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Abstract. Whereas for sliding friction the Amonton-Coulomb law clearly states the 

proportionality between the friction force and the normal force, the rolling friction torque and 

normal force dependency is assumed linear in some references and nonlinear in others. The 

coefficient of rolling friction can be obtained using various pendula, based on the assumption 

of linear dependence between the rolling friction torque and normal force. The theoretical 

models lead to a linear decrease of angular amplitude (confirmed experimentally for the dry 

sliding friction case) while the experimental damping of amplitude is nonlinear for any of the 

employed pendula. The basis for finding the rolling friction coefficient is the equality between 

the theoretical and experimental slopes of the decreasing angular amplitude of the pendulum. 

Due to this nonlinearity, the value of the coefficient of rolling friction depends on the 

launching amplitude of the pendulum. In the present paper the equation of motion of the 

evolvent pendulum is obtained based on the hypothesis that the dependency of resistant torque 

on normal force is a power law. Experimental tests performed with the new heavy pendulum 

have confirmed a nonlinear, exponential attenuation of angular amplitude. Thus, finding the 

coefficient of rolling friction for the least favourable situation was aimed. This happens when 

the launching amplitude of the pendulum has the highest possible value and occurs when the 

ratio between the tangential force and the normal force equals the coefficient of sliding friction. 

A technique is proposed for obtaining the critical value of the coefficient of rolling friction.  

1. Introduction 

The problem of accurate estimation of the rolling friction (RF) characteristics is particularly important 

in the situation when the relative angular velocity between contacting elements has considerable 

values since the lost mechanical power is proportional to this velocity. The issue is stringent when the 

assembly has a considerable number of parts. A specific example is met in the gearbox of the wind 

turbines (WT): from studies it resulted statistically that this is the less feasible assembly of the WT [1-

3]. But, RF is present both in the teeth of the gears and in the rolling bearings met in WT. The study of 

the RF is more difficult than the one regarding the sliding friction (SF). If for the SF the Amonton-

Coulomb law [4] undoubtedly states that the friction force is proportional to the normal force, the 

dependency of the RF torque on the normal force is supposed linear in some references [5] or 

nonlinear in others [6]. Another difference between the two types of friction consists in the fact that 

while the SF happens in any type of contact, the RF occurs only in nonconforming contacts. In a 
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recent paper [7] a device and method for finding the coefficient of rolling friction (CRF) using an 

evolvent pendulum were proposed. The fundament of the scheme consists in imposing the demand 

that the theoretical angular amplitude, obtained after integrating the differential equation of motion of 

the pendulum, must decrease in time likewise the experimental amplitude, found using a device 

designed and assembled in the laboratory. The construction of the test-rig is extremely simple as it 

consists in an aluminum rod with square cross-section brought into contact to the side surface of a 

steel disc. The rod is initially in horizontal position and afterward is set into oscillations. Assuming 

that pure rolling is in the contact point between the rod and the cylinder, the points from the rod 

describe a family of evolvents [8] and so it is given reason for the name of the method. The researches 

were carried on and different contact curves between the body of the pendulum and the support, 

resulting from combinations of internal or external cylindrical surfaces and plane surfaces were used. 

There were intended methods for obtaining the CRF based on oscillatory motions such as cycloidal [9], 

pericycloidal [10] or hypocycloidal [11]. From the above works, it was identified a discrepancy 

between the experimental data and theoretical results consisting in the fact that, for dry friction 

conditions, the theoretical analysis [12] stipulate a linear attenuation of oscillations amplitude with 

time while the experimental records deviate less or more from this form. As example, in figure 1 there 

are presented the experimental data obtained in [11] for the hypocycloidal oscillations executed by a 

bearing ball inside a steel cylinder.  

  
Figure 1. Angular amplitude variation with time 

for hypocycloidal oscillations performed by a 

bearing ball inside a steel cylinder [11]. 

Figure 2. Possible cases of choosing the 

characteristic experimental data. 

The quasi-exponential shape of the variation of swinging angular amplitude creates difficulties 

when the interpolation with the theoretical amplitude decrease is intended. It is obvious that the result 

depends on the time period of the experimental test because, for short intervals, it can be considered a 

quasilinear decrease of amplitude. For a long time period, case met especially for hard metals that 

require a large number of oscillations to proof the damping phenomenon, the experimental data shape 

is similar to the one from figure 1 and the interpolation manner is the subject. Referring to the data 

from figure 1, in figure 2 there are presented the interpolations with theoretical results for three 

hypothesis: a) the results from the beginning of the motion are the ones to be considered fro 

interpolation; b) the data from the ending of the oscillations are relevant; c) all data are equally 

important and first, the straight line that best interpolates the data is found and afterward it is imposed 

that the angle of this line is matching the tilt of theoretical model. It is obvious that the values of the 

CRF are different for the three situations presented in figure 2. Considering the aspects revealed above, 

the identification of the cause producing the shape of the experimental curve was attempted. Two 

possibilities were identified: 

- a first source could be the use of the premise that, similar to SF, the RF torque is proportional to the 

normal force, assumption that is challenged by a series of recent papers [6], [13]; 

a  

b  

c 
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- the second cause to be considered is the effect of the friction between pendulum and air; for a 

pendulum with small mass, this friction may play the role of viscous damping with an exponential 

decrease of amplitude. Consequently, the manner these two hypotheses are verified is presented 

next.  

2. The equation of motion of the nonlinear evolvent pendulum 

An evolvent pendulum is presented in figure 3 where the contact curves are the immobile base circle 

of radius br  and the mobile straight line   and the contact point is C  characterized by pure rolling. 

The center of mass (CM) is placed on the axis of symmetry of the pendulum beneath the contact point 

at the distance  . The theorem of motion of the CM and the moment of momentum theorem with 

respect to the CM are applied in order to obtain the equation of motion.  

 
 

Figure 3. Schematic of the evolvent pendulum. 

To this end, two frames are chosen: the fixed system Oxyz  with versors kji ,,  and a mobile 

reference system, with versors  kkji ',','  with the origin in the initial contact point 0C . The 

following relations are applicable: 





cossin'

sincos'

jij

jii




 

(1) 

The position vector of the CM of the pendulum, expressed in the fixed frame is obtained by 

projecting the vector relation: 

GCCCOC 00G r
 

(2) 

and the respective coordinates are: 


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(3) 

In the relations (3) the pure rolling condition from the ball-plane contact was considered, expressed as: 

b0 rCC 
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By differentiating the relations (3) twice with respect to time the components of the acceleration of 

the CM are obtained: 

2
bbbGx

2
bbbGx

)sinrcoscosr()cosrsin(a

)cosrsinsinr()sinrcos(a









 

(5) 

where: 

, 
 

 
 

(6) 

represent the angular velocity and the angular acceleration of the pendulum, respectively. The forces 

acting upon the pendulum are the weight G , the normal reaction N  and the force T  tangent to the 

base circle. The theorem of motion of the CM is written under the form: 

GM N ' T ' Mg   r j i j  (7) 

where M  is the mass of the pendulum and g  is gravitational acceleration. The equation (7) projected 

on the axes of the mobile frame give the magnitudes of N  and T  reactions from the contact point:     

)singr(MT

)cosgr(MN

2
b

2
b









 

 

(8) 

Obviously, these reactions depend merely on the law of motion of the pendulum, )t(  .  

The moment of momentum theorem applied with respect to the CM of the pendulum leads the 

following vector equation:  

 kijk )sgn(M)'T'N(GCJ rz  
 

(9) 

The RF moment is assumed as in [3] to obey a power law of the form: 


 NsM r   

(10) 

where s  is a coefficient (since the product is a torque, dimension of s  depends on the exponent  ). 

     0)sgn(Mcosg)r(rsM)cosrsin()r(J 2
bbb

22
b

2
z  



  

(11) 

The equation (11) is not cannot be solved with respect to  . Considering that the amplitudes of the 

oscillations are small, the parenthesis from the last term is expanded in a power series with respect to 

  and only the first two terms are kept. A linear equation is therefore obtained and the unknown   is 

found under the form: 

 
  
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
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J
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121
b

222
b

z

2122
b










 

 

(12) 

The equation (12) is the differential equation of motion of the evolvent pendulum with power law 

damping. To solve this nonlinear differential equations [16] a numerical algorithm is required and the 

Runge-Kutta 4 methodology [17] was applied here. The equation (12) can be evidently applied for the 

particular case when the RF moment rM  and the normal force are related by a linear dependency 

expressed by means of the RF rC s  and takes the particular form: 
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(13) 

The equation (13) was integrated for 2M Kg , 410rs m , 20 03zJ . Kg m   and o
0 10  - the 

initial amplitude. The variations of the angular displacement and normal reaction are represented in 

figure 4 and figure 5 respectively.  

 
 

Figure 4. Variation of the angular displacement 

of the pendulum. 

Figure 5. Variation of normal reaction. 

From figure 4 it is confirmed that for a nonlinear dependency expressed as power law between the 

RF torque and the normal force the amplitude damping is linear, the shape of the experimental curve 

cannot be explained by the power law relationship. Another observation resulting from figure 4 is that 

for initial amplitude values smaller than o10  the normal force and the pendulum weight are vaguely 

different, so the normal force can be considered constant. This assumption allows for finding the 

correlation between the RF rC s  and the coefficient s  from relation (10).    


 )Mg(sMgsr 

 
(14) 

The equations of motion (12) and (13) were integrated applying the condition (14) and it was found 

that all characteristic parameters have quasi-identical values. The displacements of the pendulum for 

the two hypothesis, )t(  for linear and )t(  for nonlinear dependency of the moment of RF are 

represented comparatively in figure 6. The relative error of the moment of RF for linear law versus the 

moment for the resting pendulum is presented in figure 7. 

  
Figure 6. Comparison between the 

angular displacement of the pendulum for 

linear and non-linear law. 

Figure 7. Variation of the RF torque for non-linear law 

compared to the static case. 
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3. The experimental set-up 

A pendulum with large mass was used in order to verify if the friction with air affects the deviation 

from theoretical curve of the angular amplitude damping. 

 

 

Figure 8. Experimental set-up. 

The experimental device consists in two fixed metallic rods, 1. The pendulum is constructed from a 

metallic bar with five identical cylinders assembled at the lower end. The cylinders have the following 

characteristics: diameter m21.0D  ; height m016.0H   and mass kg85.1M D  . Two holes are made 

in the rods 1 and bearing balls 5 of radius m03.0rb   are positioned in these; so, the base cylinder of 

the evolvent pendulum is obtained. At the upper end of the bar a cylinder 3 is attached, identical to the 

ones from the lower end that will come into contact to the balls with the inferior front face that 

materializes the mobile plane of the pendulum. The pendulum has the total mass kg133,12M   and the 

moment of inertia 0 379 2zJ . kg m ^  . A laser stick is fixed on the contact face of the contact cylinder. 

The displacement of the laser beam on a ruler is correlated to the motion of the pendulum. As in 

previous works [9-10] the study of the motion of the pendulum was made by recording with a camera 

and subsequently splitting the film into frames for image analysis. The experimental data are presented 

in figure 9. Both the balls and the face of the contact cylinder are heat treated surfaces and also very 

well finished and thus the RF is especially reduced. For the results from figure 3 the oscillations were 

recorded for an interval of 15 minutes, the period of oscillation of the pendulum being 0 6. s .  

  
 

a) b) c) 
 

Figure 9. Finding from experimental data the law of damping of the oscillation amplitude. 

1 

1 

2 2 

3 

3 

4 

5 

6 
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 The displacements of the laser spot on a screen, placed at a distance 1220D   mm from the initial 

point of contact ball-cylinder, are presented in figure 9a. The position 0x  of the center of oscillation 

presented in figure 9b is found by imposing the minimization condition for the function: 

 

k

2
0k0 )xd()x(H

 

(15) 

where k is the total number of experimental data points. Assuming for theoretical amplitude decrease 

an exponential law having the form: 

)texp()t( 0  
 

(16) 

and by applying the least squares method [15] the value of logarithmic decrement   is obtained. For 

the present case, it results:  

14 sec10498.3   
(17) 

and this value was utilized in plotting the interpolation curves of experimental amplitudes from figure 

9c.  

  
Figure 10. Variation of experimental amplitude, 

relation (16) and theoretical displacement of 

pendulum according to equation (12). 

Figure 11. Testing the condition of pure rolling. 

The experimental amplitude expressed by relation (16) is plotted in figure 10 alongside the 

theoretical displacement according to relation (12). It can be observed that the theoretical curve 

decreases according to the slope of the tangent to the experimental curve traced for the initial moment 

of the motion. Obviously, this situation leads to the greatest value of the CRF since for any consequent 

instant the slope of the experimental curve is smaller. From here it results the conclusion that the 

initiation amplitude will control the value of the CRF obtained based on the principle from figure 10. 

The magnitude of the maximum starting amplitude can be found imposing the pure rolling condition: 

 


N

|T|
 (18) 

 

where   is the coefficient of dynamic friction between the ball and the cylinder. From figure 11 it can 

be remarked that the condition (18) is satisfied and significantly exists the possibility of increasing the 
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initial amplitude 0 , taking into account that for the contact between two parts made of hardened steel 

the coefficient of SF has the value 6.0 . Evidently, if the launching is made with a different starting 

amplitude the damping of the experimental amplitude will have the same logarithmic decrement  . 

The conclusion resulting is that for an evolvent pendulum the coefficient of sliding friction   directly 

establishes the value of the initial amplitude 0  of an oscillation performed under pure rolling 

conditions. On its turn, the initial value of the oscillation amplitude 0  determines the value of the 

maximum coefficient of rolling friction maxrs  that may exist between the two surfaces.  

  

 

 

 
 

Figure 12. Finding the optimum value of rs  from a set of values for imposed   (SFC).  

For an actual case the following steps have to be made: beginning angular amplitudes slide0  are set as 

to facilitate sliding occurrence; after integration of the equation (13) the moment when the condition 

a) 

b) 

c) 

d) 

e) 

f) 
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(18) is satisfied can be found and therefore the amplitude 0  corresponding to the installing of pure-

rolling regime for the ball-plane contact; the graph from figure 10 is traced and most probable, the 

tangent in the origin to the experimental curve will not envelope the theoretical curve of pendulum 

displacement variation. The algorithm is repeated for a series of values, of the CRF (as in figure 12) 

until the value ensuring the condition of superposition between the tangent and the envelope of the 

curve is fulfilled. Considering a set of values for the coefficient of rolling friction rs  (figure 12 a, b, c) 

there are presented all possible situations: for a coefficient greater than actual (a), smaller (b) and 

fitted for 51 45 10rs . m   in (c). For these values, in figure 12 (d,e,f) the pure rolling condition is 

verified at limit, at the beginning of the motion (the value 0 1.  of the ratio T / N ). 

4. Conclusions 

In a recent paper the CRF was found using the evolvent pendulum with the supposition of linear 

dependence between the RF torque and the normal force. Other types of pendula (cycloidal, 

pericycloidal) used in related works led to the idea that the theoretical models conduct to linear 

decrease of angular amplitude but the experimental tests proved nonlinear amplitude decrease for any 

of the employed pendulum.  

The fundament for all the proposed methods for finding the CRF is the equality between theoretical 

and experimental slopes of angular amplitude diminishment. Due to the nonlinear variation of 

amplitude damping the value of the CRF depends on the launching amplitude of the pendulum.  

Taking into account that the damping torque of the pendulum is the result of the complex 

interaction between RF, adhesion forces and hysteresis from contact to which the friction with air is 

added, in the present work the equation of motion of the evolvent pendulum was obtained assuming 

power law dependence between the resistant torque and the normal force. In order to reduce the effect 

of friction with air that conducts to a nonlinear attenuation of angular amplitude due to fluid friction 

characteristics, a pendulum with large mass ( kg14 ) was used.  

All test performed with the new pendulum confirmed the nonlinear amplitude damping, moreover, 

an exponential shape of amplitude attenuation. In this situation, the problem of finding the CRF for the 

most unfavorable case came about. This happens when the initial amplitude of the pendulum takes the 

maximum possible value. And this happens when the ratio between the tangential force from contact 

and the normal force is equal to the CSF, N/T . Establishing from the above condition the value 

of the critical beginning amplitude and assuming a constant logarithmic decrement of damping, equal 

to the one found by experimental means, the critical value of the CRF is obtained by equalling the slope 

of the exponential damping for the moment of launching with critical amplitude, to the slope of the 

theoretical linear decrease of amplitude. 
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