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ABSTRACT

Recent interest in human-scale missions to Mars has
motivated the need for high-�delity simulations of reen-
try �ows. During a dust storm, there can be high levels
of suspended dust in the Martian atmosphere, which can
not only enhance erosion of thermal protection systems
but also transfer energy and momentum to the shock
layer, thereby signi�cantly augmenting the surface heat
�ux. Second-order �nite-volume schemes are typically
employed for hypersonic �ow simulations, but such
schemes suffer from a number of disadvantages. An
attractive alternative is discontinuous Galerkin methods,
which bene�t from arbitrarily high spatial order of ac-
curacy, geometric �exibility, and other properties. To
enable accurate computations of high-speed particle-
laden �ows, an Euler-Lagrange methodology was de-
veloped in which the Eulerian �eld of the carrier gas is
calculated using a discontinuous Galerkin scheme while
the disperse phase is treated with Lagrangian particle
tracking. We discuss challenges associated with cou-
pling these two formulations and how to handle them.
Momentum and energy transfer between the carrier gas
and the particle phase is considered, and the importance
of accounting for interparticle collisions is assessed. In
addition, we describe the physical model of the particle
phase and examine effects of its uncertainties on the
numerical solution. We demonstrate the performance
of the Euler-Lagrange method in representative test
cases, with focus on the accurate prediction of parti-
cle trajectories and heating augmentation. Quantitative
comparisons with experiments are provided.

Index Terms� Discontinuous Galerkin method,
Lagrangian particle tracking, Particle-laden �ow, Hy-
personic �ow, Dusty �ow

1. INTRODUCTION

During Martian reentry, a major concern is often the
adverse effects of dust particles suspended in the atmo-
sphere on thermal protection systems. An overview of
the interactions among the particles, the �ow, and the
vehicle is provided in Reference [1]. In particular, parti-
cles can collide with the heat shield, enhancing erosion
[2] and augmenting surface heat �uxes via conversion of
kinetic energy to heat. Furthermore, the strong nonequi-
librium between the disperse and carrier phases in the
shock layer causes signi�cant momentum and energy
transfer between the two phases (two-way-coupling).
Particles can also accumulate near the surface and sub-
sequently screen the surface from incoming particles,
attenuating the heat �ux augmentation [3]. The overall
effect of the dust particles on the �ow depends on the
�ow conditions, particle size, and particle mass loading.

In this paper, we present numerical simulations of
high-speed dusty �ows over blunt bodies with applica-
tion to Mars atmospheric entry. In these simulations,
the carrier gas is computed using the discontinuous
Galerkin (DG) scheme, which is a �nite-element-based
method that borrows features from classical �nite-
volume schemes. In addition to high-order accuracy,
DG methods can also account for surface curvature. It
has also been shown that for certain hypersonic �ows,
DG predictions of stagnation heating are much less
sensitive to grid-shock alignment and inviscid �ux func-
tion than �nite-volume predictions [4]. The disperse
phase is calculated using a Lagrangian particle method
that we developed under the DG framework [5]. The
particle method includes two-way-coupling capabilities
and is compatible with curved, high-aspect-ratio ele-
ments (often employed in DG simulations), speci�cally



in the context of particle-wall collisions. The use of
curved elements can signi�cantly improve prediction of
particle trajectories. More recently, we have also devel-
oped an algorithm for handling interparticle collisions
(four-way-coupling). This Euler-Lagrange framework
is employed to compute representative test cases. Quan-
titative comparisons with experiments are provided, and
the importance of accounting for interparticle collisions
is assessed.

2. MATHEMATICAL FORMULATION

2.1. Governing equations of the carrier phase

The carrier gas is governed by the compressible Navier-
Stokes equations, written in vector form as

@t U + r � Fi = r � Fv + S; (1)

whereU(x ; t) is the conservative state vector,Fi(U) is
the inviscid �ux vector,Fv(U; r U) is the viscous �ux
vector, andS(U; r U) is the source term vector that ac-
counts for the effect of the disperse phase on the car-
rier phase. The state vector can be expanded asU =
[�; � u ; �E ]T , where� is the density,u is the velocity
vector, andE is the total energy per unit mass. To com-
pute the dynamic viscosity,� , we employ Sutherland’s
law. By the ideal gas law, the pressure,P , is related to
internal energy as
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2.2. Discontinuous Galerkin discretization

The problem is posed on the computational domain

with boundary@
 , with true solutionU. 
 is parti-
tioned intoNe non-overlapping discrete elements such
that 
 = [ Ne
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 e. The boundary of element
 e is de-
noted by@
 e. The local solution,Ue, is approximated
as
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where eU
e
(t) are theNb basis coef�cients and� n is the

nth basis function. In this work, we use a Lagrange
polynomial basis.

The global solution approximation can then be writ-
ten as
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In this study, we employ the Roe inviscid �ux func-
tion [6] and the BR2 viscous �ux function [7]. To evalu-
ate integrals, we use standard Gaussian quadrature with
an order of accuracy no less than2p + 1 , wherep is the
user-prescribed order of the Lagrange polynomials.

2.3. Physical model of the disperse phase

The behavior of the disperse phase in the �ow �eld is
described via Lagrangian particle tracking. As is often
done in particle-laden �ow modeling, individual par-
ticles are treated as smooth, solid spheres. Particles
are also assumed to be non-rotating, inert, and constant
in size. It is assumed that the particle temperature is
uniform over the entire particle. The particle state is
computed using the following set of ordinary differen-
tial equations:

dx d

dt
= u d; (7a)

md
du d

dt
= F = Fqs + F thermo ; (7b)

mdcd
dTd

dt
= Q = Qqs; (7c)

where the carrier and disperse phases are represented
using the subscripts �c� and �d�, respectively.x d is
the particle position,u d is the particle velocity,md =
� d

�
6 D 3 is the particle mass (with� d the particle density

andD the particle diameter),cd is the speci�c heat of the
particle, andTd is the particle temperature. The overall
drag force,F , is comprised of the quasi-steady drag and
thermophoretic force, denotedFqs andF thermo, respec-
tively. The overall heating rate,Q, consists of quasi-
steady heating,Qqs. The quasi-steady contributions are
given as

Fqs =
1
8

�D 2� c(u c � u d)ju c � u djCD ; (8a)

Qqs = �D� c(Tc � Td)Nu; (8b)



whereCD is the drag coef�cient, Nu is the Nusselt num-
ber, and� c is the thermal conductivity of the carrier gas.
To computeCD , we employ the Henderson drag corre-
lation [8], and the Nusselt number correlation by Fox et
al. is used to calculate Nu [9]. The Loth model is used to
computeF thermo[10]. In previous work, we investigated
the importance of several other momentum and energy
contributions and found that most of them are insigni�-
cant [11]. We also evaluated the in�uence of different
drag and Nusselt number correlations and determined
high sensitivity to the drag correlation. Our choice of
drag and Nusselt number correlations is motivated by
agreement with experiments as discussed in [5, 11].

2.4. Particle tracking methodology

The particle method is described in detail in Ref. [5]. It
is brie�y summarized here.

The source term vectorS = [0 ; Sm ; Se]T on the
RHS of Eq. (1) translates the effect of the disperse phase
to the Eulerian �ow �eld. We assume that there is no
mass transfer. The momentum and energy contributions
are given as

Sm = �
NpX

i =1

F i � (x � x d;i ); (9a)

Se = �
NpX

i =1

�
Qi + u d;i � F i

�
� (x � x d;i ); (9b)

where� (x � x d;i ) is the Dirac delta function. With this
choice of shape function, the source term in Eq. (5) can
be evaluated for
 e analytically as

Z


 e

� m Sd
 e =
N e

pX

i =1

� m (x d;i )[0; F i ; Qi + u d;i � F i ]T ;

(10)
whereN e

p is the number of particles located in element

 e. This leads to a straightforward two-way-coupling
methodology with subcell-varying source-term contri-
butions.

To obtainF andQ in Eqs. (7), the state of the carrier
phase must be interpolated to particle positions. This is
natural under a discontinuous Galerkin framework since
the carrier phase solution is already approximated using
polynomials. As such, we use the same polynomials to
obtain accurate interpolations anywhere in the compu-
tational domain. Doing so requires not only identifying

the host element of each particle but also mapping the
physical position of the particle to the reference position
associated with the parent element. This can be dif�cult
with unstructured grids with curved elements, which are
often employed in DG simulations. A simpli�ed vari-
ant of the algorithm by Allievi and Bermejo [12] is thus
employed. This search-locate algorithm exploits infor-
mation provided by the geometric mapping in order to
ef�ciently identify the host cell of a given particle.

Another major challenge associated with curved,
high-aspect-ratio elements is the treatment of particle-
wall collisions. For conventional straight-sided ele-
ments, it is straightforward to determine intersections
between the particle trajectory and wall boundary faces.
However, in general for curved faces, this must be done
iteratively. Thus, we employ a Newton search based on
the geometric mapping from physical space to reference
space. There also exist pathological cases not observed
on straight-sided elements. Further details are provided
in Ref. [5]. Despite the complexities of handling curved
elements, such elements can also signi�cantly improve
prediction of particle trajectories in con�gurations with
wall collisions.

A new feature of the particle method not discussed
in Ref. [5] is treatment of particle-particle collisions.
Given the computational overhead of dealing with in-
terparticle collisions, most particle methods employ an
algorithm to reduce the number of particle pairs to in-
spect for potential collisions. A frequently employed
scheme is to compare a given particle with the parti-
cles in all vertex-sharing elements [13]. We propose
an algorithm that can further decrease the number of
particle pair inspections by leveraging information on
particle locations provided by the geometric mapping
from physical space to reference space. The algorithm
has been veri�ed by comparing with collision statistics
given by kinetic theory.

3. RESULTS

3.1. Hypersonic dusty �ow over a small sphere

In this test case, we investigate the experiments con-
ducted by Vasilevskii et al. [14, 15] in the U1-1M
shock tunnel at the Central Aerohydrodynamics Insti-
tute (CAHI). They considered dusty �ows over alu-
minum spheres with a freestream Mach number of 6.1
using different dust materials, sizes, and concentrations.



Since Vasilevskii et al. report only the ratio between
the dusty-gas heat �ux and the pure-gas heat �ux at the
stagnation point, we focus here on the accurate predic-
tion of dust-induced surface heat �ux augmentation near
the stagnation point.

In Ref. [5], we obtained good agreement with the
experiments for a number of �ow conditions. It was
found that under the investigated conditions, collisional
energy transfer at the surface was not signi�cant. In-
stead, the dust-induced surface heat �ux augmentation
can be attributed to an increase in the shock layer tem-
perature due to momentum and energy transfer with the
�ow �eld. Interparticle collisions were not taken into
account. Here, we target two additional sets of �ow con-
ditions, described in Table 1, in which collisional energy
transfer is more signi�cant. We also evaluate the impor-
tance of accounting for particle-particle collisions under
the conditions considered.

Table 1. Flow conditions for hypersonic dusty �ow over
a sphere.Pt;1 is the freestream total pressure,Rs is the
radius of the aluminum sphere,� is the mass loading
ratio, and(�) denotes the averaging procedure described
by Vasilevskii et al. [15]. For both cases, the freestream
Mach number and total temperature are 6.1 and 570 K,
respectively.

Case Pt;1 (bar) Rs (m) Dust
material D (� m) � (%)

1 7.8 0.012 SiO2 0:19 1.8
2 17.5 0.006 Fe2O3 0:37 1.0

A hexahedral mesh with 60,000 elements is used
to represent only the forebody of the sphere. We use
curved (of quadratic order), high-aspect-ratio elements
near the sphere surface to accurately capture the sharp
temperature and density gradients as well as the curva-
ture of the sphere. Freestream conditions are speci�ed
at the in�ow boundary, interior quantities are extrapo-
lated to the out�ow boundary, and the sphere wall is an
isothermal no-slip wall atT = 300 K. We usep =
2 polynomials to compute the DG solutions, yielding
nominal third-order accuracy for smooth �ows. There
are no appreciable changes withp = 3 polynomials. We
employ implicit third-order backward differencing and
the third-order Adams-Bashforth method to integrate the
carrier and disperse phases, respectively, in time. Par-

ticles are injected at each time step along the in�ow
boundary assuming equilibrium with the gas, i.e. the
same velocity and temperature. The coef�cients of resti-
tution at the wall are computed using the correlations by
Stasenko [16], based on surface material properties and
particle incident velocity. All simulations are run until
quasi-steady-state conditions are reached.

(a) Case 1 (SiO2 particles,Pt; 1 = 7.8 bar,Rs = 0 :012 m,
� = 0 :018).

(b) Case 2 (Fe2O3 particles,Pt; 1 = 17.5 bar,Rs = 0 :006 m,
� = 0 :01).

Fig. 1. Pure-gas and dusty-gas surface heat �ux pro�les
for the two cases listed in Table 1. The black dashed
lines represent the stagnation-point heat �ux obtained
by scaling the experimental stagnation-point heat �ux
ratio [14, 15] by data from the pure-gas DG solutions.�
is the polar angle with respect to an axis pointing from
the center of the sphere to the stagnation point. Results
for computations with and without particle-particle col-
lisions are included.



Figure 1 displays the pure-gas and dusty-gas heat
�ux pro�les (averaged azimuthally and temporally) for
the two sets of �ow conditions described in Table 1. The
black dashed lines represent the stagnation-point heat
�ux obtained by scaling the experimental stagnation-
point heat �ux ratio [14, 15] by data from the pure-gas
DG solutions. In both cases, although there is slight
overprediction of the stagnation-point heat �ux, good
overall agreement is observed. In Case 2 (Figure 1(b)),
the stagnation-point heat �ux increases by over 40%,
which is much greater than in Case 1 (Figure 1(a)).
Despite a lower mass loading, the bigger particles in
Case 2 retain more of their initial speed while travers-
ing the shock layer and transfer more kinetic energy to
the sphere upon collision. Conversely, in Case 1, the
smaller particles lose more of their momentum to the
carrier gas and hit the sphere at lower speeds. In both
cases, the effect of particle-particle collisions is small.
Different �ow conditions, such as higher particle con-
centrations and speeds, would likely increase the effect
of accounting for interparticle collisions. This will be
further discussed in Section 3.2.

3.2. High-speed dusty �ow over a reentry capsule at
Mars atmospheric conditions

In this section, we investigate a more realistic �ow con-
�guration of supersonic/hypersonic dusty �ow over a
reentry capsule forebody. We target three trajectory
points from the ExoMars Schiaparelli entry mission
[17], detailed in Table 2. The freestream Mach numbers
range from 3.55 to 8.97. For simplicity, the angle of at-
tack is set to zero. The capsule diameter is 3.91 m. CO2

is used as the working gas. Of primary interest is the ef-
fect of interparticle collisions on heat �ux augmentation
at the conditions considered.

Table 2. Freestream gas conditions for high-speed dusty
�ow over a reentry capsule, taken from the trajectory of
the ExoMars Schiaparelli vehicle [17].

Trajectory
point

Mach
� � 103

(kg/m3)
P (Pa) T (K)

S3 8.97 1.98 74.1 195
S5 5.43 2.96 114 202
S7 3.55 4.08 164 210

h!
(a) S3 (Ma = 8.97)

(b) S5 (Ma = 5.43) (c) S7 (Ma = 3.55)

Fig. 2. Pure-gas temperature �elds for super-
sonic/hypersonic �ows over a reentry capsule with �ow
conditions de�ned in Table 2.

As is commonly done in simulations involving Mars
atmospheric dust, SiO2 is chosen to represent the dust
material [18]. For particle size, we employ the modi�ed
gamma distribution by Tomasko et al. [19], which gives
a geometric cross-section-weighted mean particle radius
of 1.6 � m. The dust mass loading ratio is set to 2.4%,
which, for the S5 trajectory point, corresponds to the
bulk density of7 � 10� 5 kg/m3 reported by Metzger et
al. [20] for a dust storm.

The setup of the carrier gas solution is similar to that
in Section 3.1. We use a hexahedral mesh with 55,000
elements andp = 2 polynomials, with nominal third-
order accuracy in smooth regions. Particles are injected








