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Abstract. The article deals with the problem of optimizing multi-story frame systems from the
condition of stability. When solving the problem of optimizing the cross-sections of the
elements of frame systems, the bearing capacity of which is determined by their stability, the
known parameters are configuration, support fastenings, material and nodal loads. As an
optimized parameter, the constant bending stiffness within each rod is assumed. The
optimization problem is solved by the criterion of minimum volume of the frame material. The
mathematical model compiled by the authors in a general form is a nonlinear mathematical
programming task. To solve it, the method of Lagrange multipliers is used. The problem is
solved in two stages. At the first stage of the stationary conditions, the authors obtained the
relationships between the nodal displacements for free and non-free frames. In the second
stage, at the found values of these relations, the determinant condition of the critical state of the
frame structure can be represented in the form of a system of equations. In this case, the system
of equations obtained by the method of Lagrange multipliers becomes analytically solvable
with respect to unknown linear stiffnesses, since the equations entering into it do not contain
reciprocal products of transcendental functions from unknowns. In this article, in closed form,
equations are obtained that allow determining the optimal linear stiffnesses of columns and
crossbars of free and non-free frames. The analytical solution obtained has been checked. To
select the optimal stiffnesses from the stability condition, it is necessary to define the critical
parameters using the constructive flexibility of the elements, using the functions presented in
the paper, and then determine the linear stiffnesses of the posts and crossbars.

1. Introduction

At the enterprises of oil refining, chemical, gas, metallurgical, power industry, transportation of the
product through pipelines laid above the ground by separately standing supports — multi-storey
elevators is widely used. In connection with the extensive use of transport racks, the problem arises of
their rational or optimal design. The design schemes of multistory overpasses are free and/or non-free
frame systems, for which the exhaustion of load-bearing capacity in the form of loss of stability is
characteristic. Thus, the problem of optimal design of a transport rack takes the form of the task of
optimizing a multi-storey frame system from the stability condition. Solutions to optimization
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problems are built on the basis of a series of numerical solutions [1], and by "groping" and discarding
the scarcely used reserves of the constructive system [2], and by direct numerical solution of non-
linear programming problems, etc. But the most important are closed solutions to optimization
problems, which make it possible to obtain ready-made formulas for the design of individual structural
classes [3, 4, 5].

2. Mathematical model of the optimization problem from the stability condition. Determination
of the optimal ratio of the movement of frames in the critical state

When optimizing the cross-sections of the elements of frame systems, the bearing capacity of which is
determined by their stability, the configuration, support fastenings, material and nodal loads are
known. The optimized frame consists of » rods of unknown linear rigidity for bending (i=x;), which is
assumed to be constant within each rod. It is required to find the values of the variables xy, x», ..., x,, for

m
which the weight (volume) function G = 2/1_,,2 -X; takes a minimum value. Here /; is the constructive
i=1
flexibility of the i-th rod. In this case, it is necessary that the frame is in critical condition, and the
necessary strength conditions are satisfied.
The equation of critical state by the displacement method in the matrix form has the form:
R-Z=0. (1)
Where Z — a vector-column of unknown displacements of the frame nodes; R — the reaction matrix
corresponding to the given system.
As is known, the non-trivial solution of the system of equations corresponds to the vanishing of the
determinant of the system of equations (1):

|R| =det[r, ]=0. (2)
This equation expresses the condition of the critical state of the frame.

Here r; — reactions in additional connections from unit displacements of nodes, depending on the
unknown linear stiffnesses of posts and crossbars and parameters

N; -h;
V= , (3)
X;

where N; — the longitudinal force in the rod; /; — the length of the rod.

When solving the problem of optimizing the cross-sections and rigidities of the frame, the design
loads at the nodes are known and are adopted as limiting (critical) loads. Therefore, the longitudinal
forces NV in individual elements can easily be found.

For multi-storey free and unframed frames (figure 1), the equation of the displacement method (1)
has a three-member structure, and the coefficients for unknowns form a Jacobian matrix of the order
of mxm:

r, r, 0 0 O 0
r, r, L, 0 0 .. O 0
R=|0 r, r, b, 0 .. O 0]. 4)
0 0 0 0 0 .. roy N
Elements of this matrix have the form
ik = X -Vk ik
sinv,
y (5
My = L4 X, ——+6X
Kk = Rkt tgv, . K tgv, mk

for free frames, and
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e =2% - @3(v ), 1=k (6)
N =Xy 0, (Vi) + 4%, 0, (Vi) + 6 Xy

for non-free frames, where ¢, are the coefficients characterizing the fixing of the crossbars; ¢(v) —
special functions [6, 7].

Figure 1. Deformed schemes of free and non-free frames.

Condition (2) is the main restriction of the optimization problem from the stability condition.
Restrictions on the strength of compressed elements can be added after solving the main problem.
Thus, the mathematical model of the problem can be written in the form:
Find the minimum weight (volume) of the frame material

2m
fO)=V=> 27X,
j=1
on condition R-Z=0, Z =0,
D(x) =|R|=det[r, ]=0,

X; >0.

(7
The mathematical model (7) compiled in a general form is a nonlinear mathematical programming
problem. To solve it, we use the method of Lagrange multipliers. This method, as shown below,
allows us to obtain a closed analytical solution and, in the solution process, reveals very important
features of the optimization problem for multi-storey frames from the stability condition.
We compose the Lagrange function, i.e. we pass from the conditional problem (7) to the

unconditional

where u is the indefinite Lagrange multiplier.
The necessary minimum conditions are obtained by computing and equating to zero the partial
derivatives of the function (8) with respect to x; and u:
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oL oV oD(X)
it N et S
8Xj OX: OX.

] J

0,

j=12,..,2m,

oL
— =D(x) =det|r, |=0.
U (x) =de [r-k]

€))

The vector of unknown string stiffnesses {x} and the factor u can be determined directly from the
solution of the system of equations (9). However, as noted in [8], even with the simplest calculation
schemes, such a method proves to be practically unrealizable because of the need to solve very
complex systems of transcendental equations. Apparently, for this reason, the Lagrange method did
not find direct application in optimization problems. We will use system (9) for another purpose — we
will try to determine the relationship between the unknowns of the displacement method. With the
values of these relations found, the condition of the critical state can be represented not by the fact that
the determinant (2) is zero, but by a system of equations of the form:

bk—l Mg T bk Tt bk+1 M = 0, (10)
where b, =Z% .

We consider the last m+1 equations of the system (9), where the differentiation is performed with
respect to the rigidity of the crossbars and to the parameter u:

L 7 0. PW_ o yo12.m

axm+k m-+k (11)
oL

— =det|r, |=0

ou [

The first m equations of system (11) can be written in the form:

//i’rri-k +Uu-C - A, =0, (12)
where Ay is the algebraic complement of 7.
We represent these algebraic complements in the form of a product of two minors:

Ay« =Dy Do, (13)
where D;_; are principal minors of order -1, having the form:

I I
D,=L D=r,; D, =" P, .
r21 l’22
D', are principal minors of order m—k minor, having the form:
r, L, 0 .. r, r, O
Doa={l T T i Dno={l Tu T -
We now transform equations (12) to the form
C, 1
=—+D,-D = . (14)

+k
The last equation of system (11) can be written in the form
2

det[rik]: Ny Do — Fé Dy =0y Dy _ré ‘D, —hy N Dys=..=0 (15)
Consider the simultaneous solution of the equations m+k, m+k+I and 2m+1 of the system (11).
Expressions for D, ; will be written in expanded form. For /=1 we obtain
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Cl DV _ CZ . DI

inil o ﬂniz vt (16)
. Dl — . D! »
Dividing the first equation by the second we 0bta1n
72 72
rli . A‘m+1 — ré j’m+2 , (17)
G C,
then
M- Zm+1 'C{llz =1, 'Zm+2 'Cgllz- (18)

Considering the scheme of deformation of a free and unframed frame with loss of stability (figure
1), we obtain for a free frame (¢, =const):

Zm+l Ay, 6, =0, (19a)
for a non-free frame:

Zmﬂ ‘Cl_l/2 - Im+2 'Cz_m = 0. (19b)
Consider m+2, m+3 and 2m+1 of the equation (k=2):

C, C

_ D, ==2(r,r,—15) D,

/Irr$+2 /Inir3 ( ne 12) " y (20)

(hafy —13)- Dy =ty - Dy
whence taking into account (19a) and (19b) we obtain for a free frame

/1m+1 M+ /1m+2 I+ ﬂ“m+3 =0, (21a)

for a non-free frame:
_/1m+1 C_llz o+ ﬂ’m+2 2_1/2 T — ﬂ“m+3 '03_1/2 T = 0. (21b)
The simultaneous solution of the equations m+3, m+4 and 2m+1, taking into account the obtained

expressions (21a) and (21b), gives

//i’m+2 Tyt //i’m+3 Pyt ﬂ‘m+4 Iy = 0
and
T -1/2 o2 T -1/2
_/1m+2 N /1m+3 s P — /1m+4 -G, I 0
It is obvious that the k-th equation will have the form
-2 -2 T 172
+/1m+k 4G Teat /1m+k Cy i £ Aniies Gt T =0 (22a)

Thus, the ratio of angular displacements has the form

Z/ ﬂ’m k Ck1/7
="m+ _ 23
Zk+n /Im+k+n Cki/n2 ( )

For frames of regular structure with the same values of constructive flexibility of crossbars, we
obtain

Z;=const. (24)
In this case, equations (a) take the form
tn, , +h, £, =0. (22b)

Analogous (24) and (22b) dependences and for n(m;—2) equations in the case when n parts of the
frame consist of m, floors with the same flexibility 4 _,, .

Thus, the stationarity conditions (9) made it possible to establish relations between the unknown
displacement methods of the original problem (7).
These relationships can be used to discretize the deterministic criterion of loss of stability.

3. Analytical solution of optimization problem
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We use the obtained equations (22a) to form constraints in the form of a system of equations in place

of the common determinant (2).
The problem under consideration (7) will have the form:

Find
in f () =V ZZ 72 %)
min f(x)=V=> x.-4.
= (25)
with
Vi =001 G Taca F Ano 67 T E A - Golt” T = 0. D)
The Lagrange function takes the form:
2m _ m
L= % - A7+ D U ¥, (26)
=1 k=1
and the necessary stationary conditions are written in the form
i=/Tk2+uk_1al//k*l +uk%=0, a)
OX, OX, OX,
L - _
6)? = Ao F A -G U =0, b) (27)
m+k
6'— a7 -1/2 a -1/2 q -1/2
e =t G Taer F A G0 e A Gt T =0/ €)
k

This system is already analytically solvable with respect to the unknown string rigidities x; and the
parameters u, since the equations contained in it do not contain reciprocal products of transcendental

functions from unknowns.
From (27b) we find

_ 12 7
U =—C Ay

m

(28)

Therefore, in order to determine the values x;, x,, ..., X,,, corresponding to the linear stiffnesses of
the racks, it is necessary to solve successively m equations (27a), each from one variable. The values

of the variables x,,.1, X+2, ..., X2, are found from the conditions (27¢) into which the found x;, x,,

X,, are substituted.

For frames with shifting nodes, equations (27¢) have the form
W, X, v,
tgv, tgv,

V,

Wl:(xl 2s.inv2

+6Xm+ljj’_m+1 _Zm+1x = 0’

ey

(29)

V= Zm+kl(_xk - j‘*‘ Zerk (Xk e * X — + 6Xm+k J + Zm+k+l(_xk+l £j =0. (30)

sinv, tgv, v, 4

We introduce the notation:

' 2
1% 1% v
= X— | - 2=—— 4| — z
A (thvj tgv-{tgvj v
' 2
72(V)=(X .V j-2= .V +( _V j -CosvV,
sinv sinv sinv

=[x '_(zj2+(ztgz)2_ztgz
s gv sinv) \2) \2°2) 272

Sinv,

k+1

€2))

(32)

(33)

Now equations (27a) for free frames, taking into account (29) and (30), are obtained in the form
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72
N (Vl) = % . (34)
7 (v )( mik1 T/ 2+k) 2/1m+k =] m+k7/2 Vi) = 24/11<
For frames with non-displacing nodes, equations (27¢) have the form
W, = +1c1 [4x1(/12 (1) +4x,0,(v,) +c.x, m+1] /1m+2 )2 [2)62(/)3 (Vz)] } (35)
Vi =i aCir [Zxk @, (v, )] + A [4xk @, (Vi) +4%,10, (Via) + 6%, ] ~AmiaCt [Zxk+1(/73 (Vk+1)] =0
Equations (27a) with allowance for (35) are obtained in the form

c
9 (Vl) 112 L ]
ﬂ’m+1
Lo 66)
ﬂ’m+k—1 ﬂ’m+k V2 =
+— el(vk)_z(ck—lck) Ansk 1ﬂ“m+k9 )= ﬂﬂ(
Gyt Cx
where it is denoted:
2
1 1_[si:k ] 1 ? 1_th
/ v V..V Vv
‘91(Vk)=[4x¢’z(vk)] Z_Vk—k"'_ —tg-* %, (37)
4 tgvi_vi 2\ 2 2 ¢ Ve V,
2 2 2 _?
2
JEE e
' V, V, V, Sinv,
ez(Vk):[Zx%(Vk)] =V : + g~ . (38)
4 tgﬁ—v—k 202 72 . Ve W
2 2 9 2 9
We introduce the notation:
2
vi2 |vlI2 vy
6,(v) = [4X¢2(V) 2X¢)3(v)] > — — +(Ej . (39)
th th

For frames of a regular structure with the same values of the structural flexibility of the crossbars,
equations (34) and (36) take the form

6_2
75(v) = /1;1, (34a)
0,(v) = ;kz:kk (36a)

From equations (34) and (36), according to the known values of flexibilities, the linear stiffnesses
of the racks x;, x, ..., x,, are easily determined, and then the values of the running stiffnesses of the
frame crossbars from equations (27c).

To select the optimal stiffnesses from the stability condition, it is necessary to determine the critical
parameters using the constructional flexibility of the elements, using the functions y(v) and 6(v), so
then determine the linear stiffness of the racks from the equations.

x = (40)

Vi

The stiffener rigidity of the crossbars is calculated from equations
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7 Vi 7 Vi Vis - Vi
Ak X = = Aok | % X Akt Xot = +
sinvy, tgv, 9V, sinv, 4
Xk = 5 + 5 (41)
for free frames, and
T 12
X = AnikaCict 2%195 (Vi) B
m+k I ~1/2
m+kck

(42)

- Vv Vi, = _
e vz [4xk(/’z (V) +4x,.0, (Vk+1)] [xk o+ Xea1 e J + /1m+k+1cki/12 2%, 105 (Vi.1)
tgv, v,

a -1/2
ﬂ‘m+kck

for non-free frames.
For regular frames, formulas for determining the rigidity of crossbars, taking into account
expressions

Vk Vk Vk
X —X ==xv g — |, 43
ktgvk kSind K kg(zj (43)

v, v
%0, (V) = 2%0, (Vi) = % ?ktg (?kj: (44)
it is more convenient to represent

. -_lxiiﬁxvtg[ﬁj
m+1 6 tgv, 622 2

(41a)
X =—l(x + X )VIg Y
m+k 6 k k+1 2
and
1 vi2
Xiar === 4%, (V) + X, ——
c 1%
tg| -
(ZJ (42a)
1 vi2
Xk :__(Xk +Xk+1)—
o (g
2

for free and non-free frames, respectively. When the stability region is convex [9, 10, 11], the
solution has a global character.

4. Conclusion

Thus, solving equations have been obtained that make it possible to easily determine the optimal
conditions for the stability of the rigidity of plane frames. For free frames, these are equations (34),
(40) and (41); for non-free frames with non-displacing nodes, these are equations (36), (40), (42).
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