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Abstract

Sequential analysis refers to the statistical theory and methods that can be applied to situations where
the sample size is not fixed in advance. Instead, the data are collected sequentially over time, and the
sampling is stopped according to a pre-specified stopping rule as soon as the accumulated information is
deemed sufficient. The goal of this adaptive approach is to reach a reliable decision as soon as possible. This
dissertation investigates two problems in sequential analysis.

In the first problem, assuming that data are collected sequentially from independent streams, we consider
the simultaneous testing of multiple hypotheses. We start with the class of procedures that control the
classical familywise error probabilities of both type I and type II under two general setups: when the
number of signals (correct alternatives) is known in advance, and when we only have a lower and an upper
bound for it. Then we continue to study two generalized error metrics: under the first one, the probability of
at least k£ mistakes, of any kind, is controlled; under the second, the probabilities of at least k; false positives
and at least ko false negatives are simultaneously controlled. For each formulation, the optimal expected
sample size is characterized, to a first-order asymptotic approximation as the error probabilities vanish, and
a novel multiple testing procedure is proposed and shown to be asymptotically efficient under every signal
configuration.

In the second problem, we propose a generalization of the Bayesian sequential change detection problem,
where the change is a latent event that should be not only detected but also accelerated. It is assumed
that the sequentially collected observations are responses to treatments selected in real time. The assigned
treatments not only determine the distribution of responses before and after the change, but also influence
when the change happens. The problem is to find a treatment assignment rule and a stopping rule to
minimize the average total number of observations subject to a bound on the false-detection probability.
We propose an intuitive solution, which is easy to implement and achieves for a large class of change-point
models the optimal performance up to a first-order asymptotic approximation. A simulation study suggests

the almost exact optimality of the proposed scheme under a Markovian change-point model.
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Chapter 1

Introduction

Two classical problems in sequential analysis are sequential hypothesis testing, initiated by Wald’s seminal
paper [75], and quickest change-point detection, pioneered by Shwehart [61] and Page [51]. We refer interested
readers to [35, 71] for an extensive review on the theory, methodology and diverse applications of sequential
analysis. In this dissertation, we study extensions of the classical problems, which are briefly discussed below

and developed in detail in the following chapters.

1.1 Multiple testing with sequential data

When testing simultaneously multiple hypotheses with data collected from a different stream for each hy-
pothesis, there are two natural generalizations of Wald’s sequential framework [75]. In the first one, sampling
can be terminated earlier in some data streams [3, 7, 45]. In the second, which is the focus of Chpater 2
and 3, sampling is terminated at the same time in all streams [17, 18]. The latter setup is motivated by
applications such as multichannel signal detection [73], multiple access wireless network [57] and multisensor
surveillance systems [26], where a centralized decision maker needs to make a decision regarding the pres-
ence or absence of signal, e.g., an intruder, in multiple channels/areas monitored by a number of sensors.
This framework is also motivated by online surveys and crowdsourcing tasks [33], where the goal is to find
“correct” answers to a fixed number of questions, e.g., regarding some product or service, by asking the
smallest necessary number of people.

Specifically, we consider J data streams, each associated with a hypothesis testing problem. At any time
prior to stopping, we collect one observation from each stream, and we decide whether to continue or to stop
the sampling process based on the current and past observations; in the latter case, we need to solve all J
problems based on the information prior to stopping (see Figure 1.1).

In Chapter 2, we consider the class of procedures that control the classical familywise error probabilities
of both type I and type II below given, user-specified levels, under two general setups: when the number of

signals (correct alternatives) is known in advance, and when we only have a lower and an upper bound for



. J No
Time n —»{ Sample (X} , X)) Stop? |——» Timen +1

Past observations J \—b Solve all J testing problems

Figure 1.1: J data streams. X7 is the observation collected from j-th stream at time n.

it. In Chapter 3, we consider two generalized error metrics: ¢) the probability of at least k mistakes of any
kind; 47) the probabilities of at least k; false positives and at least ko false negatives.

For each above formulation, under the independent streams assumption, we 1) characterize the optimal
expected sample size asymptotically as the error probabilities vanish, 2) propose a novel, feasible proce-
dure with non-asymptotic error control, 3) establish its asymptotic efficiency, and 4) quantify the gains of

sequential sampling over fixed-sample schemes.

1.2 Change detection with experimental design

Quickest change detection (QCD), the problem of detecting a change in the statistical properties of streaming
data, arises in applications such as quality monitoring, threat detection, and epidemic control. In the
literature, there are two main formulations: 4) the mechanism that triggers the change is unknown; i)
the change-point follows some prior distribution, and is not affected by observations. Thus, it is neither
permissible nor relevant to influence the change-point, which restricts the applicability of QCD in some
situations. We are in particular motivated by applications in intelligent tutoring systems, and we propose a
new paradigm where the change should be not only detected, but also accelerated.

Specifically, in Chapter 4, we consider a latent binary process {L;}, whose value transits to one at some
unknown change-point (see Figure 1.2). At each time ¢, we select a treatment X; among a number of options
and observe a response Y; whose distribution depends on X; and the latent status L;. Then, based on the
collected responses up to this time, we decide whether to stop and declare that a change has occurred, or
to continue the process, in which case we have to decide the treatment for time ¢ + 1. We assume that the
change is irreversible, and the probability of change at current time is a function of past treatments. Our goal
is to find a treatment assignment rule and a stopping rule to minimize the average number of observations
subject to a bound on the false detection probability. For a class of change-point models, we obtain the
optimal solution using dynamic programming, which however is not always computationally feasible and can
only be obtained numerically. Thus, we propose a novel procedure whose structure is explicit and whose
thresholds are specified via minimizing an upper bound on the sampling cost. In addition, we establish its

asymptotic efficiency under certain conditions.
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Figure 1.2: An assignment rule selects treatment X; based on past responses. If L; 1 = 0, the probability
that L; = 1 depends on the treatments up to time t.



Chapter 2

Sequential multiple testing with prior
information

2.1 Introduction

I Multiple testing, that is the simultancous consideration of K hypothesis testing problems, H(lf versus HF,
1 <k < K, is one of the oldest, yet still very active areas of statistical research. The vast majority of work
in this area assumes a fixed set of observations and focuses on testing procedures that control the familywise
type I error (i.e., at least one false positive), as in [28, 29, 46], or less stringent metrics of this error, as in
[8] and [36].

The multiple testing problem has been less studied under the assumption that observations are acquired
sequentially, in which case the sample size is random. The sequential setup is relevant in many applications,
such as multichannel signal detection [21, 47], outlier detection [40], clinical trials with multiple end-points [4],
ultra high throughput mRNA sequencing data [6], in which it is vital to make a quick decision in real time,
using the smallest possible number of observations.

Bartroff and Lai [5] were the first to propose a sequential test that controls the familywise error of
type I. De and Baron [17, 18] and Bartroff and Song [7] proposed universal sequential procedures that
control simultaneously the familywise errors of both type I and type II, a feature that is possible due to
the sequential nature of sampling. The proposed sequential procedures in these works were shown through
simulation studies to offer substantial savings in the average sample size in comparison to the corresponding
fixed-sample size tests.

A very relevant problem to multiple testing is the classification problem, in which there are M hypotheses,
Hy,...,Hy, and the goal is to select the correct one among them. The classification problem has been
studied extensively in the literature of sequential analysis, see e.g. [1, 21, 22, 44, 64, 72|, generalizing
the seminal work of Wald [75] on binary testing (M = 2). Dragalin et al. [22] considered the multiple
testing problem as a special case of the classification problem under the assumption of a single signal in

K independent streams, and focused on procedures that control the probability of erroneously claiming the

IThis chapter is based on my publication [66].



signal to be in stream ¢ for every 1 < ¢ < M = K. In this framework, they proposed an asymptotically
optimal sequential test as all these error probabilities go to 0. The same approach of treating the multiple
testing problem as a classification problem has been taken by Li et al. [40] under the assumption of an
upper bound on the number of signals in the K independent streams, and a single control on the maximal
mis-classification probability.

We should stress that interpreting multiple testing as a classification problem does not generally lead to
feasible procedures. Consider, for example, the case of no prior information, which is the default assumption
in the multiple testing literature. Then, multiple testing becomes a classification problem with M = 2K
categories and a brute-force implementation of existing classification procedures becomes infeasible even for
moderate values of K, as the number of statistics that need to be computed sequentially grows exponentially
with K. Independently of feasibility considerations, to the best of our knowledge there is no optimality theory
regarding the expected sample size that can be achieved by multiple testing procedures, with or without
prior information, that control the familywise errors of both type I and type II. Filling this gap was one of
the motivations of this Chapter.

The main contributions of the current Chapter are the following: first of all, assuming that the data
streams that correspond to the various hypotheses are independent, we propose feasible procedures that
control the familywise errors of both type I and type II below arbitrary, user-specified levels. We do so
under two general setups regarding prior information; when the true number of signals is known in advance,
and when there is only a lower and an upper bound for it. The former setup includes the case of a single
signal considered in Dragalin et al. [21, 22], whereas the latter includes the case of no prior information,
which is the underlying assumption in Bartroff and Song [7], De and Baron [17, 18]. While we provide
universal threshold values that guarantee the desired error control in the spirit of the above works, we also
propose a Monte Carlo simulation method based on importance sampling for the efficient calculation of non-
conservative thresholds in practice, even for very small error probabilities. More importantly, in the case
of independent and identically distributed (i.i.d.) observations in each stream, we show that the proposed
multiple testing procedures attain the optimal expected sample size, for any possible signal configuration,
to a first-order asymptotic approximation as the two error probabilities go to zero in an arbitrary way. Our
asymptotic results also provide insights about the effect of prior information on the number of signals, which
are corroborated by a simulation study.

The remainder of the Chapter is organized as follows. In Section 2.2 we formulate the problem mathemat-
ically. In Section 2.3 we present the proposed procedures and show how they can be designed to guarantee

the desired error control. In Section 2.4 we propose an efficient Monte Carlo simulation method for the



determination of non-conservative critical values in practice. In Section 2.5 we establish the asymptotic
optimality of the proposed procedures in the i.i.d. setup. In Section 2.6 we illustrate our asymptotic re-
sults with a simulation study. In Section 2.7 we conclude and discuss potential generalizations of our work.

Finally, we present two useful lemmas for our proofs in Section 2.8.

2.2 Problem formulation

Consider K independent streams of observations, X* := {XF : n € N}, k € [K], where [K] := {1,..., K}
and N := {1,2,...}. For each k € [K], let P* be the distribution of X*, for which we consider two simple
hypotheses,

H(’)C : Pk = P’g versus HY : PF =Pk

where P§ and P} are distinct probability measures on the canonical space of X*. We will say that there
is “noise” in the k*" stream under P’g and “signal” under P¥. Our goal is to simultaneously test these K
hypotheses when data from all streams become available sequentially and we want to make a decision as
soon as possible.

Let F, be the o-field generated by all streams up to time n, ie., F, = o(X1,...,X,), where X,, =
(X1 ..., XEK). We define a sequential test for the multiple testing problem of interest to be a pair (7, d)
that consists of an {F, }-stopping time, T, at which we stop sampling in all streams, and an Fp-measurable
decision rule, d = (d*,...,d¥), each component of which takes values in {0,1}. The interpretation is that
we declare upon stopping that there is signal (resp. noise) in the k" stream when d* = 1 (resp. d* = 0).
With an abuse of notation, we will also use d to denote the subset of streams in which we declare that signal
is present, i.e., {k € [K]: d¥ = 1}.

For any subset A C [K] we define the probability measure

K Pk, ifk¢g A
PA::®P’€; Pk — 0 ,

k=1 Pk, itke A

such that the distribution of {X,,,n € N} is P4 when A is the true subset of signals, and for an arbitrary



sequential test (7', d) we set:

{ASdy={@\H)#0=J{& =1},

JgA

{dS A} = {(A\d) # 0} = | J{d" =0}

ke A

Then, P4 (A < d) is the probability of at least one false positive (familywise type I error) and P 4 (d < A) the
probability of at least one false negative (familywise type II error) of (T, d) when the true subset of signals
is A.

In this Chapter we are interested in sequential tests that control these probabilities below user-specified
levels o and B respectively, where «, 8 € (0,1), for any possible subset of signals. In order to be able to
incorporate prior information, we assume that the true subset of signals is known to belong to a class P of

subsets of [K], not necessarily equal to the powerset, and we focus on sequential tests in the class
Ao g(P) :={(T,d) : PA(A<Sd) <a and P4 (d S A) <f for every Ac P}.

We consider, in particular, two general cases for class P. In the first one, it is known that there are
exactly m signals in the K streams, where 1 < m < K — 1. In the second, it is known that there are at
least £ and at most u signals, where 0 < £ < u < K. In the former case we write P = P,, and in the latter
P = Pe,u, where

P ={ACIK]:|Al=m}, Pru:={AC[K]:{<|A <u}.

When ¢ = 0 and v = K, the class Py, is the powerset of [K], which corresponds to the case of no prior
information regarding the multiple testing problem.

Our main focus is on multiple testing procedures that not only belong to A, g(P) for a given class P, but
also achieve the minimum possible expected sample size, under each possible signal configuration, for small
error probabilities. To be more specific, let P be a given class of subsets and let (T, d*) be a sequential test
that can designed to belong to A, g(P) for any given «, 8 € (0,1). We say that (T, d*) is asymptotically

optimal with respect to class P, if for every A € P we have as «, 5 — 0

E[T*] ~ inf E[T],
AT it o) AlT]

where E 4 refers to expectation under P4 and z ~ y means that z/y — 1. The ultimate goal of this Chapter

is to propose feasible sequential tests that are asymptotically optimal with respect to classes of the form P,



and Py .

2.2.1 Assumptions and notations

Before we continue with the presentation and analysis of the proposed multiple testing procedures, we will
introduce some additional notation, and impose some minimal conditions on the distributions in each stream,
which we will assume to hold throughout the Chapter.

First of all, for each stream k € [K] and time n € N we assume that the probability measures P% and P¥
are mutually absolutely continuous when restricted to the o-algebra F¥ = o(XF¥,..., X¥), and we denote by
dP}

Me(n) :=log dp

2ot ) 1)

the cumulative log-likelihood ratio at time n based on the data in the k' stream. Moreover, we assume
that for each stream k € [K] the probability measures P§ and P¥ are singular on F% := o(U,enFF), which
implies that
Pk ( lim A\(n) = —oo) =P} ( lim A\(n) = oo) =1. (2.2)
n—00 n—00
Intuitively, this means that as observations accumulate, the evidence in favor of the correct hypothesis
becomes arbitrarily strong. The latter assumption is necessary in order to design procedures that terminate

almost surely under every scenario. We do not make any other distributional assumption until Section 2.5.

We use the following notation for the ordered, local, log-likelihood ratio statistics at time n:
AV () > > M) (),
and we denote by i1(n),...,ix(n) the corresponding stream indices, i.e.,
AE) (n) = A (), for every k € [K].

Moreover, for every n € N we denote by p(n) the number of positive log-likelihood ratio statistics at time
n, i.e.,

A (n) > . > AP (p) > 0 > AP () > > AE)(p),



For any two subsets A,C C [K] we denote by A€ the log-likelihood ratio process of P4 versus Pe, i.e.,

dP 4

MC(n) = log dT)C(fn) = > M) = > A(n), neN (2.3)
ke A\C keC\A
Finally, we use | - | to denote set cardinality, for any two real numbers x,y we set x A y = min{z,y} and

x Vy = max{x,y}, and for any measurable event I" and random variable Y we use the following notation

EA[Y;T] := / YdP 4.
T

2.3 Proposed sequential multiple testing procedures

In this section we present the proposed procedures and show how they can be designed in order to guarantee

the desired error control.

2.3.1 Known number of signals

In this subsection we consider the setup in which the number of signals is known to be equal to m for
some 1 < m < K — 1, thus, P = P,,,. Without loss of generality, we restrict ourselves to multiple testing

procedures (T, d) such that |d| = m. Thus, the class of admissible sequential tests takes the form
Aag(Pm) ={(T,d) : Pa(d# A) <aAp for every A € Py},
since for any A € P, and (T, d) such that |d| = m we have

{ASdt = {ds A} = {d# A}

~

In this context, we propose the following sequential scheme: stop as soon as the gap between the m-th and
(m + 1)-th ordered log-likelihood ratio statistics becomes larger than some constant ¢ > 0, and declare that
signal is present in the m streams with the top log-likelihood ratios at the time of stopping. Formally, we

propose the following procedure, to which we refer as “gap rule”:

T = inf {n > 1: MM (p) — X+ () > C} )
(2.4)

dg == {il(TG)v ce 77;m(TG)}'



Here, we suppress the dependence of (T, dg) on m and c to lighten the notation. The next theorem shows

how to select threshold ¢ in order to guarantee the desired error control.

Theorem 2.1. Suppose that assumption (2.2) holds. Then, for any A € P,, and ¢ > 0 we have P4(Tg <
o0) =1 and

Pa(dg #A) <m(K —m)e ‘. (2.5)

Consequently, (Tg,dg) € Aq,g(Pm) when threshold c is selected as
¢ = |log(a A B)| + log(m(K —m)). (2.6)
Proof. Fix A € Py, and ¢ > 0. We observe that T < T¢,, where

T4 = inf {n > 1: 0 () = A" () > ¢, i1 (n) € A, i (n) € A}
(2.7)
=inf{n>1:\(n) — X (n) >c for everyk € Aand j ¢ A} .

Due to condition (2.2), it is clear that P 4(T/, < o0o) = 1, which proves that T is also almost surely finite
under P 4. We now focus on proving (2.5). The gap rule makes a mistake under P 4 if there exist k € A and

j & A such that the event I'y ; = {N (Tg) — \*(T¢) > ¢} occurs. In other words,

{da # A = | Twy

keA,j¢g A

and from Boole’s inequality we have

Palda #A) < D Palry)
keA,j¢g A

Fix k€ A,j ¢ Aand set C = AU{j}\ {k}. Then, from (2.3) we have that A€ = \* — )\ and from Wald’s

likelihood ratio identity it follows that

PA(Tk;) = Ec [exp{A\"C(T6)}: T ;]

= Ec [exp{\*(TG) — N (Tg)}; Thy] < e7°,

(2.8)

where the last inequality holds because M (Tg) — \¥(Tg) > ¢ on I'y ;. Since |A| = m and |A°| = K —m,

from the last two inequalities we obtain (2.5), which completes the proof. O

10



2.3.2 Lower and upper bounds on the number of signals

In this subsection, we consider the setup in which we know that there are at least ¢ and at most u signals
for some 0 < ¢ < u < K, that is, P = Py,,. In order to describe the proposed procedure, it is useful to first
introduce the “intersection rule”, (17, dr), according to which we stop sampling as soon as all log-likelihood
ratio statistics are outside the interval (—a,b), and at this time we declare that signal is present (resp.

absent) in those streams with positive (resp. negative) log-likelihood ratio, i.e.,

Tr:=inf{n >1:A"(n) & (—a,b) for every k € [K]}, 29)

dr == {i1(Tr), - - -y ipr) (T1)},

recalling that p(n) is the number of positive log-likelihood ratios at time n. This procedure was proposed

by De and Baron [17], where it was also shown that when the thresholds are selected as
a=llogpB|+1logK, b=]loga|+logkK, (2.10)

the familywise type-I and type-II error probabilities are bounded by « and 8 for any possible signal config-
uration, i.e., (IT7,dr) € Aa,g(Po.x).
A straightforward way to incorporate the prior information of at least ¢ and at most u signals in the

intersection rule is to modify the stopping time in (2.9) as follows:
mpi=1inf {n >1:¢ < p(n) < uand \*(n) & (—a,b) for every k € [K]}, (2.11)

while keeping the same decision rule as in (2.9). Indeed, stopping according to 75 guarantees that the number
of null hypotheses rejected upon stopping will be between ¢ and u. However, as we will see in Subsection
2.5.3, this rule will not in general achieve asymptotic optimality in the boundary cases of exactly ¢ and
exactly u signals. In order to obtain an asymptotically optimal rule, we need to be able to stop faster when

there are exactly £ or u signals, which can be achieved by stopping at

71 := inf {n >1: A () < —a, A (n) = AHD(n) > c} ,

and 73 := inf {n >1: MW (n) > b, XW(n) = X\ () > d} )

respectively. Here, ¢ and d are additional positive thresholds that will be selected, together with a and b, in

order to guarantee the desired error control.

11



We can think of 7 as a combination of the intersection rule and the gap rule that corresponds to the case
of exactly £ signals. Indeed, 7 stops when K — ¢ log-likelihood ratio statistics are simultaneously below —a,
but unlike the intersection rule it does not wait for the remaining ¢ statistics to be larger than b; instead,
similarly to the gap-rule in (2.4) with m = £, it requires the gap between the top ¢ and the bottom K — ¢
statistics to be larger than c. In a similar way, 73 is a combination of the intersection rule and the gap rule
that corresponds to the case of exactly u signals.

Based on the above discussion, when we know that there are at least £ and at most u signals, we propose

the following procedure, to which we refer as “gap-intersection” rule:

TG[ = min{Tl,Tg,Tg}, dGI = {il(TGI),...,ip/(TGI)}, (212)

where p’ := (p(Tgr) A €) V u is a truncated version of the number of positive log-likelihood ratios at Tgr,
ie., if p’ =€ when p(Tgr) < £, p' = u when p(Tgr) > v and p’ = p(Ter) otherwise. In other words, we stop
sampling as soon as one of the stopping criterion in 71, 7 or 73 is is satisfied, and we reject upon stopping
the null hypotheses in the p’ streams with the highest log-likelihood ratio values at time Tg;.

As before, we suppress the dependence on ¢, u and a, b, c,d in order to lighten the notation. Moreover,
we set A0 (n) = —oo and AE+1)(n) = oo for every n € N, which implies that if £ = 0, then 7, = oo, and
if u = K, then 73 = co. When in particular £ = 0 and v = K, that is the case of no prior information,
Tgr = 72 and (Tgr, dgr) reduces to the intersection rule, (77, dr), defined in (2.9).

The following theorem shows how to select thresholds a,b,c,d in order to guarantee the desired error

control for the gap-intersection rule.

Theorem 2.2. Suppose that assumption (2.2) holds. For any subset A € Py, and positive thresholds

a,b,c,d, we have P4 (Tgr < 00) =1 and

PAA S dar) < |A° (e7" +]Ale70),

(2.13)
Pa(dar S A) < |A] (e_a + A e_d) )
In particular, (Tar,dar) € Aa,s(Pew) when the thresholds a,b, ¢, d are selected as follows:
a=|logp|+log K, d=|logp|+log(uk),
(2.14)

b=lloga|+log K, c¢=|logal+log((K —{)K).

12



Proof. Fix A€ Py, and a,b,c,d > 0. Observe that Ty < 7o < 74, where
mp=1inf{n >1: =X (n) >a, \¥(n) > b for every k € A,j ¢ A}. (2.15)

Due to assumption (2.2), P 4(75 < 00) = 1, which proves that T is also almost surely finite under P 4. We
now focus on proving the bound in (2.13) for the familywise type-II error probability, since the corresponding

result for the familywise type-I error can be shown similarly. From Boole’s inequality we have

patder 5.4 =2 (U by =01} < 3Py 0. 210

ke A ke A

Fix k € A. Whenever the gap-intersection rule mistakenly accepts HY, either the event Ty, := {\¥(Tgr) <
—a} occurs (which is the case when stopping at 71 or 72), or there is at least one j ¢ A such that the event

Ty = {N(Tar) — \¥(Ter) > d} occurs (which is the case when stopping at 73). Therefore,
{dér = 0} C T U (Ujgals,;),
and from Boole’s inequality we have

Pa(dé; =0) <Pa(Ty)+ Y Pa(Th,).
JgA

Identically to (2.8) we can show that for every j ¢ A we have P4 (T'x ;) < e~¢. Moreover, if we set C = A\ {k}
(note that C' ¢ Py, but this does not affect our argument), then A = A\* and from Wald’s likelihood

ratio identity we have
P4(Ty) = Ec [exp{/\A’c(TGI)};Fk] =Ec¢ [exp{)\k(TGI)};Fk] <e

Thus,
Pa(dg; =0) <e ™+ (K — [A])e™?,

which together with (2.16) yields

Pa(dar SA) <|A|(e™* + |Ac|e_d) < Al (Ke ™)+ |'/;t{ill(u[(e_d).

K

Therefore, if the thresholds are selected according to (2.14), then Ke~® = 3 and uKe~% = 3, which implies

13



that
| A]
K

S B =5,

A
Palder S 4) < 2lg 1

and the proof is complete. O

2.4 Computation of familywise error probabilities via
importance sampling

The threshold specifications in (2.6) and (2.14) guarantee the desired error control for the gap rule and
gap-intersection rule respectively, however they can be very conservative. In practice, it is preferable to
use Monte Carlo simulation to determine the thresholds that equate (at least, approximately) the maximal
familywise type I and type II error probabilities to the corresponding target levels o and [, respectively.
Note that this needs to be done offline, before the implementation of the procedure.

When a and g are very small, the corresponding errors are “rare events” and plain Monte Carlo will
not be efficient. For this reason, in this section we propose a Monte Carlo approach based on importance
sampling for the efficient computation of the familywise error probabilities of the proposed multiple testing
procedures.

To be more specific, let A C [K] be the true subset of signals and consider the computation of the
familywise type I error probability, P 4(A < d), of an arbitrary multiple testing procedure, (T, d). The idea
of importance sampling is to find a probability measure P* , under which the stopping time T is finite almost
surely, and compute the desired probability by estimating (via plain Monte Carlo) the expectation in the
right-hand side of the following identity:

PA(ASd) =EL [(AL) AL,

~

which is obtained by an application of Wald’s likelihood ratio identity. Here, we denote by A% the likelihood
ratio of P% against P 4 at time T, i.e.,

P

A =
AT dP4

(‘FT)a

and by E¥ the expectation under P%. The proposal distribution P% should be selected such that A% is
“large” on the event {A < d} and “small” on its complement. This intuition will guide us in the selection

of P% for the proposed rules.

14



For the gap rule (T, ds) we suggest the proposal distribution to be a uniform mixture over the set of

distributions {P 4ugj1\(k}, &k € A, j & A}, ie.,

PG = P 2.17
A |-AH c‘ Z Z AU{i\{k}> ( )

keEAj¢A

whose likelihood ratio against P4 at time T is

MG = T 2 O eV (Te) — M(Te)).

keA jgA

Then, on the event {A < dg} there exists some k € A and j ¢ A such that M (Tg) — A\¥(Tg) > ¢, which
leads to a large value for AG. On the other hand, on the complement of {A < dg}, {de = A}, we have
N(Tg) — N (Tg) < —c for every k € A, j ¢ A, which leads to a value of AG close to 0.

For the intersection rule (77,d;) we suggest the proposal distribution to be a uniform mixture over

{PAU{j}aj ¢ A}7 i'e'7

P.{‘t = |A° Z P.AU{]}a (218)
JgA

whose likelihood ratio against P4 at time T} takes the form

AL = |.A“ Zexp{)\] Tr)}.
JgA
Note that on the event {A < d;} there exists some j ¢ A such that A\ (7;) > b, which results in a large
value for Al;. On the other hand, on the complement of {4 < d;} we have M (1) < —a for every j ¢ A,
which results in a value of A% close to 0.
Finally, for the gap-intersection rule we suggest to use Pf4, the same proposal distribution as in the
intersection rule, when ¢ < |A| < u. In the boundary case, i.e. |A| = £ or |A| = u, we propose the following

mixture of Pfi and Pf4:

Al e I
PG + P
T+]A AT 1474 A

GI ._
P71 =

In Section 2.6 we apply the proposed simulation approach for the specification of non-conservative thresh-
olds in the case of identical, symmetric hypotheses with Gaussian i.i.d. data. We also refer to [65] for an

analysis of these importance sampling estimators.
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2.5 Asymptotic optimality in the i.i.d. setup

From now on, we assume that, for each stream k € [K], the observations {X* n € N} are independent
random variables with common density fik with respect to a o-finite measure p* under P*, i = 0,1, such

7

that the Kullback—-Leibler information numbers

¥ ft

are both positive and finite. As a result, for each k € [K] the log-likelihood ratio process in the k‘" stream,

defined in (2.1), takes the form

T fEXD)
Me(n) = log J- neEN,
2.8 )

and it is a random walk with drift D} under P} and —D} under PE.

Our goal in this section is to show that the proposed multiple testing procedures in Section 2.3 are
asymptotically optimal. Our strategy for proving this is first to establish a non-asymptotic lower bound on
the minimum possible expected sample size in A, g(P) for some arbitrary class P, and then show that this
lower bound is attained by the gap rule when P = P, and by the gap-intersection rule when P = Py, as
a, 8 — 0.

2.5.1 A lower bound on the optimal performance

In order to state the lower bound on the optimal performance, we introduce the function

o(2,y) = log (ﬁy) +(1-2)log (T) oy e (), (2.19)

and for any subsets C, A C [K] such that C # A we set

o(a, B), ifC\A#0, A\NC=10,
Yac(a, B) =9 (8, ), ifC\A=10, A\C #0,
ola, B) V p(B,a), otherwise.

Theorem 2.3. For any class P, A€ P and o, 8 € (0,1) such that o + 8 < 1 we have

inf E4[T] > ma 14c(@:f)

x . 2.20
(T.d)EA 5(P) T CEPCEA Y ane DY + Xeeva D6 (220)
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Proof. Fix (T,d) € A, g(P) and A € P. Without loss of generality, we assume that E4[T] < oo. For any
C € P such that C # A, the log-likelihood ratio process A, defined in (2.3), is a random walk under P 4

with drift equal to

EANC()]= )Y DY+ > D,

kEA\C keC\A

since each A* is a random walk with drift D¥ under P¥ and —D} under P§. Thus, from Wald’s identity it

follows that
_ EAMC(T)]
Skeave DT+ Xheara D6

and it suffices to show that for any C € P such that C # A we have

EA[T]

EADC(T)] = yacla, B). (2.21)

Suppose that C\ A # () and let j € C \ A. Then, from Lemma 2.3 in the Section 2.8 we have

€A [VCD)] = Jlog A D] 2 0 (Pal@ = 1),Pe(@ =0)).

By the definition of A, 5(P), we have P4(d’ = 1) < a and P¢(d’ = 0) < 3. Since the function ¢(z,y) is

decreasing on the set {(x,y) : * +y < 1}, and by assumption a4+ 8 < 1, we conclude that if C \ A # ), then

EANY(T)] > ¢(a, B).

With a symmetric argument we can show that if A\ C # 0, then

EAE(T)] = ¢(B, ).

The two last inequalities imply (2.21), and this completes the proof. O

Remark 2.1. By the definition of ¢ in (2.19), we have

o(a, B) = [log B (1 +0(1)), ¢(B,a)=]logal(l+o(1)) (2.22)

as «, 8 — 0 at arbitrary rates.
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2.5.2 Asymptotic optimality of the proposed schemes

In what follows, we assume that for each stream k € [K] we have:

AN
/ (log (ﬁ)) fRdu* < 00, i=0,1. (2.23)
1

Although this assumption is not necessary for the asymptotic optimality of the proposed rules to hold, it
will allow us to use Lemma 2.4 in the Section 2.8 and obtain valuable insights regarding the effect of prior

information on the optimal performance. Moreover, for each subset A C [K] we set:

A : k A : J
:= min DY, = min Dy,
n ke A ! Mo Jj¢A 0
and, following the convention that the minimum over the empty set is co, we define: 7y = n([)K] = 00.

Known number of signals

We will first show that the gap rule, defined in (2.4), is asymptotically optimal with respect to class Py,
where 1 < m < K — 1. In order to do so, we start with an upper bound on the expected sample size of this

procedure.

Lemma 2.1. Suppose that assumption (2.23) holds. Then, for any A € Py, as ¢ — oo we have

EalTg] < v S + O (m(K —m)\/c).

Proof. Fix A € P,,. For any ¢ > 0 we have Tg < T(,, where T¢, is defined in (2.7), and it is the first time
that all m(K — m) processes of the form A\* — A\ with k € A and j ¢ A exceed c. Due to condition (2.23),
each \¥ — M\ with k € A and j ¢ A is a random walk under P4 with positive drift D¥ + Dg and finite second

moment. Therefore, from Lemma 2.4 it follows that as ¢ — oo:

-1
Ealre] <, ayin, (DF+ D)) +0 (mlx ~m)va),

€A jEA
and this completes the proof, since minge 4 j¢.4(Df + D}y =0t + ngt. O
The next theorem establishes the asymptotic optimality of the gap rule.

Theorem 2.4. Suppose assumption (2.23) holds and let the threshold c in the gap rule be selected according
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to (2.6). Then for every A € P,,, we have as o, — 0

_ Noglenp)| inf 4[],

E AT
AlTc] S (T.d)€Aa,5(Pum)

Proof. Fix A € Pp,. If thresholds are selected according to (2.6), then from Lemma 2.1 it follows that as
a,B—=0
1 A
EAlTe] < 18N (m(K—m)\/|log(a/\,8)|). (2.24)

0t + gt
Therefore, it suffices to show that the lower bound in Theorem 2.3 agrees with the upper bound in (2.24) in
the first-order term as «, 8 — 0. To see this, note that for any C € P, such that C # A we have C\ A # 0
and A\ C # (), and consequently

’Y.A,C(aaﬁ) = w(avﬂ) \ 90(570[)

This means that the numerator in (2.20) does not depend on C. Moreover, if we restrict our attention to
subsets in P, that differ from A in two streams, i.e., subsets of the form C = AU {j} \ {k} for some k € A
and j ¢ A, for which

> Di+ > Dj=D}+ D],
i€ A\C i€C\A

then we have
i D Dy| < min | Df+DY| =nft 4t
CePmC#A Z 1+_Z O = hedjga 1P| =
i€ A\C i€C\A

By the last inequality and Theorem 2.3 we obtain the following non-asymptotic lower bound, which holds

for any «, 8 such that o+ < 1:

5 max{p(e, B), ¢(B, o)}

inf EA|T] >
(T,d)EA o5 (Prm) 7] nit + gt

By (2.22), we have as o, 8 — 0

max{p(a, 8), p(8,a)} = [log(ar A B)[ (1 + o(1)).

Consequently,

£, (1) > s n Bl

in A = 1 + o 1 )
(T.d)EAa 5(Prm) nt + gt )

19



which completes the proof. O

Remark 2.2. It is interesting to consider the special case of identical hypotheses, in which ff = fi and
f& = fo, and consequently D¥ = Dy and D = Dy for every k € [K]. Then, ni* = Dy and n5' = Dy
for every A C [K], and from Theorem 2.4 it follows that the first-order asymptotic approximation to the
expected sample size of the gap rule (as well as to the optimal expected sample size within Ay g(Pm)),
[log(ar A B)|/(D1 + Dy), is independent of the number of signals, m. We should stress that this does not
mean that the actual performance of the gap rule is independent of m. Indeed, the second term in the
right-hand side of (2.24) suggests that the smaller m(K — m) is, i.e., the further away the proportion of
signals m/K is from 1/2, the smaller the expected sample size of the gap rule will be. This intuition will be

corroborated by the simulation study in Section 2.6 (see Figure 2.2).

Lower and upper bounds on the number of signals

We will now show that the gap-intersection rule, defined in (2.12), is asymptotically optimal with respect to
class Py, for some 0 < ¢ < u < K. As before, we start with establishing an upper bound on the expected

sample size of this rule.

Lemma 2.2. Suppose that assumption (2.23) holds. Then, for any A € Py, we have as a,b,c,d — oo

max {a/ng", ¢/(ng' +ni")} (1 +0(1)) if |Al=¢
EalTer] < 4 max {a/ng', b/n{'} + O(KVa Vv b) if {<|Al<u

max {b/n{* , d/(ng' +n{")} (1 +o0(1)) i Al =u

Furthermore, if c —a = O(1) and d — b = O(1), then

a/ng' + O((K — )\/a) if |Al=¢
EalTcr] < (2.25)

b/n{* + O(uv/b) if |Al=u
Proof. Fix A € Py, By the definition of the stopping time T,
EalTcr] < min {E4[m1], Eal72], Eal7s]} -

Suppose first £ < |A| < u and observe that 7o < 75, where 74 is defined in (2.15). Under condition (2.23),

for every k € Aand j ¢ A, —N and A\* are random walks with finite second moments and positive drifts

20



Dg and D¥, respectively. Therefore, from Lemma 2.4 we have that
Ealrs) < max {a/ng', b/n{'} + O(KVaVb).
Suppose now that |A| = ¢ and observe that 7, < 71, where
7] i=inf{n >1:=M(n) >a, \¥(n) =N (n)>c forevery k € A,j ¢ A},

where —\/ and A\¥ — M are random walks with finite second moments and positive drifts Dg and DY + D67
respectively. The result follows again from an application of Lemma 2.4. If in addition we have that

¢—a=0(1), then 7y <7/, where
" i=1inf{n >1: =X (n) >a, \N¥(n) >c—a forevery ke A,j ¢ A}.

Therefore, the second part of the lemma follows again from an application of Lemma 2.4. O
The next theorem establishes the asymptotic optimality of the gap-intersection rule.

Theorem 2.5. Suppose that assumption (2.23) holds and let the thresholds in the gap-intersection rule be

selected according to (2.14). Then for any A € Py, we have as o, — 0

E AT ~ inf EAlT
AlTar] (T,d)eiri,g(m,u) AlT]

max {|log 8| /ng' , |logal/(ng' +ni')} if |Al=1¢
~ § max {|log 8|/ng" , |logal/ni'} if £<|Al<u-

max {|log oo|/ni* , |log B|/(ng' + nf') } if Al =u

Proof. Fix A € P;,. We will prove the result only in the case that |A| = ¢, as the other two cases can be

proved similarly. If thresholds are selected according to (2.14), then from Lemma 2.2 it follows that

[log 5| |log o
EalTcr) < max{ , (14 0(1)).
m g

Thus, it suffices to show that this asymptotic upper bound agrees asymptotically, up to a first order,

with the lower bound in Theorem 2.3. Indeed, if C is a subset in P, that has one more stream than A, i.e.,
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C=AU{j} for some j ¢ A, then

rac(e, f) G
>icae D1+ 2icava Do D]

Further, consider C = AU {j}/{k} € Py, for some k € A and j ¢ A, then

’Y.A,C(Oévﬁ) _ max{gp(a,,@),gp(,@,a)}

Dieae DI+ Xiecva Db D} + D]

Therefore, from (2.3) it follows that for every «, 8 such that o + 5 < 1

EAIT] > max max{ﬂaﬁ) max{ﬂaﬁ)ﬂp(ﬂ,a)}}

inf — :
(T\d)€Aa,5(Pe.u) T keAjEA D}, DY + D}

{22, e

ngt o0t + gt

From (2.22) it follows that as o, 3 — 0

EA[T] zmax{“"gﬁ', [logal } (1 + (1)),

inf
(T, d)€D a5 (Pr) gt 7 it + gt

which completes the proof. O

2.5.3 The case of no prior information

Recall that when we set £ = 0 and u = K, the gap-intersection rule reduces to the intersection rule, defined
in (2.9). Therefore, setting £ = 0 and v = K in Theorem 2.5 we immediately obtain that the intersection
rule is asymptotically optimal in the case of no prior information, i.e., with respect to class Py ; this is
itself a new result to the best of our knowledge. However, a more surprising corollary of Theorem 2.5 is that
the intersection rule, which does not use any prior information, is asymptotically optimal even if bounds on

the number of signals are available, when the following conditions are satisfied:
(i) the error probabilities are of the same order of magnitude, in the sense that |loga| ~ |log |,
(ii) the hypotheses are identical and symmetric, in the sense that D¥ = D§ = D for every k € [K].

On the other hand, a comparison with Theorem 2.4 reveals that, even in this special case, the intersection
rule is never asymptotically optimal when the exact umber of signals is known in advance, in which case it
requires roughly twice as many observations on average as the gap rule for the same precision level. The

following corollary summarizes these observations.
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Corollary 2.1. Suppose that assumption (2.23) holds and that the thresholds in the intersection rule are

selected according to (2.10). Then, for any A C [K] we have as a, 3 — 0

E_[T7] < max {'bgo‘|, “‘:}*‘éf } + O(K /[ Tog(a A B))). (2.26)

Ui
Further, the intersection rule is asymptotically optimal in the class Ay g(Po.k), i.€., as a, 3 — 0

|loga| [log 8| }
A 0T A ~ n
m Uh) (T,d)eAn,3(Po.x)

EalTy] ~ max{ EA[T].

In the special case that |loga| ~ |log 8| and D¥ = DE = D for every k € [K],

| log af .
R f oo AT A€ P
A D (T,d)eiriﬁ(pzvu) Al[T]  for every 3
|log « .
AlTy] D (T7d)elAna’ﬁ(73m) AlT]  for every A e P,

forevery0 </l <u< K andl <m< K —1.

Remark 2.3. Corollary 2.1 implies that, in the special symmetric case that |loga| ~ |logB| and DY =
D’g = D, prior lower and upper bounds on the true number of signals do not improve the optimal expected
sample size up to a first-order asymptotic approximation. However, a comparison between the second-order
terms in (2.25) and (2.26) suggests that such prior information does improve the optimal performance, an

intuition that will be corroborated by the simulation study in Section 2.6 (see Figure 2.2).
Remark 2.4. In addition to the intersection rule, De and Baron [17] proposed the “incomplete rule”,
(Timax, Amax ), which is defined as

CdE ),

max

Tnax := max{o1,...,0x} and dipax = (d,

max? *

where for every k € [K] we have

1, f (o) > b
o ==1inf {n>1:\(n) ¢ (—a, b}, dr .= INw) 2 . (2.27)

max
0, if \e(op) < —a

According to this rule, each stream is sampled until the corresponding test statistic exits the interval (—a,b),
independently of the other streams. It is clear that, for the same thresholds a and b, Ty < T7. Moreover,

with a direct application of Boole’s inequality, as in De and Baron [17], it follows that selecting the thresholds
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Figure 2.1: The x-axis is |log;o(P4(A < d))]. The y-axis is the relative error of the estimate of the familywise
type-1 error, P 4(A < d), that is the ratio of the standard deviation of the estimate over the estimate itself.
Each curve is computed based on 100, 000 realizations.

according to (2.10) guarantees the desired error control for the incomplete rule. Therefore, Corollary 2.1

remains valid if we replace the intersection rule with the incomplete rule.

2.6 Simulation study

2.6.1 Description

In this section we present a simulation study whose goal is to corroborate the asymptotic results and insights
of Section 2.5 in the symmetric case described in Corollary 2.1. Thus, we set K = 10 and let fF = N (6;,1)
for each k € [K], i = 0,1, where 6y = 0,0; = 0.5, in which case D§ = D¥ = D = (1/2)(61)? = 1/8, and the
distribution of \* under HY is the same as —\* under H}. Furthermore, we set o = 3. This is a convenient
setup for simulation purposes, since the expected sample size and the two familywise errors of each proposed
procedure are the same for all scenarios with the same number of signals, i.e. for all A’s with the same size.

For any user specified level «, we have two ways to determine the critical value of each procedure.
First, we can use upper bound on the error probability to compute conservative threshold ((2.6) for the gap
rule, and (2.14) for the gap-intersection rule). Second, we can apply the importance sampling technique
of Section 2.4 to determine non-conservative threshold, such that the mazimal familywise type I error
probability is controlled ezxactly at level . As we see in Figure 2.1, the relative errors of the proposed Monte
Carlo estimators, even for error probabilities of the order 10~8, are smaller than 1.5% for the gap rule, 8%

for the gap-intersection rule, 1% for the intersection rule.
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Gap rule

First, we consider the case in which the number of signals is known to be equal to m (P = Pp,) for
m € {1,...,9}, and we can apply the corresponding gap rule, defined in (2.4). Due to the symmetry of our
setup, the expected sample size E 4[T] and the error probability P 4(dg # A) are the same for A € P, and
A € Py _m; thus, it suffices to consider m in {1,...,5} , and an arbitrary A € P, for fixed m.

We start with non-conservative critical value determined by Monte Carlo method. For each m € {1,3,5}
and some A € P,,, we consider a’s ranging from 1072 to 10~8. For each such o, we compute the threshold
¢ in the gap-rule that guarantees a = maxycp,, Pa(dg # A), and then the expected sample size E4[T¢]
that corresponds to this threshold. In Figure 2.2a we plot E4[T¢] against |log;o(e)| when m = 1,3,5. In
Table 2.1a we present the actual numerical results for ¢ = 10.

In Figure 2.2a we also plot the first-order asymptotic approximation to the optimal expected sample size
obtained in Theorem 2.4, which in this particular symmetric case takes the form |logal|/(2D) = 4]log .
From our asymptotic theory we know that the ratio of E4[T] over this quantity goes to 1 as a — 0, and
this convergence is illustrated in Figure 2.2b.

Further, in Figure 2.3a we present for the case P = P3 the expected sample size of the gap rule when
its threshold is given by the explicit expression in (2.6), and compare it with the corresponding expected

sample size that is obtained with the sharp threshold, which is computed via simulation.

Gap-intersection rule

Second, we consider the case in which the number of signals is known to be between 3 and 7 (P = Py, = P3.7),
and we can apply the gap-intersection rule, defined in (2.12). Due to the symmetry of the setup and
Lemma 2.2, we set a = b and ¢ = d = b+ log(u) = b + log(7).

As before, we consider a’s ranging from 1072 to 107%. For each such «, we obtain the threshold b
such that max4 P4(A < dgr) = «, where the maximum is taken over A € P, ,, and then compute the
corresponding expected sample size E4[Tg ] for every A € Py ,. In Figure 2.2c we plot E4[T¢ ] against
|logqo ()| for |A| = 3 and 5, since by symmetry E 4[T¢] is the same for |A| = k and 10 — k, and the results
for |A| = 4 and 5 were too close. This is also evident from Table 2.1b, where we present the numerical
results for b = 10. In the same graph we also plot the first-order asymptotic approximation to the optimal
performance obtained in Theorem 2.5, which in this case is |log a|/D = 8|log a|. By Theorem 2.5, we know

that the ratio of E4[T¢s] over 8|log | goes to 1 as a — 0, which is corroborated in Figure 2.2d.
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Intersection versus incomplete rule

Finally, we consider the case of no prior information (P = Py 19), in which we compare the intersection
rule with the incomplete rule. This is a special case of the previous setup with £ = 0 and v = K, but now
the expected sample size (for both schemes) is the same for every subset of signals A, which allows us to
plot only one curve for each scheme in Figure 2.2e (non-conservative critical value is used). In the same
graph we also plot the first-order approximation to the optimal performance, |log«|/D = 8|log «|, whereas
in Figure 2.2f. we plot the corresponding normalized version.

Further, in Figure 2.3b we present the expected sample size of the intersection rule when its threshold is
given by the explicit expression in (2.14), and compare it with the corresponding expected sample size that

is obtained with the sharp threshold, which is computed via simulation.

2.6.2 Results

There are a number of conclusions that can be drawn from the presented graphs. First of all, from Figure 2.2a
it follows that the gap rule performs the best when there are exactly m = 1 or 9 signals, whereas its
performance is quite similar for m = 3,4,5. As we mentioned before, this can be explained by the fact that
the second term in the right-hand side in (2.24) grows with m(K — m).

Second, from Figure 2.2c we can see that the gap-intersection rule performs better in the boundary cases
that there are exactly 3 or 7 signals than in the case of 5 signals, which can be explained by the second order
term in (2.25).

Third, from Figure 2.2e we can see that the intersection rule is always better than the incomplete rule,
although they share the same prior information.

Fourth, from the graphs in the second column of Figure 2.2 we can see that all curves approach 1, as
expected from our asymptotic results; however, the convergence is relatively slow. This is reasonable, as we
do not divide the expected sample sizes by the optimal performance in each case, but with a strict lower
bound on it instead.

Fifth, comparing Figure 2.2a with Figure 2.2c and 2.2e, we verify that knowledge of the exact number
of signals roughly halves the required expected sample size in comparison to the case that we only have a
lower and an upper bound on the number of signals.

Finally, we see by Tables 2.1a and 2.1b that the upper bounds (2.5) and (2.13) on the error probabilities
are very crude. Nevertheless, from Figure 2.3a and 2.3b, we observe that using these conservative thresholds
in the design of the proposed procedures leads to bounded performance loss as the error probabilities go to

0 relative to the case of sharp thresholds, obtained via Monte Carlo simulation. This is expected, as the
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expected sample size scales with the logarithm of the error probabilities.

m Pa(dg # A) Ea(Te) Upper bound
1 | 5.041E-05 (3.101E-07) | 64.071 (0.157) 4.086E-4

3 | 6.034E-05 (5.343E-07) | 78.386 (0.157) 9.534E-4

5 | 6.145E-05 (5.859E-07) | 81.070 (0.156) 1.135E-3

(&) P =Pm. (Tg,dc) with ¢ = 10.
4] Pa(A S dar) Ea(Ter) Upper bound
3 | 3.653E-05 (5.447E-07) | 142.173 (0.264) 4.540E-04
4 | 3.144E-05 (2.189E-07) | 152.873 (0.264) 4.281E-04
5 | 2.621E-05 (1.825E-07) | 152.895 (0.263) 3.891E-04
7 | 3.104E-07 (1.340E-08) | 142.363 (0.270) 2.724E-04
(b) P ="P3,7. (Tar,dgr) with b = 10.

Table 2.1: The standard error of the estimate is included in the parenthesis.
error control given by (2.5) for the first table and by (2.13) for the second.

The upper bound is on the

2.7 Conclusions

We considered the problem of simultaneously testing multiple simple null hypotheses, each of them against a
simple alternative, in a sequential setup. That is, the data for each testing problem are acquired sequentially
and the goal is to stop sampling as soon as possible, simultaneously in all streams, and make a correct
decision for each individual testing problem. The main goal of this Chapter was to propose feasible, yet
asymptotically optimal, procedures that incorporate prior information on the number of signals (correct
alternatives), and also to understand the potential gains in efficiency by such prior information.

We studied this problem under the assumption that the data streams for the various hypotheses are
independent. Without any distributional assumptions on the data that are acquired in each stream, we
proposed procedures that control the probabilities of at least one false positive and at least one false negative
below arbitrary user-specified levels. This was achieved in two general cases regarding the available prior
information: when the exact number of signals is known in advance, and when we only have an upper and
a lower bound for it. Furthermore, we proposed a Monte Carlo simulation method, based on importance
sampling, that can facilitate the specification of non-conservative critical values for the proposed multiple
testing procedures in practice. More importantly, in the special case of i.i.d. data in each stream, we were
able to show that the proposed multiple testing procedures are asymptotically optimal, in the sense that
they require the minimum possible expected sample size to a first-order asymptotic approximation as the

error probabilities vanish at arbitrary rates.

These asymptotic optimality results have some interesting ramifications. First of all, they imply that any
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Figure 2.2: The x-axis in all graphs is |log;,(a)|. In the first column, the y-axis denotes the expected
sample size under P4 that is required in order to control the mazimal familywise type I error probability
exactly at level a. The dash-dot lines in each plot correspond to the first-order approximation, which is
also a lower bound, to the optimal expected sample size for the class A, o(P); due to symmetry, this lower
bound does not depend on |A| in each setup. In the second column, we normalize each curve by its

corresponding lower bound.
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solid line uses the Monte Carlo approach to determine non-conservative threshold such that the mazimal
familywise type I error is controlled exactly at level a.

refinements of the proposed procedures, for example using a more judicious choice of alpha-spending and
beta-spending functions, cannot reduce the expected sample size to a first-order asymptotic approximation.
Second, they imply that bounds on the number of signals do not improve the minimum possible expected
sample size to a first-order asymptotic approximation, apart from a very special case. On the other hand,
knowledge of the exact number of signals does reduce the minimum possible expected sample size to a first
order approximation, roughly by a factor of 2. These insights were corroborated by a simulation study, which
however also revealed the limitations of a first-order asymptotic analysis and emphasized the importance of
second-order terms.

To our knowledge, these are the first results on the asymptotic optimality of multiple testing procedures,
with or without prior information, that control the familywise error probabilities of both types. However,
there are still some important open questions that remain to be addressed. Do the proposed procedures
attain, in the i.i.d. setup, the optimal expected sample size to a second-order asymptotic approximation as
well? Does the first-order asymptotic optimality property remain valid for more general, non-i.i.d. data in
the streams? While we conjecture that the answer to both these questions is affirmative, we believe that the
corresponding proofs require different techniques from the ones we have used in the current Chapter.

There are also interesting generalizations of the setup we considered in this Chapter. For example, it is
interesting to consider the sequential multiple testing problem when the goal is to control generalized error
rates, such as the false discovery rate [6], instead of the more stringent familywise error rates. Another

interesting direction is to allow the hypotheses in the streams to be specified up to an unknown parameter,
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or to consider a non-parametric setup similarly to Li et al. [40]. Finally, it is still an open problem to design
asymptotically optimal multiple testing procedures that incorporate prior information on the number of

signals when it is possible and desirable to stop sampling at different times in the various streams.

2.8 Two lemmas

2.8.1 An information-theoretic inequality

In the proof of Theorem 2.3 we use the following, well-known, information-theoretic inequality, whose proof

can be found, e.g., in Tartakovsky et al. [71] (Chapter 3.2).

Lemma 2.3. Let Q, P be equivalent probability measures on a measurable space (2,G) and recall the function

@ defined in (2.19). Then, for every A € G we have
dQ .
Ea |lox Gp | 2 # (@), PA").

2.8.2 A lemma on multiple random walks

For the proof of Lemmas 2.1 and 2.2 we need an upper bound on the expectation of the first time that
multiple random walks, not necessarily independent, are simultaneously above given thresholds. We state
here the corresponding result in some generality.

Thus, let L > 2 and suppose that for each [ € [L] we have a sequence of i.i.d. random variables,

{€¢!,)n € N}, such that g = E[¢]] > 0 and Var[¢}] < co. For each [ € [L], let
Sh=> ¢, neN
i=1

be the corresponding random walk. Here, no assumption is made on the dependence structure among these

random walks. For an arbitrary vector (a1, ...,ar), consider the stopping time
T=inf{n>1: S, >aq forevery l € [L]}.

The following lemma provides an upper bound on the expected value of T'. The proof is identical to the one
in Theorem 2 in Mei [47]; thus we omit it. We stress that although the theorem in the reference assumes

independent random walks, exactly the same proof applies to the case of dependent random walks.
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Chapter 3

Sequential multiple testing with
generalized error metrics

3.1 Introduction

! In the early development of multiple testing, the focus was on procedures that control the probability of at
least one false positive, i.e., falsely rejected null [28, 29, 46]. As this requirement can be prohibitive when the
number of hypotheses is large, the emphasis gradually shifted to the control of less stringent error metrics,
such as (i) the expectation [8] or the quantiles [36] of the false discovery proportion, i.e., the proportion of
false positives among the rejected nulls, and (ii) the generalized familywise error rate, i.e., the probability of
at least k > 1 false positives [30, 36]. During the last two decades, various procedures have been proposed
to control the above error metrics [9, 27, 59, 60]. Further, the problem of maximizing the number of true
positives subject to a generalized control on false positives has been studied in [37, 55, 69, 70|, whereas in
[14] the false negatives are incorporated into the risk function in a Bayesian decision theoretic framework.

In this Chapter, we consider the same sequential multiple testing setup as in Chapter 2, but instead
focus on two related, yet distinct, generalized error metrics. The first one is a generalization of the usual
mis-classification rate [39, 45], where the probability of at least k& > 1 mistakes, of any kind, is controlled.
The second one controls generalized familywise error rates of both types [3, 19], i.e., the probabilities of at
least ky > 1 false positives and at least ko > 1 false negatives.

Various sequential procedures have been proposed recently to control such generalized familywise error
rates [3, 5, 7, 17, 18, 19]. To the best of our knowledge, the efficiency of these procedures is understood only
in the case of classical familywise error rates, i.e., when k1 = ko = 1. Specifically, in the case of independent
streams with i.i.d. observations, an asymptotic lower bound was obtained in [66] for the optimal expected
sample size (ESS) as the error probabilities go to 0, and was shown to be attained, under any signal
configuration, by several existing procedures. However, the results in [66] do not extend to generalized error
metrics, since the technique for the proof of the asymptotic lower bound requires that the probability of not

identifying the correct subset of signals goes to 0. Further, as we shall see, existing procedures fail to be

IThis chapter is based on my publication [67].
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asymptotically optimal in general under generalized error metrics.

The lack of an optimality theory under such generalized error control implies that it is not well under-
stood how the best possible ESS depends on the user-specified parameters. This limits the applicability of
generalized error metrics, as it is not clear for the practitioner how to select the number of hypotheses to be
“sacrificed” for the sake of a faster decision.

In this Chapter, we address this research gap by developing an asymptotic optimality theory for the
sequential multiple testing problem under the two generalized error metrics mentioned above. Specifically,
for each formulation we characterize the optimal ESS as the error probabilities go to 0, and propose a novel,
feasible sequential multiple testing procedure that achieves the optimal ESS under every signal configuration.
These results are established under the assumption of independent data streams, and require that the log-
likelihood ratio statistic in each stream satisfies a certain Strong Law of Large Numbers. Thus, even in
the case of classical familywise error rates, we extend the corresponding results in [66] by relaxing the i.i.d.
assumption in each stream.

Finally, whenever sequential testing procedures are utilized, it is of interest to quantify the savings in
the ESS over fixed-sample size schemes with the same error control guarantees. In the case of i.i.d. data
streams, we obtain an asymptotic lower bound for the gains of sequential sampling over any fixed-sample
size schemes, and also characterize the asymptotic gains over a specific fixed-sample size procedure.

In order to convey the main ideas and results with the maximum clarity, we first consider the case that
the local hypotheses are simple, and then extend our results to the case of composite hypotheses. Thus, the
remainder of the Chapter is organized as follows: in Section 3.2 we formulate the two problems of interest in
the case of simple hypotheses. The case of generalized mis-classification rate is presented in Section 3.3, and
the case of generalized familywise error rates in Section 3.4. In Section 3.5 we present two simulation studies
under the second error metric. In Section 3.6 we extend our results to the case of composite hypotheses. We
conclude and discuss potential extensions of this Chapter in Section 3.7. From Section 3.8-3.14, we present
proofs, more simulation studies and a detailed analysis of the case of composite hypotheses. For convenience,

we list in Table 3.1 the procedures that are considered in this Chapter.

3.2 Problem formulation

Consider independent streams of observations, X7 := {X7(n) : n € N}, where j € [J] := {1,...,J} and

N:={1,2,...}. For each j € [J], we denote by PJ the distribution of X7 and consider two simple hypotheses
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Procedure Metric | Section | Main results Conditions for AO
Sum-Intersectionf GMIS 3.3.1 Thrm 3.3 (3.8)
Leapf GFWER | 34.2 Thrm 3.6 (3.8)
Asym. Sum-Intersectionf | GFWER | 3.4.1 Cor 3.2 (3.8) + (3.11) + (3.12)
Intersection both 3.2.2 Cor 3.1/ 3.2 | (3.8) + (3.11) / (3.12)
MNP (fixed sample) both 3.2.3 | Thrm 3.4/ 3.7 Not optimal

Table 3.1: Procedures marked with 1 are novel. Procedures in bold font are asymptotically optimal (AO)
without requiring special structure. GMIS is short for generalized mis-classification rate, and GFWER  for
generalized familywise error rates.

for it,
HJ;) (P = P{) versus Hj1 (P = le. (3.1)

We denote by P4 the distribution of (X1,..., X”) when A C [J] is the subset of data streams with signal,
i.e., in which the alternative hypothesis is correct. Due to the assumption of independence among streams,

P 4 is the following product measure:

J Pl ifjgA
Pai=QQP; P/= (3.2)
i=1 PI, ifjeA.

Moreover, we denote by FJ the o-field generated by the first n observations in the j-th stream, i.e.,
o(X7(1),...,X%(n)), and by F, the o-field generated by the first n observations in all streams, i.e.,
o(Fi, j €[J]), where n € N.

Assuming that the data in all streams become available sequentially, the goal is to stop sampling as soon
as possible, and upon stopping to solve the J hypothesis testing problems subject to certain error control
guarantees. Formally, a sequential multiple testing procedure is a pair 6 = (T, D) where T is an {F,}-
stopping time at which sampling is terminated in all streams, and D an Fp-measurable, J-dimensional
vector of Bernoullis, (D',..., D7), so that the alternative hypothesis is selected in the j-th stream if and
only if DI = 1. With an abuse of notation, we also identify D with the rejected nulls, i.e., the subset of
streams in which the alternative hypothesis is selected upon stopping, i.e., {j € [J] : D’ = 1}.

We consider two kinds of error control, which lead to two different problems. Their main difference is
that the first one does not differentiate between false positives, i.e., rejecting the null when it is correct, and
false negatives, i.e., accepting the null when it is false. Specifically, in the first one we control the generalized
mis-classification rate, i.e., the probability of committing at least k mistakes, of any kind, where k is a

user-specified integer such that 1 < k < J. When A is the true subset of signals, a decision rule D makes at
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least k mistakes, of any kind, if D and A differ in at least k& components, i.e., |A A D| > k, where for any
two sets A and D, A A D is their symmetric difference, i.e. (A\D)U(D\ A), and |-| denotes set-cardinality.

Thus, given tolerance level a € (0,1), the class of multiple testing procedures of interest in this case is

Ag(a) = {(T, D) ma?](] PA(JAA D|>k) < a} .

: AC]
Then, the first problem is formulated as follows:

Problem 3.1. Given a user-specified integer k in [1,J), find a sequential multiple testing procedure that (i)
controls the generalized mis-classification rate, i.e., it can be designed to belong to Ag(«) for any given a,
and (i) achieves the smallest possible expected sample size,

Ni(k,a):=  inf  E4[T),
(k) o o AlT]

for every A C [J], to a first-order asymptotic approzimation as o — 0.

In the second problem of interest in this work, we control generalized familywise error rates of both
types, i.e., the probabilities of at least ki false positives and at least ko false negatives, where ki, ko > 1 are
integers such that k1 + ko < J. When the true subset of signals is A, a decision rule D makes at least k
false positives when |D \ A| > k; and at least ko false negatives when |A \ D| > ky. Thus, given tolerance

levels a, 8 € (0,1), the class of procedures of interest in this case is

Agy ko (o, 8) ={(T, D) : jgncai)](] Pa(|D\A|l > k) <a and

PA(|A\ D| > ko) < .
Imex A([A\ D| > k2) < 8}

Then, the second problem is formulated as follows:

Problem 3.2. Given user-specified integers ki, ko > 1 such that k1 + ko < J, find a sequential multiple
testing procedure that (i) simultaneously controls generalized familywise error rates of both types, i.e., it
can be designed to belong to A, ,(c, B) for any given o, B € (0,1), and (ii) achieves the smallest possible

expected sample size,

N:&(klvk%o‘aﬂ) = EA[T]a

inf
(T,D)EAK ko (a,B)

for every A C [J], to a first-order asymptotic approximation as o and 3 go to 0, at arbitrary rates.
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3.2.1 Assumptions

We now state the assumptions that we will make in the next two sections in order to solve these two
problems. First of all, for each j € [J] we assume that the probability measures P% and P{ in (3.1) are
mutually absolutely continuous when restricted to F7, and we denote the corresponding log-likelihood ratio
(LLR) statistic as follows:
M(n) = logd (F#), forneN.
dP0

For A,C C [J] and n € N we denote by A*:“(n) the LLR of P4 versus P when both measures are restricted

to Fn, and from (3.2) it follows that

AC (n) = log 3:32 =3 N - > N@). (3.4)

JEA\C JjEC\A

In order to guarantee that the proposed multiple testing procedures terminate almost surely and satisfy the
desired error control, it will suffice to assume that

Pi (nlgr;o N (n) = oo) =pi (nlgrgo N (n) = —oo) =1 VjelJ] (3.5)
In order to establish an asymptotic lower bound on the optimal ESS for each problem, we will need the
stronger assumption that for each j € [J] there are positive numbers, I{,Ig, such that the following Strong
Law of Large Numbers (SLLN) hold:

P{<nm N (n) :1{) _ Pg.)(hm N (n) :_Ig) _ (3.6)

n—oo n n—oo n

When the LLR statistic in each stream has independent and identically distributed (i.i.d.) increments, the
SLLN (3.6) will also be sufficient for establishing the asymptotic optimality of the proposed procedures.
When this is not the case, we will need an assumption on the rate of convergence in the SLLN (3.6).

Specifically, we will need to assume that for every e > 0 and j € [J],

i (’ IJ‘ >e> < o0, ZPJ <’>\j7(ln) +I§‘ >e> < o0. (3.7)

Condition (3.7) is known as complete convergence [31], and is a stronger assumption than (3.6), due to the
Borel-Cantelli lemma. This condition is satisfied in various testing problems where the observations in each

data stream are dependent, such as autoregressive time-series models and state-space models. For more
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details, we refer to [71, Chapter 3.4].
To sum up, the only distributional assumption for our asymptotic optimality theory is that the LLR
statistic in each stream

either has i.i.d. increments and satisfies the SLLN (3.6),
(3.8)

or satisfies the SLLN with complete convergence (3.7).

Remark 3.1. If (3.6) (resp. (3.7)) holds, the normalized LLR, A\ (n)/n, defined in (3.4), converges

almost surely (resp. completely) under P4 to

8= N T+ ) T (3.9)

icA\C jEC\A
The numbers T4C and T4 will turn out to determine the inherent difficulty in distinguishing between
P4 and Po and will play an important role in characterizing the optimal performance under P4 and Po

respectively.

3.2.2 The Intersection rule

To the best of our knowledge, Problem 3.2 has been solved only under the assumption of i.i.d. data streams
and only in the case of classical error control, that is when k1 = ko = 1 [66]. An asymptotically optimal

procedure in this setup is the so-called “Intersection” rule, d; := (T, D), proposed in [17, 18], where

Tr:=inf {n>1:N(n) & (—a,b) for every j € [J]}, (310)

Dy:={jeJ]: N(Ty) >0},
and a, b are positive thresholds. This procedure requires the local test statistic in every stream to provide
sufficiently strong evidence for the sampling to be terminated. The Intersection rule was also shown in [19]
to control generalized familywise error rates, however its efficiency in this setup remains an open problem,
even in the case of i.i.d. data streams. Our asymptotic optimality theory in the next sections will reveal that

the Intersection rule is asymptotically optimal with respect to Problems 3.1 and 3.2 only when the multiple

testing problem satisfies a very special structure.
Definition 3.1. We say that the multiple testing problem is

(i) symmetric, if for every j € [J] the distribution of N under Pg is the same as the distribution of —\

under P7,
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(ii) homogeneous, if for every j € [J] the distribution of N under Pz does not depend on j, where i € {0,1}.

It is clear that when the multiple testing problem is both symmetric and homogeneous, we have
T =T =T foreveryj € [J]. (3.11)

In the next sections we will show that the Intersection rule is asymptotically optimal for Problem 3.1 when
(3.11) holds, whereas its asymptotic optimality with respect to Problem 3.2 will additionally require that

the user-specified parameters satisfy the following conditions:

ki =ko and a=p. (3.12)

3.2.3 Fixed-sample size schemes

Let Ayiz(n) denote the class of procedures for which the decision rule depends on the data collected up to

a deterministic time n, i.e.,
Atiz(n) :={(n,D): D C[J] is F,-measurable}.
For any given integers k, k1, ke > 1 with &k, k; + ko < J and a, 8 € (0,1), let

n*(k,a) := inf {n EN: Agii(n) ﬂAk(a) # (D} ,

(3.13)
n*(k1, ke, a, B) := inf {n eN: Ayiz(n) ﬂAkl,kz(a,B) #* (Z)} ,

denote the minimum sample sizes required by any fized-sample size scheme under the two error metrics of
interest. In the case of i.i.d. observations in the data streams, we establish asymptotic lower bounds for the
above two quantities as the error probabilities go to 0. To the best of our knowledge, there is no fixed-sample
size procedure that attains these bounds. For this reason, we also study a specific procedure that runs a

Neyman-Pearson test at each stream. Formally, this procedure is defined as follows:
Snp(n,h) = (n,Dnp(n, k), Dyp(n,h):={j€[J]:N(n)>nh;}, (3.14)
where h = (hy,...,hy) € RY and n € N, and we will we refer to it as multiple Neyman-Pearson (MNP) rule.

In the case of generalized mis-classification rate, we characterize the minimum sample size required by this
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procedure,
nyp(k,a) :=inf{n e N: IneR’, Syp(n,h) € Ap(a)},

to a first-order approximation as  — 0. In the case of generalized familywise error rates, for simplicity of
presentation we further restrict ourselves to homogeneous, but not necessarily symmetric, multiple testing
problems, and characterize the asymptotic minimum sample size required by the MNP rule that utilizes the

same threshold in each stream, i.e.,
ﬁNp(kl,kQ,Oé,B) = inf{n eN:3Jh e R, 5Np(n7hlj) S Akhkz(a,ﬁ)},
where 1; € R” is a J-dimensional vector of ones.

3.2.4 The i.i.d. case

As mentioned earlier, our asymptotic optimality theory will apply whenever condition (3.8) holds, thus,
beyond the case of i.i.d. data streams. However, our analysis of fixed-sample size schemes will rely on large
deviation theory [20] and will be focused on the i.i.d. case. Thus, it is convenient to introduce some relevant
notations for this setup.

Specifically, when for each j € [J] the observations in the j-th stream are independent with common

density f7 relative to a o-finite measure v/, the hypothesis testing problem (3.1) takes the form
H) : f7 = f] versus H] : f = f], (3.15)
and I{,Ig correspond to the Kullback-Leibler divergences between ff and fg, ie.,
2l = [1og (51/88) £l . = [rog (£3/17) 5 (3.16)

In this case, each LLR statistic A’ has i.i.d. increments, and (3.8) is satisfied as long as I{ and Ig are both
positive and finite. For each j € [J], we further introduce the convex conjugate of the cumulant generating

function of M (1)

z€R— ®7(z) :=sup {260 — ¥/ ()}, where ¥/ (0) := log E) [e“j(l)] . (3.17)
9eRr

The value of ®7 at zero is the Chernoff information [20] for the testing problem (3.15), and we will denote
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it as C7, i.e., C7 := ®J(0).
Finally, we will illustrate our general results in the case of testing normal means. Hereafter, N denotes

the density of the normal distribution.

Example 3.1. If f] :./\/(0,0]2.) and f! :./\/'(,uj,crjz) for all j € [J], then
N(1) =05 (X7(1)/nj —1/2),  where ;= p;/o;.
Consequently the multiple testing problem is symmetric and
=T =T = 07/2, ®/(2) = (2+T7)*/(4Z7) for any z € R. (3.18)

3.2.5 Notation

Finally, we collect some notations that will be used extensively throughout the Chapter: C’,g denotes the
binomial coefficient (i)7 i.e., the number of subsets of size k from a set of size J; a V b represents max{a, b};
x ~ y means that lim, z/y = 1 and 2(b) = o(1) that limy 2(b) = 0. N:={1,2,...}, [J] :=={1,...,J}. For

any two sets A, B, A A B is the symmetric difference, (4 \ B) U (B \ A), and | - | denotes set-cardinality.

3.3 Generalized mis-classification rate

In this section we consider Problem 3.1, and carry out the following program: first, we propose a novel
procedure that controls the generalized mis-classification rate. Then, we establish an asymptotic lower
bound on the optimal ESS and show that it is attained by the proposed scheme. As a corollary, we show
that the Intersection rule is asymptotically optimal when (3.11) holds. Finally, we make a comparison with

fixed-sample size procedures in the i.i.d. case (3.15).

3.3.1 Sum-Intersection rule

In order to implement the proposed procedure, which we will denote dg(b) := (Ts(b), Ds (b)), we need at
each time n € N prior to stopping to order the absolute values of the local LLR statistics, |\ (n)]|,j € [J]. If

we denote the corresponding ordered values by

M) <...< N (n),

40



we can think of A (n) (resp. A/ (n)) as the least (resp. most) “significant” local test statistic at time n, in
the sense that it provides the weakest (resp. strongest) evidence in favor of either the null or the alternative.
Then, sampling is terminated at the first time the sum of the k least significant local LLRs exceeds some
positive threshold b, and the null hypothesis is rejected in every stream that has a positive LLR upon
stopping, i.e.,
k ~
Ts(b) :=inf{n>1:> N(n)>byo, Ds(b) :={j € [J]: N(Ts(b))>0}.
j=1

The threshold b is selected to guarantee the desired error control. When k = 1, §s(b) coincides with the
Intersection rule, d;(b,b), defined in (3.10). When k > 1, the two rules are different but they share a similar
flavor, since ds(b) stops the first time all sums of the form 3 ;4 N (n)|, with A C [J] and |A|] = k, are
simultaneously above b. For this reason, we refer to dg(b) as Sum-Intersection rule. Hereafter, we will

typically suppress the dependence of d5(b) on threshold b in order to lighten the notation.

3.3.2 Error control of the Sum-Intersection rule

For any choice of threshold b, the Sum-Intersection rule clearly terminates almost surely, under every signal
configuration, as long as condition (3.5) holds. In the next theorem we show how to select b to guarantee the

desired error control. We stress that no additional distributional assumptions are needed for this purpose.

Theorem 3.1. Assume (3.5) holds. For any « € (0,1) we have ds(by) € Ap(a) when
be = |log(a)| + log(Cy). (3.19)

Proof. The proof can be found in Section 3.9.1. O

The choice of b suggested by the previous theorem will be sufficient for establishing the asymptotic
optimality of the Sum-Intersection rule, but may be conservative for practical purposes. In the absence of
more accurate approximations for the error probabilities, we recommend finding the value of b for which
the target level is attained using Monte Carlo simulation. This means simulating off-line, i.e., before the
sampling process begins, for every A C [J] the error probability P4(|A A Dg(b)| > k) for various values
of b, and then selecting the value for which the maximum of these probabilities over A C [J] matches the
nominal level a.

This simulation task is significantly facilitated when the multiple testing problem has a special structure.

If the problem is symmetric, for any given threshold b the error probabilities coincide for all A C [J], and thus
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it suffices to simulate the error probability under a single measure, e.g., Py. If the problem is homogeneous,
the error probabilities depend only on the size of A, not the actual subset. Thus, it suffices to simulate
the above probabilities for at most (J + 1) configurations. Similar ideas apply in the presence of block-wise
homogeneity.

Moreover, it is worth pointing out that when b is large, we can apply importance sampling techniques to

simulate the corresponding “small” error probabilities, similarly to [65].

3.3.3 Asymptotic lower bound on the optimal performance

We now obtain an asymptotic (as @ — 0) lower bound on N} (k, o), the optimal ESS when the true subset
of signals is A, for any given k > 1. When k = 1, from [72, Theorem 2.2] it follows that such a lower bound
is given by |log(a)|/ mincza T4, where T4 is defined in (3.9). Thus, the asymptotic lower bound when
k =1 is determined by the “wrong” subset that is the most difficult to be distinguished from A, where the
difficulty level is measured by the information numbers defined in (3.9).

The techniques in [72] require that the probability of selecting the wrong subset goes to 0, thus, they do
not apply to the case of generalized error control (k > 1). Nevertheless, it is reasonable to conjecture that
the corresponding asymptotic lower bound when k& > 1 will still be determined by the wrong subset that is
the most difficult to be distinguished from A, with the difference that a subset will now be “wrong” under

P4 if it differs from A in at least k components, i.e., if it does not belong to
U (A) ={C cC[J]:|[AAC| <k}

This conjecture is verified by the following theorem.

Theorem 3.2. If the SLLN (3.6) holds, then for any A C [J], as a — 0,

* | log(a)| : A,C
> —— (1 - = . .
Ni(k, o) > DA(h) (1 —0(1)), where Dy(k) Cé?l}cr(lA)I (3.20)

The proof in the case of the classical mis-classification rate (k = 1) is based on a change of measure from
P4 to P4-, where A* is chosen such that (i) A is a “wrong” subset under P4, i.e., A # A* and (ii) A* is
“close” to A, in the sense that Z44" < Z4C for every C # A (see, e.g., [72, Theorem 2.2]).

When k > 2, there are more than one “correct” subsets under P4. The key idea in our proof is that for
each “correct” subset B € U (A) we apply a different change of measure P4 — Pp-, where B* is chosen

such that (i) B is a “wrong” subset under Pp«, i.e., B ¢ U(B*), and (ii) B* is “close” to A, in the sense
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that I45" < Z4C for every C ¢ Uy (A). The existence of such B* is established in Section 3.9.2, and the

proof of Theorem 3.2 is carried out in Section 3.9.3.

3.3.4 Asymptotic optimality

We are now ready to establish the asymptotic optimality of the Sum-Intersection rule by showing that it

attains the asymptotic lower bound of Theorem 3.2 under every signal configuration.

Theorem 3.3. Assume (3.8) holds. Then, for any A C [J] we have as b — oo that

EA[Ts(b)] < (1+0(1)). (3.21)

Da(k)

When in particular b is selected such that 0g € Ag(a) and b ~ |log(a)|, e.g. as in (3.19), then for every

A C [J] we have as oo — 0
|log al
Da(k)

EalTs] ~ ~ Nk, o).

Proof. If (3.21) holds and b is such that g € Ap(«) and b ~ |log(a)|, then dg attains the asymptotic lower

bound in Theorem 3.2. Thus, it suffices to prove (3.21), which is done in the Section 3.9.4. O

The asymptotic characterization of the optimal ESS, N7 (k, a), illustrates the trade-off among the ESS,
the number of mistakes to be tolerated, and the error tolerance level . Specifically, it suggests that, for
“small” values of «, tolerating k — 1 mistakes reduces the ESS by a factor of D4(k)/Da(1), which is at least
k for every A C [J]. To justify the latter claim, note that if we denote the ordered information numbers

{Z],j € AYU{T},j ¢ A} by IW(A) < ... <TU)(A), then
k ~ .
Da(k) = Y TW(A).
j=1

In the following corollary we show that the Intersection rule is asymptotically optimal when (3.11) holds,

which is the case for example when the multiple testing problem is both symmetric and homogeneous.

Corollary 3.1. (i) Assume (3.5) holds. For any « € (0,1) we have 6;(b,b) € Ag(a) when b is equal to
bo/k, where by, is defined in (3.19).
(i1) Suppose b is selected such that 0;(b,b) € Ag(a) and b ~ |logal/k, e.g., as in (i). If (3.8) holds, then

_ |logal

Eallrl < kDA(1)

(1+ o(1)).
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If also (3.11) holds, then for any A C [J] we have as o — 0 that

| log o
kT

E[T7] ~ ~ N%(k, a).

Proof. The proof can be found in Section 3.9.5. O

Remark 3.2. When (3.11) is violated, the Intersection rule fails to be asymptotically optimal. This will be

illustrated with a simulation study in Section 3.8.2.

3.3.5 Fixed-sample size rules

Finally, we focus on the i.i.d. case (3.15) and consider procedures that stop at a deterministic time, selected
to control the generalized mis-classification rate. We recall that C7 is the Chernoff information in the ;"

testing problem, and we denote by B(k) the sum of the smallest & local Chernoff informations, i.e.,

k

B(k):=Y €Y,

j=1
where C() < C? < ... <€) are the ordered values of the local Chernoff information numbers C;,j € [J].

Theorem 3.4. Consider the multiple testing problem with i.i.d. streams defined in (3.15) and suppose that
the Kullback-Leibler numbers in (3.16) are positive and finite. For any user-specified integer 1 < k < (J+1)/2

and A C [J], we have as o — 0

Da(k) n*(k, ) nyp(k,a) Da(k)
——— (1 1) <
Bek-n ") S M) < Mitha) ~ B
Proof. The proof can be found in Section 3.9.6. O

Remark 3.3. Since any fized time is also a stopping time, the lower bound is relevant only when Da(k) >

B(2k — 1) for some A C [J].

We now specialize the results of the previous theorem to the testing of normal means (a Bernoulli example
is presented in the Section 3.9.7). In Example 3.1 we saw that in the Gaussian case C/ = Z7/4 for every

j € [J], which implies D4 (k) = 4B(k) for every A C [J], and by Theorem 3.4 it follows that

nyp(k,a) ~4Ny(k,o) Y ACIJ].
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That is, for small values of «, the ESS increases by roughly a factor of 4 when utilizing the MNP rule, instead
of the proposed asymptotically optimal Sum-Intersection rule. From Theorem 3.4 it also follows that for

any A C [J] we have

AB(k)

.. nt(ka)
lim inf B2k — 1).

a—0 NZ(k’,O&)

>

If in addition the hypotheses have identical information numbers, i.e., (3.11) holds, this lower bound is
always larger than 2, which means that any fixed-sample size scheme will require at least twice as many

observations as the Sum-Intersection rule, for small error probabilities.

3.4 Generalized familywise error rates of both kinds

In this section we study Problem 3.2. While we follow similar ideas and the results are of similar nature as
in the previous section, the proposed procedure and the proof of its asymptotic optimality turn out to be
much more complicated.

To describe the proposed multiple testing procedure, we first need to introduce some additional notations.
Specifically, we denote by

0<A(n) <... <A ()

the order statistics of positive LLRs at time n, {M(n) : M(n) > 0, j € [J]}, where p(n) is the number of

strictly positive LLRs at time n. Similarly, we denote by

the order statistics of the absolute values of non-positive LLRs at time n, i.e., {=M(n) : M(n) <0, j € [J]},

where g(n) := J — p(n). We also adopt the following convention:

~.

NM(n)=oc if j>p(n), and X (n)=o0 if j> q(n). (3.22)

Moreover, we use the following notation

)\@-(n)(n) =M(n), Vie{l,...,p(n)},

)\Yy(n)(n) = 7>\lj(n), v] S {17 cee 7q(n)}7
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for the indices of streams with positive and non-positive LLRs at time n, respectively. Thus, stream ?1(11)

(resp. 71(n)) has the least significant positive (resp. negative) LLR at time n.

3.4.1 Asymmetric Sum-Intersection rule

We begin by modifying the stopping rule, but not the decision rule, of the Sum-Intersection procedure
(Subsection 3.3.1), in order to account for the asymmetry in the error metric that we consider in this
section. This suggests a procedure dy(a,b) = (79, Dg) that stops as soon as the following two conditions are
satisfied simultaneously: (i) the sum of the k; least significant positive LLRs is larger than b > 0, and (ii)

the sum of the ks least significant negative LLRs is smaller than —a < 0. Formally,

k1 k?z .
To := inf nzl:Z/\j(n)Zb and ij(n)za ,
j=1 j=1

(3.23)

Dy = {] S [J} : )\j(To) > O} = {/7;\1(7-0)7~ .- 7/2.\17(7'0)(7—0)}7

Similarly to the Sum-Intersection rule, this procedure, to which we refer as asymmetric Sum-Intersection
rule, does not require strong evidence from every individual stream in order to terminate sampling. Indeed,
upon stopping there may be insufficient evidence for the hypotheses that correspond to the k1 — 1 least
significant positive statistics and the ko — 1 least significant negative statistics, making them the anticipated
false positives and false negatives, respectively, which we are allowed to make.

We will see that while the asymmetric Sum-Intersection rule can control generalized familywise error
rates of both types, it will not in general be asymptotically optimal. To understand why this is the case, let
A denote true subset of streams with signals and suppose that there is a subset B of ¢ streams with noise,

i.e., B C A° with |B| = ¢, such that ¢ < k; and
T > I > I, VjcA, i€ A°\B, iyeB,

i.e., the hypotheses in streams with signal are much easier than in streams with noise, and the hypotheses
in B are much harder than in the other streams with noise. In this case, the first stopping requirement in
79 will be easily satisfied, but not the second one, since the streams in B will slow down the growth of the
sum of the ko least significant negative LLRs.

These observations suggest that, in the above scenario, the performance of §y can be improved if we
essentially “give up” the testing problems in B, in the sense that we presume that we make ¢ < k; false

positives for testing problems in B. This can be achieved by (i) ignoring the ¢ least significant negative
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statistics in the second stopping requirement of 7y, and asking the sum of the mext ko least significant
negative statistics to be small upon stopping, and (ii) modifying the decision rule to reject the nulls not
only in streams with positive LLR, but also in the ¢ streams with the least significant negative LLRs upon
stopping.

However, if we modify the decision rule in this way, we have spent from the beginning ¢ of the k1 — 1 false
positives we are allowed to make. This implies that we need to also modify the first stopping requirement
in 79 and ask the sum of the k; — £ least significant positive LLRs to be large upon stopping.

If we denote by gg = (7o, ﬁg) the procedure that incorporates the above modifications, then

k1—4¢ l+ko .

7y :=inf nZl:Z)\j(n)zb and Z\)/\](n)Za ,
j=1 j=0+1

De:= {00, iy 7} U T0Fe), - 1)}

where we omit the dependence on a,b in order to lighten the notation.
By the same token, if there are ¢ < k5 streams with signal in which the testing problems are much harder
than in other streams, it is reasonable to expect that dgp may be outperformed by a procedure 8¢ i= (Fe, bg),

where

C+kq N ko—¢ j

F¢ := inf nZl:Z)\i(n)Zband Z)\(n)za
=011 j=1

Dy = {i11(F0), - L ipery (Fe)}-

Figure 3.1 provides a visualization of these stopping rules.

Ty |2t 2 2BM) =2 2P2m) =2 1'"m) >0 = -1'(n) = —/Tz(nzlz —13 (n)

10 [A*) =2 Bm) =2 2Mm) = At(n) >0 = —Zl(n] > —12(n) = -13 (n)

To: |A*(n) = A3(n) = 12(n) = /Tl(n]> 0>-11(n) =>-12(n) = -13(n)

1y E‘*(n) > B3(n) > iz(nzlz ) >0 =>—At(n) = -12m) = -13 )

Figure 3.1: Set J =7, k; = 3, ko = 2. Suppose at time n, p(n) = 4,q(n) = 3. Each rule stops when the
sum of the terms with solid underline exceeds b, and at the same time the sum of the terms with dashed
underline is below —a. Upon stopping, the null hypothesis for the streams in the bracket are rejected. Note
that by convention (3.22), A*(n) = oo, which makes the stopping rule 7 have only one condition to satisfy.
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3.4.2 The Leap rule

The previous discussion suggests that the asymmetric Sum-Intersection rule, defined in (3.23), may be
significantly outperformed by some of the procedures, {3570 < ¢ <k} and {8/@, 1 < ¢ < ka}, under some
signal configurations, when the multiple testing problem is asymmetric and/or inhomogeneous. In this
case, we propose combining the above procedures, i.e., stop as soon as any of them does so, and use the
corresponding decision rule upon stopping. If multiple stopping criteria are satisfied at the same time, we
then use the decision rule that rejects the most null hypotheses.

Formally, the proposed procedure d;, := (T, Dy,) is defined as follows:

Ty, :=min{ min 7,, min 7, p,
0<t<ky 1<0<ksy

J oJU{ U D

0<t<kq1,70=Tr, 1<tl<ko,7¢=TL,

(3.24)
Dy :

and we refer to it as “Leap rule”, because /5\@ (resp. Eg) “leap” across the ¢ least significant negative (resp.

positive) LLRs.

3.4.3 Error control of the Leap rule

We now show that the Leap rule can control generalized familywise error rates of both types.

Theorem 3.5. Assume (3.5) holds. For any o, 8 € (0,1) we have that 61, € Ay, i, (e, B) when the thresholds

are selected as follows:
a = |log(B)| + 10g(2kQCkJQ), b= |log(a)| + log(2le,‘€]1). (3.25)

Proof. The proof can be found in Section 3.10.1. O

The above threshold values are sufficient for establishing the asymptotic optimality of the Leap rule,
but may be conservative in practice. Thus, as in the previous section, we recommend using simulation to
find the thresholds that attain the target error probabilities. This means simulating for every A C [J] the
error probabilities of the Leap rule, P4(|Dpr(a,b)\ A] > k1) and P4(|A\ Dr(a,b)| > k2), for various pairs of
thresholds, a and b, and selecting the values for which the maxima (with respect to A) of the above error
probabilities match the nominal levels, a and 3, respectively.

As in the previous section, this task is facilitated when the multiple testing problem has a special

structure. Specifically, when it is symmetric and the user-specified parameters are selected so that a =
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and k; = ko, i.e., when condition (3.12) holds, then we can select without any loss of generality the thresholds
to be equal (a = b). If the multiple testing problem is homogeneous, the discussion following Theorem 3.1

also applies here.

3.4.4 Asymptotic optimality

For any B C [J] and 1 < /¢ < u < J, we denote by
I(l)(B) < I(IBI)(B)
the increasingly ordered sequence of I{ ,j € B, and by
(1)( B)<...< I(IBI)(B)
the increasingly ordered sequence of Ig, j € B, and we set
1(B; 4,u) ZI(J ), where Iy)(B) =00 for j>|B|,
o(B; 4, u) ZI(J ), where Iéj)(B) =00 for j>|B|.

The following lemma provides an asymptotic upper bound on the expected sample size of the stopping

times that compose the stopping time of the Leap rule.

Lemma 3.1. Assume (3.8) holds. For any A C [J] we have as a,b — oo

N b(1+0(1)) a(l1+o(1))
E < </l<k
alrd < max{pl(A;Lkl 0 Do(Al4 Ll [ SR
- b(1+0(1)) a(l+ o(1))
E < < .
alrd < max{pl(A;H Lith) DoAsLk, -0 =ik
Proof. The proof can be found in Section 3.10.2. O

If thresholds are selected according to (3.25), then the upper bounds in the previous lemma take the

following form

~ | log o | log 5|
La(t; = for <k
Al a, B) maX{Dl(A;Lkl —0) " Do(A% L+ 1,0+ k2) s
|log o | log 3|
_ f
Lall;e,B) = max{pl(A;g_'_ 1,€+ k1) " Do(Ac;1, ke —£) ori<h
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and from the definition of Leap rule in (3.24) it follows that as a,  — 0 we have E4[Tr] < La(ky, k2, o, 8) (14
0(1)), where

La(ky, ko, ,8) := mm{oggg}c Lalt;a,B), Og}g}m LA(E;a,B)}. (3.26)

1

In the next theorem we show that it is not possible to achieve a smaller ESS, to a first-order asymptotic

approximation as «, 8 — 0, proving in this way the asymptotic optimality of the Leap rule.

Theorem 3.6. Assume (3.8) holds and that the thresholds in the Leap rule are selected such that ép €
A, ko (@, B) and a ~ |log(B)|,b ~ |log(a)|, e.g. according to (3.25). Then, for any A C [J] we have as
a, 8 =0,

EA [TL] ~ LA(kl,kQ,a7ﬂ) ~ NZ(kl,kQ,O[,ﬁ).

Proof. In view of the discussion prior to the theorem, it suffices to show that for any A C [J] we have as

a, f — 0 that

Ni(k1, ko, B) > La(k1, ko, o, B) (1 = 0(1)).

For the proof of this asymptotic lower bound we employ similar ideas as in the proof of Theorem 3.2 in the
previous section. The change-of-measure argument is more complicated now, due to the interplay of the two

kinds of error. We carry out the proof in Section 3.10.4. O

Remark 3.4. When k1 = ko = 1, the asymptotic optimality of the Intersection rule was established in [66]
only in the i.i.d. case. Since the Leap rule coincides with the Intersection rule when ky = ko = 1, Theorem

3.6 generalizes this result in [66] beyond the i.i.d. case.

We motivated the Leap rule by the inadequacy of the asymmetric Sum-Intersection rule, Jp, in the
case of asymmetric and/or inhomogeneous testing problems. In the following corollary we show that dg is
asymptotically optimal when (i) condition (3.11) holds, which is the case when the multiple testing problem
is symmetric and homogeneous, and also (ii) the user-specified parameters are selected in a symmetric way,
i.e.,, when (3.12) holds. In the same setup we establish the asymptotic optimality of the Intersection rule,

d1, defined in (3.10).

Corollary 3.2. Suppose (3.8), (3.11), (3.12) hold and consider the asymmetric Sum-Intersection rule 6o(b, b)

with b = b, and the Intersection rule 0;(b,b) with b = by /k1, where b, is defined in (3.19) with k = k1. Then
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80,01 € Apy gy (o, @), and for any A C [J] we have as o — 0 that

| log(ev)]
knZ

Ea [10] ~ Ea[T7] ~ ~ Nk, ki, o).

Proof. The proof can be found in Section 3.10.5. O

Remark 3.5. In Section 3.5.2 we will illustrate numerically that when condition (3.11) is violated, both oy

and 7 fail to be asymptotically optimal.

3.4.5 Fixed-sample size rules

We now focus on the i.i.d. case (3.15) and consider procedures that stop at a deterministic time, which is
selected to control the generalized familywise error rates.

For simplicity of presentation, we restrict ourselves to homogeneous testing problems, i.e., there are
densities fy and f1 such that

fg = fo, ff = f1 for every j € [J]. (3.27)

This assumption allows us to omit the dependence on the stream index j and write Zg := Ig , Iy = I{
and ® := &/, where ®7 is defined in (3.17). Moreover, we can apply the MNP rule, (3.14), without loss of
generality, with the same threshold for each stream.

We further assume that user-specified parameters are selected as follows
ki=ko, o= for some d >0, (3.28)
and that for each d > 0 there exists some hq € (—Zy,Z1) such that
®(hg)/d = P(hg) — ha. (3.29)

When d = 1, condition (3.28) reduces to (3.12) and h4 is equal to 0. However, when d # 1, we allow for an

asymmetric treatment of the two kinds of error.

Theorem 3.7. Consider the multiple testing problem (3.27) and assume that the Kullback-Leibler numbers
in (3.16) are positive and finite. Further, assume that (3.28) and (3.29) hold. Then as 8 — 0,

d(l _0(1)) < n*(khklaﬁdaﬁ) < h\NPUClak.laﬁd,B) ~ d
(2k1 = 1)@(ha) = [log(B)]  — | log ()| k1®(ha)
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Proof. The proof is similar to that of Theorem 3.4, but it requires a generalization of Chernoff’s lemma [20,
Corollary 3.4.6] to account for the asymmetry of the two kinds of error. This generalization is presented in

Lemma 3.15 and more details can be found in Section 3.10.6. O

Theorem 3.7, in conjunction with Theorem 3.6, allows us to quantify the performance loss that is induced
by stopping at a deterministic time. To be more specific, we specialize the comparison in the case of testing

the normal means (Example 3.1). By (3.18) we have Z = Z; = Zy and that for any d > 1

_Vd-1 . d
ha= 5T @(hd)_i(Hﬁ)Qz,

and by Theorem 3.6 it follows that as 8 — 0,

- Hos@l " if | A] < &y
NZ(klak176d76) ~ LA(klaklvﬁdaﬂ) < LA(O7ﬁdaﬁ) =

d\llc;lgéﬁ)\7 if |A] > k.

When in particular d = 1, for any A C [J] we have

QNZ(klvkhBaﬁ)(l - 0(1)) < n*(kla klvﬁvﬁ)

S ﬁNP(klakhBaﬁ) ~ 4N:\(k1ak17676)a

which agrees with the corresponding findings in Subsection 3.3.5.

3.5 Simulations for generalized familywise error rates

In this section we present two simulation studies that complement our asymptotic optimality theory in
Section 3.4 for procedures that control generalized familywise error rates. The goal of the first study is to
compare the proposed Leap rule (3.24) with the Intersection rule (3.10) and the asymmetric Sum-Intersection
rule (3.23), in a symmetric and homogeneous setup where conditions (3.11) and (3.12) hold and all three
procedures are asymptotically optimal. The goal of the second simulation study is to compare the same
procedures when condition (3.11) is slightly violated, and only the Leap rule enjoys the asymptotic optimality
property.

In both studies we consider the testing of normal means (Example 3.1), with o; = 1 for every j € [J].
This is a symmetric multiple testing problem, where the Kullback-Leibler information in the j-th testing

problem is 77 = pi%/2. Moreover, we assume that condition (3.12) holds, i.e., « = 3 and k; = ko. This
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implies that we can set the thresholds in each sequential procedure to be equal, i.e., a = b, and as a result
the two types of generalized familywise error rates will be the same. Finally, in both studies we include the
performance of the fixed-sample size multiple Neyman-Pearson (MNP) rule (3.14), for which the choice of
thresholds depends crucially on whether the problem is homogeneous or not.

In what follows, the error probability (Err) means the generalized familywise error rate of false posi-
tives (3.3), i.e., the mazimum probability of ki false positives, with maximum being taken over all signal

configurations. Thus, Err does not depend on the true subset of signals A C [J].

3.5.1 Homogeneous case

In the first simulation study we set p; = 0.25 for each j € [J]. In this homogeneous setup, the expected
sample size (ESS) of all procedures under consideration depend only on the number of signals, and we can
set the thresholds in the MNP rule, defined in (3.14), to be equal to 0. Moreover, it suffices to study the
performance when the number of signals is no more than J/2. We consider J = 100 in Figure 3.2 and J = 20
in Figure 3.3.

In Figure 3.2a, we fix k1 = 4 and evaluate the ESS of the Leap rule for four different cases regarding the
number of signals. We see that, for any given Err, the smallest possible ESS is achieved in the boundary
case of no signals (|A| = 0). This is because some components in the Leap rule only have one condition to
be satisfied in the boundary cases (e.g. 72 in Figure 3.1).

In Figure 3.2b, we fix the number of signals to be |A| = 50 and evaluate the Leap rule for different
values of k1. We observe that there are significant savings in the ESS as k1 increases and more mistakes are
tolerated.

In Figure 3.2c and 3.2d, we fix k&; = 4 and compare the four rules for |A] = 0 and 50, respectively.
In this symmetric and homogeneous setup, where (3.11) and (3.12) both hold, we have shown that all
three sequential procedures are asymptotically optimal. Our simulations suggest that in practice the Leap
rule works better when the number of signals, |A], is close to 0 or J, but may perform slightly worse than
the asymmetric Sum-Intersection rule, dy, when |A] is close to J/2.

In Figure 3.2¢, 3.2d and 3.3a, we also compare the performance of the Leap rule with the MNP rule.
Further, in Figure 3.2e, 3.2f, 3.3b and 3.3c, we show the sampling distribution of the stopping time of the
Leap rule at particular error levels. From these figures we can see that the best-case scenario for the MNP
is when both the number of hypotheses, J, and the error probabilities, Err, are large. Note that this does

not contradict our asymptotic analysis, where J is fixed and we let Err go to 0.
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Err = 5%.

1000+ 0.16 1 0.21
-=-- Leap |A| =10 Ple 0.14 = -~ | — —MNP
8007 0.12 : 0.15¢ .
| |
600 0.1 0 I
0.08 ! 0.1 I
| |
400f 0.06 1 |
1
0.04 1 0.05¢ 1
200 | |
0.02
0 ‘ ‘ ‘ ‘ ‘ 0 r—ﬂ 1 Hﬂr—\m ‘ 0 mﬂ 1 H’_‘V_\r—\
1 2 3 4 5 6 100 200 300 400 500 200 300 400 500 600 700
(a) k1 =2 (b) k1 = 2,]A| = 10,Err = 5% (c) k1 =2,|A| =10,Err = 1%

Figure 3.3: Homogeneous case: J = 20,k; = 2. In (a), the x-axis is |log;y(Err)| and the y-axis is the ESS
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3.5.2 Non-homogenous case

In the second simulation study we set J = 10, p; = 1/6, j = 1,2, p; = 1/2, j > 3, so that the first two
hypotheses are much harder than others. Specifically, Z9 = 1/72 for j = 1,2, and Z7 = 1/8 for j > 3.

When the true subset of signals is A* = {6, --- , 10}, the optimal asymptotic performance, (3.26), is equal
to 8|log(Err)|. In Figure 3.4a, we plot the ESS against |log;,(Err)|, and the ratio of ESS over 8| log(Err)]
in Figure 3.4b. For the (asymptotically optimal) Leap rule, this ratio tends to 1 as &« — 0. In contrast, the
other rules have a different “slope” from the Leap rule in Figure 3.4a, which indicates that they fail to be
asymptotically optimal in this context.

Finally, we note that in such a non-homogeneous setup, the choice of thresholds for the MNP rule (3.14)
is not obvious. We found that instead of setting h; = 0 for every j € [J], it is much more efficient to take
advantage of the flexibility of generalized familywise error rates, as we did in the construction of the Leap
rule in Subsection 3.4.2, and set hy = —o00, hy = 0o and h; = 0 for j > 3. This choice “gives up” the first
two “difficult” streams by always rejecting the null in the first one and accepting it in the second. The error
constraints can then still be met as long as we do not make any mistakes in the remaining “easy” streams.
In fact, we see that while the MNP rule behaves significantly worse than the asymptotically optimal Leap
rule, it performs better than the Intersection rule, which “insists” on collecting strong enough evidence from

each individual stream.
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-—=-Asym Sum
Int
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/’//./"
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2007 /,/_:./‘/ —Leap
L= 1.5f === Asym Sum
——MNP
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
(a) ESS under P 4+« (b) Normalized by 8|log(Err)|

Figure 3.4: Non-homogeneous case: J = 10,k; = ko = 2, A* = {6,---,10}. The x-axis in both graphs is
|log;o(Err)|. The y-axis in (a) is the ESS under P4+, and in (b) is the ratio of the ESS over 8|log(Err)|.

95



3.6 Extension to composite hypotheses

We now extend the setup introduced in Section 3.2, allowing both the null and the alternative hypothesis
in each local testing problem to be composite. Thus, for each j € [J], the distribution of X7, the sequence
of observations in the j-th stream, is now parametrized by 67 € ©7, where ©7 is a subset of some Euclidean

space, and the hypothesis testing problem in the j-th stream becomes
H) - 67 € ©) versus H! 67 € ©],

where @é and © are two disjoint subsets of ©7. When A C [J] is the subset of streams in which the
alternative is correct, we denote by ® 4 the subset of the parameter space ® := ©! x ... x ©7 that is
compatible with A, i.e.,

O,:={0'....0")c®: P cO) & je A}

We denote by ng the distribution of the j-th stream when the value of its local parameter is §7. Moreover,
we denote by P4 ¢ the underlying probability measure when the subset of signals is A and the parameter
is @ = (0',...,07) € ®,4, and by Ea,e the corresponding expectation. Due to the independence across
streams, we have P49 =P}, @ ... @ Py,.

Our presentation in the case of composite hypotheses will focus on the control of generalized familywise
error rates; the corresponding treatment of the generalized mis-classification rate will be similar. Thus,

given ki,ke > 1 and «, 8 € (0,1), the class of procedures of interest now is:

AR5, B) == {(T, D) : maxPao(ID\ 4] 2 k1) <o and

maxPao(l4\ D] > k) < 8},
and the goal is the same as the one in Problem 3.2 with N} (k1, k2, a, 8) being replaced by

Nz)e(k’l,k‘g,a,ﬁ) = il’lf EA76|:T]7

(T.D)eA™? (a.8)

and the asymptotic optimality being achieved for every A C [J] and 6 € © 4.

3.6.1 Leap rule with adaptive log-likelihood ratios

The proposed procedure in this setup is a modification of the Leap rule (3.24), where the local LLR statistics

are replaced by statistics that account for the composite nature of the two hypotheses. To be more specific,
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for every j € [J] and n € N we denote by ¢’(n, 67) the log-likelihood function (with respect to some o-finite

measure vJ ) in the j-th stream based on the first n observations, i.e.,
0, 07) =0 (n—1,07) + log (p, (X/(0) | 7)) ) s £9(0,07) 1= 0,

where pgj (X7(n) |FZ_,) is the conditional density of X7(n) given the previous n — 1 observations in the j-th
stream. Moreover, for every stream j € [J] and time n € N we denote by 63 (n) the corresponding generalized

log-likelihood under H., i.e.,

K2

(n) = sup{ﬁj(nﬁj) : 9j€@g}, i=0,1.

Further, at each n € N, we select an JF,,-measurable estimator of 0, §n = (@11, e 5;{) € O, and define the

adaptive log-likelihood statistic for the j-th stream as follows:

)= -1 +log (), (F@)IF))5 L0 =0 (3.30)

where 60 = (56, .. ,§OJ ) € O is some deterministic initialization. The proposed procedure in this context
is the Leap rule (3.24), where each LLR statistic M (n) is replaced by the following adaptive log-likelihood

ratio:

En) —(n), if6(n) < (n) and &(n) < i(n)
X(n) = —(t(n) — £ (n)), if £(n) < €(n) and € (n) < £ (n) (3.31)

undefined, otherwise ,

with the understanding that there is no stopping at time n if M (n) is undefined for some j. Clearly, large
positive values of N support Hj17 whereas large negative values of N support H{). We denote this modified
version of the Leap rule by 47 (a,b) = (T, D}.).

In the next subsection we establish the asymptotic optimality of 67 under general conditions. In Sec-
tion 3.11.5 we discuss in more detail the above adaptive statistics, as well as other choices for the local
statistics. In Section 3.11.4 we demonstrate with a simulation study that if we replace the LLR A by the
adaptive statistic AJ (3.31) in the Intersection rule (3.10) and the asymmetric Sum-Intersection rule (3.23),
then these procedures fail to be asymptotically optimal even in the presence of special structures. Finally,

we should point out that the gains over fixed-sample size procedures will also be larger compared to the case
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of simple hypotheses, as sequential methods are, by definition, adaptive to the true parameter.

3.6.2 Asymptotic optimality

First of all, for each j € [J] we generalize condition (3.7) and assume that for any distinct 67,67 € ©7 there

exists a positive number I7 (67, 67) such that

1 ) . . ~. pJ completely L~
— (I 7\ _ pI J 0 S [T 97). )
= (z (n,07) — ¢ (n, 6 )) ——— (7, 07) (3.32)

Second, we require that the null and alternative hypotheses in each stream are separated, in the sense

that if for each j € [J] and 67 € ©7 we define

T)(#7) := inf IF(#7,6) and  Ti(¢7):= inf I7(67,6%), (3.33)
6icel 61€0}
then we assume that
) >0V €0l and T/(07) >0 VO €Ol (3.34)

Finally, we assume that for each j € [J] and € > 0,

J o . .

Zp <£() I(J)(QJ)<—€> < oo for every 67 € O},
(3.35)

Z Py, 0= gy < - e o
7 € | < oo for every §7 € ©7.

We now state the main result of this section, the asymptotic optimality of §7 under the above conditions.

The proof is presented in Section 3.11.

Theorem 3.8. Assume (3.32), (3.34) and (3.35) hold. Further, assume the thresholds in the Leap rule are
selected such that 67 (a,b) € A" (a, B) and a ~ [log(B)],b ~ |log(a)|, e.g. according to (3.25). Then, for

any A C [J] and © € O 4, we have as o, f — 0,

EA,G [TL] ~ LA,G(k17k27a75) ~ Nz,e(k1>k2ua76)7

where La o(k1, k2, o) is a quantity defined in Section 3.11.1 that characterizes the asymptotic optimal

performance.
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While conditions (3.32) and (3.34) are easily satisfied and simple to check, the one-sided complete con-
vergence condition (3.35) is not as apparent. It is known [71, p. 278-280] that when @L is selected to be
the Maximum Likelihood estimator (MLE) of 67, condition (3.35) is satisfied when testing a normal mean
with unknown variance, as well as when testing the coefficient of a first-order autoregressive model. In
Section 3.12 we further show that condition (3.35) is satisfied when (i) the data in each stream are i.i.d.
with some multi-parameter exponential family distribution, and (ii) the null and the alternative parameter

spaces are compact.

3.7 Conclusion

In this Chapter we have considered the sequential multiple testing problem under two error metrics. In
the first one, the goal is to control the probability of at least k£ mistakes, of any kind. In the second one,
the goal is to control simultaneously the probabilities of at least ky false positives and at least ko false
negatives. Assuming that the data for the various hypotheses are obtained sequentially in independent
streams, we characterized the optimal performance to a first-order asymptotic approximation as the error
probabilities vanish, and proposed the first asymptotically optimal procedure for each of the two problems.
Procedures that are asymptotically optimal under classical error control (k =1, k; = ky = 1) were found to
be suboptimal under generalized error metrics apart from very special cases. Moreover, in the case of i.i.d.
data streams, we quantified the asymptotic savings in the expected sample size relative to fixed-sample size
procedures.

There are certain questions that remain open. First, we conducted a first-order asymptotic analysis,
ignoring higher-order terms in the approximation to the optimal performance. The latter however appears
to be non-negligible in practice(see Figure 3.4b). Thus, it is an open problem to obtain a more precise
characterization of the optimal performance, as well as to examine whether the proposed rules enjoy a
stronger optimality property. Second, the number of streams is treated as constant in our asymptotic
analysis, but can be very large in practice. It is interesting to consider an enhanced asymptotic regime, where
the number of streams also goes to infinity as the error probabilities vanish. Third, although simulation
techniques can be used to determine threshold values that guarantee the error control, it is desirable to have
closed-form expressions for less conservative threshold values.

There are several generalizations. One direction is to relax the assumption that the streams corresponding
to the different testing problems are independent. Another direction is to allow for early stopping in some

streams, in which case the goal is to minimize the total number of observations in all streams. Finally, it is
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interesting to study FDR-type error control.

3.8 Simulations for generalized mis-classification rate

In this section, we present two simulation studies that complement our asymptotic optimality theory for
procedures that control the generalized mis-classification rate (Section 3.3). Specifically, our goal is to
compare the proposed Sum-Intersection rule and the Intersection rule in two setups. The first one is a
symmetric and homogeneous setup, in which (3.11) holds and both rules are asymptotically optimal. The
second one is a non-homogeneous setup, where the condition (3.11) is (slightly) violated and the Intersection
rule fails to be asymptotically optimal. In each setup, we also include the performance of the multiple
Neyman-Pearson rule (MNP) (3.14), which is a fixed-sample size procedure.

For these comparisons, we consider the testing of normal means, introduced in Example 3.1. As discussed
in Example 3.1, this problem is symmetric. As a result, we set h = 0 in the MNP rule (3.14), and further
the performance of each rule under consideration is the same for any subset of signals. Thus we do not need

to specify the actual subset of signals.

3.8.1 Homogeneous case

We set in Example 3.1 p; = 0.25,0; = 1 for j € [J]. We consider J = 100 in Figure 3.5 and J = 20 in
Figure 3.6.

In Figure 3.5a, we study the performance of the Sum-Intersection rule for different values of k. We
observe that there are significant savings in the ESS as k increases and more mistakes are tolerated. In
Figure 3.5b, we compare the three rules for £k = 4. Although both sequential rules enjoy the asymptotic
optimality property in this setup, we observe that the Sum-Intersection rule outperforms the Intersection
rule in terms of ESS.

In Figure 3.5b and 3.6a, we also compare the Sum-Intersection rule with the MNP rule. Further, in
Figure 3.5¢, 3.6b and 3.6¢, we show the sampling distribution of the Sum-Intersection at particular error
levels. From these figures, we observe that the advantage of sequential procedures over the MNP rule is

significant if J is not too large or Err is small.
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Figure 3.5: Homogeneous case: J = 100. In (a) and (b), the x-axis is |log;,(Err)| and the y-axis represents
the ESS. In (c), we study the sample distribution of the stopping time of the Sum-Intersection rule with
Err = 5%.
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Figure 3.6: Homogeneous case: J = 20. In (a), the x-axis is |log;,(Err)| and the y-axis represents the ESS.
In (b) and (c), we study the sample distribution of the stopping time of the Sum-Intersection rule with
Err = 5% and 1%.
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3.8.2 Non-homogeneous case

Second, we set J = 10, k = 2 and

) - nvage ) i =1
fi=NO1) VielJ], fi=

N(1/2,1) if j>2

In this second setup, we have injected a slight violation of homogeneity. All testing problems are identical
apart from the first one, which is much harder than the other ones. Indeed, Z} = ZJ = 77, where 70 = 1/72
for j = 1, and Z7 = 1/8 for j > 2. Since k = 2, the optimal asymptotic performance in this problem is
determined by the two most difficult hypotheses and is equal to 7.2|log(Err)|. In Figure 3.7a we plot the
expected sample size(ESS) against | log;(Err)| and in Figure 3.7b we plot the ratio of ESS over 7.2|log(Err)|.

We observe that this ratio tends to 1 for the asymptotically optimal Sum-Intersection rule, whereas this
is not the case for the other two rules. In particular, as predicted by Theorem 3.4, the ratio for the MNP

rule tends to 4.
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(a) ESS vs |log;o(Err)] (b) Normalized version

Figure 3.7: Non-homogeneous case: J = 10,k = 2. The x-axis in both graphs is |log;(Err)|. The y-axis is
the corresponding ESS in (a), and is the ratio of the ESS over 7.2|log(Err)| in (b).

3.9 Proofs regarding the generalized mis-classification rate

3.9.1 Proofs of Theorem 3.1

Proof. Tt suffices to show that for any b > 0 and A C [J] we have
Pa(|A A Ds(b)| > k) < Cif e™".
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Fix A C [J] and b > 0. Observe that the event {|A A Dg| > k} occurs if and only if there exist By C A and

By C A€ such that |B;| + |B2| = k and the following event occurs:
(B, By) := {Dg —0,Di=1,VieB,je BQ}.

Since there are C,‘C] such pairs, due to Boole’s inequality it suffices to show that the probability of each of
these events is bounded by e~?. To this end, fix B; C A, By C A€ such that |B;| + |Bz| = k and consider

the set C' = (A \ By) U Bs. Then, with the change of measure P4 — P, we have
PA(D(B1, Bs)) = Ec [exp {\*C(Ts)} ;T(B1, B2)] . (3.36)

For i € By we have D% = 0, which implies A\'(Ts) < 0, and for j € By we have Dg = 1, which implies
M (Ts) > 0. Thus, on the event I'(By, Ba),

AC(Tg) = D" N(Ts) = Y N (Ts)

i€ By JEB2
& (3.37)
== > N(Ts)| = Y [N(Ts)| < Z (Ts) < —
i€B1 JEB2 =1

where the first equality is due to (2.3), the first inequality follows from the definition of Xi’s, and the second

from the definition of the stopping time Tg. Thus, the proof is complete in view of (3.36). O

3.9.2 An important Lemma

The following lemma is crucial in establish Theorem 3.2.

Lemma 3.2. Let A, B C [J]. Then there exists B* C [J] such that
() BB, (i) I*F <Da).

To show Lemma 3.2, we start with a lemma about sets.

Lemma 3.3. Let A, B,T" C [J]. There exists B* C [J] such that

AANB* ¢ I' c BAB*
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Proof. Define the following disjoint sets:
By=BnNT, By=B°NI, A;=ANT° Ay;=A°NT*°

Clearly, I' = By U By, and I' = A; U As. Let B* = By U A;.

On one hand, if j € By, then j € B and j ¢ B*; if j € By, then j € B and j € B*. It implies
I'=BiUBy C BA B*.

On the other, if j € Ay, then j € Aand j € B*;if j € Ay, then j & Aand j & B*. Thus ' = A; U Ay C
(A A B*)¢, which implies A A B* C T. O

Now we are ready to prove Lemma 3.2.

Proof. Let C* ¢ Uy(A) such that Da(k) = Z4¢" and set T = A A C*. Then, clearly |I'| > k. By Lemma

3.3, there exists a set B* C [J] such that
AAB* ¢ T=AAC* C BAB.

From the second inclusion it follows that |B A B*| > |I'| > k, which proves (i). From the first inclusion it

follows that A\ B* C A\ C* and B*\ A C C* \ A, therefore from (2.3) we conclude that

A= N T+ ) B< > T+ Y 1 =147,

i€ A\B* jEB*\A i€ A\C* JEC*\A

which proves (ii). O

3.9.3 Proof of Theorem 3.2

Proof. Fix A C [J], k € [J], and set
Ly :=|log(a)|/Da(k), «€(0,1).
By Markov’s inequality, for any stopping time T, a € (0,1) and ¢ > 0,

EalT] > qlo PA(T > qly).
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Thus, it suffices to show for every ¢ € (0,1) we have

lim inf inf PA(T > qty) > 1, 3.38
151_}61 (T,D)IIEIAk(a) Al 2 gta) 2 ( )

as this will imply liminf, o N3 (k, @)/fs > ¢, and the desired result will follow by letting ¢ — 1.

In order to prove (3.38), let us start by fixing arbitrary «,q € (0,1) and (T, D) € Ag(«). Then,

1-a<PA(DeU(A)= > Pa(D=B). (3.39)
BeU,(A)

Now, consider an arbitrary B € Ui (A), and let B* C [J] be a set that satisfies the two conditions in Lemma

3.2. Then, |B* A B| > k, and consequently
Ps-(D =B) < a. (3.40)
We can now decompose the probability P4 (D = B) as follows:

P (AA’B*(T) < log(n) D= B) Py ()\A’B*(T) > log(n) D= B),

a a
where 7 is an arbitrary constant in (0, 1). We denote the first term by I and second by II. For the first term,

by a change of measure P4, — Ppg- we have

I=Ep [expAE (1)) AAB(T) < log (ﬁ) D= B}
o
n —
< 7PB*(D - B) < UE
o
where the second inequality follows from (3.40). For the second term, we have

| log |
Da(k)

<P, (T<q ,)\A’B*(T)>log<n>)+PA(T>q€a,D:B).
[0

By construction, B* satisfies 742~ < D 4(k); thus the first term in the right-hand side is bounded above by

log o *
o =P (T < alfERl X () > logal + log(r) ).
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Due to the SLLN (3.6), we have
)\A7B* .
P4 < lim 2 ) _7am ) =1.
n—o00 n

Therefore, by Lemma 3.13, it follows that €4 g — 0 as oo — 0.

Putting everything together we have
Pa(D=B) <n+c¢€ap+Pa(l > qly,D=B),
and summing over B € Uy (A) we obtain

PA(D S L{k(A)) < |L{k(A)|77 + €q + PA(T >qly,D € [/{k(A))

< U (A)ln + €a +Pa(T = qla),
where €q 1= > ey, () €a,5+ — 0 as & — 0. Due to (3.39), we have
Pa(T > qle) > 1 —a—e€qy— |U(A)n.

Since (T, D) € Ap(«) is arbitrary and a € (0,1) also arbitrary, taking the infimum over (7', D) and letting
a — 0 we obtain

lim inf inf PA(T > qf,) >1—|U(A)|n.
1(1111;(1)1 (T,D)lgAk(a) AT > qly) > Uy (A)|n

Finally, letting 7 — 0 we obtain (3.38), which completes the proof. O

3.9.4 Proof of Theorem 3.3

The following fact about set operations will be needed:
Let A, BC[J] and C=AA B.Then AAC=B. (3.41)
Proof. Fix A C [J] and consider the stopping time

TA(b) := inf {n>1: MCm)y>b VO ¢ Ui(A)}.
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Under the conditions of the lemma, from Lemma 3.14 in the Section it follows that b — oo we have
EA[TA(b)] < ——~r~22.

Thus, it suffices to show that Ts(b) < T (b) for any given b > 0. In what follows, we fix b > 0 and suppress

the dependence on b. By the definition of the Sum-Intersection rule, it suffices to show that

ST =b, VBCJ]: |Bl=F (3.42)
i€EB

To this end, fix B C [J] with |B| = k and set C = A A B. Then, from (3.41) we have that B = A A C.
Since |B| > k, it follows that C' ¢ Uy(A), and by the definition of T4 we have A (T4) > b. As a result,

b< AT = N N(TH - > N(TY)

i€cA\C JEC\A
< D @ =Y NaEYL.
i€ANC i€B
The proof is complete in view of (3.42). O

3.9.5 Proof of Corollary 3.1

Proof. Fix A C [J]. For (i) it suffices to show that for any b > 0
Pa(JA A Di(b,b)]) < C ek
The proof is identical to that of Theorem 3.1 as long as we replace the inequalities in (3.37) by

=Y IN@DI = Y IN(T)| < —kb.

i€ By JjEB2

In order to prove (ii), setting k¥ = 1 in Theorem 3.3 we have as b — oo

b(1+0(1))

EalT1(b,0)] < ———.

(3.43)

If condition (3.11) is satisfied, then mincz4 Z4¢ = Z. Therefore, if b ~ |log a|/k, from (3.43) we have that

as o — 0
|log
kT

Ea[T7] < (1+0(1)).
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Further, this asymptotic upper bound agrees with the asymptotic lower bound in (3.20), since D4 (k) = kT

when condition (3.11) holds. Thus, the proof is complete. O

3.9.6 Proof of Theorem 3.4

Proof. Since k < (J 4 1)/2 is fixed, we write n*(a) (resp. nyp(a)) for n*(k,«) (resp. nyp(k,«)) for

simplicity. By Theorem 3.3, for any A C [J],

|log
Da(k)’

Ni(k,a) ~ as a — 0. (3.44)

(i) Let us first focus on n*(«). By its definition (3.13), there exist some
D*(a) € Apip(n™(a)) N Ag(a).

Denote P the probability measure for data in all streams. For any A C [J] with |A| = 2k — 1, we consider

the following simple versus simple problem:
Ho: P=Py vs. Hj:P =Py, (3.45)
where P4 is defined in (3.2). Consider the following procedure for (3.45):

0 if |ID*(a)] < k
1 if [D*(a)] >k
Then by definition of D*(«), we have

Pyp(D"(a) = 1) = Py(|D"(a)| 2 k) < o,

PA(D"(e) = 0) = Pa(|D"(a)| < k) <o,

where the second inequality uses the fact that |A| = 2k — 1. Thus

1 1
w(a) B 2 )

g (3Pu(D" (@) = 1)+ §Pa(D(@) =0)).
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By Chernoft’s lemma 3.15,

hgn_}{)lf - 1 ] log (;P@(D*(a) =1)+ %PA(D*(Q) = 0)) > —34(0)

where ®4(0) := supyep {— log (E@ {ea)‘A'w(l)} ) } Due to independence,

®4(0) = sup {Z —log (Eg [ew‘j(l)]) } < Z 7(0).

HER JEA JEA

As a result, we have

llmigfn( log(a Z‘I)J —ZC]-,

jEA JEA

By maximizing the lower bound over A C [J] with |A| = 2k — 1, we have

n*(«a) 1
lim inf > —srT
228 Tlog()] = T71¢0)

which, together with (3.44), completes the proof of (i).

(ii) Now let us focus on nyp(a). By definition, there exists some h € R’ such that
(nyp(a), D(a)) € Ak(a), where D(a) := Dyp(nyp(a),h).

Denote

p, = Pi(Di(a) = 1) = P] ( N(nxp(a) > ﬁj)

an(Oé)
1

an(a)

q; = Pﬂl'(bj(a) =0)= P{ ( N (nyp(a)) < ﬁﬂ)

For any A1,A2 C [J] such that Al n AQ = (Z) and |A1 U A2| = k,

o> Pa, (NjeadD/(0) = 0} Niead D) = 1}) = I] o I] »s

JjEAL 1€As

o> Pa, (NjeadD'(a) = 1} Niead D'(e) = 0}) = T] s [T =

JEAL 1€ As
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Since Aj, As are arbitrary, we have for any A C [J] with |[4| =k

« Z H maX{Pj»(Ij}a

JEA

which implies that

11
log(a) > ) max{log(p;). log(¢)} > D log(5p; + 545)-
JEA jEA

Thus again by Chernoff’s Lemma 3.15,

lim inf
a—=0 nyp (a)

log(a) > — Y ®7(0).

jeA

Maximizing the lower bound over A C [J] with |A| = k, we have

a—0 |log(a)| — Z?zl cu)’

By the same argument, if we choose h = 0, the equality is achieved. Then the proof of (ii) is complete in

view of (3.44). O

3.9.7 Bernoulli example under the generalized mis-classification rate

For simplicity, let us assume that for each j € [J], {X?(n) : n € N} are i.i.d. Bernoulli random variables,
and the hypotheses are homogeneous. Thus, we assume that there exists some constant p € (0,1/2) such

that for each j € [J],
H% : Pé(Xj(l) =1) =p versus H{ : P{(Xj(l) =1)=1-p:=gq.

In this case, Z = T) = T/ = H(p), where H(z) := zlog(7£) + (1 — z) log(1=%). Further,

x

1
®(0) = sup {—log(p?q" ™% + p'?¢°)} =log ———.
9cR 24/p(1 —p)
By Theorem 3.4, for any A C [J],

an0 Ni(k,a) = (2k—1)®(0)" am0 Ni(k,a)  ®(0)
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In Figure 3.8, we plot H(p)/®(0) as a function of p.

H(p)/2(0)

"0 0.1 0.2 0.3 0.4 05
p e (0,1/2)

Figure 3.8: The plot for H(p)/®(0) as a function of p

3.10 Proofs regarding the generalized familywise error rates

3.10.1 Proof of Theorem 3.5

The goal in this subsection is to show that for any a,b > 0 and A C [J] we have
PA(IDL\ Al > k1) < Q(k1) e, Pa(lA\ Dr| > k2) < Q(k2) e,

where Q(k) = 28C;/. We start with a lemma that shows how to select the thresholds for procedures 3@
0 <0<k and b, 0< 0 < k.

Lemma 3.4. Assume that (3.5) holds. Fix A C [J]. Let By C A° with |Bi| = k1, and Bs C A with
| Bs| = ks.

(i) Fiz any 0 < { < ky. For any event I € F5,, we have

Pa(B1 C Dy) <CFre®, Pu(By € D§, T) < e P\, (D).

(ii) Fiz any 0 < £ < ky. For any event I € F,, we have

PA(Bl C Dg, F) < eipruBl (F), PA(B2 C DZ) < Céﬂzeia.
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Proof. We will only prove (i), since (ii) can be shown in a similar way. Fix 0 < ¢ < k;. By definition, D,
rejects the nulls in the ¢ streams with the least significant non-positive LLR, in addition to the nulls in the

streams with positive LLR. Thus,

{B, c Dy} C U My, where Iy :={M(%) >0 Vj € M}.
MCBy,|M|=k,—¢

With a change of measure from P4 — P¢, where C = AU M, we have
Pa(Tlar) = E¢ [exp{A* ()} TIn] = E¢ |expq = > N(7) ¢ 1T
JEM

By the definition of 7, on the event Ilys we have 3\, N (7y) > b. Thus P4(I1) < e, Since the number
of such M is no more than Cfl, the first inequality in (i) follows from Boole’s inequality.

On the other hand, we observe that on the event {By C 135}, we have

Y N@F) < —a

JjE€B2
Thus with a change of measure from P4 — P4\ p,, we have
PA(By C D§, T) <Eap, [expq Y N (%) ¢5T| < e Payg, (D),
JEB2
which completes the proof. [
Proof of Theorem 3.5. We will only establish the upper bound for P4(|A \ Dr| > ks2), since the other

inequality can be established similarly. Observe that

{|A\DL| = k2} C U {BcD:)
BCA:|B|=k2

Since the union consists at most C,;Iz events, by Boole’s inequality, it suffices to show that the probability of

each event is upper bounded by 2*2¢~%. Fix an arbitrary B C A with |B| = ky. Further observe that

{B C DE} C U?;Bl f‘B,g U Ulgizl f‘B,g, where

o~ o~ ~ ~ ~ C
Tpe:={BcD5}n{D,=D,}, Tp,:={BcD,}

72



By Boole’s inequality it follows that P4 (B C D¢) is upper bounded by

k1—1 ko—1 k1—1 ko—1
Z PA(FB75) + Z PA(FB74) < Z eiaPA\B(DL = D[) + Z 05267(1
£=0 /=1 £=0 =1
ko—1
(S o
=1

where the first inequality follows from Lemma 3.4, and the second from the fact that {Dy, = Dy} are disjoint

events. Thus, the proof is complete. O

3.10.2 Proof of Lemma 3.1

Proof. We will only prove the inequality for 7y, as the proof of the inequality for 7, is similar. Fix A and

0 < ¢ < k1. We introduce the following classes of subsets

Mlz{BCA:|B|:]€1—€},

Mo = {B C A |B| =k, T8 > T8V (A Vi € B} .
Clearly, we have 7, < 7/, where

7 :=inf{n >1: min A(n)>b and min M (n) < —a,
BeM; 4 BeM, “
i€B jEB

min A (n) > 0 and max M (n) < 0}.
i€A JjEA

Thus, by an application of Lemma 3.14, we have

Ealr] < rnax{ b - a4 j}(1+0(1)).

. 5 .
minpgeM; EjeB i mingen, ZjeB Iy

By definition, for any B; € M; and By € My, we have

S H=Di(AilLk —0), > I)>Do(A%1+ L ky +0)
JjEB jeB

therefore we conclude that

b a
1 1
Dl(A;]-akl —[) ’ DO(AC,].—F(’]{QJ'_E)}( +O( ))7

E4[7'] < max {
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which proves the inequality for 7. O

3.10.3 An important lemma

In this subsection, we establish a lemma that is critical in establishing the lower bound in Theorem 3.6. To

state the result, let us denote by

Uy 1, (A) = {C C [J]: |C\ Al < ky and |A\C| < ks, (3.46)

the collection of sets that are “close” to A, according to the generalized familywise error rates. Since ki, ko

are fixed integers, for simplicity of notations, we write in this subsection

L(A,Oé,ﬁ) for LA(kl,kQ,Oé,ﬁ)~

Lemma 3.5. Let A C [J], B € Uy, x,(A4), and o, 3 > 0.

1. If |B| > k1 and |B¢| > ka, then there exists BY, B5 C [J] such that

| , : ) Log(a)] / loa(3
) 1B\Bi| =k, B3\ Bl = ks, (i) S8\ O8O0 5 4.0 )

2. If |B| < kq, then there exists Bs C [J] such that

D 1B3\Bl = ks, (i) B8N > 1(4:0,).

3. If |B°| < ka, there exists BY C [J] such that

log(a
0 18\Bil =k, (i) 8D > [(a:0,5)

The proof relies on the following two lemmas.

Lemma 3.6. Let G C A C F C [J]. Denote s1 =|A\ G| and so = |F€|. Then for any integer n, we have

Dl(G717n) < Dl(A71 +81,7’l+81)7

D()(F\A,].,n) S D()(AC71+32,72+52)
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Proof. Let’s start with the first inequality. We can assume n < |G|, since otherwise both sides are equal to
00.

Fix some 1 < i < n. Then clearly the i*" smallest element in {I{ : j € G} is no larger than the
(i +|A\ G|)*" element in {Z/ : j € A}. Thus the first inequality follows from the definition of the D,
function.

For the second inequality, it follows from the previous argument by replacing G by F'\ A, A by A€, and
) by 7). O

Lemma 3.7. Let {1,405 be two non-negative integers such that 1 < ki and s < ky. Then for any A C [K],

and o, 8 > 0, we have

| log(cv) | log(B)]
A;
Di(A, 1+€2,k1—£1+£2 \/DOA51+€1,I€2—€2+€1) L(4; e, B).

Proof. Let’s consider the case that ¢1 > f5. When ¢; < {5, the result can be proved in a similar way. Thus,

denote ¢ = /1 — {5. Then

| log () \/ |log(3)]
Dy(A, 1+ Lly, ky — by +43) V Do(Ac, 1+ Ly, ko — Lo+ £1)

_ | log(e)| \ | log(B)]
D(A1+£2,klfl) Do(Ae, 1+ L+ by, ky + 0)

| log(cv \/ | log(3)]
_Dl(Alkl—E Do(Ac, 1+ €, ky + 1)

= La(t;a, 8) > L(A;0,pB)

where the last line used the definition of L 4 and L. O

With above two lemmas, we're ready to present the proof of Lemma 3.5. We illustrate the intuition of

the following proof in Figure 3.9.

Proof. Fix A and B € Uy, 1, (A). By definition of the class Uk, 1, (A),

(= |B\Al <k, f:=|A\B| <k

First, consider the case that |B| > ki, which implies |A N B| > k; — ¢;. Thus we can find 'y C AN B

(0]



such that

Ty=k —0, Y Ii=Di(ANB, 1,k — )

el

Let’s consider By := A\ I'y; it’s easy to see
A\B: =Ty, B\B;=T,U(B\A)
Thus, |B\ Bf| = k1; further, viewing AN B as G in the Lemma 3.6, and since ¢ = |A\ B|, we have

AP = N Ti =Dy (AN B, 1,k — £1) < Dy(A, 1+ Ly, by — 04 + L),
ST
Second, consider the case that | B¢| > ko, which implies |A°NB¢| > ko —¥¢5. Thus there exists I'y C A°NB°
such that

[y = ky — 0o, Z I] = Dy(A° N B, 1, ko — £s)
JE2

Let’s consider B3 := AUT'y; it’s easy to see
B;\A=Ty, B;\B=TIyU(A\B)

Then |Bj \ B| = kq. further, viewing AU (A°N B°) as F in the Lemma 3.6, and since ¢; = |B\ A| = |F°|,

we have

TAB5 = 7 T3 = Dy(A° N BY, 1, ks — £2) < Do(A%, 1+ £y, by — b + £1)
IS N

It remains to show B} and Bj satisfy the property (i7) in each case.

Case 1: |B| > k; and |B¢| > ky. By construction of B} and B3, we have

| log(a I\/Ilog

IA By IA B3

| log(a)| \/ |log(3)]
T Di(A b+ 1o+ k1 —41) YV Do(A by + 1,4 + ko — £2)
L(A; o, B)

Y

where the last inequality is due to Lemma 3.7.
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1 |
|A\B| = ¢, : A° N B¢

B; = A\ly

B;=AUT,

Figure 3.9: The solid area are the streams with signal. The whole set [J] is partitioned into four disjoint
sets: A \ B, AnB,B \ A A°NBe. If Be Z/{kl’kQ(A), then /1 < ki and /5 < k.

Case 2: |B| < ki, which implies the following:
|A| = |A\B|+|AQB| =/l + |B| — by <ly+ k1 — 10

and thus D1(A, 0y + 1,05 + k1 — £1) = co. As a result,

[ log(B)] - [ log()| \/ | log ()
IABS = Dy(A by + 1l + ky — 6y) V Do(AC, by + 1,4y + ko — £o)

> L(A; 0, B)

where the last inequality is again due to Lemma 3.7.

Case 3: |B¢| < ko. It can be proved in the same way as in case 2. O

3.10.4 Proof of Theorem 3.6

As explained in the discussion following Theorem 3.6, it suffices to show that for any A C [J], as o, 8 — 0,

Ny(k1, k2, «,8) > La(ky, ke, 0, 8) (1 —o(1)).

Since kq, ko are fixed integers, for simplicity of notations, we write in this subsection

L(A;a,8) for La(ki, ke, a,p).

Proof. Fix A C [J]. By the same argument as in the proof of Theorem 3.2, it suffices to show for every



€ (0,1) we have:

lim inf inf Pa(T > qL(A;q, >1
a,—0 (T,D)EAkl,kg (e, ) A ( =14 ( 6))

Fix ¢ € (0,1) and let (T, D) be any procedure in Ay, x,(a,3). Then, by the definition of the class

Up, ko (A) in (3.46) we have

1= (a+B) <PaA(DEUp, py(a, )= Y. Pa(D=B).
BGUkl,kQ(a,ﬁ)

Fix B € Uy, i, (v, ), and let n > 0. First, we assume that |B| > k; and |B°| > ky. Then P4(D = B) is

upper bounded by I + II, where

=P, (AAvBT (T) < log(g)7D - B) + Py <)\A735 (T) < 1og(6) D= B)

1= P (W51(1) 2 log(1) X#5(1) 2 low(2), D = B)

where the sets By and Bj are selected to satisfy the conditions in Case 1 of Lemma 3.5. Then, |B\ Bf| > k;

and |Bj \ B| > ko, and consequently
Pp:(D=B)<a and Pp;(D=DB)<p.
Thus, by change of measure P4 — Pp; and P4 — Pp;, we have
P ()\A’Bi*(T) < log ( ) D= B) <, for i=12
which shows that I < 2n. Moreover, it is obvious that

II<ef 5+ Pa(T > qL(A;a,8), D =B), where

€, [3 =P4 <T < qL(A; 0, B), MVBI(T) > log (g) B2 (T) > log <Z>) .

But by the construction of B} and B3 we have

| log(a)] \ / [1log(B
L(A; 0, 8) < lop = "5 g \/ IAB* ,
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consequently

B A,B} > n A,B} > n
€a,p < Pa <T<q£a,ﬁv A 1(T)710g(a),)\ 2(T) > log (ﬁ ,

and from Lemma 3.13 it follows that efﬁ goes to 0 as a, 8 — 0.

Putting everything together, we have
Pa(D=B) <2+l ;+Pa(T > qL(A;a,8),D = B). (3.47)

In a similar way we can show that equation (3.47) remains valid when |B| < k1 or |B°| < ky. Thus summing

over B € Uy, 1, (A) we have
PA(D € uk17k2 (A)) < 2Q77 + €a,p t+ PA(T > qL(A; aaﬁ)a De ukl,kz (A))a

where Q = U, k, (A)| is a constant, and €, g = ZBeukl s (A) efﬁ. Since each summand goes to 0, we have

€a,3 —+ 0 as a, B — 0. Therefore,
Pa(T > qL(A;,8)) > 1 — (a+ B) —2Qn — €ap

The proof is complete after taking the infimum over the class A, k,(«, 8), letting o, 5 — 0 and letting

n — 0. O

3.10.5 Proof of Corollary 3.2

Proof. The error control for §y follows by setting £ = 0 in Lemma 3.4. The error control for the Intersection
rule §; can be established by a simple modification of the proof of Lemma 3.4. If assumptions (3.11) and

(3.12) hold, then from (3.26) it follows that for every A C [J] we have

| log(a)|
La(ky,ki,0,a) = .
Alky, Ky ) T

Further, setting £ = 0 for 79, and k£ = 1 for 77 in the first inequality of Lemma 3.1, we have as b — oo

(14 o(1)).

A

E.1 [ro(b.b)] s,ﬁ%mou», Ealr(b,b)] <
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Thus, if b is selected as in the statement of the corollary, then the quantity La(k1, k1, a, ) provides an

asymptotic power bound for both E4 [rg] and E4 [r7]. Thus, the proof is complete. O

3.10.6 Proof of Theorem 3.7

Proof. Since ki, d are fixed, we write n*(3) and n(3) for n*(ky, ki, 8%, 8) and nixp(k1, k1, 8%, B) respectively

for simplicity.
(i) Let us first focus on n*(B). By its definition (3.13), there exists some

D*(B) € Agin(n*(8)) N Ay 1, (B ).

Fix any A C [J] such that |A| = 2k; — 1. Denote P the probability measure for data in all streams, and

_ 0 if [D*(8)] < ks
consider the simple versus simple testing problem (3.45) and the procedure D*(3) :=

1 if [D*(B)] = ka
Then by definition of D*(3), we have

Then by the generalized Chernoff’s Lemma 3.15,

lign_iglfﬁ log(B) > lién_jgfn%(ﬁ) log (;Pé/d(f)*(ﬁ) =1)+ %PA(f)*(ﬁ) = 0))

4 (hg)

pu— d .
where Eﬁ is a solution to ®4(2)/d = ®4(z) — z, and for any z € R

dA(2) :=sup { 20 — Z log (Ef) [e“j(l)D

0eR jeA

= sup {29 —|Alog (Eg [e“lm])} - |A|<I>(ﬁ).

Here, the second equality is due to homogeneity (3.27). By definition (3.29), ®(hy)/d = ®(hg) — hg, which
implies

©4(|Alha)/d = @ (|Alha) — (|Alha)-
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Thus ﬁg‘ = |Alhg, and
~ 2k — 1
o (h)/d = |A|B(ha) /d = == B(ha).

which completes the proof of (i).

(ii) Let us now focus on 72(3). By definition, there exists hg € R such that

(7(B), D(B)) € Ay 1y (B% B), where D(B) := Dy p(A(B), hsly),

where 1; € R” is a vector of all ones. Due to homogeneity (3.27), denote

ps = PA(D'(8) = 1) = P} <?L<15)A1(n(ﬁ)) > hﬁ)
43 = PL(D'(8) = 0) P} (ﬁ(lﬁ)xlr(ﬁ» < hﬂ)

For any A C [J] such that |A| = k1(= ka2),
8> Py (Mea{D(@) =1}) = (ps)", 8> Py (Miea{Dia) =0}) = (g5)",

which implies that

1 log(B) 1 14/, 1
AB) mel‘)g(zpﬂ *2‘1’3)'

Then again by the generalized Chernoff’s lemma 3.15, we have

N np)  d
lim Inf e )] ~ Frd(h)”

Further, the same argument shows that the equality is obtained with h = hg, which completes the proof of

(ii).

3.11 Sequential multiple testing with composite hypotheses

In this section, we prove Theorem 3.8 in Section 3.6. We first establish a universal asymptotic lower bound

on the expected sample size of procedures that control generalized familywise error rates under composite

hypotheses (Subsec. 3.11.1). Then, we show that this lower bound is achieved by the Leap rule with the
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adaptive log-likelihood statistics in (3.31) (Subsec. 3.11.2 and 3.11.3). Further, we demonstrate via numerical
study that in the composite case, the Intersection rule (3.10) and the asymmetric Sum-Intersection rule (3.23)
with the adaptive statistics fail to achieve asymptotic optimality (Subsec. 3.11.4). We conclude this section

with discussions on the adaptive statistics and alternative local test statistics (Subsec. 3.11.5).

3.11.1 Lower bound on the expected sample size

Fix any A C [J] and © = (0,...,07) € @ 4.
Case 1: Assume for now that the infima in (3.33) are attained, i.e., there exists 0= 0,...,07) € © 4

such that

(97) = I7(67,67) for any j € A,

T(07) = I7(67,67) for any j € A°.

Any procedure (T, D) € A7"\"(a, B) controls the generalized familywise error rates below a and 3 when

applied to the multiple testing problem with the following simple hypotheses for each stream:

H%/ 107 =07 versus H{, 01 =01, jelJ),
where we write 67" for the generic local parameter in j-th stream to distinguish it from the j-th component

of 0.

Then, under assumptions (3.32) and (3.34), by Theorem 3.6 we have

hm 1ng NZ,B(kh k’g, «, B)/LA,G(kla ]{52, (e ﬁ) Z 1, (348)

anB—
where
Lao(ky, ka0, ) = min{

min EA,G(K;O[’/B)v min \I//A,O(E;aaﬂ)}7

0<t<k 0<t<k

~ [log(a)| | log ()|
Lao(t; =

a6(6 e, B) maX{pl(A,e;Lkl —0) " Do(A,0;0+1,0+ky) [’

49)

- | log(c)] | log(B)| 8
La.o(¥; =

A0l B) max{pl(A’e;e+1,€+k1) " Do(Ac,0;1,ky— 1) |’

Di(A,0;0,u) =Y IT(4,0), Do(A%,0;0,u) =Y I (A%, 0),
j=¢ j=¢
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and

M40 < ... <74, 0)

is the increasingly ordered sequence of {Z(#7),j € A}, and
(A%, 0) < ... <79 V(4% 0)
is the increasingly ordered sequence of {Ig (67),7 € A°}. As before, the convention is that

IM(A,0) =00 if k> |A], Z{(A°,0) = 0o if k> |A°.

Case 2: In general, the infima in (3.33) are not attained. However, under the separability assump-

tion (3.34), for any € > 0 there exists 0. = (561, cey 56‘]) € © 4. such that

F(67,67) < (1+¢)TI(67) for any j € A,

I (07,67) < (1+ €)1 (67) for any j € A°.

Applying again Theorem 3.6 to the following multiple testing problem with simple hypotheses:

v

H%l 107 =67 versus H{ 07 =01, jelJ),

we have

hmlnf Nzye(klvk27a75)/LA,9(k17k27a7ﬁ) 2 1/(1 +6)

Since € is arbitrary, (3.48) still holds.

Above discussions leads to the following theorem.

Theorem 3.9. If (3.32) and (3.34) hold, then (3.48) holds for every A C [J] and © € O 4.

3.11.2 Error control of the Leap rule with adaptive log-likelihood ratios

We start with the following observation.

83



Lemma 3.8. Fiz AC [J], = (0',...,07) € ©4. For each j € [J],
Ll :=exp (tI(n) — ¢ (n,07)), neN
is an {F, }-martingale under P4 ¢ with expectation 1.

Proof. By definition,

L= ,p%i;l (K17
B ph (X )I 7))

Clearly, L), € F,, for any n € N. Further, since é\ﬁ;_l € Fn-1,

vy (XmIF) | vy (7i)

pé_j (Xj(n)|]-'f;71) Fn-1| = pgj (Z\}—Z,l) ng <Z|JT_.7Z,71) =1,

Eao
which implies E4 o [L7|F,,—1] = LZL_l. Further, since @0 is deterministic, E4 g [le] = 1, which completes the

proof. [

By Lemma 3.8 and due to independence across streams, for any subset M C [J], there exists a probability

measure Qa,0,m such that for any n € N,

dQa,e,m

o (Fa) = [] exp (£(n) — ¢(n,0%)). (3.50)

jeEM

Next, we establish the error control of the Leap rule with adaptive log-likelihood ratios. The proof is

almost identical to Theorem 3.5.

Theorem 3.10. Assume (3.33) and (3.34) hold. For any o, 8 € (0,1) we have that the Leap rule 6% (a,b) €

AP (o, B) when the thresholds are selected as follows:

a = |log(B)| +1og(2™C}L), b= |log(a)| +log(2" C}).

Proof. Just as the proof of Theorem 3.5 in Section 3.10.1 follows directly from Lemma 3.4, by exactly the

same argument, the above result follows from the next Lemma. O

Lemma 3.9. Assume (3.33) and (3.34) hold. Fiz A C [J], @ = (0%,...,07) € ©®4. Let By C A° with
|Bl‘ = kl: and B2 C A with |BQ| = kj2_

84



(i) Fiz any 0 < { < ky. For any event I € F5,, we have

Pao(Bi C D}) <CFe™® Pao(ByC(Dp),T)<e Qao,n(D)

(ii) Fiz any 0 < € < ko. For any eventI' € Fx,, we have

Te?

Pao(Bi C Dy, T)<eQaon (), Pao(B:C (D)) <Cpe

Proof. The proof is similar to that of Lemma 3.4. We only indicate the differences by working out the first
inequality in (i).
As in the proof of Lemma 3.4, by definition, ﬁ; rejects the nulls in the £ streams with the least significant

non-positive LLR, in addition to the nulls in the streams with positive LLR. Thus,

{B, c D} C U M, where Iy = {N.(%) >0 Vj € M},
MCB;1,|M|=ki—¢

and by Boole’s inequality, it suffices to show that P4 ¢ (IIas) < e~ for any M C By with |[M| =k, — .

By definition, for any j € M C By C A€, since 67 € 96,
#(n) > ¢ (n,0’) for any n € N.

Then, by the definition of the adaptive log-likelihood ratio statistics (3.31), we have

M € 32 (BG) —6(F) 2by € 3 () - 0F,69) 2 b

JjEM JjEM

By the above observation, the definition of Q4 ¢ s (3.50), and likelihood ratio identity, on the event ITj;,

dQA o,M b
ZAOM Ty >
dPA’S (‘FT£> Z €,

and the proof is complete by changing the measure from P4 ¢ to Q4,0 M- O
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3.11.3 Asymptotic optimality of the Leap rule with adaptive log-likelihood

ratios

The asymptotic optimality follows after we establish an upper bound on the expected sample size of the

Leap rule. The following result is similar to Lemma 3.1.

Lemma 3.10. Assume (3.34) and (3.35) hold. For any A C [J] and © € ©4, as a,b — oo,

N b(1+0(1)) a(l+o(1))
E < </<k
AVG[TA _maX{IDl(A7e;17kl_£) ’ DO(Acae7€+17€+k2) ’ 0_ =M
g b(1+0(1)) a(l+o(1))
E < < .
Aolfd < maX{Dl(A, 00+ 1,0+ k) DolAc @il —0) ) CSE<H

where the denominators are defined in (3.49).

Proof. Under the assumption (3.35), the proof is the same as that for Lemma 3.1 in Subsection 3.10.2. [

Now Theorem 3.8 follows from Theorem 3.9, Lemma 3.10 and Lemma 3.10.

3.11.4 Simulations for composite case

We consider a “homogeneous” multiple testing problem on the normal means with known variance. Specif-
ically, we assume that for each j € [J], the sequence of observations in the j-th stream, {X7(n) : n € N},
are i.i.d. with common distribution A/(67,1), and for a given constant p > 0, that does not depend on j, we

want to test
Hé 167 <0 versus H{ (07 > p. (3.51)

Instead of the Lebegure measure on the real line, we chose N (0, 1) as our reference measure. Then, for

each j € [J] we have

. N - 1, .9 —j . 1 & -

(n,¢)=n (GJ X" (n) — i(ﬁj) ) ,  where X" (n) := - ;XJ (7). (3.52)
Further, for any 07,67, we have I’ (67, gj) = %(Qj - @)2, and
i ind 1 . ) , i ind 1, .

10(93)25(93—;1) for 7 <0, 11(93)25(91) for 67 > p.
Clearly, the null and the alternative hypotheses are separated in the sense of (3.34). Further, the condi-
tion (3.32) is satisfied due to [31].
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The adaptive log-likelihood process (3.30) for the j-th stream in this context takes the following form:

ég =0, and forn > 1,

f =Y (007, - 5@.,?). (3.53)

=1

If we choose to use the maximum likelihood estimators {én} in above definition, i.e., 5% = Yj(n), the
one-sided complete convergence condition (3.35) is established in [71] (Page 278-279). Thus by Theorem 3.8,
the Leap rule is asymptotically optimal in this setup.

To distinguish from the simulations in the simple versus simple setup, we refer to the Leap rule with

i

adaptive statistics as “Leap™” rule. We will compare the Leap* rule with the following procedures:

1. Asymmetric Sum-Intersection* rule: replace the log-likelihood ratio statistics M (n), in the definition

of the asymmetric Sum-Intersection rule (3.23), by the adaptive version X.(n) (3.30).

2. Intersection* rule: replace the log-likelihood ratio statistics A/(n), in the definition of the Intersection

rule (3.10), by the adaptive version \.(n) (3.30).

3. MNP rule: for a fixed-sample size n, in each stream, we run the Neyman-Pearson rule with the same
threshold A > 0, which is the most powerful test for each stream due to monotone likelihood ratio

property. Formally,

dnp(n,h) = (n,Dnp(n,h)), Dyp(n,h):={j€J] :X](n) > h},

For simulation purpose, we assume that the tolerance on the two types of mistakes are the same in the
sense that (3.12) holds. As in Section 3.6, we denote the true parameter as (A, 0), where 8 = (91,...,07) €

O4.

Thresholds selection via simulation

For each j € [J] and 67 < 0 the distribution of {\(n) : n € N} under Pfhef is the same as the distribution
of {=X.(n) : n € N} under ng. Since (3.12) holds, we should equate the thresholds a and b in the Leap*
rule. Further, we only need to focus on the generalized familywise error rate of Type I.

For a fixed parameter a (= b), we use simulation to find out the maximal probability of the Leap* rule

committing ki false positive mistakes, i.e.

[ D\ A| > k).
(A,e):AHcl?ﬁ,ee@A Ao(DLAAlZ k)
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Then we try different values for a and select the one for which the above quantity is equal to a. Note that
the maximum is over 8 € ©. However, for 67 < 07, {M.(n) : n € N} under P5; is stochastically larger than
{M(n) : n € N} under Py;, in the sense that for any n € N and = € R,
PI,(M(n) <z) > ng(/\ﬂ’ (n) < z).
As a result, the maximal probability is achieved by the boundary cases, i.e., © € {0, u}”.
The same discussion applies to the other two sequential procedures. For the MNP rule, (3.12) implies

that h = % 1, and for a fixed n, the maximal probability of making k; false positives is also achieved by

0 c{0,u}’.

Practical considerations

The first few estimators of © will typically be quite noisy, since they are estimated based on only a few
observations. However, from (3.30) or (3.53) we observe that their effect will persist. Thus, in practice it
is preferable to take an initial sample of fixed size, say ng, and use these observations only to obtain good
initial estimates of the unknown parameter.

Specifically, we assume that for each j € [J], X7(—nyg),..., X7 (—1) are i.i.d. with distribution N'(67,1),

and we define for n > 0 the following maximum likelihood estimator

5 S, X6 + S, X
e ng +n ’

which includes the initial samples. The definitions of the log-likelihood process (3.52) and the adaptive
log-likehood process (3.53) remain unchanged. By taking an initial sample of fixed size, the asymptotic
expected sample size of the Leap™ rule is not affected. Further, if we enlarge the o-field by including the
initial samples, i.e.,

Fo=Fn V o(XI(i):je[J],ie{-no...,~1}),

then the key Lemma 3.8, used to establish the error control of Leap* rule, still holds. Thus, taking an initial

sample does not affect the asymptotic optimality of the Leap* rule.

Simulation results

We consider the problem (3.51) with J = 20, u = 0.2, k1 = k2 = 2 and the initial sample size ny = 10.

Based on the previous discussion, we set a = b for the sequential methods. For a fixed threshold a, we use
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simulation to find out the maximal probability (over © € ®) of committing k; false positives (Err), and the

expected sample size (ESS) under a particular P4 ¢, where A = {1,...,10} and

07 ifj=1,...,10
0=(0"....07), /=< 03 ifj=11,...,19 - (3.54)

0 if j =20

For the MNP rule, we set h = % 1, and use simulation to find out the maximal probability of committing
k1 false positives for each fixed n € N. The results are shown in Figure 3.10.

From Figure 3.10, we observe that the other procedures have a different “slope” compared to the asymp-
totically optimal Leap* rule, which indicates that they fail to be asymptotically optimal. Further, since
sequential methods are adaptive to the true 0, the gains over fixed-sample size procedures increase as 0 is

farther from the boundary cases.

180,
1500, :
— Leap* —Leap . .
---- Asym Sum* 160/~ Asym Sum
—-Int* L
1000 — —~ MNP 140t
120/
500/
e 100/
o 2 3 4 5 80, 2 3 4 5

Figure 3.10: The testing problem (3.51) with J = 20,4 = 0.2,k; = ko = 2 and the initial sample size
ng = 10. The x-axis in both graphs is |log;o(Err)]. The y-axis is the corresponding ESS under © given
by (3.54). The second figure plots two of the lines in the first figure. Note that for the sequential procedures,
the initial sample size ng is added to the ESS.

3.11.5 Discussion on the local test statistics

When there is only one stream (i.e. J = 1), the adaptive log-likelihood ratio statistic (3.31) was first
proposed in [58] in the context of power one tests, and later extended by [54] to sequential multi-hypothesis
testing. There are two other popular choices for the local test statistics in the case of composite hypotheses.

The first one is to follow the approach suggested by Wald [75] and replace M\ (n) in the Leap rule (3.24)
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by the following mixture log-likelihood ratio statistic:

( Joi exp (£(n,69)) w{'(dw))
log L , , - ,
Jog exp (€(n, 69)) wh(d87)

where wg, w{ are two probability measures on @% and @Ji respectively. The second is to replace A (n) in the
Leap rule (3.24) by the generalized log-likelihood ratio (GLR) statistic Z{(n) —Z%(n). When there is only one
stream (i.e. J = 1), the corresponding sequential test has been studied in [43] for one-parameter exponential
family, in [15] for multi-parameter exponential family, and in [38] for separate families of hypotheses.

We have chosen the adaptive log-likelihood ratio statistics (3.31) in this Chapter mainly because they
allow for explicit and universal error control. Indeed, with this choice of statistics, the upper bounds on
the error probabilities rely on a change-of-measure argument, in view of Lemma 3.8, whereas this argument

breaks down when we use GLR or mixture statistics.

3.12 Sequential testing of two composite hypotheses in
exponential family

In this section, we show that (3.35) holds if each stream has i.i.d. observations from an exponential fam-
ily distribution, both the null and alternative parameter spaces are compact, and the maximal likelihood
estimator is used in the adaptive log-likelihood statistics (3.31). Note that (3.35) is a condition on each
individual stream, thus in this section we drop the superscript j.

Let {X,, : n € N} be a sequence of i.i.d. random vectors in R? with common density

po(x) = exp (9Tx — b(9))

with respect to some measure v, where superscript 7' means transpose. We assume that the natural parameter
space

0:={fcR?: /pg(a:)l/(d:r) < oo}

is an open subset of R?. For any 6, e ©, the Kullback-Leibler divergence between ps and pj is denoted by

1(0,0) := Eq {log Z;gﬂ = (0—)TVb(0) — (b(6) — b()),
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where V stands for the gradient. We denote by {¢(n,0) : n € N} the log-likelihood process:

:Z]ogpg(Xi) :Z(QTXi —b(@)) for n € N.

=1

We assume that Oy, ©, are two disjoint, compact subsets of ©, and denote by

= 8 B, ()

the maximum likelihood estimator based on the data up to time n over the set Oy U ©,. Picking any

deterministic 50 € 0, we define

n

Zlogpe =S @7 X, —b(Bi 1) forneN.

i=1

The main result of this subsection is summarized in the following theorem.

Theorem 3.11. Let § € ©1 and set 1(0) :=infy,co, [(0,0y). Then, for any e > 0,

ZP9< _eo()—l(9)<e)<oo,

where £o(n) := supy ce, £(n,0).

Proof. Observe that for any 6y € O,
Li(n) —L(n,0p) = Li(n) —L(n,0) + £(n,0) — £(n,0y) —nl(6,6p) +nl(6,00),
which implies that

l.(n) —Lo(n) = L(n) — €(n,0) + inf (¢(n,0) —L(n,0p) —nl(6,00) +nlI(8,0))

0p€O0

>l.(n) —L€(n,0)+ inf (€(n,0) —L(n,0p) —nl(6,00)) +nl(0).

0o €O

As a result, it suffices to show that

1 complete

= (£(n) = €(n, §)) L (3.55)
1 ) Py completely

= inf ((n,0) — (n,By) — nI(6,0 0 3.56
n 9012@0 ( (na ) (n7 0) n ( ’ 0)) W ’ ( )
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which are the content of the next two lemmas. O

Remark 3.6. The sequence in (3.55) concerns the behavior of the mazimal likelihood estimator for the

exponential family distribution, while the sequence in (3.56) concerns the uniform behavior over Oy.

Lemma 3.11. For any § € ©, as n — 00, = (£,(n) — £(n,0)) converges completely to zero under Py.

’n

Proof. Since ©¢ and ©; are compact, there exists K > 0 such that
max{[|0], 1(6,0)} < K for any 6 € Oy U Oy,

where we use ||-|| to denote the Euclidean distance.
Observe that 1(¢,(n) —¢(n,0)) = LM, — 1R, where

T n

n

M, :=£,(n) — £(n,0) + if(e, Oic1) =D (i1 — 0)"(X; — Vb(0)),

=1 i=1

Denote F,, := o(X1,...,Xp) the o-field generated by the first n observations. Then {M,, : n € N} is
an {F, }-martingale, since E[X;] = Vb(#) due to the property of the exponential family and 6,1 € Fp,_;.
Further, the martingale difference sequence {(@;1 —0)T(X; — Vb(0)) : i € N} is bounded in LP for any

p > 2. Indeed, by Cauchy-Schwarz inequality,

sup E|(§¢_1 —0)T(X; — Vb)) P < (2K)PE[| X1 — Vb(O)|P < oo.
i€N

Then by [68], we conclude %Mn converges completely to zero under Py.

It remains to show that %Rn converges completely to zero under Py. Fix any € > 0. Since I(6,0) is

continuous in 6, there exists § > 0 such that if ||§ — 6]| < &, I(6,6) < ¢/2. Define three random times

1
7 :=sup{n € N: ‘ERM > €},

ny :=sup{n € N: [I(0,6,)| > ¢/2}, n3:=sup{n € N: |6, — 0] >}

By Theorem 5.1 in [54], there exist constant ¢; and co such that Py(ns > n) < ¢; exp(—con) for any n € N.
In particular,

Eo[na] < oo.
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Clearly, no < n3, which implies that Eg[n2] < co. We next show that 1, < 2eK1ns. Indeed, for n > 2Kns /e,

n

1
TL n
i=n2+1

1 ~ Kns+¢€/2xn
<= 219911 > 1(0.0;-1) < Kmte2an

Thus Eg[m1] < oo, which implies 1 R,, converges to zero quickly. (See Chapter 2.4.3 in [71] for formal definition

of quick convergence.) Due to Lemma 2.4.1 in [71], quick convergence implies complete convergence, and

thus %Rn converges to zero completely.

Lemma 3.12. Assume the conditions in Theorem 3.11 hold. Then

n 00€Bg n—oo

1 1 "

— inf (l(n,0) —€(n,00) —nI(0,0p)) == inf Y (0—6p)T(X;— Vb))

RZISSH n 00€Oo )

= inf (0—6y)7 ZX V(6

90690

— inf (¢(n,0) — £(n,00) — nI(6,6,)) “ P g,

O

Denote 0}, 0y ;, X;; and V;b(6) the j** dimension of the R? vectors 6, 6y, X; and Vb(#). Since O, O is

compact, there exists K > 0 such that
|0;1,100,;] < K, for any 1 < j <d, 6 € Oy.
By triangle inequality,

1 inf (¢(n,0) —L(n,0p) —nI(6,00)) ‘ <

But for each 1 < j < d, since Eg[X7,;] < oo, by [31],

d
1 Py completely
o Z(Xi,j - V;b(0)) gnT> 0,
i=1

which completes the proof.
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3.13 Two renewal-type lemmas

In this section, we present two renewal-type lemmas about general discrete stochastic process, which may

be of independent interest.
Lemma 3.13. Let {&;(n) : n € N} (i = 1,2) be two stochastic processes on some probability space (2, F,P).

Suppose that for some positive 1, s,

P ( lim lfl(n) = Mz‘) =1 fori=1,2.

n—oo nN

Let ¢ be a fixed constant. Then for any random time T, and any q € (0,1),

b
lim P <T <q—, &(T)>b+ c> —0, (3.57)
b—o0 J251
lim P <T§q(a\/b), &(T) > a+c, &(T) ZbJrc) =0. (3.58)
a,b—o0 1Y 2

Proof. Since c is fixed, we assume ¢ = 0 without loss of generality. Denote IV, = Lqﬁj, and €; = % —-1>0.

Notice that P(T < q%, & (T) > b) is upper bounded by

P( max 51(n)2b> < P(1 max El(n)Z(l—i—eq)ul) 0

1<n< N, Np 1<n<Ny

where the convergence follows directly from Lemma A.1 of [25]. Thus the proof of (3.57) is compelte.
For the second part, assume (3.58) doesn’t hold. Then there exists some € > 0, and a sequence (an, by )

with a,, — oo, b, — oo such that

an by,
Pn =P <T < q(a\/@)’ Sl(T) e SQ(T) 2 b") >e for neN.

We can assume ay,, /1 > by, /s for any n € N, since otherwise we can take a sub-sequence, and the following

argument will still go through. Thus,
e < p, <P (Tﬁqan751(T) > an> ,
H1

which contradicts with (3.57). Thus the proof is complete. O
Remark 3.7. Note that in (3.58), there is no restriction on the way a, b approaching infinity.

The next lemma provides an upper bound on the expectation of the first time when multiple processes

94



simultaneous cross given thresholds.

Lemma 3.14. Let L > 2 and {£(n) : n € N}ycr) be L stochastic processes on some probability space

(Q, F,P). Define the stopping time

-,

v(b) := inf{n >1: &(n) > by for every ¢ € [L]}

where b = {b1,...,br}. Then for some positive pi1,...,ur, we have
E[v(b)] < ma be (I140(1)) as min{bs} — o0 (3.59)
X {— .
= eeln) e cel)

if one of the following conditions holds: (i). For each ¢ € [L] and any € > 0,

- 1
Z P <|n§g(n) — pie| > e) < 0.
n=1
(ii). For each ¢ € [L], {&(n) : n € N} has independent and identically distributed increment, and

P ( lim ~€(n) = w) 1

n—oo N

-,

Proof. Denote N(b) = maxyc(z) {be/p1e}, and bymin = min{by, ..., b}

-,

First, assume condition (i) holds. Fix € € (0,1), and denote N¢(b) = {N(I_J')/(l —€)]. By definition of

-,

v(b), we have

W) >n} ¢ | {&n) <b)

Le[L]

-

By Boole’s inequality, for n > N(b),

- 1 be
P(w(b) >n) < > P&(n) <b) < > Pl=&n) < —=—
te(r] é e ZEZ[;] (” ‘ Ne(b) + 1>
< TP (Gam <0-au)

< P <|;§e(ﬂ) — pue| > 6#@) ;
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Due to condition (i), we have

Ev®] _ Elv(h)] _

lim sup —~ = limsup (1 —¢) —
gmm—mo N Emm—wo Ne(b)

Since € € (0, 1) is arbitrary, (3.59) holds.

-,

Now assume that condition (ii) holds. Clearly, v(b) > vy(bs), where
ve(be) :=1inf{n > 1:&(n) > by} for ¢ e [L].

Due to condition (ii), we have

VB oy, vl
be— 00 bg/,ug T by—oo bg/ug

=1 for (€[],

-, - -

which implies liminfg ~~ _ v(b)/N(b) > 1. On the other hand, by the definition of v/(b), there exists ¢’ € [L]

such that

- - -,
=,

) —1) < by = @) Zbe L) —L@®) = 1)

(b) per v(b)puer

Taking the minimum on the l.h.s., and maximum on the right, we have

which implies

-,

NG _ b Gwd) (b)) — &) - 1)
v(b) L] y(Bype — elL) v(b)py  tELL] on

where the last term will goes to 1 as by — oo due to condition (ii). Thus, liminf N(b)/v(b) > 1 as

— -, —.

bmin — 00, which together with previous reverse inequality, shows that v(b)/N(b) — 1 almost surely as
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—

bimin — 00. Thus, the proof would be complete if we can show the following:

(*) C = {1/(2 Dby, .., b > O} is uniformly integrable

N(b)

Define pmar = max{u1,...,ur}t >0, byae = max{by,..., by} and
V'(c)=1inf{n >1:& > ¢ for every ¢ € [L]} for ¢> 0.

By Theorem 3 of [24], C; = {v/(¢)/c: ¢ > 0} is uniformly integrable. Observe that

- % bmax V(g) V/(bmafl/’)
v(b) < I// bmam 5 N 2 _— = = > max -~ 7
B) < ¥/ (o) NO) 2 222 = Co < oy 2

S Hmax CQ .

Since fimaz is a constant, C; is dominated by a uniformly integrable family. Thus condition (x) holds, and

the proof is complete.

3.14 Generalized Chernoff’s lemma

In this section, we present a generalization to the Chernoff’s Lemma that allows for different requirements

on Type I and II errors. Consider the following simple versus simple testing problem: let {X,,,n € N} be a

sequence of independent random variables with common density f relative to some o-finite measure v, and

for some densities fy and fi,

Ho:f:fo VS. H]_Zf:fl.

Let S,, be the class of F,-measurable random variables taking value in {0,1}, where F,, = o(Xj,...

For any procedure D,, € S,,, denote

pn(Dn) = PO(Dn = 1)a Qn(Dn) = Pl(Dn = 0)7

where P; is the probability measure under H; for ¢ = 1,2. Further, denoting YV := f1(X1)/fo(X1), we define

®(2) :=sup {20 —log (Eo[Y"]) }, Io := Eg[—log(Y)], I := Ey[log(Y)],

fER

with the possibility that either Iy or I; assumes co. We assume that there exists hg € (—Ip, [1) such that

®(ha)/d = ®(ha) — ha.
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In particular, if d = 1, we can set hg = 0.

Lemma 3.15. (Generalized Chernoff’s Lemma) For any d > 0,

. . 1
lim inf —log( ,1L/d(Dn) +%(Dn)) ==

n—oo D,€S, N

Remark 3.8. When d = 1, since we can select hq = 0, it reduces to Chernoff’s Lemma [20, Corollary

3.4.6]. For d # 1, the proof is essentially the same, and we present it here for completeness.

Proof of Lemma 3.15. Let us first fix n. Denote A(n) := >, log }:glg By the Neyman-Pearson Lemma,

it suffices to consider the tests of Neyman-Pearson form. Thus, if we denote
. L1
0n(h) :=1 if and only if —A(n) > h,
n

then we have

pint. 10g (p/(Dn) + au(Dn)) = inf log (p1/(8 () + 4u (60 (1) )

Since py,(0n(h)) is decreasing in h and ¢,(d,(h)) increasing in h, for any h € R, either p,(d,(h)) >
P (0n(ha)) or ¢n(0n(h)) > ¢n(0n(hg)). Thus

inf log (p}/d(Dn) + qn(Dn)) > log min {pi/ (6 (ha)), qn(én(hd))}

Dn€Sn

By the Theorem 3.4.3 of [20], as n — oo,

1
glog(pi/d(%(hd)) — -

Thus by definition of hy and sending n — oo,

1 d(h
liminf inf flog(p}/d(Dn)Jrqn(Dn)) > — ( d)-

n—oo D,€S, N d

Clearly, the equality is attained by the Neyman-Pearson rule with threshold hy, i.e., 6, (hq), which completes

the proof. O]
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Chapter 4

Change acceleration and detection

4.1 Introduction

! The goal in the problem of quickest (or sequential) change detection (QCD) is to minimize some metric
of detection delay, while controlling some metric of the false-alarm rate. In non-Bayesian formulations of
this problem, the mechanism that triggers the change is considered to be completely unknown or at most
partially known [48], and a worst-case analysis is adopted [42, 56]. In the Bayesian QCD, the change-point
is assumed to be a random variable with given prior distribution; thus, the change mechanism in this setup
is known and exogenous to the collected observations [48, 62, 63, 74].

In the current QCD framework, it is neither permissible nor relevant to influence the change-point.
However, in certain applications the change corresponds to a desirable event that we want to not only
quickly and reliably detect, but also accelerate. Specifically, the development of intelligent tutoring systems
and e-learning environments in recent years has provided powerful instructive and assessment tools [2, 77, 78].
A major statistical problem in this context is to combine these tools efficiently in order to help a student
master the skill of interest fast, and at the same time to minimize the delay in detecting mastery of the
skill. Motivated by such applications, in this Chapter we propose a generalization of the Bayesian QCD
problem whose key ingredients are (i) an experimental design aspect that influences the change-point and
(ii) a minimization of the total expected time.

Specifically, we assume that at any given time we select a treatment (or experiment, or stimulus, de-
pending on the application) among a number of options, and observe a response to it. Then, based on the
already collected responses up to this time, we need to decide whether to stop and declare that the change
has occurred, or to continue the process, in which case we have to decide the treatment for the next time-
period. Therefore, in addition to a stopping rule, we also need to determine a rule for sequentially assigning
treatments. We define the optimal procedure, consisting of a treatment assignment rule and a stopping rule,

as the one that minimizes the average total number of responses subject to a constraint on the probability

1This chapter is based on my research posted on arXiv: Y. Song and G. Fellouris, “Change acceleration and detection”,
arXiv:1710.00915.
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of false alarm, i.e., stopping before the change has occurred. Since the average total number of responses is
(roughly) the sum of the expected time until the change happens and the expected detection delay, we refer
to this problem as change acceleration and detection.

When there is only one treatment, i.e., without the experimental design aspect, this problem reduces to
the Bayesian QCD problem [62, 74], where the goal is to find a stopping rule that minimizes the expected
detection delay, while controlling the false alarm probability. When there are multiple treatments that not
only determine the distribution of the responses before and after the change, but also affect the change-point
itself, the treatment assignment rule plays a critical role in both accelerating and detecting the change, and
the heart of the proposed problem is to resolve the trade-off between these two goals optimally.

A related problem is that of “sequential design of experiments”, also known as “active hypothesis testing”
or “controlled sensing” [12, 16, 49, 50]. However, the experimental design in this literature does not influence
the true hypothesis, which does not change over time. Another relevant problem is the so-called “(partially
observable) stochastic shortest path” problem [11, 52, 53], where the goal is to perform a series of actions
in order to drive a (controlled) Markov chain to a certain absorbing state with the minimum possible cost.
However, the target state in this context is assumed to be observable, i.e. the change-point is not latent,
and thus there is no detection task involved.

We now state the main results of this Chapter. When the conditional probability that the change happens
at some time (given that it has not happened yet) depends only on the current treatment, the proposed
problem can be embedded into the framework of Markov Decision Processes (MDP) [10]. Under this simple
change-point model, to which we refer as Markovian, we generalize the classical optimality result of Bayesian
QCD [62] by showing that it is optimal to stop at the first time the posterior probability process, associated
with the optimal assignment rule, exceeds a threshold (Section 4.3). However, the optimal assignment rule is
obtained numerically via dynamic programming; thus, it does not provide any insights into how treatments
are selected, whereas its implementation suffers from several computational issues.

Due to the restrictive modeling assumptions and computational difficulties of the MDP framework, in
this Chapter we propose an intuitive scheme that is inspired by mastery learning theory in psychometrics [13]
and is consistent with educational practice (Section 4.4). Specifically, we start with a “training” stage during
which we assign a treatment that is “good” (in a sense to be specified) for accelerating the change. The
training stage is stopped as soon as the posterior probability that the change has already occurred exceeds

b2

some threshold. When this happens, we switch to an “assessment” stage where we assign a treatment that
is “good” (again in a sense to be specified) at detecting the change. This assessment stage is stopped as

soon as either the posterior probability process exceeds a larger threshold, or a different test statistic that
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tends to increase before the change-point exceeds a different threshold. In the former case, we terminate
and declare that the change has occurred. In the latter, we switch back to a training stage and repeat the
previous process until termination.

The proposed procedure has three free parameters (thresholds), for which we propose explicit values.
Specifically, one of them is determined by the false alarm constraint, whereas the other two are selected in
order to minimize an upper bound on the expected sample size of the proposed scheme. This upper bound
applies for a general class of change-point models, beyond the Markovian case (Section 4.5). In this general
framework, we show that the resulting procedure is asymptotically optimal, in the sense that it achieves
the optimal expected sample size up to a first-order approximation as the false alarm probability vanishes
(Section 4.6).

Therefore, the implementation and asymptotic optimality of the proposed procedure are not limited to
the Markovian change-point model, as it is the case for the computation of the optimal solution using the
MDP framework. We also argue that the proposed procedure is preferable for practical purposes even in
the Markovian case. Indeed, its parameters are determined analytically, whereas the computation of the
optimal procedure via dynamic programming requires extensive simulations. Moreover, a simulation study
in the Markovian setup (Section 4.7) shows that its performance is very close to the optimal, suggesting that
any inflicted performance loss relative to the optimal in this setup is minimal.

The structure of the remainder of the Chapter is as follows. In Section 4.2 we formulate the proposed
problem. In Section 4.3 we describe a dynamic programming solution under the Markovian change-point
model. In Section 4.4 we introduce the proposed scheme. In Section 4.5 we discuss an asymptotic framework
that gives rise to a general class of change-point models. In Section 4.6 we show how to specify the thresholds
of the proposed scheme, and establish its asymptotic optimality. We present a simulation study in Section 4.7

and conclude in Section 4.8. Omitted proofs are presented in the Section 4.9.

4.2 Problem formulation

Let (Q, F,P) be a probability space hosting a discrete-time stochastic process {L;,t = 0,1...}. This process
represents the state evolution of some system and takes values in the binary set {0,1} such that Lo =1

for every t > 0, where

O=inf{t >0:L,=1}; (infd = oc0).

That is, © is the time at which an irreversible change occurs, and we refer to it as the change-point. We

assume that the process {L;} is latent, and thus the change-point cannot be observed. In order to infer
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it, at each time ¢ > 1 we select a treatment, X;, and observe a response, Y;, to it. Specifically, we assume
that there is a finite number of available treatments, say K, and that each X; is determined based on the
observed responses up to time ¢t —1. Thus, each X, is a [K]-valued, F;_;—measurable random variable, where

[K]={1,...,K} and F; is the o-algebra generated by the observed responses up to time ¢, i.e.,
Fi=o(Ys, 1<s<t),t>1; Fo={0,0}.

Our key assumption is that the unobserved change-point can be inferred by the observed responses and

influenced by the treatment assignment rule, X = {Xy,t > 1}.

4.2.1 Response model and change-point model

We start with the response model. Each response is assumed to take values in some Polish space Y and to
be conditionally independent of the past given the current state of the system and the current treatment.
Specifically, for each x € [K] there are (known) densities f, and g, with respect to some o-finite measure p

on B(Y) so that for every ¢ > 1 we have

Yi| Xe =2, Ly =i, F_1, {Lsto<s<t—1 ~

Gz, 1 =1.

That is, g, (resp. f.) is the density of a response to treatment x after (resp. before) the change. For each

x € [K] we assume that the following conditions hold for the log-likelihood ratios of the response densities:

2
/(loggr> gz dp < oo and Ixz/ <log ‘%) gz dp > 0,
Y fI Y fm

2
/(log fz) fzdp < oo and Jzz/ (logfz> fodp > 0.
Y 9z Y 9z

As a result, the Kullback-Leibler divergences, I, and J,, between the response densities g, and f, are

(4.1)

positive and finite for each x € [K].

Remark 4.1. A common response space to all treatments is assumed without loss of generality. Indeed, if
Y. is the response space to treatment x € [K|, then we can set Y = Yy x ... X Yg and a response y € Y,
*

to treatment x can be replaced by a new response (yi,...,Ys_1.Y,Yss1s---+Yi) € Y, where each y is an

arbitrary fized response in Y, for z € [K].

We now turn to the change-point model. We denote by 7 the probability that the change has occurred
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before observing any response and by II; the conditional probability that the change happens at time ¢t > 1,

ie.,
T = P(LO = ].),
Ht = P(Lt = 1|Lt—1 :O,ft_l) = P(@:t|@ > t, ]:t_l), t> 1.
We assume that II; depends only on the assigned treatments, Xi,..., X}, in the sense that there exists a

function 7 : [K]* — [0, 1] such that

Ht:ﬂ—t(Xla"'vXt)» t>1

Therefore, the change-point model is determined by the prior probability my and the transition functions

{7Tt,t Z 1}

Remark 4.2. The simplest change-point model arises when the transition probability at each time depends

only on the current treatment, in the sense that for each x € [K] there is some constant p, € [0,1] so that

T (T1, .o, Tt—1,T) = Dy (4.2)

for every (xq,...,24_1) € [K]'"! and t > 1. We will refer to (4.2) as the Markovian change-point model.

The postulated response and change-point models determine the evolution of the pair {L;,Y;, t > 1}
given the response densities {f;,g., ¢ € [K]}, the transition functions {m;, ¢ > 0}, and the treatment
assignment rule X = {X;,¢t > 1}.

Figure 1.2 provides a graphical illustration of the proposed model. Moreover, since Y is a Polish space,
there exists some measurable function h and two independent sequences, {U;} and {V;}, of independent,

uniformly distributed in (0, 1) random variables on (£, F, P) such that for every ¢ > 1 we have:

Lt = ]]‘{Ltfl = 1} + IL{Ltfl = 07 Ut S Ht} and }/;5 - h(Xttha‘/;f)v (43)

where Lo = 1{Uy < mo} and 1{-} is the indicator function [32, Lemma 3.22].

Remark 4.3. In this context, the change point, ©, depends on the treatment assignment rule, X, and we
will write © x to emphasize this dependence. Similarly, we will write (X)) and Ly (X) without emphasizing
that I1; and Ly depend only on the treatments assigned up to time t, X1,..., Xs, not the whole sequence of

assigned treatments.
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4.2.2 Problem Formulation

The problem we consider is to first accelerate the change and then detect it as quickly as possible. Thus, an
admissible procedure is a pair (T, X), where X = {X;,t > 1} is an adaptive treatment assignment rule, which
determines how to assign the treatments, and T a stopping rule, which determines when to stop and declare
that the change has occurred. Formally, T is an {F;}-stopping time, i.e., {T =t} € F; for every ¢t > 0,
and X, is a [K]-valued, F;_i—measurable random variable for ¢ > 1, recalling that {7;} is the filtration
generated by the observed responses.

We denote by C the class of all such pairs (7, X'). When T stops before the change-point © » induced by
X, a “false alarm” occurs. We are interested in procedures that control the probability of false alarm below

a user-specified tolerance level « € (0,1), and denote by C, the corresponding class, i.e.,

Co ={(T,X)eC: P(T<BOx)<a and P(T < 00,0y <o0)=1}.

The problem then is to find a procedure in C, that achieves the minimum possible expected sample size in
this class,

inf  E[T]. 4.4
wint, B (4.4)

Remark 4.4. The expected time until stopping, E[T], can be decomposed as follows:

E[(T — ©x)"] + E[Ox] — E[(T —0x)7]. (4.5)

The first term is the average detection delay, which is the object of interest in the Bayesian QCD problem,
the second term is the expected number of observations until the change, whereas the third one is negligible
when « is small. Therefore, minimization of the total expected sample size requires an “acceleration” of the
change, in addition to a minimization of the detection delay, which is the reason why we refer to this problem

as “change acceleration and detection”.

Remark 4.5. All results in this Chapter can be established with minor modifications in the case that the

problem is to minimize the sum of the first two terms in (4.5).

Remark 4.6. When K = 1, there is no experimental design aspect, and the change-point is not affected

by the observations. Thus, we recover the Bayesian QCD problem [62, 74], where the objective is to find a
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stopping rule that minimizes the average detection delay in C,, i.e., a stopping rule in C,, that achieves

Jnf E[(T - ©)"] (4.6)

4.2.3 Posterior odds and Shiryaev rules

We close this section by introducing some quantities and stating some related preliminary results that will
be used throughout the Chapter.
For an assignment rule X, we denote by I';(X) the posterior odds that the change has already occurred

at time ¢t > 0, i.e.,
P(Li(X) =1|F)
r,(x) = , t>1; DX
= b =0l A) o)

0

T (4.7)

Moreover, we denote by {ft(X ) : t > 0} the posterior probability process that the change has already

occurred, i.e.,

T(X) = P(L(X) =1|F,) = L:(X) t> 0.

1+ (x) °

We denote by Ty (b) the first time the posterior odds process exceeds some fixed threshold b > 0, i.e.,

T (b) = inf{t > 0: Ty(X) > b}, (4.8)

where threshold b is determined by the false alarm constraint, «. This stopping rule has been studied
in the absence of experimental design (K = 1), where the transition functions {m;} reduce to transition
probabilities.

Specifically, when the change-point has a (zero-modified) geometric distribution, i.e., there are p, ¢ € (0, 1)
so that mp = ¢ and 7, = p for ¢ > 1, [62] showed that Ty (b) is optimal, in the sense that it achieves (4.6)
when b is chosen so that the probability of false alarm is equal to c. Further, it has been shown by [74] that
T~ (b) achieves (4.6) up to a first-order asymptotic approximation as & — 0 when the sequence of transition
probabilities, {m;}, converges as ¢t — oo to some p € (0,1) (in Cesaro sense).

In what follows, we refer to Ty as the Shiryaev (stopping) rule associated with the treatment assignment
rule X. The next Lemma shows that, for any assignment rule X, (X, T (b)) belongs to C, when we set
b= (1-a)/a. Moreover, it suggests an efficient way to compute its false alarm probability via Monte Carlo
simulation. We state this result in greater generality needed for the subsequent development. The proofs of

the next two lemmas can be found in Section 4.9.1.

Lemma 4.1. Let X be a treatment assignment rule and let S be an {F,}-stopping time such that P(S <
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o0) = 1. Then,

1

Hence, if P(Ts(X) > b) =1 for some positive b, then

P(S <Ox) = E[1-Ts(¥)] = E[H;Sm] <

The next Lemma shows that the posterior odds process admits a recursive form, an important property

for both analysis and practical implementation.

Lemma 4.2. Fiz an assignment rule, X. Then, for any t > 1 we have

A (X)
1— I (X)

gx,(Y2)
fx, (Y2)

Ty(X) = (To1(X) + (X)) where Ay(X) = (4.9)

Hereafter, we may omit the argument X" to lighten the notation when there is no danger of confusion.

4.3 Exact optimality in the Markovian case

In this section we obtain a procedure that is optimal, in the sense that it achieves (4.4) for any given
tolerance level a, under the Markovian change-point model (4.2). Specifically, we generalize the optimality
result in [62] by showing that the optimal stopping rule in this setup is of the form (4.8). However, the
optimal assignment rule does not have an explicit form and its computation suffers from several issues. This

approach is based on standard dynamic programming arguments [10], which are outlined below.

4.3.1 The main steps

Step 1.  We first introduce a new objective function. Suppose that the cost is ¢ > 0 for each treatment
and 1 for a false alarm. We denote by 7 the prior belief P(Ly = 1), and write P, and E, to emphasize this

dependence. Then, the expected cost of a procedure (T, X) € C is
Jo(m; T, X) = cEL[T] + Pr(Ox =0) = E |¢T +1—Trp|,

where the second equality is due to Lemma 4.1. For each 7 € [0, 1] we denote by J*(7) the infimum over all
admissible procedures, i.e.,
Ji(r)= inf J.(mT,X). (4.10)

¢ (T, x)eC
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Note that the posterior probability process {ft : t > 0} is a sufficient statistic for the hidden process
{L : t > 0} [10], and that under (4.2), in view of recursion (4.9), we have the following recursion for
posterior probability process: fo =, and for ¢t > 1,
(24 p2(1—2) )g2(y)

P(y; 2, ) (4.11)
and ¢(y; 2,0) = (2 +pa(1 = 2) )g2(y) + (1 —pa)(1 = 2)fa(y)-

ft = w(ft—hXta}/t) where w(zﬂf,y)

In addition, the conditional density of Y; given F;_1 is ¢(y; ft,h X1) (see Section 4.9.2 for a proof).

Step 2. Denote by J the space of non-negative functions on [0,1], i.e., 7 = {J, J : [0,1] — [0, 00]}, and

define an operator 7, : J — J as follows: for any J € J and z € [0, 1] we set

Te(J)(2) = min {1 —z, ¢+ min /J(z/)(z,x,y))¢(y; z,x)u(dy)} . (4.12)

z€[K]

Since the cost at each stage is positive, from standard dynamic programming theory [10, 34], it follows
that the optimal cost function satisfies the Bellman equation, and can be computed by repeated application

of the above operator:
To(Jo)=J:, and  lim TR0)(z) = J*(2) for any z € [0, 1], (4.13)
where 0 is the zero function in J, and 7}®t(-) is the operator on J obtained by composing 7. with itself

for ¢t times.

Step 3. After solving J¥, an optimal procedure (T, X), in the sense of achieving (4.10), is given by
the following [10, 34]:

TF =inf{t >0:1-T, < J*(T,)},

X, = arg win [ T 000 T, () for 021

Intuitively, J¥(z) is the optimal “cost to go” if the current posterior probability is z. Thus, we should
terminate the process the first time ¢ that the stopping cost 1 — ft does not exceed J (ft); otherwise, we

should continue with the treatment that minimizes the optimal, expected future cost.
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Step 4. For a given tolerance level a € (0, 1), if ¢(«) is selected such that
P (Té‘(a> < GX:(Q)) = a, (4.14)

then the pair (T

() X:(a)) achieves (4.4), and thus is optimal for the problem of interest in this work.

The next theorem shows that the optimal stopping rule, T7¥, is the Shiryaev rule associated with X, i.e.,
Tx- in the notation of (4.8). The proof is similar to that in the Bayesian QCD problem with a zero-modified

geometric prior [62], and can be found in the Section 4.9.2.

Theorem 4.1. For any ¢ > 0 there exists constant b, € [0, 1] such that

T = inf{t>0:T,(X) >b.} = inf{t>0:Ty(X)>b/(1—b)}.

c

4.3.2 Criticism

The approach described in this section can only be applied in the special case of the Markovian change-point
model (4.2), which may be realistic for certain applications, but inappropriate for others. However, even
under this particular model, this approach has several shortcomings: (i) in the repeated application of the
operator 7., defined in (4.12), we have to discretize the state space [0,1], and use interpolation to evaluate
the integrand; (ii) the integral in (4.12) may be difficult to compute when the density ¢, defined in (4.11),
has a complex form; (iii) in order to find the value of ¢(«) for which the false alarm constraint (4.14) is
satisfied, we need to numerically compute (7.5, X¥) for a wide range of values of ¢, and then compute for
each of them the associated probability of false alarm via simulation; (iv) we do not have an explicit form
for the optimal assignment rule X, and thus there is no intuition about how treatments are selected.

This motivates us to propose in the next section a different procedure, whose design does not require
any computational effort and whose performance achieves the optimal, in an asymptotic sense, but under a

general framework that includes the Markovian change-point model (4.2).

4.4 A procedure inspired by mastery learning theory

4.4.1 Motivation and main idea

The proposed procedure is inspired by a pedagogical theory and approach known as mastery learning [13],

according to which every student is able to master a skill given sufficient time and appropriate instruction.

108



This theory suggests training a student until there is evidence of mastery, and then assessing whether this
has indeed happened. In the case of a negative assessment, the process of training/assessing is repeated
until there is a positive assessment that the student has mastered the skill and is ready to move onto more
advanced skills.

In this section we propose a procedure that is motivated by this idea. In order to describe it, let us assume
(a bit vaguely for now, but see (4.23) for a precise definition) that treatment 1 is “good” at accelerating
the change and that treatment K is “good” at detecting the change. Then, we propose starting with a
training stage, where treatment 1 is assigned continuously in order to trigger the change as fast as possible.
When we accumulate a fair amount of evidence suggesting that the change has already happened, we switch
to an assessment stage, where treatment K is continuously assigned in order to quickly confirm or reject
this hypothesis. If the data from the assessment stage suggest that the change has indeed happened, we
terminate and declare that the change has occurred. Otherwise, we switch back to a training stage and the
previous process is repeated until termination. We illustrate the main idea of this procedure in Fig 4.1, and

continue with its formal definition.

Training stage: ,| Assessment stage: . Positive:
Detection rule Detection rule & Termination
< - testing rule
Negative g

Figure 4.1: An illustration of the main idea of the proposed procedure.

4.4.2 Definition

We define a stage as a block of consecutive time instants at which the same treatment is assigned. We set
So = 0 and for each n > 1 we denote by S,, the time that represents the end of the n'" stage, and by A,
the treatment assigned in this stage. We say that the nt" stage, (S,_1,S,], is a training stage if A,, = 1,
and an assessment stage if A, = K.

A training stage together with its subsequent assessment stage are said to form a cycle, so that the m*"

cycle is (Sam—2, Sam], where m > 1. The proposed procedure terminates at the end of a cycle and we denote

by N the number of cycles until stopping.
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Then, the proposed procedure is defined as follows:

- 1, ift € (Sam—2,S2m—1] for some m € N

X , for every t > 1,

K, ifte (Som—1,S52m] for some m € N (4.15)

T ESQN.

It remains to specify the random times {5, } that determine the duration of each stage, as well as the
number of cycles until stopping, N. In order to do so, we need to address two questions. First, how to
measure the amount of evidence supporting that the change has happened? Second, how to determine in
the assessment stage that the change has not happened, in order to switch back to the training stage? For

the first question, we introduce the following random time
o(t;b) =inf{s > 1:Ty;s > b}. (4.16)

This is the number of observations required after time ¢ by the posterior odds process (4.7), associated with
the proposed assignment rule, to cross some threshold b. For the second question we introduce the random
time

fre(Yers)

T(t;d) =inf ¢ s > 1: —_—— >d . 4.17
(t:d) | i (417)

This is a one-sided Sequential Probability Ratio Test (SPRT) of L; = 0 against L; = 1 under treatment
K if the change cannot happen in assessment stages. However, the change may in general occur during an
assessment stage, and this fact leads to a considerably more complicated analysis.

We now define recursively the times {S,,} with Sy = 0. Thus, at the end of the m — 1% cycle, Som—_2, we
start a new training stage during which we run the change-detection procedure (4.16) with some threshold
by so that

S9m—1 = Sam—2 + 0(S2m—2;b1).

After this time, we start an assessment stage during which we run the same change-detection procedure (4.16)
with some larger threshold bx > by, and at the same time the one-sided SPRT (4.17). The assessment stage

is stopped as soon as one of the two rules stops. That is,

Som = Sam—1 4 0(Sam—1;bi) A T(S2m—1;d),
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where x A y = min(z,y). More compactly, for each stage n > 1 we have

0(Sp-1;b1), nis odd
Sn=S_1+ (418)

0(Sn—1;bK) ANT(Sp—1;d), n is even.

Finally, we define IV as the first cycle in which the the change-detection rule stops earlier than the one-sided

SPRT in the assessment stage, i.e.,

N=inf{m >1:0(Som-1;br) < 7(Sam-1;d)}
(4.19)
= mf{m Z 1: F52m Z bK}

The proposed procedure ()? , T) is completely determined by (4.15)—(4.19), and is illustrated graphically
in Figure 4.2. In the following sections, we explain how to select the treatments in the training and assessment

stages, and also how to determine thresholds b1, by, d in terms of the tolerance level a.

Remark 4.7. In view of the second equality in (4.19), the proposed stopping rule, ZN“, resembles the Shiryaev
rule with threshold by that is associated with X (recall (4.8)). The only difference is that the latter allows
for termination at the end of a training stage, which happens if the posterior odds process at this time is
not only larger than by, but also larger than by . This will be unlikely when bi is much larger than by. In
any case, these two stopping rules have the same asymptotic properties. We preferred to work with T simply
because it is more intuitive and reasonable from a practical point of view to stop at the end of an assessment

stage.

4.5 The asymptotic framework

In this section we introduce a general class of change-point models for which we will be able to design the
proposed scheme in the previous section, and eventually establish its asymptotic efficiency as the tolerance

level o — 0.

Notations. x = o(y) is short for lim(z/y) = 0, x = O(y) for limsup(z/y) < oo, z > y(1 + o(1)) for

liminf(z/y) > 1, z < y(1 + o(1)) for limsup(z/y) < 1, and x ~ y for lim(z/y) = 1.
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Figure 4.2: A simulation run of the proposed procedure. The circles correspond to training stages, and the
crosses to assessment stages. The solid line is the logarithm of the posterior odds process, and the dashed
line is the logarithm of the SPRT statistic in (4.17). In training stages, we assign treatment 1, wait until the
posterior odds to cross by, and then switch to an assessment stage. In assessment stages, we assign treatment
K, and run both the detection rule (4.16) with parameter bx and the testing rule (4.17) with parameter
d. If the testing rule stops earlier, as in the second stage of this figure, we switch back to a training stage.
Otherwise, we terminate the process as in the fourth stage of this figure, where T' = S;. Note that in this
example there is no false alarm.

4.5.1 Parametrizing the transition functions by the tolerance level

Recall the decomposition (4.5) of the expected sample size E[T] of some pair (T,X) € C,. Due to the
false alarm constraint, the third term will be negligible as the tolerance level a goes to 0. The first term
corresponds to the average detection delay and goes to infinity as a — 0. The second term is the expected
time of change and will remain constant, thus asymptotically negligible relative to the first term, if it is
independent of a.

Therefore, in order to conduct a more general and relevant asymptotic analysis, we need to allow the
second term to go to infinity as well, maybe even faster than the first term. Thus, in what follows we
parametrize the transition functions {m} by «, and allow them to vanish as & — 0. To emphasize this

parametrization, we write m( - ; ) instead of m;(-)

4.5.2 An asymptotically Markovian change-point model

In view of this enhanced asymptotic regime, we can reformulate the Markovian change-point model (4.2)
as follows: for each z € [K] and o € (0,1) there exists p,(a) € [0,1] such that for every ¢ > 1 and
Z1,..., 241 € [K] we have

T (X1, .., Teo1, Ty ) = Dg(a), (4.20)
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where p,.(a) may go to 0 as « — 0. However, we will be able to analyze the proposed procedure for a more
general class of change-point models, in which (4.20) is only required to hold approximately for large values

of ¢, in the sense that

sup  sup |m(z,x;0) —pr(a))] — 0 ast — oo. (4.21)
a>0 ze[K]t—1

This assumption is in the spirit of those imposed on the prior distribution of the change-point in the
asymptotic analysis of the Bayesian QCD problem [74]. In view of the results in this literature, it is not

surprising that p,(«) plays a role in characterizing the detection power of treatment x.

4.5.3 Characterizing treatment quality

For each = € [K] we set

D.(a) = I, + | log(1 — p.())],

where I, is the Kullback-Leibler information number in (4.1). Moreover, for each x € [K] we denote by
Az (@) the expected time of the change when only treatment x is assigned. Specifically, we denote by (z) the

assignment rule under which only treatment x is assigned, i.e. () ={X; =2 :¢t > 1}. Then,

Az (@)

e’} oo t
E@w)]=> PO >1t) :ZH 1—my(x,...,z; ). (4.22)
t=0 t=1 s=0

Without loss of generality, relabeling the treatments if necessary, we assume that

)\ _ . )\:E d D — D:E . 4.23
1(a) Join () and Dg(a) e (a) (4.23)

This clarifies how the treatments are selected in the proposed procedure in Section 4.4.

Remark 4.8. In the case of the Markovian change-point model (4.20) we have Az(a) = 1/p.(c) and
consequently p1(a) = maxye[g] Pe(), i-e., the treatment assigned in the training stages is the one with the

highest transition probability.

4.5.4 Additional assumptions

Finally, we need two technical assumptions. First, we assume that treatment 1 has non-trivial transition

probability whenever it is assigned. To be more precise, let {,(a) denote the smallest possible transition
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probability whenever treatment x is assigned, i.e.,

(o) = ggzen[lig]t T (2, 25 Q). (4.24)

We allow (;(a) to vanish as @ — 0 as long as this does not happen very fast, in the sense that

[Tog(Ci(@))| = of|log())), (4.25)

which also implies that (;(a) > 0 for small values of a. We stress that we do not impose such requirement
on other treatments. Thus, the transition probability may even be always 0 whenever a different treatment
is assigned.

Second, we assume that all transition probabilities are bounded away from 1, which essentially implies
that it is not possible to “force” the change. Specifically, let 7} () denote the maximum possible transition
probability at time t, i.e.,

mo(a) = mo(e), 7 () = max m(z;a), t>1. (4.26)
z€[K]t

Then, we assume that there is a universal constant ¢ € (0,1) such that

sup sup 7; () <1—4. (4.27)
ae(0,1) t>0

Remark 4.9. Conditions (4.25) and (4.27) essentially exclude trivial cases. Under the Markovian change-

point model (4.20), they are equivalent to

|log(p1(@))| = o(|log(a)]), (4.28)
sup pi(a) < 1, (4.29)
a€(0,1)

and when the transition probabilities do not depend on «, i.e., under (4.2), they only require that py is not

equal to 0 or 1.

4.5.5 The smallest possible change-point

From (4.23) it follows that, for any given a, Aj(«a) is the smallest expected time of the change under static
assignment rules where the same treatment is always assigned. In general, it may be possible to accelerate

the change further using a non-static assignment rule. To establish a lower bound, we denote by ©,(a) the
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change-point that corresponds to the maximum transition probabilities in (4.26), i.e.,

O.(a)=inf{t >1:L; =1}, where Lj=1{U < m5(a)} and
(4.30)
Ly =W{L;_,=1}+1{L;_, =0, U; < m;(a)} for t>1.

Comparing (4.30) with (4.3) we conclude that for any assignment rule X’ and tolerance level o € (0, 1), we
have O x(a) > O, (), and consequently E[Ox ()] > A.(a), where A, (a) is the the expected value of O, («),

ie.,

M) = E[O4 ()] = Z P(O.(a) > t) = Z H(l — i (a)). (4.31)

4.6 The main result

In this section we state and outline the proof of the main result, which is the asymptotic optimality of the
proposed procedure, with an appropriate selection of thresholds, under a large class of change-point models.
First of all, from Lemma 4.1 it follows that an appropriate selection of by alone can guarantee the false

alarm constraint. Specifically, for any given a € (0, 1) we have (f, X ) € Co when
bk =(1—a)/a. (4.32)

Given this choice for by, the other two thresholds will be selected in order to minimize (an upper bound on)

the expected sample size of the proposed scheme. Specifically, we will set

_ 1/¢(a) +log(bk) /D (o)

by = Ly /G +log(bx) /Dic(a)

1/D1(e) = 1/Dk(e) ' Ik +1/Jk

(4.33)

The following theorem is the main theoretical result of this work.

Theorem 4.2. Suppose that the response model satisfies (4.1), and that the change-point model satisfies
(4.21), (4.25), (4.27).

(i) As a — 0,
inf  E[T] > (/\*(a) + |log(a)|> (1+0(1)). (4.34)

(T,X)ECa Di(a)

(ii) If the thresholds by, by, d of (T, X) are selected according to (4.32)—(4.33), then (T, X) € Co for any

given « € (0,1), and as o — 0 we have

E[T] < (Al(a) + ||IDO§E2;|> (1+o(1)). (4.35)
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Proof. We will outline the proof of (4.34) in Subsection 4.6.1 and the proof of (4.35) in Subsection 4.6.2. O

A comparison of (4.34) and (4.35) reveals that (T', X) achieves the smallest possible expected sample size

up to a first-order asymptotic approximation as & — 0 under the additional assumption that
either (i) Ai(a) ~ Ai(«) or (i) Ai(a) = o(]log()]), (4.36)

that is when the expected time of change when only treatment 1 is assigned is either (i) of the same order
as the expectation of the smallest possible change-point, or (ii) negligible compared to the optimal expected

detection delay. This is the content of the following corollary.

Corollary 4.1. If the response model satisfies (4.1) and the change-point model satisfies (4.21), (4.25),
(4.27), (4.36), then as a« — 0

We now specialize our results to the case of the Markovian change-point model, using the Remark 4.9.

Corollary 4.2. Suppose that the response model satisfies (4.1) and consider the Markovian change-point
model (4.20). Then, the asymptotic optimality property (4.37) holds if conditions (4.28) and (4.29) are
satisfied.

Remark 4.10. When (4.28) does not hold, asymptotic optimality is achieved by the static assignment rule

(1) and its associated Shiryaev rule, T(y).

The following corollary states the asymptotic optimality of the proposed procedure under the original

Markovian model, (4.2).

Corollary 4.3. Suppose that the response model satisfies (4.1) and consider the Markovian change-point
model (4.2). The asymptotic optimality property (4.37) holds as long as the (constant) transition probability

of treatment 1, p1, is not equal to 0 or 1.

4.6.1 Asymptotic lower bound on the optimal performance

In this subsection we establish the asymptotic lower bound (4.34) for the expected sample size of any pair
(T, X) in C,. In view of the asymptotic framework described in Section 4.5, the change-point O induced

by X depends on . However, we will simply write © » instead of ©x(a) to lighten the notation. Thus, for
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any pair (T, X) in C, we have
E[T)>E[I5T >0x] =E[Ox; T>0x] + E[(T—0x)"],
which implies that the infimum in (4.4) is lower bounded by

(T,X)eCq (T,X)eCq

Therefore, it suffices to lower bound each of the two infima in (4.38). The first one represents the smallest
possible average number of observations until the change when there is no false alarm. Not surprisingly,
it will be lower bounded by A.(«), defined in (4.31), up to an asymptotically negligible term. The second
one refers to the best possible average detection delay, which is the criterion of interest in the Bayesian
QCD problem. However, existing results from this literature [74] do not apply to our setup due to the
presence of an adaptive experimental design aspect. Therefore, the asymptotic lower bound for the second
term in (4.38) is a novel result, for which we need to combine ideas from Bayesian QCD and sequential
experimental design [16].

We now state the asymptotic lower bound for each term in (4.38).

Lemma 4.3. (i) If (4.25) holds, then as o — 0
inf E[Ox;T > 0x] > Ai(a) —o(1).
i, EBxT 201 2 A(a) —o(l)
(i) If further (4.1), (4.21), (4.27) hold, then as o — 0
. + | log(@)|
inf E[(T-06x)"] > D7(1+o(1)).

(T,X)ECa K(a)

Proof. (i) Consider an arbitrary pair (T,X) € C,. From the definition of ©, in (4.30) it follows that

Oy > O,, and consequently
E[@X;T > 92\’] > E[@*, T> @;\(] = )\*(Oé) — E[@*, T< @X]

It now remains to show that the second term in the lower bound vanishes as @ — 0. By an application of

117



the Cauchy-Schwarz inequality and the definition of C, it follows that

E[0.;T < 0x] < VE[(©,)?] P(T <Ox) < VE[0,)?] a.

By the definition of (3(c) in (4.24) it follows that ©q) is stochastically dominated by a geometric random

variable with parameter (;(«). Therefore, by assumption (4.25) we obtain
E[(6.)%] < E[(©1))*] <2/ (Gi(e)” = o(1/av),

which completes the proof.

(ii) Fix €, € (0,1) and define

Me.a = [(1 =€) [log(a)|/ Dk (a)], (4.39)
where | z] is the largest integer that does not exceed z. For any (T, X) € C,, by Markov’s inequality we have

1

Me o

E [(T — @X)+] >P(T>0x +meq)

= P(T > @/\z) — P(@X <T<Ox+ m@a)

>1—a—POxy <T <Oy +mcaq),

where the last inequality follows by the definition of C,. Therefore, it suffices to show that for any € € (0,1)

we have
POx <T <Oy +meq) < (), (4.40)
where J.(a) does not depend on (T, X') and vanishes as o« — 0. Indeed, (4.40) implies

. . +1 > o
(T,}\P)fecaE[(T Ox)t] > mea(l—a—bc(a)),

and the result then follows if we divide both sides by |log(a)|/Dx (), let o — 0, and then € — 0.
Inequality (4.40) essentially says that, with high probability, the detection delay of a procedure in C,
cannot be smaller than m. o. In order to explain the idea behind the proof of this claim, let R?X denote the
“likelihood ratio” statistic at time 7" in favor of the hypothesis that the change occurred at time O y against
that the change has not happened at time T (this is defined formally in the Section). We will show that

with high probability, (i) R* cannot be smaller than (roughly) 1/a, because in this case the probability of
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false alarm is not controlled below a, and (ii) R9¥ cannot be larger than (roughly) 1/, because there is
not sufficient time for this statistic to grow that fast if the detection delay is at most m, o. Specifically, in

Section 4.9.3 we show that for any given € € (0,1) we have

P(Ox ST < Ox +meas REY <079 < l(a), (4.41)
P (@X <T < Ox+mea, RO¥ > a—<1—62>) < 8"(a), (4.42)
where 0.(a) and ¢/ (a) do not depend on (7', X) and go to 0 as a — 0, which clearly implies (4.40). O

4.6.2 Upper bound on the performance of proposed procedure

We now explain why we select the thresholds b; and d according to (4.33) for the proposed procedure (f, X ),

defined in Section 4.4, and establish the asymptotic upper bound (4.35).

Lemma 4.4. Suppose that (4.1), (4.21), (4.25), (4.27) hold. As a — 0 and min{by,bx,d} — oo we have
E[T] < U(by, bk, d) (14 o(1)),

where U(by, bk, d) is defined as follows:

log(bK)> n (C L log(bK)> (1 1) . Hog(61(a))]

(Al(a” Dy @ T Drle )\ T a D1 ()

+oatt) (5,7 ~ e+ (T 7))

Remark 4.11. As discussed earlier, threshold by is selected according to (4.32) in order to guarantee the

false alarm control. Given this value for by, we select by and d to optimize the asymptotic upper bound
U(b1, bk, d), which leads to the threshold values suggested in (4.33) (see more details in Section). With this

selection of thresholds, we have
[ log(a)|

L{(bl,bK,d) ~ )\1(@)4‘ DK(OL)

Outline of the proof for Lemma 4.4. We observe that

Son = Z(ASQm—l + ASom) Linsm)
m=1

where AS,, = S,, — S,,_1 is the duration of n'" stage, and recall that N, defined in (4.19), is the number of
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cycles until stopping. Since {N >m} € Fs,, , C Fs,, ,, from the law of iterated expectation,

E[T] = ) E[E[ASon—1]Fs,, o] + E[ASon|Fs,,, i N >m]. (4.43)

m=1

The first step then is to establish a non-asymptotic upper bound on the conditional expected length,
E[AS,|Fs,_,], of each stage n, which is done in Lemma 4.6. These bounds are deterministic and do not
depend on the cycle index m, which implies that the resulting upper bound for E[f] is proportional to the
expected number of cycles, E[N]. In Lemma 4.5 we establish a non-asymptotic upper bound on E[N]. The
combination of these two bounds leads to the conclusion after letting o — 0. The detailed arguments and

the proofs of these lemmas are presented in the Section 4.9.4. O

We start with a lemma that provides a non-asymptotic upper bound on E[N], which does not require

any assumption on the change-point model.

Lemma 4.5. Assume (4.1) holds. For any b1,d > 1, and n > 1,
P(N >n)<n"™,  where n=1/by +1/d.

Consequently, E[N] <1+4+1n/(1 —n) and E[N] = 1 as by Ad — oc.
Proof. See Section 4.9.5. O

Since P(N > 1) < 1/b; 4+ 1/d, this lemma implies that for large values of b; and d we will typically
have only one cycle with high probability. This suggests that we need a stronger upper bound for the first

training stage than the remaining ones.

Lemma 4.6. Assume (4.1), (4.21) and (4.27) hold. For any € > 0 there exists a positive constant C. such

that for any by,bx,d >0, a € (0,1), m € N we have

() E[ASom_t | Fey o] < [ — + 10801 T llog(G1())]

_(Qm) D:(a) +@)ﬂ+d

with 1/(1(a) replaced by A\ (a) when m =1, and

Dk (o) by IK+JK>+C€> (1+e).

Proof. See Section 4.9.6. O
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Remark 4.12. The duration of an assessment stage depends heavily on whether the change has already
occurred at the end of the previous training stage. If the change has indeed happened, we would expect the
change-detection rule to stop earlier than the testing rule; otherwise, we would expect the stopping to be

triggered by the testing rule. This observation suggests the following decomposition for E[ASo,|Fs,, ],

E [Asz,n ]1{L52m_1:1}|]-'52m_1} +E [ASQm 11{L52m_1:0}|f52m_1] :

and that we need to bound each term separately.

4.7 Simulation study

In this section we illustrate the proposed procedure and our asymptotic results in a simulation study with
K = 3 treatments under the Markovian change-point model (4.2). Specifically, we assume that the responses

are Bernoulli random variables such that for every x € [3] and ¢ > 1 we have
P(KS:”Xt:-raLt:l):l_fm P(Y;lelXt:x7Lt:0):fw’

where {f;,x € [3]} are real numbers in (0,1). Moreover, we set mp = 0 and assume that the transition
probability of each treatment x, p,, does not depend on the tolerance level a. The response and transition
probabilities, { fz,ps : * € [3]}, are presented in Table 4.1.

We can see that treatment 1 is the best for accelerating the change (see also Remark 4.8), whereas
treatment 3 is the best for detecting the change. However, while it is possible to assign exclusively treatment
1 or 2, this is not the case for treatment 3, because its transition probability is zero.

The proposed procedure (Section 4.4) uses treatment 1 in training stages and treatment 3 in assessment
stages, and we will refer to it as (1,3). From Corollary 4.3 it follows that this procedure is asymptotically
optimal. It is also interesting to point out that using treatment 2, instead of 1, in the training stages also
leads to an asymptotically optimal procedure, since the transition probability of treatment 2 is also positive

and independent of a. We will refer to this procedure as (2, 3).

€ [3] fac Pz D,
1 045 | 0.1 | 0.125
2 0.35 | 0.05 | 0.237
3 0.25 0 0.549

X

Table 4.1: Response densities and transition probabilities for the three treatments.

Under the Markovian change-point model (4.2), we can also implement the optimal procedure, (T, XF),
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described in Section 4.3. Since the response space Y in this study is {0, 1}, the integration in the operator
Te, defined in (4.12), becomes a summation. Thus, the main challenge in the practical implementation of
this approach is the computation of the constant ¢(«) for which (4.14) holds, i.e., for which the false alarm
constraint is satisfied with equality. To this end, we simulate the false alarm probability of (T, X¥) for the
following values of ¢

cefa-107": a=1,...,9, and b=2,...,9}.

Then, for any given o € (0,1) we select ¢(a) to be the number in the above set with the largest error
probability that does not exceed «.

Therefore, in our simulation study we compare the following procedures:
e the optimal procedure obtained via dynamic programming, (7., XF),
e the proposed procedures, (i,3), where ¢ € {1, 2}, with thresholds selected according to (4.32)-(4.33),

e the procedures with a static design, (i), where 7 € {1, 2}, and its associated Shiryaev stopping rule (4.8)

with threshold b = (1 — a) /.

Q@ 0.05 1E-2 1E-3 1E-5

Err | ESS Err ESS Err ESS Err ESS

optimal | 0.026 | 21.5 | 9.8E-3 | 23.8 | 9.9E-4 | 28.3 | 9.6E-6 | 36.9
(1,3) 0.037 | 22.1 | 5.6E-3 | 26.9 | 6.9E-4 | 31.1 | 8.5E-6 | 39.9
(2,3) 0.027 | 32.8 | 7.0E-3 | 36.3 | 6.8E-4 | 41.1 | 6.7E-6 | 49.9
(1) 0.044 | 27.0 | 8.8E-3 | 39.9 | 8.8E-4 | 58.3 | 8.8E-6 | 95.0
(2) 0.038 | 32.4 | 7.5E-3 | 40.1 | 7.5E-4 | 49.9 | 7.4E-6 | 69.4

Table 4.2: Given target level «, we first determine the thresholds for each procedure, and then simulate the
actual error probability (Err), and the expected sample size (ESS).

The results are summarized in Table 4.2 and Fig 4.3. In Table 4.2 we present the expected sample
size (ESS) and the actual error probabilities (Err) of the above procedures for different target values of
a. In Fig 4.3a we plot ESS against —log;,(Err) for each procedure, whereas in Fig 4.3b we normalize
the ESS, dividing it by the associated asymptotic lower bound in (4.34), which in this context is equal
to 10 — log;o(Err)/Ds. These error probabilities were computed via the simulation method suggested in
Lemma 4.1, which allowed us to set o as small as 1077,

As expected by Lemma 4.1, from Table 4.2 we observe that all procedures control the false alarm
probability below the target level. For procedures (1) and (2) that employ a static design, we also observe
that the ratio of the actual error probability (Err) against its target level o remains roughly constant. This

finding is not surprising, as from non-linear renewal theory [76], the overshoot of a perturbed random walk
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Figure 4.3: In (a), we vary the thresholds of each procedure, and plot |log,(Err)| vs ESS. In (b), we
normalized the ESS by the asymptotic lower bound.

crossing threshold b has a limiting distribution as & — co. On the other hand, we do not observe a similar
behavior for the proposed procedure.

From Table 4.2 we also observe that the performance of the proposed procedure, (1,3), is very close to
that of the optimal (T*(cy), X*(cq)). Indeed, when oo = 5%, the Err and ESS of the two procedures were
roughly the same. For a equal to 1% or smaller, the Err of the optimal scheme was almost equal to «, unlike
that of (1,3), and the resulting optimal ESS was consistently (roughly) 3 observations smaller than that of
(1,3). Note that the performance of (1,3) in Table 4.2 was obtained by simply plugging-in the threshold
values (4.32)—(4.33), whereas the implementation of the optimal scheme required extensive simulations.

The gap between the performance of (1,3) and the optimal scheme is further reduced, compared to
that in Table 4.2, when both procedures are designed to have the same error probability, as depicted in
Figure 4.3. Further, the gap in Figure 4.3 remains constant for small error probabilities. It suggests that the
proposed procedure may enjoy an even stronger form of asymptotic optimality than the first-order property
we established in this work.

From Table 4.2 and Figure 4.3a we also observe that procedure (2,3) consistently requires on average
roughly 10 more samples than procedure (1,3). This is essentially the additional time required for the change
under treatment 2 compared to treatment 1. As a result, the curve of (2,3) in Figure 4.3a is essentially parallel
to that of (1,3), and its curve in Figure 4.3b converges to 1. On the other hand, the curves in Figure 4.3b
that correspond to the “static” designs (1) and (2) do not converge to 1, which implies that these procedures

fail, as expected, to be asymptotically optimal.
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4.8 Conclusion

Motivated by applications in intelligent tutoring systems and e-learning environments, this Chapter proposes
a generalization of the Bayesian QCD problem, where the goal is to not only detect the change as quickly
as possible, but also accelerate it via adaptive experimental design.

Specifically, it is assumed that the sequentially collected observations are responses to treatments selected
in real time. The response to each treatment has a different distribution before and after the change-point,
and the change-point is influenced by the assigned treatments. The problem is to find a treatment assignment
rule and a stopping rule that minimize, subject to a false alarm constraint, the expected total number of
observations.

We obtained an exact solution to the proposed problem, via a dynamic programming approach, under the
Markovian change-point model. While the optimal stopping rule admits an explicit form, this is not the case
for the optimal assignment rule, whose (numerical) computation can be time-consuming and challenging.
Thus in this Chapter we proposed an intuitive procedure that is easy to implement and asymptotically
optimal for a large class of change-point models. Moreover, a simulation study in the Markovian case
suggests that the proposed procedure is very close to the optimal.

We conclude with directions of further study: calibration of the change-point model and response models
in particular applications, design and analysis of procedures that require limited information regarding
the change-point and/or response models, study of the corresponding problem in the finite-horizon setup,

extension to the case of multiple change-points.

4.9 Proofs

In this section, we present the omitted proofs.

4.9.1 Proofs regarding the posterior odds

Proof of Lemma 4.1. For any t > 0, by definition, we have

1
1+,

P(L; =0|F) =
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Then for any B € Fg, we have BN {S =t} € F;, and thus

P(Ls = P(L;=0,S=t,B)=)Y E[P(L =0|F);S =t B
t=0 t=0
_iE[ seun] e[t
py 1+Tg
which completes the proof by the definition of conditional expectation. O

The proof of Lemma, 4.2 relies on the next Lemma, which is also crucial in establishing lower bound later.

Thus, we set Ag(X) = 1, and recall the definition of A¢(X) for ¢ > 1 in Lemma 4.2. We denote

RS (X) = I0,(X) H % for t>s>0. (4.44)

The following lemma states that R$(X’) can be interpreted as the “likelihood ratio” between the hypothesis
Oy = s versus Oy > t.

Lemma 4.7. Fix integerst > s > 0 and an assignment rule X. For any non-negative measurable function

w: (Y4 B(YY) — [0, 00], we have
Efu(Y1,...,V1); Ox = s] =E[u(Y1,...,V}) R{(X); Ox >1].

Proof. We will only prove the case where ¢ > s > 1, and other cases can be proved similarly.
Denote y1.+ = (y1,...,y:). Since X is an assignment rule, there exists a sequence of measurable function
{zj : j > 1}, such that X; = z;(Y1.;). For any non-negative measurable function u : Y* — R, by an iterated

conditioning argument we have

Elu(¥i)© = sl = [uyia)m T 70 T o) TL s, (55) o)
=0 i=1 j=s

E u(¥i)i0 >t = [u(n) [[0-m) H Fo (93) it (1.0),

=0

where we drop the arguments of {m;} and {z;} to simplify the notation. Since u(-) is arbitrary, in view of

the definition (4.44) of R}, we have
E[u(Y1.); © =s] =Eu(Yit)R{; © > 1.

which completes the proof. O
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Proof of Lemma 4.2. In view of Lemma 4.7 and the definition (4.44) of R§, we have for any B € F;,

s s=0

E[L;=1;B]=) P(B,©=s)=)Y E[R}; B,0 >

t
P(L: = 0|F) Y Ry B | .
s=0

t

=0
t

ElZRf; B,Lt:O] =E
s=0

Thus by the definition of conditional expectation, we have
t
P(Li =1|F) = P(L = 0|F7) > _R;.

s=0

Thus in view of the definition (4.7) of the posterior odds, we have

t t
, A;
SR |

s=0 j=s

Then simple algebra shows that the statistics {I';,¢ > 0} admit the recursive form (4.9).

4.9.2 Proofs regarding the dynamic programming approach

Proof of the conditional density in (4.11). Fix some t > 1. For any B € B(Y), we have

P(}/;g S B|./T'.t_1) - P(}/t € B,Lt - ]-7Lt—1 - 1|.Ft_1)

+P(Y; € B, Ly =1,L; 1 =0F;_1)+P(Y; € B,L; =0,L;_1 = 0| F;_1).
Denote the three terms on the right hand side by I, II, and III. Then

1 = /B Fx @)P(Le = 0, Ly = 0\ Fo_y) pu(dy)
= /fot(y)(l —px,)P(Li—1 = 0|Fi—1) pu(dy)

= [ P =px )0 = o) uta),
By similar argument, we have
1= [ ax@Fentdn. 1= [ ox@x =T udy).
Combining three terms, we have P(Y; € B|Fi_1) = [, ¢(y; T4, X:)p(dy), which completes the proof.
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The proof of Theorem 4.1 relies on the following Lemma.
Lemma 4.8. For any ¢ > 0, J* is a concave function on [0, 1].

Proof. Since point-wise limit operation preserves concavity, in view of (4.13), it suffices to show that if
J € J is concave, so is T.(J). Since point-wise minimum and integration operations preserve concavity and
z + (1 — 2) is a concave function, in view of the definition (4.12) of 7, it suffices to show that for any

x € [K], y € Y and concave function J € 7, the following function is concave:

2z J((z,2,9))d(y; z,x) for z € [0,1]. (4.45)

With z and y fixed, to simplify notation, denote £(z) = (z + p.(1 — 2))g.(y), and thus by (4.11), ¥(z) =

£(2)/0(2).
Pick any 0 < z; < 290 <1,y € (0,1). Denote 2’ = vz1 + (1 — 7)z2. Then

£(z") = vE(21) + (1 = )8(22),  d(2") = vo(21) + (1 — 7)d(22)-

By concavity of J, we have

||
/‘\
%
~
=
/\ =
RN
~— | ~—
~_ |
—~
—
|
2
©-
—
W
[ V)
<

£(22) ))
¢ 21 o(2") ¢(22)
W&(Zl) ( 7)5(22)> i (5(2’)>
< o) ( = o)1 (£53).
which implies the concavity of (4.45), and thus completes the proof. O

Proof of Theorem 4.1. From the definition of T, it has the following equivalent form:
—inf{t >0:T, € B.}, where B, ={z€[0,1]:J(z) — (1 —2) > 0}.

By Lemma 4.8, J* is concave, and thus so is z — JZ(z) — (1 — z), which implies that the set B, is convex,
and thus is an interval in [0, 1]. Due to concavity, J¥ is continuous, which implies that B, is a closed interval.
Clearly, J¥(1) = 0, and thus 1 € B, and B, is of form [b., 1] for some b, € [0,1], which completes the

proof. O
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4.9.3 Proofs in Subsection 4.6.1

Due to the assumption (4.27) and from the definition (4.23), we have that for any a > 0,

0<I"<Dg(a) <I"+|log(d)| < oo, where I"= m%Im. (4.46)
fdS

Further, recall the definition of R} in (4.44) and m. o in (4.39).

Proof of (4.41) in Lemma 4.3. Fix (T, X) € C, and write © instead of Oy for simplicity of notation. By

definition, P(T' < ©) < a. Observe that

A

p (@ <T<O+mea, RO < 04_(1_52))

oo StMea—

Z Z P(th, R} <a_(1_52), @zs).

For any t > s, {T =t} and R} are both F; measurable. By Lemma 4.7,

P(T=tR <a = 0=s)=E[R}; T=t, R <a =) 0>t
t t t

<a =) pr=t0>1.

Putting these together, we obtain

0o S+Me,a—

A< o (- E)Z Z P(T:t,(—)>t)
< q (=) Me o Z P(T=t,0 >1t)

— o (1= Mea P(T < ©) < af Me,a,

and the upper bound goes to 0 as a — 0, since due to (4.46),

[log(e)| _ [log(a)| _ 2
e,ag DK(CY) S IE fO(Oé )

O

In the remainder of this section, we focus on the proof of (4.42) in Lemma 4.3. We start with a few
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observations. First, we set

KO = log(Ap) =0, A= log(A;) = log (gXt GQ)) for t > 1,
fx.(V1)

where {A¢ : t > 1} are defined in (4.9) and Ag = 1.

Note that the treatments and the responses start from time 1, and X is undefined. We further define

Note that X; € [K] for any t > 1, and I, is defined in (4.1) for z € [K].

Lemma 4.9. Assume (4.1) holds. Fiz any assignment rule X, and we write © for Oy for simplicity of

notation. For any integer t > 0, we have

~ 2
E [(A@H —IX9+,5) ] <V* < oo, where

9 (4.47)
V* = max {V,} and V, :/ <1ogg’” —Ix) gudy.
ZG[K] Y fZL’
Proof. Observe that the quantity of interest is equal to the following
co K R 2
SN (R rx) 10 =5 X =1
s=0 =0
oo K R 2
< ZZ P(® =38, Xoqt = ‘T) E |:<As+t - Ix) |@ =38, Xoqt = 37:|
s=0 =0
oo K
<V N PO=sXp=2)=V",
s=0 =0
where we used the fact that Ls;+ = 1 on the event {© = s}. O
Let us denote
Hy=0Us, Vs :0<s<t), fort>0, (4.48)

which includes all the randomness in the dynamic system (4.3) up to time ¢. Although {#;} is not observable,
it serves as a convenient analytic device. Clearly, F; C H;, and thus any {F; }-stopping time is {#; }-stopping

time. Also, Oy is an {H,}-stopping time.

Lemma 4.10. Assume (4.1) holds. Fiz any assignment rule X, and we write © for ©x for simplicity of
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notation. Then the process

O+t R
Mori =Y (Aj - IXj) >0 (4.49)
j=©

is a square integrable martingale w.r.t. {Heys :t > 0}.

Proof. Adaptivity is obvious and square integrability is established in Lemma 4.9. For any ¢ > 1, in view

of (4.3) and since Lo1+ = 1, we have
Yoit = MXe+t, 1, Voit).

Since ©+t—1 is an {H; }-stopping time, by Lemma 4.15, Vg4, is independent of He+—1, and has distribution

Unif(0,1). Since Xgtt € Hott—1, we have

9Xe4t

> gX(—)-f—td/J’ - IX@-H = 07
fX®+t

E |Aoy 7IX(—)+t|H@+t*1:| = / 1og<
Y

which completes the proof. O

Next we study the behavior of above martingale.

Lemma 4.11. Fiz any assignment Tule X, and we write © for Oy for simplicity of notation. Consider the

process {Megy+ : t > 0} defined in (4.49). Then, for any € > 0 we have

1 *
P( max M@+t>€> S v

m o<t<m e2m’

where V* < oo are defined in (4.47).

2

Proof. Observe that z — 2z is a convex function and {Megi: : t > 0} is a square integrable {Ho4+}-

martingale. Thus by Doob’s inequality, we have

1 E[(Me+m-1)]
Pl— Mgy, >€e) <P Moii)? > &m? | < = 2
(m o, Mo+t 2 ) < (mm< ovt) Zem’ | < ==
By properties of square-integrable martingale and the Lemma 4.9,
m—1 N 2
E[(Mo1m-1)%] = Z E [(A(~)+s - IX@+S) } <mV?",
s=0
which completes the proof. O
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We can finally complete the proof of Lemma 4.3 by establishing (4.42).

Proof of (4.42) in Lemma 4.3. Pick any (T, X) € C, and write © for ©y. Observe that

PO <T <O +meaq, RS > a*(lfﬁ))
< o 9
=P <og£2%ii,a ogRS,, > (1—¢ >|log<a>|)
1 e
< >
=P <m6,a oggi%m logRg ;> (14 e)DK(a)> .

Next, by the definition of logR§,, in (4.44) it follows that

O+t O+t

logRS, = —|loglle| + 3 (Kj - IXj) + 3 (Jlog(1 — )| + Ix,)
j=6 j=6
O+t
< Moy + Y, (Jlog(1 —TIj)| + Ix;,) -
j—©

By assumption (4.27), we have for any j > 0

|log(1 — IIj)| + Ix, < [log(d)| +I" < o0,

Due to assumptions (4.21) and (4.27), there exists some ¢y such that for any j > o, and o > 0,

[log(1 —II;)| + Ix; < (1+€/2) (|log(1 — px; ()| + Ix;)

< (1+¢/2) D (a).

Therefore, by these two observations it follows that for any « > 0,

O+t to—1 O+t
S (logl -+ Ix) < [ D+ > (llog(1 — II;)| + I«x;)
j=0 7=0  j=max{to,0}

< to ([log(d)| + I™) + (1 + €/2)Dk (a).

Note that the first term in the upper bound does not depend on «; thus, for sufficiently small o we have

to (I" + [108(5)]) < (¢/4) me0 Dic(a),
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and consequently
log RS, < Mors + (¢/4) me.a Dic(a) + (1 + ¢/2) Dic(a),

which implies that for any t < m. o

1
logR8 . < ——Me+t + (1+3¢/4) Dk (a).

Me o

Thus, by Lemma 4.11 it follows that there exists some constants C' such that

9 . >
P (meya ogrtri%,}i,a logRg,, > (1+ E)DK(a))

1 EDK(a)
<P M, >
- (me,a o<t<m. O T T
1 I* C
<P ( max Moy > ‘ > < 5
Me, o 0<t<me,a 4 Me o

which completes the proof.

4.9.4 Proof of Lemma 4.4
We first finish the proof of Lemma 4.4 using Lemma 4.5 and 4.6.

Proof of Lemma 4.4. Fix some € > 0. In view of (4.43) and by Lemma 4.6, there exists some constant C.

such that
log(d), 1 _ 1 log(bx/b)
+( b T "7 T Dkl )E[NHC“
_ log(bk ) 1 log (b ) _ | log(C1(av))]
= Ai(o) + Dre(a) <Cl(a) + Dyc(a) ) (E[N]—1) + Dy (a) E[N]

+log(by) (Dll(a> _ DKl(a)> E[N] + loifd) (Ii n J1K> E[N] + C..

Then by Lemma 4.5, as a — 0, which implies min{b;, bx,d} — oo, we have
, E[T]
limsup ——— < 1+e

U(by,br,d) —

Since € > 0 is arbitrary, the proof of the first part is complete.
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Now, plugging the thresholds (4.33) and (4.32) into (b1, bk, d) and due to assumption (4.25), we have
as o — 0

log(brc) [log(a)
M)+ 5 D ()’

<C1204) " ll(;gx(l();{))> (bll + ;) =0(1),

OB o log(@)]). log(b) = ol log(a)],  log(d) = o).

~ Ai(a) +

where the third and fourth terms used assumption (4.25). Thus

| log()|
U(b1,b;{,d) ~ )\1(04)4’ DK(Q) .

O

Discussion of (4.33). Note that bx = a/(1 — «) is fixed. Elementary calculus shows that for any fixed

xz,y > 0, we have

arg mzin {% + ylog(z)} = g (4.50)

Then for fixed by, we would choose

1/Gi(a) + log(bk ) /Dk (@)
1/Ix +1/Jk

d=b

Plugging in the above choice, and keeping the dominant terms related to by, we are left with

1 log(bK)> 1 ( 1 1 )
+ — +log(by) | =—— — =——— |,
<<1(a) Dr(a) / b altn) Di(a)  Dk(a)
where we ignored log(d)/b; term, since it is dominated by the first term above (as & — 0). Then again

by (4.50), we would select b; as in (4.33). O

4.9.5 Proof of Lemma 4.5

We start with two observations that will be used repeatedly. By the definition (4.18) of {S,,}, the posterior
odds exceeds threshold b; at the end of a training stage. Thus, by Lemma 4.1 we can control the conditional

probability that the change has not happened at the end of a training stage. Specifically, for any m > 1,

1
<

1
F52m71 > by and P (LS2m—1 = O|]:52m71) < 1+ b H

(4.51)
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Second, if the change has already occurred at the end of a training stage, then with high probability we

terminate the process at the next assessment stage. This is formalized in the following Lemma.

Lemma 4.12. For any integer m > 1, we have
P(BQM’LS2m71 = 1|‘7:S2m71) < 1/d5

where Bam = {7(S2m—-1,d) < 0(Sam-1,bK)}.

Proof. Let us fix m > 1, and write .S for Ss,,_1 for simplicity. Further, let us introduce the following system
and its associated “stopping” rule:
)

Y!
)

>d

t
Y] = h(K,1,Vsy,) fort >1, 7' =inf tzl:HfK(
i 9K (

where {V; : t > 1} appear in (4.3).
Observe that on the event {Lg = 1}, we have
Ysit = h(Xs4t,1,Veie) = h(K,1,Veyy) =Y, for 1 <t < Sy, — 5.
Further, on the event Ba,,, we have Sa,, — S = 7(S,d). Thus
7(S,d) = 7', on the event Ba,, N{Ls = 1}.
Finally, observe that

P(BQ7rL7LS - 1|JT"S) - P(BQ’rruLS = 177—(57 d) < OO|‘FS)
= P(Bam,Ls = 1,7’ < 00| Fs)
<P(Ls=1,7 < |Fs)

= E[P(7’ < oo|Hs); Ls = 1|Fs],

where {H; : t > 0} is defined in (4.48). By Lemma 4.15, {Y/,t > 1} are independently and identically

distributed (i.i.d.) with common density gk, and are independent of Hg. Thus, by Lemma 4.17,

P(7' < oo|Hs) < 1/d,
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which completes the proof. O

Remark 4.13. In the above proof, for each fized m, we introduced a hypothetical system {Y/ : t > 1} that
is closely related to the actual responses after time Sopm—1, i.e. {Ys, 4+ :t > 1}, associated with X. The
advantage of the hypothetical system is that {Y/,t > 1} is i.i.d., whereas {Ys,, ,+t,t > 1} is not i.i.d. even

on event that {Ls, , , = 1}, since the assigned treatments will vary in training and assessment stages.
We are now ready to prove Lemma 4.5.

Proof of Lemma 4.5. For any integer m > 1 we have
P(N >m)=P(N >m — 1, Bay,) = E[P(Bay|Fs,,._,); N >m —1],
where Bay, is defined in Lemma 4.12. By (4.51) and Lemma 4.12, we have

P(B2m|‘/—:32m71) < P(BQ’WHLSszl = 1‘F52m—1) + P(Lssz1 = O|]:52m71)

<1/d+1/by =n.
Then the proof is complete by telescoping argument. O

4.9.6 Proof of Lemma 4.6

In this subsection we prove Lemma 4.6, which establishes non-asymptotic upper bounds on the conditional
expected length E[AS,|F,_1] of each stage n of the proposed procedure, (f, 2?) The main idea of this
proof is to introduce, for each stage, hypothetical systems that are coupled with the original system, i.e.,
the system {II;, Ly, X;,Y;, Ty : t > 1} associated with the proposed assignment rule X.

Thus, for any integer n > 1, we set x,, = 1 if nis odd and x,, = K if n is even, and define {II}, L}, Y,*, T} :
t > 1} to be a system that describes the hypothetical evolution of the transition probability, the latent state,
the response, and the posterior odds of the original system after time S,,_1 if we only assign treatment x,,

afterwards. Specifically, if we write .S for S,,_1 for simplicity, then we define Lj = Lg, I'§f = I's and for each
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P = meit (X1, s Xgy Tny ooy T )y

Ly

WLy =1} + {Li", =0, U" < 1Y},
(4.52)
}/;n = h(.’lﬁn, L?a V;En)v
gz, (V")
(1 —17) fa, (V")

Iy =T + 1)

where (U]*, Vi) = (Ug+t, Vsy+) is the same “noise” that drives the original system after time S (see (4.3)).
Then the evolution of the hypothetical system coincides in part with the n'* stage of the original system, in

the sense that for any 1 <t < S, — 5,1,
(HS+ta Lsii, Xs4t, Ysie, FS+t> = (H?a L?a Tn, Ytn» F?) (4~53)

Furthermore, for each n > 1 we denote ©™ to be the “change-point” of the above n'* hypothetical system,
and p" the required time, after the change-point, for the process {I'} : ¢ > 1} to cross threshold b,,,.

Specifically, for each n > 1,
O"=inf{t>1:L =1}, p"=inf{t>0:Tg.,; > bs,}, (4.54)

where p™ is well defined only on the event {©" < co}.

In order to upper bound the length of assessment stages, we will introduce another hypothetical system.

Thus, for each even n > 1 we define

Y = h(K,0,V{") fort>1,

Th=inf<t > 1: 1 . > log(d) » ,
Pl <9K<33">> -

where {V;* : t > 1} is the same “noise” that drives the original system after time S, _; (see (4.3)). Then for

any t < (@™ — 1) A (S, — Sp—1), we have
i}n = h(K7O7 ‘/tn) = h(XSn—1+t7LSn—1+t7 V5n71+t) = Y5n71+t7 (456)

and for any t < (0" — 1),
Y = h(K,0,V{") = Y} (4.57)
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Note that compared to the original system, system (4.52) is simpler in that the treatments are fixed,
whereas system (4.55) is even simpler in that both treatments and the latent state is fixed. The next
Lemma shows that the length of each stage is bounded above by quantities of the hypothetical systems
(4.52) and (4.55).

Lemma 4.13. (i) For each n > 1, we have
AS, <O"+p" ]].{@n<oo}.
(ii) If n is even, we also have
ASn S 7_7’L + pn 1{@"ST"<OO}'

Proof. (i) For each n > 1, we define ¢” to be the first time the process I'" exceeds threshold b, i.e.,

o"=inf{t >1:T} > b, }.

In view of the definition of p™ in (4.54), we have 0" < ©" + p" l{gncoo}, thus it suffices to show that
AS, < o™ If the stopping in n'" stage is triggered by the detection rule, i.e. I's, > b, , then we have
AS,, = o™ due to (4.53). Otherwise, the posterior odds of the original system does not cross bg in the n**
stage, and thus again due to (4.53), we have AS,, < ¢™. In any case, we have AS,, < ¢”, and the proof is

complete.

(ii) Consider some even number n. We focus on the event that {7 < 0o}, since otherwise (ii) holds trivially.
On the event that {7 < ©"}, in view of (4.55) and (4.56), the n'" stage of original system must have

stopped by the time S,_; + 7", i.e.,

AS, < 7" on the event {7" < O"}.

Then, together with (i) we have

ASn == AS’!L]]-{T"<@"} + ASTL]]-{G"ST"}
S Tn]l{.,—'n<@n} + ((__)77 + pn)]l{@ng,rn}

ST ncony + (7" 4+ p") L{or<rny = 7" + p" Lign<rny,

which completes the proof of (ii). O
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The next Lemma shows how to upper bound the stopping rule p™, defined in (4.54), associated with the

hypothetical system (4.52). Recall the definition (4.48) of {#H, :t > 0}

Lemma 4.14. Suppose that (4.1), (4.21) and (4.27) hold. Fiz any e > 0. There exists some constant Ce > 0
such that the following two hold.

(i) For any n > 1, on the event {O™ < oo},
o< in{t > 05 20 > log(bs,) — log(T_y +118,) + C.),

where {Z{ : t > 0} is a process after the change-point O™ :

n — s Yz, (szn) 6IiEn
s=@n n s

(i) Fizn > 1, and set Z™; = 0. On the event {O" < oo}, {Z]'—Z | : t > 0} is a sequence of i.i.d. random
variables that is independent of Hs, |+, -1, that has positive first moment D, (o) — el /(14 ¢€), and that

has finite second moment which only depends on the parity of n.

Remark 4.14. In view of (i) in the above lemma, to get a further upper bound on p™, we have to get a lower

bound on the term log(T'g._, + .), which will be dealt with separately conditioned on different events.

Proof. (i) From the definition (4.54) of p™, it suffices to show that there exists C, > 0 such that for any

n>1andt >0,
log(T'Snys) > Z;" +1og(Tgn_ + 115 ) — Ce. (4.58)

By applying telescoping argument to the recursion (4.52) of {I'} : ¢ > 0},

Sy 9o, (V)
logTEn s > > (log (M) + |log(1 — ng)|> +log(Tgn_; +108.).
s=0On Tn\"s

Then, in order to prove (4.58) it suffices to show that there exists C. > 0 such that for any ¢t > 0,n > 1, we

have
"+t O"+t EI
> og1 -1 = 3 (11061 pe )] - 122 ) - (159)
s=0On s=0On

Now, by assumption (4.21) and (4.27), |log(1 — p;(a))| < |log(d)| for any = € [K] and « > 0, and there
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exists some integer s > 0 such that for any s > s, @ > 0, and z € [K]

el,
sup[1og(1 — (=, ) ~ lo(1 — pa(a))| < 2=
z€[K]s—1 + €

Thus, if we set C. = s¢|log(d)|, we have

"+t se—1 "+t
> logl—pa, (@) < [ Do+ > | log(1 — py,, ()]
s=0n s=0 s=max{sc,0O"}
"+t el
< C. log(1 — II7” T,
2 (' ol S)+1+e)

which clearly implies (4.59) and thus completes the proof of (i).

(ii). In view of (4.52) and by definition of 0", we have for ¢ > 0,

Y& = h(@n, Ln 4, Vani) = M(an, 1, VEn ).

Due to Lemma 4.15, we have that

{V&nye: 620} = {Vs,_11onqe it 20}

are independent, uniformly distributed in (0, 1) random variables, that are independent of Hg, ,1on_1. As
a result, {Yg., : t > 1} is a sequence of i.i.d. random variables, that is independent of Hs, ,1e»_1 and

that has common density g, . Thus the proof is complete by Lemma 4.9. O
With above preparations, we can finally prove (i) and (ii) in Lemma 4.6.

Proof of Lemma 4.6(i). Consider the case (i) where n is odd and x,, = 1. We will only show the first claim,
since the second can be proved by the same argument, and by using the definition (4.22) of A;(«).

By definition (4.24), we have for any o > 0,

log(Tgn 1 + 11gn) = log(Ign) = log(C1()).

Thus by Lemma 4.13(i) and 4.14(i), we have AS,, < ©™ + p", where

pr=inf{t > 0: Z] >log(bh1) + |log(¢1(a))| + C}.
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By the definition (4.24) of (;(a), given Fg O" is dominated by a geometric random variable with

n—17
parameter (1 (o), and thus E[©@"|Fs, ,] <1/¢i(a). Since Fs, , C Hs, ,+on—1, and due to Lemma 4.14(ii)

and 4.16, there exists some constant C! , such that for any by, and odd n > 1

- log(b1) + [log(Ci(a))| + Cx
Elp"1F sl < Di(a) —el1/(1+e)

< log(b1) + ||13f>1g((0€)1(01))| + C; (1+6)

which completes the proof of (i). O

Proof of Lemma 4.6(ii). Now we consider the case (ii) where n is even and z,, = K. Recall Remark 4.12.
Notice that on the event {Lg, _, = 1}, we have ©™ = 1. Further by (4.51) and the definition (4.52), on

the event {Lg, , =1},

by <Ts, , =15 =Ty = log(I'dn_; +115.) = log(by).

Thus, by Lemma 4.13(i) and 4.14(i), on the event {Lg, , = 1}, we have

AS, <1+inf{t >0: Z] > log(bx) —log(b1) + Cc},

and then due to Lemma 4.14(ii) and 4.16, there exists some constant C! such that for any bx, by, a > 0, and

even n > 1,
log(bk /b1) + C!
E[AS, < —=—r— (1 .
(85,15, ] < LS 14
Since {Lg, , =1} € Hg, , and Fs, , C Hs, ,, and by the law of iterated expectation, we have for any

br,b1,a >0, and even n > 1,

E[ASn]]-{Lsnfl:l} |‘an,71}
1+4+¢€

(4.60)

log(bx /b !
<P(Ls, ,=1Fs, ,) (W) )

Dx(a)

Now, we focus on the event {Lg,_, = 0}, and will apply part (ii) of Lemma 4.13. On the event {0™ < 7"},
by definition (4.55), we have

<d

3

@ﬁ Ik (F)
j=1 gr(Y]")
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thus, due to (4.52) and (4.57),

or—1 or—1 o
gk (Y}") g (Y]")
I, >T5 [] =17 ] 22 > by /d.
j=1 fr(¥) =1 fe(Y))

which implies that on the event {0" < 7 < oo} we have
log('gn_1 + gn) > log(by/d).
Then, due to Lemma 4.13(ii) and 4.14(i) we have
AS, <7+ " Len<rncoo}s

where p" = inf{t > 0: Z}' > log(bx) — log(b1/d) + C.}.

Due to Lemma 4.15, {)A/t” :t > 1} is a sequence of i.i.d. random variables with common density fx,
that is independent of Hg, ,. Further, recall the discussion on {Z}* : ¢ > 0} in Lemma 4.14(ii). Then by
Lemma 4.16 and the law of iterated expectation, there exists some C! such that for any even n > 2, and

a >0,

E[r" i, =03l Fs, ] log(d) + C¢

< P(Lsnfl = Olfsnfl)

1+e JK ’
Ep"Lion<rn, Ly, =0} Fs, 1] <P(L 0l ) log(bx /b1) + log(d) + C!
1+e =S T Dx(a) '
which implies (increasing C? if necessary) that
E[AS, Ly, =0} Fs, ]
1+4€
(4.61)
log(bre/b) _ log(d) (1 1\ .,
<P(L = 0|F; —+ = Cl.
— ( Sn—l | Sn—l) DK(O{) + bl IK + JK + €
Finally, combining (4.60) and (4.61), we finish the proof of (ii) in Lemma 4.6. O

4.9.7 Additional lemmas

The following lemma is widely known and its proof can be found, e.g., in Theorem 4.1.3 of [23].

Lemma 4.15. Let {W;,t > 0} be a sequence of independently and identically distributed R%-valued random
variables (d being an integer), and denote {Gy = o(W, : 0 < s < t),¢ > 0} its natural filtration. Let S be an

{G:}-stopping time such that P(S < co) = 1. Then {Wgyt,t > 1} is independent of Gs, and has the same
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distribution as {Wy,t > 0}.
The following result is non-asymptotic, and is due to [41].

Lemma 4.16. Let {Z;,t > 1} be independently and identically distributed random variables, and {S; =
22:1 Zs,t > 1} the associated random walk. Denote T'(b) the first time that {Si} crosses some threshold b,

i.€.

T(b) = inf{t >1: S, > b}.

Assume that E[(Z])?] < oo and E[Z,] > 0. Then for any b > 0, we have

b+ E[(Z))?/ELZ)]
E[T()] < o

The following lemma regarding the “one-sided” sequential probability ratio test follows directly from

Wald’s likelihood ratio identity [75].

Lemma 4.17. Let f and g be two densities on measurable space (Y,B(Y)) relative to some measure u, and

{Yi,t > 1} be a sequence of independent random variables with common density g. Further, define for any

>}

d>0,

T(d)Einf{t>1:H£E}}::§

Then P(1(d) < c0) < 1/d.
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