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Abstract. In order to improve the convergence speed of iterative learning control and
reduce the fluctuation of the system error, a class of linear steady-state systems is
considered. The convergence of the algorithm and error fluctuations are studied by
introducing the variable-gain idea into the D-type iterative learning control algorithm
with variable forgetting factor. According to the related properties of the A norm theory,
the convergence of the improved iterative learning algorithm is proved. Compared with
iterative learning control with forgetting factor and iterative learning control with
variable gain, MATLAB simulation analysis is performed. The simulation results show
that the algorithm is effective. The improved iterative learning law not only makes the
iterative error smoother, but also improves the convergence speed.

1. Introduction

Iterative Learning Control (ILC) [1] is one of the intelligent control algorithms proposed by the 1980s
that is extremely suitable for some repetitive motion characteristics. The ILC algorithm was proposed
to solve the optimization problem of the system control input [2]. Under the effect of the ILC learning
law, the system output trajectory follows the target trajectory [3] within a limited time interval, and even
tracks are fully tracked. Due to its simple structure and excellent tracking performance, it has attracted
the attention of a large number of research scholars and has achieved a lot of research results. Some
scholars have introduced forgetting factor [4] in the ILC algorithm to reduce the adverse effects of the
system's pre-control items on the system tracking process through the oblivion factor forgetting effect,
so that the output error fluctuation of the system under the effect of the ILC gradually decreases, making
the iteration the process is more stable. The reference [5] proposed the forgetting factor ILC algorithm
with feed forward feedback, which has good robustness to the nonlinear system and can ensure that the
algorithm error converges smoothly. The reference [6] introduced the forgetting factor in high-order
ILC to improve the robustness of the system. However, the algorithm itself is too complex, the
convergence proves too cumbersome, and the simulation results are not ideal. The reference [7] uses an
ILC algorithm with variable learning gains to adjust the gain of the ILC in batches. Simulation results
show that the convergence speed can be improved. The disadvantage is that the batch-to-batch process
is cumbersome. The reference [8] proposes to accelerate the ILC algorithm through variable gain.
Although the fixed gain ILC has a faster convergence speed, the robustness of the error in the
convergence process is slightly oscillating. The reference [9] introduces a forgetting factor into iterative
learning for a class of P-type ILC, and enhances the robust performance of the system through the effect
of forgetting factors. However, the convergence speed of the algorithm is not fast enough.
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For a class of linear time-invariant systems, a D-type ILC algorithm is studied in this paper. The idea
of variable gain is introduced into the variable forgetting factor iterative learning. Under the effect of
the learning law, the control is given according to the related properties of the A norm theory. The
mathematical derivation of the algorithm's convergence proves that it not only makes the iterative error
curve smoother, but also the system's convergence speed is effectively improved. Finally, through
Matlab simulation results, it can be clearly seen that the comparison with the general ILC algorithm
under the control of the learning law used in this paper shows that the variable-gain D-type ILC
algorithm with forgetting factor not only greatly speeds up the convergence speed of the control system,
but also The iterative output error of the system is attenuated more smoothly, making the ILC's tracking
performance more optimal.

2. System Description and Learning Law
Consider a linear steady-state system with repeated properties that has the following form

{x(t) = Ax(t) + Bu(t)

y(©) = Cx(t) M

In equation (1), x(t) € R™, u(t) € R™and y(t) € RP are the state matrix of the system, the control
input matrix and the output matrix, respectively, A € R™*™,B € R™™ and € € RP*™are all real
numbers, and t € [0, T] is a time variable.

Suppose 1: The desired trajectory y, (t) is reachable at any time in the time interval [0, T], ie. There
is an expected output y, (t) corresponding to the control input u,(t) at any time, such that
{x(t) = Ax4(t) + Buy(t) )
y(©) = Cxq(0)

Suppose 2: For system (1) it meets:x; (0) = x;(0), k=0,1,2,3...
The purpose of the ILC is to find the optimal input. And the paper the variable gain ILC with
forgetting factor learning law:

wer1(®) = (1 =70 Jwe (t) + r(k)ug(t) + BLE () (3)

In equation (3), k is the number of iterations set by the system, r(k) is a variable forgetting factor, a
function that takes the number of iterations as a variable, and r(k) € [0,1); L is the learning gain matrix
of the ILC learning law; B(t) is the exponential variable gain; the systematic error is e, (t) = y,(t) —

Vi (t)-

3. Convergence analysis
Theorem: If the ILC system described in equation (1) satisfies Hypothesis 1 and Hypothesis 2, the
following conditions must be satisfied:

||(1 —r (k) - ,B(t)LCB|| <1 Andlim r(k) = 0.
Whenk — oo, the iterative output y, (t) of system (1) uniformly converges to the desired output
trajectory y, (t) within the time interval [0, T].That is ,gl_zlo Vi (6) = ya(t) (¢ €[0,T])

Prove: According to equation (3), the K+1 iteration control input error of system (1) can be described
as

Aty () = (1 = 7(k)) Ay () + 7(k)Aug (£) + BLE (L) (4)

Where uAuy, (t) = ugy(t) — ug(t). The Kth system iteration error is expressed as
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ex(t) = ya(t) — y(t) = Cxq(t) — Cxy(t) (5)

Bring equation (2) into equation (5)
e (t) = Cet(xq(0) — 1,(0)) = [ CeACDB(uy(r) — u(r))de (6)
Equation (6) can be obtained according to suppose 2
er(t) = fot CeAt=DBAw, (T)dT (7)
Derivatives for both sides of equation (7)
&, (t) = CBAU,(t) + [, CeACDBAw, (T)dr (8)
Substituting equation (8) into equation (4)
Ay 1(®) = (1 = r(K)1 — B(OLCB)Awy (t) + (k) Auy (t) fot B(t)LCAeAt=DBAu, (T)dt  (9)
In equation (9):M = (1 - r(k))] — B(t)LCB) andN = B(t)LCA.
We can get: Auy,(t) = MAw, (t) + r(k)Auy(t) + fot NeAt-DBAu, (t)dr (10)
Apply the norm to both ends of equation (10)
141042 (0)1] < [IM1][|4c 1] + G| Auo (D)]] + f ||NeACB]| |18 @l|dr (1)
Equation (11) is multiplied at both ends by e~ (t € [0, T])
e‘7‘t||Auk+1(t)|| < e‘7‘t||M||||Auk(t)|| + r(k)e ™| Auy ()] + a4 fote‘Mt‘T)e‘“|IAuk(T)HdT(lZ)

In the equation (12),a; = te[f)?;"ﬁl INe4tB]|.

180 O], < {IM1] + a3 = 18w @], + 100 1Aug(OI], (13)
181 O], < pllAw ®I], + (k) (14)
1—e~AT

e = [1aup @],

When A chooses a sufficiently large value, the conditional expression (1) satisfying the system
convergence can be expressed as p<l.

£ . £ . _
18w, (]], < =® Andggj|Auk(t)||A <1 Jim (k) = 0.

In the equation (14): p = ||M|| + a4

According to the system, we can see ,11_{{)10| | Ay (D) , =0, then

Jim [lAu, (D]], =0 (15)
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It is known from equation (7)

llex (1], < cb =2 Ay (1) (16)

In equation (16), > a, a = ||4l|, by = |IBIl, ¢ = [IC]I.
According to equation (14) and equation (15) availablelli_glJ lex (O] | AT 0.

AT . . sup B
Then according to | lim o, T]||€k|| <e ||ek(t)||x, it can be proved that;ll_)n(}ote[o,T]“ek(t)” =0.

Proof completed.

4. Simulation Analysis
To illustrate the effectiveness of the algorithm used in this paper, according to the following linear
stationary system
{J'c(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

x = [} uo =[] v = [10] a =[] ;1)7341 Uc=[ 9
V1a(t

In the t € [0, T] interval, the desired trajectory is y4(t) =
Y24 (V)

5t
] [ Asin ] It is required to fully

track the system output in the iterative time domain.
The ILC algorithm is used to learning law (3), where the initial control input isu, (k) = 0, u,(k) =
0. The variable forgetting factor takesr(k) = k—lg, the variable gain coefficient takes B (t) = %3¢, and
0.5 0]
—-0.5 1
Convergence condition ||(1 — r(k))] — B(t)LCB” <1

the gain takes L =

Both B(t) and r(k) are monotonous and easy to know to satisfy the condition; lll_fg r(k) = 0 the

same reason also satisfies the condition.

In order to illustrate the effectiveness of the ILC learning law used in this paper, the MATLAB
simulation was compared with the ILC learning law with the forgetting factor and the variable gain ILC
learning law. The simulation diagram is shown in Fig.1-Fig.6.

Fig.1 shows the process effect trace of the output trajectory tracking the desired trajectory with the
variable gain D-type ILC algorithm with forgetting factor. It can be seen from the figure that the
systematic output trajectory and expected output trajectory of the variable-gain ILC with forgetting
factor have large deviations from the beginning of tracking, and completely coincide at the end of the
iteration, which is a process in which the deviation gradually decreases. Fig.2 shows that under the
action of the ILC learning law in this chapter, it is completed iteratively. The system trajectory
completely tracks the desired trajectory and can achieve complete tracking. Fig.3 shows the trajectory
tracking error curve of the conventional PID type ILC learning law. Fig.4 and Fig.5 show the tracking
error curves of the ILC learning law with the forgotten factor and the gain-based ILC learning law,
respectively. Fig.6 shows the trajectory tracking error curve for the gain-gain D-type ILC learning law
with forgetting factor. From the comparison of Fig.3, Fig.4 and Fig.5, it can be seen that the error
variability of the conventional PID-type ILC learning law in the iterative tracking process is relatively
large, and the convergence speed is slightly slower. And in the simulation running process, the running
time of the PID type ILC learning law is generally longer than the other two ILC learning rules, which
means that the other two ILC learning laws are more time efficient. Fig.6 and Fig.3, Fig.4, Fig.5 can be
seen, this chapter of the ILC learning law in the tracking process error converges to zero faster, and the
error decay to zero faster, Only 5 times are needed to converge the error to zero and the error converges
smoothly. In other words, the ILC learning law in this chapter not only has a faster convergence speed,
but also has a smoother convergence process.
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Figure 1. Variable gain ILC with forgetting factor trajectory tracking process
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Figure 2. Expected trajectory trace after 10 iterations of gain-gain ILC with forgetting factor
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Figure 3. Error curve of conventional PID-ILC
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Figure 4. Error curve of ILC with forgetting factor
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Figure 5. Error curve of Variable gain ILC
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Figure 6. Error curve of Variable gain ILC with forgetting factor
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5. Conclusion

Forgetting factor and variable gain have the effect of improving the error fluctuation and improving the
convergence speed for the ILC algorithm, respectively, but it is generally difficult to combine both
advantages. This paper discusses a class of linear time-invariant systems with repetitive motion
characteristics using a control strategy with variable gain D-type ILC algorithm with forgetting factor.
The convergence of the algorithm proves that the rigorous proof'is given by using the relevant properties
of the A norm. This proof method simplifies the system to achieve complete tracking of the system within
the control time zone under the learning law control and the error converges to zero. Comparing the
error absolute value curves of the ILC algorithm with the forgetting factor and the variable gain ILC
algorithm by simulation, it can be known that the variable-gain ILC algorithm with forgetting factor
cannot only speed up the convergence speed of the system, but also make the convergence error curve
of the algorithm more stable, ensuring that the system can completely track the desired system.

References

[1]  Arimoto S, Kawamura S, Miyazaki F. Bettering operation of robotics by learning. Robotic System,
1984, 1 (2); 123 - 140.

[2] Xiaohong Hao.Research on Open Loop PD Iterative Learning Control Algorithm with Adaptive
Learning.Chinese Journal of Electrical Engineering.2015, 10 (10); 15 — 20.

[3] Yong Cao, Hehui Lan, Huade Li. Linear Servo System Based on Open-Closed Loop Iterative
Learning Position Adjustment. Micromotors. 2010, 43 (2); 54 - 57.

[4] Desheng Dong. Research on the Convergence Rate of Iterative Learning Control. Nanjing
University of Science and Technology. 2013.

[5] Hongbin Wang, Jian Dong, Yueling Wang. High Order Feedback-Feedforward Iterative Learning
Control Scheme with a Variable Forgetting Factor. International journal of advanced robotic
systems. 2016. 13 (95); 1 - 7.

[6] Shouying Zong, Jinxue Xu, Xiangdong Wang. High-order closed-loop iterative learning
controller design with forgetting factor. Control Engineering, 2007, 14 (S1); 99 — 102.

[7] Wei Wu, Jia Shi. Multi-Batch Batch Distillation Control Based on Variable Gain Iterative
Learning Algorithm. Journal of Xiamen University. 2012, 51 (3); 336 - 441.

[8] Lan Tianyi.Accelerated iterative learning control algorithm with variable gain and adjustment of
learning interval.Systems Engineering & Electronics,2017, 39 (4); 883 — 887.

[9] Hongfeng Tao, Bao Ding, Huizhong Yang. Time-varying nonlinear system iterative learning
control forgetting factor algorithm. Control Engineering. 2016, 19 (1); 86 — 89.



