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Abstract. The distinctive paper is devoted to wavelet-based multilevel method of local
numerical solution of boundary problems of elasticity three-dimensional theory. As it is
known, effective qualitative multilevel analysis of local and structure global stress-strain states
is normally required in various technical applications. Operational and variational formulations
of the problem (particularly with the use of wavelet (Haar) basis) are presented. Computer-
oriented algorithms of fast direct and inverse discrete Haar transforms are described. Due to
special algorithms of averaging within corresponding multigrain approach, problem reduction
is provided.

1. Basic formulas of fast direct and inverse discrete Haar transforms and averaging

1.1. Algorithms of fast direct and inverse discrete Haar transforms
Let us consider the three-dimensional rectangular domain

Q={(X,%X;,%): 0<x <l;, 0<x,<l,,0<x;<I3} (1)
where X, X,, X3 are coordinates; I;,1,,l; are dimensions along X, X,,X;. Let us divide @ into
(n—1) equal parts along x,, into (n—1) equal parts along x, and into (n—1) equal parts along x,,

where n=2", M is the number of levels in the Haar basis [1-12]. We have the following formulas
for coordinates of mesh nodes:

X, =@ —Dhy, i, =1,2,...,n; Xp; =@, —Dh,, i, =1,2,..,n; Xg; =(i3—Dhy, iy =1,2,...,n, 2

h, =l /(n—1); h,=1,/(n—-1); hy=I,/(n—1). ?3)
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Haar mesh functions ‘//sﬁ,sz,sg,jl,jz,jg (iy,i,,i3), p=1...M, I Jo0 I :1,---,Np, $1,5,,53=0,1
(except s, =s, =s, =0) can be defined by formulas:

-1 i,

oL _ 1 . i,-1 .
?52,52,%,j3,j2,j1('1:'2:'3)zapllPsSszsl(z_p_(Jl_l)a T - (1 _1),32_p_(13 _1)} 1<p<M; @

‘//g{lo,o,l,n (iyi0is) = oy ; ®)
1, 0<X.,X%,,%X3<1/2

(D>, 1/2<x, <1A0<X,<1/2A0<x;<1/2

(-D%, 0<x, <1/2A1/2<X, <1A0<X, <1/2

(-1)%*%, 1/2<x <1A1/2<x%, <lAO0<Xs <1/2

Wyss, (X2 Xo, X5) = (D>, 0<x;,X, <1/2A1/2<x,;<1 31,52,33:0,1;(6)
(D)™™, 1/2<% <1A0<X, <1/2A1/2<x,<1

(-1)%*, 0<x, <1/2A1/2<x, <1Al/2<x, <1

(D)%t 1/2< % <1AL/2< X, <1IAL/2<x; <1

0, X, Xy, X3 <0 VX, X, X521,

N, =n/2P =2""P, 1<p<M o, =2°V2°, 1<p<M )

Let f(i,,i,,i;) be an arbitrary mesh function. Consequently we have

Np

M Np Np
- - - _ M M p p - - -
f(i1,15,13) = V500111% 000111 + Z Z Z z (Vl,o,o,jl,12,13‘//1,0,0,11,12,13 (iy,15,15) +

p=1 j;=1 j,=1j5=1
p p I p p I

+ vO,l,O,jl,jz,j3 WO,l,O,jl,jz,jg (Il’ |2) + Vorole fizds l//0,0,l, J iz s (Il' |2) + (8)
P P .. P P ..

V10,1 Y120, s 0 12) T VE0 1 5 Y204, gy g (012) +

) ) . ) ) .
V011,51 b5 Yo i dands (10 12) F Va1 5 5 W2 gy g (0 12))s

Wherevs‘z,sz,sa,h,jz,jg’ $,5,5 =01 j,J3=12,.., Np, p=L2,...M are Haar  expansion
coefficients,
N N N
. B o ..
V51!52’53vj1vjzxj3 - ZZZ f (Il’ |2’|3)W51,52,s3,j1,j2,j3 (II’ 2 |3) . 9)

i =Li,=1i;=1
Algorithm of fast direct discrete Haar transform is described below.
U(j)lijYjS B f(jl, j2, j3), jl :1, 2,..., n, j2 :1, 2,...,n, j3 :1, 2,...,n . (10)

We have (forall p=1,..,M, Ji 2 Ja :11"'1Np, $1,S,,83 =0,1 (except s, =s, =5, =0)):

2= (D%, 2, =(-D%, z3=(-D%; Apy =232 a,; (12)
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P R AN p p p
Vs ssoiniads = Op Uz 12), 1251+ 2Ua) 2, 12),1 22Uz 12}, 2,1 T ZaUzj12), 10, T 12)
p p p p .
+229Us5 0, 041 223Uy, 0, 12j, T 222U, 10j, 04, T LZ2Zly), 2, 21, )
pHl P p p p
fodods — Y2ji1.21-12)5-1 T Y2) 20,251 TU2ja2,,2)-10 T Y2525 250 F 13
p p p p .
tUzj12),1.2), T Y2, 25,125, TYU2j1.2), 25, T Y2j,.2), 25,
V(')\{IO,O,l,l,l = al\_lllu:m.,l ) (14)
whereujﬁ‘jzyb, jis bz ja=12,..,N,, p=12,.,M are auxiliary quantities.
Algorithm of fast inverse Haar transform is described below.
ay = n\/ﬁ; u1,’\/1,1 = al?/llvcl)\{lo,o,l,l,l ' (15)
Wehave (p=M -1, M -2,...,1,i,i,,i,=12,.., Np):
i, =2j, +s, -1 s, =01 k=123; (16)
_ . —(_NS52. —(_1\% . _ .
=0 z,=(-0%; 7,=(-0"; a,,=a,/2V2; (17)
P o l(syP p p p
uilvi2~i3 - ap (Zlvl,O,O,jl,jz,j3 + ZZVO,l,O,jl,jZ,jg + 23V0,0,1,j1,j2,j3 + ZlZZV1,1,O,j1,j2,j3 +
P P P p+l
+2ZV10 1500, 222V0nL by is T 422281 iy s ) F U i (18)
- - - _ 0 } A A
f(|11|21|3)—uil,i2,i31 ih=L1...n, i,=1..n, i;=1..n. (19)

1.2. Algorithm of averaging.
Let us assume that it is necessary to make averaging at level (. For all p=12,..,q,

ji. d20 J3=12,...,N,, §,5;,5, =0,1 (except s, =s, =s; =0) We suppose
(DyUP) 500512510 = (DrUP)2j 12, 250 = (DyUP) 5 55, 10j, 0 = (DU o) 25, 2,0 =
=(D;'u p)2j1—1,2j2—1,2j3 =(D;u p)zjl—l,ZJ'z,ZJ's =(Dyu p)2j1'2j2_1'2j3 =(Or p)211x212'21'3 ) (20)
~ (DU p)2j1_1,2j2—1,21'3—1;
(DfUP) g 025,02i10 = (DoUP) a5 425 2500 = (DaUP) o 2,125 = (DaUP) g 05, 200 =
_ (O, p)zjl—l,erl,ZJ's — (DU p)2j1—1,2j2,21'3 =(D,u p)2j1,2j2—1,2j3 =(D,u ")211,212,213 ~ (21)
~ (D,u p)zjrl,zjz—l,ZJrl;
(D3uP) g5 12j,0201 = (P3UP) g5 104 2500 = (D3UP) 2 05 1250 = (DaUP)5 24 25 =
=(Djyu p)2j1—1,zjz—1,2j3 =(Dyu p)zjl—l,zjz,zjg =(Dju p)2j1,2j2—1,2j3 =(D;yu p)zjl,zizlis ~(22)
~ (D30, 10j,-42)-10
(Dot®)2 1250251 = (D2t ®)2j 125, 251 = (Dol )2j 2, 10)0 =
=(D,u p)2j1,212,2j3—1 =(D,u p)2j1—l,2jz—l,2j3 =(D;D;'u p)2j1—1v212v213 - #3

= (Dyyu p)2j1,2jz—l,2j3 =(Dyu p)2j1,2j2,2j3 ~ (DU p)2j1—1,2j2—1,2j3—1;
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(Dsyu p)21'1—1,2]2—1,21'3—1 = (Djyu p)21'1—1,2]2,21'3—1 = (D p)2j1,2j2—1,2j3—l =
= (Dgyu p)2j1,2j2,2j3—1 =(Dgyu p)2jrl,2jz—1,2j3 =(Dyyu p)zjrl,zjz,zj'3 =

= (Dyyu p)2j1,2j2—l,2j3 =(Dgyu p)2j1,2j2,2j3 ~ (Dgyu p)2j1—1,2j2—1,2j3—l;

(Dgpu p)2j1—1,2j2—1,2j3—1 =(Djyu p)2j1—1,2j2,2j3—l =(Djpu p)2j1,2j2—1,2j3—l =
= (Dgpu p)2j1,2j2,2j3—1 = (DU p)2jl—1,2j2—l,2j3 = (DU p)21'1-1,2]2,21'3 =
= (Dgpu p)2j1,2j2—l,2j3 = (D3, p)2j1,2j2,2j3 ~ (Dy,U p)2,‘1-1,21'2—1,21'3—1;
(D;D, D;u p)2j1—1,2j2—1,2j3—1 =(Dy;D; D;'u p)2j1—l,2j2,2j3—1 =(D;D; D;'u p)2j1,2j2—l,2j3—l =
=(D;D; D'u p)21'1,2]2,21'3-1 =(DyD; D;'u p)2j1—1,2j2—l,2j3 =(DyD; D;'u p)2j1—1,2j2
=(D;D;D/u p)21'1,2]2—1,21'3 =(D;D; Dj'u p)zjl

- TP .
2020, © (D; D, DU )2j1—1,2j2—1,2j3—11

p —yP —yP —yP

Vsl,sz,sg,Zj1—1,2j2—l,2j3—l - Vsl,sz,53,2j1,2j2—1,2j3—1 - Vsl,sz,s3,2jl—l,2j2,2j3—1 a Vsl,52,53,2j1,2j2,2j3—l -

_yh _yh _yhb _yh .
_V51v52v53v21'1*1:21'2*1'2]'3 _V51v52v53v21'1121'2*1v21'3 _V51152153:21'1*1v2j2121-3 _V51:52v53’2j112j21213’

Uj‘l)l Jor I3 - ui:]zvls uﬁ‘fl Jar 3 +UE Jotl I3 +UE+1’ J2tl s +
+ U P 2, Ja+l + uh+1 I + ujri, Jo+l, Jo+l + qui+l, o+l j3+1)/8;
u]ﬁj—z»js SJ 2j-1,2j,-1, 213-1’
(Dfup)jlijvja z(ui"'lxhxjs hJ s )/(zph)
(D;up)hvhvja - uEvJ'z*'lxls 11 Ja 13)/(2ph)

(D;up)jlrhxh z(uj’j:jzrh“'l J1J 3 )/(th)

+ P —_nP p .
(Tl u )thvas ul1+l 20 I3 +uj1,j2,j3'

+

—_P p
Y

p .
Vit =Yt T Uiy
+ P _ p .
(T3 )h I J1 2. Jatl +ujlvj2v Js?
1 1 1
D, = ZT3+T2+ D/ D,= ZT3+T1+D+ , Dy= ZT2+T1+D+ :

Dy =%T3+D2+D1+; Ds; = %T;D;D+ , Dy = %T1+D3+Dz+ -

Final formulas of averaging have the form:

V. p . . . =V p . . =V. p . . . =V. p . . . o=
1,0,0,2j,-1,2j,-12j3-1 10,0,2j;,2j,-1,2j3-1 1,0,0,2j,-1,2j,,2 j3-1 1,0,0,2j,-1,2j,-12]3

_ b _yh _ b _yh _ p+l
V100,211, 2052151 = V10021121120 = V10,0214215.2]5 = V10.0.2}1.215.2]5 = P1.0,0Y10,0,51. 1.y

jlv jz- j3 =12,..,

2j;

p+1;

(24)

(25)

(26)

(27

(28)

(29)
(30)
(31)
(32)
(33)
(34)
(35)

(36)

(37)

(38)
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v =yl =P =vP =
01,0,2j,-1,2j,-1,2j;-1 0,1,0,2j;,2j,-1,2 j3-1 01,0,2j,-1,2j,,2j3-1 01,0,2j,-1,2j,-1,2];

1
= V0p,1,0,2j1,2j2,2j3—1 = Vgl,0,2j1,2j2—1,2j3 = V0p,1,0,2j1—1,2j2,2j3 = V0p,1,0,2j1,2j2,2j3 = ﬂo;,ovgzo,j1,j2,j3 ' (39)
jli j2! j3 :1’ 21 ey N p+1;
V&0,1,2j1—1,2j2—1,2j3—1 = V0?0,1,2j1,2j2—l,2j3—1 = Vop,o,1,2j1—1,2j2,2j3—1 = Vop,o,l,zj1—1,2j2—1,2j3 =
= V00120205211 = V0002020121 = V00020121521 = V000202120 = B0.01Y001 50 inris (40)
i dar 3 =12,...,N g5
Vih02i12i 0251 = V11020 21,1251 = VIL0.25-1.21; 2151 = V11025-1210-1.25 =
= V1?l,0,2j1,2j2,2j3—l = Vl’,Jl,O,2j1,2j2—1,2j3 = V1?1,0,2j1—1,2j2,2j3 = Vll,)l,o,zjl,zjz,zj3 = :31,1,0V1p,61,0,j1,jz,j3 : (41)
jl’ j2’ j3 =1! 21 e N p+1;
vl . oo=vP o o=vP .. o =vP . .=
1,01,2j;-1,2j,-1,2js-1 = V1,01,2j,,2j,-1,2j5-1 — V1,01,2j-1.2},.2js-1 — V1,012j,-12j,-12];
=Vi012,20,.2151 = V012525121 = V1042312525 = V1012521521 = PLoiNon )y (42)
i o Js =12, Npy;
vP ... . o=vP o o=vP .. o=vyP . .=
011,2j,-12j,-1,2j3-1 011,2j,,2j,-1,2j;-1 011,2j,-12j,,2j3-1 011,2j,-1,2j,-12]3
= V0p,1,1,2h,21'2,21'3—1 = V51,1,2j1,2j2—1,2j3 = V0p,1,1,2j1—1,2j2,2j3 = V()p,1,1,2j1,2j2,2j3 = ﬁo,l,lvgzl, Jdzeds? (43)

Jl’ Jz, J3 :1, 2,..., Np+1;
p —yP —yP —yP —
V1,1,1,2j1—1,2j2—l,2j3—1 - V1,1,1,2j1,2j2—l,2j3—1 _V1,1,1,2j1—1,2j2,2j3—1 _Vl,l,l,2j1—1,2j2—1,2j3 -

_ b _ P __ P _ P _ p+l
=Vi112),.2).2551 = Vi112).2),-12)s = ViL12)-120.2)s = Vi112) 205215 = PLiaVits iy o

jir Jor s =12,.., N

p+1?

(44)
V2. 2.
ﬂl,0,0 = ﬁo,l,o = /80,0,1 = ? v Piro = Puos = Poir = % v Prag = g ’ (45)

2. Multilevel wavelet-based numerical method of boundary problems local solution of elasticity
three-dimensional theory

2.1. Formulation of the problem

Effective qualitative multilevel analysis of local and structure global stress-strain states is normally
required in various technical problems. As it is known, defects and failures are mostly local in nature.
However total load-carrying ability of the structure, associated with the condition of limit equilibrium,
is determined by the global behavior of the considering project. Therefore corresponding multilevel
approach is peculiarly relevant and apparently preferable in all aspects for qualitative and quantitative
analysis of calculation data.

Wavelet analysis provides effective and popular tool for such researches. After expansion of the
solution with the use of local wavelet basis corresponding components are considered at each level of
the basis.In accordance with the method of extended domain [13], the domain (2, occupied by
considering structure, is embroidered by extended one @ of arbitrary shape, particularly elementary.
Operational formulation of the problem in domain @ normally has the form

lu=F, (46)
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where L is the operator of boundary problem, which takes into account the boundary conditions; u is
the unknown function; F is the given right-side function.
Directly from operational formulation we have variational formulation of the problem:

®(u)=0.5-(Lu,u) — (F,u), (47)

Solution of (47) is the critical point of (41). (f,g) denotes dot product of functions f and {.
Discrete formulation of the problem has the form:

AU=f, (48)
where A={a; ; }i 12 n, is the difference approximation of operator L; U=[u, u, .. U, I is
the unknown mesh function; f=[ f, f, .. fng| ]T is the given right-side mesh function; Ny is

dimension of problem. Various methods can be used to form the matrix of the discrete operator. We
recommend method of basis (local) variations [14]. Its major peculiarities include universality and
computer orientation. We can use the following formulas for linear problems:

3, =PE"Y +eV)-@E")-dEY)+D(0)]; f, =05 [@E") - (-e)], (49)

g0 _1a® o0 O LN @M _ -
eV =[e"” e .. engl],l_LZ,...,n ej’ =9 j=12,..n

=Oij

(50)

gl; g|;

g® ,1=12,..., Ng are basis mesh vectors; 0 is the null function; 5i, j 1s the Kronecker delta.

2.2. Haar-based formulation of the problem
Let us consider Haar-based formulation of the problem:

®(T) =0.5-(AT,T) —(f,0) =0.5-(LQV,QV) — (f,QV) =0.5-(Q'LQV,V) —(Q" f,v), (51)
where Q is transition matrix consisting from Haar basis vectors, located in rows. Thus,
D) =0.5-(QLQV,V) — (Q"f,V), (52)

whereV is vector of Haar expansion coefficients of the vector U [15]. Corresponding operational
formulation of the problem has the form

Lv=f, [=Q'LQ; 7-_qF. (53)

Further reduction of the problem is based on the averaging algorithm specified above.
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