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Abstract. The integer solution of diophantine equations x? — D;y% =m, (D, € Z¥,m € Z)
and y?—D,z?=n,(D, € Z*,n € Z) is a matter of great concern. Researchers study for
different m,n and D, D,, and obtained some correlation results as follows.

When m = 1,n = 1, the diophantine equations turns into x2 — D;y% = land y? — D,z% =
1.At present, there are only a few conclusions on it, see Ref [1] and [2]. When m = 1,n = 4,
the integer solution see Ref [3] - [9].When m = 1,n = 16, the previous conclusions see Ref
[10].

When m = 1,n = 49, the diophantine equations turns into x? — D;y? = land y? — D,z% =
49, In this case, D; = 47, D, can be expressed as 2tp;*1p,*2p;*3p,* where a; = 0 or 1 for
1<i<4,andt€Z*, py(1 <s < 4) are different odd primes. Up to now, there is no relevant
result on the integer solution of x? —47y2 =1 and y? — Pz? = 49, this paper mainly
discusses the integer solution of it.

1. Introduction
The integer solution of diophantine equations
x2=Dy*=m,(D; €Z*,m€ Z)and y?> —D,z> =n,(D, € Zt,n € Z) )
is a matter of great concern. Researchers study for different m,n and D;,D, , and obtain some
correlation results as follows.
When m = 1,n = 1, diophantine equations (1) turns into:
x? —D;y? =1and y? — D,z%2 =1 (2)
At present, there are only a few conclusions on (2), see Ref [1] and [2].
When m = 1,n = 4, diophantine equations (1) turns into:

x? —D;y? = 1and y? — D,z%2 =4 3)
For even numbers D,, D, the integer solution of (3), see Ref [3] - [9].
When m = 1,n = 16, diophantine equations (1) turns into:
x? —D;y? = 1land y? — D,z2 =16 4
The previous conclusions on (4), see Ref [10].
When m = 1,n = 49, the diophantine equations turns into:
x%2 — D;y? = land y? — D,z = 49 (5)
In this case, D; = 47, D, can be expressed as 2fp,;*1p,%2p;%3p, % whereaq; =0or 1 for1 <i <
4,andt € Z*, ps(1 < s < 4) are different odd primes. Up to now, there is no relevant result on the
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integer solution of x? — 47y =1 and y? — Pz? = 49, this paper mainly discusses the integer
solution of it.

2. Critical lemma
Lemma 10" Let p be an odd prime number, there is no integer solution of the diophantine
equation x* — py? = lexceptp =5,x =3,y =4andp = 29,x = 99,y = 1820.

Lemma 2" There is 1 sets of solutions of the diophantine equation ax* — by? = 1 at most
when a is a square number which is greater than 1.

Lemma 3" Let D be a square-free positive integer, then the equation x2 — Dy* = 1 has two
sets of positive integer solutions (x, y) at most. Furthermore, the necessary and sufficient condition of
itis D = 1785 or D = 28560, or 2x, and y, are square numbers where (xg,yo) is the basic solution
of x2 —Dy*=1.

Lemma 4 Suppose that all the integer solution on Pell equation x? — 7y? =1 could be
(xn, Yu), n € Z, for the arbitrary n € Z, it has the following properties on (xy,, ¥,,):

(I) x;, 1s a square number if and only if n = 0.

(II)Z—’; is a square number if and only if n = +1.

(11 y7” is a square number if and only if n = 0 orn = 1.

Proof: (I) Let x,, = a?, we will get a* —47y? = 1, from Lemma 1 we can get there are only 2
integer solution (a,y) = (£1,0) on a* — 47y? = 1,50 x,, = 1,n = 0. On the contrary, it also holds.

(IT) Let z—;‘ = a?, we will get 2304a* — 47y? = 1, from Lemma 2 we can get there are only 4
integer solution (a,y) = (+£1,47) on 2304a* — 47y? = 1, so x,, = 48,n = +1. On the contrary, it
also holds.

(III) Let 3% = b2, we will get x2 — 2303b* = 1, from Lemma 3 we can get there are only 6 integer

solution (x, b) = (£1,0), (+£48,+1) onx? — 2303b* =1,s0y, =00ory, =7.n=0o0rn=1. On
the contrary, it also holds.

3. Proof of main theorem
By using elementary method such as congruence, the integer solution of the diophantine equations on
x2 —47y% = 1and y? — Pz? = 9 can be obtained.

3.1. Theorem
Let ps(1 < s < 4) are diverse odd primes, P = 2"73;11 pS(a;=00r1,1 <i <4,k €Z"), then
the diophantine equations
x?—47y%? =1and y? — Pz? = 49 6)

(i) has common solution (x,y,z) = (£48,1£7,0) and nontrivial solution (x,y,z) =
(+442224,4+64505,+672) when P = 2 X 17 X 271.

(i) has common solution (x,y,z) = (+48,+7,0) and nontrivial solution (x,y,z) =
(4442224, +64505,+336) when P = 23 x 17 x 271.

(iii) has common solution (x,y,z) = (£48,17,0) and nontrivial solution (x,y,z) =
(+442224,+64505,+168) when P = 25 x 17 x 271.

(iv) has common solution (x,y,z) = (£48,4£7,0) and nontrivial solution (x,y,z) =
(+442224,+64505,+84) when P = 27 x 17 x 271.

(v) has common solution (x,y,z) = (+48,+7,0) and nontrivial solution (x,y,z) =
(4442224, +64505,+42) when P = 2° x 17 x 271.

(vi) has common solution (x,y,z) = (+£48,%+7,0) and nontrivial solution (x,y,z) =
(4442224, +64505,421) when P = 211 x 17 x 271.

(vii) has only nontrivial solution (x,y,z) = (+48,1£7,0) when P # 2% x17 X 127(a =
1,3,5,7,9,11).
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3.2. Proof of main theorem

3.2.1. Primary analysis.
Let (x;,v;) be the basic solution of the Pell equation x? — 47y? = 1, then (x;,y;) = (48,7).It means
that all solution of the Pell equation x? — 47y? = 1 is:
Xy + ypVP = (48 + 7\/47)",n € Z.

It is easily shown that

() ¥n® — 49 = Yn41¥n-1;

(i) y2n = 2xpYn;

(iii) Y2n+1 = 1(mod2);

(iv) x5, = 1(mod2), xXyp4+1 = 48(Mod96);

(v) ged(xpn, yn) = 1, ged(Xpn11, Yn+1) = 1,86, Xp41) = 1, 86d(Vn, Y1) = 7,

(vi) ged(X2n, Yan+1) = 86d(Xzn+2) Yan+1) = 1, 8cd(Xant1, Yon) = 8cd(Xan41, Yant2) = 48.

(Vi) Y2n+2 = 96Yn41 — Yo Yo = 0,1 = 75 Xpq2 = 96X 41 — X, X0 = 1,x; = 48.

Suppose that (x,y,2z) = (X, ¥n, 2n), 1 € Z is the integer solution of the diophantine equation (6),
from(l), we can get:

Ynz —49 = Ypi1Vn-1 (7
from y? — Pz? = 49 of (6) , we can get:
Pz* = Yn+1¥Vn-1 8)
As a result the equation (8) will be:
Case 1 n is an positive odd number.
Case 2 n is an positive even number.

3.2.2. Discusion on Case 1

Letn =2m —1,m € Z,(8) is equivalent to:
Pz* = Y2(m-1)Y2m )
from (11),(9) is equivalent to:
Pz* = 4Xm-1Ym-1XmYm (10)
1. m is an positive odd number.
From ( V ), we can get gcd(Xpm—1,Vm-1) = gcd(Xpm, ym) =1 , ged(Xp, Xm—1) =1 ,
gcd(Xm—1, Vi) = 1,8cd(Vp, Ym—1) = 7, it means gcd (ym %) =1. From (VI), we can get
gcd (X, Ym—1) = 48, it means gcd( m,%) =1.

y x Ym .. .
mi, -, are pairwise coprime.
336 48 7

1.1k is an positive odd number.
Letk = 21 — 1,(10) is equivalent to:

Therefore, x,;,_1 s

Pz* = BX4(1-1)Xa1-3%X2(1-1)Y2(1-1)Yal-3 (11)

From (11),(11) is equivalent to:
Pz* = 16x4-1)X41-3X20-1)X1-1Y1-1Y41-3 (12)
From (V), we can get ged(x;_q,¥,—1) = 1, it means x4(l 19 X1 1,’;36 X301-1)» ‘Z;,”é 3 are
pairwise coprime when [ is an odd number, and x4(l_1), " ,yz7—1’ 2(1- 1),x‘” 3 Yalzs 4; 2 are pairwise

coprime when [ is an even number.
From (111), we can get y4l 3 = 1(mod2), it means2 t y,;_s, SO V4;_3 is an odd number. From (1V),
we can get x4-1), X2(1- 1), 2 are odd numbers. x;_; is an odd number when [ is an odd number and

==1is an odd number when l is an even number. Therefore, X4_1y, X;—1, X2(1-1), Tal- 3, y‘” 2 are odd
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X
numbers when [ is an odd number and x4(,_ 1), " *, Xa(1-1)s 1183,3)“ 2 are odd numbers when [ is an

even number.

From Lemma 4, we can get X,(;_1), X2(—1), X1— 1,X‘ZS3 ,y“; 2 are square numbers if and only if [ =

1, x4—8 is a square number if and only if I = 2 or [ = 0.
So, x4(,_1),x2(l_1),xl_1,x‘;lSS ,y‘” 2 are non-square numbers when odd number [ # 1, and it has 5

diverse odd primes. Therefore, (12) is impossible, which means (6) have no integer solution.

X X
Xa(1-1) X2(1-1)» 181, 1183,3)“ 2 are non-square numbers when even number [ # 0,2, and it has 5

diverse odd primes, which is contradict with P = 2tp; %1p,%p;*3p,?, Therefore, (12) is impossible,
which means (6) have no integer solution.

When [ =1, (11) is equivalent to: z? = 8x,%x;Yoy; = 0, so z = 0,it means that diophantine
equation (6) has and only has common solution (x,y, z) = (+48,+7,0).

When [ = 0,2, (12) is equivalent to: Pz = 16x_4X_3X_yX_1Y_1Y_3 = 16X4X3X,X;Y1Yy3, From
(IV), we can get x,, x, are odd numbers, from (lll), we can get y;, y; are odd numbers, it means
Pz? = 28 X 3 X x4%3x,Y,Y3, Therefore, the right part of (12) has 5 diverse odd primes at least, which
is contradict with P = 2¢p,%1p,%p,%3p,% Therefore, (12) is impossible, which means (6) have no
integer solution.

1.2k is an positive even number.

From (111), we can get y,_1,V.x_1 are odd numbers, it means ——

X X
:81, 2k-1 are odd numbers.

From Lemma 4, we can get x, 1),

Yk 1 J/Zk 1
7

are odd numbers too,
From (1V), we can get x5 _1,

1 are square numbers if and only if k =

— 1' Vk-1 .

number if and only if k = O or k = 2.2k 145 g square number if and only if k = 0 or k Isa

Xk—1 X2k—1 Yk-1 Y2k-1
48 ' 48 ' 7 ' 7
numbers when even number k # 0,2, and it has 5 diverse odd primes. Therefore, (12) is impossible,

which means (6) have no integer solution.

When k =0, (11) is equivalent to: Pz = 8x,y,%x,;2 =211 x32x 72 x 17 x 271, so z =
21,P=2"1x17%x271 or z=42,P=29%X17%X271 or z=84,P =27 x17%x271 or z=
168,P =25 x 17 X 271 or z = 336,P = 23 X 17 x 271 or z = 672,P = 2 X 17 X 271, From (6),
we can get:

(6) has common solution (x,y,z) = (£48,+7,0) when P = 2% x 17 x 127(a = 1,3,5,7,9,11)
and has nontrivial solution (x,y,z) = (+442224,4+64505,+672) when P =2Xx 17 x 271 .
(x,y,z) = (£442224,+64505,+336) when P=23x17x271 , (x,y,z) =
(£442224,464505,+168) when P = 25 x 17 x 271., (x,y,z) = (+442224,+64505, +84) when
P=2"%x17x271, (x,vy,z) = (+442224,+64505,+42) when P =2°x 17 x 271, (x,y,2z) =
(4442224, +64505,+21) when P = 211 x 17 x 271.

When k = 2, (11) is equivalent to: Pz2? = 8x,x,2y;y;y = 211 x 72 x 532 x 17 X 19 X 97 x 271,
it has 5 diverse odd primes, which is contradict with P = 2tp; *1p,%2p;%p,?, Therefore, (12) is
impossible, which means (6) have no integer solution.

2. m is an positive even number.

Imitating the previous proof of 1 we can get the diophantine equation (7) only has common
solution (x,y,z) = (+48,+7,0).

square number if and only if k = 1 or k=2. So, X31_1, are non-square

3.2.3. Discusion on Case 2
From (111), we can get y,,_1 = Vp41 = 1(mod2), it means y,,_1, ¥+, are odd numbers. Therefore, the
left part of (8) is an even number, when it’s right is an odd number, it is self-contradiction. Therefore,
diophantine equation (6) have no integer solution.

To sum up, the theorem is proved.
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4. Conclusion
The integer solution of diophantine equations x? — D;y% =m, (D, € Z*,m € Z) and y? — D,z? =
n, (D, € Z*,n € Z) is a matter of great concern.

By using elementary number theory methods,we solved the common solution and nontrivial
solution on the diophantine equation when m =1,n =49, D; =47, D, can be expressed as
2tp,Yp,%2p;%3p, % wherea; =0or 1 for 1 <i<4, andt € Z*, ps(1 < s < 4) are different odd
primes.

Acknowledgment
Supported by Scientific Research Project fund of Education Department of Yunnan Province:
2018JS608.

References

[1T Ljunggren W. Litt om Simultane Pellske Ligninger [J]. Norsk Mat. Tidsskr.,1941,23:132-138.

[2] Pan Jia-yu, Zhang Yu-ping, Zou Rong. The Pell Equations x? — ay? = 1 and y? — Dz? = 1 [J].
Chinese Quarterly Journal of Mathematics,1999,14(1):73-77.

[3] Guan Xun-gui. On the integer solution of Pell’s equation x? —2y2 = 1and y? — Dz? = 4 [J]].
Journal of Huazhong Normal University (Natural Sciences):2012,46(3):267-269+278.

[4] Hu Yong-zhong, Han Qing. On the integer solution of the simultaneous equations x? — 2y? =1
and y?—Dz?=4 []]. Journal of Hua Zhong Normal University (Natural
Sciences):2002,36(1):17-19.

[5] Du Xian-cun, Guan Xun-gui, Yang Hui-zhang, On the system of Diophantine equations x? —
6y?2 =1 and y?—Dz?> =4 [J] . Journal of Hua Zhong Normal University (Natural
Sciences):2014.48(3):5-8.

[6] Zhao jian-hong, Wan Fei. On the Common Solution of Pell Equations x? — 3y? = 1 and y? —
2"y? =16 [J]. Journal of Hubei University for Nationalities (Natural Science Edition),
2016,2(6):146-148.

[7] He La-rong, Zhang Shu-jing, Yuan Jin. Diophantine Equation x> — 6y% =1, y2 — Dz%? = 4 []].
Journal of Yunnan University of Nationalities (Natural Sciences Edition),2012,21(1):57-58.

[8] Ran Yan-ping. Integer Solution of the Simultaneous Diophantine Equations x? — 10y? = 1 and
y? — Dz?% = 4 []]. Journal of Yanan University (Natural Science Edition),2012,31(1):8-10.

[9] Guo Jing, Du Xian-cun. On the System of Pell Equations x? —30y? =1 and y%?—Dz% =
4[J]. Mathematics in Practice and Theory.2015,45(1):309-314.

[10] Wan Fei, Du Xian-cun. On the Simultaneous Diophantine Equations x? — 5y = 1 and y? —
Dz? =16 [J]. Journal of Chongging Normal University (Natural Science),2016,33(4):107-111.

[11] Sun Qi, Yuan Ping-zhi, ON THE DIOPHANTINE EQUATION x* — Dy? = 1 [J]. Journal Of
Sichuan University (Natural Science Edition),1997:34(3):265-267.

[12] Le Mao-hua. A Family of Binary Quartic Diophantine Equations [J]. Journal of Yunnan Normal
University (Natural Sciences Edition),2010,30(1):12-17.

[13] Walsh G. A note on a theorem of Ljunggren and the Diophantine equations x? — kxy? + y* = 1
or 4[J]. Arch. Math.1999,73(2):504-513.

[14] Chen Yong-gao. Pell Equation x2—2y?=1 and y?—Dz? =4 [J]. Acta Scientia rum
Naturahum Universitatis Pekinesis,1994,30(3):298-302.

[15] Wang Guan-min, Li Bing-rong. The Integer Solution of The Pell’s Equations x? — 6y? = 1 and
y? — Dz? = 4 [J]. Journal of ZhangZhou Teachers College, 2002,15(4):9-14.



