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A method is presented that allows for the prediction of the magnitude of limit cycles
due to adverse control-slosh interaction in liquid propelled space vehicles using non-linear
slosh damping. Such a method is an alternative to the industry practice of assuming linear
damping and relying on: mechanical slosh ba�es to achieve desired stability margins;
accepting minimal slosh stability margins; or time domain non-linear analysis to accept time
periods of poor stability. Sinusoidal input describing functional analysis is used to develop
a relationship between the non-linear slosh damping and an equivalent linear damping at
a given slosh amplitude. In addition, a more accurate analytical prediction of the danger
zone for slosh mass locations in a vehicle under proportional and derivative attitude control
is presented. This method is used in the control-slosh stability analysis of the NASA Space
Launch System.

Nomenclature

Z displacement of vehicle c.g. normal (m)
Zzj sloshing 
uid displacement in jth tank (m)
�E engine angle (rad)
� angle of vehicle centerline (rad)
a0 attitude control gain (-)
a1 attitude-rate control gain (-)
c2 R0Xc:g:=I (1/s2)
D drag force (N)
F total engine thrust (N)
I pitch-yaw vehicle moment of inertia with engines and sloshing 
uid (kg-m2)
k3 F=M (m/rad-s2)
k4 R0=M (m/rad-s2)
lsj c.g.-to-slosh mass distance = Xc:g: �Xsj (m)
lc:p: center of percussion = I=(MXc:g:) (m)
M vehicle mass with engines and sloshing 
uid (kg)
msj slosh mass, jth tank (kg)
R0 vectored engine thrust (N)
Xc:g: center of gravity measured from gimbal (m)
�Aerospace Engineer
yAerospace Engineer
zAerospace Engineer
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Xsj slosh mass location measured from gimbal (m)
�sj slosh equivalent linear damping, jth tank (-)
!sj slosh natural frequency, jth tank (rad/s)
�sj slosh damping slope, jth tank (1/m)
s complex Laplace variable

I. Introduction

Liquid propelled space vehicles, especially the stages of launch vehicles, are often over 90% propellant by
mass. This high propellant mass fraction is necessary in order maximize the payload that can be delivered

to the desired trajectory state. The motion of the liquid propellant inside of the tanks can signi�cantly
a�ect the 
ight control stability and performance as most recently demonstrated by the failure of Flight 2
of the Space X Falcon 1 rocket in 2007 Bjelde.1 During Flight 2, the �rst stage burn was successful but
approximately 90s into the burn of the second stage, a large limit cycle developed in the pitch and yaw
axis due to control interaction with the liquid oxygen tank which lead to pre-mature engine shutdown. The
corrective action after Flight 2, was to add ring slosh ba�es to the tank to increase the damping of the slosh
mode. The use of tank ba�es is a traditional technique to increase damping of the slosh motion and was
used on both the Saturn V and the Space Shuttle. However, the mass impact of adding ba�es reduces the
vehicle trajectory performance and there is continual desire to minimize their use.

For 
ight control, the primary liquid motion of concern is the �rst lateral slosh mode of the liquid
surface. As described in Abramson2 and Dodge3 this motion can be described with a mechanical model of
either a spring-mass-damper or a pendulum with viscous friction attached at a certain location inside the
tank (�gure 1). Just as the pendulum model natural frequency (!n =

p
g=l) increases with the vertical

acceleration (g) and decreases with length (l), the slosh mode natural frequency increases with vertical
acceleration, and decreases with tank diameter. The natural frequencies of slosh modes in large diameters
tanks in launch vehicles can be 0.5 Hz or lower. The rule of thumb is that the simple slosh analogue
mechanical models become less valid when slosh displacement magnitude exceeds 10%-15% of the tank
radius.

Figure 1. Mechanical analogues for lateral slosh motion

For cylindrical tanks, slosh mass, location, natural frequency, and damping can be predicted using an-
alytical and empirical relationships.2 A well known empirical relationship for slosh damping in a ba�ed
tank is given by Miles.4 Often sub-scale ground testing is done to validate or adjust predictions. Recently,
Computational Fluid Dynamics (CFD) has also been used in conjunction with sub-scale testing to develop
better predictions of slosh parameters.5 A key result is that the e�ective damping coe�cient increases as
a function of slosh motion magnitude due to increased 
uid energy dissipation with larger motions even at
amplitudes well within the validity range of the simple mechanical analogue models.

The possibility of adverse control-slosh interaction has been known to control system designers since the
beginning of the space age in the 1950s. The primary control system impact of such an instability is increased
usage of the thrust vector control (TVC) with potential saturation or duty cycle violations possible. For
cryogenic 
uids, large slosh motion can cause droplet formation which greatly increase the heat transfer to
the liquid from the warmer pressurized gas in the ullage space. The cooling of the ullage can cause increased
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pressurization system usage and ullage collapse.
If the slosh frequency is su�ciently separated from the control frequency, instability can be prevented

through �ltering, but the control bandwidth will often be in proximity to the slosh frequencies due to
performance needs and other dynamics (Lee6 and Frosch7).

One of the well known results discussed in Bauer8 and Greensite9 is that for an attitude control system
with attitude and attitude rate feedback (i.e. PD control) with a single dominant slosh mass, only slosh mass
locations between the vehicle CG and the vehicle center of percussion are destabilizing. For higher order
systems with multiple tanks, some of whose frequencies are close enough proximity to dynamically couple,
the result no longer fully holds, but through practice is a been shown to be a good guideline for which slosh
tanks may need ba�es for extra damping.

There has been research on the use of mechanical models which better represent the non-linear 
uid
dynamics at high amplitudes such as Bauer10 in which a 2-D model of a mass constrained to a parabolic
surface was introduced. In addition, the coupling of non-linear 
uid equations of motions with spacecraft
motion has been investigated by Peterson.11 Although these investigations do include non-linear e�ects in
the equations of motion they ignored the non-linear e�ects on 
uid damping. Non-linear adaptive control
using neural networks has been applied to a spacecraft with slosh,12 again the non-linear nature of slosh
damping was not considered.

The traditional launch vehicle control approach is to use a linear control system and achieve a gain and
phase margin of 6 dB and 30 deg respectively (see Dennehy13 and Frosch7) assuming a prescribed amount of
slosh damping, invariant of amplitude. Using this criteria, slosh ba�e requirement can be generated, which
can be performed with automated numerical search routines as in Orr.14 Due to the undesirable mass penalty
of large ba�es, several launch vehicles which have been operational, have accepted lower stability margins
for slosh than the standard 6dB/30deg in order to minimize ba�e mass. Additional analysis to support
this decision involve the use of dispersed time-varying non-linear six degree of freedom (6DOF) simulations
as well as time to double analysis of any time periods of negative margin during 
ight. Since propellant
is continually consumed during 
ight and the mass properties are continually changing, an argument can
be made to accept unstable slosh-control interaction as long as the time period during which it occurs is
short enough that no signi�cant slosh motion can result. There is a general lack published literature of this
practice and there are no generally agreed upon guidelines for using slosh stability margin criteria below the
standard 6db/30deg.

In the traditional linear analysis, a slosh amplitude (wave height) is assumed for determining the linear
damping. This amplitude is a key assumption since it can strongly a�ect the impact slosh has on the linear
stability analysis. For example a choice of a very small slosh amplitude will results in small damping which
can cause poor or negative stability margins, while the choice of a larger slosh amplitude will result in greater
damping which can make stability margins appear ample.

The method presented in this paper is to augment the traditional linear approaches by using the non-
linear damping pro�le as part of the linear control system analysis. Central to the nonlinear analysis is the
assessment of the amplitude of the inevitable TVC-slosh limit cycle which will occur under degraded margin
conditions for a slosh mass in the "danger zone". This amplitude can then be used as a meaningful criteria
for accepting a given ba�e design. The method remains highly practical as a standard analysis method
since it is still largely based upon linear-time-invariant (LTI) modeling, by computing several key transfer
functions over a range of wave heights for a particular trajectory analysis point. This method has recently
been adopted by the MSFC control systems design & analysis branch in the evaluation of the slosh stability
of the SLS core stage tanks.

This paper is organized into 3 sections. The �rst section lays out the system equations, the description
of the non-linear damping, and example parameters for a hypothetical large upper stage. The next section
discusses why slosh can be destabilizing for a vehicle under attitude control and derives a updated \danger
zone" for slosh mass location. The third section describes the limit cycle analysis method and presents
results for the example system.

A. System Equations

1. Plant Dynamics

The systems equations of motions for a liquid rocket controlled by vectoring thrust R0 at the aft of the vehicle
through gimballed engines (see �gure 2), with n sloshing tanks represented using the spring-mass-damper
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Figure 7. Thrust vector angle to slosh displacement gain for plant with varying slosh damping.

2. Chose DMdamping�threshold and �nd the damping associated with being able to meet this margin.
Determine the associated slosh displacement amplitude corresponding to this damping using the non-linear
damping pro�le.

3. Chose DMlimit�cycle�threshold and �nd the slosh related frequencies below this margin.

4. Multiply the slosh displacement amplitude by the inverse of the zs1=�e transfer function, for the
determined frequency range, to �nd the predicted TVC limit cycle amplitude under the degraded conditions.

5. Check the maximum limit cycle amplitude over the frequency range against the chosen TVC threshold.

For the example system, a TVC limit of 0.5 degrees is chosen as an acceptably small limit cycle under
degraded conditions, a DMdamping�threshold of 1 is chosen for �nding the slosh damping which just meets a
minimum disc margin, and a DMlimit�cycle�threshold of 1.1 is chosen for �nding the slosh frequencies to use
for evaluating the thrust vector limit cycle amplitude. For a very high slosh damping, none of the response
would be less than DMlimit�cycle�threshold. In the example system, a damping of 4.8% (corresponding to
a slosh amplitude of 0.48m) meets the DMdamping�threshold, and a frequency range between approximately
0.336 and 0.343 Hz corresponds to a disc margin less than the DMlimit�cycle�threshold. As �gure 8 shows, the
predicted limit cycle amplitude over the frequency range is on the order of 5 milliradians or approximately
0.3 degrees.

The limit cycle prediction can easily be tested in the linear system by degrading the gain and phase of
the nominal system at the 4.8% damping level. Taking the minimum DM point at 0.34 Hz and degrading
the control system with gain of 4.4 dB and a time delay of 170 ms results in a system with neutrally stable
complex poles at that frequency. In time domain, the linear equation of motion can be modi�ed to use the
odd square law damping associated with �s1 to test the prediction of the limit cycle with non-linear damping.
A simulation with perturbed initial conditions is shown in �gure 9. As can be seen, the response grows to
a limit cycle of approximately 0.48m of slosh displacement and 0.005 radian of TVC angle amplitude. In
this case, the growth to the neutrally stable limit cycle took approximately 100s, a time period which could
occur without appreciable mass property changes in lower thrust upper stages.
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Figure 8. Limit cycle prediction of example system with a slosh damping of 4.8% and degraded gain and
phase.

II. Conclusion

The analysis method presented herein is a method for accepting the control system stability characteristics
of a liquid propelled space vehicle given predictions for the expected non-linear slosh damping. The analysis
method can also be used to develop a damping requirements pro�le that can be used to design the needed slosh
ba�es for a new design. The values of the TVC threshold, DMdamping�threshold and DMlimit�cycle�threshold
are a choice to the control system designer. The values chosen for the example system (0.5 degrees, 1.0,
and 1.1) can be considered a reasonable conservative set of values. The disc margin values can be argued to
be over-conservative since for other dynamics, such as aerodynamics or rigid body dynamics, a DM of 1.0
is considered acceptable for a nominal system, and there is no expectation that a limit cycle of su�ciently
small consequence would occur should the full DM be lost.

While the analysis herein predicts the homogeneous system response, a more complete analysis of the
disturbance response of the system is important when determining the acceptability of candidate ba�e
designs. A non-linear time varying Monte Carlo analysis with the non-linear damping pro�le should also be
done to ensure acceptable performance. It is possible that the unforced limit cycle is small, but under forced
conditions, motion can be increased to larger levels. It is also important to look at the magnitude of the
slosh motion even if TVC motion is small.
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