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Abstract. In December 2017, Indonesia suffered a diphtheria outbreak that struck in 28 

provinces. This incident made the public and researchers concerned about the cause of the return 

of epidemic after the last case in the 1980s. Over the years, DPT (Diphtheria Pertussis Tetanus) 

vaccine is believed to be the only ways of preventing diphtheria outbreaks. In this paper, the 

authors will attempt to construct a mathematical model for the case of diphtheria outbreak by 

involving vaccine parameter in the susceptible compartment. The population assumed to be 

closed population and consisted of SEIR (Susceptible, Exposed, Infected, and Recovered) 

population. Furthermore, this model will be analyzed the stability and sensitivity using Eigen 

values and basic reproduction number (𝑅0). The simulation is done to provide an overview of 

the effectiveness of the vaccine dynamically. Analysis and simulation results show that vaccine 

plays an effective role in reducing the spread of diphtheria, but this vaccine is only a preventive, 

not as a cure. 

1.  Introduction 

Diphtheria is an infection caused by Corynebacterium diphtheria [1]–[5]. The actual disease is caused 

when the bacteria release the toxin or poison into the body’s person. Diphtheria can be invasive to 

anyone, but it is commonly attacked to the children on 5-7 years old who did not get the basic vaccine 

of diphtheria [6]–[10]. In 2013, the diphtheria case is reported reach 4,700 cases while in 1980 there 

was almost 100,000 cases worldwide [11]–[15]. 

Today, diphtheria itself is actually such a rare outbreak in the worldwide. But in November and 

December 2017, Indonesia has an outbreak with more than 600 cases around 28 provinces [16].  The 

government and all the public health are intensively campaigned and recommended to the society to get 

the vaccine.  

From the beginning of the appearance, the diphtheria vaccine is believed to be the only prevention 

to control the spread of diphtheria [7], [8], [16]. It is given to the susceptible people, while the people 

have a different treatment with the serum for the cure [3], [11].   

In this article, the authors try to construct the model for the diphtheria including the vaccine as control 

parameter and see how effective the vaccine is in  the outbreak of diphtheria. 
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2.  Methods 

In this paper, we will construct epidemic model based on SEIR model, which population consist of four 

subpopulation such as susceptible, exposed, infected, and recovered population. This model using 

autonomous ordinary differential equation where each compartments depends on variable of time t 

implicitly [5], [10], [17], [18]. The assumptions are also given to create the simple model but still 

relevant to the real life problem. 

2.1.  Assumptions 

Before we construct the formula for the diphtheria case, we begin to make some assumptions to 

understand several things that really influenced on the construction of mathematical model. Assumed 

that population is to be closed and the total population is constant. The vaccine is effective to prevent 

the diphtheria. What we focused on how effective the vaccine is. The vaccine is temporary vaccine, 

where everybody who has got the last vaccine more than three years should take another new one. The 

recruitment rate on susceptible subpopulation is constant. The natural death for each compartment has 

the same value and  constant. There is no death caused by the infection. To give the overview of the 

assumption, here is the following interaction diagram that represents the model 

( )m c SI

N





c

A  

   

S E I R

 
Figure 1. Diagram interaction of each compartment. 

2.2.  Mathematical model 

Based on the diagram interaction above, here is the mathematical model that we construct for general 

case of diphtheria, 
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This following table is describe all variables and parameters that has been used for the model 
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Table 1. List of variables and parameters. 

Notation Description Constraint 

S  Susceptible subpopulation 0S   

E  Exposed subpopulation 0E   

I  Infected subpopulation 0I   

R  Recovered subpopulation 0R   

N  Total population 0N   

A  Recruitment rate 0A   

c  Probability of individual vaccine 0 1c   

m  Probability of disease spread 0 1m   

  
Transition from exposed to infected 

subpopulation  
0 1   

  Natural death 0 1   

  
Transition from infected to recovered 

subpopulation 
0 1   

  Transition from recovered to 

susceptible subpopulation 
0 1   

 

The model has two solutions called equilibrium points which are disease free equilibrium denoted by 

 1 , , ,E S E I R
and endemic equilibrium denoted by 

* * * *

2 ( , , , )E S E I R
. Disease free equlibrium 

happened where infected and exposed subpopulation remains zero. It means there is no infection around 

the population. Meanwhile, the endemic equilibrium is such a condition that there is infection around 

the population. That the reason why exposed and infected subpopulation always exist in the endemic 

equilibrium.  

Furthermore, if there is an endemic around the population, the important thing to identify is basic 

reproduction number. Basic reproduction number or usually known as 0R
is  the number that 

representing the average secondary infection caused by one individual infection [5], [10], [17], [18]. 

This number is the greatest eigen value from next generation matrix. For this model, basic reproduction 

number is describe as 
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where  0 1R  is the condition for disease free, while 0 1R  is the condition for endemic   [17]–[21]. 

After we find basic reproduction number, next we have to solve the system to get the formula for 

both equilibrium points as follow 
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with 

( )p c      

( )q     

( )r     

and exist condition are m c and 
0 1R  . 

The stability of these two equilibrium points will be analyzed through eigen value from Jacobian 

matrix [4], [13], [14], [18]. The general Jacobian matrix will be define as follow 
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By substituting each equilibrium point, then we going to get the eigen value that represent the stability 

of the equilibrium point. The eigen value must be negative so the equilibrium point remain stable. 

3.  Result 

The result of the analysis above will be examine in the simulation. In this paper, the authors try to 

simulate the dynamical simulation of the system along the time t. The data has taken randomly based on 

the exist condition and the constraint that has been given in the methods. The initial conditions are the 

same for the whole simulations where 

        (40,10,5,6) , (20,5,10,2) , (10,15,20,8) , (100,10,5,20)inc   

Table 2. Data of parameters for dynamical 

simulation. 

Notation 

 

Simulation 

I II III 

A  5 1 3 

c  0.2 0.01 0.002 
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Table 2. Cont. 

m  0.9 0.05 0.1 

  0.9 0.02 0.2 

  0.02 0.08 0.008
 

  0.5 0.03 0.003 

  0.5 0.001 0.00003 
  

The first and second simulations obtained disease free condition, that means 0 1R  . The first data give 

the result of 
0 0.9510869565R  , while the second data give the result of 

0 0.06473526475R  . Figure 

2 and figure 3 below describe the dynamical simulation for the first and second data. 

  
Figure 2. Dynamical simulation for Figure 3. Dynamical simulation for 

0 0.9510869565R   
0 0.06473526475R   

The third data give the result of 0 6.858271342R  that means it is in stable condition for endemic 

because 
0 1R  . The following graphic is the dynamical simulation for the last data (figure 4) 

 
Figure 4. Dynamical Simulation for 

0 6.858271342R   
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4.  Discussion 

In figure 2, the graphic is describing the disease free condition. The susceptible subpopulation increased 

followed by recovered subpopulation while exposed and infected subpopulation remains zero for a long 

time t. It happened because in disease free condition, the population is virgin population, there is no 

disease or infected around the population. 

 In figure 3 the graphic is still describes the disease free population, but the value is more less than 

the first one. It make the condition that susceptible and recovered subpopulations decrease in the 

beginning of time, but it is finally going constant along the time t. The exposed and infected 

subpopulation are also decrease but they remain zero for a long time t.   

In figure 4 the graphic describe endemic condition, where exposed and infected subpopulation 

increased while the susceptible and recovered subpopulation are going decrease. The value is more than 

six that means one infected individual can infect six other individual at the same time. This value will 

be getting bigger if there is no prevention such as vaccine. 

Based on the analysis and simulation, in the outbreak case of diphtheria, the spread of the disease 

must be greater that the action of prevention which is vaccine. It is correspond to the exist condition 

where m > c. It is also represents that the vaccine is effective to control the epidemic of diphtheria no 

matter what initial condition are. This vaccine is temporary but it is still effective because according to 

the simulation, the recovered subpopulation is automatically moved to the susceptible subpopulation 

and it will be increase the susceptible subpopulation no matter how big or small the transition parameter 

from recovered to susceptible subpopulation. 

5.  Conclusion 

According to the explanation by analysis and simulation, the vaccine in the outbreak of diphtheria is 

effective to prevent the spread of diphtheria in the society. However, the exist condition could not be 

neglect in order to give the appropriate result. In the future, we would like to find the lower bound and 

upper bound for the parameter of the vaccine so we will know how effective the vaccine is. Also, this is 

such a model that represents the general case of the outbreak of diphtheria with vaccine as a prevention, 

not as a cure. 
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