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via matrix cracks; and 2) an element that has migration
predicted in one region but not in another in the same load
increment.

With further reference to FIG. 2, a Mindlin composite
shell element includes 4 nodes N1-N4. The stiffness matrix
integration can be expressed utilizing the following general
shell element stiffness integration equation:

(1.0)
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where:
H=strain-displacement matrix
C=constitutive material matrix
b=edge dimension of an element
h=total thickness of the laminate
The laminate theory constitutive material matrices are as
follows:
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wherein C, and C,=planar and shear constitutive material
matrices.

The laminate shell element stiffness integration is as
follows:

A (3.0)
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When a discontinuity is introduced at a single uniform
z-coordinate, as in the case of a delamination, the element
material is split into two regions, €2, and Q, where region
Qp corresponds to the DOF of the floating nodes. The
stiffness matrix for a split element is given by:

K9=Kq O+Ko (4.0)

With further reference to FIG. 3, an undamaged shell
element 24 initially includes nodes N1-N4 that comprise real
nodes (RN) and unused floating nodes (FN). Floating nodes
and real nodes are generally known in the art (see, Chen,
“The Floating Node Method (FNM)” supra) Thus, a detailed
description of these terms is not believed to be required.

The stiffness matrix for the undamaged shell element 24

is given by:
“48><48

The configuration of equation 5.0 allows for one delami-
nation. However, it will be understood that the same
approach may be utilized to allow for additional delamina-
tions if required.

With further reference to FIG. 4, the shell element 24 can
be split into first and second overlapping shell elements or
components 24 A and 24B. Shell element 24A includes real
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nodes RN1-RN4, and the shell element 24B includes float-
ing nodes FN1-FN4. The stiffness matrix for the split
elements 24A and 24B of FIG. 4 is as follows:

[ gl\ ]24><24 [0]
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In general, the undamaged shell element 24 (FIG. 3) may
have a stiffness matrix corresponding to a composite lami-
nate including a plurality of layers of reinforcing fibers
disposed at different orientations. The shell element 24 may
be split to form the shell elements or components 24A and
24B (FIG. 4) to simulate a delamination between the shell
elements 24A and 24B. The stiffnesses of the shell elements
24A and 24B correspond to the portions of a composite
laminate disposed on either side of a delamination crack.
Shell elements or components 24A and 24B may be con-
sidered to be separate elements or they may be considered to
be separate parts or components of a single element.

With further reference to FIG. 5, a finite element model 50
may utilize the Virtual Crack Closure Technique (VCCT).
Energy release rate equations originally given by Wang, J T,
and Raju, I S. “Strain energy release rate formulas for
skin-stiffener debond modeled with plate elements.” Engi-
neering Fracture Mechanics 54.2 (1996): 211-228, may be
utilized. These equations are shown here corresponding to a
delamination growth direction along the positive x direction
as described in FIG. 5. Using delamination growth in the
positive x-direction as an example, Mode I, Mode II, and
total energy release rates at node (i,j) are determined as
follows:
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where F, M, w, u, and 0 are nodal force, moment, z-dis-
placement, x-displacement, and rotation, respectively. Nodal
designations with a prime superscript refer to the “upper” set
of elements (i.e., floating nodes) and crack extension area,
AA®=h?, is the area of an element for a square regular mesh.
It will be understood that other mesh shapes may be utilized.

As described in Benzeggagh, M. L., M. Kenane. 1996.
“Measurement of Mixed-Mode Delamination Fracture
Toughness of Unidirectional Glass/Epoxy Composites with
Mixed-Mode Bending Apparatus,” Composites Science and
Technology, 56(4):439-449, the mixed-mode critical energy
release rate, G, may be calculated using the Benzeggagh-
Kenane criterion as follows:

G =G G~ G NG /G ek

A summary of the VCCT is disclosed in Kreuger, “Virtual
crack closure technique: History, approach, and applica-
tions, Applied Mechanics Review,” supra. Thus, a detailed
description of the VCCT is not believed to be required.

With further reference to FIG. 6, the enriched shell
element 24 can be used in a mesh to represent four different
damage states. These are illustrated in FIG. 6 and consist of
1) undamaged element, 2) split element ahead of the crack
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