of Assumption 2.1.1 that
My Hy — H3 “ forall k>0 forall s >0

is bounded.

We begin by proving regularity of solutions of (2.2.1).



Lemma 2.2.1 (Regularity). If u € H)_ solves (2.2.1) for some ¢ >0, k >0 and b € R and
if |1 +wu(z)] >0 for all z then uw € HS.

Proof. In the case of a < 0, indeed, it follows from the Sobolev inequality that
cu = My(u+u?) — (1 —c)*h e Hy-*

In the case of a > 0, similarly,

u (eMtu+ (1 —c)?b) € Hyte.

"1 +u
The claim then follows from a bootstrapping argument. O]

Note that, since we are only going to consider small amplitude solutions, the condition
|1+ u(z)| > 0 for all z in Lemma 2.2.1 is redundant. We are now ready to prove existence
of a solution of (2.2.1) in Hj_ which will be in H3® by Lemma 2.2.1.

Lemma 2.2.2 (Existence). Under Assumption 2.1.1, for each k > 0 and |b| sufficiently
small, a one-parameter family of 2w [ k-periodic traveling waves of (2.1.1) exists and, abusing

notation,

u(z,t) = u(a,b)(k(x — c(k,a,b)t)) =: u(k,a,b)(z)

for |a| sufficiently small; u and ¢ depend analytically on k, a, b, and u is smooth, even and

2m-periodic in z, and c 1s even in a. Furthermore

u(k,a,b)(z) =b(m(k) — 1) + acosz (2.2.3)
1, m(2k)
2" (m(k:) 1 () = m(2k)
c(k,a,b)(z) =m(k) + 2om(k)(m(k) — 1)
1

5 1 m(2k)
+am(k) <m(k:) =1 2Ry — m(2k)

+ Ccos 22) + O(a(a® + b)),

(2.2.4)

) +Ola(a® +1))

as a,b — 0.

Proof. The proof follows along the same line as the arguments in [Joh13, Appendix A], for

instance. For an arbitrary k > 0, a straightforward calculation reveals that
ug(k, ¢, b) = b(c — 1) + O(b?)

makes a constant solution of (2.2.1) for all ¢ > 0 and |b| sufficiently small. (Another constant

solution is u = (1 — b)(c — 1) + O(b?), which we discard for the sake of near-zero solutions.)

10



We are interested in determining at which value of ¢ there bifurcates a family of non-constant
H)_-solutions, and hence smooth solutions of (2.2.1) by Lemma 2.2.1. A necessary condition,
it turns out, is that the linearized operator of (2.2.1) about ug allows a nontrivial kernel.
This is not in general a sufficient condition. But bifurcation does take place if the kernel and
co-kernel is one dimensional. Under (M4) of Assumption 2.1.1, a straightforward calculation
reveals that

ker (M (1 4 2ug) — ¢o) = span{cos z}

in the sector of even functions in Hi_, provided that

co(k,b) := m(k)(1+ 2ug) = m(k) + 2bm(k)(m(k) — 1) + O(b?). (2.2.5)
Therefore
uo(k, b) := ug(k, co,b) = b(m(k) — 1) + O(b?). (2.2.6)

For arbitrary & > 0 and |b| sufficiently small, one may then employ a Lyapunov-Schmidt
reduction and construct a one-parameter family of non-constant, even and smooth solutions
of (2.2.1) near u = wug(k,b) and ¢ = ¢o(k,b). We may assume that a < 0 in (M3) in
Assumption 2.1.1. Let

F(u;k,c,b) = My(u+u?) —cu— (1 —¢)%b

and note from (M3) of Assumption 2.1.1 and the Sobolev inequality that F : Hy x R, X
R, x R — H,_is well defined. In the case of a > 0 in (M3) of Assumption 2.1.1, let

F(usk,c,b) = u+u® — eM; 'u — (1 — ¢)?b,
instead, and the proof is nearly identical. Note that
Ou (usk,c,b)v = (My(1+2u) —c)v € Ly, v € Hy,

and O, F (u; k, ¢, b)d := Mj(u+u?), § € R, are continuous, where a straightforward calculation
reveals that
Mse™ = dnm/(kn)e™*  for n € Z.

Since

O.F(usk,c,b) = —u—2(1—c)b and O,F(ujk,c,b) = —(1 —¢)?

are continuous, we deduce that F: Hy xR, x R, x R — Hj is C'. Recall that ug and c,

11



in (2.2.6) and (2.2.5), satisfy that

Le® = (M (1 + 2ug) — cp)e™ = 0.

For arbitrary k > 0 and |b| sufficiently small, we seek a non-constant solution v € Hj_

near ug of

F(u;k,e,b) =0

for some ¢ near ¢y. Let

1 . 1 A
u(z) = uo(k,b) + —ae” + —ae™"* +v(z) and c=co+r,

2 2

where a € C and v € H)_ satisfying that

/ v(2)er” dz = 0,

—T

and r € R. Substituting these into (2.2.7) and using Le®** = 0, we arrive at that

LU = g(a7 C_L7 /U7 T? b)7

(2.2.7)

(2.2.8)

where ¢ is analytic in its argument and ¢(0,0,0,7,b) = 0 for all r,b € R. We define

I: L3 — kerL as

~ ~

IIf(z) = f(1)e™ + f(=1)e ™.

Since ITv = 0, we may write (2.2.8) as
Lv = (I —1g(a,a,v,r,b) and 0=Ilg(a,a,v,rb).

Note that

~

—1 _ (n) inz
(L|(I—H)H217r) f(Z) - ngl (1 + 2u0)m(k‘n) _ Coe :

Consequently, we may rewrite (2.2.9) as

v=L"YI~-T1)g(a,a,v,r,b) and 0 =Ig(a,a,v,rb).

Clearly (Ly;_m H%W)*1 depends analytically on its arguments.

It follows from the implicit function theorem that a unique solution
v="V(a,a,rb) € (I —-T)H,,

12

(2.2.9)

(2.2.10)



exists to the former equation in (2.2.10) in the vicinity of (a,a,r,b) = (0,0,0,b), which

depends analytically on its argument. By uniqueness, moreover,
V(0,0,7,0) =0 for all » € R and |b] sufficiently small. (2.2.11)
Since (2.2.1) remains invariant under z — z + 2o and z — —z, it follows that

Va,a,r,b)(z + z) = V(ae™, ae"# r, b) and V(a,a,r,b)(—z) =V(a,a,r, b)(z)
(2.2.12)

for any zg € R. To proceed, we rewrite the latter equation in (2.2.10) as
llg(a,a,V(a,a,r,b),r,b) =0,
which is solvable provided that

™1 ) )
Q+(a,a,rb):= / 5(@6” + ae *)g(a,a,V(a,a,r,b),r,b) dz = 0.

—Tr

Taking zy = —2arg(a) in (2.2.12) we find that

Q_(a,a,r,b) =Q_(a,a,r,b) = —-Q_(a,a,rb).

Therefore Q_(a,a,r,b) = 0, which is trivial. Taking zyp = — arg(a) in (2.2.12), similarly,

Q+(a, a,r, b) = Q+<‘6L|, |a|7 T, b)

Therefore Q4 (a,a,r,b) = 0 for any a € R. Since (2.2.11) implies that a='V(a,a,r,b) is

analytic in a for |a| sufficiently small, we arrive at that

™

Qi(a,a,r,b) = / a(cos 2)g(a,a,V(a,a,r, b)(z),r,b) dz =: a*(zr + R(a,r,b)),

—T

where R is analytic in its argument, even in a and R(0,0,b) = 9,R(0,0,b) = 0. It then

follows from the implicit function theorem that a unique solution to
7r(a,b) + R(a,r(a,b),b) =0

exists for |a| sufficiently small, which is real analytic for |a| sufficiently small and even in a.
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To summarize,

(v,7) = (V(a,a,r,b) and r(|al,b))

uniquely solve (2.2.10) for |a|, |b] sufficiently small. Consequently,
uw(z) = ug+acosz+ V(a,a,r(lal,b),b)(z) and c¢=cy+r(|al,bd)
solve (2.2.7) for |al, |b] sufficiently small.

It remains to show (2.2.3) and (2.2.4). Let k£ > 0 be fixed and suppressed to simplify
the exposition. We assume that b = 0. Since u and ¢ depend analytically on a for |al, |b|

sufficiently small and since ¢ is even in a, we write that
u(k,a,b)(2) :=ug(k,b) + acos z + a’us(2) + a’us(z) + O(a*)
and
c(k,a,b) :=co(k,b) + a*cy + O(a)

as a — 0, where ug, us, ... are even and 2m-periodic in z. Substituting these into (2.2.1), at

the order of a2, we gather that
M (up(2) + cos® 2) — m(k)ug(z) = 0.

A straightforward calculation then reveals that

1 1 m(2k) cos(2z)
ua(z) = §<m<k) 1 k) - m(%))'

Continuing, at the order of a3,
M (us(2) + 2ug(z) cos z) — m(k)uz(z) — cacosz = 0,

whence

1 1 m(2k)
2= m(k)(m(k) 1 e = m(gk)>‘

This completes the proof. n

In the remainder of the chapter we assume that b = 0; loosely speaking, the wave height is

small. A small amplitude, but not necessarily small height, periodic traveling wave of (2.1.1)

14



may be studied in like manner. But expressions become quite complicated. Hence we do
not pursue here. Let u = u(k,a,0) and ¢ = ¢(k,a,0) for £ > 0 and |a| sufficiently small, be

as in Lemma 2.2.2. We are interested in its stability and instability.

2.3 The spectral problem

Linearizing (2.1.1) about u in the coordinate frame moving at the speed ¢, we arrive at that
vy + k0, (My(1+ 2u) — c)v = 0.

Seeking a solution of the form v(z,t) = e*?v(z), A € C and v € L*(R), moreover, we arrive
at that
A = 0, (—Mi(1+2u) 4+ c)v =: L(k,a)v. (2.3.1)

We employ Floquet theory to study the L?(R)-spectrum of £(k, a). The corresponding Bloch

operators are given by
L(E)(k,a) = e “*L(k,a)e™* (2.3.2)

for some ¢ € (—1/2,1/2]. Since

specps (£(§)) = specyz (L£(=¢)),

it suffices to take £ € [0,1/2].

Notation. In the remainder of the section, £ > 0 is fixed and suppressed to simplify the

exposition, unless specified otherwise. Let
Lea = LE)(K,a).
In the case of a = 0, namely the zero solution, a straightforward calculation reveals that
Leoe™* =iw,ee™ foralln € Z forall € €10,1/2], (2.3.3)

where

Wne = (£ +n)(m(k) —m(k(§+n))). (2.3.4)

We pause to remark that (2.3.3)-(2.3.4) imply that the zero solution of (2.1.1) is spectrally
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stable to square integrable perturbations. Observe that
w10 = w-1,0 = wo,0 = 0,

and wy o # 0 otherwise. As a matter of fact, zero is an L3 -eigenvalue of Ly, with algebraic

and geometric multiplicity three, and
Cos 2, sinz and 1 (2.3.5)

form a (real-valued) orthogonal basis of the corresponding eigenspace. For ¢ small (and
a = 0), furthermore, they form an orthogonal basis of the spectral subspace associated with
eigenvalues iwy ¢, tw_1 ¢, iwpe of Lep.

For |a| small but & = 0, on the other hand, zero is a generalized L3 -eigenvalue of L,

with algebraic multiplicity three and geometric multiplicity two, and

01(2) = g s (000) @) = (0,0)Bh)) .0, 0))
_ 1 m(2k) m(2k) 5
= cosz — éam(k) (k) + am(k) (o) cos 2z + O(a”) (2.3.6)
Go(2) =: —18 u(k,a,0)(z) =sinz +a m(2k) sin 2z + O(a?) (2.3.7)
a7 m(k) — m(2k)
bs(2) = ﬁ@bu(lﬁ,aﬂ)(z) — 14 0(a?) (2.3.8)

form a basis of the corresponding generalized eigenspace. Indeed, differentiating (2.2.1) with

respect to z, a, b, we find that
Lo.(0,u) =0, Lo.0(0qu) = (0ac)(0,u), Lo.o(0pu) = (0pc)(0,u),

respectively, and (2.3.6)-(2.3.8) follows at once; see [HJ15a, Lemma 3.1] for details. In the
case of a = 0, note that (2.3.6)-(2.3.8) reduce to (2.3.5).

2.4 The perturbation analysis

To recapitulate, in the case of { small and a = 0, L¢o possesses three purely imaginary
eigenvalues near the origin and functions in (2.3.5) form an orthogonal basis of the associated
spectral subspace. In the case of £ = 0 and a small, moreover, £, possesses three eigenvalues

at the origin and functions in (2.3.6)-(2.3.8) form a bases of the associated eigenspace. In
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order to study how three eigenvalues at the origin vary with & and |a| small, we proceed as

in [HJ15a] and compute 3 x 3 matrices

_ <£5,a¢]7¢k>) . (<¢J, ¢k>>
B, = | 422 d I,= , 2.4.1
¢ ( <¢J’? ¢J’> §,k=1,2,3 o <¢j7 ¢j> k=123 ( )

where ¢;'s, j = 1,2,3, are in (2.3.6)-(2.3.8) and (,) = (,);3 is inner product in L*(T).
Note that B¢, and 1,, respectively, represent actions of L¢ , and the identity on the spectral
subspace associated with three eigenvalues at the origin. For & and |a| sufficiently small,
eigenvalues of L¢, agree in location and multiplicity with the roots of the characteristic
equation det(Bg¢, — AI,) = 0; see [Kat76, Section 4.3.5], for instance, for details.

Using (2.3.1), (2.3.2) and (2.2.3), (2.2.4), we make a Baker-Campbell-Hausdorff expansion

to write that

2

Leo =Loo+i&[Lop, 2] — %[[ﬁo,o, z], 2]

— 2aM ;0. (cos 2) — 2i€al0. My, z] cos z + O(&* + £2a + a?)
=L — 2aM},0.(cos ) — 2i€aM, cos z + O(&* + £2a + a?) (2.4.2)

as £,a — 0. Note that M; = [Lo, 2] and [[Loy, 2], 2] are well defined in L3 even though z
is not. Note moreover that L = L¢ up to second order for £ < 1 and M is the O(§) term
in the asymptotic expansion of L¢( for £ < 1.

We use (2.3.3) and (2.3.4), or its Taylor expansion (see (M1) of Assumption 2.1.1), to

compute that

Leoe™™ = +in(m(k) — m(kn))e"* +i&(m(k) — m(kn) — km'(kn))e*™*

1 .
F 552(2km’(kn) + E*m” (kn))e" + O(&%)
as & — 0. Therefore we infer that
L1 =1d&(m(k) —1) and M1l =m(k)— 1.

Similarly,

L {COSZ} = itk (k) {COS Z} + %§2(2km’(k) + B2 (k) {Sm} ,

sin z CcoS 2
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and

sin 2z cos 2z sin 2z

L {COS 22} — T 2(m(k) — m(2k)) {Sm 22\ e mk) — m(2k) — k' (21)) {COS 22}

Y

+ = e2(2km’ (2k) + K*m" (2K)) {Sm 22} ,

cos 2z
M, {COS Qz} —(m(k) — m(2k) — km'(2k)) {COS 2”"} .

sin 2z sin 2z

Substituting (2.3.6)-(2.3.8) into (2.4.2), and using the above and (2.3.3), we make a lengthy
but straightforward calculation to find that

Le o1 = —i&km/ (k) cos z

| m(2k)(m(k) — 1)
—iga(1+ 2(m(k) — m(Qk:)))

m(2k)(m(k) — m(2k) — 2km/(2k))
m(k) — m(2k)

+ %&2(2km’(k) + k*m” (k) sin z + O(€* + a?)

—ifa <m(2k) + 2km/(2k) — ) cos 2z

and

L¢ o0g = —ilkm/ (k) sin z
m(2k)(m(k) — m(2k) — 2km/(2k))
m(k) — m(2k)

- %fQ(ka’(k) + 2 (k) cos 2 + O(E* + a?),

—ita (m(%) + 2km! (2k) —

) sin 2z

Le o3 =2am(k) sin z + i€ (m(k) — 1) — 2i€a(m(k) + km'(k)) cos z + O(&* + a?)

as £,a — 0. Using the above and (2.3.6)-(2.3.8), we make another lengthy but straightfor-

ward calculation to find that
1
(Leadr, 91) = (Lead2, P2) = —éifl{:m/(k‘) +0(& +a?),
(Leatr, d2) = —(Leada, 1) = ;152(2]57”/(]{7) + E*m"(k)) + O(&® + a®),

1m(2k)(m(k) — 1)
2 m(k) —m(2k)

(Leatr, bs) = —ica(1+ )+ 0 +a?)
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and

(Leada, d3) =0+ O(E% 4 a?),

(Leatn, o) = i€a(m(k) + k() + 5 B2 1 oG+ @),
(Le a3, p2) = am(k) + O(£* + a?),

(Leads, p3) = i&(m(k) —1) + O(&> + a?)

as £,a — 0. Moreover we use (2.3.6)-(2.3.8) to compute that

(B1,01) = (P2, P2) = % +0(& +a?),

<¢17 ¢2> =0+ 0(53 + a2)7
1 m(2k)
<¢17¢3> - _a§m(/€) _ m(2k>

(2, 02) = 0+ O(&* 4 a?),
(¢3,03) = 14+ O(&* + a?)

+O0(€* +a?),

as £,a — 0. To summarize, (2.4.1) becomes

0 00
Beo =am(k) |0 0 0 (2.4.3)
010
—km/ (k) 0 0
+ 0 —km/ (k) 0
0 0 m(k)—1
m(2k)(m(k) — 1)
0 0 24 =) = m(2k)
—ia 0 0 0
m(k) + km' (k) + %m@k)(m(k) —b 0
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and

I.=1-a

m(2k)
2(m(k) —m(2k))

_ o O
o O O

2
0| +0O(a? (2.4.4)
0

as &, a — 0. Here I denotes the 3 x 3 identity matrix.

2.5 The modulational instability index

Now, we are ready to prove the following theorem.

Theorem 2.5.1 (Modulational instability index for (2.1.1)). Under Assumption 2.1.1, a

sufficiently small, 27 /k-periodic traveling wave of (2.1.1) is spectrally unstable to long wave-

length perturbations if

where

and

_ alk)ia(k) )¢4(k) <0, (2.5.1)

ir(k) =(km(k))",
is(k) =((km(k))) — 1, (2.5.22)
i3(k) =m(k) — m(2k),

ig(k) =2is(k) + m(2k)iy (k). (2.5.2b)

Otherwise, it is stable to square integrable perturbations in the vicinity of the origin in the

spectral plane.

Proof. We turn the attention to the roots of the characteristic polynomial

det(Be, — M) = D3(&,a)A* +iDa(&,a)\* + Dy (€, a)\ +iDy (€, a)

for £ and |a| sufficiently small, where B¢ , and I, are in (2.4.3) and (2.4.4). Details are found
in [HJ15a, Section 3.3]. Hence we merely hit the main points.
Observe that D; = £377d;, j = 0,1,2, 3, for some real d;’'s. We may therefore write that

det(Beq — (—i§)ALy) = i€ (d3(&, a)A* — da(&, )\ — di(&, )\ + do(§, a)).
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The underlying, periodic traveling wave of (2.1.1) is then modulationally unstable if det(Bg¢ ,—
(—i&)A],) admits a pair of complex roots, or equivalently, the discriminant of the cubic poly-
nomial

for € and |a| sufficiently small, while it is modulationally stable if disc(§,a) > 0. Observe
that disc(, a) is even in £ and a, whereby we write that

disc(k; €, a) == disc(k; €, 0) + A(k)a® + O(a*(a® + €2))

as £,a — 0. It is readily seen from (2.4.3) and (2.4.4) that disc(k;&,0) > 0 for all £ > 0.

Specifically, a Mathematica calculation reveals that

dise(k: €,0) =~ € (kia (k) (kia (R)E — 4ia(K)) (i (R)E + i ()

Therefore, the sign of A(k) determines modulational stability and instability. As a matter
of fact, if A(k) < 0 then disc(k; &, a) < 0 for € sufficiently small, depending on a sufficiently
small but fixed, implying modulational instability, whereas if A(k) > 0 then disc(k; &, a) > 0
for all k& and &, |a| sufficiently small, implying modulational stability. Recalling (2.4.3) and
(2.4.4), a Mathematica calculation then reveals that the sign of A(k) agrees with that of
(2.5.1). This completes the proof of Theorem 2.5.1. O

2.6 Results

We illustrate the results in Theorem 2.5.1 for the BBM equation. Note that

satisfies Assumption 2.1.1 and it reduces (2.1.1) to (2.0.1). For an arbitrary & > 0, note
from Lemma 2.2.2 that

1 2
w(z, t: k@) = acos(k(z — o)) + a ;{f (cos(2k(x — ct)) — 3) + O(d?),
(2.6.1)
_ 1 2 5 4
c(k,a) = e Yo + O(a”),
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for |a] < 1, make a sufficiently small, 27 /k-periodic wave of (2.0.1) traveling at the speed

c(k,a). A straightforward calculation reveals that

2%k (k? — 3)

a+rp

Zl<k) =

if and only if & > /3,

k(3 + k?) 3k?

rwTr) d da(k) = — 2
L <0 and i3(k) 1+5k2+4k4>0

ig(k) = —

for all k& > 0, where iy, 4,43 are in (2.5.2a). Moreover,

k2(3 + 5k2)

0
(11 K22(1 1 4k2)

ia(k) =

for all k > 0, where i4 is in (2.5.2b). Collectively, A(k) < 0 if and only if k& > /3, where A
is in (2.5.1). It then follows from Theorem 2.5.1 that (2.6.1) is modulationally unstable if
k > /3 and it is stable in the vicinity of the origin in the spectral plane, otherwise.

Away from the origin in the spectral plane, since the L3 -spectrum of L, , associated with
(2.0.1) is symmetric about the imaginary axis, its eigenvalues may leave the imaginary axis,
leading to instability, as & and a vary, only through collisions with other purely imaginary

eigenvalues. Recall (2.3.3) and (2.3.4). Since m(k) decreases in k, we deduce that
e < Wz <Woog¢ <O<w175<w275<w315 < ...

for each € € [0,1/2]. Moreover it is readily seen that wp¢ < 0 and w_; ¢ > 0 for all £ € [0,1/2].
A straightforward calculation reveals that if w_; ¢ and w, ¢ collide for some n > 1 an integer
and ¢ € [0,1/2] then n = 1, whence

3
= — > .
k 1_52/¢§

But the underlying wave is modulationally unstable in the range. Similarly if wy ¢ and wy, ¢
collide for some n < —2 an integer and & € [0,1/2] then

B 1 —n?4 3n& — 382
k_Vﬁ—%é+W+U9—%>23m

For k < 24/3/5, therefore, eigenvalue collide only at the origin, which incidentally does not
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lead to instability since A(k) > 0. In other words, the underlying wave is spectrally stable.

Below we summarize the conclusion.

Corollary 2.6.1 (Modulational instability and spectral stability for (2.0.1)). A sufficiently
small, 27 /k-periodic traveling wave of (2.0.1) is spectrally unstable to long wavelength per-
turbations if k > /3, and it is spectrally stable to square integrable perturbations if 0 < k <
24/3/5.

For 2\/% < k < /3, a Krein signature calculation may be made to determine the
stability and instability. But we do not pursue here.

Corollary 2.6.1 agrees with that in [Joh10], where the author proved that periodic traveling
waves of (2.0.1) of sufficiently large period, or conversely sufficiently small wave number, (but
not necessarily small amplitude) are modulationally stable.

We remark that in [Har08], the author employed a similar method to show that a periodic
traveling wave of (2.0.1) of sufficiently small amplitude near u = ¢—1, the non-zero constant
solution of (2.2.1) when b = 0, is modulationally stable, for which the wave number k < 1
incidentally.

In [JLL17], authors using the linear modulational instability result in Corollary 2.6.1,

prove a version of nonlinear modulational instability.
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Chapter 3

The Camassa-Holm equation

We determine the stability and instability of sufficiently small periodic traveling waves to
long wavelength perturbations, for a nonlinear dispersive equation which extends a Camassa-
Holm equation to include the full-dispersion of water waves and the Whitham equation to
include nonlinearities of medium amplitude waves. The result qualitatively agrees with
the Benjamin-Feir instability of a Stokes’ wave. We discuss the modulational stability and

instability in the Camassa-Holm equation.

3.1 The equation

In the 1960s, Whitham (see [Whi74], for instance) proposed

M+ Cww(V/Bl0:)00 + (3v/ (1 + an) — 3)m, =0, (3.1.1)

to argue for wave breaking in shallow water. That is, the solution remains bounded but its
slope becomes unbounded in finite time. Here ¢ € R is proportional to elapsed time, and
x € R is the spatial variable in the primary direction of wave propagation; n = n(z,t) is the

fluid surface displacement from the undisturbed depth,

0 a typical amplitude and = (the undisturbed fluid depth)?
~ the undisturbed fluid depth N

(a typical wavelength)?

Moreover, cyyw(|0:|) is a Fourier multiplier operator, defined as

w17 () = 1/ F), (3.1.2)

Note that ¢, (k) means the phase speed in the linear theory of water waves. For small

amplitude waves satisfying ov < 1, we may expand the nonlinearity of (3.1.1) up to terms of

order « to arrive at

3
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For relatively shallow water or, equivalently, relatively long waves satisfying § < 1, we may
expand the right side of (3.1.2) up to terms of order 3 to find

cwn(V/BE) =1 = 257 + O(5?).

Therefore, for small amplitude and long waves satisfying o = O() and § < 1, we arrive at

the famous Korteweg-de Vries equation

1 3
e+ 7o + & FMaae + 50010 = 0. (3.1.4)

As a matter of fact, for well-prepared initial data, the solutions of the Whitham equation
and the Korteweg-de Vries equation differ from those of the water wave problem merely by
higher order terms over the relevant time scale; see [Lanl3|, for instance, for details. But
(3.1.3) and (3.1.2) offer improvements over (3.1.4) for short waves. Whitham conjectured
wave breaking for (3.1.3) and (3.1.2). It was recently proved in [Hurl7]. In stark contrast,
no solutions of (3.1.4) break.

Moreover, Johnson and Hur [HJ15a] showed that a sufficiently small and 27 /k-periodic
traveling wave of the Whitham equation be spectrally unstable to long wavelength pertur-
bations, provided that & > 1.145.... In other words, (3.1.3) (or (3.1.1)) and (3.1.2) predict
the Benjamin-Feir instability of a Stokes’ wave; see [BF67, BH67, Whi67] and [BM95], for
instance. In contrast, periodic traveling waves of the Korteweg-de Vries equation are all
modulationally stable. By the way, under the assumption that 7, 4+ 7, is small, we may

modify (3.1.4) to arrive at the Benjamin-Bona-Mahony equation

1 3
N+ e — gﬁnm + 5o = 0. (3.1.5)

It agrees with (3.1.4) for long waves but is preferable for short waves. Note that the phase
speed for (3.1.5) is bounded for all frequencies. We show in Chapter 2 that a sufficiently
small and 27/k periodic traveling wave of (3.1.5) be modulationally unstable if k& > /3.
Hence the Benjamin-Bona-Mahony equation seems to predict the Benjamin-Feir instability
of a Stokes wave. But the instability mechanism is different from that in the Whitham
equation or the water wave problem; see [HP16b] for details.

As a matter of fact, for medium amplitude and long waves satisfying a = O(y/f) and
B < 1, the Camassa-Holm equations for the fluid surface displacement

3

3 3
Ur; + Nz + 5(6“796190 + bnxxt) =+ 504777706 - §a277277x + Eagngnx = _O‘B(Cnnm"x =+ d"?ﬂ?ﬂﬁ) (3'1'6>
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and for the average horizontal velocity

3
U + Uy + B(QUpgy + Dligar) + Qo = —af(CUutlyyy + duytiy,), (3.1.7)
where 1 1 3 1 9 5
<a< -, b=a— -, == -, d d== —,
0<a 5 a 5 c 2(1 + 5 an 2a + o1

extend the Korteweg-de Vries equation to include higher order nonlinearities, and they ap-
proximate the physical problem; see [Lan13], for instance, for details. In the case of a = 1/12,
(3.1.6) reads

1 3 3, 3 4. 7
T Ta rzxx — llzx a T 5 T T r — T 5, TTT 2:E:E:L“7
e+ 1o + 75800 Naat) + 5001z — SO e + Lo 54 B (M + 210:712)

which is particularly interesting because it predicts wave breaking; see [Lan13] and references
therein. Note that

3am 3 3 99, 3 43 4
———=-an— = — O .
Fiia; 2R e+ 0l
Lannes [Lan13] combined the dispersion relation of water waves and a Camassa-Holm equa-
tion, to propose the full-dispersion Camassa-Holm (FDCH) equation for the fluid surface
displacement

) 23

3an B
T+ vitag” 12 24

where ¢, (|0;]) is in (3.1.2). For relatively long waves satisfying § < 1, (3.1.8) and (3.1.2)
agree with (3.1.6), where a = 1/6, up to terms of order 5. But, including all the dispersion
of water waves, (3.1.8) and (3.1.2) may offer an improvement over (3.1.6) for short waves.
For small amplitude waves satisfying o < 1, (3.1.8) agrees with (3.1.3) up to terms of order
a. But, including higher order nonlinearities, (3.1.8) may offer an improvement over (3.1.3)
for medium amplitude waves. For the average horizontal velocity, we may combine (3.1.2)
and (3.1.7) to introduce

3 5 23
Uy + wa(\/g|ax‘)ux + iauux = —aﬁ<ﬁuumm + ﬂuxum) (3.1.9)

We follow along the same line as the arguments in [HJ15a,HJ15b,HP16b] (see also [BHJ16])
and investigate the modulational stability and instability in the FDCH equation. A main
difference lies in that the nonlinearities of (3.1.8) involve higher order derivatives and, hence,

a periodic traveling wave is not a priori smooth. We examine the mapping properties of
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various operators to construct a smooth solution.

3.2 Periodic traveling waves

We determine periodic traveling waves of the FDCH equation, after normalization of param-

eters,

3n ( ) 23 >
X TXrx x'jxrx ) 3'2'1
14—\/14—7777 12”77 2477 K ( )

where ¢, (]0;]) is in (3.1.2), and we calculate their small amplitude expansion.

N+ CWW(|aa?|)77x +

By a traveling wave of (3.2.1) and (3.1.2), we mean a solution of the form n(z,t) = n(z—ct)

for some ¢ > 0, the wave speed, where n satisfies by quadrature

5 13
(Cunl10:]) = € = B)n + 2(1 +0)*" = 2+ S + o = (1= )

for some b € R. We seek a periodic traveling wave of (3.2.1) and (3.1.2). That is, n is a 27

periodic function of z := kx for some k > 0, the wave number, and it satisfies

13

5
(Con(K|0L]) — ¢ = 3)n +2(1 +1)*? —2 + Ekznnzz + 48/{2773 = (1—c)®. (3.2.2)
Note that

Cow(K|02]) : HS(T) — H*V2(T) (3.2.3)

for any k£ > 0 and s € R. Note that
Cou(K]02])e™ =, (nk)e™  for n € Z. (3.2.4)

Note that (3.2.2) remains invariant under

2 z+2 and z+— —z (3.2.5)

for any zp € R. Hence we may assume that 7 is even. But (3.2.2) does not possess scaling
invariance. Hence we may not a priori assume that & = 1. Rather, the (in)stability result
herein depends on the carrier wave number. Moreover, (3.2.2) does not possess Galilean
invariance. Hence we may not a priori assume that b = 0. Rather, we exploit the variation
of (3.2.2) in the b variable in the instability proof.

For any integer s > 0, let

F:H'T) xRy x Rx Ry — H*(T)
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denote

F(na (6% b7 k) = (wa(k'|az|) —Cc— 3)77 + 2(]— + 77)3/2 -2
13

5 19 2, 2 2
+ 12k 7777zz+48k n, — (1 —¢)*b. (3.2.6)

It is well defined by (3.2.3) and a Sobolev inequality. We seek a solution n € H**%(T), ¢ > 0,
and b € R of
F(n,c;b, k) =0. (3.2.7)

Since s is arbitrary, n € H*(T). Note that F' is invariant under (3.2.5). Hence we may
assume that 7 is even.
For any ¢ > 0, b € R, k > 0, note that

Fy(,¢5b,1)C = (Cnn(RIO:1) = = 34 3(1 + 1)

) 13
82 (5 01es 4 002) + 500 ) )¢ 2 HUA(T) — H(T)

is continuous by (3.2.3) and a Sobolev inequality. Here a subscript means Fréchet differenti-
ation. Moreover, n € H**?(T), k > 0, b € R, note that F.(n;k,c,b) = —n+2(1 —c)b: R —
H*(T) is continuous. Since Fy(n; k,c,b) = —(1 — ¢)? and

5 13
Fk(n; k,c, b) = C:VW(M@ZDU + aknnzz + ﬂkmz

are continuous likewise, F' depends continuously differentiably on its arguments. Further-
more, since the Fréchet derivatives of F' with respect to n, and ¢, b of all orders > 3 are
zero everywhere by brutal force, and since c,,, is a real analytic function, F' is a real analytic
operator.

For any k > 0, for any ¢ > 0, b € R and |b] sufficiently small, note that

no(c; b, k) = b(1 — ¢) + O(b?) (3.2.8)

makes a constant solution of (3.2.6)-(3.2.7) and, hence, (3.2.2). It follows from the implicit
function theorem that if non-constant solutions of (3.2.6)-(3.2.7) and, hence, (3.2.2) bifurcate

from 1 = ng for some ¢ = ¢y then, necessarily,

Lo == F,(no, co; b, k) : H***(T) — H*(T),
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where

o 2 2
Ek’ ﬁoaz, (329)

is not an isomorphism. Here 1y depends on ¢y. But we suppress it for simplicity of notation.

Lo = ¢ (K|0.]) — co — 3+ 3(1 +n9) Y% +

A straightforward calculation reveals that Lye™* = 0, n € Z, if and only if

)
o = Con(nk) — 34 3(1 4+ mo)"/* — ﬁk’QTLQUO- (3.2.10)

For b = 0 and, hence, 7y = 0 by (3.2.8), it simplifies to ¢y = ¢, (nk). Without loss of
generality, we restrict the attention to n = 1. For |b| sufficiently small, (3.2.10) and (3.2.8)

become
3 5, 9
co(b, k) =con(k) + b(- 2 )(1 — e (k) + O(?) (3.2.11)
2 12
and
no(b, k) =b(1 — ¢, (k) + O(b?). (3.2.12)
Since ¢, (k) > c,(nk) for n = 2,3,... everywhere in R, it is straightforward to verify

that for any & > 0, b € R and |b| sufficiently small, the kernel of Ly : H*™(T) — H*(T)
is two dimensional and spanned by e®**. Moreover, the co-kernel of L is two dimensional.
Therefore, L is a Fredholm operator of index zero.

For any k£ > 0, b € R and || sufficiently small, we employ a Lyapunov-Schmidt procedure
to construct non-constant solutions of (3.2.6)-(3.2.7) and, hence, (3.2.2) bifurcating from
n = n and ¢ = ¢y, where 79 and ¢y are in (3.2.12) and (3.2.11). Throughout the proof, k,
and b are fixed and suppressed for simplicity of notation.

Recall that F(ng, co) = 0, where F is in (3.2.6), and Loe*® = 0, where Ly is in (3.2.9).
We write that

1 ) .
n(z) =no + §(ae” +a*e)+n.(2) and c¢=cy+cp, (3.2.13)
and we require that a € C, n, € H***(T) be even and

(e, %) 21y = 0, (3.2.14)

and ¢, € R. Substituting (3.2.13) into (3.2.6)-(3.2.7), we use F(no,co) = 0, Loe = 0, and
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we make an explicit calculation to arrive at
1/2 1 iz * —iz
Lon, =(3(1 +1n9)"* + ¢) (5(&6 +a*e ) + 777«)
1, . . 3/2
— 2<1 +no + é(ae” +a'e™ )+ 77T>

1 ) 4 , 2
_ _3k,2(1<a€zz _ a*efzz) _{_n;>

48 2
5 ,
— Ek’2(2<a€w +a*e—zz> +777’> ( . _(aezz + a*e—zz) +777/n,)
=:9(n-; a,a",c.). (3.2.15)

Here and elsewhere, the prime means ordinary differentiation. Note that
g: H"(T) x C x C x R — H*(T).

Recall that F'is a real analytic operator. Hence g depends analytically on its arguments.
Clearly, ¢(0;0,0,¢,) =0 for all ¢, € R.
Let IT : L?(T) — ker Ly denote the spectral projection, defined as

(1) 4+ f(=1)e .

=)

f(z) =
Since IIn, = 0 by (3.2.14), we may rewrite (3.2.15) as
Lon, = (1 =1)g(n;a,a%,¢.) and 0=Ig(n;a,a", c,). (3.2.16)

Moreover, note that Ly is invertible on (1 — IT)H*(T). Specifically,

Lo_lf(Z) _ Z f(n) einz'

o) Con (k1) = Co (k) + SE2n0(1 — n?)
Hence we may rewrite (3.2.16) as
m =Ly (I —Mg(ns;a,a*,¢,) and 0=Tg(n;a,a*,c). (3.2.17)
Note that Ly' : (1 — II)H*(T) — H*(T) is bounded. We claim that

Lyt (1 =) H*(T) — H"(T)
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is bounded. As a matter of fact,

n?f(n) _
Cone (kM) — Coe (k) + %k2770(1 —n2) < Clf(n)]

for some constant C' > 0 for n € Z and |n| sufficiently large. Therefore, for any a,a* € C
and ¢, € R,
Lo' (1 =1D)g : H***(T) — H**(T)

is bounded. Note that it depends analytically on its argument. Since ¢(0;0,0,¢,) = 0 for

any ¢, € R, it follows from the implicit function theorem that a unique solution

ne = n.(a,a”, ¢c,)

exists to the former equation of (3.2.17) near n, = 0 for a € C and |a| sufficiently small for
any ¢, € R. Note that 7, depends analytically on its arguments and it satisfies (3.2.14) for

|a| sufficiently small for any ¢, € R. The uniqueness implies
72(0,0,¢,) =0  for any ¢, € R. (3.2.18)

Moreover, since (3.2.6)-(3.2.7) and, hence, (3.2.17) are invariant under (3.2.5) for any 2y € R,
it follows that

ne(a,a*, ) (z + z0) = ng(aeizo, a*e™ . c.) and my(a,a*, ¢ )(=2) = m(a,a”, ¢)(2)

(3.2.19)
for any zo € R for any a € C and |a| sufficiently small, and ¢, € R.
To proceed, we rewrite the latter equation in (3.2.17) as
Ig(ne(a,a*, c.);a,a",¢.) =0
for a € C and |a| sufficiently small for ¢, € R. This is solvable, provided that
Ty (a,a*, ¢;) = (g(m(a,a*, ¢;);a,a*, ¢,), ae” + a*e_iz>L2(T) = 0. (3.2.20)

We use (3.2.19), where zp = —2arg(a), and (3.2.20) to show that

m_(a*,a,¢.) =m_(a,a",¢,) = —m_(a",a,c).
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Hence 7_(a,a*,¢,) = 0 holds for any a € C and |a| sufficiently small for any ¢, € R.
Moreover, we use (3.2.19), where 2 = —arg(a), and (3.2.20) to show that

7T+(a’a*7c1") = 7T+(|CL|, |a|7c1“)'

Hence it suffices to solve 7 (a,a,c,) = 0 for any a, ¢, € R and |a| sufficiently small.
Substituting (3.2.15) into (3.2.20), where 1, = ns(a, a, ¢,), we make an explicit calculation
to arrive at

7.(a,a,c.) = a*(re, + 7, (a, c,)),

where

me(a, ) = — 2a" (1 + 1o + acos z + ma(a, a, ¢, ) (2))*?, cos 2)
5 2

o Ek2(<77§,(a’ a, CT‘)(Z) - 772(&, a, CT)(’Z)? COS Z> - a_1<77277;/(a7 a, CT)(Z)7 COS Z>)
_ gkﬂa—l«né(a, a,c.)(2)?, cos 2) — (ny(a, a,c.)(z),sin 2z)),

and (-,-) means the L?(T) inner product. We merely pause to remark that 7, is well
defined. As a matter of fact, a~'7, is not singular for a € R and |a| sufficiently small by
(3.2.18). Clearly, 7, and, hence, . depend analytically on its arguments. Since ,.(0,0) =
Om,./0c.(0,0) = 0 by (3.2.18), it follows from the implicit function theorem that a unique
solution
¢ = c1(a)
exists to m4(a,a,c.) = 0 and, hence, the latter equation of (3.2.17) near ¢, = 0 for a € R
and |a| sufficiently small. Clearly, ¢; depends analytically on a.
To recapitulate,

n. = n2(a,a,ci(a)) and ¢, = ci(a)

uniquely solve (3.2.17) for a € R and |a| sufficiently small, and by virtue of (3.2.13),
n(a)(z) =no + acosz + ma(a,a,ci(a))(z) and c(a) =cy+ ci(a) (3.2.21)

uniquely solve (3.2.6)-(3.2.7) and, hence, (3.2.2) for a € R and |a| sufficiently small. Note
that n is 27 periodic and even in z. Moreover, n € H>(T).
For a,b € R and |al, |b| sufficiently small, we write that

n(a;b, k)(2) :==no(b, k) + acosz + a*na(2) + a®ns(z) + - - - (3.2.22)
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and

c(a;b, k) :=co(b, k) + acy + a*cy + -, (3.2.23)

where 79,73, ... are 2w periodic, even, and smooth functions of z, and ¢y, ¢y, -+ € R.

We claim that ¢; = 0. As a matter of fact, note that (3.2.2) and, hence, (3.2.6)-(3.2.7)
remain invariant under z — z 4+ 7 by (3.2.5). Since 91/0a(0)(z) = cos z, however, n(z) #
7n(z +m) must hold. Thus dc/0a(0) = 0. This proves the claim. If (n;_1,7;)r2(r) = 0 for any
integer j > 1, in addition, then cy;_; = 0 for any integer j > 1. Hence c is even in a.

Substituting (3.2.22) and (3.2.23) into (3.2.2), we may calculate the small amplitude ex-
pansion. The proof is very similar to that in Chapter 2. Hence we omit the details.

Below we summarize the conclusion.

Lemma 3.2.1 (Existence of sufficiently small and periodic traveling waves). For any k > 0,
b € R and |b| sufficiently small, a one parameter family of solutions of (3.2.2) ezists, denoted
n(a;b, k) and c(a;b,k), for a € R and |a| sufficiently small; n € H>®(T) and it is even in z;

n and ¢ depend analytically on a, and b, k. Moreover,

n(a;b, k)(z) =b(1 — ¢, (k) + acos z + a*(ho + hy cos 2z) + O(a(a + b)?),  (3.2.24)

cla; b, k) =c (k) + b(3 >

- - Ek?) (1= cou(k)) + a’cy + O(ala +b)2)  (3.2.25)

as a,b — 0, where

37 1 3 11 1
o= (2 — —f2)— - ho = (2 — —— k2 2.2
0 (8 96 )cww(k)—l’ ? <8 32 >cww(k)—cww(2k)’ (3.2.26)
and
/35, 3 1, 3
= (2 " Jho+ (4 ot ) 32° (3.227)

3.3 The spectral problem

For k£ > 0, a,b € R and |a|, |b| sufficiently small, let n = n(a; b, k) and ¢ = ¢(a; b, k), denote
a sufficiently small and 27/k periodic traveling wave of (3.2.1) and (3.1.2), whose existence

follows from the previous section. We address its modulational stability and instability.
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Linearizing (3.2.1) about 7 in the coordinate frame moving at the speed ¢, we arrive at

5 13
. 1/2 2( 9 (a2 19 _
Q+kzaz<cww(k|az|) c—3+31+n)"2+k (12(7752 +1.z) + 24nz8z))c 0,

where ¢, (k|0.]) is in (3.1.2). Seeking a solution of the form ((z,t) = e*'((z), X € C, we

arrive at

A= 0 (= conkIO]) + e+ 3= 3(1+ )2 = k?(f—zmai 1) + Enzaz))c (3.3.1)
=: L(a;b,k)C.

Next, we employ Floquet theory to study the L?(R)-spectrum of £. The corresponding

Bloch operators are given by
Ao = e L(a;b, k)e“ ) =: L(E)(a;b,k)o (3.3.2)

for some & € (—1/2,1/2] and ¢ € L*(T). Note that

SPeCr2(m) (L(§)) = (SpeCm(T) (L(=€)))-

Hence it suffices to take ¢ € [0,1/2].
For an arbitrary &, one must in general study (3.3.2) by means of numerical computation.
But, for £ > 0 small and for A in the vicinity of the origin in C, we may take a spectral

perturbation approach in [HJ15a, HJ15b, HP16b], for instance, to address it analytically.

We assume that b = 0. For nonzero b, one may explore in like manner. But the calculation

becomes lengthy and tedious. Hence we do not discuss the details. We use the notation

L&, a)=L(E)(a;0,k). (3.3.3)

For a = 0 — namely, the rest state — a straightforward calculation reveals that
L(£,0)e™ =iw(n+&)e™ forn € Z and £ € [0,1/2], (3.3.4)

where

wn+ &) = (£ + n)(Cow(k) — cou(k(n +£))). (3.3.5)
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For £ =0,

and w(n) # 0 otherwise. Hence, zero is an L?(T)-eigenvalue of £(0,0) with multiplicity
three. Moreover,

Cos 2, sinz, and 1 (3.3.6)

are the associated eigenfunctions, real valued and orthogonal to each other. For & > 0

sufficiently small,
iw(£l+¢&) and w(€)

are the L?(T)-eigenvalues of £(£,0) in the vicinity of the origin in C, and (3.3.6) are the
associated eigenfunctions.
For a € R and |a| sufficiently small and for £ = 0, zero is an L*(T)-eigenvalue of £(0,a)

with algebraic multiplicity three and geometric multiplicity two, and

61(2) = (na - Z—:nb> (a;0,k)(2) = cos z + ap; + 2ahy cos 2z + O(a?),
Po(2) == —%nz(a; 0,k)(2) = sin z + 2ahy sin 2z + O(a?), (3.3.7)
bs(2) = ﬁnb(lﬁ,aﬁ)(z) — 1+ 0(a?)

are the associated eigenfunctions, where

(3.3.8)

24c, 1 <9 3 (3—2k%)(12 — 11k2)>

— 2R — — S
h T I8 —5k2 18 —5KZ\4d 16 cuu(k) — cuul(2K)

and hy is defined in (3.2.26). The proof is nearly identical to that in Section 2.3, for instance.
Hence we omit the details. For a = 0, note that (3.3.7) becomes (3.3.6).

3.4 The perturbation analysis

Recall that for £ > 0 sufficiently small and for a = 0, the L*(T)-spectrum of £(¢,0) contains
three purely imaginary eigenvalues iw(+1 4 £) and iw(&) in the vicinity of the origin in C,
and (3.3.6) spans the associated eigenspace, which does not depend on ¢. For £ = 0 for
a € R and |a| sufficiently small, the spectrum of £(0,a) contains three eigenvalues at the
origin, and (3.3.7) spans the associated eigenspace, which depends analytically on a.

For £ > 0, a € R and ¢, |a| sufficiently small, it follows from perturbation theory (see
[Kat76], for instance, for details) that the L?(T)-spectrum of £(&, a) contains three eigenval-
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ues in the vicinity of the origin in C, and (3.3.7) spans the associated eigenspace. Let

o (S25) o (B) o

where ¢y, o, ¢3 are in (3.3.7). Throughout the subsection, (-,-) means the L?(T) inner
product. Note that L represents the action of £ on the eigenspace, spanned by ¢1, ¢, @3,
and I is the projection of the identity onto the eigenspace. It follows from perturbation theory
(see [Kat76], for instance for details) that for £ > 0, a € R and &, |a| sufficiently small, the
eigenvalues of £(§,a) agree in location and multiplicity with the roots of det(L — AI) up to
terms of order a.

For a € R and |a| sufficiently small, a Baker-Campbell-Hausdorff expansion reveals that
1
C(fa CL) = ‘C(Oa CL) + Z€[£(07 CL), Z] - 552[[‘6(07 CL), Z], Z] + 0(53)

as & — 0, where [-, ] means the commutator. We merely pause to remark that [£, z] and
[[£, 2], z] are well defined in the periodic setting even though z is not. We use (3.3.1), (3.3.2)
and (3.2.24), (3.2.25) to write

B 3 L (5 ) 13
L& a) =M — a@z<§ cosz + k <E cosz(0; — 1) — o7 5B zé?z)) (3.4.2)
/3 ,/ 5 , 13 _
- z§a(§ cosz+k <E(28Z cos 20, + cos z(0; — 1)) — ﬂ(sm 20, + 0, sin z)))

+0(8 +a+a”)
as &, a — 0, where
M = £(0,0) +i£[£(0,0), 2] — 352[[5(0, 0), 2], 2|

agrees with £(£,0) up to terms of order £? as & — 0. We may then resort to (3.3.4), (3.3.5),

and we make an explicit calculation to find that

E(f, O)Qinz :Z’n(cww<k;) _ wa(nk))emz
+ i€ (Cpu (k) — Cyu(nk) — ]{;c;w(nk))emz
- %g@kdyw(nk) + k2 (nk))e™ + O(£%)
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as & = 0. Therefore, M1 = i{(c,, (k) — 1),

M {COSZ} = — ik, (k) {COSZ} £ L2kl (K) + K2, () {sz} ,

sin z sin 2 CoS 2

and

sin 2z cos 2z

M {cos2z} = 2 (k) — o (2K)) {sin2z}

i (cun (k) — cou(2k) — 2k, (2k)) {COS QZ}

sin 2z

1 in 2
+ S22k, (2k) + k2" (2k) L
2 cos 2z

We use (3.4.2), (3.3.7) and the above formula for M, and we make a lengthy but explicit
calculation to find that

Loy = —i&kd, (k) cos z

3T,
—ita (5 — =k = prlen (k) — 1)
, 3 33, ,
+ zga( — S Tk 2ha(e (k) — e (2K) = 2k:cww(2k:))> cos 22
+ 352(2kc;w(/€) + k2 _(k))sinz + O(€° + €2a + a?),
Loy = —i&kd, (k) sin z
| 3 33, , _
+ zga( = S TR 2y (k) — e (2K) = chww(%))> sin 22

— 2kl (k) + R, (k) cos = + O(E + Ea +a?),

L¢3 =a (3 — gkz) sin z 4 i€ (cyy (k) — 1) — z’fa(; — §k2> cosz + O(& + Ea + a®)

as £,a — 0, where p; is in (3.3.8) and hs is in (3.2.26).
To proceed, we take the L?(T)-inner product of the above and (3.3.7), and we make a
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lengthy but explicit calculation to find that

(Lor, ¢1) = (Lo, d2) = —%ifkc;w(k) +O0(6* + a + a?),
(L1, d2) = (L2, 1) = ié%zkc;w(k:) + k2 (k) + O + €%a + d?),

(L1, d3) = if@< - % + §k2 + p1(Con (k) — 1)) +0(& +Ea+a?),

and

(L, d3) = 0+ O + Ea+ a?),

(Los, ¢p1) = ifa( — % + ng + pi(Can (k) — 1)) + 0 + €%a + a?),
<£¢3, ¢2> = a(% — %k’2> + 0(53 + §2a —|— a2),

(Los, ¢3) = i&(con (k) — 1) + O3 + E2a + a?)

as &,a — 0, where p; is in (3.3.8). Moreover, we take the L?(T)-inner products of (3.3.7),

and we make an explicit calculation to find that

(D1, 01) = (P2, 2) = % + 08 +a+a®), (P1,¢2), (d2,03) = 0+ O(&* + Ea+d?),
(1, 03) = apy + O(E® + E2a +a?), (g3, ¢03) = 14+ O(€* + 2a + a?)

as £,a — 0, where p; is in (3.3.8). Together, (3.4.1) becomes

. - 000
L(g,a):a(z—ﬂkﬁ) 8 (1) 8 (3.4.3)

0
+1€a ( 0 0 0
—3 4+ B 4 pi(cn(k)—1) 0 0
0 0
+ & (kd, (k) + Lk (K)) (1 0 0) + 0 + €%a + a?),
0 0
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and
00 2

I(a)=I+ap, |0 0 0| +O(a? (3.4.4)
100

as £,a — 0, where p; is in (3.3.8) and I is the 3 x 3 identity matrix.

3.5 The modulational instability index

For £ > 0, a € R and &, |a| sufficiently small, we turn the attention to the roots of

det(L — AI)(&ak) =1 ps(&as k)X’ + ipa(&,a; k)N + pi(§ a k)N + ipo(€,ask),

where L and I are in (3.4.3) and (3.4.4). Details are similar to Section 2.5. Hence we merely

hit the main points.

Let
q(—iEN) (&, a3 k) = (i€ (A — @A — @) + @) (€, a; k),

where p; = &79¢;, j = 0,1,2,3. Note that qo,qi,...,qs are real valued and depend analyt-
ically on &,a and k for any £ > 0 and |a| sufficiently small. Moreover, they are odd in &
and even in a. For a € R and |a| sufficiently small, a periodic traveling wave n(a;0, k) and
c(a;0,k) of (3.2.1) and (3.1.2) is modulationally unstable, provided that ¢ possesses a pair

of complex roots or, equivalently,

diSC(k; §, CL) = (18(]3612611% + QSQ% + 493610 + 4Q3Q§ - 27Q§qg)(k§ §, @) <0

for £ > 0 and small, and it is modulationally stable if disc(k; &, a) > 0. Note that disc(k; €, a)

is even in ¢ and a. Hence we write that
disc(k; &, a) =: disc(k; €,0) + a*A(k) + O(a*(£* + a?))

as a — 0 for £ > 0 and small. We then use (3.4.3) and (3.4.4), and we make a Mathematica

calculation to show that
. 2.2 9, 1.3 0.0)\2
disc(k; €,0) = k7if(k) (522 + Zé’ k zl) (k)>0

as & — 0. Therefore, if A(k) < 0 then disc(k;&,a) < 0 for & > 0 and sufficiently small,

depending on a € R and |a| sufficiently small, implying modulational instability, whereas
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if A(k) > 0 then disc(k;&,a) > 0 for £ > 0, a € R and &, |a| sufficiently small, implying
modulational stability. We use (3.4.3) and (3.4.4), and we make a Mathematica calculation
to find A explicitly.

Below we summarize the conclusion.

Theorem 3.5.1 (Modulational instability index). A sufficiently small and 27 /k-periodic
traveling wave of (3.2.1) and (3.1.2) is modulationally unstable, provided that

A(k) = %u(l«) <0, (3.5.1)

where

11 (k
i2(k

(k) =(kew ()",
(k)
is(k)
(k)

(kcww (k) =1,
Con (k) — e (2K),

| |
(32‘2 — iy + 6y — K (5Tiz + 34iy) + ok (19813 + 352'3)) (k), (3.5.2a)

i4(k

and ¢, (k) isin (3.1.2). It is modulationally stable if A(k) > 0.

3.6 Results

Since (kcy,(k)) < 1 for any k > 0 and decreases monotonically over the interval (0,00) by
brutal force, i1(k) < 0 and iy(k) < 0 for any £ > 0. Since ¢, (k) > 0 for any £ > 0 and
decreases monotonically over the interval (0, 00), i3(k) > 0 for any k& > 0.
We use (3.5.2a) and make an explicit calculation to show that
is(k) 9

M T Ty o i alh) = e

Hence A(k) > 0 for k& > 0 sufficiently small, implying the modulational stability, and it is
negative for k > 0 sufficiently large, implying the modulational instability. The intermediate
value theorem asserts a root of i4. A numerical evaluation of (3.5.2a) reveals a unique root
k., say, of iy over the interval (0, 00) such that i4(k) > 0 if 0 < k < k. and it is negative if
k. < k < co. Upon close inspection (see Figure 3.1), moreover, k. = 1.420.. ..

We have the following result.

Corollary 3.6.1. A sufficiently small and 27 /k periodic traveling wave of (3.2.1) and (3.1.2)
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Figure 3.1: The graph of is(k) for k € (0,1.5).

is modulationally unstable if k > k., where k. = 1.420... is a unique root of iy in (3.5.2a)
over the interval (0,00). It is modulationally stable if 0 < k < k.

3.7 The Camassa-Holm equation

We may write (3.1.6), in the case of a = 1/12, after normalization of parameters, as

7 7
3/2 . o o 2 —
77t+CCH(!0x|)(2(1+77) 20+ 5 e + 48'01)36 0, (3.7.1)
where
o) = 228 f (3.7.2)
CCH x - 12 + kz . . .

Note that ccu(k) approximates (3.1.2).

For any k& > 0, we may repeat the argument in Section 3.2 to determine sufficiently small
and 27 /k-periodic traveling waves. Specifically, a two parameter family of periodic traveling
waves of (3.7.1) and (3.7.2) exists, denoted

n(a,b; k)(z) where z = k(z — ¢(a, b; k)t),
for a,b € R and |a|, |b| sufficiently small; n is 27 periodic, even, and smooth in z. Moreover,

n(a,b; k)(2) =b(1 — ccu(k)) + acos z + a®(hg + hy cos 22) + O(a(a® + b?)),

ca,b; k) =cen(k) + b(g — %kz)cm(l{)(l — cen(k)) + a*cy + O(a(a® + b?))
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as a,b — 0, where

36Tk (12 = TR con(2K)
"7 96(cen(k) — 1) 27 32(con(k) — con(2Kk))’
36— 7k2 12— TK? 3
CQ:CCH(k)( YRR h2_3_2>

We then proceed as in Section 3.5, to determine a modulational instability index

11(k)ia(k) .
Acy(k) = (23)(k)( is(k),
where
ir(k) =(kcou(k))",
io(k) =(kcen(k)) — 1
is(k) =cou(k) — con(2k),
i4(k) =1296(cen(2k)ia(k) + 2i3(k)) — 432i9(k)is(k)

— 1512k%cen(2k)ia (k) + 49K* (9cey (2k )iz (k) — 2i3(k)).

We omit the details.

A straightforward calculation shows that %(lﬂ) < 0 for any k > 0 while 4;(k) changes its
sign from negative to positive across k = 6. Therefore, a sufficiently small and 27 /k periodic
traveling wave of (3.7.1) and (3.7.2) is modulationally unstable if k£ > 6. For other values of
a in (3.1.6), the result is qualitatively the same. Thus, the Camassa-Holm equation seems
to predict the Benjamin-Feir instability of a Stokes wave. But the mechanism of instability

is same as the BBM equation, whereas it does not take place in the water wave problem.
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Chapter 4

The full-dispersion shallow water equations

The Euler’s equations which describe surface gravity waves are bi-directional. The scalar
or uni-directional shallow water models lack two-wave interactions which is a property of
water waves. In this chapter, we introduce two bi-directional shallow water equations which
generalizes nonlinear shallow water equations to include full-dispersion of water waves. We
prove the existence of periodic traveling waves of both these equations and calculate their
small amplitude asymptotics. We establish that their sufficiently small, periodic wave train
is spectrally unstable to long wavelength perturbations, provided that the wave number is

greater than a critical value, like the Benjamin-Feir instability of a Stokes wave.

4.1 The equation

As Whitham [Whi74] emphasized, “the breaking phenomenon is one of the most intriguing

long-standing problems of water wave theory.” The nonlinear shallow water equations,

+ Uy + (un), =0,
Mt (un) (4.1.1)
Uy + Ny + v, =0,

approximate the physical problem when the characteristic wavelength is of a larger order than
the undisturbed fluid depth, and they explain wave breaking. That is, the solution remains
bounded, whereas its slope becomes unbounded in finite time. Here ¢t € R is proportional to
elapsed time, and x € R is the spatial variable in the primary direction of wave propagation;
n = n(x,t) represents the surface displacement, and v = u(z,t) is the fluid particle velocity
at the rigid flat bottom. Note that the phase speed for the linear part of (4.1.1) is 1 for

any wave number, whereas the speed of a 27w /k-periodic wave near the rest state of water

(see [Whi74], for instance) is
tanh(k
Con (k) = 1/ ank( ). (4.1.2)
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This motivates us to propose the full-dispersion shallow water equations,

N + Uy + (un), =0,

) (4.1.3)
uy + ¢ (10212 + v, = 0,

where ¢, is in (4.1.2). They combine the dispersion relation of water waves and the nonlinear
shallow water equations, and they extend the Whitham equation to permit bidirectional

propagation. Moreover, proposed in [MKD15] are

+ 2 ax z ac:Oa
L0 s + (o) "

Uy + Ny + v, =0,

as a Boussinesq-Whitham model. We call (4.1.3), full-dispersion shallow water equation -
I (FDSW-I) and (4.1.4), full-dispersion shallow water equation - II (FDSW-II). We provide
the complete analysis for FDSW-I and the analysis for FDSW-II follows along the same lines,

therefore, we only hit the main points in Section 4.7.

4.2 Periodic traveling waves

By a traveling wave of (4.1.3)-(4.1.2), we mean a solution which propagates at a constant
velocity without change of form. That is, n and u are functions of x — ¢t for some ¢ > 0,
the wave speed. Under the assumption, we will go to a moving coordinate frame, changing

x — ct to x, whereby ¢ will disappear. The result becomes, by quadrature,

—cn+utun = (1—c*)by,

1
—cu+c2 (|10:1)n + §u2 = (1—c*by

for some by, by € R; 1 — ¢? is for convenience. We seek a periodic traveling wave of (4.1.3)-
(4.1.2). That is, n and u are 27 periodic functions of

z .= kx for some k > 0, the wave number,

and they solve
—en4u+un=(1—c)by,
1 (4.2.1)
—cu+c_(k|o.)n + §u2 = (1 — c*)bs.
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Note that
e (k|0.]) : H¥(T) — H*Y(T)  for any k >0 for any integer s > 0. (4.2.2)

Note that
2 (k|9.))e™ = 2 (nk)e™ for n € Z, (4.2.3)

or, equivalently, ¢2 (k|0,|)(1) =1,
2 (k|0.])(cosnz) = 2 _(nk)cosnz and ¢ (k|D.])(sinnz) = 2 (nk)sinnz.
Note that (4.2.1) remains invariant under
2 z+2 and 2z —z (4.2.4)

for any zg € R. Hence, in particular, we may assume that n and u are even.

We state an existence result for periodic traveling waves of (4.1.3)-(4.1.2) and their small

amplitude expansion.

Theorem 4.2.1 (Existence of sufficiently small, periodic wave trains). For any k > 0, by,
by € R and |by], |be| sufficiently small, a one parameter family of solutions of (4.2.1) exists,
denoted n(a; k,b1,b2)(2), u(a;k,by,b9)(2), and c(a;k,by,by), for a € R and |a| sufficiently
small; n and u are 27 periodic, even, and smooth in z, and c is even in a; n, u, and c depend

analytically on a, and k, by, by. Moreover,
n(a; k, b1, b2)(2) =no(k, b1, b2) + acos z + a(bic,. (k) + b2) cos 2 (4.2.5a)
+ a®(ho + ha cos 22) + O(a(a + by + by)?),
1
u(a; k, by, b2)(2) =ug(k, b1, ba) + acy., (k) cos z + §acww(k)(blcww(k) + by) cosz  (4.2.5b)
1

+ a®cy (k) (ho -3 + <h2 - %) cos 22) + O(a(a + by + bo)?),

and

3
c(a; k’, bl, bg) :Co(k‘, bl, bg) + Za2cww(k)(2h0 + hg - ]_) + O(CL(CL + b1 + b2)2) (425(3)
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as a, by, by — 0;

770(/€, bl, bg) = blcww(k) + b2 + O((bl + b2>2), (426&)
Uo(k, bl, b2) = b1 + bngw<k’) + O((bl + b2>2), (426b)
and
1 2 3 2
colk, bi, by) = cun(k) + by (§CWW</<;) + 1) + Sbacun (k) + O((br +12)?) (4.2.6¢)

as by, by — 0, where

Ca (K)
Chu(k) — 2, (2k)

wWwW

2
k) =

2 (k)—1

ho = (4.2.7)

=~ W
W~

As a preliminary, we establish the smoothness of solutions of (4.2.1).

Lemma 4.2.2 (Regularity). If n, u € H'(T) solve (4.2.1) for some ¢ > 0, and k > 0, by,
by € R and if ¢ — ||u||poo(ry = € > 0 for some € then n, w € H*(T).

Proof. We differentiate (4.2.1) to arrive at
—cen +u +un +un=0 and —cu' 4+ (k|D.|)n +uu' =0,

whence

1
I = +nu’ and o =
c—u

1 /
2 (k10 ) (123)

Here and elsewhere, the prime means ordinary differentiation.

Note that - : H*(T) — H*'(T) by hypothesis. Since ' € L*(T) by hypothesis, it follows
from the latter equation of (4.2.8) and (4.2.2) that v’ € H'(T). It then follows from the
former equation of (4.2.8) and a Sobolev inequality that n' € H'(T). In other words, 7,
u € H*(T). A bootstrap argument completes the proof. ]

u= <7]> and v = <C> (4.2.9)

whenever it is convenient to do so.

Throughout, we use
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Let f: HY(T) x HY(T) x R* x Rt x R x R — H(T) x H*(T) such that

f(u, G, k,bl,bg) = ( (4210)

—en+u+un— (1 —c*)h
—cu+ 2 (k|0.))n+ tu? — (1 — )by )

It is well defined by (4.2.2) and a Sobolev inequality. We seek a solution u € H!(T) x H'(T),
c>0,and k >0, by, by € R of
f(u, C;k,bl,bQ) =0 (4211)

satisfying ¢ — |lu||pe(ry > € > 0 for some € and, by virtue of Lemma 4.2.2, a solution
u e H®(T)x H*(T) of (4.2.1). Note that f is invariant under (4.2.4) for any z, € R. Hence
we may assume that u is even.

For any ¢ > 0, and k > 0, by, by € R, note that

uU—c 147

Ouf(u,c; k,b1,b9) =
( 1,62) <cgw(k\az|> u—c

) - HY(T) x HY(T) — HY(T) x H*(T)
is continuous by (4.2.2) and a Sobolev inequality. For any u € H(T) x H'(T), and k > 0,

b1, bo € R, moreover,

- + 20b1

8cf(ua C;kablabQ) = ( u—|—20b
- 2

) ‘R — HY(T) x HY(T)

is continuous. Here (by abuse of notation) 0 means Fréchet differentiation. Since

0
akf(uac; kyblvbQ) = 5
(%(SeChz(’f@D - Ciw(klazm)

and

2 1 0
ab1f<uac; kablabZ) = (C 0 > ) ab2f<uac; k,bl,bg) = ( >

-1

are continuous, likewise, f depends continuously differentiably on its arguments. Further-
more, since the Fréchet derivatives of f with respect to u, and ¢, by, by of all orders > 3 are
zero everywhere by brutal force, and since 2 is a real analytic function, f is a real analytic
operator.

For any ¢ > 0 for any k > 0, by, by € R and |by], |bs| sufficiently small, note that

770(0; k, bl, bg) = blc + bg -+ O((bl + b2)2),

(4.2.12)
uo(c; ky by, by) = by + bac + O((by + b2)?)
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"o
Uo
It follows from the implicit function theorem that if non-constant solutions of (4.2.10)-

make a constant solution of (4.2.10)-(4.2.11) and, hence, (4.2.1). Let ug = ( (¢;k, by, b).

(4.2.11) and, hence, (4.2.1) bifurcate from u = ug for some ¢ = ¢ then, necessarily,
Lo := 0uf(ug, co; k, by, b) : H(T) x H'(T) — H'(T) x H'(T)

is not an isomorphism. Here uy depends on ¢y. But we suppress it for simplicity of notation.
Note that

. — 1 .
Lou et = o= o 7o u et =0 for n € Z (4.2.13)
ch (k10:]) w0 — co

for some nonzero u; if and only if

(co —ug)® = 2 _(nk)(1+np). (4.2.14)

W

For by = by = 0 and, hence, 19 = up = 0 by (4.2.12), it simplifies to ¢y = +c,,(nk) —
the phase velocity of a 27 /nk periodic wave in the linear theory; 4 indicate right and left
propagating waves, respectively. Without loss of generality, here we restrict the attention to

n = 1 and we assume the + sign. For |b;| and |by| sufficiently small, (4.2.14) becomes

Co = Cuu(k) + by (%cgw(k) + 1) + ngwa(k:) +O((by + by)?).

Substituting it into (4.2.12), we find

no(k, b1, b2) = bicyw (k) + ba + O((b1 + b2)2),
Uo(k’, bl, bg) = b1 + bngw<k3) + O((bl + bQ)Q).

o
Uo
Since ¢, (k) > ¢, (nk) for n = 2,3,... pointwise in R (see Figure 4.1), a straightforward

They agree with (4.2.6). In the sequel, uy = (k,b1,bs) and ¢y = co(k, by, ba).

calculation reveals that for any k& > 0, by, by € R and |b;|, |by| sufficiently small, the H(T) x
H'(T) kernel of Lo = d,f(ug, co; k, b1, bs) is two dimensional and spanned by u;e** for some
nonzero u; satisfying (4.2.13). Note from (4.2.13) and (4.2.6) that

1+ 1+ bicy (k) +0
u, = L - i 1‘; (%) 12 +O((by + by)?) (4.2.15)
Co — Ug Cou(B) + 50162 (K) + 5D2c, (F)

as by, by — 0 up to the multiplication by a constant. This agrees with (4.2.5a) and (4.2.5b)
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Figure 4.1: Schematic plot of c,.,.

at the order of a.

Moreover, a straightforward calculation reveals that for any k& > 0, by, by € R and |b;],
|bo| sufficiently small, the H*(T) x H(T) co-kernel of Ly is two dimensional and spanned
by uje*** for some ui orthogonal to u;. In particular, Ly is a Fredholm operator of index

Zero.

For any k > 0, by, by € R and |by|, |be| sufficiently small, we turn the attention to non-
constant solutions of (4.2.10)-(4.2.11) and, hence, (4.2.1) bifurcating from u = ugy and ¢ = ¢,
where 79, ug, and ¢g are in (4.2.6). A Lyapunov-Schmidt procedure is instrumental for the
purpose. Here the proof follows along the same line as in Chapter 2 and 3, but with suitable
modifications to accommodate product spaces. Throughout the subsection, k, and by, by are
fixed and suppressed for simplicity of notation.

Recall f(ug, cp) = 0, where f is in (4.2.10). Recall Lou;e*® = 0, where Lg is in (4.2.13)
and u; is in (4.2.15). We write that

1 )
u(z) =ug+ éul(ael'Z +a'e )+ u.(z) and c=co+ ¢, (4.2.16)

and we require that a € C, u, = (m) € HY(T) x HY(T) be even and

Uy

(u,,u;(ae” + a*e ")) = % /7T (1 +n0)n.-(2)(ae” + a*e™*) (4.2.17)

—T

+ (co — up)u,(2)(ae”” + a*e™)) dz = 0,
and ¢, € R. Here and elsewhere, the asterisk means complex conjugation; (-,-) is the

L?(T) x L*(T)-inner product.
Substituting (4.2.16) into (4.2.10)-(4.2.11), we use f(ug;cy) = 0, and (4.2.13), (4.2.15),
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and we make an explicit calculation to arrive at

] *  —1z 2
2 (3(co — wo)(ae™ + a*e™) + u,)

e (14 mo)(ae™ + a*e )+,
+(co — up)(ae™ + a*e ) + u,

Lou, = — (G(CO — uo)(ac” +a%e™) +uy) (5(1+mo)(ac” +a%e™) + W) (4.2.18)

::g(ur; a, a*a C’I‘)

up to terms of order ¢, as ¢, — 0. Recall that f is a real analytic operator. Hence g depends
analytically on its arguments. Clearly, g(0;0,0,c,) = 0 for any ¢, € R.

Recall that Ly is a Fredholm operator of index zero,

ker Ly = span{u,e**} and co-ker Ly = span{uje**},

where u; and ui are orthogonal to each other. Let II denote the spectral projection of

L*(T) x L*(T) onto the kernel of Ly. Specifically, if v = Z (C(TL)) ¢ in the Fourier series

nez \0(1)

then

v =(v,we”)ue” + (v,ue”*)ue

=((1+m0)(C(1)e”™ + {(=1)e ™) + (co — uo) (B(1)e” + F(—1)e ) us.
Since ITu, = 0 by (4.2.17), we may recast (4.2.18) as
Lou, = (1 —1)g(u,;a,a%,¢.) and 0 =Ig(u,;a,a", c,.). (4.2.19)

Moreover, Lg : (1 — IT)(H(T) x H*(T)) — range Lg is invertible. Specifically, if

. 1+7]0 v eiz v 6_2'2 Z(n) ez’nz
(2o ()

n#+1

for some constants vy, belongs to the range of Ly by (4.2.13) then

0 . A
LEIV(Z) = <1> (2}_‘_16% + v_le_w)

1 u—co —1—mnp Z(n) ins
i ngi;l (uo — co)* — 2, (nk)(1 + mo) <—02 (kn) wo — Co) (6(71)) c

wWw
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It is well defined since (4.2.14) holds true if and only if n = £1. Hence we may recast (4.2.19)
as
u, = Ly'(1 —Mg(u,;a,a*,¢,) and 0=Ig(u,;a,a*,c,). (4.2.20)

Clearly, Ly (1 — IT)g depends analytically on its arguments. Since g(0;0,0,¢,) = 0 for any
¢, € R, it follows from the implicit function theorem that a unique solution u, = uy(a, a*, ¢;,)
exists to the former equation of (4.2.20) near u, = 0 for a € C and |a| sufficiently small for
any ¢, € R. Note that uy depends analytically on its arguments and it satisfies (4.2.17) for

la| sufficiently small for any ¢, € R. The uniqueness implies
uy(0,0,¢,) =0  for any ¢, € R. (4.2.21)

Moreover, since (4.2.10)-(4.2.11) and, hence, (4.2.20) are invariant under (4.2.4) for any
zo € R, it follows that

y(a,a*,c.)(z+ 20) = uz(ae™™,a*e”* ¢, )(2) and wuy(a,a*,c)(—z) = uy(a,a*, ¢, )(z)

(4.2.22)
for any zo € R for any a € C, |a| sufficiently small, and ¢, € R.
To proceed, we write the latter equation of (4.2.20) as
lg(us(a,a*,c.);a,a*,¢,) =0
for a € C and |a| sufficiently small for any ¢, € R. This is solvable, provided that
m+(a,a*, c,) = (g(uy(a,a*, ¢,); a,a*, c.),u;(ae” + a*e™)) = 0; (4.2.23)

(-,-) is the L*(T) x L*(T) inner product. We use (4.2.22), where zy = —2 arg(a), and (4.2.23)
to show that

m_(a*,a,¢.) =m_(a,a*,¢c,) = —m_(a",a,c).
Hence 7_(a,a*, ¢,) = 0 holds true for any a € C and |a| sufficiently small for any ¢, € R.

Moreover, we use (4.2.22), where zy = —arg(a), and (4.2.23) to show that

my(a,a*,¢.) = m(|al,|al, ).

Hence it suffices to solve 7, (a,a,c,) =0 for a, ¢, € R and |a| sufficiently small.
712

Substituting (4.2.18) into (4.2.23), where u, = us(a,a,c,) =: (a,c,), we make an
Uz
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explicit calculation to arrive at
m(a,a,¢,) =t a*(c;((1+1m0)* + (co — w0)*) + i (a, ¢))
for a, ¢, € R and |a| sufficiently small, where

mr(a,¢;) = — a®(1+m)((co — uo){cos z12(a, c;), cos z)
+ (1 + no){cos zuz(a, c,), cos z) + a~*{(naus)(a, ¢, ), cos z))
— 1a*(co — 1) (2(co — uo){cos zus(a, ¢, ), cos z) + a~ ' (u3(a, ¢, ), cos 2));
(-,-) means the L?(T) inner product. We merely pause to remark that 7, is well defined.
Indeed, a~'n; and a~luy are not singular for @ € R and |a| sufficiently small by (4.2.21).
Clearly, 7, and, hence, 7, depend analytically on their arguments. Since 7,.(0,0) = 0 and
(0, m:)(0,0) = 0 by (4.2.21), it follows from the implicit function theorem that a unique
solution ¢, = ¢y(a) exists to 7 (a,a,c,) = 0 and, hence, the latter equation of (4.2.20) near
¢, = 0 for a € R and |a| sufficiently small. Clearly, ¢, depends analytically on a.
To summarize,

u, = us(a,a,co(a)) and ¢, = coa)

uniquely solve (4.2.18) for a € R and |a| sufficiently small, and by virtue of (4.2.16),
u(a)(z) =ug + auy cos z + uz(a, a,cz(a))(z) and c(a) = ¢y + co(a) (4.2.24)

uniquely solve (4.2.10)-(4.2.11) and, hence, (4.2.1) for a € R and |a| sufficiently small. Note
that uy and, hence, u are 27 periodic and even in z. Since u, and ¢y are near 0 and 0,
Lemma 4.2.2 implies that u is smooth in z. We claim that ¢ is even in a. Indeed, note
that (4.2.1) and, hence, (4.2.10)-(4.2.11) remain invariant under z — z + 7 by (4.2.4). Since
(0,u)(0)(2) = wuy cos z, however, u(z) # u(z + 7) must hold true. Thus (9,¢)(0) = 0. This
proves the claim. Clearly, u and ¢ depend analytically on a € R and |a| sufficiently small.

This completes the existence proof.
[t remains to verify (4.2.5). Throughout the subsection, k& > 0 is fixed and suppressed for

simplicity of notation; by, by € R and |by], |bs| sufficiently small are fixed.
Recall from the existence proof that (4.2.24) depends analytically on a, by, by € R and |a],
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|b1], |b2| sufficiently small. We write that

n(a; by, ba)(2) =no(br, b2) + a(l +mo(b1, b2)) cos z

+ a*na(2) + a®n3(2) + O(a® + a®(by + be) + a(by + b2)?),
w(a; by, b2)(2) =ug(br, b2) + alco — uo)(by, bay) cos z

+ a®ug(2) + aPuz(z) + O(a* + a®(by + by) + a(by + by)?),

and

C(CL; bl, bg) :Co(bl, bg) + CL2CQ + O(CL4 + a2(b1 + b2) —+ Cl(bl + b2>2)

as a, by, by — 0, where 1, ug, and cq are in (4.2.6), and we require that 7y, us, and 713, ug be
27 periodic, even, and smooth functions of 2z, and c; € R. We merely pause to remark that
N, Uz, N3, Uz, and co do not depend on b, and by, whereas g, ug, and ¢y do. In the following
sections, we restrict the attention to periodic traveling waves of (4.1.3)-(4.1.2) for a € R
and |a| sufficiently small for b = by = 0, and we calculate the spectrum of the associated
linearized operator up to the order of a. (The index formulae would become unwieldy when
terms of order a® were to be added.) For the purpose, it suffices to calculate solutions
explicitly up to terms of orders a2, and aby, abs,.

Substituting the above into (4.2.1), we recall that 79, uo, and ¢y solve (4.2.1), and we make

an explicit calculation to arrive, at the order of a, at

— ¢o(1 4 1) cos z + (co — ug) cos z = 0,

— co(co — ) cos z + 2 (k[0.]) (1 + o) cos z = 0.

This holds true up to terms of orders b; and by by (4.2.3), (4.2.6¢), and (4.2.13), (4.2.15).
To proceed, we assume b; = by = 0 and, hence, 1y = ug = 0 and ¢q = ¢, (k) by (4.2.6).

At the order of a?, we gather

— CoNg + Uz + Co cos® z = 0,

— couz + 2, (k|0.])m + 2¢f cos® z = 0.
We then use (4.2.3), (4.2.6¢) and we make an explicit calculation to find

1 1
n2(2) = ho + hacos2z  and  wus(z) = hy — 3 + <h2 — 5) cos 2z, (4.2.25)
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where hg and hy are in (4.2.7). Continuing, at the order of a®, we gather

— CoM3 — C2COS 2 + Uz + U €OS 2 + con cos z = 0,

— couz — Caco cos 2 + 2 (k|0.|)ns + coug cos z = 0.

Taking L?(T)-inner products, we use (4.2.3) and (4.2.25), so that

1 1 1 1
— co(ns, cos z) — ¢ + (usz, cos z) + hg — 5 + §<h2 — 5) + co(ho + §h2) =0,

1 1 1
— co(us, cos z) — caco + 2 (k) (ns, cos z) + co (ho ~3 + §(h2 - 5)) = 0.

We then use (4.2.6¢) and we make an explicit calculation to find

3
chw(k)(QhO + hg - 1)

Cy =

This completes the proof.

4.3 The spectral problem

Let n = n(a;k,b1,bs), u = u(a; k,by,by), and ¢ = c(a; k, by, by), for some a € R and |a]
sufficiently small, & > 0, by, by € R and |b;], |bs| sufficiently small, denote a 27 /k-periodic
wave train of (4.1.3)-(4.1.2), whose existence follows from Theorem 4.2.1. We address its
stability and instability to “slow modulations”. Throughout the section, we employ the

notation of (4.2.9) whenever it is convenient to do so.

We linearize (4.1.3)-(4.1.2) about u in the coordinate frame moving at the speed c¢. Recall

that u and ¢ solve (4.2.1) and z = kz. The result becomes

_ 11—
ov=rho. | o ")y
-2 (kl0.]) c—u
We seek a solution of the form v(z,t) = e*'v(z), A € C, to arrive at

C— U —1 —77
Av =0, =: L(a; k, by, by)v, 43.1
¥ (—cfvw(k|8z|) c—u ) v (a 1,02)V ( )

where

L: H'(R) x H'(R) C L*(R) x L*(R) — L*(R) x L*(R).
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We take a Floquet theory approach to characterize the L?(R) x L?(R)-spectrum of £ in a

convenient form. The Bloch operators are given by,

. — —1-n\
L) =eo, | Y i€z 432
o (%@wm>c—u>e )

for € € (—1/2,1/2]. Note that (4.3.2), when +¢ are taken in pair, remains invariant under
A=A and ¢ — ¢,

and under

A— —XA and 2z~ —z.

Hence we may assume £ € [0,1/2].

For an arbitrary &, one must study (4.3.2) numerically except for few cases — for instance,
completely integrable systems (see [BHJ16], for instance, for references). But, for & > 0 small
and for X in the vicinity of the origin in C, we may take a spectral perturbation approach
in [HJ15a,HP16b], for instance, to address it analytically. This is the subject of investigation

here.

In the remaining of the section, £ > 0 is suppressed for simplicity of notation, unless
specified otherwise. We assume b; = b, = 0. For nonzero b; and by, one may explore in
like manner. But the calculation becomes lengthy and tedious. Hence we do not discuss the
details. We use

L(E,a) = L(§)(a; k,0,0) (4.3.3)

for simplicity of notation.
We begin by discussing the L?*(T) x L*(T)-spectra of £(&,0) for & € [0,1/2]. This is the
linearization of (4.1.3)-(4.1.2) about n = v = 0 and ¢ = ¢, (k) — namely, the rest state —

in the moving coordinate frame.

Note from (4.3.2) and (4.2.6) that

_ i€z CWW(k) -1 i€z
Le0=e @<ﬂ&w@ocwm>e'
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We use (4.2.3) and make an explicit calculation to show that
L&, 0)e(n+&+)=iwn+E Le(n+ & L) forn € Z and € € [0,1/2], (4.3.4)

where

1 inz
wn+&,+) = (n+&)(Cow(k) Loy (k(n+&))) and e(n+&,+)(z) = (:lzcww(k:(n—l-f))) o

(4.3.5)
Hence for any £ € [0,1/2], the spectrum of £(&,0) consists of two families of infinitely many
and purely imaginary eigenvalues, each with finite multiplicity. In particular, the rest state
of (4.1.3)-(4.1.2) is spectrally stable to square integrable perturbations.

The spectrum of the linear operator associated with the water wave problem consists of
iw(n+&,£) forn € Zand £ € [—1/2,1/2); see [WhiT4], for instance, for details. To compare,
the spectrum of the linear operator for the Whitham equation consists of iw(n + £, —) for
n € Z and £ € [—1/2,1/2); see [HJ15al, for instance, for details. Perhaps, this is because
the Whitham equation merely includes unidirectional propagation. In the following section,
we discuss the effects of bidirectional propagation in (4.1.3)-(4.1.2).

As |a| increases, the eigenvalues in (4.3.4) move around and they may leave the imaginary
axis to lose the spectral stability. Recall that the spectrum of £(££,a) is symmetric with
respect to the reflections in the real and imaginary axes for any £ € [0,1/2] for any a € R
and admissible. Hence a necessary condition of the spectral instability is that a pair of
eigenvalues on the imaginary axis collide.

Note that the eigenfunctions in (4.3.4) vary, analytically, with £ € [0,1/2]. To compare,
the eigenfunctions of the linear operator for the Whitham equation do not depend on &;
see [HJ15a], for instance, for details.

To proceed, for & = 0, note from (4.3.5) that

w(0,4) = w(0, —) = w(l,—) = w(—1,—) = 0.
Since

< w(=3,—) <w(=2,—) <0< w(2,—) <w(3,—) <
and

o< w(=2,4) <w(—1,4) <0 < w(l,+) <w(2,4) < ...

56



by brutal force, zero is an L*(T) x L?(T)-eigenvalue of £(0,0) with multiplicity four. Note
that

are the associated eigenfunctions, real valued and orthogonal to each other.

For £ # 0, since w(n + £, +) increases in n + £ for any n € Z and £ € (0,1/2], and since
w(n+¢&,—) decreases in n+ ¢ if —1/2 <n+¢ < 1/2 and increases if n+& < —lorn+¢& > 1
by brutal force, it follows that

w(1/2, =) Kw(0+&4),w(F+&—) <w(1/2,+),
and

---<w(—2—|—f,—)<w(f,—)<0<w(—1+$,—)<w(1+£,—)<w(2+$,—)<---,
< w(24+6H) <w(-1+E+H) <0<w(E ) <wl+E6+) <w@+E+) <

Hence w(n + &, £) # 0 for any n € Z and £ € (0,1/2]. But in [HP16a], we observe infinitely
many collisions of purely imaginary eigenvalues of £(£,0) away from the origin. To compare,
no eigenvalues of the linear operator for the Whitham equation (see (1)) collide other than

at the origin; see [HJ15a], for instance.
Continuing, for ¢ > 0 and sufficiently small, iw(&, +) and iw(+1+¢&, —) are L*(T) x L*(T)-
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eigenvalues of £(&,0) in the vicinity of the origin in C. Moreover, (by abuse of notation)

_1 CQ e(l + 57 _) e<_1 + 57 _> e
VEB(] e )

e(1+& ) lle(= =)l
kc (k‘) —wa(k?) . 2 3
( >cosz+z§w< | >51nz—|—§pgcosz+0(§ ),
e(1+€7_) . (_1+€a_) p
60 =g R (e - )
—1 —kci”“(k) ~Cun(h) cos z + E2py sin z 3
( ) (7)o,
B4(2) =5 (e (k) +2)elE, +) — (k) — 2)elE, ) (2)
Looyo 0 3
< ) tgsk Cone(F) <1> +0(&7),
125 (k) —2)e(&, +) + (cuu(k) +2)e(§, —))(2)
_ Con(K) _122 0 3
) e
span the associated eigenspace, orthogonal to each other, where ||| = /(- ) 2(r)x£2(r) and
J 2263vw(k> -1 — (e "
P ST - (e i o (438)
Cng + N Cow \Coy J
2. (k)+1 + k)

For € = 0, note that ¢y, ¢, ¢4, ¢, become (4.3.6). Recall that c,,, is a real analytic function.
Hence they depend analytically on & € [0,1/2].

Note that ¢, and ¢, vary with £ > 0 and sufficiently small to the linear order. In the
following subsection, we take this into account and construct an eigenspace for &, a # 0
and sufficiently small, which varies analytically with £ and a; see (4.3.10) for details. Con-
sequently, the spectral perturbation calculation in Section 4.4 becomes lengthy and compli-
cated. To compare, the eigenfunctions of the linear operator for the Whitham equation do
not depend on ¢ for any a € R and admissible; see [HJ15a], for instance, for details.

Note that ¢, and ¢, are complex valued. For real valued functions, one must take £¢ in
pair and deal with six functions. But the spectral perturbation calculation in Section 4.4

involves complex valued operators anyway. Hence this is not worth the effort.
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We turn the attention to the L?(T) x L*(T)-spectra of £(, a) in the vicinity of the origin
in C, for £ € [0,1/2] for a € R and |a| sufficiently small.
Note from (4.3.2) and (4.2.5) that

. — —1—77 .
L ’ :—zﬁzaz C—u i€z
G (—cawuf@\) c—u>€

5 colk) 1 —en(k) -1 |
=e Zfz&z a COS 2 ezfz o a2
((‘Ciw(k@l) cww(k)> ! ( 0 —cww(k)) ) +0(a”)

as a — 0, whence

1£(€, a) — L&, 0) || 2(ryx 2(1)— L2(T) x L2(T) = O(0)

as a — 0 uniformly for £ € [0,1/2]. Recall that the L*(T) x L*(T)-spectrum of L(¢,0)
contains four purely imaginary eigenvalues iw(&, £), iw(+1 + &, —) in the vicinity of the
origin in C for £ > 0 and sufficiently small. Since £(£, a) depends analytically on £ € [0, 1/2]
and a € R admissible, it follows from perturbation theory (see [Kat76, Section 4.3.1], for
instance, for details) that the L?(T) x L?(T)-spectrum of £(£,a) contains four eigenvalues,
denoted

/\1(£a CL), >‘2(€7a)7 )\3(5,@), )‘4(&@)’

near the origin for £ > 0, a € R and &, |a| sufficiently small.

Moreover, a straightforward calculation reveals that
IA;(£,0) = Xe(£,0)] > wo >0 for j,0=1,2,3,4and j #{

for any € > & > 0 for any &, for some wy. Hence it follows from perturbation theory that
A1, A2, Az, Ay remain purely imaginary for any £ > & > 0 for any &, for any a € R and |a]
sufficiently small. In particular, a sufficiently small, periodic wave train of (4.1.3)-(4.1.2) is
spectrally stable to “short wavelength perturbations” in the vicinity of the origin in C. For

¢ =0, on the other hand, we demonstrate that four eigenvalues collide at the origin.

Lemma 4.3.1 (Spectrum of £(0,a)). For a € R and |a| sufficiently small, zero is an
L3(T) x L*(T)-eigenvalue of £L(0,a) with algebraic multiplicity four and geometric multiplicity
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three. Moreover, (by abuse of notation)

2
¢1(2) izm((ablc)(aau) = (0a€) (0, 1)) (2) (4.3.92)
Can (K)
= ! cosz +a e ez (k) +2
Cu () SOICEED ! )
A2 TR e (k) 42
ho )
+ 2a (wa(k) (hs — %>) cos2z + O(a”),
Bal2) = — ~(D0)(2) (4.3.9h)

1 _ h . 2
= <wa(k)> sin z + 2a <wa(k) (hs %)> sin 2z + O(a”),

where hy is in (4.2.7), and

83(2) = =7 (0 O0n1) = B1)(Ph ) ) (139¢)
2 2 9
= (_wa(k)> +a (wa(k)> cos z + O(a”),
®4(2) ’_; szif?kj; : <(5’bQU) + %qb&a) (2) (4.3.9d)

_ [ ewnlR) Cunr(F) 2
= < ) > +a (%Caw(/f)> cos z + O(a”),

are the associated eigenfunctions. Specifically,
1
L£(0,a)p, =0 fork=1,2,3, and L(0,a)¢, = Za(ciw(k) + 1),
For a = 0, note that ¢, ¢, ¢35, ¢, becomes (4.3.6). Theorem 4.2.1 implies that they

depend analytically on a € R and |a| sufficiently small.

Proof. Exploiting variations of (4.2.1) in the z, and a, by, by variables, the proof is similar
to that of [HJ15a, Lemma 3.1], for instance.
Differentiating (4.2.1) with respect to z and evaluating the result at by = by = 0, we infer
from (4.3.1) that
L£(0,a)(0,u) = 0.

Hence zero is an eigenvalue of £(0,a) and d,u is an associated eigenfunction. We then use
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(4.2.5a) and (4.2.5b) to find (4.7). By the way, this is reminiscent of that (4.2.1) remains
invariant under spatial translations.
Differentiating (4.2.1) with respect to a, and by, by, and evaluating at b; = by = 0, we infer
from (4.3.1) that
L(0,a)(0,u) = —(04¢)(0,1),

and

£<07 CL) (817111) = _(ablc> (azu>7 £<07 CL) (8{,211) = _(ab2c> (aZu)'

Hence
L£(0,a)((s,¢)(0au) = (9uc)(Opu)) =0 and  L(0,a)((0y,¢)(Op,u) — (Op,¢)(Ob, 1)) = 0.

We then use (4.2.5) and (4.2.6) to find (4.7.5) and (4.3.9¢c). Note that Jy,u is a generalized
eigenfunction. We use (4.2.5) and (4.2.6) to find (4.3.9d). This completes the proof. O

To recapitulate, for £ > 0 and sufficiently small for a = 0, the L*(T) x L*(T)-spectrum
of L(£,0) contains four purely imaginary eigenvalues iw(§, &), iw(+1 + £, —) in the vicinity
of the origin in C, and (4.3.7) spans the associated eigenspace, which depends analytically
on & For £ =0 for a € R and |a| sufficiently small, the spectrum of £(0,a) contains four
eigenvalues at the origin, and (4.3.9) makes the associated eigenfunctions, which depends
analytically on a.

For £ >0, a € R and &, |a| sufficiently small, the L?(T) x L*(T)-spectrum of £(£,a) con-

tains four eigenvalues A; (&, a), A2(§,a), A3(§,a), A\i(&, a) near the origin, and the associated
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eigenfunctions vary analytically from (4.3.7) and (4.3.9). Let (by abuse of notation)

B 1 .k, (k) —Cy (k) din 2
#1(6.0)(2) = (wa(k)) cos’ + i = ( \ )

wWwW

2, (k)
_3h __wwr 7
2 (k) +2

ha
) 1 + 2a (c B (hy — 1 )(30822
wa(k)<§ — ?)hgm) WW( ) ( 2)

+ Epycosz + O(E* + a + a?),

= ! inz—1 —kC:VW(k) —Cw (k) coS 2
¢2<£,a><z>—<cww(k)>s 5 ( : )

2 (k)+1

+a

ho . 2 . 3 2 2
+2 22 + +0(E + Ea+ a?),
a <wa(k> (h2 l)) sin2z + £°pay sin z (& +E&a+a”)

2

2 2 Lo 0 3, 2 2
¢5(&,a)(z) = <_wa<k)> +a <wa(k)> cos z + éf k*cw (k) (1> +0(& +&a+a”),

¢,(& a)(z) = (CWWQ(k>> +a (162;((]{2)> cosz — %5%2 (?) +0(& + a+d?)

2 Tww

(4.3.10)
as &, a — 0, where hy is in (4.2.7) and py is in (4.3.8). For a = 0, note that ¢,, ¢,, @5, ¢,
become (4.3.7). For £ = 0, they become (4.3.9). Hence ¢,, ¢,, @5, ¢, span the eigenspace
associated with A1, Ao, A3, Ay up to terms of orders ¢2 and a as &, a — 0.

It seems impossible to uniquely determine terms of orders £a and higher in the eigenfunc-
tion expansion without ad hoc orthogonality conditions. Fortuitously, it turns out that they
do not contribute to the modulational instability. Hence we may neglect them in (4.3.10).
To compare, the eigenfunctions of the linear operator for the Whitham equation, which do
not depend on &, extend to a # 0; see [HJ15a], for instance, for details. We are able to cal-
culate terms of orders a? and higher in the eigenfunction expansion. But the index formulae

become unwieldy. Hence we do not use them in the calculation in the following subsection.

4.4 The perturbation analysis

Recall that for £ > 0, a € R and &, |a| sufficiently small, the L*(T) x L*(T)-spectrum of
L(&,a) contains four eigenvalues A\ (€, a), A2(&,a), A3(&,a), A\(§,a) in the vicinity of the
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origin in C, and (4.3.10) spans the associated eigenspace up to terms of orders £ and a. Let

o <‘C’(£7a)¢j(§7a>7¢€(§7a>>
e = (5 € ), ,(6 ) )j,ezl,z,u b
and
o <¢j(£aa>7¢€(£7a>>
I(f’ a) Bl (<¢j (ga CL), ¢j (57 a)))j7£1727374 7 (442)

where ¢y, ¢,, ¢3, ¢, are in (4.3.10). Throughout the subsection, (,) means the L?(T) x
L*(T)-inner product. Note that L represents the action of £(£,a) on the eigenspace asso-
ciated with \;, Ao, A3, A4, up to the orders of €2 and a as &, a — 0, after normalization,
and I is the projection of the identity onto the eigenspace. It follows from perturbation
theory (see [Kat76, Section 4.3.5], for instance, for details) that for £ > 0, a € R and ¢,
la| sufficiently small, the roots of det(L — AI) coincide with the eigenvalues of £(£,a) up to
terms of orders 2 and a.

For any a € R and |a| sufficiently small, we make a Baker-Campbell-Hausdorff expansion

to write

L(§,a) = Lo +iELy — %fzﬁz +0(&)

as & — 0, where

Cone (K) —1 Con(K) 1 )
Lo =L{0,a) =0, — ad, cos z + O(a?),
(0, a) <_ciw(k:|az|) cww(k)> ( 0 e k)> +0(a”)

_ _ Cure (K) -1 —a Cun(K) 1 cos 2 a’
o _[‘CO’Z]_(—[azcaw<k|az\>,z] cwwuc)) ( ) row)

0 0

Lo =[Ly, 2] = (_[[azcgw(klazl),zw] 0

) + O(a®)
as a — 0, and [-, -] means the commutator. The latter equalities follow from (4.3.1), (4.3.2),
(4.2.5) and that £(§,a) depends analytically on & near £ = 0. We merely pause to remark

that £, and Ly are well defined in the periodic setting even though z is not. Indeed,
[0:¢3,.(K|0:]), 2] = €2, (K|0:]) + [cZ,, (K[0:]), 2]0: and

2 inz __ ;inz (_1)\m\+1 2 2 imz
ez (K|0.]), z]e™* = ie Z—m (= (kn) — . (k(n+m)))e forn € Z

ww
m#0

by brutal force. One may likewise represent [[0,c2 (k|D,]), z], z] in the Fourier series. Unfor-

tunately, this is not convenient for an explicit calculation. We instead rearrange the above
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as

L(&,a) =L(0,0) +£[L£(0,0), z] — %[[E(O, 0), 2], 2]
Core (K) 1 : Cor (K) 1 3, (2 2
—ad, ( 0 wa(k)> cosz — ifa ( 0 wa<k)> cosz + O(&” + £%a + a”)

_ . _ c(k) 1 . Co (K) 3, 2 2
=: M a@z<0 C(k))COSZ z§a< 0 )cosz—l—O(f +&a+a)

CWW
(4.4.3)

as &, a — 0, and note that M agrees with £(£,0) up to terms of order £? for & > 0 and

sufficiently small. We then resort to (4.2.3) and make an explicit calculation to find

C\ ins —in Cun(K)C = e
L(&,0) <U> © = <_ng(zm)¢ + cww(k)v>

; Con(K)C —v Jins
e (— (2 _(kn) + kn(c2) (kn)) ¢ + wa(k)v)

—ig?kn((¢2,) (k) + Shn(e2,)"(kn))C <O> e 1 0(e?)

1
=M <C> e+ 0(&%)

v

as & — 0, for any constants ¢, v and n € Z. For instance, since ¢2_(0) = 1 and (¢2,)'(0) = 0,

it follows that
¢\ . few(k)C—n
™ () - (cww<k>v - c) |

One may likewise calculate M (C) {C?S nz} explicitly up to the order of £2. We omit the
v sinnz

details.
We use (4.4.3), (4.3.10), and the above formula for M, and we make a lengthy and

64



complicated, but explicit, calculation to show that

Lp, = — 2i€ k(e,.C,) (0) cos z + i€ ke, (k) ( B ) Cos z
Con(F)

- —zfa Cone (K ( ) (cos2z+ 1) +iéa % <Cgivc(fj(;)1> cos 2z
caw(k‘ - 1
— —zfa Con (K h2 2 (k) +
— ek

’lf ACy (K cwwc;w)(Zk:) ) cos 2z
( 1 IR ) - cgw(zk)>

+ E2k(2(cyul,, (. )+ )(E) <(1)> sin 2

~1
— & ke (k) (CowC. ) (k) sin z
(cw (k;)( +2k—(k>+1>)

- 5 k(2 (G (Cn) ) K) (év;)Jr)(lk) — (k) (C j@) sinz + O(€* + €2 + a?)

WwW

as &, a — 0, where hy is in (4.2.7). Moreover,

Loy = — 2 k(ewnd. )(k) (0> sin z + @& ke, (k) ( B ) sin 2
1 o)

1. 2 ke (k) (A (k)—1Y) |
— 5@5@ Cone(K) (wa(lﬁ)) sin2z + ZSGW < e (B) ) sin 2z

1

2
+ —ilac,, (k) (CowCl, ) (2K) ) sin 2z
’ (%“mol%%A@%A%Q

— & k(2c, .+ E((d,)* 4 conc” ) (k) (2) oS 2
)
+ & ke (k) (ol ) (k)N | cOs 2
Sk (1 + 2kw>

1y o (s (cn(c)?) (R) % -1 3 2 2
_55 k <2W_CWW(k)> (C )) cosz+ O + & a+a”),

WwW
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and

1

1, 1 :
§a(cww(k;) +4) (wa(k)> sin 2

1 2 (k) +4 3, 2 2
2@5@ (cww(k)(cfvw(k) T 2/€(CWWC’WW)(/€))> cosz+ 0§ +&a+a”)

Bcww(k)_ > —2itak(c, ) (k) <O> cosz + O0(& + Ea + a?),
+

as &, a — 0.
To proceed, we take the L?(T) x L?(T)-inner products of the above and (4.3.10), and we

make a lengthy and complicated, but explicit, calculation to show that

<£¢1: ¢1> :<['¢2> ¢2>
__ %ig k. ()2 (k) + 1) + O(E + Ea + a?),
<‘C¢17 ¢2> = - <‘C¢27 ¢1>

:%g? (ke (k) + %kﬁcgw(k)) (2 (k) +1) + O( + €+ a?),

2

<‘C¢17 ¢3> :m<[’¢17 ¢4>

_ 3i§a<2hgc(k)% +enn(k) + ékc; (k) + 2))

ww

+0(& + a+a’)
as £, a — 0, where hy is in (4.2.7). Moreover,

<‘C¢27 ¢3> :<£¢27 ¢4> =0 + O(E?) + £2a + a2)7

(£bs 1) = = i () (Oh 515 520 +2) + 2b(cn L))

+0(& + a+a®),
(Los, dy) =0+ O(E + Ea+ a?),
(Lops, @) =i&co(k)(cl, (k) +8) + O(&7 + E%a + a?),
(Ls, ) =(LPy, ¢3) = z&(ciw(k:) —4)+ 0(53 + fza + 0’2)7
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and

1 2 k)y—1 1
(i) == iga(Gleh 43200 + 14 3hacd () 520 + 5H(E. L)

+0(& + &a+a?),
Ly, ) =3a(cL (8) + (E(F) +1) + O+t a?),
(L, dy) =ikl (k) + O + a+a)

as £, a — 0, where hy is in (4.2.7).
Continuing, we take the L?(T) x L?(T)-inner products of (4.3.10) and we make an explicit

calculation to show that

Co(K)”

2 (k) £1 O(&* + &%a + a?),

(@1, 1) =(dy, Po) = %(Ciw(k) +1) - Zfsz
<¢17 ¢2> :<¢27 ¢1> = 0 + 0(63 + §2a + CL2),

(618 =65, 80) = a1 = 3 =0 ) 4 0 4 a s ),

<¢17 ¢4> :<¢4, ¢1> = ia wa(k)(ciw(k) 6— 12h2) + O(§3 + €2a + a2)

as &, a — 0, where hy is in (4.2.7). Moreover,

(@2, P3) =(P3, Pa) = 2(Py, ) = 2(y, P3) = lifa%

(@3, 3) =(Pu, @u) = i, (k) + 4+ O + Ea+a?),
<¢37¢4> :<¢47¢3> =0 + 0(53 +§ a+a )

O(&* + %a+ a?),

as &, a — 0.
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Together, (4.4.1) becomes

00 00O
1 0O 0 00
Lo =g+ [0 00
01 00
—kd, (k) 0 0 0
0 —kd (k) 0 0
+i€ 0 0 . (k)cvsz(k)+8 2 (k)—4
2 (k)+4 A (k) +4
; (o RN N (%
2 (k)+4 2 (k)+4
00 2 enlk) 0 00 0
0 00 0 1 0O 0 00
+1€a L —€a
¢ 0 00 0 gcv%w(k)+4 Lsy; 0 0 0
0 0 0 0 Ly 000
0O 1 00
1, 1000
+ =&°k(2¢ (k) + k(K +O0(& + %a + a?
sered k. m) | 0 0 o s gaa)
0 0 0

as &, a — 0, where

3Cun (k) A (k)—1 1, 2 (k)+2

L=-— P 1) - = S \¥) T 2

2 (k)+1 ( ha A2 (k)+2 + ZkCWW(k)CV%W(k) +1’
Ak)+1 1., ,

L31 —wa(k) (6h2m -+ Q(CWWUﬂ) + 2) + 2/€(CWWCWW)(]€)) R

Lan =2 (e 0 32, () + ) + 3mac? () ==Ly L oy
7\ 8]+ 30 RGP
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and hy is in (4.2.7). Moreover, (4.4.2) becomes

00 1-3n k) Con(k) (362, (k) + 2 — 3hy)
, 22 (k)42 v N 2 o
I(§,a) =1+ a— 00 0
2 (k)+1 00 0
0 0 0
00 0
1 0 0 0
+CL2— 02 (k))
k)+4 1 —3hy— T — 00 0
) 2cv%w(k) +2
con(k) (362, (k) +3 —=3hy) 0 0 0
0 0 0 0
B liﬁa k(cewc., ) (k) 0 0 2(c2 (k) +4) &2 (k)+4
27 (2 (k) + 122 (k) +4) |0 2 (k)+1
0 A2 (k)+1

+O0(€* + a + ad?)
(4.4.5)

as &, a — 0, where I means the 4 x 4 identity matrix. Note that the coefficient matrices are
explicit functions of k.
For a =0, (4.4.4) and (4.4.5) become

—ke. (k) 0 0 0
0 —kd.__ (k) 0 0
. 2 2 _
e I T B
R 1 e
2 k)14 e k)14
0 1 00
1 2 / " -1 000 3
— 2
R W) TR R) [ O
0 0 00

and I(£,0) =T as £ — 0. It is then easy to verify that the roots of det(L — AI)(&,0) coincide
with the eigenvalues iw(+1 + ¢, —) and iw(&, £) of L(£,0) up to terms of order £2 for £ > 0
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and sufficiently small. For £ =0, (4.4.4) and (4.4.5) become

+ O(a?)

o O o O
_ o O O
o O o O
o O o O

and I(0,a) = I4+0O(a) for a — 0. This is reminiscent of the Jordan block structure of £(0, a);

see Lemma 4.3.1.

4.5 The modulational instability index

We turn the attention to the roots of

det(L—AI)(§)(a; %,0,0)
=pa(&, a; k)N + ips(€, a; K)N® + pa(€, as k)N +ipy (€, as k)N + po(€, a5 k) (4.5.1)
=p(\)(§, a; k)

for £ > 0, a € R and &, |a| sufficiently small for & > 0, where L and I are in (4.4.4) and
(4.4.5). Recall that they coincide with the L*(T) x L*(T)-eigenvalues of £(£)(a;k,0,0) in
the vicinity of the origin in C up to terms of orders ¢? and a as &, a — 0.

Note that pg, p1, ..., ps depend analytically on &, a, and k for any £ > 0 and |a| sufficiently
small for any k£ > 0. Recall that the spectrum of £(,a) is symmetric with respect to the
reflection in the imaginary axis for any £ € [0,1/2] and @ € R admissible for any k& > 0.

Hence py, p1, .., ps are real valued. Recall that
spec L(§,a) = spec L(—&, a).

Hence p; and p3 are even in £, whereas pg, pa, ps are odd. Moreover, the spectrum of £(§, a)
remains invariant under @ — —a by (4.2.4) for any £ € [0,1/2] and a € R admissible for any
k > 0. Hence pg, p1, ..., ps are even in a.

For £ =0, Lemma 4.3.1 implies that A = 0 is a root of p(0, a; k) with multiplicity four for
any a € R and |a| sufficiently small for any k£ > 0. Likewise, £ = 0 is a root of p(-,a; k)(0)

with multiplicity four. Thus we may define

q(—iEN) (&, ask) = E4(qu(& as k)N — g3(&, a; k)N — qo (&, a k)N + qu (€, as k)X + qo (€, as k),
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where

pi(& ask) = g€ as k) forj=0,1,...,4. (4.5.2)

Note that qg, q1, ..., q4 are real valued and depend analytically on &, a, and k for any & > 0,
la| sufficiently small and for any k& > 0. Moreover, they are odd in £ and even in a. For a € R
and |a| sufficiently small for £ > 0, by virtue of Section 4.5, a sufficiently small, periodic wave
train n(a; k,0,0), u(a; k,0,0) and c(a; k,0,0) of (4.1.3)-(4.1.2) is modulationally unstable,
provided that q possesses a pair of complex roots for £ > 0 and small.

Let

Ay =256¢5q8 — 192q5 030105 — 128¢3 055 + 14443243 qo
— 27¢3q; + 14401459205 — 6414565 90 — 80044305 q140
+ 18¢4g32q + 16q4g590 — 4qugsq7 — 274392 + 1843420100

— 443q} — 4654590 + B0 q3

and

Ay = —8q4q2 — 343,
Ay =64q3q0 — 16¢3q5 — 16¢ugaqs + 16¢2q3q1 — 35

They classify the nature of the roots of the quartic polynomial g. Specifically, if Ag < 0
then the roots of ¢ are distinct, two real and two complex. If Ag > 0 and A; > 0 then the
roots are distinct and complex. If Ag > 0 and if A; < 0, Ay > 0 then the roots of ¢ are
distinct and complex. If Ay > 0 and if A; < 0, Ay < 0, on the other hand, then the roots
are distinct and real. If Ay = 0 then at least two roots are equal; see [HP16b], for instance,
for a complete proof. Note that A is the discriminant of ¢.

Note that Ay, Ay, Ay are even in ¢ and a. We may write
Ao(k; €, a) =:0o(k; €,0) + a®A(k) + O(a*(€ + a?)),

and

as a — 0 for any £ > 0 and sufficiently small for any &£ > 0. We then use (4.4.4), (4.4.5),
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(4.5.1), (4.5.2), and we make a Mathematica calculation to show that
No(k: €, 0) =46k (ke (K)))?* = 1) (ke (k)")* + O(E") > 0,
and

Ay (k;€,0) = = 42+ (cuu(k) + k€, (K)?) + O(€?) <0,
Ag(k;€,0) = — 16(1 + 2(cyu (k) + k. (K)?) +O(£*) < 0

as £ — 0 for any k& > 0. Therefore, for a € R, |a| sufficiently small and fixed, if A(k) <0
for some k& > 0 then it is possible to find a sufficiently small £, > 0 such that Ag(k;&,a) <0
and Ay, Ay < 0 for £ € (0,&). Hence ¢ possesses two real and two complex roots for
¢ € (0,&), implying the modulational instability. We pause to remark that one must take £
small enough so that a?A(k) dominates Ag(k;&,0) = O(£?). That means, the modulational
instability is a nonlinear phenomenon. If A > 0, on the other hand, then Ay > 0 and Aq,
Ay < 0 for & > 0 sufficiently small. Hence the roots of ¢ are real for £ > 0 sufficiently small.
Hence this implies the spectral stability in the vicinity of the origin in C.

We use (4.4.4), (4.4.5), (4.5.1), (4.5.2), and we make a Mathematica calculation to find
A explicitly, whereby we derive a modulational instability index for (4.1.3)-(4.1.2). We

summarize the conclusion.

Theorem 4.5.1 (Modulational instability index). A sufficiently small, 27 /k-periodic wave
train of (4.1.3)-(4.1.2) is modulationally unstable, provided that

i1 (k)ia(k)

A(k) := Wu(k) <0, (4.5.3)
where
i1 (k) =(keww (k)" (4.5.4a)
ia(k) =((keo (k)2 = 1, (4.5.4b)
is(k) =c2 (k) — 2 (2k), (4.5.4c)
and
ig(k) =3c2 (k) +5ct (k) — 262 (2k) (2, (k) +2) (4.5.4d)

+ 18k (k). (k) + K* ()2 (k)(5e2 (k) + 4c2_(2k)).
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It 1s spectrally stable to square integrable perturbations in the vicinity of the origin in C

otherwise.

4.6 Results

Since (ke (k)) < 1 for any k > 0 and decreases monotonically over the interval (0,00) by
brutal force, i1(k) < 0 and (k) < O for any & > 0. Since c,, (k) > 0 for any £ > 0 and
decreases monotonically over the interval (0,00) (see Figure 4.1), i3(k) > 0 for any k£ > 0.
Hence the sign of A coincides with that of i,.

We use (4.7.11) and make an explicit calculation to show that

lim “ (kg
k—0+ \/E

Hence A(k) > 0 for k > 0 sufficiently small, implying the modulational stability, and it is

=9 and lim kig(k) = —3.
k—o0

negative for £ > 0 sufficiently large, implying the spectral stability in the vicinity of the
origin in C. Moreover, the intermediate value theorem asserts a root of 74, which changes

the modulational stability and instability.

0.8+
0.6 -
0.4+

0.2+

-02}+

Figure 4.2: The graph of i4(k) for k € (0,2).

It is difficult to analytically study the sign of i, further. On the other hand, a numerical
evaluation of (4.7.11) reveals a unique root k., say, of iy over the interval (0,00) (see Fig-
ure 4.2) such that iq(k) > 0if 0 < k < k. and it is negative if k. < k < co. Upon close

inspection (see Figure 4.3), moreover, k. = 1.610.... We summarize the conclusion.

Corollary 4.6.1 (Critical wave number). A sufficiently small, 27 /k-periodic wave train of
(4.1.3)-(4.1.2) is modulationally unstable if k > k., where k. = 1.610... is a unique root of iy
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0.8
0.6 -
0.4

0.2+
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0.5 .0 1.5 2.0
-0.2+

Figure 4.3: The graph of i4(1.61k7!) for k € (0, 2).

in (4.7.11) over the interval (0,00). It is spectrally stable to square integrable perturbations
in the vicinity of the origin in C if 0 < k < k..

Corollary 4.6.1 qualitatively states the Benjamin-Feir instability of a Stokes” wave. For-
tuitously, the critical wave number compares reasonably well with that in [BH67, Whi67]
and [BM95]. The critical wave number for the Whitham equation is 1.146. . .; see [HJ15a],
for instance.

We point out that the critical wave number in [BH67, Whi67] and [BM95] was determined
by an approximation of the numerical value of some explicit function of k, which seems diffi-
cult to calculate analytically. Therefore, it is not surprising that the proof of Corollary 4.6.1

ultimately relies on a numerical evaluation of the modulational instability index (4.5.3).

4.7  The full-dispersion shallow water equation-II

We derive a modulational instability index for (4.1.4)-(4.1.2). The details of the proof follow

along Sections 4.2-4.6. We briefly present the main ideas and record relevant expressions.
By a traveling wave of (4.1.4)-(4.1.2), we mean a stationary solution of form (9, u)(z,t) =

(n,u)(z —ct) for some ¢ > 0. Further, we take 1 and u to be 27-periodic functions of z = kzx.

The result becomes, by quadrature,

—cn+ ciw(k|82|)u +un = (1 — )by,
(4.7.1)

1
—cu+n+ §u2 = (1 — c*)bs,

for some by, by € R.
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The existence of a smooth 7 and wu satisfying (4.7.1) follows from a Lyapunov-Schmidt

procedure. The small amplitude expansion of solutions is given as

n(a; k, by, bo)(2) =no(k, b1, by) + ace, (k) cos z + e (1) a(k) (b1 (k) + ba) cos 2
1 1
2 ! _ 1 2
+a (cww(k:)ho 1 + <cww(k:)h2 4) cOS 2z> + O(a(a + by + b2)?),

u(a; k, by, b)(2) =ug(k, by, by) + acos z 4+ a®(hg + hy cos 22) + O(a(a + by + by)?),

and

1

3 1
c(a; k, by, b2) :co(/{:, b1, bg) + §a2 (h() + §h2 - 8CWW(]€)

) +Ola(a + by +b)?)
as a, by, by — 0;

10(k, b1, b2) = bicy (k) + by + O((by + b2)?),
ug(k, b1, by) = by + bacy (k) + O((by + b2)?),

and
ol by bs) = con(k) + by 4+ —— 522 (k) + 1) + O((by + bs)?)
0\, V1,02) — Cyw 2 1 QCWW(k’) 2 J— 1 2
as by, by — 0, where
3 Cuw(k) 3 Cone (K)
hg = oS \W)d By =2 . 47.4
T a2 —1 M T ie )~ e 2k (4.7.4)

We linearize (4.1.4)-(4.1.2) about n and u in the coordinate frame moving at the speed

¢ > 0 and seek a solution of the form v(z,t) = e*'v(2), A € C, to arrive at

_ —c? —
AV =0, (C = (k) 77) v =: L(a; k)v.

—1 c—Uu

Using Floquet theory, the L?(R) x L?(R)-spectrum of £ is decomposed into L*(T) x L?(T)
spectra of L(&,a)’s for £ € (—1/2,1/2] defined by

L& a)v(E) = e‘igzﬁe’fzv(f).

For any & € (—1/2,1/2], the L*(T) x L*(T)-spectrum of £(£,a) consists of eigenvalues with
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finite multiplicities. A straightforward calculation shows that zero is an eigenvalue of £(0, 0)
with multiplicity four. For |a| # 0, zero continues to be an eigenvalue of £(0,a) with a four-
dimensional generalized eigenspace. For |{| and |a| small, we are interested in the eigenvalues
of L({,a) bifurcating from the zero eigenvalue of £(0,a). For this purpose, we extend the
eigenspace for the zero eigenvalue of £(0,a) to construct a four-dimensional eigenspace for

the bifurcating eigenvalues of L£(,a), for |£| and |a| small. This eigenspace is spanned by
(see Lemma 4.3.1)

_ (e (R) cos z + i e (k) ! sin z
¢1(€7G’)(z) - ( 1 ) + gcng(kj) +1 <—CWW<I€)>

a —Cone (k) (1 4 4y, (k) R2)
4e,, (k) 1 — e, (k)hy

X g 4CWW(k3)h2 —1
2 4hy

+

) cos 2z + E*pycos z + O(E% + €2a + a?),

_ (e h) sinz — 1 e (k) ! oS 2
¢2<§,a><z>—( 1 ) fcaw<k>+1(_cw<k>> (4.75)

i g 4CWW(kJ)h2 —1
2 4hsy

¢5(&,a)(2) = (QCWW(k)> +a <(1)> cos z — éﬁkacww(kJ) (é) +O0(€* + Ea + a?),

) sin 2z + E2pysin z + O(E* + €2a + a?),

-1

1 a 1 1 5 51 3 9 9
¢4(&a)(z) = (20ww(/€)> + ) (O) cos z — Ef k <0> +0( +&a+a”)

up to orders of €% and a as &, a — 0, where hy is in (4.7.4) and

(cun(d))E)
Cng(k> +1 / QCWW—_ —(c cl/
ww( ) C‘%W(k) + 1 ( AL ww)(k)

DO | —

P2 =

For [¢| and |a| small, the four eigenvalues of L(,a) bifurcating from zero eigenvalue
coincide with the roots of det(L — AI) up to orders of % and a (see [Kat76, Section 4.3.5],
for instance, for details), where

L(&,CL) — (<£(£7&)¢k(faa)7(:bé(gaa»)kz1234 (476)

<¢k(€7 a)? ¢k(€> a))
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and

_ <¢k(€va)7¢€(§7a>>
H&a) = <<¢k<§, 2), ul&,0)) ) o 4D

where ¢, ¢y, @3, ¢, are in (4.7.5) and (,) means the L?(T) x L*(T)-inner product. This
amounts to the fact that restricted on a four-dimensional eigenspace, £(£, a) can be defined
by the 4 x 4 matrix L(, a) obtained by calculating its action on the basis {¢, @5, @5, d,}.
Therefore, the eigenvalues of the resulting matrix are given by the roots of its characteristic
polynomial det(L — AI), where I is the projection of the identity onto the eigenspace.

We omit all the details of the calculation as it is very similar to FDSW-I and report that
(4.7.6) becomes

00 0O
1 00 00
L(¢,a) ==a(c (k) +1
(€0 =qa@ W+ |
01 00
—kd_ (k) 0 0 0
it 0 —kd (k) 0 0
v 42 (k)45 4c2  (k)—1
0 0 Corw (’f)24cnggk§+1 - 4cngék;+1
4c2, (k)—1 4c2 . (k)—3
0 0 a2 (k)1 wa(k)_4cng(k)+_1 (4.7.8)
0 0 2¢,,(k) 1 0O 00O
0 0 0 0 0O 0 0O
+1€a L +1€a
¢ 0 0 0 0 €2(4cv%w(k)+1) Ls; 000
00 0 0 Ly 0 0 0
0O 1 00
1 -1 0 0 0
+ —€%k(2c, (k) + k" (k) +O0(€* + a +a?)
2 0 0 0
0 0 0
as &, a — 0, where
1
L= (4cu (B) (1 = & (k)ho — ke (k) (k) — 1 —=5¢ (K)),

20, (k) (2 (k) +1)
Ly =4c,, (k) (1 — 2 _(k)hy — 2 — 2 _(k),

Ly = (dew (B) (1 = €5, (k) ha — 2(c5 (k) + 1) — 4 (K)),

1
2¢,w (k)

7



and hy is in (4.7.4). Moreover, (4.7.7) becomes

0 0 214 (k) +1) 0
ey (K)(1 = 2¢2 (K))hs — 1 0 0 0 0
HE a) =T+ a4cww<k>(<c§i<k> n 1>E4(>:3)vwfk> Dlemiio o o
0 0 0 0
0 0 0 204 (k)+1)
Y 1 — 6cu (k) he 0 00 0
I EROENERCE ] R 0
2 (ky+1 0 0 0
: k. (k
e (L) + DA, (R) - 1)
0 0 0 0
0 0 4oy, (K)(42 (k) +1) 2(4c2 (k) +1)
0 2c,.(k)(A (k) +1) 0
0 cv%w( ) +1 0
+O0(&* + &a+ a?)
(4.7.9)

as &, a — 0, where I is the 4 x 4 identity matrix. The analysis of the roots of quartic
polynomial, det(L — AI), in A can be analyzed using discriminants (see Section 4.5, for

details), and we derive a modulational instability index for (4.1.4) and (4.1.2) given by

A(k) == %u(z@), (4.7.10)

where

and

ig(k) =9¢2 (k)ig(k) +i3(k)(3 + 15c2_ (k) + 6kcy. (k) (k) — K (., (k))?). (4.7.11)

Again, a straightforward analysis shows that i1(k) < 0 and iy(k) < O for any & > 0
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while i3(k) > 0 for any & > 0. A numerical evaluation of (4.7.11) reveals a unique root
k. = 1.008... of iy over the interval (0,00) such that iy(k) > 0if 0 < k < k. and it is
negative if k. < k < oo (see Figures 4.4 and 4.5). Therefore, a sufficiently small 27 /k-
periodic traveling wave of (4.1.4) and (4.1.2) is modulationally unstable if £ > k.. It is
modulationally stable if 0 < k < k.

0.8+
0.6 -
0.4

0.2+

05 1.0 15 Vo
-0.2+

Figure 4.4: The graph of i4(k) for k € (0,2).

0.8+
0.6 -
04+

0.2+
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0.5 .0 1.5 2.0
-0.2+

Figure 4.5: The graph of i4(1.008%~!) for k € (0, 2).
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Chapter 5

The Effects of Surface Tension

In this chapter, we consider the effects of surface tension on modulational instability. The
full-dispersion shallow water models can be easily modified to incorporate surface tension.
The existence of periodic traveling waves can be established by Lyapunov-Schmidt procedure
same as in zero surface tension case. The Floquet-Bloch theory and perturbation analysis
can be applied as it is and we derive a modulational instability index. We obtain a stability
diagram for each model in k — kv/T plane and compare the results with the physical problem
obtained in [DR77] and [Kaw75].

5.1 The equation

The full-dispersion shallow water models can be modified to incorporate surface tension by

replacing ¢, (k) by ¢, (k;T), where,

tanh k
Cou(k; T) := \/(1+Tk:2) al; , (5.1.1)

where T is the coefficient of surface tension. In this chapter, we compare the effects of surface
tension on modulational instability in the Whitham equation (3.1.3), full-dispersion shallow
water equations (4.1.3) and (4.1.4) and full-dispersion Camassa-Holm equation (3.2.1) with

surface tension. The results of this chapter appeared in [Panl7].

Properties of ¢, (-;7): For any T" > 0, since
(ks T) = (1L +Th*)eZ (k),

note that ¢ (-;T) is even and real analytic, and ¢2 (0;T) = 1. Moreover, 2 (|0,|; T) may
be regarded equivalent to 1+ |d,| in the L?-Sobolev space setting. In particular, ¢ (]0,];T) :
Hs* (R) — H*(R) for any s € R.

When T > 1/3, note that ¢,,(-;7) increases monotonically and unboundedly away from
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the origin. When 0 < T < 1/3, on the other hand, ¢ (0;7) = 0, ¢/ (0;7) < 0 and
Cow(k;T) — 00 as k — oo. Hence c,,,(-;T) possesses a unique minimum over the interval

(0, 00); see Figure 5.1.

(a) < (b)
Figure 5.1: Schematic plots of ¢, (-;7T) when (a) T'>1/3 and (b) 0 < T < 1/3.

5.2 Periodic traveling waves

Here the existence proof follows along the same line as that in Sections 2.2, 3.2 or 4.2.
Interested reader may look at [HJ15b] for the Whitham equation, [HP16a] and [Pan17] for
the full-dispersion shallow water equations (4.1.3) and (4.1.4) respectively and [HP17] for

the full-dispersion Camassa-Holm equation.

The main difference from the zero surface tension case in the existence proof is the kernel
of the linearized operator. When T' > 1/3, since ¢, (k; T) < ¢, (nk; T) for any n = 2,3, ...
pointwise in R (see Figure 5.1a), the kernel and co-kernel of the linearized operator is two
dimensional. Hence, non-constant solutions bifurcate from the constant solution.

When 0 < T < 1/3, on the other hand, for any integer n > 2, it is possible to find
some k such that ¢, (k;T) = c,(nk;T) (see Figure 5.1b). If ¢, (k;T) # cu(nk;T) for
any n = 2,3,... then the kernel and co-kernel of the linearized operator is likewise two
dimensional. Hence, non-constant solutions bifurcate from the constant solution. But if
Cow(k; T) = ¢y (nk; T') for some integer n > 2, resulting in the resonance of the fundamental

mode and the n-th harmonic, then the kernel is four dimensional.

To proceed, for any T' > 0, for any k£ > 0 satisfying
Coe(K; T) # Coy(nk; T), n=23..., (5.2.1)

we may repeat the Lyapunov-Schmidt procedure as in Sections 2.2, 3.2 and 4.2 to establish

that a one parameter family of solutions exist. If ¢, (k;T) = c,.(nk;T) for some integer
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n > 2 for some k > 0 then the proof breaks down.

5.3 The modulational stability index

The modulational instability analysis developed in earlier chapters can be applied as it is.

The modulational instability index is given by

in(k; T)ia(k; T)
iz(k; T)

A(k;T) = ig(k;T), (5.3.1)

where

i1(k; T) =(keoo(k; T))",
io(k; T) =((kew (k7)) = 1 =2 i545 (ks T),
i3(k; T) =2, (ks T) — 2, (2k; T) =2 a4 (k3 T),

ww

and

ig(k; T) =(2i5 + 15 )(k; T), for Whitham,

ia(k: T) :(32'; —iyiy + 6iy — LR (5Tiy + 34i5) + k(19805 + 352'?7)) (k;T), for FDCH,

is(k;T) =32 (k;T) + 5ct_(k;T) — 2¢2 (2k; T) (2 (k;T) +2) + 18ke>_(k; T, (k; T)
+ k(. ) (k; T) (52 (k; T) + 42 (2k; T)), for FDSW-I,
ig(k; T) =9¢2 (k; T)ig(k; T) + is(k; T) (3 + 152, (k; T))

+i3(k; T) (6kc, (k; T)e. (k; T) — K*(c._(k; T))?), for FDSW-II.

A sufficiently small, 27/k-periodic wave train is modulationally unstable, provided that
A(k;T) < 0. It is spectrally stable to square integrable perturbations in the vicinity of
the origin in C otherwise. A change in sign of A(k;7T) and thus, in stability occurs when
one of the factors i;’s, j = 1,2,3,4 vanishes. Notice that for a fixed T', all these factors
explicitly depend on the wave number k, the phase velocity ¢, (k; 1), and the group velocity
(kcyw(k; T)). Therefore, the vanishing of each of the factor is associated with some resonance
in the wave (see [HP16a]). Specifically,

(R1) i1(k;T) is derivative of the group velocity and therefore, if 7;(k;T') = 0 at some k, the

group velocity achieves an extremum at the wave number k;

(R2) i9(k;T) is the difference between the group velocity and the phase velocity in the long
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wave limit as k — 0, that is, ¢, (0;T) = +1 and therefore, if i5(k;T") = 0 at some k;

it results in the “resonance of short and long waves;”

(R3) i3(k; T) is the difference between the phase velocities of the fundamental mode, +e¢,,, (k)
and second harmonic, +c,,,(2k; T') and therefore, i3(k; T) = 0 at some k implies “second

harmonic resonance;”

(R4) i4(k;T) is the only factor which captures the nonlinearity, and we expect iy(k;T) to

vanish when dispersion effects balance the nonlinear effects.

We describe the modulational instability through the diagram, Figure 5.2. In k-kv/T
plane, four curves are corresponding to each mechanism split the plane into three regions
of stability and three regions of instability. Any fixed T > 0 corresponds to a line passing
through the origin of slope v/T.

For 0 < T < 1/3, the line crosses all the curves producing three intervals of stable wave
numbers and three intervals of unstable wave numbers. Therefore, for 0 < 7' < 1/3, all the
four mechanisms (R1) to (R4) contribute towards modulational instability.

On the other hand, for 7" > 1/3, the line through the origin only crosses the Curve 4
corresponding to i4(k; T) = 0, see Figure 5.2. In this case, the modulational instability is
caused only by the mechanism (R4) similar to the case T'= 0. For every T" > 1/3, there
is a critical wave number k.(7T') such that a sufficiently small 27 /k-periodic traveling wave
is modulationally unstable if & > k.(7"). The limit limy_, k.(7") is finite for the physical
problem, FDSW-I and FDCH but infinity for the Whitham and FDSW-II equations. The

result becomes inconclusive for 7' = 1/3.

The effects of surface tension on modulational instability in all these models along with the
full water wave problem have been compared in Figure 5.2. The diagrams corresponding to
model equations, Figure 5.2a,5.2b,5.2¢,5.2d, contain four curves corresponding to each mech-
anism from (R1) to (R4). The diagram corresponding to the physical problem, Figure 5.2e,
has five curves and by a direct comparison with the model equations, it can be deduced that
Curves 2, 3 and 4 are coming from mechanisms (R1), (R2) and (R3) respectively since the
full water wave problem shares dispersion with all these models. Moreover, Curves 1 and 5
of Figure 5.2e can be results of the interaction between dispersion and nonlinearity of the
full water wave problem, like other models.

In Figure 5.2, a fixed T' > 0 corresponds to a line passing through the origin. For small
surface tensions, in the physical problem, the wave numbers are divided into three intervals
of stability and three intervals of instability, see Figure 5.2e. All the models agree with the

physical problem for small surface tensions, more precisely, for 0 < 7" < 1/3.
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The physical problem reveals that for sufficiently large surface tension, the stability changes
to instability only once about a critical wave number much like Benjamin-Feir instability for
T = 0, see Figure 5.2e. In all the models, for 7" > 1/3, there is a critical wave number
k.(T) about which the stability changes to instability and therefore, all the models agree
qualitatively with the physical problem. The difference in models arises when we look at
limy_,o0 k(7). The physical problem suggests that this limit is finite and approximately
equal to 1.121. As we can see from Figure 5.2, limy_, k.(T") diverges for the Whitham
equation and FDSW-II model. In other words, all sufficiently small periodic traveling waves
of the Whitham and FDSW-I model are modulationally stable in the large surface tension
limit, which is unphysical as suggested by the physical problem. On the other hand, for
FDSW-I model, limy_, k.(T') ~ 1.054. Therefore, in the large surface tension limit, the
FDSW-I model explains the effects of surface tension similar to the physical problem. For
the FDCH equation, limy_, k.(7T") ~ 1.283 and it offers an improvement over the Whitham
equation.

The comparative study suggests that although both FDSW-I and FDSW-II are bi-directional
shallow water models extending nonlinear shallow water equations to include full-dispersion

of water waves, the FDSW-I is a better model as far as modulational instability is concerned.
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(a) Whitham

k=1.610 T=1/3/
7/

(d) FDSW-II

(e) Full water wave

Figure 5.2: Stability diagram for sufficiently small, periodic wave trains of models
indicated. “S” and “U” denote stable and unstable regions. In Figures 5.2a-5.2d, solid
curves represent roots of the modulational instability index and are labeled according to
their mechanism. Figure 5.2a, 5.2b, 5.2c and 5.2d are adapted

from [HJ15b], [HP17], [HP16a] and [Panl7] respectively. Figure 5.2¢ is taken from [DR77].
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