
IV. Aerodynamic Forces and Moments due to Control Surfaces

The motion of a control surface will in�uence the overall motion of a �exible aircraft. The control surface generates
unsteady aerodynamic forces, pitching moment, and hinge moment as functions of the rigid-body aircraft states and
the wing elastic states. The unsteady aerodynamics of a control surface can be analyzed based on the Theodorsen's
theory.13 A modi�cation to the standard Theodorsen's theory is developed for the non-circulatory hinge moment.

Consider a wing with a control surface as shown in Fig. 8. The control surface has a chord length ofcf normal to
the hinge axis. The control surface de�ectiond is measured about the hinge axis. Along the streamwise direction, the
control surface de�ection is reduced tod cosL f . This control surface de�ection and its velocity generate a downwash
in the streamwise direction

Dw = ud cosL f +
�
y� yf

� �d cosL f (73)

whereL f is the sweep angle of the control surface hinge axis.
This downwash effectively changes the mean camber line in the streamwise direction which results in an incre-

mental section angle of attack as

Da =
Dw
u

= d cosL f +

�
y� yf

� �d cosL f

u
(74)

Figure 8. Wing Section with Control Surface

Let x be the shifted normalized airfoil coordinate with the origin at the mid-chord such that� 1 � x � 1 corre-
sponding to 0� y � c . Then

y =
c
2

(1+ x) (75)

yf = c�
cf

cosL f
=

c
2

(1+ c� ) (76)

wherex = c� is at the control surface hinge location

c� = 1�
2cf

ccosL f
(77)

Then

Da = d cosL f +
(x � c� ) c �d cosL f

2u
(78)
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A. Lift and Drag

Based on the thin airfoil theory, we can compute the incremental section circulatory lift coef�cient for incompressible
�ow due to the control surface de�ection as

DcLc =
C(k) cLa

p

Z 1

c�
Da

(1+ x) dx
p

1� x2
=

C(k) cLa d cosL f

p

Z 1

c�

(1+ x) dx
p

1� x2

+
C(k) cLa c �d cosL f

2pV¥

Z 1

c�

(1+ x)(x � c� ) dx
p

1� x2
(79)

Let x = cosq. Then the incremental section circulatory lift coef�cient is obtained as

DcLc = C(k)

 

cLd d + cL �d

�dc
2u

!

(80)

wherecLd andcL �d
are the section circulatory lift control derivatives evaluated as

cLd =
cLa cosL f

p
T10 (81)

cL �d
=

cLa cosL f

2p
T11 = cLd

T11

2T10
(82)

with
T10 = cos� 1c� +

p
1� c� 2 (83)

T11 = ( 1� 2c� ) cos� 1c� + ( 2� c� )
p

1� c� 2 (84)

Let
y = ȳ+

c
4

+ e (85)

whereȳ = c
2x + em is the shifted airfoil coordinate with the origin at the elastic axis,e is the offset of the quarter-chord

andem is the offset of the mid-chord from the elastic axis. Then,

Da = d cosL f +
�

ȳ+ c
4 + e� yf

u

�
�d cosL f = Dā + ȳ

¶Da
¶ȳ

(86)

where

Dā = d cosL f +
� c

4 + e� yf

u

�
�d cosL f = d cosL f +

(� c+ 4e� 2c� c) �d cosL f

4u
(87)

¶Da
¶ȳ

=
�d cosL f

u
(88)

The velocity potential is given by

f =
V¥ c

2

�
Dā +

ȳ+ em

2
¶Da
¶ȳ

� p
1� x2 (89)

The incremental section non-circulatory lift due to the control surface is computed as

Dlnc = r ¥ c
Z 1

c�

¶ f
¶t

dx =
r ¥V¥ c2

2

Z 1

c�

�
¶Dā
¶t

+
ȳ+ em

2
¶2Da
¶ȳ¶t

� p
1� x2dx (90)

The incremental section non-circulatory lift is evaluated as

Dlnc =
r ¥V¥ c2cosL f

4

"
�d +

(� c+ 4e� 2c� c) d̈
4u

#
�

cos� 1c� � c�
p

1� c� 2
�

+
r ¥V¥ c3d̈ cosL f

8u

�
1� c� 2

� p
1� c� 2

3
+

r ¥V¥ c2emd̈ cosL f

4u

�
cos� 1c� � c�

p
1� c� 2

�

= �
r ¥V¥ c2 �d cosL f

4

�
� cos� 1c� + c�

p
1� c� 2

�
�

r ¥V¥ c3d̈ cosL f

8u

"

c� cos� 1c� �

�
1+ 2c� 2

� p
1� c� 2

3

#

(91)
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The section non-circulatory hinge moment and the reduced frequency independent section circulatory hinge mo-
ment are evaluated as

hnc =
q¥ c2cLa Da (x;ec)

4p
T4 + r ¥V¥ c

Z 1

� 1
f dx � r ¥ c

Z 1

� 1

�
ȳ � em �

cc�

2

�
¶ f
¶t

dx + Dhnc

=
q¥ c2cLa Da (x;ec)

4p
T4 +

r ¥V2
¥ c2

2

Z 1

c�

�
Dā +

ȳ+ em

2
¶Da
¶ȳ

� p
1� x2dx

�
r ¥V¥ c3

4

Z 1

c�
(x � c� )

�
¶Dā
¶t

+
ȳ+ em

2
¶2Da
¶ȳ¶t

� p
1� x2dx + Dhnc (118)

Without derivation, the contribution to the section non-circulatory hinge moment coef�cient by the control surface
is given by Theodorsen as

chnc =
hnc

q¥ c2 = c̄hd
d + c̄h �d

�dc
2u

+ c̄hd̈

d̈c2

4u2 (119)

c̄hd
=

cLa cosL f

4p2 T4T10 �
cosL f

2p
T5 =

cLd

4p
T4 �

cosL f

2p
T5 = � chd

T4

T12
�

cosL f

2p
T5 (120)

c̄h �d
=

cLa cosL f

8p2 T4T11 =
cL �d

4p
T4 = � chd

T4T11

2T10T12
(121)

c̄hd̈
=

cosL f

2p
T3 (122)

where

T3 = �

�
1+ 8c� 2

� �
cos� 1c�

� 2

8
+

c� (7+ 2c� )
p

1� c� 2cos� 1c�

4
�

�
4+ 5c� 2

� �
1� c� 2

�

8
(123)

T5 = �
�
cos� 1c� � 2

+ 2c�
p

1� c� 2cos� 1c� �
�
1� c� 2�

(124)

The total reduced frequency independent section hinge moment coef�cient due to the section non-circulatory hinge
moment and the reduced frequency independent section circulatory hinge moment is then obtained as

chnc =
cLa Da (x;ec)

4p
T4 �

1
2

Dā T4 +
c
2

¶Da
¶ȳ

T9 +
c

4u
¶Dā
¶t

T1 �
c2

4u
¶2Da
¶ȳ¶t

T13

=
T4cLa Da (x;ec)

4p
�

T4

2

�
Dā �

cT9

T4

¶Da
¶ȳ

�
+

T1c
4u

�
¶Dā
¶t

�
cT13

T1

¶2Da
¶ȳ¶t

�

=
T4cLa

4p
Da (x;ec) �

T4

2
Da

�
x; �

cT9

T4

�
+

T1c
4u

¶Da
¶t

�
x; �

cT13

T1

�
+ c̄hd

d + c̄h �d

�dc
2u

+ c̄hd̈

d̈c2

4u2 (125)

where

p = �

�
1� c� 2

� p
1� c� 2

3
(126)

T9 =
1
2

�
� p�

2em

c
T4

�
(127)

T13 =
1
2

" �
1+ 8c� 2

�
cos� 1c�

8
�

c�
�
7+ 2c� 2

� p
1� c� 2

8
�

�
c� +

2em

c

�
T1

#

=
1
2

�
� T7 �

�
c� +

2em

c

�
T1

�
(128)

For theoreticalcLa = 2p, then

chnc =
1
2

(T9c+ T4ec)
¶Da
¶ȳ

+
T1c
4u

¶Da
¶t

�
x; �

cT13

T1

�
+ c̄hd

d + c̄h �d

�dc
2u

+ c̄hd̈

d̈c2

4u2 (129)

Finally, the hinge moment about the hinge axis is evaluated as

hf = ( hc + hnc) cosL f (130)
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The equation of motion of the control surface is described by

i f d̈ � i f Qtt � mf efWtt + cf
�d + kf d = hf (131)

wheremf , i f , cf , andkf are the mass inertia, damping, and stiffness per unit length of the control surface about the
hinge line, andef is the offset of the control surface CG from the wing section CG, positive if the control surface CG
is aft of the wing section CG.

The contributions of the control surface to the inertial force and moment acting on a wing section are given by

Df i
z = mf ef d̈ (132)

Dmi
x = i f d̈ (133)

D. Aircraft Aerodynamic Coef�cients due to Control Surfaces

The aircraft incremental lift and drag coef�cients are evaluated as

DCL;D = C(k)

 

CL;Dd + CL;D �d

�dc̄
2u

!

+ C̄L;D �d

�dc̄
2u

+ C̄L;Dd̈

d̈c̄2

4u2 (134)

where

CL;Dd =
1
S

Z xf + l f

xf

cL;Dd ccosLdx (135)

CL;D �d
=

1
Sc̄

Z xf + l f

xf

cL;D �d
c2cosLdx (136)

C̄L;D �d
=

1
Sc̄

Z xf + l f

xf

c̄L;D �d
c2cosLdx (137)

C̄L;Dd̈
=

1
Sc̄2

Z xf + l f

xf

c̄L;Dd̈
c3cosLdx (138)

wherexf is the coordinate of the inboard �ap edge station andl f is the �ap length.
The aircraft incremental rolling moment coef�cient is evaluated as

DCl = C(k)

 

Cld + Cl �d

�db
2u

!

+ C̄l �d

�db
2u

+ C̄ld̈

d̈b2

4u2 (139)

where

Cld =
1
Sb

Z xf + l f

xf

cLd yacccosLdx (140)

Cl �d
=

1
Sb2

Z xf + l f

xf

cL �d
yacc2cosLdx (141)

C̄l �d
=

1
Sb2

Z xf + l f

xf

c̄L �d
ymc2cosLdx (142)

C̄ld̈
=

1
Sb3

Z xf + l f

xf

c̄Ld̈
ymc3cosLdx (143)

The aircraft incremental pitching moment coef�cient is evaluated as

DCm = C(k)

 

Cmd d + Cm�d

�dc̄
2u

!

+ C̄md d + C̄m�d

�dc̄
2u

+ C̄md̈

d̈c̄2

4u2 (144)

where

Cmd =
1
Sc̄

Z xf + l f

xf

�
� cLd xac+ cDd zac

�
ccosLdx (145)
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Figure 6 illustrates the GTM equipped with the VCCTEF for wing shaping control. By actively shaping the wing
aerodynamic surface using the VCCTEF, optimal aerodynamic performance could potentially be realized at any point
in the �ight envelope, thereby enabling a mission adaptive capability. It is a key enabling feature of the research area
Performance Adaptive Aeroelastic Wing (PAAW) in the AATT project. The term “performance adaptive aeroelastic”
distinguishes itself from the familiar term “mission adaptive” in that the effect of aeroelasticity on aerodynamic perfor-
mance must be fully accounted for as is the case for modern transport design. The VCCTEF relies on two mechanisms
to improve aerodynamic performance: 1) wing twist optimization for �exible wing design, and 2) variable camber and
continuous trailing edge for improved aerodynamics. This technology could enable modern high-aspect ratio �exible
wing aircraft with signi�cant �exibility to adaptively change wing shapes in-�ight to achieve cruise drag optimization,
while at the same time satisfying operational constraints such as structural load limitations, �utter margins, gust and
maneuver load responses, and others by active aeroservoelastic controls.

To assess the effectiveness of wing shaping control for modern transport aircraft, the GTM wing is modeled with
a high degree of �exibility, similar to estimated �exibility distributions on state-of-the-art passenger aircraft wings.
The wing bending stiffness is tailored to achieve a 10% wing tip de�ection at 1-g �ight conditions, which results in
a bending stiffness about half that of older-generation transport wings, while the torsional stiffness is about the same.
This 10% wing tip de�ection is about the same as that of a modern composite high-aspect-ratio wing design in modern
transport aircraft such as the Boeing 787.

II. Flight Dynamics of Rigid Aircraft

The development of a �ight dynamic model of the GTM requires mass and inertia properties, and stability and
control (S&C) derivatives. The mass and inertia properties of the GTM are based on a Boeing's report and are
modi�ed to account for the reduced weight of the �exible wings. The S&C derivatives are estimated using three
different conceptual aerodynamic vortex-lattice codes along with analytical calculation. The three aerodynamic codes
are VORLAX, AVL, and VSPAERO. The results show reasonable agreement among the four sets of estimates. Because
VORLAX has the aeroelastic capability as well as transonic and boundary layer corrections,17 VORLAX results are
selected for the �ight dynamic model.

A static aeroelastic trim for the �exible wing GTM is developed. The trim solution calculates the angle of attack,
engine thrust, and elevator de�ections for various deformed GTM con�gurations at different fuel weight, altitude, and
airspeed. The fuel weight is modeled as an added weight to the wing weight which affects the static de�ection shape of
the wings at 1-g cruise conditions. A �nite-element model is developed to compute the static wing de�ections. Once
the wing de�ection shape is computed, the S&C derivatives are evaluated for the deformed aircraft.

The nonlinear 6-degree-of-freedom �ight dynamic equations of motion in the aircraft body-�xed reference frame
are given by

�p = RV (1)

�F = Tw (2)

d(mV)
dt

+ w̃mV = F (3)

d(Iw)
dt

+ w̃Iw = M (4)

wherep =
h

x y h
i >

is the position vector,V =
h

u v w
i >

is the velocity vector,F =
h

f q y
i >

is

the Euler angle vector, andw =
h

p q r
i >

is the angular rate vector.
The angular rate matrix̃w is given by

w̃ =

2

6
4

0 � r q
r 0 � p

� q p 0

3

7
5 (5)
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The inertia matrix of the aircraft about the aircraft roll axisX, pitch axisY, and yaw axisZ is given by

I =

2

6
4

ĪXX � ĪXY � ĪXZ

� ĪXY ĪYY � ĪYZ

� ĪXZ � ĪYZ ĪZZ

3

7
5 (6)

R andT are the rotation matrices given by

R =

2

6
4

cosq cosy � cosf siny + sinf sinq cosy sinf siny + cosf sinq cosy
cosq siny cosf cosy + sinf sinq siny � sinf cosy + cosf sinq siny

sinq � sinf cosq � cosf cosq

3

7
5 (7)

T =

2

6
4

1 sinf tanq cosf tanq
0 cosf � sinf
0 sinf secq cosf secq

3

7
5 (8)

The force vector is given by

F =

2

6
4

X + T � mgsinq
Y + mgcosq sinf
Z+ mgcosq cosf

3

7
5 1 (9)

whereX = CXq¥ Sis the axial force,Y = CYq¥ Sis the side force,Z = CZq¥ Sis the normal force, andT is the engine
thrust. The force coef�cientsCX andCZ are related to the lift and drag coef�cients as

CX = CL sina � CD cosa (10)

CZ = � CL cosa � CD sina (11)

The moment vector is given by

M =

2

6
4

l
m+ Tze

n

3

7
5 (12)

wherel is the rolling moment,m is the pitching moment about the aircraft center of gravity (CG),n is the yawing
moment about the aircraft CG, andze as the engine thrust offset from the aircraft CG.

III. Inertial and Aeroelastic Forces and Moments of Flexible Wings

Consider an airfoil section on the left wing as shown in Fig. 7 undergoing bending and torsional de�ections. Let
(x;y;z) be the undeformed coordinates of point Q on a wing airfoil section in the reference frame D de�ned by unit
vectors(d1;d2;d3). Let p0 = xd1 be a position vector along the elastic axis. Then, point Q is de�ned by a position
vectorp = p0 + q whereq = yd2 + zd3 de�nes point Q in they� zplane from the elastic axis.

Figure 7. Left Wing Reference Frame of Wing in Combined Bending-Torsion
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Let Q be a to√s]onal tw]st angle about t[e ξ-ax]s, √os]t]ve nose-down. Let W and V be ]a√w]se and c[o√dw]sebend]ng de]ect]ons of √o]nt Q, √es√ect]vely. Let U be t[e ax]al d]s√lacement of √o]nt Q. T[en, t[e d]s√lacement and√otat]on vecto√s due to t[e elast]c defo√mat]on can be ex√√essed as
r = Ud1 + V d + Wd (1)

f = Q d1�Wξd + Vξd (1)w[e√e t[e subsc√]√ts ξ and τ denote t[e √a√t]al de√]vat]ves of Q , W , and V .Let ( ξ1;ψ1;z1) be t[e defo√med coo√d]nates of √o]nt Q on t[e a]√fo]l ]n t[e left w]ng √efe√ence f√ame D and p1 =

ξ1d1 + ψ1d + z1d be ]ts √os]t]on vecto√. T[en, t[e coo√d]nates ( ξ1;ψ1;z1) a√e com√uted as10
p1 = p + r + f �q (1)

w[e√e 2

6
4

ξ1
ψ1
z1

3

7
5 =

2

6
4

ξ + U� ψVξ� zWξ

ψ + V � zQ

z + W + ψQ

3

7
5 (1)

A. Inertial Forces and Moment

Let V = ub1 + vb + ωb and w = πb1 + θb + ρb be t[e a]√c√aft t√anslat]onal and √otat]onal veloc]ty vecto√s at t[ea]√c√aft cente√ of g√av]ty (CG) w[e√e ( b1;b;b) a√e t[e un]t vecto√s ]n t[e a]√c√aft body-[xed √efe√ence f√ame B. Let
rα = �ξαb1� ψαb� zαb be t[e √os]t]on vecto√ of √o]nt Q ]n t[e a]√c√aft body-[xed √efe√ence f√ame B √elat]ve to t[ea]√c√aft CG suc[ t[at ξα ]s √os]t]ve w[en √o]nt Q ]s aft of t[e a]√c√aft CG, ψα ]s √os]t]ve w[en √o]nt Q ]s towa√d t[e leftw]ng f√om t[e a]√c√aft CG, and zα ]s √os]t]ve w[en √o]nt Q ]s above t[e a]√c√aft CG. T[e veloc]ty at √o]nt Q due to t[ea]√c√aft veloc]ty and angula√ veloc]ty ]n t[e √efe√ence f√ame D ]s t[en com√uted as

vQ = V + w� rα = ( ub1 + vb + ωb) + ( πb1 + θb + ρb) � (�ξαb1� ψαb� zαb)

= ( u + ρψα�θzα) b1 + ( v� ρξα + πzα) b + ( ω + θξα� πψα) b = ξτd1 + ψτd + zτd (1)
w[e√e

2

6
4

ξτ

ψτ

zτ

3

7
5 =

2

6
4

� ( u + ρψα�θzα) s]nL cos G � ( v� ρξα + πzα) cosL cos G � ( ω + θξα� πψα) s]n G

� ( u + ρψα�θzα) cosL + ( v� ρξα + πzα) s]nL

( u + ρψα�θzα) s]nL s]n G + ( v� ρξα + πzα) cosL s]n G � ( ω + θξα� πψα) cos G

3

7
5 (1)

T[e t√ansfo√mat]on between ( b1;b;b) and ( d1;d;d) ]s g]ven by
2

6
4

b1
b
b

3

7
5 =

2

6
4

�s]nL cos G �cosL s]nL s]n G

�cosL cos G s]nL cosL s]n G

�s]n G 0 �cos G

3

7
5

2

6
4

d1
d
d

3

7
5 (19)

2

6
4

d1
d
d

3

7
5 =

2

6
4

�s]nL cos G �cosL cos G �s]n G

�cosL s]nL 0s]nL s]n G cosL s]n G 0 �cos G

3

7
5

2

6
4

b1
b
b

3

7
5 (0)

T[e local veloc]ty at √o]nt Q due to a]√c√aft √]g]d-body dynam]cs and ae√oelast]c de]ect]ons ]n t[e left w]ng√efe√ence f√ame D ]s obta]ned as11, 1
v = vQ +

¶Dp
¶τ

+ w�Dp = vξd1 + vψd + vzd (1)
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whereDp = p1 � p and
2

6
4

vx

vy

vz

3

7
5 =

2

6
4

xt + Ut � yVxt � zWxt � wz(V � zQ)+ wy (W + yQ)
yt + Vt � zQt + wz(U � yVx � zWx) � wx (W + yQ)
zt + Wt + yQt � wy (U � yVx � zWx) + wx (V � zQ)

3

7
5 (22)

2

6
4

wx

wy

wz

3

7
5 =

2

6
4

� psinL cosG� qcosL cosG� r sinG
� pcosL + qsinL

psinL sinG+ qcosL sinG� r cosG

3

7
5 (23)

The kinetic energy is formed by

T =
1
2

Z
r v:vdA=

1
2

Z
r

�
v2

x + v2
y + v2

z
�

dA (24)

We use the method of separation of variables to express the displacements asU (x;t) = F u (x) qu (t), V (x;t) =
F v (x) qv (t), W(x;t) = F w (x) qw (t), Q(x;t) = F q (x) qq (t). Then, the virtual work quantities due to the generalized
coordinatesqu (t), qv (t), qw (t), andqq (t) are computed in terms of the virtual displacements as12

� f i
xdU =

�
d
dt

�
¶T
¶ �qu

�
�

¶T
¶qu

�
dqu =

Z
r

�
dvx

dt
� vy (wz+ Vxt) + vz(wy � Wxt)

�
dUdA (25)

� f i
ydV =

�
d
dt

�
¶T
¶ �qv

�
�

¶T
¶qv

�
dqv =

Z
r

�
dvy

dt
+ vx (wz+ Vxt) � vz(wx + Qt )

�
dVdA

+
Z

r
�

d [vx (� y� V + zQ)+ vy (U � yVx � zWx)]
dt

+ vy (ywz+ yVxt) � vz(ywy � yWxt)
�

dVxdA (26)

� fzdW =
�

d
dt

�
¶T
¶ �qw

�
�

¶T
¶qw

�
dqw =

Z
r

�
dvz

dt
� vx (wy � Wxt) + vy (wx + Qt )

�
dWdA

+
Z

r
�

d [vx (� z� W � yQ)+ vz(U � yVx � zWx)]
dt

+ vy (zwz+ zVxt) � vz(zwy � zWxt)
�

dWxdA (27)

� mxdQ =
�

d
dt

�
¶T
¶ �qq

�
�

¶T
¶qq

�
dqq =

Z
r

�
d [vy (� z� W � yQ)]

dt
+

d[vz(y+ V � zQ)]
dt

� vx (ywy + zwz+ zVxt � yWxt) + vy (ywx + yQt ) + vz(zwx + zQt )
	

dQdA (28)

Let
R

ydA= Aecg whereA =
R

dA is the mass area andecg is the offset of the CG of a wing section from the
elastic axis, positive if the CG is aft of the elastic axis. We de�neIxx =

R�
y2 + z2

�
dA, Iyy =

R
z2dA, andIzz=

R
y2dA.

Furthermore, We assume
R

zdA� 0 andIyz = �
R

yzdA� 0. Integrating the integrals that containdVx anddWx by
parts, we obtain the linear contributions of the aeroelastic de�ections to the inertial forces and moment as12

f i
x = r A

�
� xtt + ytwz � ztwy +

�
w2

y + w2
z
�
U + ( �wz � wxwy)V � ( �wy + wxwz)W + 2wzVt � 2wyWt + ytVxt

+ ztWxt � Utt ] + r Aecg
�
� ( �wy + wxwz) Q�

�
w2

y + w2
z
�
Vx � 2wyQt + Vxtt

�
(29)

f i
y = r A

�
� ytt � xtwz+ ztwx � ( �wz+ wxwy)U +

�
w2

x + w2
z
�
V + ( �wx � wywz)W � 2wzUt + 2wxWt + ztQt � xtVxt

� Vtt ] + r Aecg[( �wx � wywz) Q+ ( �wz+ wxwy)Vx + 2wxQt + 2wzVxt] +
¶
¶x

[r A(yttU � xttV + ytUt � xtVt )]

+
¶
¶x

�
r Aecg

�
� xtt + ytwz � ztwy +

�
w2

y + w2
z
�
U + ( �wz � wxwy)V � ( �wy + wxwz)W � yttVx + 2wzVt

� 2wyWt + ztWxt � Utt ]
	

+
¶
¶x

�
r Izz

�
� ( �wy + wxwz) Q�

�
w2

y + w2
z
�
Vx � 2wyQt + Vxtt

�	
(30)
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f i
z = r A

�
� ztt + xtwy � ytwx + ( �wy � wxwz)U � ( �wx + wywz)V +

�
w2

x + w2
y
�
W + 2wyUt � 2wxVt � ytQt � xtWxt

� Wtt ] + r Aecg
��

w2
x + w2

y
�

Q� ( �wy � wxwz)Vx � 2wyVxt � Qtt
�
+

¶
¶x

[r A(zttU � xttW + ztUt � xtWt )]

+
¶
¶x

[r Aecg(� xttQ� zttVx � xtQt � ztVxt)] +
¶
¶x

�
r Iyy

�
� ( �wz � wxwy) Q�

�
w2

y + w2
z
�
Wx � 2wzQt + Wxtt

�	
(31)

mi
x = r A(� zttV + yttW � ztVt + ytWt ) + r Aecg[� ztt + xtwy � ytwx + ( �wy � wxwz)U � ( �wx + wywz)V

+
�
w2

x + w2
y
�
W + yttQ+ 2wyUt � 2wxVt � xtWxt � Wtt

�
� r IxxQtt

+ r Iyy
��

w2
x + w2

z
�

Q� ( �wz+ wxwy)Wx � 2wzWxt
�
+ r Izz

��
w2

x + w2
y
�

Q� ( �wy � wxwz)Vx � 2wyVxt
�

(32)

In addition to the inertial forces and pitching moment acting on a wing section, the contributions of half of the
fuselage mass and inertias and the engine mass to the inertial forces and pitching moment without the rigid-body
aircraft inertial force coupling are given by

Df i
x = d (x)

�
�

1
2

mfUtt

�
+ d (x� xe) ( � meUtt ) (33)

Df i
y = d (x)

�
�

1
2

mfVtt +
¶
¶x

�
1
2

I f ;zzVxtt

��
+ d (x� xe) [� meVtt � mezeQtt ] (34)

Df f
z = d (x)

�
�

1
2

mfWtt +
1
2

mf yf Qtt +
¶
¶x

�
1
2

I f ;yyWxtt

��
+ d (x� xe) ( � meWtt + meyeQtt ) (35)

Dmi
x = d (x)

�
1
2

mf yfWtt �
1
2

I f ;xxQtt

�
+ d (x� xe)

�
meyeWtt � mezeVtt � me

�
y2

e + z2
e
�

Qtt
�

(36)

wheremf , I f ;xx, I f ;yy, andI f ;zz are the mass and inertias of the fuselage;me is the mass of the engine;yf is the offset
of the fuselage CG from the elastic axis, positive if the fuselage CG is forward of the elastic axis;(xe;ye;ze) is the
coordinate of the engine CG in the left wing reference frame D, positive if the engine CG is below and forward of the
elastic axis; andd (x� a) is the Dirac delta function which is de�ned as

Z
d (x� a) f (x) dx= f (a) (37)

B. Aeroelastic Forces and Moment

In order to compute the aeroelastic forces and moments, the velocity must be transformed from the left wing reference
frame D to the airfoil local coordinate reference frame de�ned by(m;h ;x ) as follows:

2

6
4

vm

vh

vx

3

7
5 =

2

6
4

1 0 0
0 1 Q
0 � Q 1

3

7
5

2

6
4

1 Vx 0
� Vx 1 0

0 0 1

3

7
5

2

6
4

1 0 Wx

0 1 0
� Wx 0 1

3

7
5

2

6
4

vx

vy

vz

3

7
5 t

2

6
4

vx + vyVx + vzWx

� vxVx + vy + vzQ
� vxWx � vyQ+ vz

3

7
5 (38)

The local aeroelastic angle of attack on the airfoil section due to the velocity componentsvh andvx in the left wing
reference frame D, as shown in Fig. 7, is computed as12

ac =
vx

vh
=

v̄x + Dvx

v̄h + Dvh
=

vx

v̄h
�

v̄x Dvh

v̄2
h

(39)

where 2

6
4

vx

vy

vz

3

7
5 =

2

6
4

xt + Ut � yVxt � zWxt � wz(V � zQ)+ wy (W + yQ)
yt + Vt � zQt + wz(U � yVx � zWx) � wx (W + yQ)
zt + Wt + yQt � wy (U � yVx � zWx) + wx (V � zQ)

3

7
5 (40)

v̄x = zt (41)
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Dvx = � xtWx � ytQ+ Wt + yQt � wy (U � yVx � zWx) + wx (V � zQ) (42)

v̄h = � ucosL (43)

Dvh = yt � v̄h � xtVx + Vt � zQt + wz(U � yVx � zWx) � wx (W + yQ)+ ztQ (44)

The rigid-body angle of attack is computed as

a r (x) = �
zt

ucosL

�
2+

yt

ucosL

�
(45)

The elastic angle of attack is evaluated withz= 0 as

ae(x;y) =
� wy

ucosL
�

wzzt

u2cos2L

�
U �

wx

ucosL
V +

wxzt

u2cos2L
W +

�
yt

ucosL
+

ywxzt � z2
t

u2cos2L

�
Q

�
�

ywy

ucosL
�

ywzzt + xtzt

u2cos2L

�
Vx +

xt

ucosL
Wx �

zt

u2cos2L
Vt �

1
ucosL

Wt �
y

ucosL
Qt (46)

Let y = ȳcosL whereȳ is the airfoil coordinate in the streamwise direction. For circulatory lift, the elastic angle
of attack is evaluated by setting ¯y = ec whereec is the offset of the three-quarter point from the elastic center in the
streamwise direction. The circulatory lift and pitching moment coef�cients are given by

cLc = cLa [a r + C(k) ae(x;eccosL)] cosL (47)

cmc = cmac +
e
c

cLa [a r + C(k) ae(x;eccosL)] cosL (48)

whereC(k) is the Theodorsen's function,13 k = wc
2u is the reduced frequency,cLa is the lift curve slope,cmac is the

pitching moment coef�cient about the aerodynamic center,c is the chord length in the streamwise direction,e is the
offset of the aerodynamic center from the elastic axis in the streamwise direction. Note that the the lift curve slope
cLa also accounts for the transonic �ow and viscosity in the model using a transonic small disturbance and integral
boundary layer correction method.14

The non-circulatory lift and pitching moment coef�cients evaluated as12

cLnc =
pccosL

2V
¶ae(x;emcosL)

¶t
(49)

cmnc = � 2p cosL
�

c
16

¶ae

¶ȳ
+

c2

128V
¶2ae

¶ȳ¶t
+

em

4V
¶ae(x;emcosL)

¶t

�
(50)

whereem is the offset of the mid-chord point from the elastic center in the streamwise direction.
The total lift and pitching moment coef�cients are

cL = cLc + cLnc (51)

cm = cmc + cmnc (52)

The linear aeroelastic contributions to the total drag coef�cient are given by

cD = cDc + cDnc (53)

cDc = cD0 + kc2
Lr

+ 2kcLr (cLc � cLr ) (54)

cDnc = 2kcLr cLnc (55)

wherecLr = cLa a r cosL , andcD0 andk are drag polar parameters for a quadratic drag polar relationship. Note that the
quadratic contributions of the circulatory and non-circulatory unsteady lift coef�cients are assumed to be small and
therefore are neglected.

The incremental aerodynamic coef�cients for the aircraft are computed as

DCL =
2
S

Z L

0
(cL � cLr ) ccosLdx (56)
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DCD =
2
S

Z L

0
(cD � cDr ) ccosLdx (57)

DCY � 0 (58)

DCl =
2
Sb

Z L

0
[(cLc � cLr ) yac+ cLncym]ccosLdx (59)

DCm =
2
Sc̄

Z L

0
[cmncc� (cLc � cLr ) xac � cLncxm+ ( cDc � cDr ) zac+ cDnczm]ccosLdx (60)

DCn =
2
Sb

Z L

0
[� (cDc � cDr ) yac � cDncym]ccosLdx (61)

wherecDr = cD0 + kc2
Lr

is the drag coef�cient due to the rigid aircraft,(xac;yac;zac) is the location of the aerodynamic
center from the aircraft CG in the aircraft body-�xed reference frame B, and(xm;ym;zm) is the location of the mid-
chord point from the aircraft CG in the aircraft body-�xed reference frame B.

The incremental aerodynamic coef�cients for the aircraft can be expressed in terms of the partial derivatives as

DCL;D;Y;l ;m;n =
¶DCL;D;Y;l ;m;n

¶U
U +

¶DCL;D;Y;l ;m;n

¶V
V +

¶DCL;D;Y;l ;m;n

¶W
W +

¶DCL;D;Y;l ;m;n

¶Q
Q+

¶DCL;D;Y;l ;m;n

¶Vx
Vx

+
¶DCL;D;Y;l ;m;n

¶Wx
Wx +

¶DCL;D;Y;l ;m;n

¶Ut
Ut +

¶DCL;D;Y;l ;m;n

¶Vt
Vt +

¶DCL;D;Y;l ;m;n

¶Wt
Wt +

¶DCL;D;Y;l ;m;n

¶Qt
Qt

+
¶DCL;D;Y;l ;m;n

¶Vxt
Vxt +

¶DCL;D;Y;l ;m;n

¶Wxt
Wxt +

¶DCL;D;Y;l ;m;n

¶Vtt
Vtt +

¶DCL;D;Y;l ;m;n

¶Wtt
Wtt +

¶DCL;D;Y;l ;m;n

¶Qtt
Qtt (62)

Note thatDCL, DCD, andDCm are non-zero for the symmetric motion whileDCl andDCn are non-zero for the
anti-symmetric motion of the �exible wings.

The total aerodynamic forces and moments due to both circulatory lift and non-circulatory lift are

f a
x = cDq¥ csinL cosL (63)

f a
y = cDq¥ ccos2L (64)

f a
z = cLq¥ ccosL cosG (65)

ma
x = � cmq¥ c2cos2L cosG (66)

ma
y = cmq¥ c2sinL cosL (67)

ma
z = cmq¥ c2cos2L sinG (68)

The aeroelastic equations of the wing structure are governed by

(EAUx)x = � f i
x � f a

x (69)

(GJQx)x = � mi
x � ma

x � r Aecgg (70)

(EIyyWxx)xx = f i
z + f i

z +
¶ma

y

¶x
� r Ag (71)

(EIzzVxx)xx = f i
y + f a

y �
¶ma

z

¶x
(72)
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