IMMAEE 2018 0P Publishing
IOP Conf. Series: Materials Science and Engineering 452 (2018) 032047 doi:10.1088/1757-899X/452/3/032047

Generalized Nash Equilibrium Problem Involving Uncertain
Random Variable

Zhifu Jia"

School of Mathematics and Information Science, North Minzu University, Yinchuan,
Ningxia 750021, China

*Corresponding author e-mail: jzflzbx@163.com

Abstract. This paper investigates Nash equilibrium problem with uncertain random
variable which is a tool to deal with a mixture of uncertainty and randomness. By
using nonlinear complementarity problem function (denoted by NCP function), quasi-
Monte Carlo method and inverse uncertain distribution method, the expected
minimization model is put forward,the method of solution and convergence result of
the corresponding solution are given.

1. Introduction
The Generalized Nash equilibrium is a vital problem which originated in the economic sciences but is
being maturely applied in various fields. The generalized Nash equilibrium problem (GNEP for short)
has attracted many scholars to research in different fields such as [1].

The generalized Nash equilibrium problem is formally said to be a non-cooperative game problem
composed of N players in mathematical language. The composition of N players can be simply

expressed in v=1,L , N . Each player's V controlling variable satisfies x” € R™ .We use x which is
expressed as x = (x',L ,x")" € R" to represent a vector made up of all these decision variables, and

N
n= Z n, .In addition, the x™" is used to represent the vector of all players other than the player's V

v=1
decision variable, thatis ™" = (x',L ,x"",x"",L ,x")e R"™ . In order to emphasize the variable of
the V special player role, we sometimes write it x:=(x",x ") rather than x. It is important to note
that x still satisfies the vector of x=(x'.L ,x",L ,x")eR"™ . Each player has an objective
function @, : R" — R depends not only on his own variable x", but also on all other player variables
x". Here @, has different forms of address in different applications of the generalized Nash
equilibrium problem.

In addition, each participant's strategy must belong to a set X (x™") < R™, it depends on the
opponent's strategy, which we call a feasible set or strategy of the player's v space. Usually these sets
have constraints and are recorded as X (x ") :={x" € R™ | g"(x",x ") < 0}. The goal of player v is
to select a strategy x’ to solve the x” minimization problem on the premise of a given player's
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strategy x . The vector of xeX (x*) is a generalized Nash equilibrium if and only if it satisfies the
following 6,(x™,x" )<, (x",x"™"),Vx" € X,(x"™") are established, in other words it solve the
optimization problem min &, (x™,x"7") s.t.x" € X,(x"7")If the constraint condition g* <0 does not
exist for every player and other players, it will become a classical Nash equilibrium problem.

In reality, because it is inevitable that belief degree of the uncertainty needs to be estimated by
well-known experts in the industry. In many practical problems, the effects of random problems
inevitably include uncertain random factors, an uncertain random variable is a variable of the
measurable function in the opportunity space to describe the mixed phenomenon of uncertainty and
random. The uncertain random phenomena can be seen everywhere, so it is necessary to study it.

Based on the uncertainty theory [2], the uncertain random generalized Nash equilibrium problem
(URGNEP) is proposed in this paper.

2. Preliminaries
Theorem 1. [2] Let w,,w,,L ,®, be independent random variables with probability distributions

Y,,¥,L ,¥, andlet y,,7,,L ,y, be independent uncertain variables with uncertainty distributions

Y,,Y,,L Y ,respectively. Then the uncertain random variable £ = f(®,,»,,L ,®,,7,,7,,L ,7,)
has an expected value

EE=[ [, /il 23, Y (@), Y5 @)L Y, (@)dad ¥, ()L d¥,(3,)

provided that f(@,®,,L ,®,,y,,7,,L ,¥,) is a strictly increasing function or a strictly decreasing

functionwith respect to 7,,7,,L ,7, .

3. Main Results
In URGNEDP, eachplayer v controls the variable which solves the following optimization problem:

min 6, (x™, X", &) stg'(x”,x")<0,& € Bas., where & is a uncertain random vector
deﬁn::d on chance space,“a.s.”is the abbreviation for “almost surely” under the given chance measure.
By chance theory we know 8, (x™",x"™,&)=60,(x"",x",@,y) , we assume that the chance space is
a nonempty compact set and the probability density function p(®) is continuous on Q. Both function
0. (x",x"",m,y) and g"(x",x"") are twice continuously differentiable with respect to x’ and

0, (x",x" ", w,y) is continuous with respect to @ and y .

By introducing the NCP function [4] and KKT condition for URGNEP. We further use the
expected residualminimization (ERM) model to get the determined reformulation in this section.
For v=1L , N., the KKT condition for URGNEP can be writen as

h,
V.0, x",E)+ D Vg (x,x") =0,(3.1)
i=1

g (X", X" <0, 20,0g) (X, x"7)=0,i=1L ,h, (3.2)
here 44/,i =1L ,h, are Lagrange multipliers. denote 4" = (¢4 ,L , 14, )
By wusing NCP function, (3.2) can be transformed equivalently into the equation
O(x"",x" ", 1) =0 (3.3)
P=gl () )
where @ : R™ x R™ —> R™ is defined by ®(x",x"", u") = M
P(=g, (), )
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Theorem 2 the expected minimization model for URGNEP, in which we try to find a vector xthat
minimizes an expected residual for (3.1) and (3.3), here we just consider &(@, y) is strictly increasing

with respect to , then we have
O

h,
= E[H va ev (xv , x*,—v , 0, ]/) + Z ,LllvVglV (x*’v , x*,—v )||2 ]-|—|| CD(.X*’V , x*,—v , luv )“2

i=1

= J' Qjol V.0, x",0Y (a)+ iyl.VVgl.V(xV,x*”v)||2]dap(a))da)+|| O(x",x", u)IF(3.4)
where E stands for the expectation wilt}ll respect to the uncertain random variable £ € B and
p(w):Q —[0,0) denotesthe probability density function satisfying J.Q plo)ydw =1
Proof'it is easy to get by theorem 1

Theorem 3 Let O, ={w' [i=1,2,L ,N,} be a set of observations generated by a quasi-Monte
Carlo method such that Q, cQ and N, - . For each v=1L ,N, we then get the following
approximation problem of (3.4)

min OF(x",x"™", 1)

(x",1")
1 1 * hv * *

= DI jo V.60, x"",0,Y " @)+ 1V (x,x" W lda]Hl &, x", 1) (3.5)
k o'eQy i=l

Proof'it is easy to get by quasi-Monte Carlo method of [3].

In the following we let S: and Svk " denote the sets of optimal solutions of problems (3.4) and (3.5),
respectively.

Theorem 4 Let x*", 1"

v

satisfying (3.1) and (3.2) for each k,v and let %{H% x"" =X". Suppose that

the Mangasarian-Fromovitz constraint qualification holds. Then, {£*"} is bounded.

h,
Proof denote o :zz 41" . For each v, suppose that {#"”} is unbounded, which means
i=1

kv
}{ingo'k’v =400 . Assume that the limits fo:= %{m&’u’— (i=1,2,L ,h) exists. From (3.2) we know
—> —> O‘k v

that 2 =0 for every igéHg()?V)::{i|gi(fv,x*’_v)=0,i=1,2,L ,h} . We can also get

hv
. . kv _ —v . ..
that z ,[?16 = le ,&l’f) =1.0wing to }g%x =X, there must exist a compact set B containing the
iex(x") i=

sequence {xk’v}. Then, from the mean-value theorem and the twice continuous differentiability of
0(x",x"",0,Y "' (a)) on B that, for each {x"'} and each @' , there exists
V=B x + (1= B,,)X" € B with B, €[0,1] such that

*

||J.1v 9 k,v —V ; -1 1 —-v _*-v i -1 ”
V6,6 x el Y (a))da—J‘OVxﬁv(x X7, Y (@)da

%

1 . . _
< ||J.0 V20,7, x 70 Y (a@)dal | XM —x < Cll XM =57l
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*

Which means J‘;VX‘,HV(xk’”,x””,a)",Yfl(a))da—>IolVx‘ﬂv(xv,x*”v,a)",Y’l(a))da as k —+oo Then,

dividing (3.1) by o*” and taking a limit, we obtain Z 2oVg! (X, x"7") =0 Recall that the
ieH, (%)
Mangasarian-Fromovitz constraint qualification holds. So there exists a vector y € R™ such that
Y'Vg'(x',x"")<0,ie Z,(x"), wehave fo=0 foreach ie H (x").
which is contradict with S = i ps—1.» hence {1/*"} is bounded for each v.
ieX(F) i=1
Theorem 5 For each k, assume that (x*V,u*")e Sf’*, v=LL ,N and (X",f") is an
accumulation point of {(x*", ")} . Then we have (x", ") € S, .

Proof Supposing that lim /" = zz*,lim x** = X" Then there must exist a compact set B and S
k—0 k—0

containing the sequence {x"'},{u*")} respectively. Considering the twice continuous
differentiability of € (x",x"™",&),g/(x",x"™") on B and the continuity of & (x",x"™,&) on
compact set B, there is C, >0 satisfying

h
1 R ) v .
||j0 V.0, x"7", 0 Y @)+ Ve (x . x")dall
i=1
! ——v _¥-v i -1 & - vi—=v U ¥-v
HAf (V0,650 Y @)+ i Ve (3, x")dall < G, (3.6)
i=l
Further more, similar to theorem 4, we can get

I Vgl (x**, x" ") = Vg (&, x" < Cll x> =%l (3.7) st
C, =max{sup S,Il g'(x",x""),i=1,2,L ,I}, we have from (3.7) that
h, h,

I Vg (5 x" )= g Vg ()

i=1 i=1

h, h . h, . h .
< af Vg (M, X7 = g Vel (3,1 IR 4 Ve (3,00 = D Ve (3
i=1 i=1

i=1 i=1

h, h _, .
<>l Vgl (X X = Vgl LTI (- gl (x0T

i=l i=1

By —v
<CCAN X =% N+ CY ™ = [(3.8)
i=1

Following from (3.6) and (3.8), we have

h
1 . , 3 .
Il jo (V.0,6" %", 0, Y (@) + D 1" Vg, (", x" ")) dal?

i=1
h,
1 ® _ ; _ N —v _ % _
—||J.0(VXV0V()?V,x’ Lo Y @)+ D u Vel (&) dalP |
i=1

1 . By .
< [||J.O V.6, X0, Y (@) + Z wVg (X, x")dal?

i=1
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h,
1 % _ . _ N—vV _ % _
+||J.0 V.0, x " 0,Y 1(0‘))+Zﬂt Vg!'(x',x""))dall]
i=1
h
1 . , : .
g ||J.0 V.0, X0, Y (@) + ny”Vgiv (X", x"))dall
i=1
h,
| 1 ——v  _¥-v | -1 NV Vi—v _*-v 2
I (V.0.67.x"aY (a))+g,u,» Vg (¥, x"")dal |

£ £

< CZHJ.; (va ev (xk,v’ X ’_V, a)i , Y‘l (a)) _ va 0\) ()?—v’ X ,—v’ (t)i , Y-] (a))

hy By —v *
Vg (M XY =D Vg (X)) dall
im1

i=l1
h,
<CCN X =%+ C,CCh Il X =X+ C,C D I = 171 (3.9)
i=1
By (3.9) and the continuity of || ®(x"), ")’ we have that
|O) (x", X", ) O (XL 1) |

1 1 ) h, .
<= 3 POV, 0,6 570 Y @)+ Ve (¢ x )l

k w'eTk i=1

*

h
1 % : N —v — * _
—||J‘0 (V0,7 x"7", 0 , Y (a)+ D p Vg (x,x " )dall |

i=1
+[I (", P DY, 1P | —22-0(3.10) Owing that
1O (" X", 1) =0, (XX 1) |
<O (2 ) O (R X ) 4|0 (1T ) 0, (X )|
According to quasi-Monte Carlo method of [3] and (3.10) that
}{ILI(} OF (X", x" ", ) =0 (X¥,x", ") Owing to (x*", ") e S, which means

OF (X, x", 1) <O (x”,x"", 1) for each v=1,L ,N.Letting k — +o0 in (3.10), we get
from (3.9) and quasi-Monte Carlo method that
Of(x",x" ", ") <O (x",x"", ") foreach v=1,L ,N.which means (x", ") €S,
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