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Abstract. Earlier, the criterion of minimum material consumption was formulated within the
outline design of the I-shaped bar width and the stability constraints or restriction to the value
of the first natural frequency in one principal plane of the cross-section inertia. In the
distinctive paper, we formulate a criterion for the minimum material capacity of the I-shaped
bar with a variation in its thickness and outline of the width, with restrictions on the value of
the critical force or restriction to the value of the first natural frequency in two principal planes
of the section inertia.

1. Introduction
I-shaped bars are under consideration. The adopted coordinate system is shown in Figures 1 and 2.
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Figure 1. Adopted coordinate system.

The criterion of the minimum material consumption within the design of the width outline of the I-
shapedbars flange and the stability constraints or restriction to the value of the first natural frequency
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in one principal plane of the cross-sectionXx—0—Yy inertia is presented in [1]. In some cases, it

becomes necessary to introduce restrictions on the value of the first critical force or natural frequency
in the second principal plane of inertiax—0—z. In these cases, it becomes possible to vary within
optimizing not only the width outline of the flange, but also its thickness.

2. Formulation of problem
The function of the flange width (b,(x) ) and the thickness (J,) of the flange are varied. The web

height (b, ) and web thickness (J,, ) are not varied. The values of the first critical force or the natural

frequency in two principal planes of inertia are limited. The influence of the longitudinal (axial) force
on the value of the natural frequency and the possibility influence of a given frequency vibrations on
the value of the critical force are taken into account. Target functional has the form:

|
V, = 2jb2(x)5pdx, (1)
0

where V,, is flange material volume; 2b,(X)o,, is cross-sectional area of flanges.

Let us derive, under the conditions set, the criterion of the flange minimum material consumption,
with restrictions to the value of the first natural frequency with allowance for influence of longitudinal
force. The criterion formulated in this way can also be used for stability constraints if we define zero
value of the natural frequency in it.

Restrictions to the value of the first natural frequency have the form

@, < w1[1] ; (2)
w, <w?2[1], (3)
where @, is the number, which limits the value of the lowest natural frequency; @1[1] is the lowest

natural frequency in the plane X —0— Yy ; @?2[1]is the lowest natural frequency in the planeXx—0—2z.
If we take the constraints in the form

@, = ol[l] = 02[1] ; (4)

then we have
D, = %I{Ell(x)(vé',)z —P(X)(v,,)* = (@5)*[M(X) + pF (x)v; 1}dx = 0; (5)
D, = %J{El , )W) = PO)W,,)* — (@) *[M(x) + pF ()W, 1}dx =0, (6)

where @, and @, are energy functional of natural oscillations in the principal planes of inertia;
I,(X) and 1,(X) are the corresponding moments of the cross-section inertia, E and p are
respectively, the modulus of elasticity and the specific mass of the bar material; P(X) is longitudinal
force; m(X) is external mass intensity; F(X) is cross-sectional area of the bar; vV, and W, are
ordinates of the forms of natural oscillations, respectively, in the principal planes of inertia X —0—y
and Xx—0-z.

Thus, it is required to find such a function of variation the flange widthb, (X) and such a value of
the flange thickness &, which provide minimum of (1) flange volume functional and fulfilment of the
conditions (5) and (6).

3. Theoretical foundation of solution procedure
A functional which extremum ensures the minimum of the functional (1) and the fulfilment of
conditions (5) and (6) can be written in the form
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|
Voo = I{[sz ()8,1- A[EL()(V,)* = P(X)(V;,)* = (@o)*[m(X) + pF (X)v; 11 - o

— A[EL (W) ~ POMW,)? ~ (o) Im(x) + oF (W2 113,
where 4, and 4, are undetermined coefficients.
Taking into account the relations (5) and (6), considering problem is isoperimetric; 4, and A, are
constants. It is obvious that variations of the functional V,,A with respect tov and Wlead to the
equations of natural oscillations in the principal planes of inertia. Variations of the functional V,,

with respect to 4, and A, lead to fulfilment of the conditions (5) and (6).
The moments of the cross-section inertia can be written in the form

b0 =20 0+ 25, - 20 )0 - L0, 00+ 25, -0 -G @)
3 3
= 2000 1 o

The functional (7) takes the form

|
Voo = j{[2bz(x)5p] —%[E[(bz(x)(bl +25,) = (b, (x) =007 1(v)* = POO(W,,)* ~
0

@ IM00 + p (@, (105, b9 JNE] - 28 2 TR 52 (10)
—PO)W,)? = (@p)*[M(X) + p(2b, (X)5, + by ) I 13l
The extremum of the functional (10) is determined by solution of the system of equations [2]
oV,
KO:ZO, 5(\/0w)b2(x) =0 (11)
or in expanded form
|
Mo _ (g2, ()~ 44T (0, (b, +20,)0100)° 20’ pb (VZ} -
28, 2 12)
oL b (07 )? ~ 20 phy (W} =0
o0 =23, ~ [0+ 20,)° ~BE105)? — 2 o 23~
(13)

-ALI[E

b2 (x)o
2% (w27 —2(0n)? o0 =0

We transform some expressions from equations (12) and (13). We consider the following
expression from the second equation the expression:

E[bﬁwp)g By = Eébl&p ) -
_ 2E%5, (3 +60,5, +45;) Wy = E’5,[(b +4b,5, +45%) +2b +2b,5,)
12E v 6E
_E%,[00,+25,)° +20, (0, +6,)] .,
= 6E (V)"

Let us multiply the numerator and denominator of (14) by [, (X)]*. As is known

VY= 4
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ELL(X)V] =M, (X) . (15)
Is a bending moment in the plane x —0—y . It is obvious that
M, (X)(b, + 26
000 +26,) 6
21,(x)

1s normal stress in the outer fibers of the bar cross-section. Let us introduce the notation

b, =b,(b,+5,) - 17)

M, (x)by, -
2|1(X) lwd

is normal stress in the fibers of the bar cross-section spaced from the neutral axis by a distance

1 1 ———
Ebl(s =§ bl(bl +5p) . (19)

Expression (14) can be written in the form

Then (Figure 1)
(18)

20, 49, 20

3E 1m(x)+¥0_1w6(x) (20)
Analogously we have

b (x)5p W o,E ?hZ (X) [1, (X))
W) = E [,0F (w;,)%, (21)
where

ElL,(x)W! =M, (x) . (22)
Is a bending moment in the planex—0—2z;

M (X)b (x) _

Is normal stress in the outer fibers of the bar cross-section, caused by bending moment M, (X) .
Taking into account transformations carried out, equations (12), (13) can be rewritten in the form

avw _ j {20, () - ﬂj[—(b ()02 (X) = 2(ey)? pb, (V2] —
" (24)
— /s [— b, (X)o 2, (X) = 2(w,)? pb, (X)W 1}dx = 0;

5(\/0m)b2(x) jL1[_0'1¢0(X)‘|‘ o-lwﬁ(x) 2(600) P5 ]_ 25)

L 63,00~ 20, po 021 =0
We multiply all the terms of the equations (24) and (25) by E, the terms of the first equation are
also multiplied by &, and terms of the second equation are also multiplied by b, (X) . Let us denote
the cross-section area of the flange
b,(x)5, =F,(X) (26)
and integrate the second equation in the range from 0 to 1. Then we have
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Ny, | 2 2 2
0 = [{2EF, () - 4207, (OF, (X) - 2(e,)* pF, (X)Ev.] -
00, % @7)
a2 02, (0, (0~ 2(00)" pF, (OEW: ) =0
I\ R =j{ 2EF (x)—/?i[zal2 (X)F (X)+f012 sOO)F, (X) -
/b, (X) ) p 3 1 p 3 1 p (28)
—2(wy)? pF, (XEVE]— 2, [262, (X)F, () — 2(0,)* pF, () EWZ | Jdx =O0.
The difference between the equations (27) and (28) is defined by formula
. [4 4
4] 36020002 00F, 9 |- 2] 2. 000,00 | Jexo. @
0
From (29) it follows that
‘[a ¢4
]| §F 0600 -0 00 b= ]| 57090 9o @
0 0
J 3 Fo®(, (0~ 02, () J 3 Fo(, (0~ 02, ()
Ay =2 1 =phy; p=20 7 . (31)
| [3 Fp(x)o-zzw(x)}dx | [3 Fp(x)azzw(x)}dx
0 0
Equation (25) can be rewritten in the form
20, — 1, %02 (X)Jrﬂa2 (X) = 2(w, ) po V2 |-
p 3E lo 3E lwd 0 p'o
(32)
25[) 2 2 2
—m{?%(x) ~2(a,) papwm} =0,
Multiplying the terms of this equation by E and dividing by 26, we get
E —4[§afm(x)+§afw5(x) —(wo)szvi}—m[aéw(x)—(wo)ZpEwi]=0- (39
Hence we obtain
l 2 2 2 2 2 2 2 2 E
|:§ 0y, (X) + go-lwé (X) = () pva} + :“[O'zm(x) —(wy)”" pEW;, ] = /11_ = const (34)
or
G1,(X) = \/ [% o ].Za)(x) + %O’lzw(;(X) — (o, )ZPEVE)} + :“[0'22 o(X) = (ay, )ZPEWS)] = const. (35)

Thus, it is shown that the criterion of the minimum material consumption of the I-shaped bar, when
the shape and thickness of the flange vary, and the height and thickness of the web do not vary with
the stability constraints or restriction to the value of the first natural frequency, will be the constancy
along the length of the bar of the reduced stresses &, (x) arising in the corresponding natural mode
under natural oscillations or loss of stability.

If the value of the first natural frequency is limited and longitudinal force exists, criterion (35)
doesn’t take it into account. Under the action of only stability constraints e, = 0 is substituted in (35).
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The reduced stresses are normalized so that the largest value of each of 5, (x) along the length of

the bar is equal to unity. Then the closeness of the solution obtained to the minimum material-
intensive solution is estimated by the closeness of the value 5, (x) to unity along the entire length of

the bar.

The criterion obtained in this paper, as well as those obtained earlier (presented, for instance,
in [3 - 6]), can also be used for problems solution of structures optimal reinforcement and generally for
corresponding problems solution of structural analysis [7-10].
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