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Abstract. This paper presents a piecewise-continuous approach to nonlinear differential 

equations system approximation problem. In many cases, the nonlinear differential equations 

right-hand sides’ linearization is extremely difficult or even impossible. Then piecewise 

continuous and piecewise linear approximations of nonlinear differential equations can be 

used. The piecewise continuous linear differential equations can improve piecewise linear 

differential equations by increasing the number of separate linear differential equations systems 

areas and thereby reducing errors on the borders of these areas. The matrices of piecewise 

continuous linear differential equations system for steady-state points are estimated using 

nonlinear model time responses, nonlinear programming and random search method. The 

proposed approach application results are presented.   

1.  Introduction: linear, piecewise-linear and piecewise-continuous linear approximation of 

nonlinear differential equations  

Let’s consider nonlinear differential equations system [1].  

 uxfx ,                                                                      (1) 

There are x ― state vector, u ― input vector. 

The constant input vector su determines steady-state vector of state variables sx.  

In a small neighborhood of r-th steady-state point nonlinear differential equations are approximated 

by linear differential equations [2].  
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There are x
n
 ― vector of normalized state variables, u

n
 ― vector of normalized input variables,  
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r
A, 

r
B are linear differential equations system matrices for r-th steady-state point, 

r
A, 

r
B

 
, r = 1, 2,…, R are piecewise-linear differential equations system matrices, 

n
s u
r , n

s x
r  are vectors of normalized input and state variables for r-th steady-state point, 

n
s u
r , n

s x
r , r = 1, 2,…, R are vectors of normalized input and state variables for piecewise-linear 

differential equations R steady-state points.  
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The vectors of normalized input and state variables and piecewise-continuous linear differential 

equations system matrices are defined as follows  
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2.  Piecewise-continuous linear differential equations system matrices estimation  

The matrices of piecewise-continuous linear differential equations system for steady-state points can 

be equal to piecewise-linear differential equations system matrices or can be estimated using nonlinear 

model time responses, nonlinear programming and random search method. 

Nonlinear differential equations time responses  kt
nNL

u , 1,...,0  Nk ,  kt
nNL

x , Nk ,...,0 , 

where ttt kk 1 , 1,...,0  Nk , can be used for estimation of piecewise-continuous linear 

differential equations system matrices for steady-state points. These matrices and known vectors of 

normalized input and state variables 
n

s u
r

, 
n

s x
r

, r = 1, 2,…, R correspond to R neighboring steady-state 

points. The  kt
nNL

u , 1,...,0  Nk  represent several consecutive stepwise time responses which 

connect with 
n

s u
r

, r = 1, 2,…, R.  

Such estimation can be reduced to nonlinear programming problem 
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There are  ktWx
, Nk ,...,1  positive definite diagonal weight matrices,    0

nНЛ
0

n = tt xx . The 

nonlinear programming problem is solved by the effective random search method [3]. The initial 

values of piecewise-continuous linear differential equations system matrices for steady-state points are 

piecewise-linear differential equations system matrices.   
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3.  Piecewise-continuous linear differential equations system matrices estimation example  

In this example m = 4, n = 5, the vectors of normalized steady-state values of input and state variables 
n6

s u , 
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s u , …, 
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The piecewise continuous linear differential equations system matrices for steady-state points 
6
A, 

6
B, 

5
A, 

5
B, …, 

1
A, 

1
B are estimated through (7).  

,

232.1805.0773.3083.16
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There are 2001,...,1k , 025.0t , and the weight matrices are identity matrices. 

The nonlinear, piecewise continuous linear, piecewise linear and improved piecewise linear 

differential equations systems state variable 
n
5x  and its derivative time responses are presented in 

Figures 1, 2. These improved piecewise-linear differential equations system matrices and vectors of 

normalized input and state variables are calculated by piecewise-continuous linear differential 

equations system matrices and vectors of normalized input and state variables using equations (4), (5), 

(6) every 0.25 sec.  
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Figure 1. Nonlinear (NL), piecewise continuous linear (PC), piecewise linear (PL) and improved 

piecewise linear (PL1) differential equations systems variable 
n
5x  time responses. 

 

The piecewise continuous linear approximation errors are less than the errors of both piecewise 

linear approximations. Besides the errors of improved piecewise linear approximation are much 

smaller than those of piecewise linear approximation. 

The differences between the errors of the derivative time responses are the most significant. The 

piecewise linear differential equations system state variable 
n
5x  derivative time response errors are 

very large. The improved piecewise linear differential equations system state variable 
n
5x  derivative 

time response errors are much less. 

 

Figure 2. Nonlinear, piecewise continuous linear, piecewise linear and improved piecewise linear 

differential equations systems variable n
5x  derivative time responses.  
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