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Abstract. This paper presents the kinematic analysis of a new type of 6RSS parallel 

manipulator with six degrees of freedom. The parallel manipulator consists of a fixed plate and 

a mobile platform connected through six independent kinematic chains. Each of the six 

kinematic chains has an actuator revolute joint and two spherical joint. The kinematic analysis 

was done by applying the restriction method. The motion equations for the six kinematic 

chains of the parallel mechanism have been defined when it performs a certain technological 

function. Also kinematic analysis was done using a CAD softwere and the variation of the 

angular speeds of the actuating arms were obtained. 

1. Introduction 
Over the last decade - as a result of the increasing interest in industrial robots - a number of research 

has been undertaken on the kinematic problems of parallel mechanisms. The attention paid to parallel 

mechanisms is due to their constructive features that appear to be less susceptible to input errors than 

their serial counterparts [1]. 

 An important advantage of parallel manipulators, is that superior structural stiffness makes them 

preferable to serial machines when handling heavy loads or performing high-precision machining [2-

5]. Parallel mechanisms also have a better distribution of inertia and are capable of performing 

accurate and fast movements. 

 These characteristic make parallel mechanisms find their applicability in various fields: flight 

simulators and fine positioning devices,  high-speed packing machines and milling machines [6,7]. 

In general, the end goal of any robotic application is to achieve a certain technological function, a first 

requirement being the exact positioning of the end effector at a point or on a certain trajectory. The 

study of the parallel mechanisms aims at determining the variable parameters associated to each of 

their joints so that the coordinates of the effector element verify a given point in the operating space, 

while ensuring a certain orientation of it. In this way, relations that define kinematic transformations 

become kinematic control equations. 

 The kinematic analysis of the parallel mechanisms performs the description of the variation of the 

scalar parameters of the displacement - between the initial and the final position - in time, without 

taking into account the forces that intervene during the movement. 

 Many of researchers approach the kinematics of parallel mechanisms through the reverse kinematic 

Jacobian. Various solutions for modeling the inverse Jacobian used in expressing speeds are presented 

in the literature. Thus, three kinematic modeling methods have been identified [8]: 
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- the vectorial method by which articulated velocities are established by applying vector velocities for 

velocities [9]; 

- the kinematic screw method by which the kinematic model is obtained based on the vector 

transformations applied to the Plücker coordinates of a straight line in space [10-14]; 

- the partial derivation method which initially presupposes the identification of characteristic 

geometrical relations for the analyzed parallel structure and their partial derivation in relation to the 

independent parameters. The obtained model is expressed by the matrix relation � � � �d d� � �A q B X  

where /d dtq  represents the joint speeds and / td dX  is the operational speeds. In this method, 

expression of the direct Jacobian involves the inversion of the matrix � �,B having the order equal to 

the number of independent modeling parameters [15]. 

2. The kinematic model of the 6RSS parallel manipulator 
In this paper is presented the kinematic analysis of a parallel manipulator with six degree of freedom 

(DOF),  type RSS ( one revolute joint and two spherical joint, Figure 1). 

 
Figure 1. Schematic representation of mechanism 6 RSS. 

 The 6RSS parallel manipulator has a fixed plate (on which the six drive actuators are mounted) and 

a mobile platform on which is mounted a seventh servomotor acting a milling tool. One of the six 

kinematic chains k of the 6RSS parallel manipulator has a kinematic revolute joint in kO  point and a 

kinematic spherical joint at the kA  respective kB  points. The drive arms k kO A  are rotated with an 

angle �  around the axis by unit vector ku  passing through the kO  point. In Figure 2 is represented the 

kinematic scheme of one of its six kinematic k chains. The mechanism is characterized by the 

following features: 

� the axis of rotational active joints by unit vector ku  that generates circular trajectories are 

coplanar, twos coincident and disposed central-symmetrically; 

� the actuating arms kr  are of equal length; 

� the rods kl  are of equal length. 
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Figure 2. The kinematic scheme of one branch. 

  Starting from the kinematic scheme presented above, we will define the motion equations for the 

six kinematic chains of the parallel mechanism when the characteristic point P follows a spatial curve 

(C) resulting from the intersection of two cylinders with radius 1 200 mmr �  and the center at point 

1Q (200, - 100, -500), respectively 2 75 mmr � and the center at point 2Q (0,0, -500) shown in Figure 

3. 

 

Figure 3. Generated spatial curve. 

2.1 Application of the restriction method to determinate the kinematic model 
The particulariy of the mechanism under consideration is that it has in its structure six parallel and 

identical geometric actuator arms. This allows us to apply the simplest equation of the restriction 
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method, the constant length condition. This equation makes direct connection between the kinematic 

parameters of the motor arms and the platform.  

 Coordinates on the three directions of points kA result geometrically as k� functions. The position 

of the platform is determined by the position P and the angle �  (rotation of the mobile platform 

relative to the cylinder axis with radius 1r  ). The coordinates on the three directions of points kB in the 

fixed system are given by the expression: 
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   (1) 

in witch: 

� �cos c ;� ��
       

� �sin s ;� ��
       

 The coordinates of points kB in the local system are also determined geometrically (Figure 4) and 

are presented in the table 1: 
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Figure 4. Position of the kB  points of the mobile platform. 

 

Table 1. Cartesian coordinates of Bk points in the local system. 

Bk B1 B2 B3 B4 B5 B6 

k ( )PBx  55.00 55.00 5.40 -60.40 -60.40 5.40 

k ( )PBy  -38.00 38.00 66.63 28.63 -28.63 -66.63 

k ( )PBz  76.00 76.00 76.00 76.00 76.00 76.00 

 We will begin to write the motion equations for one of the kinematic chains, for the other chains 

the calculations are analogous. 

1

1

1 1 1

1

S
� ���� � � � ���

A

B P P

v ω O A

v v ω PB
    (2) 

 It is known that: 

1 1 12�� �ω u      (3) 
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From relations (2) and (3), results: 

1

1

1 12 1 1

1

S
�� ���� � � � ��

�

�

A

B P P

v u O A

v v ω PB
      (4) 

 It is known that given a line ( � ) and two points A and B located on it, the projections of the 

velocity of the two points are equal. The relationship between these two velocity is: 

( ) 0� � � � �� �B A B Av AB v AB v v AB    (5) 

The relationship (5) written for points 1A and 1B in view of the relationship (4) becomes: 

� �1 12 0�� � � � � ��P P 1 1 1v ω PB u O A AB    (6) 

 We make the following notations for simplifying computing: 

x y zP P Pv v v� �� � � ��Pv v i j k     (7) 

in witch: 

� �2 j jsin
xPv r � ��� ��

�

     (8) 

� �2 j jcos
yPv r � �� ��

�

     (9) 

� � � �
� �� �

2 1
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z
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r y y r
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 ��
	 
�
 �� �

�
�

�

   (10) 

where j� is the center angle determined by the displacement of the point P on the radius circle 2r and 

1Q and 2Q are the centers of the two circles mentioned above. 

 Are known the expressions for the vectors Pω  and 1PB : 

x y zP P P� � �� �� � ��Pω i j k      (11) 

� � � � � �
1 1 1B P B P B Px x y y z z� � � � � � � � �1PB i j k    (12) 

 We determine the components in the three directions of the points jP , with the relations below: 

� �
j 2 2 jcosP Qx x r ��� �      (13) 

� �
j 2 2 jsinP Qy y r ��� �      (14) 

� �
j 1 j 1

1/2
2

2

1 yP Q P Qz z r y� �� � � �� �
 !

    (15) 

 The cross product for the vectors Pω  and 1PB is: 

1 1 1

x y zP P P

B P B P B Px x y y z z

� � �

	 

� �

� � � � �
� �

� � �� �
 �

P 1

i j k
W ω PB    (16) 

� � � � � �
1 1 1 1 1 1B A B A B Ax x y y z z� � � � � � � � � �m AB i j k   (17) 

 Are known the expressions for the vectors 12u  and 1 1O A : 

12 12 12x y z
u u u� �� �� �12u i j k      (18) 

� � � � � �
1 1 1 1 1 1A O A O A Ox x y y z z� � � � � � � � �1 1O A i j k   (19) 

 The coordinates of the kO points of the centers of the revolute joint expressed in the base reference 

system are determined geometrically (Figure 5) and are represented in table 2. 
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Figure 5. Position of the centers of the revolute joint k .O

 
 

Table 2. Coordinates of the kO points in the global system. 

Ok O1 O2 O3 O4 O5 O6 

kOx  106.00 106.00 -20.09 -85.91 -85.91 -20.09 

kOy  -38.00 38.00 110.80 72.80 -72.80 -110.80 

kOz  0.00 0.00 0.00 0.00 0.00 0.00 

 The components in the three directions of the unit vector 12u  are: 

12

12

12

0

1

0

x

y

z

u

u

u

�

�

�

     (20) 

 With expressions (18) and (19) it obtained the cross product for the vectors 12u  and 1 1O A : 

1 1 1 1 1 1

12 12 12x y z

A O A O A O

u u u

x x y y z z

	 

� �

� � � � �
� �

� � �� �
 �

12 1 1

i j k
U u O A   (21) 

 By using the above simplification notations and replacing them in relation (6) it becomes: 

� �1 0� �� � � �v W U m     (22) 

 By notation: 

1�� � � �n v W U      (23) 

expression (22) becomes: 

0� �n m       (24) 

 From the expression of the scalar product of the two vectors, the relationship (24) becomes 

0x x y y z zn m n m n m� � �� � � � �n m     (25) 

 Next we will determine the components of the above scalar product in which we know: 

� � � �
1 1

1 1

y z

y z

P P
P B P P B P

B P B P

z z y y
y y z z

� �
� �

	 

� � � � �� �

� �� �
 �
xW  (26) 
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� � � �
1 1 1 1

1 1 1 1

12 12

12 12

y z

y zA O A O
A O A O

u u
u z z u y y

y y z z

	 

� � � � �� �

� �� �
 �
xU  (27) 

� � � � � � � �" # � �
1 1 1 1 1 1 1 11 12 12x y z y zx x P P B P P B P A O A O B An m v z z y y u z z u y y x x� � � 	 
� � � � � � � � �� � �
 �   (28) 

 Analogously the components are determined on y and z: 

� � � �
1 1

1 1

z x

z x

P P
P B P P B P

B P B P

x x z z
z z x x

� �
� �

	 

� � � � �� �

� �� �
 �
yW   (29) 

� � � �
1 1 1 1

1 1 1 1

12 12

12 12

z x

z xA O A O
A O A O

u u
u x x u z z

z z x x
	 


� � � � �� �
� �� �
 �

yU  (30) 

� � � � � � � �" # � �
1 1 1 1 1 1 1 11 12 12y z x z xy y P P B P P B P A O A O A On m v x x z z u x x u z z y y� � � 	 
� � � � � � � � �� � �
 �   (31) 

� � � �
1 1

1 1

x y

x y

P P
P B P P B P

B P B P

y y x x
x x y y

� �
� �

	 

� � � � �� �

� �� �
 �
zW  (32) 

� � � �
1 1 1 1

1 1 1 1

12 12

12 12

x y

x yA O A O
A O A O

u u
u y y u x x

x x y y

	 

� � � � �� �

� �� �
 �
zU  (33) 

� � � � � � � �" # � �
1 1 1 1 1 1 1 11 12 12z x y x yz z P P B P P B P A O A O B An m v y y x x u y y u x x z z� � � 	 
� � � � � � � � �� � �
 �   (34) 

 Substituting (28), (31) and (34) into equation (25) and passing the terms with 1� on the right side 

results: 

� � � � � �
� �� � � �� �
� �� � � �� �
� �� � � �� �

� � � � � �"
� � � �

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1

12 12

12 12

x y z

x

y

z

y z

z x

B A P A O P B A P

B P B A B P A O P

B P B A B P B A P

B P B A B P A O P

A O A O B A

A O A O

x x v y y v z z v

y y z z z z y y

x x z z z z x x

y y x x x x y y

u z z u y y x x

u x x u z z

�

�

�

� � � � �

	 
� � � � � �
 �
	 
� � � � � �
 �
	 
� � � � � �
 �

	 
� � � � �
 �

	 
� � � �
 � � �
� � � � � �#

1 1

1 1 1 1 1 112 12 1x y

A O

A O A O B A

y y

u y y u x x z z �

�

	 
� � � � �
 �

  (35) 

 Thus, for each cinematic chain we obtain equations of the form: 

� � � �

� � � �

1 1 1

6 6 1

, , , , ,

, , , , ,

x y z x y z

x y z x y z

P P P P P P

P P P P P P

f v v v g

f v v v g

� � � �

� � � �

�

�

�      (36) 

 If for the equation (35) are done the notations: 

� �
� �
� �

1 1

1 1

1 1

1

1

1

;

;

;

B A

A O

B A

x x a

y y b

z z c

� �

� �

� �
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B P B A B P B A

y y z z z z y y s

x x z z z z x x r

	 
� � � � � �
 �
	 
� � � � � �
 �

   

� �� � � �� �
� � � � � �"
� � � � � �
� � � � � �#
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y z
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A O A O A O

A O A O B A

y y x x x x y y t

u z z u y y x x

u x x u z z y y
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� � � � � �
 �

	 
� � � �
 �

	 
� � � � �
 �

	 
� � � � � �
 �

;   

equation (35) becomes:  

1 1 1 1 1 1 1 1x y z x y zP P P P P Pa v b v c v s r t q� � � �� � � �� � � � � �� ��    (37) 

 For the six kinematic chains it result a system of six equations of form (37) whose matricial 

representation is: 

2 2 2 2 2 2

3 3 3 3 3 3

4 4 4 4 4 4

5 5 5

1 1

5 5

1 1 1 1 1 1

2 2

3 3

4 4

5 5

6 6 6 6

5

6 6 6 6

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

x

y

z

P

P

P

P

vq a b c s r t
vq a b c s r t
vq a b c s r t

q a b c s r t
q a b c s r t

q a b c s r t

�
�
�
� �
�
�

	 
 	 
 	 

� � � � � �
� � � � � �
� � � � � �

� � �� � � � � �
� � � � � �
� � � � � �
� � � � � �
� � � � � �
 � 
 � 
 �

x

y

z

P

P

�

�

	 

� �
� �
� �
� �
� �
� �
� �
� �
� �
 �

  (38) 

 The relationship (38) written in compact form becomes: 

� � [ ] [ ] [ ]� � �B q A τ
�

    (39) 

in which: 

� � �B  and [ ]A  represents the direct respectively inverse kinematic Jacobian matrix of the robot; 

� 
• • •• • ••

T

3 5 61 2 4[ ] q q qq q q	 
� � �
 �
q  represents the generalized velocity vector; 

� � �T
[ ]

x y zPx Py Pz P P Pv v v � � ��τ  represents the velocity vector of the mobile platform. 

 To determine the components of the vector Pω , it is considered the particularity of the application 

that the platform has a rotation motion only after � components on the other two directions being null. 

Was done the following notations: 

j j 1 jx P Px x
�
�� �      (40) 

j j 1 jy P Py y
�
�� �      (41) 

j j 1 jz P Pz z
�
�� �      (42) 

j j 1 j� � �� �� �      (43) 

� �
j j j j

1/2
2 2 2

j 1 js x y zP P�� � � � � � �� �    (44) 

 Considering the displacement of the point on the curve with constant velocity m 10mm / sv �  we 

can write the relationship: 

j

j

j

mxP
s

v��
�

�
�

�      (45) 
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 Based on the above-mentioned algorithm, has been create a program to determine the six angular 

velocities j�  of the actuating arms k kA B based on the inverse kinematic model, when the characteristic 

point P it's moving on the spatial curve mentioned above. A function [ , , ]A B τ  returns the values of the 

expressions k k k k k k, , , , ,a b c s r t that form the matrix � �A . Also the same function returns the values of 

the expressions kq that form the matrix � �B  and the values of the components , , , ,,
x y z x y zP P P P P Pv v v � � �  

of the matrix � �τ . It has been defined in the program, a matrix � �W  in which the values of the angular 

velocities are found. Using the elements of the matrices � � � �, , [ ]  A B τ  the angular velocities of the 

actuating arms for the 
j 7,( 1 2)P j � $  positions of the characteristic point on the curve were 

determined. 

 For one of the 72 positions of the characteristic point P we have six angular variations � of 

different actuating arms so six different positions of the points k 6,( 1 )A k � $  belonging to the 

spherical joints. Also the six positions kA  determine six different positions for the points kB belonging 

to the spherical joints of the mobile platform. As each position kA and kB is determined by three 

Cartesian coordinates x, y, z the matrix size � �A  and � �B  � �72 × 18 result. We have defined a matrix 

� �P of P points of dimension 72 × 3  and a matrix � �K  of angles α of size 72 × 1. Within the 

computational program the length L of the curve generated by the intersection of the two cylinders 

was established. Was determined the length of the arc sd between two consecutive points jP  on the 

curve. Also, the � �U  matrix of unit versor , ,12 34 56u u u  with dimension 6 × 3  was defined. 

 Based on the obtained values 1 6� $  for the jP  positions of the characteristic point, their variation 

graphs were done (Figure 6). 
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Figure 6. Variation of angular velocities 1 6� $  for 

the positions Pj of the characteristic point (computational program). 

2.2 Kinematic analysis for parallel mechanism 6RSS using a CAD softwere 
For the same displacement of the characteristic point on the curve described by the intersection of the 

two cylinders, the angular speeds of the actuating arms were determined by using a CAD softwere. For 

this application, the space curve was divided into 72 equal arcs, the displacement being carried out at 

constant speed. The angular velocity of a point belonging to one of the k actuating arms of the 



10

1234567890‘’“”

The 8th International Conference on Advanced Concepts in Mechanical Engineering IOP Publishing

IOP Conf. Series: Materials Science and Engineering 444 (2018) 052012 doi:10.1088/1757-899X/444/5/052012

 

 

 

 

 

 

manipulator was analyzed. This operation was repeated for each of the six actuating arms, resulting  

the magnitude of angular speed variation graphs from Figure 7. 
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Figure 7. Variation of angular velocities 1 6� $  for 

the positions Pj of the characteristic point (CAD softwere). 

 The graphical interpretation for the two applications described above is shown in Figures 8 . The 

figure represents the difference division path between the two methods of generation.  
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Figure 8. Graphical interpretation of the manipulator kinematics for the two applications. 

 Let s1 and s2 the curve arcs lengths traveled by the characteristic point at time ti for the first and the 

second application respectively. In other words, each arc of curve corresponds to a time ti. All points 

on the curve belonging the plan [s1, s2] are obtained as an intersection of two straight lines. The curve 

in the upper right plane with equation f (s1, s2) = 0 is obviously a straight line when the two arcs are the 

same. The curve from the plane [s1, s2] deviates more from the bisecting line of quadrant I, the larger 

the division differences. The points A and B on the curve represent the start and end position of the 

movement of the characteristic point on the curve, and tA and tB are the start and end times of the 

movement. 
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3. Conclusions 
In the present paper two methods for determining the angular speeds of actuated joints of a six-degree 

parallel manipulator have been presented. The kinematic analysis for both methods was done under 

the condition that the manipulator performs a certain technological operation. In the first case the P 
points were unevenly distributed on the space curve, in the second case the points divide the curve into 

72 equal arcs. Based on the two methods, the angular speeds of the drive arms were achieved. 

 As can be seen from Figures 6 and 7, varyation of the graphs depend on the particularity of each 

application. Thus, in the first case when the P points were unevenly distributed on the space curve, the 

angular velocities of the actuating arms vary in the range [0.3, -0.23] and in the second case when the 

points divide the curve into equal arcs 72, the angular velocities of of the actuating arms vary in the 

range [0.51, 0]. 
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