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concentrations, as well as branch flow rates.  Such schemes are known as Network Flow 
Analysis methods, and they use largely empirical information to model fluid friction and 
heat transfer. The oldest method for systematically solving a problem consisting of steady 
flow in a pipe network is the Hardy Cross method [1]. The original method was developed 
for hand calculations, but it has also been widely employed for use in computer-generated 
solutions. But as computers allowed much larger networks to be analyzed, it became 
apparent that the convergence of the Hardy Cross method was very slow or even failed to 
provide a solution in some cases. The other limitation of this method is its inability to 
extend to unsteady, compressible flow and heat transfer.  
 

 
Figure 1. Extension of Control Volume Analysis to Finite Volume Analysis in Fluid 

Network 
 

Finite volume procedures are an extension of the control volume analysis performed in 
classical thermodynamics for mass and energy conservation (Figure 1). Therefore, a finite 
volume procedure is a logical choice for solving network flow which is a collection of 
inter-connected control volumes.  Finite volume procedure was first developed by 
Professor Spalding and his students at Imperial College [2] to solve the Navier-Stokes 
equations in two dimensions.  The Navier-Stokes equations were expressed in terms of 
stream function and vorticity using an upwind scheme [3] to ensure numerical stability for 
high Reynolds number flows. The governing equations are derived using the principle of 
conservation of variables. The system of equations was solved by a successive substitution 
method. This method was successfully applied to solve many recirculating flows which 
were never solved before.  The Navier-Stokes equation in three dimensions was solved in 
its primitive form by Patankar and Spalding [4]. They used a staggered grid where 
pressures were located at the center of the control volume whereas velocities were located 
at the boundaries of the control volume.  This finite volume procedure was known as the 
SIMPLE (Semi-Implicit Pressure Linked Equation) algorithm. It uses the mass 
conservation equation to develop pressure corrections using a simplified momentum 
equation. The pressures and velocities are corrected iteratively until the solution is 
converged.  Turbulence was modeled by defining an effective viscosity which is a function 
of turbulence properties such as turbulence energy and its dissipation rate and known as 
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volume can have a maximum of six neighboring control volumes: east, west, north, 
south, high and low.  The data structure for a three dimensional co-ordinate system can 
be adapted for deriving the conservation equations for mass, momentum and energy.  On 
the other hand, a fluid network cannot be fully represented in a three dimensional 
Cartesian co-ordinate system which has a limitation on the maximum number of 
neighbors.  A fluid network is n-dimensional where n can assume any number. Therefore, 
its data structure is unique. In the following section the network definition and data 
structure of a flow network will be described. This will be followed by the description of 
governing equations which will include the conservation equations of mass, momentum, 
energy, and mixture species, as well as auxiliary equations such as the thermodynamic 
equation of state and empirical equations for friction and heat transfer. 
 

2.1 Network Definitions 
 
A flow network is first discretized into nodes and branches prior to the development of 
the governing equations. The defining parameters of a network are explained with the 
help of the example of a counter-flow heat exchanger shown in Figure 2.  In this example 
hot fluid in the central tube is cooled by cold fluid in the annulus.  The two fluid streams 
are exchanging energy by heat conduction and convection. This physical system is 
represented by a network of fluid and solid nodes.  The fluid paths in the central tube and 
annulus are represented by a set of internal and boundary fluid nodes connected by fluid 
branches. The branch represents a fluid component such as a pipe, orifice, valve or pump. 
In this particular case the pipe and annulus are chosen as branch options.  The mass and 
energy conservation equations are solved at the internal fluid nodes and the momentum 
equations are solved at the branches. It may be noted that this concept is similar to the 
staggered grid concept of the SIMPLE algorithm [4]. The walls, through which heat is 
transferred from hot fluid to cold fluid, are discretized both axially and radially. Solid to 
fluid conductors connect solid and fluid nodes and calculate the convective heat transfer 
rate, and solid to solid conductors connect solid nodes and calculate conduction heat 
transfer. The energy conservation of a solid is solved at the solid nodes accounting for 
heat transfer with neighboring solid and fluid nodes. 
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Figure 3. Data Structure for Network Flow Analysis 

 
Each node is designated by an arbitrary number and assigned a pointer to the array where 
node numbers are stored. The pointers are necessary to access the thermodynamic and 
thermo-physical properties of the node. The relational properties of the node include the 
number of branches connected to it and the names of those branches.  Figure 4 shows an 
example of these two relational properties of a node in a given network. 
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Figure 4. Example of Relational Property of a Node 

 
Like the nodes, each branch is also designated by an arbitrary number and assigned a 
pointer to the array where branch numbers are stored. The relational properties of the 
branch include a) the names of the upstream and downstream nodes, b) the number of 
upstream and downstream branches, and c) the names of the upstream and downstream 
branches. Figure 5 shows an example of relational properties of a branch in a given 
network. 
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Figure 5. Example of Relational Property of a Branch 

 
 

2.3 Governing Equations 
 
The flow is assumed to be Newtonian, non-reacting and compressible. It can be steady or 
unsteady, laminar or turbulent, with or without heat transfer, phase change, mixing or 
rotation.  Figure 6 displays a schematic showing adjacent nodes, their connecting branches, 
and the indexing system.  In order to solve for the unknown variables, mass, energy and 
fluid species, conservation equations are written for each internal node and flow rate 
equations are written for each branch. 
 

2.3.1 Mass Conservation Equation 
 
The following is the mass conservation equation: 
 

  (1) 

 
Equation 1 requires that for the unsteady formulation, the net mass flow from a given 
node must equate to the rate of change of mass in the control volume.  In the steady state 
formulation, the left side of the equation is zero.  This implies that the total mass flow 
rate into a node is equal to the total mass flow rate out of the node. 
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Figure 6. Schematic of Nodes, Branches and Indexing Practice 
 

2.3.2 Momentum Conservation Equation 
 
The flow rate in a branch is calculated from the momentum conservation equation 
(Equation 2) which represents the balance of fluid forces acting on a given branch.  A 
typical branch configuration is shown in Figure 6.   Inertia, pressure, gravity, friction and 
centrifugal forces are considered in the conservation equation.  In addition to these five 
forces, a source term S has been provided in the equation to input pump characteristics or 
to input power to a pump in a given branch.  If a pump is located in a given branch, all 
other forces except pressure are zero.  The source term, S, is zero in all branches without a 
pump or other external momentum source.  
 

 

 
-- -Unsteady ---          ----------- Longitudinal Inertia  ------------- 
 

/norm norm ij cA u u g S      (2) 

--Pressure  --   Gravity --      Friction  -- Centrifugal -- Moving Boundary -- Source  
 

 
Unsteady 
This term represents the rate of change of momentum with time.  For steady state flow, the 
time step is set to an arbitrary large value and this term reduces to zero. 
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the un-choked flow rate in the branch is calculated from: 
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Figure 7 - Schematic of a Branch Showing Gravity and Rotation 
 

2.3.3 Energy Conservation Equations for fluid and solid 
 

Energy Conservation Equation of Fluid 
 

The main purpose of the energy conservation equation in fluid flow calculations is to 
obtain fluid properties which are primarily functions of pressure and temperature. 
While pressures are calculated from the mass conservation equation, to obtain 
temperatures and other properties, the energy equation must be solved.  The energy 
conservation equation can be expressed in terms of enthalpy or entropy. Once 
pressure and enthalpy or pressure and entropy are known, all thermodynamic and 
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thermo-physical properties can be evaluated by using the available computer 
programs [12-14] that calculate properties of common fluids. 
 
The energy conservation equation in terms of enthalpy for node i, shown in Figure 6, 
can be expressed as: 

 (4) 

Equation 4 shows that for transient flow, the rate of increase of internal energy in the 
control volume is equal to the rate of energy transport into the control volume minus the 
rate of energy transport from the control volume plus the rate of work done on the fluid by 
the pressure force plus the rate of work done on the fluid by the viscous force plus the rate 
of heat transfer into the control volume.  The term represents work input to 
the fluid due to rotation or having a pump in the upstream branch of the node i. The term 

2

ijij ij ijK m A represents viscous work in the upstream branch of the node i where ij  and ijA  
are velocity and area of the upstream branch. 
 
The energy conservation equation based on entropy is shown in Equation 5. 

  

      (5) 
 

The entropy generation rate due to fluid friction in a branch is expressed as  
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The first term in the right hand side of the equation represents the convective transport of 
entropy from neighboring nodes.  The second term represents the rate of entropy generation 
in branches connected to the ith node.  The third term represents entropy change due to heat 
transfer. 
 
 



13 
 

Energy Conservation Equation of Solid   
 
Typically a solid node can be connected with other solid nodes, fluid nodes, and ambient 
nodes.  Figure 8 shows a typical arrangement where a solid node is connected with other 
solid nodes, fluid nodes, and ambient nodes.  The energy conservation equation for a 
solid node i can be expressed as: 

      (6) 

The left hand side of the equation represents the rate of change of temperature of the solid 
node, i.  The right hand side of the equation represents the heat transfer from the 
neighboring node and heat source or sink.  The heat transfer from neighboring solid, fluid 
and ambient nodes can be expressed as 

        (6a) 
       

                   (6b) 

         (6c) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8.  A schematic showing the connection of a solid node with neighboring 
solid, fluid and ambient nodes 

 
The effective heat transfer coefficients for solid to fluid and solid to ambient nodes are 
expressed as the sum of the convection and radiation: 
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2.3.4 Equation of State and Thermodynamic Properties 
 

 
Figure 9. Thermodynamic state of a real fluid 

 
The conservation equations for mass, momentum and energy contain thermodynamic and 
thermo-physical properties of a real fluid. A real fluid can exist in different states as 
shown in Figure 9: subcooled liquid (A), saturated liquid (B), a mixture of liquid and 
vapor (x), saturated vapor (C), and superheated vapor (D). The state of the real fluid in a 
given node is calculated from its pressure and enthalpy using a thermodynamic property 
program such as GASP [12] or GASPAK [14].  All these programs use accurate 
equations of state for thermodynamic properties and correlations for thermo-physical 
properties for common fluids. 
 
One of the main objectives of using an accurate equation of state is to compute the 
compressibility factor z, which is used in the equation of state to compute the resident 
mass of the node: 
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tank was filled either with LH2 or LN2. At time zero, the valve at the left end of the pipe 
was opened, allowing liquid from the tank to flow into the ambient pipeline driven by 
tank pressure. 
 

 
 

Fig. 16  Network flow model of the fluid system consisting of a tank, pipeline, and 
valve constructed with boundary nodes, internal nodes, and branches. 

 
 
Figure 16 shows a schematic of the network flow model that was constructed to simulate 
the cooling of the transfer line. The tube was discretized into 33 fluid nodes (two 
boundary nodes and 31 internal nodes), 31 solid nodes, and 32 branch nodes. The 
upstream boundary node represents the cryogenic tank, while the downstream boundary 
node represents the ambient where the fluid is discharged. The first branch represents the 
valve; the next 30 branches represent the transfer line. Each internal node was connected 
to a solid node (nodes 34 through 64) by a solid to fluid conductor. The heat transfer in 
the wall is modeled using the lumped parameter method, assuming the wall radial 
temperature gradient is small. The heat transfer coefficient of the energy equation for the 
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solid node was computed from the Miropolsky correlation [29]. The experimental work 
reported in [30] did not provide details concerning the flow characteristics for the valve 
used, nor did they give a history of the valve opening times that they used. An arbitrary 
0.05-s transient opening of the valve was used while assuming a linear change in flow 
area.  The measured and predicted chilldown time for LH2 and LN2 chilldown at various 
pressures at saturated and subcooled conditions are shown in Table 2. It may be noted 
that at higher pressure it takes less time to chill down. This is primarily due to increased 
flowrates at higher inlet pressures. In this experimental program [30], however, flowrates 
were not measured.  The effect of subcooling is not significant for LH2 , but significant 
for LN2.  Generally numerical models predicted slightly higher chilldown time than 
measurements.  This discrepancy can be attributed to the inaccuracy of the heat transfer 
coefficient correlation. 
 
Darr et al [31] developed correlations for the entire boiling curve based on a large 
number of chilldown experiments of a short stainless tube, 0.6 meter long with an inner 
diameter of 1.17 centimeter, placed inside a vacuum chamber to minimize parasitic heat 
leak. Flowrates were also measured in addition to temperature history in upstream and 
downstream locations of the tube.   LeClair et al [32], however, found that the 
Miropolsky correlation was not adequate for a short tube using LN2 and used this new 
correlation. The comparison of numerical predictions with experimental data for five 
different Reynolds numbers is shown in Figure 17. 
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Table 2.  Chilldown time for various driving pressures and temperatures for LH2 and 
LN2 

Fluid Driving 
Pressure 
(MPa) 

Inlet State Inlet 
Temperature 

(K) 

Experimental 
Chilldown 

Time       
(Sec) 

Predicted 
Chilldown 

Time 
(Sec) 

LH2 0.52 Saturated 27 68 70 
LH2 0.60 Saturated 28.11 62 69 
LH2 0.77 Saturated 29.6 42 50 
LH2 1.12 Saturated 31.97 30 33 
LH2 0.25 Saturated 19.5 148 150 
LH2 0.43 Subcooled 19.5 75 80 
LH2 0.60 Subcooled 19.5 62 60 
LH2 0.77 Subcooled 19.5 41 45 
LH2 0.94 Subcooled 19.5 32 35 
LH2 1.12 Subcooled 19.5 28 30 
LN2 0.43 Saturated 91.98 165 185 
LN2 0.52 Saturated 94.42 150 160 
LN2 0.60 Saturated 96.35 130 140 
LN2 0.25 Subcooled 76.00 222 250 
LN2 0.34 Subcooled 76.00 170 175 
LN2 0.43 Subcooled 76.00 129 140 
LN2 0.52 Subcooled 76.00 100 100 
LN2 0.60 Subcooled 76.00 85 90 

 
Fig. 17 Downstream wall temperature (K) vs. time (s) for vertical upward LN2 

chilldown runs 
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  Symbol     Description 
 

A Area (in2) 
CL Flow Coefficient 
ci,k Mass Concentration of kth Specie at ith Node  
cp Specific Heat (Btu/lb oF) 
D Diameter (in) 
 f Darcy Friction Factor 
g Gravitational Acceleration (ft/ sec2) 
gc Conversion Constant (= 32.174 lb-ft/lbf-sec2) 
h Enthalpy (Btu/lb) 
hij Heat Transfer Coefficient (Btu/ft2-sec-�qR) 
J Mechanical Equivalent of Heat (778 ft-lbf/Btu) 

Kf Flow Resistance Coefficient (lbf-sec2/(lb-ft)2 ) 
K Non-dimensional Head Loss Factor 
k Thermal Conductivity (Btu/ft-sec-�q R) 
L Length (in) 
m Resident Mass (lb) 

 Mass Flow Rate (lb/sec) 
p Pressure (lbf/ in2) 
Pr Prandtl Number  

Q,   Heat Source (Btu/sec) 
Re Reynolds Number (Re = �UuD/�P) 
R Gas Constant (lbf-ft/lb-R) 
r Radius (in) 
S Momentum Source (lbf) 
s Entropy (Btu/lb-R) 
T Fluid Temperature (o F) 
Ts Solid Temperature (o F) 
u Velocity (ft/sec) 
V Volume (in3) 
x Quality and Mass Fraction 
z Compressibility Factor 
  

Greek  
  

�U Density (lb/ft3) 
�T Angle Between Branch Flow Velocity Vector and Gravity Vector (deg), 
�Z Angular Velocity (rad/sec) 
�H Absolute Roughness (in) 
�Hij Emissivity 

�H/D Relative Roughness 
�' h Head Loss (ft) 
�P Viscosity ( lb/ft-sec) 

 Kinematic Viscosity (ft2/sec) 



m
.q�Q
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5.4 Fluid transient due to sudden opening of a valve 
 
Fluid transient due to sudden opening of a valve is important in propulsion applications 
when propellant valves are instantaneously opened to feed the thrusters with fuel and 
oxidizer. The pressure rise could be of the order of two hundred atmosphere (20 MPa). 
Designers need to have an analytical tool to estimate the maximum pressure and 
frequency of oscillation to ensure the structural integrity of the propulsion system. A 
laboratory experiment was performed [24] with water and air to measure the pressure 
oscillation following a sudden closure of a valve. An 11-meter pipe (2.6 centimeter in 
diameter) was connected to a water tank at one end and closed at the other end. A valve 
was placed 6 meters from the tank. The valve was initially closed and air at atmospheric 
pressure was entrapped downstream of the valve.  The pressure in the tank was varied 
from 203 kPa to 710 kPa.   This experimental configuration was first modeled [25] 
assuming a lumped air node with a variable volume. Only the thermodynamics of the air 
were modeled; the air was considered stagnant.  The numerical predictions of pressure 
oscillation compared well with measurements. Later a more detailed model of the air-
water system was developed and is shown in Figure 13.  In this model, the pipe 
containing air was also modeled and discretized with several nodes and branches similar 
to the pipe containing water upstream of the valve. After the opening of the valve, air and 
water mix, and water penetrates into the air and pushes the air towards the dead end. 
Boundary Node 1 represents the tank, and the restriction in branch 1112 indicates the ball 
valve.  The history of the ball valve opening is shown in Figure 14. 
 
 

 
 

Figure 13. Computatio�Q�D�O���0�R�G�H�O���R�I���/�H�H�¶�V���>24] experimental set up. 
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Fig.14.  Ball valve angle change with time []. 

The comparison between numerical predictions and experimental data is shown in Figure 
15. The frequency of oscillation matches quite well with test data. However, the 
numerical model predicts a higher peak pressure than test data. The cause of this 
discrepancy can be attributed to the assumption of a rigid pipe. The experiments were 
performed in Plexiglas pipe and the elastic deformation of the pipe could be the cause of 
lower peak pressure in the experiments. More applications and verifications of this 
procedure are described in Reference [26]. 
 


















