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ABSTRACT

We present a framework for studying the dynamics of equivariant vector fields
near relative equilibria. To overcome the lack of linearization at a relative
equilibrium or the possible non-smoothness of the orbit space, we categorify
the space of equivariant vector fields. A category where the objects are
equivariant vector fields was first introduced by Hepworth in the context of
smooth stacks [1]. Central to our approach is the ensuing notion of isomor-
phic equivariant vector fields. The idea is that considering equivariant vector
fields, and their corresponding dynamics, up to isomorphism is a way to take
into account the symmetries of the group action without passing to the orbit
space. In particular, the category of equivariant vector fields near a relative
equilibrium is equivalent to the category of equivariant vector fields on the
slice representation of the relative equilibrium. We apply this to the stability
and motion of relative equilibria, bifurcations to and from relative equilibria,
and to the genericity of conditions for equivariant bifurcation from relative

equilibria.
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CHAPTER 1

INTRODUCTION

We present a framework for studying the dynamics of equivariant vector fields
near relative equilibria. In particular, we study the stability and motion of
relative equilibria, bifurcations to and from relative equilibria, and the generic
conditions for equivariant bifurcation from relative equilibria. The usual
approaches used for vector fields near strict equilibria run into difficulties in
the case of relative equilibria. For example, it doesn’t make sense to directly
linearize a vector field at a relative equilibrium. Since relative equilibria
descend to equilibria of the flow on the orbit space, one could try to linearize
on the orbit space [2, 3]. The obstacle is that orbit spaces of group actions are
generally not smooth. A brute force approach is to embed the orbit space in
some Euclidean space R"™. However, this can be difficult in practice. Instead,
we prefer to think of the orbit space as a smooth stack (see, for example,
[4]). For our purposes, this amounts to categorifying the space of equivariant
vector fields.

A category where the objects are equivariant vector fields was first intro-
duced by Hepworth in the context of smooth stacks [1]. Given an action of a
group G on a manifold M, we categorify the space X(M)% of G-equivariant

vector fields by introducing an action on X(M)% of the vector space:
C= (M, )% = {¢: M — g |¥(g-m) = Ad(g)¢(m), g € G, m € M},

where g is the Lie algebra of G (see (2.2) and Definition 2.9). Central to
our approach is the ensuing notion of isomorphic equivariant vector fields
(Definition 2.10). Isomorphic vector fields lead to equivalent continuous flows
on the orbit space. The idea is that considering equivariant vector fields,
and their corresponding dynamics, up to isomorphism is a way to take into
account the symmetries of the group action without passing to the orbit

space.



In chapter 2, we show that the category of equivariant vector fields in an
invariant neighborhood of a point is equivalent to the category of equivariant

vector fields on the canonical slice representation near the point (Theorem

2.29). Consequently, given an equivariant vector field X € X(M)% with a
relative equilibrium at a point m € M, we obtain a decomposition:
X =YX 4 o), (1.1)

where YX has an equilibrium at m and is transverse to the group orbits
near m, and 9(¢)~) is an equivariant vector field built out of an isomorphism
of equivariant vector fields natural in X (Theorem 2.25). This decomposi-
tion makes many of the methods used for equilibria available for the case of
relative equilibria. Similar decompositions to (1.1) have been used before,
notably using invariant Riemannian metrics [5, 6] and lifting the vector field
to a skew-product decomposition [6]. However, we believe the decomposition
(1.1) in terms of isomorphisms of equivariant vector fields is natural and con-
ceptually simple. Additionally it also helps address the effect of the choices
involved (Proposition 2.39 and Proposition 2.40). In particular, the choices
involved lead to transversal vector fields that are isomorphic.

Our first application is to the stability of relative equilibria in chapter 3.
Given a relative equilibrium m of an equivariant vector field X on a proper
G-manifold, it is natural to consider whether m is stable modulo the group G
[7, 8]. If the orbit space M/G is smooth, one can reduce determing stability
of the relative equilibrium to determining stability of an equilibrium on the
orbit space for the reduced dynamics. However, if the orbit space is not
smooth then other methods are required.

We show how one can determine the stability modulo G of m by passing
to a slice for the action through m, where stability corresponds to the stabil-
ity of an equilibrium. We actually prove something stronger: we prove that
the relative equilibrium m is G-stable for X if and only if it is a G,,-stable
equilibrium for the part of the vector field transerve to the group orbits near
m (Theorem 3.4). That is, we can use the decomposition of X into tangent
and transverse parts in Theorem 2.25 to determine stability. We apply The-
orem 3.4 to Hamiltonian relative equilibria and provide an alternative proof
of the Hamiltonian stability criterion of Montaldi and Rodriguez-Olmos |9,
Theorem 3.6] (see also [10, Theorem 2]).



In chapter 3, we also present an application to the motion of relative
equilibria on a K-manifold M, where K is compact. It is well-known that,
the motion of a relative equilibrium of an equivariant vector field on M is
equivalent to linear motion on a torus [11, 5]. In fact, there is a bound on the
number of independent frequencies of the motion; that is, on the dimension of
the torus containing the motion [11, 5]. This bound is attained generically,
so it may be of interest to modify the equivariant vector field to reduce,
or otherwise adjust, the number of independent frequencies of the relative
equilibrium’s motion to obtain nongeneric motions.

Given an equivariant vector field with a relative equilibrium on a compact
K-manifold, we provide conditions for constucting an isomorphic vector field
that has any desired number of independent frequencies at the relative equi-
librium (Proposition 3.51). Since the resulting vector field is isomorphic to
the given one, it determines the same flow on the orbit space, and hence the
same dynamics modulo the symmetries (Theorem 2.11). In particular, we
show that this is always possible for actions of tori (Theorem 3.53). The
results in this section should be of interest in the control of equivariant dy-
namical systems.

We also consider bifurcations to and from relative equilibria in chapter
4. Due to the presence of group symmetries, one expects bifurcations to
relative equilibria in place of bifurcations to equilibria. We prove a test for
bifurcations to relative equilibria on representations (Theorem 4.10). On the
one hand, this test is conceptually simple: it is essentially a generalization
of the Equivariant Branching Lemma [12, 13] considered up to isomorphism
of equivariant vector fields. On the other hand, it can be quite general: it
can predict bifurcations to steady-state, periodic, or quasi-periodic motion
on tori. The motion on the bifurcating branches depends on an isomorphism
of equivariant vector fields used in the test. In particular, isomorphisms
of equivariant vector fields are central to reducing and reconstructing the
dynamics of the bifurcation in our test.

We then extend this test to bifurcations from relative equilibria for proper
actions of (potentially noncompact) Lie groups (Theorem 4.16). We reduce
to the slice representation at the relative equilibrium. In fact, we prove some-
thing stronger: that bifurcations to relative equilibria are in correspondence
with bifurcations to relative equilibria on the slice representation (Theorem

4.13), and how isomorphisms of equivariant vector fields relate the velocities



of the corresponding relative equilibria. Compared to similar slice reductions
that can be found in the literature [5, 6] we reconstruct the dynamics from
the slice reduction using isomorphisms of equivariant vector fields.

Finally, it is common in equivariant bifurcation to talk about generic con-
ditions for equivariant vector fields or for paths of equivariant vector fields.
For example, a standard bifurcation condition is the eigenvalue crossing con-
dition: that the eigenvalues of the linearization of a path of equivariant vector
fields crosses the imaginary axis with nonzero velocity (see, for example, the
Equivariant Branching Lemma [12, 13] and Theorem 4.10). One way to for-
malize the notion of a condition being generic in equivariant dynamics is to
endow the space of equivariant vector fields with a topology and consider
whether there are open and dense subsets satisfying the desired condition.

In chapter 5, we consider open and dense subsets of equivariant vector
fields in light of the category of equivariant vector fields. The first main
result of this chapter is that open and dense subsets of equivariant vector
fields are “preserved” by isomorphisms of equivariant vector fields (Theorem
5.25). That is, the set of all equivariant vector fields isomorphic to those
in an open and dense subset of equivariant vector fields is also open and
dense in the space of equivariant vector fields. The second main result of
this chapter is that the equivalence in Theorem 2.29 “preserves” open and
dense subsets of equivariant vector fields up to isomorphism (Theorem 5.30).
That is, in particular, the reduction to the slice representation via equivari-
ant projection preserves open and dense subsets of equivariant vector fields
up to isomorphism. These theorems also apply to paths of equivariant vec-
tor fields, and so they also apply in the context of equivariant bifurcation.
That is, generic conditions for equivariant bifurcation problems from relative
equilibria, like those in Theorem 4.16, correspond to generic conditions for
equivariant bifurcation problems from equilibria.

For this, we endow the spaces of equivariant vector fields and of paths
of equivariant vector fields with the Whitney C> topologies (section 5.1).
While these spaces are vector spaces, they are not topological vector spaces
when endowed with these topologies. The problem is the scalar multipli-
cation fails to be continuous. Nevertheless, the addition is continuous and
hence they are topological abelian groups. If we don’t consider the topol-
ogy, the category X(M)Y of equivariant vector fields on a G-manifold is a

2-vector space (Remark 2.13). That is, it is a category internal to the cate-
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gory of vector spaces: its space of objects and morphisms are vector spaces,
and all the structure maps are linear. When endowed with a topology, the
category X(M)% becomes a topological abelian 2-group. That is, it becomes
a category internal to the category of topological abelian groups: its space
of objects and morphisms are topological abelian groups, and all the struc-
ture maps are continuous group homomorphisms. This topological abelian
2-group structure proves to be the necessary key for proving the main results
of this chapter, so we discuss it in section 5.2.

To summarize, chapter 2 defines a category of equivariant vector fields and
uses this to decompose equivariant vector fields near relative equilibria. In
chapter 3, we use this to study the stability and motion of relative equilibria.
The contents of chapters 2 and 3 are mostly contained in the author’s paper
[14]. In chapter 4, we use isomorphisms of equivariant vector fields to study
bifurcations to and from relative equilibria. And finally, in chapter 5, we
study open and dense collections of equivariant vector fields and equivariant
bifurcation problems. The contents of chapters 4 and 5 are mostly part of a

recent preprint by the author.

1.1 Notation

In this brief section we give an overview of the conventions and notation most

frequently used throughout this thesis.

1. We will denote the tangent map of a smooth f : M — N between
smooth manifolds M and N by T'f : TM — T'N.

2. The vector space of smooth vector fields on a manifold M will be de-

noted by X(M).

3. Given a diffeomorphism f : M — N between two manifolds, we will
denote the corresponding pushforward of vector fields along f by f. :
X(M) — X(N) and the pullback of vector fields along f by f*: X(N) —

4. We will denote Lie groups with uppercase Latin letters, their Lie al-

gebras with the corresponding lowercase fraktur letter, and the duals



of these Lie algebras by adding a star superscript. For example, a Lie

group G will have Lie algebra g and dual Lie algebra g*.

. The adjoint representation of a Lie group on its Lie algebra will be
denoted by Ad, while its coadjoint representation on the dual of the
Lie algebra will be denoted by Ad!.

. The action of a group G on a space M will be denoted by g - m for
all g € G and all m € M. Given g € GG, we denote the corresponding

translation map by:

gu - M — M, gu(m) :==g-m.

. Given an action of a group G on a space M, the stabilizer subgroup of
a point m € M will be denoted by the same letter as the group but
with the point as a subscript (e.g. G,,). If G is a Lie group and M is
a smooth manifold, the Lie algebra of the stabilizer will also carry the

point as a subscript (e.g. gm,).

. If G is a Lie group, M is a smooth manifold, and ¢ € G, then the
translation map gy - M — M is a diffeomorphism. Furthermore, there

is a canonical action of G on the tangent bundle 7'M, given by:

g- X =Tgu(X), geG, X eTM.

. Given actions of a Lie group G on manifolds M and N, an equivariant

map f: M — N is a smooth map such that:
flg-m)=g-f(m), geG meM.

An invariant map f : M — N is a smooth map such that:
flg-m) = f(m), ge G, me M.

Equivalently, an invariant map is an equivariant map where the action
of G on N is the trivial action. We denote the space of equivariant
maps M — N by C=(M,N)¢. If to avoid ambiguity, we need to

distinguish between equivariant and invariant maps, we will denote the



10.

11.

12.

space of invariant maps by C*(M, N)9~™ and reserve C>(M, N)“
for equivariant maps in such a case. Otherwise, we will explicitly say

which one we mean or context will make it clear.

Given a smooth fiber bundle 7 : P — B, the corresponding vertical bun-
dle is the bundle over the manifold P with total space VP := kerdn.
The projection VP — P is the restriction of the tangent bundle pro-
jection TP — P, and hence the vertical bundle is a subbundle of the
tangent bundle.

We will also make use of associated bundles. Given a Lie group K, a
manifold P with a free and proper right action of K, and a manifold
F with a proper left action of K, the associated bundle is the bundle
with total space the quotient P x® F := (P x F)/K of the action:

k'(paf)::(p'k_lvk'f)a k’EK,(p,f)EPXF.

The base of the associated bundle is the space P/K and the typical
fiber is F. Thus, if F' is a vector space then the associated bundle
P x% F is a vector bundle over G/K. We will denote the elements of
P xX F by [p, f]. If the manifold F is a product of the form M x N, we
will denote the elements of P x® F by [p,m,n] instead of [p, (m,n)].
Furthermore, suppose K is a compact Lie subgroup of a Lie group G.
The P := G is a right K-principal bundle over G/K with the action
by right-multiplication. Then there is an action of G' on the associated
bundle G x¥ F given by:

g l9./1=1[d9.fl, J€G [9.fleGx"F

Given a category C, we will denote the collection of objects by Cy and the
collection of morphisms by Ci. A morphism f between two objects X
and Y in Cy will be denoted by f : X — Y. Given a functor F' : C — D
between two categories C and D, we will denote the corresponding map
on objects by F{ : Cy — Dy and the corresponding map on morphisms
by Fi : C; — D;. We will denote a natural isomorphism between two
functors F': C — D and G : C — D by h : FF = G or alternatively by
its corresponding map h : Cy — D; assigning each object X in Cj to the



corresponding morphism h(X) : Fy(X) — Go(X). By an equivalence
of categories between two categories C and D we will mean a pair of
functors F': C — D and G : D — C together with natural isomorphisms
e:GF = 1cand p: FG = 1p.



CHAPTER 2

CATEGORIES AND ISOMORPHISMS OF
EQUIVARIANT VECTOR FIELDS

A category where the objects are equivariant vector fields was first introduced
by Hepworth in the context of smooth stacks [1]. In this thesis, we explore
applications of this category to equivariant dynamics. The main idea is that
considering equivariant vector fields, and their corresponding dynamics, up to
isomorphism is a way to take into account the symmetries of the group action.
Besides introducing the category of equivariant vector fields (Definition 2.9),
in this chapter we show that the category of equivariant vector fields in an
invariant neighborhood of a point is equivalent to the category of equivariant
vector fields on the canonical slice representation near the point (Theorem
2.29). Consequently, we obtain a decomposition of equivariant vector fields
near relative equilibria into a component transverse to group orbits near the

relative equilibrium and a component tangent to them (Theorem 2.25).

2.1 Categories of equivariant vector fields

In this section we define the category of equivariant vector fields and provide

several examples. First, recall:

Definition 2.1. A G-manifold M is a smooth manifold M with a smooth
action of a Lie group G. A proper G-manifold is one where the action is

proper.

Definition 2.2. An equivariant vector field on a G-manifold M is a smooth
vector field X : M — T'M such that:

X(g-m)=g-X(m),

for all ¢ € G and m € M, where the action on the right is as in Notation
1.1.8.



Notation 2.3. We will denote the vector space of equivariant vector fields

on a G-manifold M by X(M)¢.

Morphisms between equivariant vector fields will be built out of the fol-

lowing class of maps:

Definition 2.4. An infinitesimal gauge transformation on a G-manifold M
is an equivariant smooth map v : M — g, where g is the Lie algebra of G.
That is,

Y(g-m) = Ad(g)y(m),

for all ¢ € G and m € M, where Ad is the adjoint representation.

Notation 2.5. We will denote the space of infinitesimal gauge transforma-
tions by C>(M, g)¢.

Remark 2.6. If the action of G on M is free and proper, then the orbit
space M /G is a manifold and the orbit space map M — M /G is a princi-
pal G-bundle. In this case, the space of infinitesimal gauge transformations
C>=(M,g)¢ is isomorphic to the space of smooth sections of the associated
bundle M x%g — M /G (see Notation 1.1.11, with the action of G on g being
the Ad representation).

An infinitesimal gauge transformation ¢ : M — g on a G-manifold M

induces an equivariant vector field 9(¢)) : M — T'M. It is given by:

() (m) = 1| exp(rip(m)) - m, (2.1)

:dTO

for any m € M. We verify this is indeed equivariant:

Lemma 2.7. Let M be a G-manifold and let ¢»: M — g be an infinitesimal
gauge transformation on M. The induced vector field d(¢) defined by (2.1)

is an equivariant vector field with respect to the action of G.

Proof. This is a consequence of the naturality of the exponential. Let g € G

10



and m € M, then

o) g m) = S| expltwly-m)-g-m
= % . exp(t Ad(g)y(m)) - g-m by the equivariance of 1)
= % . (gexp(ty(m))g™) -g-m by the naturality of exp
=g-0(¥)(m).
Hence, 0(1) is an equivariant vector field. ]

Given a G-manifold M, the map 9 : C*°(M,g)¢ — X(M)Y assigning to
each infinitesimal gauge transformation v the vector field d(¢) as in (2.1) is
a linear map. Consequently, the abelian group C>(M, g)¢ acts on the space
X(M)C. The action is given by:

- X=X+ 0(), (2.2)

where v is an infinitesimal gauge transformation, X is an equivariant vector

field, and the addition is the pointwise addition of vector fields.

Remark 2.8. Recall that the action of a group H on a space ) defines
an action groupoid H x Y == ) (see, for example, [15, Example 5.1 (5)]).
The objects of the action groupoid in (2.2) are the equivariant vector fields,
while morphisms are pairs (¢, X) consisting of a gauge transformation
and an equivariant vector field X. The source map is the projection onto
the second factor, the target map is the action map, and the composition
corresponds to addition of the first factors, i.e. addition of infinitesimal

gauge transformations.

Definition 2.9. The category X(M)® of equivariant vector fields on a G-
manifold M is the action groupoid (see Remark 2.8) of the action of the space

of infinitesimal gauge transformations C*°(M, g)¢ on the space of equivariant
vector fields X(M)C.

We isolate what it means for two equivariant vector fields to be isomorhic

in this category:

Definition 2.10. Two equivariant vector fields X and Y on a G-manifold M

are isomorphic if they are isomorphic as objects of the groupoid of equivariant

11



vector fields. That is, they are isomorphic if there exists an infinitesimal
gauge transformation ¢ : M — g such that Y = X + 9(¢).

Recall that the flow of an equivariant vector field on a G-manifold M
descends to give a continuous flow on the orbit space M/G. The following
result has as corollary that isomorphic vector fields descend to the same

continuous flow on the orbit space:

Theorem 2.11 (Lerman). Let X and Y be two isomorphic equivariant
vector fields on a G-manifold M with flow ¢* and @' respectively. Let
O C R x M denote the domain of the flow ¢X. Then O is also the domain of
¢¥ . Furthermore, there exists a smooth map F : O — G such that F(0,n)
is the identity of G for all m € M, and:

¢Y(Tv m) = F(Tv m) ) ¢X(Tv m)

for all (7,m) € O. In particular, for each m € M, the curve F'(—,m) on G

is the unique solution to the ODE initial value problem:

G (1.m) = TLp(m V(0¥ (1,m)))
F(0,m) = 1¢

where 1¢ is the identity in G, and T'Lp(; ) is the tangent map at the identity
1 of the left translation Lp(; ) : G — G defined by g — F(7,m)g.

Proof. See [16, Theorem 1.6]. O

Remark 2.12. In [1] Hepworth defined vector fields on stacks. According
to his definition, vector fields on a stack ) are objects of a category Vect()).
In the case where the stack ) is the stack quotient [M/G] of a G-manifold
M, where G is a compact Lie group, the category Vect()) is equivalent to
the corresponding groupoid of equivariant vector fields of Definition 2.9 [1,

Proposition 6.1]. This groupoid is further explored in [16] and [14].

Remark 2.13. The category X(M)% of equivariant vector fields for an action
G x M — M is in fact a 2-vector space in the sense of Baez and Crans [17].
That is, it is a small category internal to the category of vector spaces and
linear maps. This means that the space of objects and the space of morphisms

are vector spaces, and all the structure maps are linear. For the purposes of

12



this thesis we only care about the additive structure. That is, we only care

that the category of equivariant vector fields is an abelian 2-group.

We conclude this section by introducing some examples of categories of
equivariant vector fields. In this section we concentrate on representations
of compact Lie groups. In section 2.3, we use results in [16] and this thesis,

to give some similar examples for more general proper actions.

Example 2.14. Let the circle S! act on the complex plane C = R? (viewed

as a real manifold) via rotations in the standard way:
e?. 2 :=e", e? e S, 2 eC.

Since the group is abelian, the Adjoint action is trivial. Thus, the infinites-
imal gauge transformations are the S'-invariant functions on C. Given an
infinitesimal gauge transformation v : C — R, the corresponding induced

vector field as in (2.1) is given by:

O(h)(2) = —| e?Bmz = )(2)iz.

drlo

It is shown in [18, Ch.XII Example 4.3], using a nontrivial theorem of Schwarz

[19], that an arbitrary S'-invariant function ¢ : C — R is of the form:

¥(z) =d(=P),  ze€C, (2.3)

for some smooth function QZ : R — R. We briefly describe how (2.3) fol-
lows from Schwarz’s Theorem [19] as done in [18, Ch.XII Example 4.3]. By
Schwarz’s Theorem [19], it suffices to show that an arbitrary polynomial S*-
invariant function ¢ : C — R is of this form. If ¢ is polynomial, then we

may write:

P(z) = ijkzjzk, z€C,
J.k

where the sum is finite with nonnegative exponents, and bj; € C with b]_k =

bi; since 9 is real-valued. Invariance then implies the equation:

g bjkz]Ek = E bjkez(]_k)ezjik, z € C,
Jik Jik

13



which in turn implies that b;;, = 0 or j = k. Hence, 9 is of the form:
0(2) = D b2 =3 b (1)
k k
which is of the desired form with:

V(y) = > byt yeR
B

Similarly, it is shown in [18, Ch.XII Example 5.4], using Poénaru’s Theo-

rem [20], that the S'-equivariant vector fields on C are of the form:
X(2) = f(2]*) 2+ g (|2]?) iz, z € C, (2.4)

where f : R — R and g : R — R are smooth functions. As described in [18,
Ch.XII Example 5.4], by Schwarz’s Theorem [19] and Poénaru’s Theorem
20], it suffices to show that an arbitrary S'-equivariant vector field X is of

the form (2.4). If X is a polynomial vector field, then we may write:
X(z) = Z b 2", z € C,
jik

where the sum is finite with nonnegative exponents and b;, € C. Equivari-

ance then implies the equality:

Z bz = Z bjpe' R0 ik

j?k j7k
which in turn implies that bj, = 0 or j = k + 1. Hence, we have that:

_ k )
X(z2) = Zbkﬂ,k(zz)kz = Zbk+1,k (|Z|2) z=f (|Z|2) z+g (|Z|2) 1z,
k k

where:

f) = Relbrrin)y®,  g) ==Y Imbrary*, yeR

k k

Hence, all equivariant vector fields are as in (2.4). From the point of view of

the category X(C)®' of S'-equivariant vector fields on C, the form (2.4) means

14



that every equivariant vector field X is isomorphic to its radial component:
X(2):=f (1=%), z€C,

via the infinitesimal gauge transformation defined by v¥(z) := g¢(|z|?) for

every z € C.

Remark 2.15. It should be noted that it is very diffficult in general to com-
pute standard forms for infinitesimal gauge transformations and equivariant
vector fields using Schwarz’s Theorem [19] and Poénaru’s Theorem [20]; as
done, for example, to obtain (2.3) and (2.4). While helpful, such expressions

are not integral to the methods described in this thesis.

Example 2.16. Recall that the orthogonal group O(2) is generated by the
circle S' & SO(2) and a reflection x. Consider the representation of the

orthogonal group O(2) on R? = C generated by:

Ry -z :=¢"Y2, K-z:=72, e?eS! zeC.
As in Example 2.14, the infinitesimal gauge transformations must be S!-
invariant, but they must also satisfy equivariance with respect to the action
of the reflection k. That is, an infinitesimal gauge transformation ¢ must
satisfy:

$(E) = blr - 2) = Ad()b(z) = —p(2), zeC.

On the other hand, the S'-invariance implies that 1)(z) = ¥ (2) for all z € C.
Therefore, the map 1 must satisfy ¢(z) = —(z), meaning ¢(z) = 0 for all
z € C. Thus, there is only one infinitesimal gauge transformation 0 : C — R,
mapping every point to the 0 vector.

It is shown in [18, Ch.XII Example 5.5], that the O(2)-equivariant vector

fields on C are of the form:
X(2) = f(|2]?) 2, z € C, (2.5)

where f : R — R is a smooth function. To see why, note that an O(2)-
equivariant vector field X is, in particular, S'-equivariant. Thus, it is of the

form (2.4). On the other hand, equivariance with respect to the x reflection
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implies that:

FU2)z+9 (2P iz=f(z2F)z-g(2P) iz, zeC.

This means that g(|z]*) = 0 for all z € C, so X is as in (2.5). Thus, the
category X(C)9® of O(2)-equivariant vector fields on C is a discrete category.
Put another way, every O(2)-equivariant vector field on C is a radial vector

field that is only isomorphic to itself.

Example 2.17. Example 2.14 can be generalized to the standard action by
rotations of an n-dimensional torus T™ on the n-fold product C* = R*", We
illustrate with the T? case. That is, consider the representation of the torus
T? := S! x S! on R* 2 C? given by:

(ew,ew) (21, 29) 1= (€i621,ei(ng) , (ew, ei‘p) € T?, (21, 22) € C2

Since T? is abelian, the Adjoint action of T? on R? is trivial. Hence, the
infinitesimal gauge transformations are the T?-invariant, or doubly-periodic,
functions on C2. Given an infinitesimal gauge transformation v = (¢, 5) :

C? — R?, the corresponding induced vector field as in (2.1) is giveny by:
d el FLz2)iTy 21, 22) 1%
O(Y) (21, 22) = —‘ RO Y1 (21 2). H)
drlo \ ev2lz22)irz, Vo (21, 22) 122

for (21,21) € C?. We claim that an arbitrary infinitesimal gauge transforma-
tion ¢ : C* — R? is of the form:

Y(z1,22) = (% (J21% |22]?) , ¥2 (I21]?, [22]) >7 (z1,2) € C*,  (2.6)

for some smooth functions 1, : R?> — R and 9, : R? — R. To see this, as in
Example 2.14, by Schwarz’s Theorem [19], it suffices to show that an arbitray
polynomial T?-invariant map ¢ : C*> — R? is of this form. Let ¢; : C*> - R

be the first component of . If ¥ is a polynomial, we may write:

Y1(21, 22) = Z jrm 21 2572 (21,22) € C?,
Jk,lm

where the sum is finite with nonnegative exponents, and @z, € C are such
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that 1 is real-valued. Invariance then implies the equation:

l-m —k l=—m
E Ajrm AT %" E Wi €V TR I Tk L™, (2.7)

7.k, lm 7.k, lm

for all (21, 29) € C?, (e, e"¥) € T2, Equation (2.7) implies that a;g, = 0 or
both 7 = k and [ = m. This means that v, is of the form:

2\m
1(21, 22) Zakkmm 2121 Z2ZQ Zakkmm |Z1| (|Z2|)

for all (21, z2) € C?, which is of the desired form with:

) = Z akkmmxkyma (l’, y) € RQ'

The argument is completely analogous for the second component of v, which
proves that infinitesimal gauge transformations are of the form (2.6).

Similarly, we claim that the equivariant vector fields are of the form:

X(en,2) = ( fillal =) 2+ g (2P 2P i ) e

fa (|27 [22]?) 22 + g2 (|21, | 22]?) i22

for (z1,21) € C? where f; : R*> — R and g¢; : R*> — R are smooth functions.
As with Example 2.14, by Schwartz’s Theorem [19] and Poénaru’s theorem
20], it suffices to prove that an arbitrary T2-equivariant polynomial vector
field X is of the form (2.8). If X is a polynomial vector field, denote the first
component by X; : C*> — C and write:

—k 1l — 2
Xi(21,29) = E birim2 21 257, (21,29) € C7,
3k, lm

where the sum is finite with nonnegative exponents and bjz,, € C. Equiv-

ariance then implies the following equation:

e’ Z b]klmzlzl 2222 Z bikim gk )“"z Z1 kzézz (2.9)

7.k, lm 7.k, lm

for all (21, 29) € C? and (%, e¥?) € T2 Equation (2.9) in turn implies that
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bjkim = 0 or both j = k + 1 and [ = m. Thus, X is of the form:

1(21, 22) Zkarlkmm lel)k (2023)" 21

_Zkarlkmm ’21|) (’22|)
:f(’21|27|22‘ )zl+gl <|21| |22 )izb

for (z1,29) € C?, where:

fi,y) =Y Re(brptbmm)r™y™,  g1(,y) = > Im(bpit pomm) Y™,

k,m k,m

for (x,y) € R?. An analogous argument yields a similar result for the second
component, meaning that X is as in (2.8). From the point of view of the
category X(C2)™ of T%equivariant vector fields on C2, (2.8) implies that

every T?-equivariant vector field is isomorphic to a vector field of the form:

S fr(|z1% |22?) 21 >
Moz = (mm&wm@>’ S

via the infinitesimal gauge transformation defined by:

M%@:<m%ﬁmm)7 (2. 21) € C2 (2.10)

g2 (|Z1]7, |?2
(2%, [22)

Example 2.18. Consider the representation of the orthogonal group O(2)
on R* =2 C? generated by:

Ry - (21, 29) := (ewzl,e_w@) , K- (21, 22) = (22, 21), e e St

If ¢ : C*> — R is an infinitesimal gauge transformation, then equivariance

with respect to the Adjoint action means that it must satisfy:

w(ewzl,e*w,@) = (21, 22), Y(29,21) = —Y(21, 22),

for all (21,29) € C? and € € S!. The vector field induced by 1 is of the
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form:
d Y(z1,22)iT ’ .
A(P)(21,22) = —‘ i 'Zl _ V(= ZQ)Z.Z]_ |
drlo \ e vy, Y (22,21) 129

for (z1,22) € C? and where we used (29, 21) = —1(21, 29). It is shown in
21, § 6.2.4], that the equivariant vector fields are of the form:

f (Zl, 22) z1+g (Zl, 22) iZl + h(zl, 22)2_2 + k:(zl, ZQ)ZZ_Q
X(zla 22) = . _ ._ )
[ (22, 21) 20 + g (22, 21) 120 + h(22, 21)Z1 + (22, 21)iz1
for (z1,20) € C2, where f : C? - R, g : C> - R, h : C> - R, and
k : C? — R are smooth S'-invariant functions. Note that, unlike in Example
2.14, not every O(2)-equivariant vector field is isomorphic to a radial one in

the category X(C?)°® of O(2)-equivariant vector fields in C2.

2.2 Relative equilibria and ismorphsims of equivariant
vector fields

A relative equilibrium of an equivariant vector field is a point where the vector
field is tangent to the group orbit. They are the natural analogue of equilib-
ria in the presence of symmetries and are thus central to much of equivariant
dynamics. In this section we review some definitions and standard facts
concerning relative equilibria. Furthermore, we prove that isomorphisms of
equivariant vector fields preserve relative equilibria, but modify their veloci-
ties, hence the motion of the relative equilibrium may change (Lemma 2.24).

First, recall:

Definition 2.19. Let M be a G-manifold and let X be an equivariant vector
field on M. A point m € M is a relative equilibrium of X if the vector X (m)

is tangent to the group orbit G -m at m. That is, m is a relative equilibrium
of X it X(m) € T,,(G - m).

Definition 2.20. Let M be a G-manifold and let m € M be a point. The

evaluation map is the map:

eV G — M, evi(g) :=g-m.
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Definition 2.21. Let M be a G-manifold, let X be an equivariant vector
field on M, and let m be a relative equilibrium of X. A welocity of m with
respect to X is a Lie algebra vector £ € g such that X (m) = Tev,,(§).

Remark 2.22. Let m be a relative equilibrium of an equivariant vector field

X on a G-manifold M. Velocities for relative equilibria always exist since:
Tn(G-m) =Tev,,(g). (2.11)

Furthermore, such velocities are unique modulo the Lie algebra g,, of the
isotropy group G,, of m, which is the kernel of the map T'ev,,. That is, if

¢ and { are two velocities of m, then there exists a vector n € g,, such that

§=¢+,
We recall the following two standard facts about velocities of relative equi-

libria:

Lemma 2.23. Let M be a G-manifold, and let X be an equivariant vector
field on M with a relative equilibrium at a point m € M. Let £ € g be a

velocity of the relative equilibrium m of X, then:

1. For any g € G, the vector Ad(g)(§) is a velocity of the relative equilib-

rium g - m of X

2. The integral curve of X starting at m is equal to:

v:R — M, v(t) == exp(7E) - m.

Proof. The first follows from the following computation:

X(g-m)=TguX(m) by the equivariance of X

=TguTev,,(§) since £ is a velocity of m
d

T dr
d

T dr
d

T dr
= Tevgnm (Ad(g)(€))-

Ogexp(Té)-ﬂl

O(gexp(fﬁ)g‘l)-(g-7n)

exp(T Ad(g)(§)) - (g -m) by the naturality of exp
0
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To prove the second note that v(0) = m and that for any s € R we have:

d

arl? (1)
= d exp(T€) -m
dT s
d
= Tul, &P ((s+u)&) -m changing variables by 7 = u + s
0
d
=1 exp(s€) exp(u) - m by the 1-parameter subgroup property of exp
ulo
= 2| ((expls6) explut) exp(se) ") - (exp(s€) - m)
d
= Tul, &P <u Ad (exp(s€)) (5)) - (exp(s€) - m) by the naturality of exp
0
= TeVexp(sg)m (Ad (exp(sE)) (£))
= X (exp(s§) - m) by the first part of this lemma.
Hence, 7 is the integral curve of X starting at m. O]

[somorphisms preserve relative equilibria but change velocities as follows:

Lemma 2.24. Let X and Y be isomorphic vector fields on a G-manifold
M, and let v : M — g be an infinitesimal gauge transformation such that
Y = X +91). If m € M is a relative equilibrium of X and £ € g is a
velocity of m for X, then the point m is also a relative equilibrium of Y and

£+ ¢(m) € g is a velocity of m for Y.

Proof. Note that:
Y(m) = X(m) + 0(¢)(m) = Tevi(§) + Tevn(d(m)) = Tevy, (§ + 1 (m))

Hence, Y(m) € T,,(G - m), meaning the point m is a relative equilibrium
of Y. Furthermore, & + 1(m) is a velocity of m as a relative equilibrium of

Y. [l

2.3 Decomposition of equivariant vector fields near
relative equilibria

Given an equivariant vector field with a relative equilibrium at a point (Def-

inition 2.19), we show how it can be decomposed into two vector fields: one
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with an equilibrium at the given point and another induced by an isomor-
phism of equivariant vector fields as in (2.1). This decomposition is the main
theorem of this section (Theorem 2.25). In fact, this decomposition follows
from an equivalence between the category of equivariant vector fields near
the group orbit of a point and the category of equivariant vector fields on a
slice through the point (Theorem 2.29). Theorem 2.29 is a local version of
Theorem 2.25, and its proof will occupy most of this section.

Theorem 2.29 was first proved in a different but equivalent way in [16,
Theorem 4.3]. However, there are some differences between this section and
the treatment in [16]. There, equivariant vector fields and infinitesimal gauge
transformations are seen as parts of a 2-term chain complex of vector spaces
(Remark 2.13). In this thesis, we consider instead the category of equivariant
vector fields (Definition 2.9). Thinking in terms of categories has benefits;
e.g. isomorphisms of equivariant vector fields correspond precisely to the
isomorphisms in the category of equivariant vector fields (Definition 2.10),
and the choices in Theorem 2.29 can be framed in terms of the natural
isomorphisms involved (see Proposition 2.39 and Proposition 2.40).

As mentioned in Remark 2.13, the category X(M)® of equivariant vector
fields on a G-manifold M is in fact a 2-vector space. On the other hand, the
strict 2-category 2Vect of 2-vector spaces and the strict 2-category 2TermVect
of 2-term chain complexes of vector spaces are equivalent as strict 2-categories
[17]. Hence, Theorem 2.29 is equivalent to [16, Theorem 4.3]. Similarly,
some of the proofs in this section are the analogues in the 2-category 2Vect
of the proofs in [16], which are done in the 2-category 2TermVect. However,
our treatment of the choices in the equivalence of categories in Theorem
2.29 differs from [16]. In particular, we express the effect of the choice in
terms of a natural isomorphism (compare Proposition 2.39 with Lemma [16,
Lemma 3.17] and Proposition 2.40 with [16, Lemma 3.21]). We also provide
additional details of some of the constructions used in Theorem 2.29 (see, in
particular, Remark 2.32 and Theorem 2.38). Furthermore, at the end of the
section, we provide some original examples of decompositions of equivariant
vector fields using Theorem 2.29.

The main goal of this section is to prove the following:

Theorem 2.25. Let M be a proper G-manifold and let X be an equivariant

vector field on M with a relative equilibrium at m. Then there exists an
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equivariant vector field YX € X(M)%, with Y*(m) = 0, and an infinitesimal
gauge transformation % € C*(M, g)“ such that:

X=Y*+0").

Furthermore, Y is transverse to the group orbits near G - m.

Remark 2.26. The decomposition of the vector field X in Theorem 2.25
is analogous to that of Krupa [5, Theorem 2.1]. Fiedler, Sandstede, Scheel,
and Wulff extend this to proper actions by providing a different decompo-
sition of the vector field X. In [6, Theorem 1.1], they lift the vector field
X to a (G x Gy,)-equivariant vector field on a product G x V| where V' is
the slice representation at m, and writing the lift as a “skew-product” vector
field. We choose to work directly on the manifold M, use equivariant connec-
tions instead of invariant Riemannian metrics, and use infinitesimal gauge
transformations. We believe this description in terms of infinitesimal gauge
transformations is natural and conceptually simple, but additionally it also
helps address the effect of the choices involved (Proposition 2.39 and Proposi-
tion 2.40). In particular, the choices involved lead to transverse vector fields

that are isomorphic.

We will first work in an invariant neighborhood of the group orbit of the
relative equilibrium. Recall that given a K-manifold D, where K is a compact
Lie subgroup of a Lie group G we can form the associated bundle G x* D —
G/K (see Notation 1.1.11). The total space G x® D is the smooth quotient
of the action of K on the product G x D defined by:

k-(g,v):= (gk‘l,k:-w), (k,g,v) € K xG x D.

We denote the points of G x® D by [g,v]. This is a proper G-manifold with
the action of G given by:

g - 1g,v] == [g'g,v], (¢,9,v) €G x G x D.

Relatedly, we have the following definition:

Definition 2.27. Given a proper G-manifold M, let K be the stabilizer of a
point m € M. A slice through m for the action G x M — M is a K-manifold
D and a K-equivariant embedding j: D — M such that:
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1. The point m is in the image j(D).

2. The set:
G-j(D):={g-jv)|ge G, ve D}

is open in M.
3. The map:
GxV —=G-jD), (gv)—g i)
descends to a G-equivariant diffeomorphism:
Gx"D=G-j(D), [g.v]— g i),

where as before G x® D := (G x D)/K and the action of K on G x D

is given by:

k- (g,v):= (gk’l,km), (k,g,v) € K x G x D.

Remark 2.28. Tt is a classic theorem of Palais [22] that slices exist at every
point in a proper G-manifold M (see also [23, Theorem 2.3.3]). In fact, it is
possible and convenient to take the slice D through a point m € M to be an

open ball around the origin of the canonical slice representation:
V=T,M/T,(G-m),

which has a canonical representation of the stabilizer K of the point m (see,
for example, [24, Theorem B.24]). More is true. In fact, the following diagram

commutes:

[~23

G xX D G-D

(2.12)

G/K = G-m

where the top map is the diffeomorphism ¢; of Definition 2.27, the bottom
map is given by:
gK — g-m, g € G,
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and the vertical maps are defined by:
l9.d] = gK,  [9,d] € Gx" D,

and by:
g jw)—g-m,  g-jv)€G-D,

respectively. In particular, the associated bundle G x® V, where V is the
canonical slice K-representation of m is a vector bundle and proper G-
manifold that is locally G-equivariantly diffeomorphic to a G-invariant neigh-
borhood of m in M. Thus, throughout this thesis we often focus on the local
models G x® V where V is some finite-dimensional real representation of a

compact Lie subgroup K of a Lie group G.

We now state a local version of Theorem 2.25. As described in the intro-
duction to this section, an equivalent result is originally due to Lerman in
[16].

Theorem 2.29. Let V' be a representation of a compact Lie subgroup K of

a Lie group G. There is an equivalence of categories:
X (G x5 V) ~x(V)¥

between the categories of equivariant vector fields on G x¥ V and V re-
spectively (Definition 2.9). In particular, there exist functors E : X(V )& —
X(G xE V)¢ and P : X(G xE V)¢ — X(V)X and a natural isomorphism
h:X(GxE V)¢ — C=(G xE V,g)¢ such that, for every equivariant vector
field X € X(G x¥ V)9 we have that:

X = Eo(Py(X)) + 0 (h(X)),

is a decomposition as in Theorem 2.25 (see 1.1.12 for notation).

The proof of Theorem 2.29 will consist of constructing a pair of functors
E and P, and a natural isomorphism h : EP = 1xgyxyye. Before proving
Theorem 2.29, we explain the idea behind it and why it is a local version of
Theorem 2.25.

Given an equivariant vector field Y € X(V)¥ on the K-representation V,

there is a canonical way to equivariantly extend it to an equivariant vector
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field Ey(Y) € X(G x%V)% on the associated bundle G x XV It turns out that
the vector field Ey(Y') is vertical in the associated bundle G x* V — G/K.

Conversely, a choice of equivariant connection:
dc QNG xEV, V(G <K V)¢

on the bundle G xXV — G/K, where V(G xE V) — G x% V is the vertical
bundle (see 1.1.10), gives a map in the other direction. That is, for any
equivariant vector field X € X(G x® V)% there is an equivariant vector field
Py(X) € X(V)X on the K-representation V corresponding to the restriction
to the K-representation V' = {[1,v] | v € V'} of the vertical part of the vector
field X. We think of Py(X) as the projection of the vector field X onto the
representation V.

Given an equivariant vector field Y on the representation V', equivari-
antly extending and then projecting returns the original vector field (that is,
Py(Ep(Y)) =Y). On the other hand, given an equivariant vector field X on
the bundle G x¥ V, projecting and then equivariantly extending does not
return the original vector field (that is, Eo(FPy(X)) # X). It only returns
the vertical part of the vector field. Nevertheless, we can recover the vector
field X via the action of the abelian group C*°(G x¥ V, g)¢ on the space of
equivariant vector fields X(G x% V)% given in (2.2). In particular, there ex-
ists an infinitesimal gauge transformation h(X) € C*(G x% V, g)¢ such that
X = h(X) - Eo(Po(X)). That is, there is a decomposition of the equivariant
vector field X given by:

X = Eo(Ro(X)) + 9(h(X)), (2.13)

where the vector field Ey(Fy(X)) is transverse to the group orbit G-[1, 0] and
the vector field d(h(X)) is tangent to the group orbits. The decomposition
(2.13) is the local version of the decomposition in Theorem 2.25.

To prove Theorem 2.25 we show that the maps Fy and F, can be extended
to functors £ and P (Theorem 2.31 and 2.33), prove that PE = id (Theorem
2.35), and construct a natural isomorphism h : EP = lxgyxxy)e (Theorem
2.38). The decomposition in (2.13) follows from this natural isomorphism.

The following lemma will be useful in proving Theorem 2.29:

Lemma 2.30. Let A; and By be two abelian groups acting, respectively, on
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sets Ag and By, and let A; x Ay = A and By x By = By be the corresponding
action groupoids. If Iy : Ay — By is a function and F : A; — B; is a group

homomorphism such that:

Fo(-x) = F1(v) - Fy(x), for all (¢, z) € Ay x Ay, (2.14)
then:

(Fy x Fy, Fy) : <A1 X Ay = A0> = (B1 x By = BO> (2.15)

is a functor.

Proof. Denote the source, target, and unit maps by s, ¢, and u respectively,
letting context imply the category we are working with as is customary. First
note that (F} x Fy, Fy) sends a morphism (¢, x) € A; X Ag to a morphism
(Fi(¢), Fo(x)) € By x By since:

s(F1(¥), Fo(x)) = Fo(x) = Fo(s(v, v))

and:

HF(Y), Fox)) = Fi(¥) - Fo(x) = Fo(¢ - ) = Fo(t(y, x)),

where we make use of (2.14). Let 1, € A; and z € ag be arbitrary. Then,

since F} is a group homomorphism, note that (F x Fy, Fy) respects units:

u(Fo(r)) = (0, Fo(z)) = (F1(0), Fo(x)) = (F1 x F)(0,2) = (F1 X Fy)(u(z)).

Finally, (F} x Fy, Fp) also respects composition:

XFO)(¢+907 )

Fi(¢ + @), Fo(r))
Fi(y) 4+ Fi(p), Fo(x))

(B x F) (0,0 2) 0 (9,2)) = (Fy
— (Fi(

— (Fi( )

= (F1(¥), Fi(p) - Fo(x)) o (Fi(y), Fo(z))
~ (A

—

Fi(¢), Fo(p - o)) o (Fi(p), Fo(z))
Fy X Fo)(Y, - x) o (F1 X Fo)(p, ).

Hence, (2.15) is a functor as claimed. ]
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We now prove that equivariant extension of equivariant vector fields on a

representation is functorial:

Theorem 2.31. Let V' be a representation of a compact Lie subgroup K of a
Lie group G. Let j : V — G x®V be the embedding defined by j(v) := [1, v]
for v € V (see Notation 1.1.11). Then the map:

Ey: X(V)F = (G xKV)©, X — EyX, (2.16)
where EyX is defined by:
(EoX)(lg,v]) =g (T)X(v),  [g,0] € Gx"V,
with the action as in (1.1.8), and the map:
By C®(V,0)K = C>*(G x* V,g)°, Y — Fy1, (2.17)
where, letting ¢ : £ < g be the Lie algebra inclusion, F;v is defined by:

(Ev)([g,v]) == Ad(g)e (¥(v)),  [g.0] € G X"V,

define a functor £ : X(V)& — X(G x& V).

Proof. By Lemma 2.30, it suffices to check that E; is a group homomorphism
and F; and E, intertwine the actions as in (2.14). That E; is a homomor-
phism follows immediately from the linearity of the inclusion ¢ : ¢ — g and
of the Adjoint maps Ad(g) for each g € G. It is straightforward to verify
that Ey is also linear in this case since the action of G on T'M is fiber-wise
linear.

It remains to check condition (2.14). We first prove that the following

diagram commutes:

C>(V, ) 4 x(V)¥
Eq Ey (218)
Ce(G x5V, g)¢ 5 X(G xEv)©

Observe that for an infinitesimal gauge transformation ¢ : V' — € on V and
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a point [g,v] € G x® V we have:

Ed(@)([g,v]) = g - (T5)(0¢)(v)
=g (Tj)Tevy(¥(v))
=g -Tevp,(¥(v)) by the chain rule
=Tev,,Ad(g)¥(v) since g - T'evyy ) = Tevyy . Ad(g)
= Tevy, (E1t(lg,v]))
= 0(Ev)([g, ).

Thus, diagram (2.18) commutes as claimed. We now check condition (2.14).
Let X € X(V)X and let ¢ € C=°(V, €)X, then:

Ey(¢) - Eo(X) = Eo(X) + 9(Er(v))

(

Eo(X) 4+ Eg(0(v)) by diagram (2.18)
(X
(¥

Eq
Eo(v

+0(v)) by the linearity of Ej

X).

Hence, the maps F; and Ej satisfy (2.14), and more generally the hypotheses
of Lemma 2.30. Consequently, £y and Ey give a functor £ : X(V)¥ —
X(G xEV)©. O

Remark 2.32. We need to recall a standard construction of equivariant
connections. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group GG. Consider the principal K-bundle G —
G/K. By equivariance, a choice of principal connection on the principal
K-bundle G — G/K is in correspondence with a choice of K-equivariant

splitting of the short exact sequence of vector spaces:
t——0—g/t (2.19)

Thus, it is equivalent to choose a K-invariant complement q of £ in g, a K-
equivariant projection P : g — €, or a principal connection dof G— G /K.
In particular, given a K-equivariant projection P : g — €, the corresponding
connection ® € Q(G;V(G)) on the principal K-bundle G — G/K is given
by:

®(g,6) = (9, P(¢)), (9.6 €Gxg=TG. (2.20)
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The total space of the tangent bundle T'(G x® V') of the associated bundle
G <KV is itself an associated bundle TG x™® TV — T(G/K) (see, for
example, [25, Theorem 10.18 (4)]). Thus, we have the following commutative
diagram:

TG XK TV ——G xXV

|

G/K

T(G/K)

where the horizontal maps are the tangent bundle projections and the ver-
tical maps are the associated bundle projections. There are also canonical

identifications:
T(GxEV)2TG xT™ TV =2 (G x g) x> (V x V),
where the associated bundle on the right hand end is the quotient:
(GXQXMWVXV%:(@xgquxV»ﬂKxﬂ
of the action of the group K x € on the space G x g x V x V given by:

(km)- (9.6 v.w) = (b~ Ad(R)(E =) kv, ko (w)), (221)

for (g,&,v,w) € GxgxV xV and (k,n) € K x¢, and whereny : V — V is the
fundamental vector field induced by 7 and defined by w — d% ‘0 exp(7n) - w.
That is, the action of the group K x £ on G x g x V x V is given by the
tangent map of the action K x (G x V) — G x V giving rise to the associated
bundle G x¥ V.

Now let V(G x¥ V) — G x® V be the vertical bundle of the associated
bundle G x% V — G/K (see Notation 1.1.11 and 1.1.10), and let @ : TG x
TV — TG xT™ TV =2 T(G x¥ V) be the quotient map. A choice of K-
equivariant splitting g = € @ q determines an equivariant connection ¢ &€
QLG xEV; V(G xE V))E on the bundle G xX V — G/K. The connection

30



® is given by following diagram:

dxid

TG xTV ——TGxTV

W| |w (2.22)

T(G xR V)—=T(Gx*V)

where ® is as in (2.20). For a verification that this is an equivariant connec-
tion see, for example, [25, Section 11.8].

We will also make use of the corresponding horizontal bundle, which we
now describe. The K-equivariant splitting g = € & q gives the following
equivariant diffeomorphisms for the tangent bundle T(G x* V):

TG x™ TV 2 (TG xTV)/TK
S (Gx%@q) x (V % V))/(K X €)

(Gx(VxqgxV))/K
=G xE(VxqgxV),

(2.23)

I

where we have used the action (2.21). We will denote the elements of the
tangent bundle G x% (V x q x V) by [g,v, &, w], where the first two entries
correspond to the base point [g,v] € G xE V of the tangent vector [g,v, &, w]

(see also Notation 1.1.11). Now observe that we have a commutative diagram:

o

TG xTKETV GxE(VxqgxV)
Tr P (2.24)
T(G/K) = Gx"q

where the top horizontal map is the identification (2.23), the bottom map is

the identification:
T(G/K) =G x* (g/t) = G x" g,

where G x% q := (G x q)/K is the quotient by the action of the group K on
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the product G x q defined by:

k-(9,€) = (gk7",Ad(k)S), keK, (9,6 eCGxaq,

the map T'w is the tangent map of the projection 7 : G x¥ V — G/K, and
the map p is given by:

[g.v,&w] = [9.€],  [g,0,§,w] € G X" (V xqx V).

Using (2.24), the vertical bundle V(G x® V) := ker(T'r) of the associated
bundle G x%¥ V — G/K can be identified with the the vector bundle:

kerp =G x5 (Vx {0} x V)2 G x5 (V x V) (2.25)

over the base G x¥ V. Thus, we see that the total space of the vertical
bundle V(G x¥ V) is also an associated bundle over G/K (see also [25,
Theorem 10.18 (5)]). Using the description (2.25) of the vertical bundle
V(G xX V), the connection ® in (2.22) is such that the following diagram

commutes:
3

T(G xEV)

V(G xE V)

o o

GxE(VxqgxV) = G xE(V xV)
where the map d is given by:
(g, v, & w]) = [g,v,w],  [g,0,6w] € G XN (V xqx V).

Hence, the horizontal bundle H := ker ® of the associated bundle G x ¥V —
G/K can be identified with the vector bundle:

ker® = G x5 (V x g x {0}) = G xX (V x q),

over the base G xX V. Thus, we see that the total space of the horizontal

bundle H is also an associated bundle over G/K.

We now proceed with the ingredients of the proof of Theorem 2.29 by

showing that projecting vector fields on G x® V onto the representation V
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using an equivariant connection is also functorial:

Theorem 2.33. Let V' be a representation of a compact Lie subgroup K of a
Lie group G, and let g = €6 q be a K-equivariant splitting with corresponding
K-equivariant projection P : g — €. Let ® be the equivariant connection on
the bundle G x® V' — G/K determined by the splitting g = £ ® q (Remark
2.32). Let j : V — G x¥ V be the embedding defined by j(v) := [1,] for
v € V (see Notation 1.1.11). Then the map:

Py X(GxEV)E - x(V)X, X BX,
where Py X is defined by:
(P X)(v) :=j"(®o X)(v), wveV,
and the map:
P C®(G X" V,g) — C2(V.0)F, ¢ Py,
where P is defined by:

(P)(v) =P (v),  veV,

define a functor P : X(G xX V)¢ — X(V)X.

Proof. By Lemma 2.30 it suffices to check that P; is a group homomorphism
and P, and Py interwine the actions as in (2.14). That P; is a homomorphism
follows immediately from the linearity of the projection P : g — £ in the
statement of the Theorem. It is also straightforward to verify that F, is a
linear map.

It remains to check condition (2.14). First, we need to make some obser-
vations. Let v € V be a point on the slice, and note that the evaluation
map ev(yy) : G — G x V at the point (1,v) € G x V of the G-action on the
product G x V' is such that:

Tevay:g—gxV, Tevay (&) = (& ). (2.26)

Also, if evj() : G x G x® V is the evaluation map at the point j(v) = [1,v] €

G x®V of the G-action on G x ¥ V| then the two evaluation maps make the
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following diagram commute:

Tev
(1,v)
g gxV

\ ‘w (2.27)

Tjw)(G x* V)

where @ : TG x TV — T(G x¥ V) is the quotient map of the associated
bundle T(G xX V) = TG xTX TV (see Remark 2.32).

We also need that the following diagam commutes:

C>(G xK v, g)¢ —2 X(G xK V)&
P, Py (228)
Ce (v, e 5 X(V)y

Given an infinitesimal gauge transformation v : G x® V — g on the as-
sociated bundle G' x® Vit suffices to prove that the vector field 9(P1))
on the representation V' is the unique vector field on V' that is j-related
to the vector field ® o O(1), where ® is the given connection on the asso-
ciated bundle G xX V — G/K. For this, let v € V be a point, and let
w: TG x TV — TG xTE TV be the quotient map of the tangent bundle
T (G x¥ V). Then note that:

©)0()(J(v)) = Pjw Tevjw) (¥ (v))
= ®jmmTevay ((j(v)) by (2.27)
= ®jww (¥(j(v),v) by (2.26)
= w(Pxid) (¥(j(v)),v) by (2.22)
=@ (Pyj(v),v)
= wlev(y (PYj(v)) by (2.26)
= wlevy (P1Y(v)) by the definition of P
=Tevjw (Piv(v)) by (2.27)
= (T))Tev, (Piy(v)) by the chain rule
= (T7)0(Prp)(v).
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Hence, the vector fields ® o 9()) and O(Pyy) are j-related, meaning that
(2.28) commutes as desired.

We now check condition (2.14). Let X € X(G x¥ V)% and let ¢ €
C>=(G xXV,g)¢, then:

Pi(¥) - Bo(X) = Py(X) + 0(P1(v))

(

Py(X) + Py(0(v)) by diagram (2.28)
(X
(¥

Py(X +0(v)) by the linearity of Py
Fy(¢

X).

Hence, the maps P, and Py satisfy (2.14), and more generally the hypotheses
of Lemma 2.30. Consequently, P, and P, give a functor P : X(G x% V)¢

X(V)E. O
Remark 2.34. Given a proper G-manifold M, a point m € M with isotropy
K, a K-invariant splitting g = €@, and a slice D for the action through m €
M with K-equivariant embedding ¢ : D < M, the projection of Theorem

2.33 also gives a projection functor:
P:X(G-uD) = X(D)¥,

where:
G-uD):={g-tlv)|ge G, ve D}.
This follows from the G-equivariant diffeomorphism G - (D) = G x¥ D
(Remark 2.28).
We now verify part of the equivalence of Theorem 2.29.

Theorem 2.35. Let V' be a representation of a compact Lie subgroup K of
a Lie group G, let E : X(V)E — X(G x¥ V)% be the functor of Theorem
2.31, and let P : X(G xX V)¢ — X(V)X be a choice of functor as in Theorem
2.33. Then we have that PE = Ixqx.

Proof. Let j : V < G x¥V be the slice embedding defined by j(v) := [1, ],
and let P : g — € be the equivariant projection corresponding to the choice
of functor P (see Theorem 2.33). Note that for any path ¢ of infinitesimal

gauge transformations on V' and any point v € V', we have that:

(PEwW)v) = B((E)j(v)) = P (Ad(1)(0) ) = P((0(2)) ) = v(v),
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where the last equality follows since 1(v) € €. Hence, the composition Fjo Py
is the identity.

Now consider an arbitrary equivariant vector field X on V. The vector
field (FyX) is vertical in the bundle G xX V — G/K, so (PyFEyX) is the
unique vector field that is j-related to the vector field (EyX) by definition of
the map P (see Theorem 2.33). On the other hand,

(EoX)j(v) =1-(Tj)X(v) = (T5)X(v), wveV.

Hence, the vector field X is j-related to the vector field (EyX). Thus, the
vector fields Py(Fo(X)) and X are equal. Hence, the composition Ej o By is
the identity, completing the proof. O

We now proceed to construct the natural isomorphism that gives the de-

composition in (2.13). We need a technical lemma:

Lemma 2.36. Let V be a representation of a compact Lie subgroup K of a

Lie group G. Furthermore,

1. Let g = £® q be a K-equivariant splitting of the Lie algebra g of the
Lie group GG, where ¢ is the Lie algebra of the Lie subgroup K.

2. Let H — G x®V be the horizontal bundle of the connection ® induced
by the splitting g = € @ q on the associated bundle G xXV — G/K
(Remark 2.32). That is, the total space H of the horizontal bundle is
H =G xK (V xq).

3. Let T(H — G x% V)% be the space of equivariant vector fields on
the associated bundle G x¥ V that are horizontal with respect to the

connection ®.

Then the map:
Co(V, )" = T(H—=Gx"V)9 ¢ XY, (2.29)
where the vector field X¥ is defined by:
XV(lg,v]) := Teviga (Ad(g)y(v)),  [g.v] € G X"V,

is a linear isomorphism.
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Remark 2.37. Recall from Remark 2.32 that the total space of the horizon-
tal bundle H in the statement of Lemma 2.36 is canonically a vector bundle
over G xXV but an associated bundle over G/K. Since H := G x¥ (V xq) is

an associated bundle over G/ K, it is a standard fact that there is a bijection:
D(H = G/K) = ™G,V x )",

where the space on the left-hand side is the space of sections of the associ-
ated bundle projection X — G/K (see, for example, [25, Theorem 10.12]).
Lemma 2.36 is a similar result, but for the space of G-equivariant sections of

the vector bundle projection H — G x& V.

Proof of Lemma 2.36. We show that the map in (2.29) is such that the fol-

lowing diagram commutes, where all the other maps are linear isomorphisms:

C=(V,q)" P(H)“
1y x (=) e (2.30)
LV xq)f ———T(H|V)¥

where V' X q PVs V is a trivial bundle with the action of the group K on the
total space given by:

/{I‘(U,f) = (k‘U, Ad(k>’£)a kEK, (U,f) vaqa

and the action of K on V being the given representation of K on V.

The map 1y x (—) in (2.30) is the map defined by ¢ — 1y x 9. This map
is also a linear isomorphism since its inverse is given by the pushforward of
the bundle projection pry : V x q — V.

To define the map 7., note that the restricted bundle H|V — V is trivial-
izable:

HV 2K x5 (Vxq) =2V xq.

Explicitly, the isomorphism is given by:
n: V x q— H' V7 (vuf) = Tev[l,v](g)'
The map 7, is the pushforward of this diffeomorphism 7. The linearity of the
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map 7 can be verified directly. The inverse of 7, is given by the pushforward
of the inverse of 7.

The map € in (2.30) corresponds to equivariant extension and is defined
by X +— €(X) where:

e(X)(lg,v]) == g - X([1,v]), (2.31)

where the action is as in Notation (1.1.8). The linearity can be verified
directly. On the other hand, the inverse of the map ¢ is the pullback by the
slice embedding j : V < (G x® V) defined by j(v) := [1,v]. By all of the
above, the map in (2.29) can be factored as in (2.30) into linear isomorphisms,

completing the proof. O

Theorem 2.38. Let V' be a representation of a compact Lie subgroup K of
a Lie group G, let E : X(V)E — X(G xX V)% be the functor of Theorem
2.31, and let P : X(G x5X V)¢ — X(V)¥ be a choice of functor as in Theorem
2.33 corresponding to an equivariant splitting g = €@ q. Then there exists a
natural isomorphism h : EP = Iygyxyye. That is, for any choice of functor

P as in Theorem 2.33, there is a linear map:
h:X(GxEV) = (G =<KV, g)% X h(X), (2.32)
such that:
X = Ey(Py(X)) +0(h(X)), X eX(GxKV)© (2.33)

Furthermore, for every equivariant vector field X € X(G x¥ V)¢, the re-
striction of the infinitesimal gauge transformation h(X) : G x5V — g to
{[1,v] | v € V} 2V takes values in q.

Proof. Let g = t® q be the K-equivariant splitting giving the choice functor
P, let ® € QLG xEV; V(G xEV))¥ be the induced connection on the bundle
GxX®V — G/K, and let H — G x®V be the corresponding horizontal bundle
(see Remark 2.32). We define the map h in (2.32) as the composition filling
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in the dashed arrow in the following diagram:

/Cjw(V, q)K\
B s

L(H)¢ C>®(V,g)K (2.34)
X(G XKV - - - - - ' =G XKV, g)C

where the maps in this diagram are defined as follows.

The map « is the map defined by X +— X — Ey(FPy(X)). This is well-
defined since the vector field X — Ey(FPy(X)) is horizontal in the bundle
G x®V — G/K because the space T'(H)Y is the kernel of the linear map P,
and Py(Ey(Y)) =Y for any Y € X(V)X by Theorem 2.35. The map 3 is the
inverse of the linear isomorphism in the statement of Lemma 2.36. The map
L. is the pushforward of the canonical inclusion ¢ : ¢ < g, where we have
used the usual identifications. Finally, the map € is the equivariant extension
map defined by ¢ — €(¢) where:

e()(lg,v]) = Ad(g)v(v),  [g,v] € Gx"V. (2.35)

We now show that equation (2.33) holds. For this, note that for all [g,v] €
G x®V we have that:

(e (¥)))(lg, v])
= Tevigu(e(t.(¥))([g, v))
= Tevig,(Ad(g)e.(¥(v))))
= Tevig,(Ad(g)(¥(v)))
()([ v]).

Hence, the following diagram commutes:

/371

C=(V,q)X
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where the right vertical map is the canonical inclusion (which is well-defined
since I'(H)¢ = ker Py). Therefore, for all equivariant vector fields X on the

associated bundle G x% V we have that:
O(h(X)) = oeor.0Boa(X) = o foa(X) = a(X) = X — Ey(Fs(X)),

which is what we needed. That is, equation (2.33) holds, which says that
for all objects X of the category of equivariant vector fields X(G x% V)¢ we
have an isomorphism h(X) with source Ey(Py(X)) and target X.

It remains to verify that this transformation is natural. That is, given
equivariant vector fields X and Y on G x¥ V and an infinitesimal gauge
transformation ¢ : G xX V — g such that Y = X + 9(¢), naturality of the

transformation A consists of verifying that the following diagram commutes:

<E0(P0(X))v h(X)>

Eo(Po(X)) X
(E0<P0<X>,E1<P1 w))) (X.9) (2.36)
Eo(Po(Y)) Y

<EO(P0(Y))7 h(Y))

where the arrows represent isomorphisms in the category X(G x& V)¢ of
equivariant vector fields on G x¥ V' (see Remark 2.8). Since composition of
morphisms in X(G x% V)¢ corresponds to addition of the infinitesimal gauge
transformations, the equality of morphisms in diagram (2.36) corresponds to

the equality:

(Eo(R(X)), h(Y) + By(P()) = (Bo(By(X)), &+ h(X)).

Thus, naturality amounts to verifying the equation:

h(X + a(zp)> +E((Pi(¥)) =¥ + h(X), (2.37)

where X is an arbitrary equivariant vector field on G x® V and % is an
arbitrary infinitesimal gauge transformation on G x% V.
To verify equation (2.37), we first need to make an observation. Let ¢ €

C>=(G x¥ V, q)% be an infinitesimal gauge transformation on G' x% V' such
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that ¢(v) € q for all v € V. We can pull this back by the embedding j : V' —
G x%V to obtain an infinitesimal gauge transformation | € C>=(V, q)¥
V' defined by:

pl(v) = ¢(i(v)) = ¢([L,0]),  veV (2.38)

Applying the map 37! of Lemma 2.36 returns the equivariant field induced by
the unrestricted map . That is, 37'(¢|) = 9(¢), which in turn implies that
o| = B(0(p)). Now, if 1 € C(GxEV, g)¢ is an arbitrary infinitesimal gauge
transformation, then the infinitesimal gauge transformation ¢ — E;(P;(v)))
is a map in C* (G x KV, q)K by the definition of P; (see the statement of
Theorem 2.33). Hence, we have that:

Bo( (v = Eo(A()) ) = (v = Ea(Pi()),

(2.39)

where the map <¢ - El(Pl(w))> is a restriction as in (2.38).

With this observation in hand, we can proceed to verify the naturality of

h. Let X be an arbitrary equivariant vector field on G' x® V and let ¢ be an

arbitrary infinitesimal gauge transformation on G x® V. Then note that:

h(X +0)) + Ea(Pi(v))

= hX)+h(0W))+ Er(Pi()) by the linearity of h
= h(X) + e, fa(0(¥)) + Ev(P1(v)) by (2.34)
= h(X) +e.5(0(v + Bi(P(1)))

)
+ Ey (P () by the definition of «
= h(xX) +e.((v = B(P())] ) + B(A@) by (239)

= W(X) + ¢ = Ex(Pi(y)) + Er(Pu(¥))
by the definition of ¢, and € in (2.31)

= h(X) + v,

which confirms the naturality equation (2.37). This proves that h is a natural
transformation. It is actually a natural isomorphism since every morphism

in the category X(G x& V)% is invertible (recall it is an action groupoid).

41



Finally, for every X € X(G x¥ V)% and for any v € V:

h(X)([1,])
= ((eow,0foa)(X))([1,v]) by diagram (2.34)
Bla(X))(v),

where the second equality follows since ¢, is an inclusion and by the definition
of € in (2.35). Hence, by the definition of 3, the restriction h(X)|V of the
infinitesimal gauge transformation h(X) : G xXV — g to {[1,v] € G xX V|
v € V} =2V is such that:

WXV = Ba(X)) € C=(V,q)",

meaning that h(X)|V takes values in q as claimed. O

We now use all of the results proved so far in this subsection to prove
Theorem 2.29.

Proof of Theorem 2.29. We prove the equivalence X(G x% V)¢ ~ X(V)X by
exhibiting functors and natural isomorphisms as in Notation 1.1.12. There
is a canonical functor £ : X(V)¥ — X(G x¥ V)¢ by Theorem 2.31, and
there is a choice of functor P : X(G xX V)¢ — X(V)¥ by Theorem 2.33. For
such a pair of functors we proved in Theorem 2.35 that PE = 1y« , and

in Theorem 2.38 we constructed a natural isomorphism EP = Ixgyxyye.
Thus, we have constructed an equivalence X(G x V)¢ ~ X(V)X, O

We can now prove the global decomposition in Theorem 2.25:

Proof of 2.25. Let V be the canonical slice representation T,,M/T,,(G - m)
of the isotropy K of the relative equilibrium m of X. By Theorem 2.29
the canonical inclusion functor E : X(V)X — X(G x% V)¢ is part of an
equivalence of categories X(V)X ~ X(G x® V)9, Let P : X(G xX V) —
X(V)E be a choice of projection functor as in Theorem 2.33. Furthermore,
let D be a K-invariant neighborhood of the origin in V' such that there
exist a K-equivariant embedding ¢ : D < M such that (2.12) holds. Tt
is straightforward to verify that all the maps in the equivalence X(V)¥ ~
X(G x® V)¢ restrict to give an equivalence X(D)X ~ X(G x¥ D)4, In
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particular, there exists an infinitesimal gauge transformation h* : G-D — g
such that:
X|ap = EoPy|(X|a.p) + O(h™). (2.40)

We now extend the infinitesimal gauge transformation 2% to an infinitesi-
mal gauge transformation 1* on M. For this, we construct a particular K-
invariant smooth bump function. Let B be a K-invariant open ball around
the origin (0,0) € V' contained in D, let B be a K-invariant closed ball in
D containing the ball B, and consider a K-invariant smooth bump function
1 D — R. That is, the function p is such that:

1 ifveB
p) =<0<pw) <1 ifve B—B (2.41)
0 ifveD—B

and p(k -v) = p(v) for all k € K and v € D. To construct such a bump
function, just take any smooth bump function satisfying (2.41), then average
that bump function with respect to the action of K to obtain the desired
K-invariant smooth bump function, which is possible since K is a compact
Lie group and the sets B and B are K-invariant.

We can extend the bump function p: D — R to a bump function €(u) :
G - D — R defined by:

e(u)(g - v) = p(v)

That is, €(p) is a bump function that is 1 on the G-invariant neighborhood
G- B of G-m and 0 for points in G - D outside G - B. We verify that this is
well-defined. First, note that if g-¢(v) = ¢’-1(v) € G-D, then g~'¢’ € K since
g g - 1(v") = 1(v) € (D) and (D) = D is a slice. Hence, since v = g~t¢g’' -/

because ¢ is a K-equivariant embedding and ¢~ !¢’ € K, we have that:

p(w)=p(g g -v) =p@),

where the last equality follows since p is K-invariant. Hence, e(u) is well-
defined on G- D, and is a bump function as desired. Furthermore, the bump
function €(p) is G-invariant. Let g - t(v) € G- D and let ¢’ € G. Then:

€(u)(g" - (g-t(v) = e(p)(g'g - 1(v)) = p(v) = e(u)(g - t(v)).
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Hence, () : G- D — R is a G-invariant bump function.
We can now define the desired infinitesimal gauge transformation ¥~ :

M — g by:

(e(p)(m))hX(m) form e G-D
0 forme M -G - D.

Y (m) =

This map is well-defined since €(y) is 0 on G - D — G - B, meaning that the
product e(u)h* extends by 0 to all of M as desired. It suffices to check on
G - D to verify that this map is equivariant. Thus, let g € G and p € G- D,
then:

= (e(p)(p)) Ad(g) (R~ (p)) by the equivariance of h™®
= Ad(g) ((e(n)(p)) K¥(p)) by the linearity of Ad(g)
= Ad(g) (¢ (p))

Thus, ¥ is an infinitesimal gauge transformation on M.
Now note that Y := X — 9(¢)%) is an equivariant vector field on G xX V
such that for p € G - B we have:

Y*(p) = X(p) — 0™ (p))
= X(p) — d(h*(p)) by the definition of ¢~
= Eo(Po(X(p))) by (2.40).

Thus, the vector field Y is transverse to the group orbit G'-m. Furthermore,
the vector YX(m) = Ey(Py(X(m))) is the vertical part of the vector X (m)
in the associated bundle G x¥ D — G/K. That is, it is tangent to the slice
(D). On the other hand, since «(D) for the action at m, we have that:

ToM =T,,(G-m) @ T,,u(D).

And since the point m is a relative equilibrium of X then X(m) € T,,(G-m),
meaning that the vertical part of the vector X (m) is 0. That is, Y*(m) =
Eo(Py(X(m))) =0, so m is an equilibrium of the vector field Y*. Thus, we
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have constructed the decomposition:
X =YX 4 oY)

in the statement of the theorem. O

We show that different choices of projection functors lead to isomorphic

vector fields (see Remark 2.26, and also compare with [16, Lemma 3.17]):

Proposition 2.39. Let V' be a representation of a compact Lie subgroup K
of a Lie group G, let g = €& q; and g = €& gy be two K-equivariant splittings
and let P! : X(G xE V)% — X(V)E and P?: X(G x5 V)% — X(V)X be the
two projection functors corresponding, respectively, to these splittings as in
Theorem 2.33. Then for every equivariant vector field X € X(G x% V)% we
have that:
Py(X) = F{(X) +0 (P (h*(X))),

where h? : X(G xE V)¢ — C=(G xE V, g)¢ is the map corresponding to the
natural isomorphism Eo P? = Ix(@xxvye. In particular, the projected vector

fields Py (X) and P}(X) on V are isomorphic.
Proof. Let X € X(G x®¥ V)¢ be an equivariant vector field. By Theorem
2.29, there exist h! : X(GxEV)E — C®(GxEV, g)% and h? : X(GxEV)¢ —
C>=(G x¥V, g) such that:

Ey(Py(X)) + 0(h' (X)) = X = Eo(Fy(X)) + 0(h*(X)).
Therefore, by the linearity of Ey and 0, we have:

Ey (PY(X) = F(X)) = 0 (h*(X) = B'(X)) (2.42)

Now let j : V < G x% V be the embedding defined by j(v) := [1,], and

observe that:
ker (P!) = {¢ € (G x" V, )% | im (¢[j(V)) € a1} (2.43)

by the definition of P! (Theorem 2.33). On the other hand, the image of the
restriction to j(V') of the map h'(X) € C®(G xX V,g)¢ is contained in q;
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by (2.34). Therefore, we have that h'(X) € ker P} by (2.43). Thus:

= Py (Eo (Py(X) — Fy(X))) since Py Ey = id by Theorem 2.35

(R*(X) =h'(X))) by (242)
=0 (P (P*(X) - h'(X))) by (2.28)
=0 (P (R*(X)) — P (h'(X))) by the linearity of P}
=9 (P (P*(X))) since h'(X) € ker P}.
This is what we wanted to prove. O

Next we show that the choice of slice leads to isomorphic vector fields. For

this it suffices to consider a slice inside an associated bundle as follows:

Proposition 2.40. Let V' be a representation of a compact Lie subgroup K
of a Lie group G, let g = £ ® q be a K-invariant splitting, and let:

X(G xEV)¢ = X(V)&

be the equivariant projection functor with respect to the given splitting of g
(Theorem 2.33). Furthermore, suppose D is a slice through [1,0] € G x& V
for the action of G on the associated bundle G x® V let + : D — G xX V
be the K-equivariant embedding of the slice, and let:

PP X(G- (D)) = X(D)¥

be the equivariant projection functor with respect to the same splitting of g
(Theorem 2.33 and Remark 2.34). Then, after perhaps shrinking D, there
exists a K-equivariant embedding ¢ : D — V such that, for any equivariant
vector field X € X(G - «(D))¢, the vector fields P} (X) and ¢, (PP (X)) are

isomorphic on V. In particular, we have:
PY(X) = 0.(PP(X)) +0(PY (1°(X)) ), (2.44)

where hP : X(G - (D)% — C>®(G - (D), g)“ is the map corresponding to

the natural isomorphism EP PP =~ Ix(c.u(pyyc as in Theorem 2.38.

Proof. There are two main steps in this proof: (1) constructing the embed-
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ding ¢ : D — V, and (2) constructing an isomorphism P} (X) & ¢, (P({D(X))
such that (2.44) holds. Our argument for the first step follows the argument
in [16, Lemma 3.11], while the second step is different (see also the com-
ments at the beginning of this section). Consider the principal K-bundle
m: G — G/K. Using the K-invariant splitting g = € @ q, there exists a K-
invariant neighborhood O C exp(q) of the identity 1 € G and a K-equivariant
section of 7 : G — G /K given by:

s:O0/K — O, gK — g.
This in turn trivializes the associated bundle w : G x¥ V — G/K via:
0 O/K xV S @ HO/K), (9K, v) = s(9K) - j(v) = [s(gk). ).

By perhaps shrinking D we may assume ¢~ !(:(D)) € O/K x V and since D
is a slice at [1,0] € G x¥ V we have:

T(K70)(O/K X V) = T(Kj())(O/K) D T(K7())D.

Thus, by perhaps shrinking D again, we may assume without loss of gener-
ality that the restriction to ¢(¢(D)) of the projection pry : O/K xV — V' is
a K-equivariant diffeomorphism onto its image in V. Thus, the desired map

K-equivariant embedding is the map:
¢:=(pry|D) toptor: D=V
Note in particular that ¢ is given by a map f : D — O such that:
J(@(d)) = f(d)gxrv((d)),  deD, (2.45)

where f(d)gxxy : GXEV — G xXV is the diffeomorphism given by [g, v] —

We now proceed to show that the map ¢ is as desired. Given an equivariant
vector field X € X(G - «(D))%, our first step is to relate the two different
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decompositions as in Theorem 2.29 in this context. Let:

EP  X(G - (D)) — X(D)¥
EY  X(G xE V)Y — x(V)K

be the equivariant inclusions (Theorem 2.31), and let:

hP : X(G - (D)% — C=(G - (D), g)“
RV L X(G xE V)Y = C®(G <KV, g)¢
be the maps corresponding, respectively, to the natural isomorphisms £ PP =

Ix(G.(pye and EVPYV ~ Ix@xxvye (Theorem 2.38). By Theorem 2.29, we

have decompositions:
B (RP(X) +0 (1P(X)) = X = B} (B} (X)) +0 (1" ().
Hence, in particular, we have that:
EY (BY (6.X)) — EP (PP(X)) =0 (hP(X) — WV (6.X)) . (2.46)

Now we relate the equivariant extensions from each of the slices. Given an
equivariant vector field Y € X(D)*, note that for all d € D:

EZ(Y)(5(¢(d)))
= EPO)(f@oxrv () by (245)
T (f(d)gxrxv) By (Y)
T (f(d)gury)TeY(d) by definition of EJ

=T (f(d)axxy 0 1)Y(d)
=T(jo¢)Y(d) by (2.45)
= TjTY ¢~ p(d)
= Tj(¢.Y)o(d)
= E) (6.Y) (j(6(d))) by definition of EY .

(c(d)) by equivariance of £
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By equivariance this means that:
EQ(Y) = By (¢.Y).
Hence, in particular, we have that:
Ey (Py (X)) = By (.15 (X)) - (247)
Finally, putting all this together we obtain that:

EY (P (X) - .PP(X))

= Ey (B (X)) — Ey (¢.P(X)) by the linearity of )
= By (By(X)) — By (FY(X)) by (247)

=9 (h"(X) = h"(¢.X)) by 2.46.

(2.48)

Thus, applying Py to the resulting equality we have that:

By (X) — ¢. Py (X)
—pY (E (POV (X) — . PP (X ))) since PYEY = id by Theorem 2.35
(0

=Py (0(h"(X) = h"(¢.X))) by (2.48)
—o(P/ (WP(X)) = PY (W¥(6.X)) ) by (2:28)
(PlV (hP(X) )) since hY(¢.X) € ker PV as in (2.43).

Hence, the infinitesimal gauge transformation:
P/ (WP(X)):V = ¢t

gives an isomorphism between the vector fields Py (X) and ¢, PP(X) on V

as claimed. N

We conclude this section by providing examples of the decomposition of

equivariant vector fields using Theorem 2.29.

Example 2.41. Consider M := R3 and fix a vector @ € R3. Consider the
action of R x S' on M given by:

(r,0) - v := Ry(v) + r0, (0,r,v) €S' xR x M,
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where Ry is the counter-clockwise rotation by 6 with respect to the axis
spanned by w. The isotropy K of any point m € M on the axis of rotation
is the circle {0} x S' = S!', and the canonical slice representation for such
an action is isomorphic to R? & C with the standard action of the circle by
counterclockwise rotations around the origin. Thus, the associated bundle in
this case is:

(RxS') x* C=RxC.

This associated bundle is equivariantly diffeomorphic to the axis of rotation

and the plane orthogonal to it passing through the given point, so we have:
M=RxC.

We want to describe the decomposition of equivariant vector fields on M =
R x C following from Theorem 2.29.

Let E : X(C)F — X(R x C)®*5" be the equivariant inclusion functor
of Theorem 2.31, and let P : X(R x C)®*%" — X(C)%" be the equivariant
projection, as in Theorem 2.33, corresponding to the canonical S!-equivariant
splitting R @ R of the Lie algebra of R x S'. Furthermore, let h : X(R x
C)R*S" — C°(R x C,R & R)®*S" be the corresponding natural isomorphism
h: EP = 1X(RxC)RxS1 of Theorem 2.38. Then, by Theorem 2.29, for any
equivariant vector field X : R x C — R x C, we may write:

X = Eo(Py(X)) + O(h(X)). (2.49)

We now use the decomposition (2.49) to give a standard form for (R x S')-
equivariant vector fields on M, similar to the examples at the end of section
2.1.

We start by describing the infinitesimal gauge transformations on R x C.
Since R x S! is abelian, the Adjoint representation of R x S! on the Lie
algebra is trivial.Hence, so the infinitesimal gauge transformations are the
(R x S")-invariant functions. Let ¢ = (¢1,12) : Rx C — R @& R be an
arbitrary infinitesimal gauge transformation on R x C. By R-invariance, the
first component ¢; : R x C — R is completely determined by its restriction

to {0} x C. Hence, the restriction 9| : C — R is an S'-invariant function.
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Thus, as in Example 2.14, by Schwarz’s Theorem [19], we may write:

hl(z) = (127), zeC,

where @/D\l : R — R is a smooth function. Exactly the same way, we may write

the restrictioon to {0} x C = C of the second component 13 : R x C — R as:

Pa(2) :%Ez (‘Z|2)7 ze€C,

where 222 : R — R is a smooth function. Hence, by invariance, we have that:

D(w, z) = (@Zl (122) , s (|z|2)> (w,2) € R x C. (2.50)
The induced vector field () as in (2.1) is given by:

o1 (|21%)

() (w, z) = ( o (122 iz ) , (z,w) € CxR. (2.51)

Since Py(X) is an S'-equivariant vector field on C, as described in Example

2.14, by Scharwz’s Theorem [19] and Poénaru’s Theorem [20], we may write:
Py(X)(2) = f(\z|2)z+g(|z]2) iz, zeC,
where f : R — R and ¢ : R — R are smooth functions. Thus, we have that:

0
(121%) 2 + g (121*) iz

Eo(Py(X))(w, 2z) = ( s ) , (w,z) e Rx C. (2.52)

On the other hand, by (2.50), the map h(X) : R x C — R&R is determined
by its restriction to the slice {0} x C = C. By Theorem 2.38, the restriction of
h(X) to {0} x C = C takes values in R x {0}. Consequently, the infinitesimal
gauge transformation h(X) : R x C - R @ R is given by:

h(X)(w, z) = (ﬁ (122), o) . (w,2) eRxC,

for some smooth function h : R — R. And hence, by (2.51), the equivariant
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vector field O(h(X)) on R x C is given by:

(ER

A(X))(w, ) = ( .

) , (w,z) € R x C. (2.53)

Using (2.52) and (2.53), the decomposition (2.49) gives the desired standard

form for the given equivariant vector field X on R x C:

_ 0 h(|2?)
. >\<f(22)2+9<z2)iz >+< 0 ) 2

J/

Eo(Po(X)) A(h(X))
for (z,w) € C x R, where f : R - R, g : R = R, and  : R — R are
smooth functions. Using the equivariant diffeomorphism M = R x C, the
decomposition (2.54) of equivariant vector fields on M is a decomposition of
equivariant vector fields on M into a component that’s tangent to the plane
orthogonal to the axis of rotation and a component in the direction of the
axis of rotation. In particular, every R x Sl-equivariant vector field on M
is isomorphic in the category X(R x (C)]RXSI to a vector field tangent to the

planes orthogonal to the axis of rotation. However, we can say more. We

can rearrange the decomposition (2.54) as follows:

o B (P
) (f<z?>z)+\<g<22>iz ) %)

-~

oY)

for (w,z) € R x C, where we are using (2.51) for the infinitesimal gauge
transformation ¢ : R x C — R & R defined by:

(w, z) = (h (121%), g (|2*) ), (w,z) e R x C.

Hence, the equivariant vector field X is also isomorphic in the category X(R x
(C)]RXS1 to the equivariant vector field defined by:

)?(w,z):(f(o ), (w,z) € R x C.

|27) =

Thus, every (R x S')-equivariant vector field on R x C is isomorphic in the
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category X(R x (C)]RXS1 to a radial vector field on a plane orthogonal to the

axis of rotation.

Example 2.42. Consider the group G := SO(3) of 3 x 3 orthogonal matrices
with determinant equal to 1. Let K := S' & SO(2) be the circle in SO(3)

consisting of the matrices:

cosf@ —sinf 0
kg :=| sinf cosf 0 |, 0 € R.
0 0 1

Let V' := C be the standard representation of the circle K given by:

ko z:= ez, ko € K, z € C.
We will decompose the SO(3)-equivariant vector fields on the associated
bundle SO(3) x5 C using Theorem 2.29. Thus, we are working in the category
X(SO(3) x5' C)59®) of SO(3)-equivariant vector fields on the associated
bundle SO(3) x5' C.

Recall that the Lie algebra g := s0(3) of SO(3) can be identified with
R3 with the Adjoint representation of SO(3) corresponding to the standard
application of the matrix g € SO(3) to the vector w € R3. Furthermore, the
vectors w € s0(3) can be thought of as corresponding to the axes of rotation of
the matrices g € SO(3), when the latter are thought of as rotation matrices.
In particular, the Lie algebra € = R of K = S! can be identified with the
third copy of R in R® 2 50(3). Thus, the canonical splitting of R3:

R® = R & R . (2.56)
~— =~ \E/
g q

is a K-equivariant splitting of the Lie algebra g = so(3). We will choose
this splitting as the K-equivariant splitting of g needed to apply Theorem
2.29. In particular, it determines an equivariant connection on the associated
bundle SO(3) x5' C — SO(3)/S! (see Remark 2.32 and (2.59) below).

It is convenient to recall the description given in Remark 2.32 of the tan-
gent bundle 7'(SO(3) x5! C), and of its decomposition into the vertical bundle
V(SO(3) x5' €) and the horizontal bundle H(SO(3) x5' C) of the associated
bundle SO(3) x5' C — SO(3)/S!, the horizontal bundle being the one corre-
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sponding to the splitting (2.56). We start by recalling that the total space of
the tangent bundle T(SO(3) x5' C) — SO(3) x5 C can be identified with:

T(SO@3) x5 C) =2 G xK (V x qx V)

1 (2.57)
>~ S0(3) x¥ (C x R* x C),

where for an element [g, z, &, w] € SO(3) x®' (C x R? x C) the point [g, 2] €
SO(3) x8' C is the base point and the rest is the vector part. The total
space of the vertical bundle V(SO(3) x5' C) — SO(3) x5' C of the associated
bundle SO(3) x5' C — SO(3)/S! can be identified with:

V(SO3) x5 C) = G xX (V x {0} x V)

1 (2.58)
>~ SO(3) x¥ (C x {0} x C),

where {0} is the O-subspace in R? & q, and for an element [g,z,0,w] €
SO(3) x5 (€ x {0} x C) the point [g, z] € SO(3) x5 C is the base point and
the rest is the vector part. Finally, recall that the splitting (2.56) determines a
connection on the associated bundle SO(3)x5' C — SO(3)/S' (Remark 2.32).
The total space of the corresponding horizontal bundle H(SO(3) x5' C) —
SO(3) x5" C of the associated bundle SO(3) x5' C — SO(3)/S' can be
identified with:

H(SO(3) x5 C) = G x¥ (V x q x {0})

~ 50(3) x5 (C x R2 x {0}), (2:59)

where {0} is the 0-subspace in C, and for an element [g, z,£,0] € SO(3) xS
(C ®R? x {0}) the point [g, z] € SO(3) x5 C is the base point and the rest
is the vector part. Thus, we use (2.57), (2.58), and (2.59) to describe vector
fields as sections of each of these bundles over SO(3) x5' C.

Now let E : X(C)3" — X(SO(3) x5' €)%°®) be the canonical inclusion func-
tor of Theorem 2.31, let P : X(SO(3) x5 C)5°®) — X(C)®' be the equivariant
projection functor corresponding to the splitting (2.56) as in Theorem 2.33,
and let h : X(SO(3) x5' C)59G) 5 ¢>(SO(3) x5' C)%°®) be the correspond-
ing natural isomorphism of Theorem 2.38. Then, by Theorem 2.29, we can

decompose any equivariant vector field:
X :50(3) x5 C = SO(3) x5 (C x R? x C),
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in the form:

X = Ey(Py(X)) + (h(X)). (2.60)

We now describe the components in (2.60).

The vector field Py(X) is an S'-equivariant vector field on C. Thus, by
Example 2.14, there exist smooth functions f : R — R and ¢ : R — R such
that:

Po(X)(z) = [ (|2P°) 2 + ¢ (|2I) iz, z e C. (2.61)

Recall that, by definition, the vector field Ey(FPy(X)) is vertical in the asso-
ciated bundle SO(3) x5 C — SO(3)/S'. Thus, by (2.58), the vector field
Eo(Py(X)) takes values in SO(3) x5 (C x {0} x C). Therefore, using (2.61),

we have that:
Eo(Po(X))([g,2]) = [g, 2,0, f (121%) 2 + ¢ (]2 z’z] (2.62)

for all [¢, 2] € SO(3) x5 C.

Now observe that h(X) : SO(3) x5 C — R? is an SO(3)-equivariant
infinitesimal gauge transformation that is completely determined by its values
on the slice representation C = {[I, 2] | z € C} and takes values in q & R?
(Theorem 2.38). That is, it is completely determined by the S'-invariant
restriction h(X)| : C — R2 Thus, using Schwarz’s Theorem [19] as we
did for the infinitesimal gauge transformations in Example 2.17, there exist
smooth maps /ﬁl :C — R and /ﬂg : C — R such that:

BX)|:) = (B (12) Be (12)) e R22q,  zeC.
Hence, by SO(3)-equivariance, we have that:
WX (g, 2) = g+ (A (12) , B (|217) , 0) e RF =g,

for all [g, 2] € SO(3) x%' C and where the action on the right-hand side is the
standard action of SO(3) on R? via rotations. By the construction of h, the
SO(3)-equivariant vector field (h(X)) takes values in the horizontal bundle
corresponding to the chosen splitting of g since it gives the horizontal part
of the vector field X (Theorem 2.38). Thus, using (2.59), the vector field
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d(h(X)) takes values in SO(3) x5' (C x R? x {0}), so we have that:
Oh(X)) (9. 2) = [g.2 (i (121) , T (1212) ) 0] (2.63)

for all [g, 2] € SO(3) x5' C. Therefore, using (2.62) and (2.63), we see that
the decomposition (2.60) is:

X([g,2]) = [g, 2,0, f (|2]) 2+ ¢ (]2) Zz}

7

Eo(Po(X))

o2 (=) B (1) )

N /

(2.64)

A(h(X))

for all [g, z] € SO(3) x5 C, where the vector X([g, z]) is contained in the
associated bundle SO(3) x5' (CxR2x C), and we have used the identifications
(2.57), (2.58), and (2.59). In particular, every SO(3)-equivariant vector field
on SO(3) x5 C is isomorphic in the category X(SO(3) x5' C)5°G) to a vector
field that is tangent to the slice:

C {[[, 2 €80(3) x5 C|ze c} , (2.65)

and that has a decomposition on the slice C as an S'-equivariant vector field
as in Example 2.14. We can say more. Let ¢ : SO(3) x5 C — R? be the

infinitesimal gauge transformation given by:

U (lg =) =g+ (B (127) B (127) 0 (121 )

for [g, 2] € SO(3) x5 C, and where the action on the right-hand side is the
standard action of SO(3) on R? via rotations. Rewriting (2.64) we see that

we can write X as:

X(lg:2) = 920, (12F) 2] + |92 (B (1) B (12F) ) - (1=P) 2]

/

o)

for all [g, 2] € SO(3) x5' C. Thus, every SO(3)-equivariant vector field X on
S0O(3) x5 C is isomorphic to a vector field tangent to the slice (2.65) that is

radial on the slice.

56



CHAPTER 3

STABILITY AND MOTION OF RELATIVE
EQUILIBRIA

Given a relative equilibrium m of an equivariant vector field X on a proper
G-manifold, it is natural to consider whether m is stable modulo the group
G. This notion was first introduced by Patrick [7, 8] in the study of Hamil-
tonian relative equilibria. If the orbit space M /G is smooth, one can reduce
determing stability of the relative equilibrium to determining stability of an
equilibrium on the orbit space for the reduced dynamics. However, if the
orbit space is not smooth then other methods are required. Montaldi proved
a topological approach in the Hamiltonian case that works when the reduced
spaces are not smooth [26]. In the first section of this chapter, we provide an
approach for general proper actions that works even if the orbit space is not
smooth. We address the Hamiltonian case in the second section, recovering
in particular a criterion due to Montaldi and Rodriguez-Olmos as a special
case [9, Theorem 3.6] (see also [10, Theorem 2]).. The contents of the first
two sections of this chapter are part of an article by the author of this thesis
published in [14].

In section 3.1, we show how one can determine the stability modulo G of
m by passing to a slice for the action through m, where stability corresponds
to the stability of an equilibrium. We actually prove something stronger: we
prove that the relative equilibrium m is G-stable for X if and only if it is a
G, -stable equilibrium for the part of the vector field transerve to the group
orbits near m (Theorem 3.4). That is, we can use the decomposition of X
into tangent and transverse parts in Theorem 2.25 to determine stability.
These theorems correspond to passing between the category of equivariant
vector fields on a tubular neighborhood around the relative equilibrium and
the category of equivariant vector fields on a slice. This works because these
categories are equivalent (Theorem 2.29), the functors in the equivalence
preserve stability (Lemma 3.12 and Lemma 3.13), and stability modulo the

group symmetries is preserved by isomorphisms of equivariant vector fields
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(Proposition 3.10). In section 3.2, we apply Theorem 3.4 to Hamiltonian rel-
ative equilibria and provide an alternative proof of the Hamiltonian stability
criterion of Montaldi and Rodriguez-Olmos [9, Theorem 3.6] (see also [10,
Theorem 2]).

In section 3.3, we consider the motion of relative equilibria on manifolds
with compact symmetry groups. It is well-known that, the motion of a rela-
tive equilibrium of an equivariant vector field on such a manifold is equivalent
to linear motion on a torus (see [11, 5] and also Theorem 3.45). In fact, there
is a bound on the number of independent frequencies of the motion; that is,
on the dimension of the torus containing the motion [11, 5]. This bound is
attained generically, so it may be of interest to modify the equivariant vector
field to reduce, or otherwise adjust, the number of independent frequencies
of the relative equilibrium’s motion to obtain nongeneric motions. Given an
equivariant vector field with a relative equilibrium, we provide conditions
for constructing an isomorphic vector field that has any desired number of

independent frequencies at the relative equilibrium.

3.1 Stability of relative equilibria and isomorphisms

We begin by recalling the following definition of nonlinear stability in a proper

G-manifold due to Patrick [7, §]:

Definition 3.1 (stability modulo a subgroup). Let M be a G-manifold, let
X be a G-equivariant vector field on M, and let H < G be a Lie subgroup
of G. A G-relative equilibrium m € M of the vector field X is H-stable, or
stable modulo H, if for any H-invariant neighborhood U C M of the point
m there exists a neighborhood O C U of the point m for which all maximal
integral curves of the vector field X starting at points in the neighborhood

O stay in the neighborhood U for all times for which they are defined.

Remark 3.2. Let M be a proper G-manifold and let 7: M — M /G be the
quotient map. The flow ¢ of an equivariant vector field X on M induces
a continuous flow onthe orbit space M/G. A point m € M is a relative
equilibrium of X if and only if the point 7(m) € M/G is a fixed point of the
induced flow on the orbit space. It can be shown that a relative equilibrium

m is G-stable for X if and only if the point 7w(m) is stable for this induced
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flow on M /G [14, Lemma 3.6]. If the orbit space is a manifold, for example
when the action is free and proper, then the induced flow is smooth. In that
case, one can appeal to the vast literature on stability of fixed points to test
for stability. However, if the action is not free, the orbit space is in general
not a manifold. In that case we must appeal to other arguments like the ones

presented in this section.
The following fact about G-stability will be useful later:

Lemma 3.3. Let M be a G-manifold, let X be a G-equivariant vector field
on the manifold M, let m € M be a G-relative equilibrium of X, and let
H < K be Lie subgroups of G. If the G-relative equilibrium m is H-stable,
then it is K-stable.

Proof. Any K-invariant neighborhood U of the point m is in particular H-
invariant since H < K. Hence, we can find the required neighborhood O C U
by using the H-stability of the point m. O]

The main theorem of this section is the following:

Theorem 3.4. Let M be a proper G-manifold and let X be an equivariant
vector field on M with a relative equilibrium at a point m € M. Consider a

decomposition:
X =Y*+0 ("),

where YX has an equilibrium at m and is transversal to the group orbits near
the group orbit G - m, and where X € C°°(M, g)¢ is an infinitesimal gauge
transformation (Theorem 2.25). Then the relative equilibrium m is G-stable

for X if and only if the equilibrium m is G,,-stable for YX.

Remark 3.5. Theorem 3.4 can be used to reduce determining G-stability
for a relative equilibrium on a proper action to determining G,,-stability
for an equilibrium on a representation. There is another point of view one
can take in interpreting the consequences of Theorem 3.4. Let K be a Lie
subgroup of a Lie group . Lemma 3.3 shows how stability modulo the
subgroup K implies stability modulo the bigger group G, but the converse
need not be true. This is because a K-invariant neighborhood need not
be a G-invariant neighborhood. Thus, one can think of stability modulo a

smaller group as improving stability, since the relative equilibrium is then
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stable for integral curves contained in more neighborhoods. Nevertheless,
by Theorem 3.4, one can take an equivariant vector field with a G-stable
relative equilbirium and modify it via the action of an infinitesimal gauge
transformation to an isomorphic equivariant vector field with an equilibrium
that is stable modulo the smaller isotropy subgroup G,,. This isomorphic
equivariant vector field determines the same continuous flow on the orbit
space. Thus, for the purposes of many applications, the original vector field
can be replaced with this vector field that has a relative equilibrium with

improved stability.

The question of G-stability in Theorem 3.4 is local near the group orbit
of the relative equilibrium. Thus, to prove Theorem 3.4, we may restrict to
a local invariant neighborhood of GG - m. Recall that such neighborhoods are
modeled by associated bundles obtained via the canonical slice representation

(Remark 2.28). Thus, Theorem 3.4 reduces to the following local version:

Theorem 3.6. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group GG, and let X be an equivariant vector field
on G x® 'V with a relative equilibrium at [1,0] € G x¥ V. Furthermore,
let g = ¢ ® q be a K-invariant splitting of the Lie algebra g and let F :
X(GxEV)¢ — %(V)X be the corresponding projection of equivariant vector
fields (Theorem 2.33). Then [1,0] € Gx®XV is a G-stable relative equilibrium
of X if and only if 0 € V' is a K-stable equilibrium of Py(X).

Recall that a projection Py : X(G x¥ V)¢ — X(V)X as the one in the
statement of Theorem 3.6 extends to a functor P : X(G x& V)¢ — X(V)K
that is part of an equivalence of categories X(G x® V)¢ ~ X(V)& (Theorem
2.33 and Theorem 2.29). The other functor in the equivalence is given by the
canonical equivariant extension functor E : X(V)¥ — X(G <X V)¢ (Theorem
2.31). We need to show that both of these functors preserve relative equilibria

and their stability. For this we need the following lemma:

Lemma 3.7. Let M and N be proper G-manifolds and let f: M — N
be a G-equivariant diffeomorphism. Suppose that X and Y are f-related
equivariant vector fields on M and N respectively. Then a point m € M is
a relative equilibrium of the vector field X if and only if the point f(m) is a
relative equilibrium of the vector field Y. Thus, pullbacks and pushforwards

of vector fields by equivariant diffeomorphisms preserve relative equilibria.
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Proof. The verification is a straightforward computation using the equation
TfoX =Y of. First, suppose m is a G-relative equilibrium of the vector
field X. Then

Y(f(m)) = (Tfm(X(m)) € (Tf)m(Tn(G - m)) = Tym)(G - f(m)),

where (T'f)m(T0(G - m)) = Tium)(G - f(m)) follows by the equivariance of
the diffeomorphism f. Thus, the point f(m) is a G-relative equilibrium of

the vector field Y. The converse is completely analogous. O]

Lemma 3.8. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group G, let X be a K-equivariant vector field on
V,and let E : X(V)E — X(G x®¥ V)% be the canonical equivariant extension
functor of Theorem 2.31. If v € V is a K-relative equilibrium of X then
[1,v] € G x% V is a G-relative equilibrium of Fy(X) € X(G xX V)&,

Proof. Let j : V — G x® V be the equivariant embedding defined by
j(v) := [1,v]. Note that the vector fields X and Ey(X) are j-related by the
definition of Ey (Theorem 2.31). Thus, by Lemma 3.7, we know that [1,v] is
a K-relative equilibrium of the vector field Ey(X). That is, Eo(X)([1,v]) €
Thv (K - [1,0]). Since j is an embedding, the tangent space Tj; (K - [1,v])
is contained in the tangent space T (G - [1,v]). Hence, the point [1,v] is a
G-relative equilibrium of Ey(X) as claimed. O

Lemma 3.9. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group G, let X be a G-equivariant vector field on
G xEV and let P: X(G xX V)¢ — X(V)X be an equivariant projection
functor corresponding to a K-equivariant splitting as in Theorem 2.33. If
[g,v] € G x¥ V is a G-relative equilibrium of X then v € V is a K-relative
equilibrium of Py(X).

Proof. First, as in the prooof of Lemma 3.8, let j : V < G x¥ V be the
equivariant embedding defined by j(v) := [1,v]|. Furthermore, note that if
[g,v] € G x® V is a relative equilibrium of X, then j(v) = [1,v] is also a
G-relative of X since these two points are in the same G-orbit in G x¥ V.

By Theorem 2.29, there exists an infinitesimal gauge transformation ¢¥X €

C>=(G x¥ V,g)% such that:

X = Ey(Py(X)) +0(v™).
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That is, X is isomorphic to the vector field Ey(Fy(X)). Since isomorphisms
preserve relative equilibria by Lemma 2.24, the point j(v) is a G-relative
equilibrium of the vector field Ey(Py(X)). On the other hand, the vector
field Eo(Py(X)) is vertical in the vector bundle G x® V — G/ K. Hence, the
vector Ey(FPo(X))(j(v)) is also tangent to the slice j(V)) = V. That is, we

now have:
Eo(Po(X))(1(v)) € Ty (G- (V) N T j (V) = Tjw) (K - j(v)),

meaning that the point j(v) is a K-relative equilibrium of the vector field
Ey(Py(X)). By Lemma 3.7, this implies that v € V' is a K-relative equilib-
rium of Py(X) since the vector fields Eo(FPy(X)) and Py(X) are j-related by
the definition of Ey (Theorem 2.31). O

Thus, we have shown that the functors in the equivalence X(G x& V)¢ ~
X(V)E preserve relative equilibria. We now show they also preserve their
stability. We actually start by showing that isomorphisms preserve stability:

Stability of relative equilibria is preserved by isomorphisms of equivariant

vector fields:

Proposition 3.10. Let M be a proper G-manifold and let X and Y be
two isomorphic equivariant vector fields on M. If a point m € M is a G-
stable relative equilibrium of the vector field X, then it is a G-stable relative

equilibrium of the vector field Y.

Proof. Let ¢* : O — M and ¢* : O — M be the maximal flows of the vector
fields X and Y respectively, where we know they share a common domain
by Lemma 2.11. Also by this lemma, there exists a smooth map F': O — G,
such that:

¢ (t.q) = F(t,q) - ¢*(t.q)

for all pairs (¢, q) for which ¢~ is defined.

Now let U C M be a G-invariant open neighborhood of the relative equi-
librium m. We seek a neighborhood O C U of the point m such that all
maximal integral curves of Y starting at points in O stay in U for all times
in their domain. Since the point m is G-stable for the vector field X, we
know there exists a neighborhood O C U of the point m for which all inte-

gral curves of X starting at points of O stay in U for all time. This means
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that for any point ¢ € O and all times ¢ for which (¢, ¢) is in the domain of

oY, we have that:

o' (t,q) = Fi(q) - ¢*(t,q) € Fi(q)- U =1,

where the last equality holds since the neighborhood U is G-invariant. Thus,
the relative equilibrium m is G-stable for the vector field Y. n

We will also need the following lemma:

Lemma 3.11. Let M and N be proper G-manifolds and let f: M — N
be a G-equivariant diffeomorphism. Suppose that X and Y are f-related
equivariant vector fields on M and N respectively. Then a point m is a G-
stable G-relative equilibrium of the vector field X if and only if the point f(m)
is a G-stable G-relative equilibrium of the vector field Y. In particular, the
pushforward and pullback of vector fields by the diffeomorphism f preserve

stability of relative equilibria.

Proof. Suppose first that the relative equilibrium m is G-stable. Let U C N
be a G-invariant neighborhood of the point f(m). We seek a neighborhood
O C U of the point f(m) such that all maximal integral curves of Y starting
at points in O stay in U for all times in their domain. By the equivariance
of f and the G-invariance of the set U, the open set f~'(U) is a G-invariant
neighborhood of the point m. By the G-stability of the point m, there exists
a neighborhood W C f~1(U) of the point m such that the maximal integral
curves of X starting at points of W stay in the set U for all times in their
domain.

Consider the set O := f(W). It is open since the map f is a diffeomor-
phism. It is contained in the neighborhood U since f is a diffeomorphism
and W C f~Y(U). Consider an arbitrary point ¢ € O and let 7, be the
maximal integral curve of the vector field Y starting at the point ¢. Since
the vector fields X and Y are f-related, the curve f~! o ~, is the maxi-
mal integral curve of X starting at the point f~!(¢) € W, and it is de-
fined for the same times that «, is. B y the choice of W, we know that
v @) € f71U) for all times ¢ such that the curve is defined. Hence,
Y1) = F(f1(,(8)) € fF(f71(U)) = U for all times ¢ for which the curve
is defined. Therefore, the relative equilibrium f(m) is G-stable for Y. The

converse is completely analogous. O
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Lemma 3.12. Let V be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group G, let X be a K-equivariant vector field on
V,and let £ : X(V)% — X(G xE V) be the canonical equivariant extension
functor of Theorem 2.31. If v € V is a K-stable K-relative equilibrium of
X then [1,0v] € G x® V is a K-stable G-relative equilibrium of Fy(X) €
X(G xB V)Y, In particular, [1,v] is also a G-stable relative equilibrium of
Ey(X) by Lemma 3.3.

Proof. let j : V < G x® V be the K-equivariant embedding defined by
j(v) := [1,v]. By Lemma 3.8 we know that the point j(v) is a relative
equilibrium of Fy(X'). Hence, it remains to show that the relative equilibrium

is K-stable. This follows from Lemma 3.11 since the vector fields X and
Ey(X) are j-related by the definition of £ (Theorem 2.31). O

Lemma 3.13. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group G, let X be a G-equivariant vector field on
G xEV,and let P : X(G xX V)¢ — X(V)X be an equivariant projection
functor corresponding to a K-equivariant splitting as in Theorem 2.33. If
[g,v] € G xK V is a G-stable G-relative equilibrium of X then v € V is a
K-stable K-relative equilibrium of FPy(X).

Proof. Let j : V < G x¥ V be the K-equivariant embedding defined by
j(v) :=[1,v]. Since it is an embedding onto j(V'), we will denote the inverse
of its restriction as a map onto its image by j ' : j(V) — V. By Lemma 3.9,
we know that v € V' is K-relative equilibrium of Py(X). Hence, it remains
to show that it is K-stable.

Let U C V be a K-invariant neighborhood of v € V', then j(U) is a K-
invariant set in j(V) € G x® V containining the point j(v). Furthermore
W:=GxEKU=¢G- j(U) is a G-invariant open neighborhood of j(v) in
G xEV.

Note that j(v) = [1, v] is a G-stable G-relative equilibrium of X since it is in
the same group orbit as the point [g, v]. Furthermore, recall that by Theorem
2.29, there exists an infinitesimal gauge transformation X € C®(GxXV, g)¢
such that:

X = By(Py(X)) + 0(v™).

That is, X is isomorphic to the vector field Fy(Py(X)). Thus, since j(v) is G-
stable for X, it is also G-stable for the vertical part Fy(Py(X)) by Proposition
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3.10. Hence, since W is a G-invariant neighborhood of j(v), there exists a
subset @ C W such that the integral curve of Eo(Py(X)) starting at any
point in O stays in W for all times for which it is defined.

Now let O := 51 (@ﬂj(V)) C U and let w € @. Then j(w) € ONj(V),
so the integral curve 7, of Ey(Fy(X)) starting at j(w) stays in W =GxXU
for all times for which it is defined. On the other hand, the vector field
Eo(Py(X)) is vertical in the vector bundle G x® V — G/K, so it is tangent
to the slice j(V) at all points of j(V'). Hence, the integral curve 7, also
stays in the slice j(V') for all times for which it is defined. Thus, the integral

curve ;) is in the intersection:
WNi(V) = (GxXU)njv)=;U)

for all times for which it is defined. Finally, since the vector fields Ey(Fp(X))
and Py(X) are j-related by the definition of the map Ey (Theorem 2.31), the
integral curve of Py(X) starting at w is given by v, := 7' 0 j(,). Thus,
the integral curve of Py(X) stays in U for all times for which it is defined.
This means that the relative equilibrium v € V' of the vector field FPy(X) is
K-stable as claimed. O

We are now ready to prove Theorem 3.6 (and by extension Theorem 3.4):

Proof of Theorem 3.6. Let E : X(V)X — X(G xX V)¢ be the canonical
equivariant extension functor (Theorem 2.31) and let P : X(G x& V)¢ —
X(V)E be the equivariant projection functor corresponding to the splitting
in the statement (Theorem 2.33). Since these functors are part of an equiv-
alence X(G xX V)¢ ~ X(V)X, let h : EP = lIxgyry)c be the natural
isomorphism as in Theorem 2.29. That is, for the given vector field X there
is an infinitesimal gauge transformatio h(X) € C* (G xKV, g)G such that:

X = Ey(Py(X)) + (h(X)).

Thus, the vector fields X and Ey(Fy(X)) are isomorphic.

Now suppose that [1,0] is G-stable for X. Then, by Proposition 3.10, the
point [1,0] is G-stable for Ey(FPy(X)), since X and Ey(Fy(X)) are isomorphic.
Then, since P preserves stability by Lemma 3.13, the point 0 € V' is K-stable
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for the vector field:
Po(Eo(FPo(X))) = Po(X),

where we use that PyEy = idg)x (Theorem 2.35).

Now, conversely, suppose that 0 € V is K-stable for Py(X). Then, by
Lemma 3.12, [1,0] is K-stable for Fy(FPy(X)). By Lemma 3.3, this implies
that [1, 0] is G-stable for Ey(FPy(X)). Finally, by Proposition 3.10, the point
[1,0] is G-stable for X, since X and Ey(Fy(X)) are isomorphic. O

3.2 Stability of Hamiltonian relative equilibria

Hamiltonian relative equilibria are an important case where we may have
nonlinear stability but not linear stability. The integral curves of a Hamil-
tonian vector field do not exhibit energy dissipation, so we don’t expect the
relative equilibria to be linearly stable. Lerman and Singer [27] and Ortega
and Ratiu [28], building on work of Patrick [7, 8], showed that the definiteness
of the Hessian of an augmented Hamiltonian function implies stability of the
Hamiltonian relative equilibrium. Montaldi and Rodriguez-Olmos extended
this criterion, allowing for a wide choice of augmented Hamiltonians to check
for stability [9, Theorem 3.6] (see also [10, Theorem 2]). They prove this
extension by building on the bundle equations in [29, 30, 31]. We use Theo-
rem 3.4 to provide an alternative proof of their result. Our proof is based on
the fact that the augmented Hamiltonian vector fields are isomorphic to the
original Hamiltonian vector field and that a choice of augmented Hamiltonian
is equivalent to a choice of an isomorphism class and a representative.

We start by recalling the definition of an equivariant momentum map:

Definition 3.14. Let M be a symplectic manifold with an action of a Lie
group G by Hamiltonian symplectomorphisms. Suppose the symplectic form
w is G-invariant. A smooth map ®: M — g* is an equivariant momentum

map for the action of G' on the symplectic manifold M if:

e the map P is equivariant with respect to the given action on M and

the coadjoint representation on g*;

e for all vectors £ € g, the function
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where (-,-): g* x g — R is the pairing of the Lie algebra g and its dual

g%, is a Hamiltonian function for the fundamental vector field &,,.
Throughout this section we will work in the following settings:

Definition 3.15. A Hamiltonian G-space is a quadruple (M, w, G, ®) where
M is a proper G-manifold such that

e the manifold M is symplectic with corresponding G-invariant symplec-

tic form w;
e the action of the Lie group G is by Hamiltonian symplectomorphisms;

e the map ®: M — g* is an equivariant momentum map for the action.

Definition 3.16. A Hamiltonian G-system is a quintuple (M,w,G,®,h)
where the quadruple (M, w, G, ®) is a Hamiltonian G-space and the function
h: M — R is a smooth G-invariant function called the Hamiltonian function

of the system.

We are interested in the stability of G-relative equilibria of Hamiltonian

vector fields. In particular, we determine stability with respect to the follow-

ing group:

Definition 3.17. Let (M,w, G, ®) be a Hamiltonian G-space and let m be a
point in the manifold M. The covector u := ®(m) € g* is called the moment
of the point m, and the Lie subgroup of GG defined by:

G, :={geG|Adl(g)p = p}

is called the moment isotropy group of the point m. We denote by g, the Lie

algebra of the moment isotropy group.

Hamiltonian relative equilibria of Hamiltonian G-systems have the follow-

ing well-known characterization (see, for example, [32, Theorem 4.1}):

Lemma 3.18. Let (M,w,G,®,h) be a Hamiltonian G-system, let =, €
['(TM)% be the Hamiltonian vector field of the function h, and let m € M

be a point with moment p = ®(m). The following are equivalent:

1. the point m is a G-relative equilibrium of the Hamiltonian vector field

=
—hy
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2. there exists a velocity vector £ € g, of the point m; that is, £ € g, is
such that Z;,(m) = &y (m);

3. the point m € M is a critical point of the function hé := h — (®, &).
Definition 3.19. Let (M,w,G,®,h) be a Hamiltonian G-system. Given a

vector £ in the Lie algebra g, the Hamiltonian function augmented by &, or

simply the augmented Hamiltonian, is the function:
ht: M — R, h® :=h — (®,¢€).

The corresponding Hamiltonian vector field =, = =), — &y is called the
Hamiltonian vector field augmented by &, or simply the augmented Hamilto-

nian vector field.

Remark 3.20. Given a smooth function f € C°°(M) on a manifold M,
the Hessian of f is only well-defined at critical points of f. If m € M is
a critical point of f, the Hessian d?f(m): T,,M x T,,M — R of f at the
point m behaves well under change of coordinates and pull-backs. That is,

if j: N — M is a smooth map with j(n) = m, then
d* (5" f)(n) = j*(d*f(m)).
In particular, if NV is a submanifold of M, then

(@2 f) (m)|z,n = (f|wt)(m).

Lemma 3.18 guarantees that if m is a G-relative equilibrium of the Hamilto-
nian vector field =, then the augmented hamiltonian h¢ has a well-defined

Hessian at m.

Definition 3.21 (augmented vector fields). Let M be a proper G-manifold
and X an equivariant vector field on M. Given a vector £ € g, the corre-

sponding vector field augmented by & is the vector field:
Xe: M —-TM,  Xe:=X—E&u,

where &y : M — TM is fundamental vector field defined by &y (m) =
Tev,,(§).
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Remark 3.22. Given a G-equivariant vector field X on a proper G-manifold
M, the corresponding augmented vector field X, is not G-equivariant. How-

ever, it is equivariant with respect to the Lie subgroup

Ge:={g € G| Ad(g)¢ = £}

Also note, that if £ € g is a velocity for a G-relative equilibrium m of the
vector field X, then the augmented vector field X, has an equilibrium at the

point m.

Lemma 3.23. Let M be a proper G-manifold, let X be an equivariant vector
field on M, and let £ be a given vector in the Lie algebra g of G. The vector
field X is G¢-isomorphic to its augmented vector field X, € X(M)Ce.

Proof. Let g¢ be the Lie algebra of the Lie subgroup G¢. The constant map:
§: M — ge, m— &

is a smooth Ad(G¢)-equivariant map, and hence gives a morphism in the
category of Ge-equivariant vector fields X(M)%. Note X = X¢ + &y by

definition, so the result follows. O

Lerman and Singer [27] and Ortega and Ratiu [28], building on work of
Patrick [7, 8], proved a criterion for G ,-stability of a Hamiltonian G-relative
equilibrium involving the Hessian of the augmented Hamiltonian h¢. Their
work required an orthogonality condition on the velocity £&. Montaldi and
Rodriguez-Olmos were able to eliminate this condition in a generalized crite-
rion; first, for the case of compact moment isotropy in [10, Theorem 2]; and
then, more generally, for the case of possibly noncompact moment isotropy in
[9, Theorem 3.6]. They also provide an example where this criterion predicts
stability, while previous criteria were inconclusive [9, Remark 3.7]. Their

result is as follows:

Theorem 3.24 (Montaldi and Rodriguez-Olmos ). Let (M,w,G,®,h) be
a Hamiltonian G-system. Suppose m € M is a G-relative equilibrium of the
Hamiltonian vector field =, of the function h, and let © be the moment of

the point m. Suppose further that

1. the moment isotropy subgroup G, acts properly on the manifold M;
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2. there exists an Ad(G,)-invariant inner product on the Lie algebra g of

G;

3. there exists a velocity vector € g, of the point m such that the Hessian
d2h¢(m) is definite and nondegenerate on a G,,-invariant complement
W to the tangent space T,,,(G,, - m) in ker T'®,,.

Then the G-relative equilibrium m is G ,-stable.

Remark 3.25. The stability criteria in [27, 9, 10, 28] can be seen from the
point of view of the isomorphic relationship between the Hamiltonian vec-
tor field and its augmented counterparts, which have a well-defined Hessian
(Lemma 3.23). The main goal of this section is to use this point of view
to provide an alternative proof of Theorem 3.24. In particular, recall that
Theorem 3.6 reduces determining stability of the relative equilibrium to de-
termining stability of its isomorphic vertical part (restricted to a slice). In
Lemma 3.36, we describe a relationship between the invariant constants of
motion of isomorphic vector fields. We use this relationship in order to apply

Theorem 3.6 in our proof of Theorem 3.24.

Remark 3.26. To prove Theorem 3.24, one can reduce to the case when
the momentum of the relative equilibrium is fixed by the coadjoint repre-
sentation. Equivalently one can reduce to the case when the momentum is
zero. This can be achieved by using symplectic cross-sections exactly like in
[27, Section 2.3]. This assumption simplifies several arguments in the proof
of Theorem 3.24, so we will suppose it holds throughout the rest of the sec-
tion. One may also assume without loss of generality that the hamiltonian
function is such that h(m) = 0.

As usual, to prove Theorem 3.24 we want to restrict to an invariant neigh-
borhood of the relative equilibrium. We will pick a particular neighborhood
that puts the moment map in a normal form. For this we recall the following

standard construction:

Definition 3.27. Let (M, w, G, ®) be a Hamiltonian G-space and let m € M
be a point in the manifold M. The symplectic slice at the point m is the

vector space

W :=ker T'®,,/(T,,(G - m) Nker T®,,).
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Remark 3.28. Let (M,w, G, ) be a Hamiltonian G-space and let W be the
symplectic slice at a point m € M. The symplectic slice inherits a canonical
Hamiltonian representation of the stabilizer subgroup G,, (see, for example,
(33, Theorem 7.1.1(iii)]). Furthermore, let y be the moment of the point m
and observe that T,,(G - m) Nker T'®,, = T,,(G,, - m). Thus, if the moment
is fixed by the coadjoint representation, then the symplectic slice takes the
form W = kerT®,,,/T,,,(G - m).

The desired normalizing neighborhood is the standard Marle-Guillemin-

Sternberg normal form:

Theorem 3.29 (MGS normal form [34, 35]). Let (M,w, G, ®) be a Hamilto-
nian G-space. Let m € M be a point in the manifold with moment ®(m) = 0
and suppose the moment isotropy Ge(m) acts properly on the manifold. Let
K be the stabilizer of the point m € M, let £ be the corresponding Lie al-
gebra, let € be the annihilator of € and let W be the symplectic slice at
the point m (Definition 3.27). Given a K-equivariant embedding ¢: € — g*,
there exist K-invariant open neighborhoods € C € and W, C W of the
origins in the respective vector spaces £ and W, a G-invariant symplectic

form wy, and a G-equivariant map ®,: Z — g* on the associated bundle
7= G XK (0 x W),

such that the quadruple (Z,w.,G,®5) is a Hamiltonian G-space. Further-

more:

1. There exists a G-invariant neighborhood U,,, C M of the orbit G-m, and
a G-equivariant symplectomorphism ¥: Z — U, such that U*® = & .

2. The momentum map ®,: Z — g* is given by

®4([g, p,w]) = Ad¥(g) (p + 1(Pw (w))),

where &y 0 W — £ is the momentum map for the representation of

the stabilizer K on the symplectic slice V.

Definition 3.30. Let (M, w, G, ®) be a Hamiltonian G-space and let m € M

be a point with moment ®(m) = 0. The Marle-Guillemin—Sternberg normal
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form (MGS normal form) is the Hamiltonian G-space:
(Z =G XK (Eg X Wr),wz,G, (I)Z)

of Theorem 3.29. For a Hamiltonian G-system (M,w, G, ®, h) with a point
m € M with moment ®(m) = 0, the MGS normal form is the Hamiltonian
G-system (Z,wz,G, @z, hy) where (Z,wz, G, ;) is the MGS normal form
of the underlying Hamiltonian G-space and the Hamiltonian function hz is
the pullback of the Hamiltonian h by the symplectomorphism ¥ in part (1)
of Theorem 3.29.

Remark 3.31. Let (M,w,G,®) be a Hamiltonian G-space. Let m € M be
a point with moment ®(m) = 0, and such that the moment isotropy Ga(m)
acts properly on M. Let K be the stabilizer of m, and let £ and £ be the
Lie algebra of K and the annihilator of £ respectively. Then:

1. Since ®(m) = 0, the moment of m is fixed by the coadjoint represen-
tation of the Lie group G. Hence, Gg(,) = G and thus the Lie group
G acts properly on the manifold M. In this case, a G,,-equivariant

embedding ¢: € — g is guaranteed to exist (see [27, Remark 3.2]).

2. Let (Z,wz,G,®z) be the MGS normal form for the Hamiltonian G-
space (M,w,G,®) at the point m. The manifold V := € x W, C
£0 x W is a global slice for the action of G' on the manifold Z through
the point [1,0,0] (see Remark 2.28). The corresponding K-equivariant
embedding j: V < Z is defined by j(p,w) := [1, p, w].

3. One can construct the MGS normal form without requiring that the
moment ®(m) be fixed by the coadjoint representation (see, for exam-
ple, [33, Theorem 7.5.5]). However, when it is fixed, the MGS normal
form, the expression for the moment map, and some of our arguments

become much simpler.

Remark 3.32. We will need several norms on finite-dimensional Lie algebras
and their duals. Let G be a Lie group, let g be its Lie algebra, and let g*
be the dual of g. Recall that a G-invariant inner product (-,-); on the Lie

algebra g induces a G-invariant norm || - ||; on g given by

[vllg =/ (v, ¥)g
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for all v € g. Let (-, -)g be the inner product on g* dual to the inner product

on g. Then we also get a G-invariant norm || - ||+ on g* given by

pllg= := 1/ (p, p)g-

for all p € g*. The inner product on g also induces a G-invariant sup norm

|| - [|oo on the dual g* given by

[Ipllec := sup [(p,v)|
[lllg=1
for all p € g*, where (-,-): g* x g — R is the pairing between g and g*. Recall
that the sup norm satisfies |(p, V)| < ||p||||V|| for all p € g* and all v € g.

We recall the following definition:

Definition 3.33 (constants of motion). Let M be a manifold and let X be
a smooth vector field on M. A smooth function f € C*°(M) on the manifold
M is a constant of motion of X if Tf(X) = 0.

Remark 3.34. Let X be a smooth vector field on a manifold M, and let f be
a smooth function on M. A straightforward check shows that f is a constant
of motion of X if and only if f is conserved along each integral curve of X.

Here we say f is conserved, or is constant, along an integral curve « of X, if
for every time ¢ such that « is defined we have that f(«(t)) = f(a(0)).

Remark 3.35. Recall that if (M, w, G, ®, h) is a Hamiltonian G-system, then
the Hamiltonian A is a constant of motion of the Hamiltonian vector field =;,.
Furthermore, it is Noether’s theorem that the momentum @ is constant along
the integral curves of =, (see, for example, [32, Theorem 2.2]). That is, for all
vectors £ € g, the function (®,&) is a constant of motion of the Hamiltonian
vector field =;,. Suppose we are given an inner product on the Lie algebra
g of G, and let || -
It

¢« be the dual norm on the dual g*. Then the function

g* is also a constant of motion of the Hamiltonian vector field Z,.

We will make use of the following relationship between the invariant con-

stants of motion of isomorphic vector fields:

Lemma 3.36. Let M be a proper G-manifold, let X and Y be smooth vector
fields on M, and let f be a G-invariant constant of motion of X. Let H be
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a Lie subgroup of G with Lie algebra b, and suppose that there exists an
infinitesimal gauge transformation ¢ € C*°(M, h) such that Y = X +9(x).
Then f is a constant of motion of the vector field Y. In particular, if X
and Y are G-isomorphic vector fields, then they have the same G-invariant

constants of motion.

Proof. We verify that Tf(Y) = 0. Since f is a constant of motion of X,

observe that

TfY)=THX +0()) =THX)+T[f(O)) =Tf(O()).

Hence, it suffices to show that T'f(9(1))) = 0. Let m be a point in M, then

(T (@) = (T ) (5], exvltto) - m)

d
= 2| £ (exptvm) - m)
= %’0 f(m) since f is G-invariant

= 0.

Since the point m is arbitrary, we have that T f(d(¢)) = 0. Hence, f is a

constant of motion of Y. ]

We now prove several lemmas we will need in our proof of Theorem 3.24.

Lemma 3.37. Let V' be a finite-dimensional real representation of a compact
Lie subgroup K of a Lie group G, let 1 be a vector in the Lie algebra £ of
K, and let g = [ & q be a K-equivariant splitting. Consider the projection

functor corresponding to this splitting:
P:X(G xEV)¥ 5 x(V)K

between the categories of equivariant vector fields on Gx®*V and V' (Theorem
2.33). Then there is a functor:

P X(G xF V)G — X(V) 5

where G, and K, are as in Remark 3.22 that restricts to P on objects.
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Proof. Let j : V — G x¥ V be the embedding defined by j(v) := [1,v].
First, note that the isotropy (Gy)p,0 is Gy N K = K,. Now let v be the G-
equivariant connection on G x%V — G/K induced by the splitting g = £®Dq.
Given a G\ -equivariant vector field, the vector field v o X is K,-equivariant
and tangent to j(V). Hence, we can pull it back to V by j. That means,
that the map:

Pl:X(G BV 5 (V)% PIX) = j*(voX),

is well-defined. This is the same definition as Py (see Theorem 2.33), so it is
clear that P restricts to Py on G-equivariant vector fields.

Now note that the K-equivariant splitting gives a K,-equivariant splitting
g, = £,®(qNg,), so there is a K, -equivariant projection P, : g, — ¢,. Thus,

we may define:
P C%(G xR V,g,) % = C*(V,e)", Pl(y) =B 010,

The functoriality of P" now follows by Lemma 2.30 just as in Theorem 2.33.
O

Lemma 3.38. Let V be a finite-dimensional representation of a compact Lie

subgroup K of a Lie group G, let ||-||4+ be the G-invariant norm on the dual
g* that is dual to a given G-invariant inner product on the Lie algebra g of G,

and let M := G x¥ V be the corresponding associated bundle. Furthermore:

e Let (M,w,G,®,h) be a Hamiltonian G-system.

Let j : V < G xX V be the embedding defined by j(v) := [1,v].

Let n be a vector in the Lie algebra € of K and let =y» be the corre-

sponding Hamiltonian vector field augmented by 7.

Let g = €& q be a K-equivariant splitting and let:
P X(G x® V) = X(V) 5

be a projection functor as in Lemma 3.37.

Then the pulled-back Hamiltonian function j*h := h o j and the pulled-back
squared-norm of the momentum ||5*®|[2. := ||®o |2, are constants of motion
of the projection Py (Zy1) € X(V)En.
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Proof. Let E : X(V)X — X(M)% be the canonical equivariant extension

functor (Theorem 2.31) and let P : X(M)¢ — X(V)X be the projection
functor corresponding to the splitting g = € @ q (Theorem 2.33). As a first

step, we want to show that j*h and ||j*®
Py(Z1). By Theorem 2.29, there exists a map ¢ € C*(M, g) such that:

g* are constants of motion of

Zn = Eo(Py(Er)) + 0(). (3.1)

Thus, by Lemma 3.36, the functions h and [|®||2. are G-invariant constants
of motion of Ey(FPy(Zp)). Since Eo(Py(Zr)) and Py(Zy) are j-related (by def-
inition of Ey in Theorem 2.31) it is clear that j*h and ||j*®

of motion of Py(Zp,).

g* are constants

Now, since 7 € €, note that Py (ny) = nv. By Lemma 3.37 we have that
Py(Er) = PJ(ZEp). Thus, we have that:

FY (Em) = F(En) = i (nar) = Fo(En) — v (3.2)

Now set ¢ : V. — &, to be the constant map ¢"(v) := n. Then 9" is
K,-equivariant, so by (3.2), Py(Z),) and Fj (=) are isomorphic equivariant
vector fields in X(V)%7. Thus, by Lemma 3.36, the functions j*h and ||j*®

are also constants of motion of P)(Z). O

2
g*

We will need the following application of the Morse lemma for families,

which generalizes a similar application in [27, Proposition 3.4]:

Proposition 3.39. Let U and W be normed finite-dimensional vector spaces.

Furthermore:

1. Let f € C*(U x W) be a smooth function such that f(0,0) = 0,
Tw f(0,0) = 0, and d%,f(0,0) is nondegenerate and positive definite,
where Ty and dj, denote the differential and Hessian in the W variables

respectively.

2. Let ¢ € C*(U x W) be a smooth function such that ¢(0,0) = 0 and
o(p,w) > |p|? for all (p,w) € U x W.

3. Let § € C°(U x W) be a nonnegative continuous function with 6(0,0) =
0.
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Let the norm on the product space U x W be the sum of the squares of
the norms on U and W. Then for all € > 0, there exists § > 0 such that if
v(t) = (p(t), w(t)) defines a curve in U x W with

L y(0)] <4;

2. p(7(1)) < ¢(v(0)) for all ¢;
3. [f(v(1)] < 0(~(0)) for all .

Then |y(t)] < € for all t.

Proof. Since 0 is a critical point of f(0,-) and dZ, f(0,0) is nondegenerate, by
the Morse lemma for families [36, Lemma 1.2.2], there exists a neighborhood
U of 0 in U, a neighborhood W of 0 in W, and a smooth map o: U— W
implicitly defined by the equation

Tw f(p,o(p)) =0

for all p € U. Additionally, there is also a smooth map y: UxW = W
implicitly defined by the equation

F(0.0) = Flp.0(0)) + 5 flp.0 (o) (o) (o)) (33)

for all (p,w) € U x w.

Now let € > 0 be given. We can always choose ¢ > 0 such that if |p|? < ¢
and [y(p,w)|* < € then |(p,w)| = |p|* + |[w|* < e. Thus, if y(t) = (p(t), w(?))
is a curve in U x W satisfying the hypotheses, it suffices to show that there
exists a 6 > 0 such that if |y(0)| < ¢ then

) <€ and  [y(p(t), w(t))]* <€

Since d%,f(0,0) is positive definite, there exists 3; > 0 and C' > 0 such that
if |p|*> < By then
Clwl® < djy f(p, 0 (p))(w, w) (3.4)

for every w € W. By the continuity of f and ¢ there exists S > 0 such that
if |p|? < 2 then
€C

[flpo(p)] < — (3.5)
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By the continuity of ¢ there exists a; > 0 such that if |(p, w)| < a; then

[(p, w)| = @(p, w) < min(By, Bz, €). (3.6)

By the continuity of 6 there exists ap > 0 such that if |(p, w)| < ay then

e€C

0(p, w)l < = (3.7)

Now set § := min(aq, az) then note that for y(t) = (p(t), w(t)) satisfying the
hypotheses of the proposition

Ip()? < @(p(t), w(t))
< ¢(p(0),w(0))
< min(By, Pz, €)

< ¢

— )

where we use inequality (3.6). This was the first inequality we needed to
prove.

Now, since |p(t)[> < By for all ¢, inequality (3.4) gives

Clwl* < diy f(p(t), o (p(t))) (w, w) (3.8)

for all w € W and all t. Similarly, since |p(t)|> < 3, for all ¢, inequality (3.5)

gives

(ot o(oe))| < < (39)

< édﬁvf(p@),ff(p(t))) (y(p(t), o (), y(p(t),o(t))) by (3.8)

< 200, w0)| + 17 ()0 o)) by (33)

< %(9(p(0),w(0)) +[£(p(t),0(p(t)))|) by assumption (3) on v
< % (ET + % by (3.7) & (3.9)
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This was the second inequality we needed to prove. Thus, we have that

|7(0)| < ¢ implies |y(t)| < € for all ¢ as desired. O

We can now prove the following, which is Theorem 3.24 for the special case
where the Hamiltonian G-system is in MGS normal form and we’ve made
the assumptions in Remark 3.26. After we prove Theorem 3.40, we reduce

Theorem 3.24 to this special case.

Theorem 3.40. Let GG be a Lie group with Lie algebra g, let K be a compact
Lie subgroup of G with Lie algebra ¢, let V' be a K-manifold, and let Z be
the associated bundle G x X V. Suppose that (Z,w, G, ®, h) is a Hamiltonian

G-system. Furthermore:
1. Let & be a K-invariant neighborhood of the origin in the annihilator
€0 of the Lie algebra .

2. Let W, be a K-invariant neighborhood of the origin in a symplectic
vector space W, where W has a Hamiltonian representation of the

group K and corresponding equivariant momentum map @y : W — €.

3. Suppose that the K-manifold V is the product €& x W, and let the
K-equivariant embedding j: V < Z be defined by j(p,w) := [1, p, w].

4. Suppose there exists an Ad(G)-invariant inner product on the Lie al-
gebra g, let g be the orthogonal complement to £ in g with respect to
this inner product, and let P: g — € be the corresponding projection;

5. Let the map ¢: ¢ — g* be the K-equivariant embedding defined for
every p € €* by

up): g =R, wp)(n) = p(P(n)).

6. For all [g, p,w] € Z, let the momentum map ®: Z — g* be given by
©([g, p,w]) = Ad'(g) (p + 1(Pw(w))).

7. Suppose that the point m := [1,0,0] € Z is a G-relative equilibrium of

the Hamiltonian vector field =, and suppose it is such that h(m) =0
and ®(m) = 0.
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If there exists a velocity ¢ € g such that the Hessian d2h%(m) is definite and
nondegenerate on the subspace Ty,5({0} x W,.) C T,Z, where h® := h—(®,§)

is the augmented Hamiltonian, then the relative equilibrium m is G-stable.

Proof. We want to prove the G-stability of the G-relative equilibrium m =
[1,0,0] € Z of the Hamiltonian vector field =;, on the manifold Z. We first
describe the strategy of the proof. Observe that the K-representation V,
together with the K-equivariant embedding j : V — Z| is a global slice for
the action through the point m (see Remark 3.31). In fact, the manifold Z
is an associated bundle G x® V. Observe that the complement q gives a

K-equivariant splitting g = £ ® ¢, and hence we obtain a projection functor:
P:X(2)¢ = X(V)E

between the categories of equivariant vector fields on Z and a V' (Theorem
2.33). We also get a projection functor for the GG,, and K, equivariant vector
fields (Lemma 3.37):

P X(2)% — X(V)%n,

By Theorem 3.6, the relative equilibrium m of =, € X(Z)% is G-stable if the
equilibrium 0 € V for By(Z,) € X(V)X is K-stable. Let h"7 := h — (®,n)
be the Hamiltonian augmented by the vector n and let =, = =, — 1z be
the corresponding augmented Hamiltonian vector field (Definition 3.19). By
Lemma 3.3, 0 € V is K-stable for FPy(Z},) if it is K,-stable for Fy(Z;). Define

the following K,-equivariant vector field on V:

Y = Pg(Ehn)
= PY(En) - Blne) (3.10)
= Py(En) — v,

where the last equality follows by Lemma 3.37 and the fact 7z is vertical in
Z = Gx®V — G/K since n € t. Note that Py(=;,) and Y are K,-isomorphic
in X(V)%n by (3.10). Hence, by Proposition 3.10, 0 € V is K,-stable for
Py(Z,) if 0 € V is K,-stable for Y. Finally, by Lemma 3.3 to verify that
0 € Vis K, -stable for Y it suffices to verify that it is {1}-stable for Y. Hence,
in what follows we prove that 0 € V' is {1}-stable for Y.

We show that for any € > 0, there exists a 6 > 0, with 0 < § < ¢, such

that all maximal integral curves of the vector field Y starting at points in
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the d-ball around the origin stay in the e-ball around the origin for all times
for which they are defined. Proposition 3.39 guarantees we can obtain such
a 0. In particular, we apply Proposition 3.39 with the vector space £° in
place of U and the vector space W of this theorem in place of the W in the
proposition.

In order to apply Proposition 3.39 we need to pick norms on the spaces £

and W. For this, let |||, be the G-invariant norm on the Lie algebra induced

by the given inner product on g, let || - ||+ be the dual norm induced by the

dual inner product on g*, and let || ||« be the corresponding G-invariant sup

norm on the dual g* (see Remark 3.32). The norm || - ||+ gives an invariant
norm on the subspace € of g*, pick this norm for £°. Pick any norm on the
vector space W. This works since the slice V' is contained in the vector space
£9 x W. Since all norms on a finite-dimensional vector space are equivalent,

there exists a constant A > 0 such that

[ lloe < AJl-

- (3.11)
We apply Proposition 3.39 with the functions

f=7"h"eC=\V),
@ = ||j*® g* € C>(V), (3.12)
0 == |5*h"| + A||7*®||g+||nl]s € C°(V).

To complete the proof we need to show that the functions in (3.12) and
the maximal integral curves of the vector field Y satisfy the hypotheses of
Proposition 3.39.

Now we verify that the functions (3.12) satisfy the conditions of Proposi-
tion 3.39. For the function f we need to show that f(0) = 0, Ty f(0) = 0,
and that the Hessian d, f(0) is definite and nondegenerate. Here Ty f(0)
and d?,f(0) are respectively the differential and the Hessian of the function
f in the W variables. For the first, note that

f(0) = h7(j(0)) = h?(m) = h(m) = (®(m),n) = 0 = (0,7) = 0.

Now note that the image of the dual € under the K-equivariant embedding
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L: € < g* is the annihilator q°. Thus we have that
L(Pw (w)) € q° (3.13)

for all w € W. Let £+ € g be the vector in q such that £ = n+ ¢+, Then,

using (3.13) and the explicit form of the momentum map, we have that

<(I)7€>([1’ 07w]) = <(I)’77>([1’ 07w]) + <L<(I)W(w))7£¢> = <(I)’77>([1’ 07w])

for all w € W. This in turn implies that h*|;w,) = h"|;(w,), where we identify
the spaces W, and {0} x W, C V. Hence,

0 = The(m)|z,,j0m,)
= T (1| 1) (0)
=T (h"|;0)(0)
=T(j"h"|w,)(0)
= Tw f(0),
which is the second condition we needed to check. This condition guarantees

that the Hessian dj, f(0) is well-defined. The equality h*|;w,) = h"|;w,) and
the pullback properties of Hessians (see Remark 3.20) imply that:

d*h*(m)|z,. 0w,y = 4*(h*]jw)) (0)
= d&*(h")jw,) (0)
= d*(j*h"w, ) (0)

iy f(0)

Hence, the Hessian d3;, f(0) is definite and nondegenerate since d>h%(m)|r,, jw,)
is such by assumption. It is of no loss of generality to assume that the Hessian
d?hé(m)|r,,jw,) is positive definite. Hence, the Hessian d, f(0) is positive
definite too. This was the third and last thing we needed to verify that f

satisfies.

For the function ¢ we need to show that ©(0) = 0 and that p(p,w) > ||p
for all (p,w) € V. For the first, note

2
g*

p(0) = ||j*®|12.(0) = ||@(m)|% = [[0]|% = 0.
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For the second, note that for all (p,w) € V we have that p € € and
L(Pw (w)) € q° = (81)° = (£9)L. Thus, for all (p,w) € V we have that

o = lollg + [lu(@w ()l > lp

plp,w) = [lp + o ®w (w)) 2.

Hence, ¢ satisfies the desired conditions.
For the function 8 = |j*h"|+A||j*®||4-||n||; we need to show that #(0) = 0.
Using that h(m) = 0 and ®(m) = 0, note we have that

0(0) = [7°h"(0)] + Al|5"®(0)[lg- ||nlq
= [h(m) = (®(m), n)| + Al|®(m)
= [1(0) = (0, m)| + AJ|0
= 0.

g 77||g

g* 77”9

Hence, the function @ satisfies the desired condition.

We now verify the other set of hypotheses of Proposition 3.39. Let § be
an arbitrary maximal integral curve of the vector field Y. Then we need to
show that

p(B(1) <¢(B(0))  and  [f(B(t))] < 0(5(0)) (3.14)

for all times ¢ for which the curve [ is defined.

In place of the first inequality in (3.14), we actually prove the equality
©(B(t)) = ¢(B(0)) for all times t such that the integral curve f is defined.
This follows since by Lemma 3.38, the function ||j*®

5* is a constant of

motion of Y = PJ(Z,.). Therefore, we have that

p(B()) =I5 @|Ig-(B(t)) = [|7°®

o+ (8(0)) = ©(5(0)).

We now verify the second inequality. Recall that the norm || - || satisfies
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1{p, O} < lpllssllCl]g for any p € g* and ¢ € g. Now, observe that:

[F(B@)] = 177R"(B(1))]

= [1"(j 0 B(1))]

= [n(G(B(1))) = (@G (B(E))),m)
< [pGBON] + (@G B@)), m)

= [R((BO))] + LG (A(#)),m)] by Lemma 3.38
< [RGBON]+ @G BN wllnlls by properties of [[ - [|o
< [ (BON)] + Al[@(5(5(7) by (3.11)

= [n(3(5(0)))] + Al|®(5(5(0) by Lemma 3.38
< W@H+MW(MW9

= 0(5(0)).

This was the second inequality we needed to prove.

Thus, any integral curve g of the vector field Y satisfies the hypotheses of
Proposition 3.39. Applying Proposition 3.39, yields that the origin 0 € V' is
{1}-stable for the vector field Y as required. Consequently, the G-relative

equilibrium m is G-stable for the Hamiltonian vector field =,. O

We now show how to reduce Theorem 3.24 (Montaldi and Rodriguez-
Olmos’s criterion) to the special case Theorem 3.40, which we just proved.
This is completed in Lemma 3.43. We start with the following result from

linear algebra:

Lemma 3.41. Let V be a finite dimensional real vector space and let B :
V x V — R be a bilinear form on it. Let U, W, and W be linear subspaces
of V such that

V=UaoW=UaW.

Furthermore, suppose that U is contained in ker B, where Bf is the linear
map
B V=V, B*(v) := B(v,-).

Then the following are true:

L. If Blw is nondegenerate, then B|g; is nondegenerate as well.
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2. If Blw is positive (respectively negative) definite, then B|g; is positive

(respectively negative) definite as well.

Proof. Since we have the splittings V = U e W = U & W, there exists a
linear map L: W — U such that W is the graph of L; that is, such that

Graph(L) := {w + Lw |w e W} = W. (3.15)

Now suppose that Bly is nondegenerate and let w € W be a vector such
that B*(w) = 0. We want to show that w = 0. By (3.15), there exists a
vector w € W such that w = w + Lw. Observe that

0 = BY(w) = BYw + Lw) = B*(w) + B*(Lw) = B*(w),

where the last equality is because U is contained in ker B¥. This in turn
means that w = 0 since w € W and Bl is nondegenerate by hypothesis.
Consequently, the given vector w is 0, so Bl is nondegenerate.

For the second statement, suppose Bl is positive definite and let w € w
be an arbitrary nonzero vector in W. By (3.15) and since @ is nonzero, there

exists a nonzero vector w € W such that w = w + Lw. Then note

B(w,w) = B(w + Lw,w + Lw)
(w,w) + B(w, Lw) + B(Lw,w) + B(Lw, Lw)
B(w,w)

> 0.

The third equality follows because U is contained in ker B*, and also Lw € U.
The inequality follows because Bly, is positive definite. Thus, since w €
W is an arbitrary nonzero vector of W, the map Bl is positive definite.

A completely analogous argument works in the case when Bl is negative
definite. O

With this we can prove the following:

Lemma 3.42. Let (M,w, G, ®, h) be a Hamiltonian G-system, let the point
m in the manifold M be a relative equilibrium of the Hamiltonian vector
field =5, such that ®(m) = 0, and let K be the stabilizer of the point m.
Furthermore, let W and W be K-invariant subspaces of the kernel ker T'®,,
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such that
ker T®,, = Tp(G-m) @ W =T (G-m) & W.

Suppose there exists a velocity ¢ € g of m, with augmented Hamiltonian hé :=
h — (®,€), such that the Hessian d2h¢(m)|y is definite and nondegenerate.

Then the Hessian d?h¢(m)| is definite and nondegenerate.

Proof. By Lemma 3.41, it suffices to show that
T (G -m) C ker (d2h£(m)|kerTq>m)ﬁ.

Let u € T,,(G - m) be an arbitrary vector. We need to show that the func-

tional:
(@A (m))*(u) = d2hé(m)(u, -)

vanishes on the vector space ker T®,,. Since T,,,(G - m) = {na(m)|n € g},
the vector w is of the form u = ny(m) for some n € g. Thus, we want to

show that for every vector v € ker T'®,,, we have that
d?hs (m)(na(m),v) = 0.

For this, recall that for all ¢ € G, the vector Ad(g)¢ is a velocity for the
G-relative equilibrium g - m, so that ThA49¢(g . m) = 0 for all ¢ € G. In

particular, for any s € R, setting ¢ = exp(sn) we have

0= ThAd(eXp(S"))f(exp(sn) -m)

(3.16)
= Th(exp(sn) - m) — T(®, Ad(exp(sn)§)) (exp(sn) - m).

Now let v: (—e€,€) X (—€¢,€) — M be a family of smooth curves such that

1. ’)/(07 0) =m,
2. % 7(8’ t) S Texp(sn)-mM for all s € (—6, 6),
3. 5 3:07(8’ 0) = nar(m),
8 pa—
4. ot t_of}/(o:t) =v.
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Then for all s € (—¢,¢€), use (3.16) to get that

0
0— ThAd(exp(sn))ﬁ(eXp<Sn) -m) <E‘t=07<8’ t))

= (Th(exp(sn) - m) — T(®, Ad(exp(sn)E)) (exp(sn) - m)) (%
0

T ot

NCt t)>

(b (s,1) = (@((5,), Adexp(sm)E)).
(3.17)

Now differentiate (3.17) with respect to s at s = 0 to get

0= 2| (hr(s.0) - @(3(5.0). Ad(exp(sn))€)
D () — @((5.0).9) — 2| (@) 0.0)

= A1t (m)(nar(m), v) — (T{@, [n. €])) (m) (v)
= dzhg(m) (nM(m), U) - <T(I)mva [777 £]>
= d*hf(m)(mr(m), v),

where the second equality follows by the product rule and the last equal-
ity follows because v € kerT'®,,. This shows (d?h¢ (m))ti (u) vanishes on
ker T'®,,,, concluding the proof. n

As mentioned in Remark 3.26, to prove Theorem 3.24 it is of no loss of
generality to suppose the Hamiltonian vanishes at the relative equilibrium
and that the moment is fixed. Under these assumptions, the following lemma
reduces Theorem 3.24 to Theorem 3.40 by showing that the assumptions on
the Hessian in Theorem 3.24 reduce to the MGS normal form as in Theo-
rem 3.40.

Lemma 3.43. Let (M, w, G, ®, h) be a Hamiltonian G-system with the point
m in the manifold M as a relative equilibrium of the vector field =,. Suppose
that h(m) = 0 and ®(m) = 0. Denote by K the stabilizer of the point
m. Let (Z =G <KV, w, G, 0y, hZ) be the MGS normal form of the given

Hamiltonian G-system (see Definition 3.30). Furthermore:

1. Let V := €2 x W, be the slice, where & is a K-invariant neighborhood
of the origin in the annihilator € of the Lie algebra £ of K, and W, is a

K-invariant neighborhood of the origin in the symplectic slice W of m.
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2. Let the map j: V — Z be the K-equivariant embedding defined by
J(p,w) = L, p, w].

3. Let V: Z — U,, be the symplectomorphism to a neighborhood U, of
the orbit G - m guaranteed by Theorem 3.29.

Suppose that there exists a velocity £ € g of the point m and a linear subspace
U of the kernel ker T'®,,, such that

1. The kernel ker T®,,, splits as ker T®,, = T,,,(G - m) & U.

2. The Hessian d?h%(m)|y is definite and nondegenerate.

Consider the tangent space W := Tho0J ({0} x W,) € Th 0%, then the
Hessian
d*h%([1,0,0) |

is well-defined, definite, and nondegenerate.

Proof. To simplify notation throughout this proof, we identify the spaces W,
and {0} x W, and write

W .= ﬂl,O,O}j(Wr) - ﬂ170’0]Z and U:=Tv (W) C TmM

We begin with three observations. First, since the map ¥ pulls back the

momentum map on M to the one on Z, we get that
TV (ker(T®z)p,0,0) = ker T®,,. (3.18)
Second, from the G-equivariance of the diffeomorphism ¥ we get that
TV (Th,0,0/(G - [1,0,0])) = T,,(G - m). (3.19)

Third, note that the linear subspace W is K-invariant under the K -representation
it inherits from the action of G on the manifold M. Also recall that W, is
a neighborhood in the symplectic slice W. Thus, in particular, the linear

subspace W is such that
ker(T® 2)p1.00] = Th00/(G - [1,0,0]) & W, (3.20)
Using (3.18), (3.19), and (3.20) we get that U is a K-invariant subspace
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of T,, M such that
ker T®,, = T),(G-m) & U. (3.21)

Using (3.21), the assumptions on the space U, and Lemma 3.42, we obtain
that the Hessian d®hé(m)| is definite and nondegenerate.

Now observe that the augmented Hamiltonian hgz of the pullback hy is the
pullback of the augmented Hamiltonian A*:

K = hy — (9z,&) = Uh — (TP, €) = U*AE,

Thus, since the point m is a critical point of the augmented Hamiltonian h¢

we have that
Th%([1,0,0]) = T(¥*h¢)([1,0,0]) = ¥ (ThE) (m) = ¥*(0) = 0.

Hence, the Hessian d?hS,([1,0,0]) is well-defined.
Finally, by the pullback properties of Hessians (see Remark 3.20), we have
that
A ([1,0,0]) 5 = d*(W*h¢) ([1,0,0])| = 0" (d*As(m)) |5

Since the map WV is a diffeomorphism, this implies that the Hessian:
d*h([1,0,0))l5

is definite and nondegenerate because the Hessian d?hé(m)|; is definite and

nondegenerate. O]

3.3 Motion of relative equilibria and isomorphisms

Consider a K-manifold M, where K is a compact Lie group. It is well-
known that, the motion of a relative equilibrium of an equivariant vector
field on M is equivalent to linear motion on a torus (see [11, 5] and also
Theorem 3.45). In fact, there is a bound on the number of independent
frequencies of the motion; that is, on the dimension of the torus containing
the motion [11, 5]. This bound is attained generically, so it may be of interest
to modify the equivariant vector field to reduce, or otherwise adjust, the

number of independent frequencies of the relative equilibrium’s motion to
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obtain nongeneric motions.

Given an equivariant vector field with a relative equilibrium on a K-
manifold, with compact symmetry group K, we provide conditions for con-
structing an isomorphic vector field that has any desired number of inde-
pendent frequencies at the relative equilibrium (Proposition 3.51). Since the
resulting vector field is isomorphic to the given one, it determines the same
flow on the orbit space, and hence the same dynamics modulo the symme-
tries (Theorem 2.11). In particular, we show that this is always possible
for actions of tori (Theorem 3.53). The results in this section should be of

interest in the control of equivariant dynamical systems.

Remark 3.44. By a torus we mean a compact, connected, and abelian
Lie group. Recall that any compact Lie group K has a maximal torus Lie
subgroup, and that all maximal tori in K have the same dimension. The
rank of K is then the dimension of any maximal torus in K. For convenience
in dealing with cases where relative equiliobria are strict equilibria, we will

consider the trivial group to be a torus of dimension 0.

We begin by recalling the following well-known result asserting that the
motion of a relative equilibrium for a compact group action is contained in

a torus:

Theorem 3.45 (Field [11] and Krupa [5]). Let M be a K-manifold with K
compact, let X be an equivariant vector field on M with a relative equilibrium
at a point m € M with isotropy K,,. Then the integral curve ¢,,(—) of X
starting at m is equivalent to linear motion on a torus. That is, the closure

of the image of the curve:

T = A{¢m(7)}
is diffeomorphic to a torus. Furthermore, the dimension of 7;, is bounded
by the rank of the Lie group N(K,,)/K,,, where N(K,,) is the normalizer of
the stabilizer K,,.

Proof. Let &8 be a velocity of the relative equilibrium, so that in particular
Om(7) = exp(7E) - m. The isotropy is constant along the integral curve ¢,.
That is, the stabilizer Ky, (- is equal to K, for all times 7 € R. Thus, for
all k € K, and all 7 € R, we have that:

exp(7€) Tk exp(7E) € K.
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That means that exp(7¢) € N(K,,) for all times 7 € R, and the vector ¢ is
in the Lie algebra n of the normalizer N(K,,). Consider the linear motion

on the quotient group N(K,,)/K,, induced by the vector £ € n:

Vet : R = N(Kp,)/ K, Vet (T) == exp(TE) Ky = exp(T(€ + £,,)) K.

The set:
T = {exp(78) K}

is a l-parameter, connected, abelian, closed, and compact Lie subgroup of
N(K,,)/K,,. Hence, T is isomorphic to a torus. Now recall that the group
orbit K - m is equivariantly diffeomorphic to the homogenous space K/K,,
via the map:

K-m> K/Kn,  k-mw— kK,

Under this diffeomorphism the curve 7¢ye,, corresponds to the integral curve
¢m, and the set T,, corresponds to 7. That is, the integral curve ¢, is
equivalent to the linear motion 7ei¢,, on the torus 7" in N(K,,)/K,,. The
dimension of T' is clearly bounded above by the dimension of the maximal
torus in N(K,,)/K,,. Hence, so is the dimension of T,,. O

The bound on the number of independent frequencies in Theorem 3.45 is
an equality for generic relative equilibria of equivariant vector fields. That’s
because generically the closure of 1-parameter subgroups in compact Lie
groups are maximal tori, and the torus containing the motion of the rela-
tive equilibrium is equivalent to a 1-parameter subgroup in the Lie group
N(K,,)/Ky,. Thus, if the Lie group N(K,,)/K,, has a maximal torus of
dimension greater than 1, then relative equilibria generically exhibit quasi-
periodic motion. This may be desirable in some cases, but not in others.

Thus, we consider how one can modify the number of independent fre-
quencies of a relative equilibrium. For example, this may be of interest in
applications where one seeks to constrain the frequencies of the motion of
the relative equilibrium. It is natural to look for modifications that don’t
change the underlying dynamics modulo the symmetries. That is, we look
for an equivariant vector field that determines the same dynamics on the
orbit space as the given one, but has a relative equilibrium with a different
number of independent frequencies. We introduce the following definition to

make this idea precise:
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Definition 3.46. Let M be a K-manifold where K is a compact Lie group,
and let X be an equivariant vector field on M with a relative equilibrium m.

Suppose that the torus:

T = {dm(7)}

has dimension d > 0, where ¢, is the integral curve of X starting at m.
Then, for 0 < j < d, an infinitesimal gauge transformation ¢ € C°°(M, €)X

stabilizes the frequencies of X at m to order j if the torus:

T = {pn(1)}
has dimension j, where ¢,, is the integral curve of X + 9(¢) starting at m.

It is immediate from Theorem 2.25 that one can always get rid of all the

independent frequencies and stabilize to order 0:

Proposition 3.47. Let M be a K-manifold where K is a compact Lie group
and let X be an equivariant vector field on M with a relative equilibrium
at a point m € M. Then there exists ¢ € C°°(M, €)X that stabilizes the
the frequencies of X at m to order 0. That is, the infinitesimal gauge trans-
formation 1 is such that the vector field X 4 0(¢)) has an equilibrium at

m.

Proof. By Theorem 2.25 there exists a decomposition of X of the form:
X =YX 4 oY),

where Y is an equivariant vector field with an equilibrium at m and ¥ €
C>(M, &)X, Thus, the infinitesimal gauge transformation ¢ = —¢X €
C>°(M,¢) is such that:

X+ o) = X — 0¥ = V¥,

so X 4 0(¢) has an equilibrium at m. ]

Due to Proposition 3.47, we are interested in the cases where 0 < j <
d. For this it helps to describe the independent frequencies of a relative
equilibrium using the velocity. To do this we recall some basic facts about

tori:
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Definition 3.48. Let 7" be an n-dimensional torus with Lie algebra t, and
let exp : t = T be the exponential map. A lattice basis of t is a set of n

R-linearly independent vectors {ti,...,t;} in t such that:

ker(exp) = spany{t1,...,tq}.

That is, every vector in the integral lattice Zr := ker(exp) can be written as

an integer linear combination of the vectors t,...,t,.

Remark 3.49. The kernel of the exponential map of a torus is a discrete
subgroup and thus the Lie algebra of a torus has a lattice basis as in Definition
3.48 (see, for example, the proof of Theorem 11.2 in [37]). The integral
lattice Zp of a torus T' is such that T' = t/Zr, and the lattice basis induces
an isomorphism with the standard torus T™ := R™/Z" that satisfies the

following diagram:

~

t

R”
exp exp (3 . 22)

o "

where the top map sends a vector £ to its coordinate representation with

respect to the lattice basis.

Lattice bases can be used to determine when a vector in the Lie algebra

of a torus induces a dense curve:

Lemma 3.50. Let T be a d-dimensional torus, where d > 1, and let t be its
Lie algebra. Let £ € t be a Lie algebra vector that such that & ,...,&; are

its coordinates with respect to any lattice basis of t. Then the curve:

Y R =T, Ye(T) = exp(TE),
is dense in 7' if and only if the numbers &;, . . ., &, are Q-linearly independent.

Proof. Tt is well-known that a vector (£i,...,&;) € R is such that the curve:
T (5177 e ade) + Zd7 T E R7 (323)

is dense in the torus T¢ := R?/Z% if and only if the numbers &,...,&;

are Q-linearly independent. Now let tq,...,%; be a lattice basis of t, and
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let &1,...,&; be the coordinates of & with respect to this basis. The curve
¢ corresponds to the curve in (3.23) under the corresponding isomorphism
T = T? asin (3.22). The claim follows since the isomorphism is, in particular,

a homeomorphism. O

With this we can now prove the following condition for frequency stabi-

lization:

Proposition 3.51. Let M be a K-manifold where K is a compact Lie group,
and let X be an equivariant vector field on M with a relative equilibrium m
with velocity & € £&. Let T be the torus:

T = {exp(T€) K, }

in the Lie group N(K,,)/ K, let tq, ..., tq be a lattice basis of the Lie algebra
t? of T and let &,...,&; be the corresponding coordinates of the vector
£+, €td Ifp € C°(M,€)¥ is an infinitesimal gauge transformation such
that:

Y(m) + &, = =&t — ... — Eata,

then 1) stabilizes the frequencies of X at m to order j.

Proof. Since £ € ¢ is a velocity of the relative equilibrium m for X, the
integral curve of X starting at m is given by ¢,,,(7) = exp(7§)-m for 7 € R. As
described in the proof of Theorem 3.45, the integral curve ¢,, corresponds to
the curve 7 +— exp(7§) K, on the Lie group N(K,,)/K,,, which has velocity
€+ ¢, € t/t,. Therefore, by Lemma 3.50, the numbers i, ...,&; are Q-
linearly independent.

The vector fields X and X + 0(¢) are isomorphic, so by Lemma 2.24, m
is also a relative equilibrium of the vector field X + 0(¢)) and has velocity
¢ +1(m). Hence, the integral curve of X + 0(¢) is given by:

G R— M, §(r) = exp(r(§+b(m)) - m.
This corresponds to the curve:
R = N(Kw)/Kn, 7 exp(r(§ +¢(m))) K,
in the Lie group N(K,,)/K,,, which has velocity & + ¢ (m) + ¢, € €/¢,,. Let
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T7 be the subtorus of 7% in N(K,,)/K,, corresponding to the Lie subalgebra:

t/ = spang{ti,...,t;}
of the Lie algebra t¢ of T%. By the choice of ¢, we have that:
E+Y(m) + b, =Gty + -+ + &Gty

where the numbers &, ..., &; are Q-linearly independent. Hence, the curve
7 — exp(7(£ + ¢ (m))) K, is dense in the subtorus 77 by Lemma 3.50. Con-

sequently, 1) stabilizes the frequencies of X at m to order j as desired. [

Example 3.52. Let n > 0 and consider the toric action of the standard
T™ = (S')" C C™ on the complex space C" = R?" given by:

i, i0 (it i0
(e L ...,€ ")-(Zl,...,zn).—(e 21,...,€ "zn),

for (ewl,...,e”’") € T" and (21,...,2,) € C". As in Example 2.17, the

equivariant vector fields are of the form:

fillal, .o leal?) 21 gzl -zl iz

o213 1znl?) 20 an (J211%, - - |2al?) 12

for (z1,...,2,) € C" and where the f; : R” — R and ¢g; : R" — R are
smooth functions. This is already in the form of Theorem 2.25. That is, the
decomposition in that theorem is global and the relative equilibria correspond
to zeros of the map f : R™ — R"™ defined by f := (f1,..., fa)-

The isotropy of any nonzero point w = (wy, ..., w,) € C" is trivial, so the
Field-Krupa bound in Theorem 3.45 says that if X has a relative equilib-
rium at w then its independent frequencies can be anything between 0 and
rank(N(T7)/Tn) = rank(T") = n. Let X be an equivariant vector field,
given by f; and g; as above, with a relative equilibrium at a nonzero point
w € C". Let ¢ : C* — R" be the infinitesimal gauge transformation defined
by:
g1 (|2l |2al?)

V5 (21, 2) = :

gn (|21, [za]?)
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for (z1,...,2,) € C". Then ¢*(w) is a velocity of the relative equilibrium
w € C". Suppose, for the sake of simplicity in this example, that the number
of independent frequencies is n. That is, the numbers:

& gi(w)

= , 1=1,...,n,
2 2

are (Q-linearly idependent. Then for any 0 < j < n, the infinitesimal gauge

transformation:
0
5O SR, ) !
: , 2y 2p) =
g1 (|21 [2al?)
—gn (|21% - [20]?)

stabilizes the frequencies of X at w to order j.

This example is representative of actions of tori. That is, as we now show,

we can always stabilize the frequencies to any order within the Field-Krupa

bound:

Theorem 3.53. Let M be a K-manifold, where K is a torus, and let X
be an equivariant vector field with a relative equilibrium at m. Then there
exists an infinitesimal gauge transformation ¢ € C°°(M, €)% that stabilizes
the frequencies of X at m to any order j up to the dimension of the closure
of the integral curve of X starting at m. Furthermore, v may be chosen so
that X 4 0(¢) only differs from X in an arbitrarily small neighborhood of
the group orbit of G - m.

Proof. By Theorem 2.25, there exists a decomposition of X:
X=Y*4+0("),

where YX € X(M)¥ has an equilibrium at m and ¢¥* € C*(M,€)X. Hence,
in particular ¥ (m) € € is a velocity for m. Pick a K-invariant inner product
on the Lie algebra £. Use this to identify the quotient £/¢,, with the orthog-

onal complement £- of £, in €. Let £ € & be the component of the velocity
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X (m) € tin &5, Note, in particular, that the vector £ is also a velocity of
the relative equilibrium m of X (Remark 2.22).
Let T? be the following torus in K:

T% = {exp(7€) | T € R},

and let d be its dimension. Pick a lattice basis t1, ..., t4 of the Lie algebra
t? of T9. Let &, ...,&; be the coordinates of the velocity & with respect to
this basis, and let 0 < j < d. By 3.51, to construct the desired infinitesimal

gauge transformation v, it suffices to find one such that:

Y(m) == =&patjp — ... — &ata,

For this, complete the basis ¢y, ..., t; to alattice basis t1,- -+ ,tq,tar1, - ,tn
of the Lie algebra £ of the torus K. Use this basis to define an invariant inner

product (-,-) (that’s possibly different from the one chosen initially) by:

0 i#1
<ti,tl> = 5171, where 51"1 =
1 i=1
Then define the map:
d
i M=t Pp) == (@) ti)t (3.24)
i=j+1

Since K is abelian, the Ajdoint reprsentation of K on ¢ is trivial. Thus, for
all (k,p) € K x M we have:

Y(k-p)=— Y WXk -p)ti)t;

i=j+1

d
=— Z <Ad(k)wX (p), ti> t; since 1~ is equivariant

i=j+1

d
=— Z <¢X (p), ti> t; since the Ad representation is trivial
i=j+1

= ¥(p),
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meaning that 1 is an infinitesimal gauge transformation. Furthermore:

d
¥(m) = — Z (WX(m),ti) ti = =& atjn — .. — Eata

i=j+1

as required. Hence, by Proposition 3.51, the infinitesimal gauge transforma-
tion v stabilizes the frequencies of X at m to order j.

To see that 1 may be chosen so that X + J(psi) is the same as X in an
arbitrary small K-invariant neighborhood of G - m we can multiply ¢ by a
K-invariant bump function on a sufficiently small K-invariant neighborhood
of m as we now describe. Let B be a small K-invariant neighborhood of the
orbit G -m and let B be a closed K-invariant set containing B. Then let ug

be a K-invariant smooth bump function for B. That is, up is such that:

1 ifpe BB
pe(p) =0 < pp(p) <1 ifpe B-B
iprM—]?

and pp(k-p) = pp(p) for all (k,p) € K x M. Such an invariant bump func-
tion may be obtained by averaging over the group action any smooth bump
function over the desired neighborhoods. Then consider the infinitesimal

gauge transformation:

VM —¥t  (p) = pus(p)v(p),

where ¢ : M — ¢ is the infinitesimal gauge transformation in (3.24). Since

pup(m) =1 we have:

v(m) =v(m) = =t — ... — &ata.

Hence, 1; stabilizes the frequencies of X at m to order j just like ¢ also equals
X outside of the closed set B. O
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CHAPTER 4

BIFURCATIONS OF EQUIVARIANT
VECTOR FIELDS TO AND FROM
RELATIVE EQUBILIBRIA

In this chapter we consider bifurcations of 1-parameter families of equivari-
ant vector fields, or equivalently bifurcations of paths of equivariant vector
fields. Due to the presence of group symmetries, one expects bifurcations to
relative equilibria in place of bifurcations to equilibria. We prove a test for
bifurcations to relative equilibria on representations (Theorem 4.10). On the
one hand, this test is conceptually simple: it is essentially a generalization of
the Equivariant Branching Lemma considered up to isomorphism of equiv-
ariant vector fields. On the other hand, it can be quite general: it can predict
bifurcations to steady-state, periodic, or quasi-periodic motion on tori. The
motion on the bifurcating branches depends on an isomorphism of equivari-
ant vector fields used in the test. In particular, isomorphisms of equivariant
vector fields are central to reducing and reconstructing the dynamics of the
bifurcation in our test.

We then extend this test to bifurcations from relative equilibria in the
presence of noncompact symmetries. We reduce to the slice representation
at the relative equilibrium. Compared to similar slice reductions that can
be found in the literature [5, 6] we reconstruct the dynamics from the slice
reduction using isomorphisms of equivariant vector fields.

In section 4.1, we provide a straightforward extension of the category of
equivariant vector fields to a category of paths of equivariant vector fields.
We also show that the decomposition at relative equilibria in Theorem 2.25
extends to paths of equivariants vector fields. In section 4.2 we prove the test
for bifurcations to relative equilibria on representations mentioned before.

Finally, in section 4.3 we extend this test to proper actions.
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4.1 Categories of paths of equivariant vector fields

In this section we show that the category of equivariant vector fields from
section 2.1 extends naturally to 1-parameter families of equivariant vector
fields.

We will think of 1-parameter families of equivariant vector fields on a
G-manifold M as “smooth” paths in the space of equivariant vector fields
X(M)%. Thus, we need to discuss what it means for such a path to be
“smooth”. We must address the same question for paths in the space of
gauge transformations C°°(M,g)“. There are several ways to do it. For
instance, we can turn the spaces X(M)¢ and C*°(M, g)¢ into Fréchet spaces.

However, it is enough for our purposes to use the following simpler definition:

Definition 4.1. Let M be a G-manifold. A map X : R — X(M)% is a

smooth path of equivariant vector fields on M if the associated map:

~

X:RxM—=TM,  X(Am):=X\)(m),

is smooth in the usual sense. An analogous definition gives smooth paths of

infinitesimal gauge transformations ¢ : R — C*(M, g)°©.

From now on we will assume all such paths are smooth, so we drop the word
smooth when referring to them. A path of infinitesimal gauge transforma-
tions ¢ : R — C*° (M, g)“ on a G-manifold M induces a path of equivariant
vector fields O(¢)) : R — X(M)C. Tt is given by:

A(m) = o

Oexp(7¢>\(m)) -m, (4.1)

for any A\ € R and any m € M. The map 9 : C* (R,C®(M,g)%) —
Ok (R, %(M)G) is linear. The abelian group C*° (R, C“(M,g)G) acts on
the space C* (R, X(M)G) The action is given by:

b X =X +0(), (4.2)

where ¢ is a path of infinitesimal gauge transformations, X is a path of
equivariant vector fields, and the addition is the pointwise addition. Note
that the map O is essentially the map for vector fields 9 : C*(M,g)¢ —
X(M)% in (2.1) taken parameter-wise, and the action (4.2) is the action of
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infinitesimal gauge transformations C*(M, g)¢ on equivariant vector fields
X(M)% in (2.2) taken parameter-wise. Put another way, the action of paths
in (4.2) reduces ot the action on equivariant vector fields (2.2) when the paths

are all constant. Thus, we have a category:

Definition 4.2. The category C* (R,X(M)%) of paths of equivariant vec-
tor fields on a G-manifold M is the action groupoid (see Remark 2.8) of
the action (4.2) of the space of paths of infinitesimal gauge transforma-
tions C'*° (R, O (M, g)G) on the space of paths of equivariant vector fields
C> (R, X(M)%).

Remark 4.3. As with the category of equivariant vector fields, the category
of paths of equivariant vector fields in Definition 4.2 is a 2-vector space. That
is, the space of paths of equivariant vector fields and the space of paths of
infinitesimal gauge transformations are vector spaces, and all the structure

maps of the category are linear maps.

Definition 4.4. Two paths of equivariant vector fields X and Y on a G-
manifold M are isomorphic if they are isomorphic as objects of the cat-
egory of paths of equivariant vector fields (Definition 4.2). That is, they
are isomorphic if there exists a path of infinitesimal gauge transformations
YR — C®(M, g)% such that Y = X + 9(¢)).

Notation 4.5. In the category of paths of equivariant vector fields on a
G-manifold M, an isomorphism X — Y is given by a pair (¢, X), where v
is an infinitesimal gauge transformation such that Y = X + 0(¢). We will
sometimes refer to the path 1 as an isomorphism between X and Y for the

sake of simplicity.

We note the equivalence in Theorem 2.29 between the categories of equiv-
ariant vector fields X(V)% ~ X(G xX V)¢ can be extended to an equivalence

between the categories of paths of equivariant vector fields:

Theorem 4.6. Let V' be a representation of a compact Lie subgroup K of

a Lie group G. Then there is an equivalence of categories:
C> (R, X(G x*V)) = C> (R, X(V)X)

between the categories of paths of equivariant vector fields on G x¥ V' and
V respectively (Definition 4.2). In particular, the functor £ : X(V)&¥ —
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X(G xE V)¢ of Theorem 2.31, a functor P : X(G x¥ V)¢ — X(V)X as

Y

in Theorem 2.33, and the corresponding natural isomorphism A : EP
Ix@xxvye can all be applied parameter-wise to obtain the equivalence on

paths.

Proof. The functor £ : X(V)& — X(G x® V)¢ of Theorem 2.31 can be used

parameter-wise to obtain a functor:
E:C™ (R, X(V)X) = C™ (R, X(G x* V)9). (4.3)

The functor E sends a path of equivariant vector fields X : R — X(V)¥ to
the path Ey(X) : R — X(G xK V)¢ defined by:

(EoX)a(lg,v]) =g - (TH)Xa(v),  [g.0] € G X"V, X€ER,

where j : V — G x% V is the slice embedding defined by j(v) := [1,v].
Similarly, the functor E sends a path of infinitesimal gauge transformations
P R — C®°(V,£)X to the path Ei(¢)) : R — C®(V, €)X defined by:

(Br)a(lg.v]) == Ad(g)e (Ua(v)),  [g.0] € GX"V, X€eR,

where ¢ : £ — g is the Lie algebra inclusion.
Similarly, the functor P : X(G x®¥ V)¢ — X(V)¥ of Theorem 2.33 corre-
sponding to some K-equivariant splitting g = £ & q can be taken parameter-

wise to obtain a fucntor:
P:C* (R, X(G x®V)¥) = O (R, X(V)¥). (4.4)

The functor P sends a path of equivariant vector fields X : R — X(G xE V)¢
to the path of equivariant vector fields Py(X) : R — X(V)¥ defined by:

(PoX)(v) := j*(P o Xy)(v), veV, AeR,

where ® € Q' (G x® V; V(G x¥ V)) is the equivariant connection on the
vector bundle G xX V — G/K corresponding to the splitting g = €@ q.
Similarly, the functor P sends a path of infinitesimal gauge transformations

PR — C®°(G xX V,g)¢ to the path of infinitesimal gauge transformations
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P () : R — C®(V,£)K defined by:

(Pr)a(v) :==P(a(i(v))), veV, AeR,

where P : g — £1is the K-equivariant projection corresponding to the splitting
g=tdq.

The functoriality of £ and P obtained this way can be verified using
Lemma 2.30 in a completely analogous way to the proofs of Theorem 2.31 and
Theorem 2.33. In fact, as can be noted by the description above, for fixed val-
ues of A € R the values of the functor E in (4.3) and of P in (4.4) on equivari-
ant vector fields and infinitesimal gauge transformations agree with those of
Theorem 2.31 and Theorem 2.33. Similarly, the fact that PE = 1¢eo @ x(v)x)
holds since it is true parameter-wise (for any fixed A € R) by Theorem 2.35.

Finally, a completely analogous proof to that of Theorem 2.38 yields, for

a choice of functor P as in (4.4), a linear map:
h:C®(R,2(G x5 V)" = 0™ (R,C™(G x5V, 9)9), X h(X),
such that:
X = Ey(Py(X)) +0(h(X)), X €™ (R X(Gx"V)9). (4.6)

That is, h defines a natural isomorphism EP = 1georx@xxvyey. Conse-
quently, the functor P and E in (4.3) and (4.4), and the natural isomorphism

h: EP =1 is an equivalence of categories. O

4.2 Isomorphisms and bifurcations to steady-state,
periodic, and quasi-periodic motion on
representations

Let V be a representation of a compact Lie group K. Given a path of
equivariant vector fields X : R — X(V)¥, one often looks for nontrivial
solution curves of X. That is, one looks for a curve v := (r,\) : I - V xR
such that v(0) = (0,0) € V x R and v(§) € V is an equilibrium of the

vector field Xy for all 6 € I. An equilibrium is, in particular, a relative
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equilibrium. And a relative equilibrium tends to have motion dense in a torus
with dimension rank (N (K,,)/K,,), which in turn is often greater than 0 (]]
and Theorem 3.45). Hence, it is more natural to look for relative solution
curves. In this section we prove a test for finding relative solution curves
consisting of relative equilibria. The test consists of checking isomorphic
vector fields for bifurcations to strict equilibria, and using the isomorphisms
to reduce and reconstruct the dynamics. This test can predict and describe
bifurcations to steady-state (strict equilibrium), periodic, or quasi-periodic
motion.

We introduce the following definition:

Definition 4.7. Let M be a G-manifold and let X : R — X(M)% be a
path of equivariant vector fields on M such that a point m € M is a relative
equilibrium of the vector fields X, for A € R. A relative solution curve of X
is a curve v = (p, A) : I — M x R such that v(0) = (m,0) € M xR and such
that:

Xyo)(0(6)) € Ty (G- p(8)),  ford €1,

where [ is an open interval containing 0. That is, p(¢) is a relative equilibrium
of the vector field X5). A relative solution set is a trivial relative solution
curve if the curve p(0) = m for all § € I, and nontrivial otherwise. The
wnvariant relative solution set generated by a relative solution curve v is the
set:

['(v)=G-y(I) SV xR,

where G acts on M x R by g-(p,A) = (¢g-p,A) for all (g,p,\) € G x M x R.
If, for all § € I, the p(0) € M are equilibria of X)), then we will simply say

the curve 7 is a solution curve and the set I'(vy) is an invariant solution set.

Remark 4.8. For a representation V' of a Lie group K, the origin 0 € V' has
a O-dimensional orbit space consisting of the point 0 only, since the action is
by linear transformations. Thus, if the origin is a relative equilibrium of an

equivariant vector field, it is in particular an equilibrium.

Given a path of equivariant vector fields X on a representation V' of a
compact Lie group K, various results in the literature look for solution curves

of X in one-dimensional fixed-point subspaces of some subgroup ¥ C K:
Fix(¥)={veV|k-v=vforal ke X}.
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For example, that is part of the content of the Equivariant Branching Lemma
[12,13]. As a first step towards a criterion for the existence of relative solution

curves, we prove the following generalization of this method:

Lemma 4.9. Let V be a finite-dimensional representation of a compact Lie
group K, and let W be a one-dimensional subspace of V. Suppose that
Y : R — X(V)X is a path of equivariant vector fields and such that:

1. Y,(0) =0 for all A € R.

2. There exists a small neighborhood B C W of 0 in W and a small € > 0
such that Y)|B is tangent to W for all A € (—¢,¢).

3. For A € (—¢,€), the linearizations D(Y)|B)(0) = o(\)Idy are such that
0(0) =0 and o’(0) # 0.

Then Y has a strict solution curve v: I - W xR CV x R.

Proof. 1t is convenient to think of Y asamap Y : V xR — V, using that V'
is a finite-dimensional vector space. Let w € R denote a coordinate on W.
Shrinking e > 0 if necessary, we may suppose without loss of generality that
B is the set of all vectors in W such that |w| < € and that Y (w, \) € W for
all w and A such that |w| < € and |\| < e. Since W is 1-dimensional, the
linearizations D(Y|B),(0) each have a single real eigenvalue o(\), which by
assumption satisfy o(0) = 0 and ¢’(0) # 0. Thus, using Taylor’s Theorem,

we have:

(Y[B)(w,A) = o(Mw + O(w?)
= oc(Nw + w?h(w, \) some smooth function h

= w(a()\) + wh(w, >\)>

Note that the zero set {w = 0} is the trivial branch of equilibria of the Y|B,
so set F'(w, \) := o(A) + wh(w, ). Thus, nontrivial solutions correspond to
zero sets of F'(w, A). Now note that F'(0,0) = ¢(0) + Oh(w, A) = 0 and that:

O 0.0 = () + w2 (.0 smn = 0'10) + 02(0.0) = /(0) £ 0.

Thus, by the Implicit Function Theorem, there exists a small interval [
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around 0 and a smooth map 7 : I — R with 7(0) = 0 such that:

Y(w,7(w)) = wF(w,5(w)) =0, w e . (4.7)
That is, we have an invariant solution curve of Y given by:

7l VR, A(w) = (ww,Fw),

where wj is the basis vector of W giving the coordinate w used above. [

Even though it considers arbitrary one-dimensional subspaces, Lemma 4.9
is a rather restrictive test: not many equivariant vector fields are tangent to
a given one-dimensional subspace. It also only yields strict solution curves.

We can simultaneously expand the paths of equivariant vector fields that
can be considered and find relative solution curves by considering paths of
equivariant vector fields up to isomorphism. By requiring that a path X :
R — X(V)¥ is only isomorphic to a path Y : R — X(V)¥ satisfying the
assumptions of Lemma 4.9, we can consider more paths of equivariant vector
fields. That’s because we are allowing the restrictions X,|W to be tangent
to the group orbits. On the other hand, recall that isomorphic vector fields
share relative equilibria 2.24, so any strict solution curve that Y has on W will
yield a relative solution curve of X. Furthermore, the path of infinitesimal
gauge transformations giving the isomorphism also gives velocities for the
relative equilibria.

Putting all this together, we prove the following test, which is the main

result of this section:

Theorem 4.10. Let V' be a representation of a compact Lie group K, let

W be a l-dimensional subspace of V, let X : R — X(V)X be a path of
equivariant vector fields, and let ¢ : R — C°°(V, €)X be a path of infinitesimal

gauge transformations. Suppose that:
1. X has a trivial branch of solutions at 0 € V.

2. The path of equivariant vector fields Y := X — 9(¢) is tangent to W
in a neighborhood B of 0 in W.

3. The eigenvalues o(\) € R of the linearizations of Y|B satisfy ¢(0) = 0
and o’(0) # 0.
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Then X has a relative solution curve v = (v, A) : I — V xR. Furthermore, for
§ € I, the relative equilibrium v(0) € V' of X5 has velocity 1) (v(5)) € &.

Proof. Note that the path Y : R — X(V)¥ of equivariant vector fields sat-
isfies the assumptions of Lemma 4.9. Hence, there exists a solution curve
v=wA): I - W xRof Y. That is, for every ¢ € I, the point v(§) € W
is an equilibrium of the vector field Y)(5). Note that the vector field Y)s) is
isomorphic to the vector field X)), in the sense of Definition 2.10, since the

infinitesimal gauge transformtion vy : V' — € is such that:

Xae) =Y + 0(Uaey)-

Thus, by Lemma 2.24, the point v(§) € W is a relative equilibrium of the
vector field X5y with velocity v¥xs)(v(9)) € £ Hence, the curve v = (v,6) :

I — W x R is a relative solution curve as desired. O

Example 4.11. Consider the standard representation of S* on C by rotations
given in Example 2.14. Bifurcations to relative equilibria are well-understood
in this representation. Nevertheless, it serves as a simple illustration of the
general strategy for using Theorem 4.10. Using the discussion in Example

2.14, the paths of equivariant vector fields are of the form:
X(z,)\):f(|z]2,)\)z—|—g(]z]2,)\) iz, 2eC, A eR.
Any such path is isomorphic to its radial part:
Y(z,A) = f(|z[% ) z2e€C, N eR,
via the isomorphism given by the path ¢ : C x R — R defined by:
P(z,\) =g (\2\2, )\) , z2e€C, NeR.

The radial part Y restricts to the real axis, so let W be the real axis as a
subspace of C. The linearizations D(Y|W),(0) have eigenvalues f(0,\) € R.
Hence, if g—{((), 0) # 0, Theorem 4.10 says there exists a curve:

v:I—RxR, v(8) = (8, A(9)),
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such that:
X(0,A(0)) =g ((52,)\(5)) 10, 6el.

In particular, the point § € C is a relative equilibrium of X)) with velocity
g (6%,X(0)) € R. Hence, by Theorem 3.45 and Lemma 3.50, the integral curve
of X)) starting at ¢ € C is:

steady-state if g (62,M(8)) =0
periodic with period m if g (6%, X(0)) # 0.

The invariant relative solution set I'(y) corresponding to this curve consists

of circles. That is, the circle:
Cs:={z€C||z|* =6*}

is a collection of relative equilibria of the vector field X ). The velocity of a
relative equilibrium e’ € Cj is given by 1) (0e”) = g (6%, A(d)) € R. From
this, we can recover the well-known case of bifurcations to circle limit cycles

arising from a pitchfork bifurcation in the radial vector field.

Example 4.12. Consider the representation of the torus T? on the product
R* 2= C2? discussed in Example 2.17. For a nonzero point 7 = (21, ) € C2,
the Field-Krupa bound in Theorem 3.45 is either 1 (when only one coordi-
nates is zero) or 2 (when neither coordinates is 0). Hence, relative equilibria
may exhibit both periodic and quasi-periodic motion from relative equilibria
in this case. We use Theorem 4.10 to describe how bifurcations to each may
occur, including how bifurcations to equilibria may become bifurcations to
periodic or quasi-periodic motion for an isomorphic path of vector fields.
Using the discussion in Example 2.17, the paths of equivariant vector fields

are of the form:

X(z1 2 0) = ( Prlal el Az (sl ) ) s

f2 (|2112, [22% A) 22 + g2 (|21]2, [22[% A) 22

where (21,21) € C?, A € R, and where f; :R*xR - Rand ¢g; : R”2xR - R
are smooth functions. The functions g; define a path of infinitesimal gauge

transformations. Hence, the path X is isomorphic to its radial parts given
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fa (|21 |22, ) 22

for (z1,21) € C* XA € R. We restrict Y to two different one-dimensional

2 2
Y (21,29, \) = ( fi(Jz1]%, [22]%, A) 21 )7

subspaces and apply Theorem 4.10 in each.

First, consider the subspace:
W= {(z,0) € C* |z € R}.
The path Y restricts to W to give the path:

fi(z%0,\)x

(Y|W)=< ) ) z€R, NER.

The eigenvalues of the linearizations D(Y|W),(0) are f1(0,0,\) € R. Hence,
if £1(0,0,0) =0 and %(0, 0,0) # 0, by Theorem 4.10 there exists a curve:

v I W xR, (8 =(5,07(3)),

such that (6,0) is a relative euqilibrium of X (—, —,7(0)) with velocity given
by:

g2 (527 07 /7\(6))

The stabilizer of this point is {1} x S!, so the velocity modulo the Lie algebra

$(5,0.5(5)) = ( 91 (6%,0.5(9)) ) |

of the stabilizer can be taken to be the value:

(0,0,7(9)) + {0} x R = g4 (6%,0,7(3)) -

Hence, by Theorem 3.45 and Lemma 3.50, the motion of the relative equilib-
rium is steady-state if g; (6%,0,7(5)) = 0 and periodic if this is nonzero. As
in the case of Example 4.11, the relative invariant solution set corresponding
to this relative solution curve consists of circles of relative equilibria. The
real axis in the second copy of C? yields an analogous case of bifurcations to
periodic trajectories.

For potentially quasi-periodic bifurcations consider the subspace:

W= {(z,z) € C* |z € R}.
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Suppose that f; and f; in (4.8) agree on the diagonal A := {(z,z) € R? |
r € R} in R% Then Y restricts to W to give the path:

(Y|W)(z,2,)) = ( ggii;i ) — f(z,)) ( i ) r€R, NER,

where f(z,\) := fi(z,z,\) = fo(z,z,\). The eigenvalues of the lineariza-
tions D(Y|W),(0) are f(0,\) € R. Hence, if f(0,0) = 0 and %(0,0) # 0,

by Theorem 4.10, there exists a curve:
v WxR, y(0) = (6,6,7(9)),

such that (4, ) € C? is arelative equilibrium of the vector field X (—, —,(4)).
The relative invariant solution set I'() corresponding to this relative solution

curve consists of tori:
Tys = {(6e”,6¢%) € C* | 0,0 € R} .

The velocity of a relative equilibrium (de, e’?) of the vector field X (—, —,7(4))

is given by the value of the infinitesimal gauge transformation:
77Z} (56i0) 66“0’37(5)) = <gl (527 527’/}/\(7")) )y 92 (527 52)/’)7(71)) > S RQ'

The stabilizer of this point is trivial if 6 # 0. Hence, by Theorem 3.45 and

Lemma 3.50, the motion of this relative equilibrium depends on the numbers:

[ (527 527;)7(7)) g2 (527 527;)7(T))
2 ’ o '

If the value of the infinitesimal gauge transformation is (0,0) € R?, then the
motion is steady-state. If these numbers are Q-linearly dependent, then the
motion is periodic. If these numbers are Q-linearly independent, then the

motion is quasi-periodic and dense in a 2-torus.

4.3 Isomorphisms and bifurcations on proper actions

In this section we consider bifurcations to relative equilibria on proper ac-

tions. In particular, we extend the test for bifurcations to relative equilibria
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in section 4.2 to this context (Theorem 4.16). We do this by reducing bi-
furcation problems to the slice representation using the decompositions in
section 2.3. More generally we show how relative solution curves of a given
path of equivariant vector fields correspond to relative solution curves on the
slice representation (Theorem 4.13), and how isomorphisms of equivariant
vector fields relate the velocities of the corresponding relative equilibria.

Consider a proper G-manifold M, and let X : R — X(M)% be a path of
equivariant vector fields on M with a relative equilibrium at a point m € M.
The question of equivariant bifurcation from m is local near the group orbit
G - m. Therefore, throughout the section we fix a finite-dimensional real
representation V' of a compact Lie subgroup K of a Lie group G, and consider
the associated bundle G x% V' (see Remark 2.28).

Recall that a choice of K-equivariant splitting g = € & q gives rise to a
projection of equivariant vector fields Py : X(G x% V)¢ — X(V)X (Theorem
2.33). We can apply this projection parameter-wise to a path X : R —
X(G xE V)Y to obtain a path of equivariant vector fields on V:

Py(X) R —=2X(WVE  Py(X)y:= Py (X)).

Similarly, the canonical inclusion of equivariant vector fields Ey : X(V)¥ —
X(G x% V)¢ of Theorem 2.31 and the natural isomorphism h : X(G x%
V)¢ — C=(G xX¥ V,g)¢ can be applied parameter-wise. Thus, as described

in Theorem 4.6, we have a decomposition of paths of equivariant vector fields:
X = Eo(Py(X)) +0(h(X)), X €C®R,X(Gx"V)%).

As we now show, this decomposition lets us find relative solution curves of
X on G x% V by finding relative solution curves of Py(X) on V.

Theorem 4.13. Let X : R — X(G x% V)% be a path of equivariant vector
fields on G x® V with the point [1,0] € G x® V as a relative equilibrium.
Let Py(X) : R — X(V)X be the projected path on V with respect to the

chosen projection Fy. Then a curve:

v:I =V xR, v(0) == (v(6), A(9)),
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is a relative solution curve of Py(X) starting at 0 € V' if and only if the curve:
Gy L= (GXRV) xR, 5i(0) = ([Lv(d)], A(9)),

is a relative solution curve of X starting at [1,0] € G x® V. Furthermore,
for 6 € I, a vector £ € ¢ is a velocity of the relative equilibrium v(d) € V' of
Py(X(s)) if and only if the vector:

£+ h (Xow) ([Lv©)) € g

is a velocity of the relative equilibrium [1, ()] € G x* V of X)), where h

is the natural isomorphism F o P = 1xgxxy)e from Theorem 2.38.

Proof. Suppose first that v: I — V X R is a relative solution curve of Py(X)
starting at 0 € V. That means that, for § € I, the point v(J) € V is a relative
equilibrium of the vector field Py(X ). By Lemma 3.8, the inclusion by
equivariant extension map Ey : X(V)X — X(G x& V)¢ preserves relative
equilibria. Thus, the point [1,7(0)] is a relative equilibrium of the vector
field Ey (Po (X)\(5)>). By Theorem 2.29 we have that:

X = Eo (Po (X)) + 0 (h (Xaw)) - (4.9)

where h (Xy5)) € C (G x¥ V,g)G. Hence, the vector fields X5 and
Ey (PO (X )\(5))) are isomorphic. By Lemma 2.24, isomorphic equivariant vec-
tor fields share relative equilibria. Thus, the point [1,7(d)] is a relative equi-
librium of the vector field X)s). Hence, the curve j,7v as in the statement is
a relative solution curve of the path X.

Conversely, let 5,7 : I — (G x% V) xR be a relative solution curve of X as
in the statement. That means that, for § € I, the point [1,v(d)] € GXxEV isa
relative equilibrium of the vector field X)s). By Lemma 3.9, the equivariant
projection Py : X(G xX V)¢ — X(V)X in the statement preserves relative
equilibria. Thus, the point v(J) is a relative equilibrium of the vector field
B, (X )\(5)). Hence, the curve v as in the statement is a relative solution curve
of the path Py(X).

Now suppose that we have such relative solution curves and that ¢ €
t is a velocity of the relative equilibrium v(6) of Ry (X )\(5)), then ¢ is a
velocity of Ey (P (X)) since this vector field is j-related to Py (X, (6)) by
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the definition of . And since X)) and Ej (PO (X ,\(5))) are isomorphic via
the infinitesimal gauge transformation h (X ,\(5)), the velocity of the relative

equilibrium [1, v(8)] of X)) is:

£+ h (X)) ([1,7(9)]),

by Lemma 2.24.

Conversely, suppose that & + h (X)) ([1,7(0)]) € g is a velocity of the
relative equilibrium [1,v(6)] of Xy5). By Lemma 2.24, the velocity of the
relative equilibrium [1,1(8)] of Ey (Py (Xx@)) is:

£+ h (Xaw) ([Lv(0)]) = h (X)) (L)) = ¢

Since Ejy (PO (X ,\(5))) and P, (X A((;)) are j-related, the velocity of the relative
equilibrium v(9) of X)) is also &. O

As mentioned in Remark 2.26, the decomposition of the path of equivariant
vector fields X used in Theorem 4.13 (see Theorem 2.29 for the decomposi-
tion) is similar to a decomposition used by Krupa for compact group actions
on Euclidean space [5]. In fact, Krupa used his version to show that bifurca-
tions of the components transversal to the group orbits leads to bifurcations
to relative equilibria of the original vector fields.

One of the main benefits to the framework implicit in Theorem 4.13 is
how it addresses the dependence on the choices involved in the reduction (see
Proposition 2.39 and Proposition 2.40). For example, if we choose different
invariant Riemannian metrics to define the Lie algebra splittings that give
the projections or if we choose a different slice for the action through the
point. Here we show how these choices affect the velocities of the relative
solution curves bifurcating from the relative equilibrium. Together with the
description of the relative solution curves and their velocities in Theorem
4.13, the following results (Proposition 4.14 and Propsition 4.15) mean that
one can describe the relative solution curves of the original path X and their
velocities regardless of the projection or slice chosen to perform the reduction.

We first address the choice of projection:

Proposition 4.14. Let X : R — X(GxX V)% be a path of equivariant vector
fields on G x¥ V with the point [1,0] € G x% V as a relative equilibrium.
Suppose P! @ X(G xE V)¢ — X(V)E and P? : X(G x5 V)¢ — X(V)&
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are two projection functors as in Theorem 2.33 (corresponding to different

K-invariant splittings of g). Then a curve:
YL VxR, (6) = (v(d), A(9)),

is a relative solution curve of the path Py (X) starting at 0 € V' if and only if
is a relative solution curve of the path P?(X) starting at 0 € V. Furthermore,
for § € I, a vector £ € ¢ is a velocity of the relative equilibrium v(J) € V' of
the vector field P} (X)) if and only if the vector:

E+ P2 (W' (Xae)) (v()) €

is a velocity of the relative equilibrium v(6) € V of the vector field P} (X)),
where h! (XA((;)) € C®(G xXV,g)¢ is the map corresponding to the natural

isomorphism h!: E o P! = Ix(axxvye from Theorem 2.38.

Proof. For every 6 € I, the vector fields Py (X ,\(5)) and P} (X ,\(5)) onV
are isomorphic by Proposition 2.39. In particular, the infinitesimal gauge

transformation:

P (W (Xy@)) 1V = &

where W (X)5) € C(G x¥ V, g)¢ corresponds to the natural isomorphism
h': E o P' = 1yxxye from Theorem 2.38, is such that:

Py (Xae) = Py (Xa@) +0 (PP (M (X)) -

Thus, by Lemma 2.24, the point v(§) € V is a relative equilibrium of
Py (X ,\(5)) with velocity ¢ € ¢ if and only if it is a relative equilibrium of
P? (X)) with velocity:

§+ PE (R (X)) (v(0)),

as claimed. O
We now address the choice of slice:

Proposition 4.15. Let X : R — X(GxX V)% be a path of equivariant vector
fields on G x® V with the point [1,0] € G xX V as a relative equilibrium.

Suppose D is another slice for the action through [1,0], with equivariant
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embedding + : D < G x¥ V, and let ¢ : D < V be the K-equivariant
embedding as in Proposition 2.40. Let B} (X) : X(G xX V)¢ — X(V)X and
PP : X(G x (D)) — X(D)¥ be equivariant projections as in Theorem 2.33

with respect to the same splitting on g. Then a curve:

¢y : I =V XR, 0.9(0) = (¢(d(0)), A(9)),

is a relative solution curve of Py (X) on V. Furthermore, for § € I, a vector
¢ € tis a velocity of the relative equilibrium d(d) € D of PP (X)) if and

only if the vector:

&+ PV (hP(Xa0) ) (6d(0))) €t

is a velocity of the relative equilibrium ¢(d(d)) € V of Py (Xys)), where
hP (X,\((;)) € C®(G - (D), g)% is the map corresponding to the natural iso-

morphism AP : EP o PP = Ix(G-«(py)e from Theorem 2.38.

Proof. Suppose that 7 is a relative solution curve of PP(X). Then, for § € I,
the point d(d) € D is a relative equilibrium of the vector field PP (X ,\(5)) on
D. Suppose the velocity of this relative equilibrium is € € €. Since¢p: D — V
is a K-equivariant diffeomorphism onto its image, the point ¢(d(J)) € V is a
relative equilibrium of ¢, PP (X A((;)) on V with velocity ¢ € €. By Theorem
2.40, we have:

Y (%) = 6. (R (X0) ) + 0(PY (° (Xa0)) ).

Hence, the vector field ¢, PP (X ,\(5)) on V is isomorphic to the vector field
Py (X ,\(5)) on V via the infinitesimal gauge transformation P (hD (X A(g))) ;
V' — £. In other words, since isomorphic vector fields share relative equilibria
by Lemma 2.24, the point ¢(d(d)) € V' is a relative equilibrium of the vector
field Py (X)) with velocity:

&+ P (1P (X)) (01d(9))) € ¢
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as claimed. The argument for the converse is completely analogous. O]

Theorem 4.13 gives a way to generalize the test for bifurcation to relative

equilibria in Theorem 4.10 to proper actions:

Theorem 4.16. Let X : R — X(G x% V)% be a path of equivariant vector
fields on G x® V with the point [1,0] € G x¥ V as a relative equilibrium.
Let Py(X) : R — X(V)X be the projected path on V with respect to the
chosen projection F,. Suppose there exists a 1-dimensional subspace W of
V and a path ¢ : R — C®(V, )X of infinitesimal gauge transformations on
V such that:

1. Py(X) € C(R,X(V)X) has a trivial branch of solutions at 0 € V.

2. The path of equivariant vector fields Y := Py(X) — 9(¢) is tangent to
W in a neighborhood B of 0 in W.

3. The eigenvalues () € R of the linearizations of Y|B satisfy o(0) = 0
and o’(0) # 0.

Then X has a relative solution curve:
vl = (GXEV) xR, ~(8) = ([9(5),v(6)], M9)),

such that the velocity of the relative equlibrium [g(8), v(6)] of X)) is given
by:
& = U@ (V(9)) + h (Xa) ([1,v(0)]) € g,

where h(X) : R — C®(G x% V,g)¢ is the path of infinitesimal gauge trans-

formations given by the natural isomorphism of Theorem 2.38.

Proof. The path of equivariant vector fields Py(X) : R — X(V)¥ satisfies
the assumptions of Theorem 4.10 with respect to the subspace W of V' and
the path ¢ : R — C>(V,£)%. Hence, there exists a relative solution curve
v=(v,\): I -V xR of By(X) starting at 0 € V. Furthermore, for ¢ € I,
the velocity of the relative equilibrium v(0) € V of FBy(X)y5 € X(V)F is
given by ) (¥(0)) € €. By Theorem 4.13, the curve:

Gyt I = (GXEV) xR, 5i(0) = ([1,v(9)], A9))

116



is a relative solution curve of the path X. By the same theorem, for § € I,

the velocity of the relative equilibrium [1,v(8)] € G xX V is given by:

& = Uae)(1(6)) + h (Xa) (1, v(0)]),

as claimed. O
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CHAPTER 5

GENERIC CONDITIONS FOR
EQUIVARIANT VECTOR FIELDS

In this chapter, we consider open and dense subsets of equivariant vector
fields. The first main result of this chapter is that open and dense collections
of equivariant vector fields are “preserved” by isomorphisms of equivariant
vector fields (Theorem 5.25). That is, the set of all equivariant vector fields
isomorphic to those in an open and dense subset is also open and dense
in the space of equivariant vector fields. The second main result of this
chapter is that the equivalence in Theorem 2.29 “preserves” open and dense
collections of equivariant vector fields up to isomorphism (Theorem 5.30).
That is, in particular, the reduction to the slice representation via equivariant
projection preserves open and dense subsets of equivariant vector fields up
to isomorphism. These theorems also apply to paths of equivariant vector
fields, and so they can be helpful for equivariant bifurcation problems.

For this, we endow the spaces of equivariant vector fields and of paths of
equivariant vector fields with the Whitney C'* topologies (section 5.1). When
endowed with a topology, the category X(M )% becomes a topological abelian
2-group. That is, it becomes a category internal to the category of topological
abelian groups: its space of objects and morphisms are topological abelian
groups, and all the structure maps are continuous group homomorphisms.
This topological abelian 2-group structure proves to be the necessary key for
proving the main results of this chapter, so we discuss it in section 5.2. We

prove the main theorems of this chapter in section 5.3.

5.1  Whitney topologies

In this section, we describe the topologies we will use, and some preliminary
results we need in the rest of this section. We point to the literature when

the proofs of lemmas can be found there. However, we could not find proof
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of some lemmas that we needed, so proof is provided for those results here.
Recall the definition of the Whitney topologies:

Definition 5.1. Let U and V be smooth manifolds.

e Given an integer r € Z>q, let J"(U, V') be the space of r-jets of mappings
from U to V. For a subset O of J"(U, V') define the collection:

B'(0):={feC™(U,V) |5 f(U) € O}

The Whitney C"-topology on C*°(U,V) is the topology generated
by the basis:

B":={B"(0) | O is an open subset of J"(U,V)}

We will refer to the space C*(U, V) equipped with the Whitney C”
topology as a Whitney C" space.

e The Whitney C*-topology on C*°(U,V) is the topology generated
by the basis:

B> = G B".
r=0

We will refer to the space C*°(U, V') equipped with the Whitney C'*
topology as a Whitney C'* space.

Remark 5.2. Let U and V' be smooth manifolds. Following Golubitsky
and Guillemin [38, p. 43], we can get some intuition for the Whitney C”-
topology on C*(U, V') as follows. Pick a distance function d on the space
of r-jets J"(U, V'), compatible with the topology on J"(U,V'). Let f be an
arbitrary smooth map in C*(U,V), and let 6 : U — R, be a continuous

function. Then the set:
By(f) == {g € C®(U, V) | d(j" f(u), §"g(u)) < 6(u) for all u € U}

is a neighborhood of f in the Whitney C"-topology. One can think of B;(f) as
those maps in C°(U, V) that are, together with their first r partial deriva-
tives, d-close to the map f and its first r partial derivatives. In fact, the
collection:

{Bs(f)|d:U — R, is a continuous function}
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forms a neighborhood basis for the map f in the Whitney C"-topology.

Lemma 5.3. Let U, V, W, and B be manifolds, and let f:V - W, g:V —
B, and h: W — B be smooth maps.

1. The map:
fo: C®(U, V) = C™(U, W), h— fh,

is continuous with respect to the Whitney topologies.

2. The canonical bijection of sets:
C*(U,V x W) =ZC®(U,V) x C*(U,W)

is a homeomorphism with respect to the Whitney topologies.

3. The canonical bijection of sets:

> (U,V x W) >~ C®(U,V) x C®(U,W)

g9,B,h g%,C®(U,B),hx
is a homeomorphism with respect to the Whitney topologies.

Proof. See [38, Proposition 3.5] for (1) and [38, Proposition 3.6] for (2). The
continuity of the maps in the bijection of (3) follows by viewing the fiber

products:
VxW C*(U, V) x C™(U,W)

9,B,h g%,C%° (U, B),hx

as subspaces of the products V x W and C*°(U, V') x C*°(U, W) respectively,
and then applying parts (1) and (2) and the universal property of the sub-
space topology. O]

Lemma 5.4. Let U,V, X and Y be smooth manifolds. Then the map:
CHX, V) x CZ(Y, W) = C*(X x Y, UxV),  (f.g9)— fxg,

where the map fxg: X xY — UxVisgiven by (f xg)(x,y) := (f(x),9(y)),

is a continuous map with respect to the Whitney topologies.

Proof. The proof of this fact is completely analogous to the proof of [38,
Proposition 3.10]. O
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Remark 5.5. Part (1) of Lemma 5.3 says that pushforwards by smooth maps
are continous with respect to the Whitney topologies. As discussed in the
notes in [38, p. 49], pullbacks by smooth maps are in general not continuous
with respect to the Whitney topologies. However, the following lemmas are

two special cases of interest to us where the pullback is continuous.

Lemma 5.6. Let U, V, and W be manifolds, and let f : V' — U be a smooth
proper map. Then the pullback:

froCUW) = C*(V,W), h— hf,

is continuous with respect to the Whitney topologies.
Proof. See the second note in [38, p. 49]. O

Lemma 5.7. Let K be a compact Lie group, let P = B be a principal
K-bundle, and let N be a manifold with a trivial action of K. Then the
map:

7 O®(B,N) — C>®(P,N)¥, f— fr,

is a homeomorphism. The inverse of 7* is the map that takes an equivariant
map f: P — N to the unique map f: B — N such that f = fvﬁ.

Proof. Since the group K is compact, the bundle projection 7 : P — B is a
proper map. Hence, the pullback 7* : C°°(B, N) — C>(P, N)¥ is continuous
by Lemma 5.6. The remaining task is to show the continuity of the inverse
map (7*)~'. The inverse map (7*)~! sends a K-invariant map f : P — N to

the unique map f: B — N such that the following diagram commutes:

p f

7
|7
B

It suffices to show that the basis subsets given in Definition 5.1:

N

{B"(O)|r € Zsy, OC J(B,N), O open}

have open preimages under the map (7*)~! in the mapping space C*(P, N)¥.
We will show that the preimages ((7*)~')~! (B"(0)) = 7* (B"(O)) are them-
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selves basis sets:

™ (B'(0)) = B (F,(0)), (5.1)

where F) is a continuous map we define next.
Let J"(P, N)X be the r-jets of K-invariant maps P — N and let F) be the

map given by:

F.:J(P,N)* = J"(B,N), 3" f(x) w7 f(m(20)).

To verify that the map F, is continuous, pick local coordinates U C R® for B,
V C RF for K, and W C R” for N, and note that the K-invariant maps are
represented by maps f : U xV — W that are independent of the V' variables.
Furthermore, given a map f: U x V. — W, let (ug,vo) be a point in U x V|
let T, f(ug,v9) be the coefficients of the r*f-order Taylor polynomial at the
point (ug, vo), let TV (ug,vy) denote the coefficients of the ri-order Taylor
polynomial at the point (ug,vy) consisting only of those partial derivatives
with respect to the U-variables only, and let T (ug,vy) correspond to the
rest of the coefficients in 7} (uo, vo). Then note that the map f = (7%)~(f)

has rt-order Taylor polynomial such that T f(ug) = TV f(uo,vo). Hence,

the map F; is continuous since it is just the projection:

]'Tf(uo,vo) = (Uo,UmTrUf(Uo,U0)7Tq~cf(uoavo)) = (U07TrUf<u07U0)) )

for any map f: U x V — W, independent of the V variables, and any point
(up,v0) € U x V.

We now proceed to verify (5.1). Consider an arbitrary map f € 7* (B"(0)).
Then ]?: (7*)~1f € B"(0O), so the image (j”f)(B) is contained in the open
set 0. Taking the preimage of this inclusion under the map F, we obtain
that:

JFP) S ETH(EGUF(PY) € B (G7H(B)) € FH(O),

where we also use that F,(j” f(P)) = j" f(B). Consequently the map f is an
element of the basis set B"(F"1(0)) as desired.
For the converse inclusion, consider an arbitrary map f € B (F.1(0)).

Then the image (57 f)(P) is contained in the preimage F.!(Q). Taking the
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image of this inclusion under the map F, we obtain that:
Fr(jrf(P)) g FT (Fril(o)) g 07

which in turn implies that:

U"f)(B) = F.("f(P)) € O.

Consequently, the map f = (%) 7L(f) is in the basis set B7(O), meaning that
the map f is an element of the preimage 7* (B"(0)). This proves the equality
(5.1) and hence the continuity of the inverse map (7*)~!. Hence, the map 7*

is a homeomoprhism with respect to the Whitney C'* topology. O

Corollary 5.8. Let GG be a Lie group, let K be a compact Lie subgroup of
G, let V be a finite-dimensional real representation of the compact Lie group
K, and let N be a G-manifold. Furthermore, let G x® V be the quotient of
the action of the group K on the product G' x V given by:

k- (g,v):= (gk:_l,k-v), ke K, (g,v) e GxV. (5.2)
Then the map:
e CX(V,NYK = C%(G XK V,N)%,  f o> e(f),

where the map €(f) : G x® V — N is defined by €(f)([g,v]) := g - f(v),
is continuous with respect to the Whitney C'*°-topologies on the spaces of

equivariant maps (see Notation 1.1.9).

Remark 5.9. We call the map ¢ : C®(V,N)¥ — C°(G x¥ V,N)¢ in
the statement of Corollary 5.8 the equivariant extension of maps from the

representation V' to the associated bundle G x¥ V.

Proof of Corollary 5.8. We define € as the composition of well-defined and

continuous maps that we describe next. First, note that the map:

where idg is the identity map of G, is a well-defined continuous inclusion.
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By Lemma 5.4, the map:
C*(G,G) x C®°(V,N) - C*(G x V,G x N), (¢, f) = ¢ x [, (5.4)

where ¢ x f is defined by (¢ x f)(g,v) = (¢(9), f(v)), is a well-defined
continuous map. Furthermore, let the action of the group GG on the manifold

N be given by the map ac: G x N — N. The pushforward:
ac, : C*(G xV,Gx N)— C®(G xV,N), 1 — ac o1, (5.5)

is a continuous map by part (1) of Lemma 5.3. The composition of the maps
in (5.3), (5.4), and (5.5) is the map:

e:C®(V,N)X = C=(GxV,N), fref), (5.6)

where:
e(f):GxV =N,  e(f)(g,v) =g f(v).

The map e is continuous with respect to the Whitney C'*° topologies since it
is the composition of continuous maps.

Note that for any f € C®(V, N)X the map e(f) : G x V — N is K-
invariant with respect to the action of K given by (5.2) since for all k € K
and all (g,v) € G x V we have:

e(f)(gk™" k-v)=gk™" - f(k-v) =gk k- f(v) =g f(v) =e(f)(g,v),

where we use that f is K-equivariant. Hence, the map e restricts to a con-

tinuous map:
e:0®(V,N)X = C®(G x V,N)x-v, fe(f).

On the other hand, let 7 : G x V — G xX V be the quotient map of the
quotient space G x® V. Then, since 7 : G x V — G x¥ V is a principal
K-bundle (see Notation 1.1.11), the pullback:

™ C® (GXRV,N) = C®(GE x V)™ fes fr,
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is a homeomorphism by Lemma 5.7. Its inverse is the map:

~

(7)) C®(G x V,N)K™™ — C> (G x® V,N), h v h,

where h is the unique map such that h = h.

Now consider the composition:
ECX(V,N)" = C®(G x"V,N),  fr (7)7'(@(f)).
By the definition of (7*)7!, for any f € C°°(V, N)¥, the map ¢ is such that:

e(f) =elf)om. (5.7)

[g,])

=¢(f)om(g,v) by the definition of 7
=e(f)(g,v) by (5.7)
- f(v).

I
@

Furthermore, observe that €(f) is G-equivariant with respect to the action
of the group G on the associated bundle G x®¥ V (see Notation 1.1.11) since
for all ¢’ € G and all [g,v] € G x® V we have that:

e(f)g - g, v])

e(f)(lg'g,v))

gg-f(v) by (5.8)

g - (g-f(v))

g -e(f)lg,v]) by (5.8).

Hence, the map:
e: CX(V,N)K 5 =G xKV,N)¢ [ (7)) &(S)),

is the desired map in the statement of the corollary. Note that this also shows
that the map € is continuous since the map € is the composition of continuous

maps, the space C*°(G x¥ V, N)¢ has the subspace topology as a subspace
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of the space C*(G x¥ V| N) with the Whitney C* topology, and we have
€ =1o0¢ where 1 : C®(G x% V,N)¢ — CO%°(G x¥ V,N) is the subspace

inclusion. O

5.2 Topological abelian 2-groups

As we show in the following section, the category of equivariant vector fields
and the category of paths of equivariant vector fields are topological abelian
2-groups when equipped with the Whitney topologies. It is convenient to
describe and prove results for topological abelian 2-groups in the abstract.

We begin this section with the definition of a topological abelian 2-group:

Definition 5.10 (topological abelian 2-group). A topological abelian 2-group
is a small category C internal to the category TopAb of topological abelian
groups. Equivalently, it is a small category C, having a topological abelian
group C; of morphisms and a topological abelian group Cy of objects, such
that all the structure maps of the category are continuous group homomor-

phisms.

Example 5.11 (topological action groupoids). Let 9 : A; — Ap be a contin-
uous group homomorphism between two topological abelian groups A; and
Ap. The map 0 defines a continuous action of the group A; on the group Ay

via the action map:
Al X AQ — Ao, (@ZJ, (Z) g 8(¢) + a. (59)

This action gives a corresponding action groupoid A; x Ay with set of arrows
given by the group A; x Ay, set of objects given by the group Ag, and the

following structure maps:

e The source map is given by:

s: Ay x Ay — Ay, s(¢,a) == a.

e The target map t : A; x Ag — Ay is the action map in (5.9).
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e The unit map is given by:

u . AU — Al X Ao, u(a) = (O,G).

e The composition is given by:

(A1 Ao) x (A1 x Ao) = A1 x Ay, <(gp, b), (¢,a)> (o + 0, a).

410

All the structure maps are continuous group homomorphisms with the canon-
ical topological abelian group structure on the domains and targets inherited
from that of the groups A; and Ag. Thus, the action groupoid A; X Ay is a

topological abelian 2-group.
We will also make use of the following:

Definition 5.12 (topological abelian 2-subgroup). Let C be a topological
abelian 2-group. A topological abelian 2-subgroup of C is a subcategory D of
C such that D forms a topological abelian 2-group where the group of objects
Dy and the group of morphisms D; are topological abelian subgroups of C,

and Cq, respectively, equipped with the subspace topology.

We now define the corresponding 1-morphisms between topological abelian

2-groups:

Definition 5.13 (continuous 2-group homomorphism). Let C and D be topo-
logical abelian 2-groups. A 2-group homomorphism between C and D is a
functor F' : C — D such that the corresponding map on objects Fy : Co — D
and the corresponding map on morphisms F} : C; — D; are continuous group

homomorphisms.
We also have 2-morphisms between 2-group homomorphisms:

Definition 5.14 (continuous 2-group natural transformation). Let C and D
be topological abelian 2-groups and let F, G : C = D be continuous 2-group
homomorphisms. A continuous 2-group natural transformation from F to
(G is a natural transformation n : F' = G such that the corresponding map

1 : Co — D; is a continuous group homomorphism.

Thus, we can address the issue of what it means for two topological abelian

2-groups to be isomorphic or equivalent:
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Definition 5.15 (isomorphic and topologically equivalent 2-groups). Two
topological abelian 2-groups C and D are isomorphic 2-groups if there exist
inverse continuous 2-group homomorphisms F : C — D and F~! : D — C.
Two topological abelian 2-groups C and D are equivalent 2-groups if there
exist continuous 2-group homomorphisms F' : C — D and G : D — C,
along with continuous 2-group natural transformations n : GF = 1¢ and
e: FG = 1p.

With this, we can observe that all topological abelian 2-groups are action

groupoids as in Example 5.11 up to isomorphism. More precisely, we have:

Proposition 5.16. Let C be a topological abelian 2-group with source map
s, target map ¢, and unit map uw. Then C is isomorphic as a topological
abelian 2-group to the action groupoid ker s x Cy, where ker s is the kernel

of the source map acting on the space of objects Cy by:
V- =t) + x, ) € kers, z € Cp.

Thus, in particular, all topological abelian 2-groups are groupoids.

Proof. We explicitly construct the inverse functors F' : C — kers x Cy and
G : kers x Cy — C. At the level of objects both Fy and Gq are the identity

maps. At the level of morphisms we have:

FiCimkersxCo, v (v —uls(v), s(®)),

and

Gy kers x Cy — Cy, (Y, x) = ¢ +u(x).

A direct computation shows that these are continuous group homomorphisms

and inverses. O
We will need the following lemma:

Lemma 5.17. Let C be a topological abelian 2-group and let Cy/C; be the
quotient space, consisting of isomorphism classes, equipped with the quotient

topology. Then the quotient map 7 : Cy — Cy/C; is an open map.

Proof. Let U be an open subset of the space Cy. We want to show that the
image 7(U) is open, or equivalently that the set 7~1(7(U)) is open. Note
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that for all objects y € Cy the translations:
Tyico—>CO, rT—=T+y

are continuous since the addition is continuous. In fact, the translations
are homeomorphisms, since the inverse of a translation 7}, is given by the
translation 7_,. We claim that the set 7~ *(w(U)) is a union of translations

of U, and hence open. More precisely, we claim that:

@) = | T (). (5.10)

peEker s

meaning the set 77 (7(U)) is open, and therefore the set 7(U) is also open.
Thus, it suffices to verify the equality (5.10). For this, let y € 7 !(7(U))
then there exists x € U and ¢ € C; such that s(¢) = x and #(p) = y. Note
that ¥ := ¢ — u(s(y) is in the kernel ker s. Furthermore, note that:

Tiw)(w) = L)) + v =t(p) — t(u(s(p))) +r =y -+ 2=y,

and so y € Ty (U). This means that y is in the union of the right hand side
of (5.10). Conversely, suppose y is an arbitrary element of the union of the
right hand side of (5.10). That means y = t(¢) +x for some x € U and some
1 € kers. Consider the morphism ¢ := ¢ + u(x), and note that s(¢) = z,
since 1) € ker s, and t(¢) = t(¢) +x = y. Hence, the objects z and y have the
same isomorphism class, meaning that y € 7 (w(U)) since x € 7 (7 (U)).
Consequently, equation (5.10) holds, so we conclude that the map 7 is open

as claimed. 0

We conclude this section by proving that isomorphisms and equivalences of
topological abelian 2-groups “preserve” open and dense subsets of the space

of objects.

Remark 5.18. Given a topological abelian 2-group C and a subset U of the
space of objects Cy, we can consider the collection of all objects that are
isomorphic to objects in the set /. Since all topological abelian 2-groups are
groupoids, this amounts to considering the set t(s~!(U)). If we are consid-
ering a continuous action groupoid A; X Ay as in Example 5.11, then this is

the same as considering A; - U.

129



Lemma 5.19. Let C be a topological abelian 2-group and let ¢/ be an open
and dense subset of the collection of objects Cy, and let s and ¢ denote the
source and target maps respectively. Then the collection C;-U = t(s~1(U)) C

Cy of all objects isomorphic to objects in U is also open and dense.

Proof. Let m: Cy — Cy/Cy be the quotient map. Note that:
Ci-U=1t(s"1U) =7 (rUh)).

Thus, this set is open by the continuity and the openness of 7 (Lemma 5.17).

To see that it is dense, note that:

CoU = ' (n(U))

=rt (7‘[‘(2/{)) since 7 is open
D! (7r (27)) since 7 is continuous
=7 (n(Co))
== Co.
Hence, C; - U is dense in in Cj as claimed. O

Theorem 5.20. Let C and D be topological abelian 2-groups and let £ : C —
D and P : D — C be (part of) an equivalence between them (Definition 5.15).
If U is an open and dense subset of space of objects Cy, then t(s™1(Ey(U)))

is an open and dense subset of the space of objects Dj.

Proof. First, we observe that, since PFE = 1, and EP = 1p, the functors F
and P determine inverse homeomorphisms [F] and [P] between the quotient

spaces Cy/Cy and Dy/D; as shown in the following diagram:

C,— 2 D, D, —2 ¢,
WCJ lWD WD\ ‘WC (5.11)
CO/CIT D0/171 DO/DI T’CO/CI

where the vertical maps are the quotient maps.

Now observe that, as in the proof of Lemma 5.17, we have the equality:

t(s~ (Eo(U))) = mp' (mp(Eo(U)))-
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Since the quotient map is open by Lemma 5.17 and the map [F] is a homeo-
morphism, the set mp Eo(U) = [E]me(U) is open. Hence, the set 75" (7p(Eo(U)))
is open by the continuity of 7p.

Finally, to see that the set ¢(s™!'(Ey(U))) is dense, note that:

15~ (Eo(U)) = mp' (mp(Eo(U)))
=75} (W) since p 1s an open map
= p! ([E](?Tc(U))) since mpFEy = [Elme
=5 ([E] (Wc(U ))) since [F] is a homeomorphism
Dy ([E] (me (U))) by the continuity of the map ¢
=75 ([E] (¢ (Co))) since U is dense in C
=715 ([E] (Co/Cy)) by the surjectivity of 7
=7y (Bo/By) since [E] is a homeomorphism
= By.
Since the converse inclusion is trivial, the set is dense as claimed. O

Remark 5.21. Let A; x Ay and B; X By be two topological abelian 2-
groups that are action groupoids as described in example 5.11. Suppose that
E: Ay x Ay — By X By is (part of) an equivalence between them (Definition
5.15). Theorem 5.20 says that if ¢/ is an open and dense subset of the space
Ay, then By - Eq(U) is an open and dense subset of By.

5.3 Open and dense collections of equivariant vector

fields

In this section we prove that the category X(M)® of equivariant vector fields
on a proper G-manifold M is a topological abelian 2-group when equipped
with the Whitney C* topology (Theorem 5.24). The same is true of the
categories of paths of equivariant vector fields. We then prove the first of
the two main theorems of this chapter: that isomorphisms preserve open and
dense subsets of equivariant vector fields (Theorem 5.25). Furthermore, the
equivalence in Theorem 2.29 is an equivalence of topological abelian 2-groups

(Theorem 5.26). We use this to prove the second of the main theorems of
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this chapter: that the equivalence in Theorem 2.29 preserves open and dense
subsets of equivariant vector fields up to isomorphism (Theorem 5.30).

Consider a proper G-manifold M. We equip the space of equivariant
vector fields X(M)“ and the space of infinitesimal gauge transformations
C>=(M, g)¢ with the Whitney C* topology (Definition 5.1).

Remark 5.22. All of the results of this section apply just as well to the
space of paths of equivariant vector fields C*(R, X(M)%), the space of paths
of infinitesimal gauge transformtiosn C*(R, C*°(M, g)), and the category
of paths of equivariant vector fields C*°(R, X(M)%) of section 4.1. We equip
these spaces with Whitney topologies by using the identification:

C(R, X(M)®) 2 T(TM — R x M)¢
and the identification:
C=(R,C™(M,g)%) = C=(R x M, g)°.

Then the proofs of all results in this section are completely analogous.

Note that the scalar multiplication in the space X(M)% need not be contin-
uous (see the discussion after the proof of Proposition 3.5 in [38, pp. 46-47]).
Hence, the space X(M)Y is not a topological vector space. The same obser-
vation applies to the space C>(M, g)¢. As the following lemma shows, the

addition and inversion maps on X(M)% and C*°(M, g)¢ are continuous:

Lemma 5.23. Let M be a G-manifold. The space of equivariant vector fields
X(M)% and the space of infinitesimal gauge transformations C*(M, g)¢ are
topological abelian groups when equipped with the wWhitney C'*° topology
(Definition 5.1).

Proof. We consider the case of the space X(M)“. The case of the space
C>=(M, )¢ is analogous by thinkng of the Lie algebra g as a vector bundle
over a point. It suffices to prove that the addition and additive inverse maps

on the vector space X(M)% are continuous. For the addition note that the
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following diagram commutes:

X(M)% x X(M)C i xX(M)°
(5.12)
C(M,TM) x C=(M,TM) oo (M, T M)
C° (M, M) +x

where the vertical maps are subspace inclusions, the top map + is the desired
addition map, the pushforward +, is the pushforward of the fiberwise addi-
tion + : TM Xy TM — TM with the domain of the pushforward identified

with the fiber product via the canonical homeomorphism:

C*(M,TM) x C*(M,TM)=C>*(M,TM Xy TM) (5.13)
C° (M, M)
of part (3) of Lemma 5.3. The continuity of the addition + now follows by the
universal property of the subspace topology, the commutativity of diagram
(5.12), and the fact that the composition along the left and bottom of this
diagram is continuous.

For the additive inverse, note that the following diagram commutes:

X(M)©

X(M)©

(5.14)

C>=(M,TM) (M, TM)

®

where the vertical maps are inclusions, the top map is the desired additive
inverse map, and the bottom map is the pushforward —, of the fiberwise
additive inverse map — : T'M — T'M. The continuity of the additive inverse
— now follows by the universal property of the subspace topology, the com-
mutativity of diagram (5.14, the continuity off the pushforward —, by part
(1) of Lemma 5.3, and the continuity of the inclusion on the left. O

With this we can prove that the category of equivariant vector fields is a
topological abelian 2-group (Definition 5.10).

Theorem 5.24. Let M be a G-manifold. The category X(M )% of equivariant
vector fields on M (Definition 2.9) is a topological abelian 2-group when
equipped with the Whitney topologies (Definition 5.1).
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Proof. Recall that the category of equivariant vector fields X(M)¢ is an
action groupoid, like the one in Example 5.11, induced by the map:

d:C>®(M,g)¢ — X(M)“ (5.15)

defined by (2.1). By Lemma 5.23, we know that the domain and target of 0
are topological abelian groups. Thus, to verify that the category X(M)% is a
topological abelian 2-group, by the observations in Example 5.11, it suffices
to verify that the map (5.15) is a continuous group homomorphism.

To verify this, we prove that the following diagram commutes:

(M, g)¢ i xX(M)C

(5.16)

C>®(M,g) x C>® (M, M) - C*> (M, TM)
where the top map is the boundary map, the left-hand map is the inclusion
defined by 1 — (1,idyy), the right-hand map is the obvious inclusion, and
the bottom map is the pushforward of the map:

a:gxM—TM, (&,m) — di exp(7€) - m, (5.17)
7 lo

where we have also used part (3) of Lemma 5.3 to write the domain as a
product.

Note that the map a is smooth since it is obtained by differentiating the
action G x M — M, with respect to the G-variables only, at the identity
of G. Hence, the pushforward a, is continuous by part (1) of Lemma 5.3.
On the other hand, the inclusion on the left-hand side of diagram (5.16) is
continuous since it is the product of the inclusion C*(M, g)¢ < C*(M, g)

and the constant map:
C™®(M,g)" — C=(M, M), > idy.

The continuity of the map 0 now follows by the universal property of the
subspace topology, the commutativity of diagram (5.16), and the fact that
the composition along the left and bottom of this diagram is continuous.

Thus, the category X(M)% is a topological abelian 2-group as claimed. [
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Therefore, we obtain:

Theorem 5.25. Let M be a proper G-manifold, let X(M)® be the category
of euqivariant vector fields on M, and let & be an open and dense subset of

the space of equivariant vector fields X(M)¢. Then the collection:

(M, 9)° - U C X(M)°
of all equivariant vector fields isomorphic to vector fields in U is also open
and dense in X(M)%.

Proof. Since the category X(M)® is a topological abelian 2-group by Theo-
rem 5.24, the result follows immediately by Lemma 5.19. O]

We now turn our attention to the equivalence of Theorem 2.29. For this,
let V' be a representation of a compact Lie subgroup K of a Lie group G,
and consider the associated bundle G x® V. In particular, we want to prove

the following theorem:

Theorem 5.26. Let V' be a representation of a compact Lie subgroup K of
a Lie group GG. Then the equivalence of Theorem 2.29:

X(G xE V)¢ ~ XK

between the categories of equivariant vector fields on the associated bundle
G x¥V and the K-representation V is an equivalence of topological abelian

2-groups with respect to the Whitney C* topology.

Recall that the equivalence X(G x& V)¢ ~ X(V)¥ is given by a functor:
E:X(V)X = X(G xFV)°,

defined by equivariant extension on both objects and morphisms (Theorem

2.31), a projection functor:
P:X(G xKV)Y 5 X(WE,

corresponding to a choice of equivariant connection on the vector bundle
G xK'V — G/K (Theorem 2.33), and a natural isomorphism h : EP 2
Ix@xxvye (Theorem 2.38). Recall that the composition Po E is the identity
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by Theorem 2.35. Therefore, to prove that the equivalence X(G x¥ V)¢ ~
X(V)E is an equivalence of topological abelian 2-groups it suffices to prove
that the functors E and P are continuous 2-group homomorphisms (Def-
inition 5.13) and that the natural isomorphism h is a continuous 2-group
natural isomorphism (Definition 5.14). That all the maps involved are ho-
momorphisms follows immediately from the definitions, thus it suffices to
check that the maps are continuous. This is what we do now in Proposition
5.27, Proposition 5.28, and Proposition 5.29.

Proposition 5.27. Let V' be a representation of a compact Lie subgroup
K of a Lie group G. The canonical functor E : X(V)X — X(G <K V)¢ of
Theorem 2.31 is continuous with respect to the Whitney C* topology.

Proof. Let j : V — G x¥ V be the K-equivariant embedding defined by
j(v) :=[1,v]. First, we check that the map on objects:

Ey: (V)% = (G x® V)¢

is continuous. For this, note that the map FEj factors as in the following

diagram:
C=(V, T (G xX V))&
C=(V, TV)X C> (G xX V,T (G xX V))©
x(V)K — X(G xK V)@

Here the vertical maps are subspace inclusions, the map (77j), is the push-
forward by the tangent map of the slice embedding j : V < G x% V, and
the map € is the corresponding equivariant extension (Remark 5.9). The
continuity of the map Ej follow from the fact that the maps (7'j),and € are
continuous (see part (1) of Lemma 5.3 and Corollary 5.8), and the inclusions
are subspace inclusions.

Since the categories of equivariant vector fields are action groupoids, to

prove E is continuous on morphisms, it suffices to check that the map on
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infinitesimal gauge transformations:
By : C(V,0)K = C™(G xX Vv, g)%,

is continuous (see Theorem 2.31). For this, note that F; factors as in the

following diagram:

C>(V,g)"

(V. e)f Co(G <"V, g)¢

Eq

where ¢, is the pushforward of the inclusion ¢ : £ < g, and the map ¢ is the
equivariant extension map (Remark 5.9). The maps ¢, are € are continuous
(see part (1) of Lemma 5.3 and Corollary 5.8). Hence, the map FE; is con-
tinuous. Since the functor E is continuous on both morphisms and objects,

the functor E is continuous with respect to the Whitney topologies. O]

We now verify that any choice of functor P as in Theorem 2.33 is contin-

uous:

Proposition 5.28. Let V' be a representation of a compact Lie subgroup K
of a Lie group G. Any choice of functor P : X(G x¥ V)¢ — X(V)X as in
Theorem 2.33 is continuous with respect to the Whitney C* topology.

Proof. First, we check that the map on objects:
Py X(G xBV)E = x(V)K
is continuous. For this, note that the map F, factors as in the following

diagram:
FVER x G xEV))

o T ~to (—) o}
/ ] : (5.18)

X(G xK V)&

Py

where the map &, is the pushforward of the connection:

O:T(Gx"V) =V (GxFV)
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on the associated bundle R x G x®¥ V — G/K corresponding to P (see
Theorem 2.33), the space V(G xX V) is the vertical bundle of Gx*V — G/K
corresponding to the connection ®, and the map (Tj)[~' o (=) o j consists
of pullback by the slice embedding j : V < G x¥ V and pushforward
by the inverse of the restriction of the tangent map 77 to a bundle map
TV — V(G xK V)|V (here V(G x¥ V)|V denotes the restriction of the
vertical bundle of G x¥ V — G/K to the slice V).

The pushforward ®, is continuous by part (1) of Lemma 5.3, the pushfor-
ward ((T'7)|7'), is continuous by part (1) of Lemma 5.3, and the pullback j*
is continuous by Lemma 5.6 since the map j is a closed embedding (hence
proper). Consequently, the map P, is a continuous map.

Since the categories of equivariant vector fields are action groupoids, to
prove P is continuous on morphisms, it suffices to check that the map on

infinitesimal gauge transformations:
P C®(G x*V,g)f — Cc=(V,5)F

is continuous (see Theorem 2.33 for the definition of P;). For this, note that

P, factors as in the following diagram:

C=(G x V,g)k
C> (G xXV,g) C>=(V,g)% (5.19)

1 e

C> (G xX V,g)” C>=(V, £)K

Py

where the map [ is the inclusion, the map 7* is the pullback via the principal
bundle projection 7 : G x V — G x¥ V, the map j* is the pullback via the
slice embedding j : V <« G x® V, and the map P, is the pushforward of
the projection P : g — €. The map P; is continuous since each of the other
maps in diagram (5.19) is such. In particular, the pullback 7* is continuous
by Lemma 5.7, the pullback j* is continuous by Lemma 5.6 since the map j
is a closed embedding (hence proper), and the pushforward P, is continuous
by part (1) of Lemma 5.3. Since the functor P is continuous on both mor-
phisms and objects, the functor P is continuous with respect to the Whitney

topology. O]
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Next, we deal with the natural isomorphism:

Proposition 5.29. Let V' be a representation of a compact Lie subgroup K
of a Lie group G. Let E : X(V)X — X(G x¥ V)% be the canonical functor
in Theorem 2.31, let P : X(G x% V)¢ — X(V)¥ be any choice of functor as
in Theorem 2.33, and let h : EP = lxgxxy)e be the corresponding natural

isomorphism of Theorem 2.38. Then the corresponding map:
h:X(GxEV)¢ = (G <KV, g)¢ (5.20)

1s continuous.

Proof. Recall from the proof of Theorem 2.38 that the map h factors as in

the following diagram:

) C=(V.q)"
2N
T'(H)¢ C>=(V, )

X(G xK V)G —Ls 0@ xK V, g)¢

where g = £®q is the K-equivariant splitting corresponding to P, the bundle
H — G x% V is the horizontal bundle of G x¥ V — G/K corresponding
to the connection on G xX V — G/K determined by g = £ @ q, and the
maps «, 3, L., and € are defined in the proof of Theorem 2.38. The map «
is continuous since the addition in the group X(G x® V)¢ is continuous and
the maps Ey and P, are continuous. The map ¢, is continuous by part (1) of
Lemma 5.3. The map € is continuous by Corollary 5.8 Hence, it remains to
show that the map [ is continuous, and we will have shown that the map A
is continuous.

Recall that the map f is the inverse of the map in the statement of Lemma
2.36. Thus, it suffices to check that the map 57! is a homeomorphism. Recall
from the proof of Lemma 2.36 that the map 37! factors as in diagram (2.30),
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which we reproduce here for convenience:

-1

C>=(V,q)% T(H)C
1v>< (—) €
LV x q)f — L(H| V)X

Recall that the trivial bundle V' x ¢ PV V' with the action of the group K

on the total space given by:
k- (v,&) = (k-v,Ad(k)E), ke K, (v,§) eV xq,
and the action on the base given by:
k-v:==Fk-v, ke K,veV.

Thus, the map 1y x (—) is a homeomorphism since its inverse is given by the
pushforward of the bundle projection pry, : V' x ¢ — V, which is continuous
by part (1) of Lemma 5.3. Recall that the map 7 is a diffeomorphism. Hence,
the pushforward 7, of this map is a homeomorphism by part (1) of Lemma
5.3. Recall that the map € is the restriction of the corresponding equivariant
extension map as in Remark 5.9. Hence, it is continuous by Corollary 5.8.
The inverse of the map € is the pullback by the slice embedding j : V —
G x5V of the associated bundle Gx 5V — G /K. This pullback is continuous
by Lemma 5.6. Hence, the map € is also a homeomorphism. Since the top

vertical maps are topological identifications, the map A is continuous. O

We can now prove the second of the two main theorems of this chapter,
that the equivalence X(G x¥ V)¢ ~ X(V)X of Theorem 2.29 preserves open

and dense subsets of equivariant vector fields up to isomorphism:

Theorem 5.30. Let V' be a representation of a compact Lie subgroup K of

a Lie group G. Furthermore, let:
Ey: X(V)E — x(G xX V)¢

be the canonical inclusion by equivariant extension (Theorem 2.31). Then if
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U is an open and dense subset of X(V)¥, the set:
C=(G,9)¢ - Eo(U) C X(G xXV)©

of all equivariant vector fields on G x® V isomorphic to a vector field in
Eo(U) is open and dense in X(G x& V)9 Similarly, let:

Py : X(G xEV)E = (K

be a choice of projection of equivariant vector fields with respect to some
equivariant connection on G' x¥ V' — G/K (Theorem 2.33). Then if I/ is an
open and dense subset of X(G x% V)% the set:

Cx(V, 0K - PyU) C x(V)X

of all equivariant vector fields on V' isomorphic to a vector field in Py(U) is
open and dense in X(V)¥.

Proof. Since the functors P : X(G x5 V)X ~ X(V)K : E are part of an equiv-
alence of topological abelian 2-groups by Theorem 5.26, the result follows by
Theorem 5.20. O
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