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Abstract. In this work, we calculated the optimal amount according to "annualized costs" 

criteria on the basis of model representations for anodic grounding of the cathodic protection 

system in the form of a single hemisphere, which is located on the surface of the ground and 

contains coke backfilling. At the same time, calculations were made for a similar grounding, 

but without the use of coke filling, which allowed comparative analysis and calculation of their 

comparative economic efficiency, depending on the specific resistance of the soil. As a result 

of these calculations, we proposed a modernized anodic grounding with a normalized amount 

of coke filling that has increased safety in comparison with the traditional product, since it 

allows reducing risks, caused by generation of positive DС stray currents of cathodic 

protection system, to other underground metal constructions. This quality of the proposed 

anode grounding is especially important in urban areas and at the territories of large industrial 

facilities characterized by an increased density of underground metal structures.  

 

1.  Introduction 

The current state of fuel and energy complex of the Russian Federation and public utilities as a 

whole is characterized by increased accident risk of underground metal communications (UMC) and 

high degree of its wearing out [1-10]. This leads to increased amount of capital expenses for its 

reconstruction and maintenance. In this case, as the practice shows, the hazard having the highest 

priority is external corrosion of UMC. Special complex of anti-corrosion measures is used to eliminate 

this dangers, including its' cathodic polarization, which is associated with significant capital and 

exploitation expenses, especially for large cities and industrial sites [11-18]. Besides this, we observe a 

clear intensification of works of electrochemical protection against corrosion under the impact of AC 

stray currents [19-23]. In that context it is obvious that improvement of efficiency of active 

anticorrosion protection of underground metal pipelines (UMP) drastically reduces expenses both for 

construction of cathodic protection setups, and its' further exploitation [24-32] and thus may be 

regarded as priority direction of this technology development. World experience has worked out rather 

efficient way of cutting the reduced costs for cathodic protection by usage of coke filling at anodic 

grounding construction. Generally in this case the positive effect is achieved both by means of anode 

service life extension, and reduction of expenses for electrical energy [33], which is necessary for 
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electrochemical protection system functioning. The additional factor working towards usage of coke 

filling especially at urban conditions at presence of high UMP and other metal construction stacking 

densities is the following: reduction of area which is dangerous due to the presence of stray currents in 

the vicinity of anodic grounding. This work is devoted to consideration of two latter issues connected 

with implementation of traditional model representations, used for description of anodic grounding. 

2.  Optimization of the amount of coke filling for an anode grounding model in the form of a 

hemisphere located at the soil surface 

Here we consider the simplest variant of cathode protection of the underground pipeline (figure 1), 

which includes transformer for cathode protection 1, cable gaskets 2 and 3, anodic grounding 4 and the 

metal pipeline 5 being protected, which is isolated from the outside environment using dielectric 

coating 6, i.e. polyyethylene one. At this all system elements excluding transmitter and a part of 

isolated cable gaskets are located in the soil 7, whereas dielectric coating has defects 8 such that 

pipeline metal within its' bounds directly contacts with its surrounding soil or soil electrolyte. 

We shall assume that anode for grounding of cathode protection setup (figures 1 and 2) is a single 

metal electrode, for example, made of iron. It has a hemispherical shape of radius r0 , which is located 

at the soil surface, which is shown in figure 2a. Metal specific resistance is ρM,  and specific resistance 

of the soil is  ρg. 

As metal specific resistance is extremely low and is significantly less than specific resistance of the 

soil, we will consider hemisphere surface as being equipotential and equal to potential at the cable 

input. From the other side, we may not take into account anode metal resistance in our further 

calculations. So, when our model is located in the soil and is infinitely distant from the pipeline, 

spreading resistance of anodic grounding Rg will be defined according to the following expression 

[34]: 
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.     (1) 

 

Figure 1. Cathodic protection scheme: 1 - cathodic station (transformer); 2,3 - cable gaskets; 4 - 

anodic grounding; 5 - metal pipeline being protected; 6 - polyethylene coating; 7 - soil; 8 - defect; 9 - 

coke filling. 

When anodic grounding is at the same conditions, i.e. in coke filling (the soil is fully replaced by 

coke filling, figure 2b), its spreading resistance Rk will be defined by an analogue expression [34]: 
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where ρk is specific resistance of coke filling. 
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Figure. 2. Model of anodic grounding in a form of hemisphere, which is located at the ground (soil) 

surface. 

We assume that r  is a distance from anodic grounding center (point а) to a certain point (b) in soil 

or coke filling (figures 2c and 2d). In this case, taking into account symmetry of the object under test, 

resistance of soil layer from the end of radius-vector r (point b) to soil point (c) which is infinitely-

distant from anodic grounding Rgr∞  will be defined by the following equation (figures 2c): 

2

g
grR

r




 

.       (3) 

Similarly, in case when the soil is totally replaced by coke filling (figures 2d), resistance of coke 

filling layer from the end of radius-vector r (point b) up to the soil point, which is infinitely-distant 

from anodic grounding (point c), might be calculated using the following mathematical expression: 

2

k
krR

r




 

.      (4) 

From expressions (1) and (3) it follows that resistance of soil layer, which is located between 

anodic grounding and a hemisphere of radius r (figures 2c), will be defined by expression: 

0
0

1 1

2

g
gr rR

r r





 
  

  .    (5) 

Similarly, expressions (2) and (4) show that in case when the soil is totally replaced by coke filling 

(figures 2d), resistance of coke filling layer which is located between anodic grounding and a 

hemisphere of radius r, might be calculated using the following mathematical expression: 

0
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By subtraction (6) from (5), we obtain the expression for calculation of change in anodic grounding 

resistance ∆R when replacing a soil layer by coke filling with radius, which is changing from r0 to rk 

(figure 2e). Consequently, the total soil resistance Rg, which is denoted by expression (1), will 

decrease by ∆R: 

0 0gr r kr rR R R  
.     (7) 

On substituting of the corresponding values into the right part of the latter expression, we obtain: 

0

( ) 1 1
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g k
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r r

 


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  .    (8) 

By using the latter expression together with the formula (1), we get the expression for calculation 

of the anodic grounding, which is located in a combined system: coke filling-soil. In this case coke 

filling is located in a hemisphere, limited by radius-vectors  r0 и rk, whereas soil is located outside of 
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radius-vector rk up to the infinity (figure 2e). Spreading resistance of the anodic grounding for the 

chosen shape and combination of coke filling and soil Rkg will be defined by the following formula: 

kg gR R R  
.     (9) 

On substituting of the corresponding values into the right part of the latter expression, we obtain 

the following formula, which denotes spreading resistance of anodic grounding in the presence of coke 

filling: 

0
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It is known [35], that cathodic protection current (I0) is totally defined by characteristics of the 

protected construction and its environment. In this case, according to the cathodic protection scheme 

(figure 1) it is obvious, that at any change of anodic grounding characteristics, the value I0 must stay 

constant. This fact allows us to determine power losses for anodic grounding at changing of its 

operating characteristics. 

Annual expenditures for electrical energy Cg, which are associated with electrical resistance of 

anodic grounding which is located in the soil taking into account  Joule-Lenz's law, are defined by 

the following expression: 
2
0g gC KktI R

,     (11) 

where: K is a coefficient, which characterizes transformer efficiency (for example, at efficiency equal 

to 50%, this coefficient will be equal to 2); k is price for electrical energy (let it be equal to  

4.00 rubles/kW∙h)); t is amount of hours in a year (8760); I0 is total protective current passing through 

anodic grounding. 

Similarly, expenditures for electrical energy Ck, which are associated with electrical resistance of 

anodic grounding located in coke filling, are defined by the following formula: 
2
0k kC KktI R .                                                           (12) 

Combination of the latter three expressions results in formula, which defines electrical energy 

expenditures at anodic grounding, located in a combined soil; 
2
0kg kgC KktI R

.     (13) 

In the meantime total economic effect of any measure in construction industry, is generally 

estimated using the term "annualized effect", which is defined by the following expression: 

0
a

K
P E

T
 

,       (14) 

where: P is annualized cost in rubles; K0 is capital expenditures for construction in rubles; T is 

object service life, years; Ea is annual exploitation expenditures in rubles. 

It should be noted that usage of coke filling at construction of anodic grounding results in a number 

of positive effects, including reduction of power losses. For example, in this case [34] the anodes 

service time increases; electrochemical overload at anodic grounding reduces due to drastic growth of 

reactional surface; the necessary installed capacity of cathodic protection transformer reduces.  Also it 

is quite likely that expenditures for maintenance service of cathodic protection setup slightly decrease. 

However, analysis of these issues go beyond the declared subject, so here we won't take them into 

consideration. 

As it follows from formula (14), the total economic effect associated with economy of electrical 

energy at usage of coke filling, slightly decreases due to coke price and additional expenditures for its 

delivery and laying. In construction industry at rough estimations of work price it is believed that 

delivery and usage of material is equal to its price. We will use this wide-spread approach for 

estimation of works for coke laying at construction of anodic grounding. In this case for coke filling 

laying service, including material price Kk, we obtain the following expression: 
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,    (15) 

where: ka is a coefficient, which characterizes expenditures for delivery and laying of coke filling 

with respect to material cost (for example, at material cost equal to cost of its delivery and laying, this 

coefficient is equal to 2);  a is price of coke filling unit weight, rubles/kg; D is coke filling density, 

kg/m3. 

So, capital expenses for construction of anodic grounding K0, which enter the formula (14) are 

described by the following expression: 

0 a kK K K 
,     (16) 

where: Ka is capital expenses, which include price, delivery and laying of the sacrificial anode, In our 

case these expenses are constant. 

To calculate annualized expenses P according to formula (14), we should define annualized capital 

expenses K0/T and annual exploitation expenses Ea. It should be noted, that according to (15) and (16) 

the value K0 is an increasing function, which changes from a certain constant up to infinity. Its 

definition range is from r0 to infinity. At the same time function Ckg with the same definition range is a 

decreasing function from a certain constant up to zero, which is seen from (13). As during analysis of 

exploitation costs of anodic grounding we take into account only expenses for electrical energy, we 

shall assume that Ckg ≈ Ea. Consequently, on the basis of physical nature of K0 and Ckg (both functions 

depend on radius-vector r)  and taking into account that anodic grounding service life is equal to or 

more than zero, we may state that annualized costs P from (14) have a certain minimum value at rk 

changing. In order to find this value we will use the fact that for continuous functions its derivative in 

bend point is equal to 0. By substituting the obtained values Ea и K0 into (14), we get: 

 3 3 2
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        

   .   (17) 

The latter expression we further differentiate with respect to rk and equate to zero. After resolving it 

with respect to rk we obtain the formula for calculation of optimum value of radius-vector rkr: 

  2
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




.     (18) 

where rkr  is value of vector  rk, which corresponds to optimum choice of parameters of coke filling 

from the viewpoint of expression (14). 

Further we substitute the most common numerical values into this formula (ρk = 0.2 Ohm∙m, 

k = 4 rubles/(kW∙h), K = 2, t = 8760 h, T = 10 years, I0 = 1 А, a = 40 rubles/kg, ka = 2, r0 = 0.15 m, 

D = 800 kg/m
3
, Ka = 20 000 rubles). So we obtain the optimum "width" of coke filling as a function of 

specific resistance of the soil. Specific resistance of the soil we will vary from 10 Ohm∙m (wet clay; 

sand, highly-watered by ground waters) up to 100 Ohm∙m (semi-solid loam; moderately-watered 

sand). The calculation results are presented in table (Table 1) and graphical form (figure 3).  

For comparison we will consider a variant of anodic grounding, where is no coke filling. Here for 

calculation annual exploitation expenses for anodic grounding without coke filling Eag  instead of (13) 

we use a modernized expression (11), which we denote as (11*): 
2
0ag g gE C KktI R 

.    (11*) 

For calculation capital expenses instead of formula (16) now we have to use the following expression: 

0 aK K
.     (16*) 

Further we calculate annualized expenses for anodic grounding located at soil Pg using the modernized 

formula (19) and denoting it as (14): 

0
g ag

K
P E

T
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,    (19) 
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Table 1. Relation between major characteristics of a single hemispherical anodic grounding with 

optimum characteristics of coke filling and specific resistance of the soil ρg. 

ρg, Ohm·m rkr(rr), m Rkg, Ohm Ka, rubles. Kk, rubles Ea, rubles. P, rubles/year 

10 0.228 7.04 20,000 1144 494 2608 

20 0.272 11.79 20,000 2253 826 3052 

30 0.302 15.95 20,000 3223 1117 3440 

40 0.324 19.76 20,000 4114 1385 3796 

50 0.343 23.34 20,000 4950 1636 4130 

60 0.359 26.74 20,000 5745 1874 4448 

70 0.373 30.00 20,000 6507 2103 4753 

80 0.386 33.15 20,000 7242 2323 5047 

90 0.397 36.20 20,000 7954 2537 5332 

100 0.408 39.16 20,000 8647 2745 5609 

 

 

Figure 3. Relation between annualized costs (P), calculated optimum radius of coke filling (rkr), 

and specific resistance of the soil (ρg). 

The calculation results are presented in table (Table 2) and graphical form for comparison with 

annualized costs in the presence of coke filling (figure 3). 

Table 2. Relation between major characteristics of a single hemispherical anodic grounding without 

coke filling and specific resistance of the soil ρg 

ρg, Ohm∙m Ka, rubles Eag, rubles/year Pg, rubles/year 

10 20,000 744 2744 

20 20,000 1488 3488 

30 20,000 2232 4232 

40 20,000 2976 4976 

50 20,000 3720 5720 

60 20,000 4464 6464 

70 20,000 5208 7208 

80 20,000 5952 7952 

90 20,000 6696 8696 

100 20,000 7439 9439 
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Comparison of data from table and plots shows a significant decrease of annualized costs when using 

optimum parameters of coke filling during construction of anodic grounding, as well as strengthening 

of the positive effect at increase of specific resistance of the soil. 

3.  Impact of the amount of coke filling for an anode grounding model in the form of a 

hemisphere located at the soil surface on the area dangerous with regard to stray currents, going 

from anodic grounding 

As before, r  is a distance from anodic grounding center  to a certain point in soil or coke filling 

(figure 2). In this case according to [34] anodic grounding potential 0gr
 measured with respect to 

infinitely-distant ground will be defined by the following expression: 

0

0

02
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.                                                            (20) 

In the same time, soil potential gr
 located at the distance r from the center of the anodic 

grounding might be described by the following expression [34]: 

0
0

gr
gr r

r


 

.                                                          (21) 

After substitution of numerical value of 0gr
 from (20) we get the following: 

0
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I

r







.                                                            (22) 

According to the practice criterion [35] of estimation of danger with regard to stray currents going 

from the anodic grounding, the soil potential with respect to infinite-distant ground which is equal to 

+0.5 V and less is admitted to present no danger.  Formula (22) allows us to calculate radius of the 

circle which is dangerous with regard to stray currents having its center in anodic grounding.  After 

substituting into the formula (22) instead of gr
 its numerical value (0.5V) and some transformations 

we obtain the following expression for calculation limits of dangerous area, which is formed by 

radius-vector rgro: 

0 g
gro

I
r






.                                                         (23) 

At usage of coke filling in a part of hemisphere, limited by radius-vectors  r0 и rk, soil will be 

located outside of radius-vector rk up to the infinity. So Rkg, which defines total resistance of the 

anodic grounding, might be calculated using the formula (10). Ohm law and formula (10) were used to 

calculate anodic grounding potential 0kgr
 with respect to infinite-distant ground at the presence of 

coke filling. This was calculated for previously-chosen parameters, which characterize anodic 

grounding, soil and coke filling. 

0 0
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r r r
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

 

  
    

    .                                     (24) 

In order to find soil potential kgr
 located at the distance r from anodic grounding center in the 

case of presence of just coke filling, we rewrite the expression (20) in the following way: 

0
0

kgr
kgr r

r


 

.                                                        (20*) 

By substituting the numerical value of anodic grounding potential 0kgr
 from equation (24) to 

(20*), we obtain: 
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Taking into account that according to danger criterion with regard to stray currents the potential 

kgr
 should be equal to 0.5 V, secure radius rB  might be calculated from the latter formula: 

0 0

0

1 1g
B k

k k

r I
r

r r r






  
    

    .    (26) 

However, in some cases more informative characteristics, which is necessary for analysis of this 

phenomenon is rBO. It is a particular case of  rB value, which was calculated for optimum with regard 

to formula (18) value of coke filling radius. This approach allows us to modify formula (26) and to 

present it in the following way: 

0 0

0

1 1g
BO k
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r I
r

r r r






  
    

    .   (27) 

Further we calculate numerical value of rBO as a function of specific resistance of the soil using 

formula (27) and Table 1. This result we compare with anodic grounding without coke filling (23), 

which is characterized by radius-vector rgro. In such case the reduction of danger area formed by 

radius-vector going from the center of a single anodic grounding Δr will be defined by the following 

formula: 

gro BOr r r  
.                                                          (28) 

However, in some cases more informative characteristics, which is necessary for analysis of this 

phenomenon is ΔS: gain in area which present no danger with regard to stray currents, which is 

connected with use of coke filling for anodic grounding. It might be calculated using the formula (29), 

obtained basing on the formula for calculation of circular ring area. 
22
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                   .                      (29) 

The calculation results are presented in table (Table 3) and graphical form (figure 4). 

 

Table 3. Relation between characteristics of area , which is dangerous with regard to stray currents of 

a single hemispherical anodic grounding and specific resistance of the soil 

ρg, Ohm·m rkr, m rgro, m rBO, m Δr, m ΔS, m
2 

10 0.228 3.18 2.11 1.07 18 

20 0.272 6.37 3.54 2.83 88 

30 0.302 9.55 4.78 4.77 215 

40 0.324 12.74 5.93 6.81 399 

50 0.343 15.92 7.00 8.92 642 

60 0.359 19.11 8.02 11.09 944 

70 0.373 22.29 9.00 13.29 1306 

80 0.386 25.48 9.94 15.53 1728 

90 0.397 28.66 10.86 17.80 2209 

100 0.408 31.85 11.75 20.10 2751 
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Figure 4. Relation between radius of the dangerous area in case of presence (rBO) and absence (rgro)  of 

coke filling and specific resistance of the soil (ρg)· 
 

4.  Results discussion and conclusions 

In this work, we calculated the optimal amount according to "annualized costs" criteria on the basis of 

model representations for the anodic grounding of the cathodic protection system in the form of a 

single hemisphere, which is located on the surface of the ground and contains coke backfilling. 

Simultaneously we present calculations for similar grounding without coke backfilling. This allowed 

us to carry out comparative analysis and calculate its economical efficiency depending on specific 

resistance of the soil. As a result of these calculations, we proposed a modernized anodic grounding 

with a normalized amount of coke filling that has increased safety in comparison with the traditional 

product, since it allows reducing risks, caused by generation of positive DС stray currents of cathodic 

protection system, to other underground metal constructions. This quality of the proposed anode 

grounding is especially important in urban areas and at the territories of large industrial facilities 

characterized by an increased density of underground metal structures.  

On the basis of our studies we can draw the following conclusions: 

 We have proposed a technique for calculation of optimum amount of coke for hemispherical 

model of anodic grounding, which guarantees reduction of annualized costs. Also we present 

numerical estimation of this reduction at construction and further exploitation of anodic 

grounding for cathodic protection system for various values of specific resistance of the soil. 

 We propose a technique for calculation the reduction of area which is dangerous with regard 

to positive stray currents at various values of specific resistance of the soil. It was used for 

hemispherical model of anodic grounding, which operates at optimum parameters from the 

point of view of annualized costs. 
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