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Abstract. In this paper, a two terminal hydraulic cylinder-motor system attached to a variable
inertia flywheel is modelled and simulated to investigate its dynamic performance. In contrast to
the constant inertial flywheel, the variable inertia flywheel takes care of the jerk of the dynamic
system at the time of fast speed change or sudden speed reversal by suitably adapting its moment
of inertia. Bond graph simulation technique is used to model the system as it is a unified strategy
suitable for multi-domain modelling

1. Introduction

Springs and flywheels are mostly considered as energy storing devices particularly in mechanical
systems. Springs can absorb and release very small amount of energy for a short period of time, as its
design is based on the resilience criterion of the material [1]. Therefore, there is limitation in energy
storage for the springs. On the other hand, flywheel is an important mechanical device for storing kinetic
energy over a complete cycle. A flywheel is specifically designed to efficiently store rotational energy.
Flywheels resist changes in rotational speed by their moment of inertia [2]. The moment of inertia for a
flywheel is given by the product of the mass and square of the distance of the mass point from the axis
of rotation. Earlier constant and stable energy supply for flywheels, posed a great problem, as the
moment of inertia has to be adjusted [3], for different rotational velocities in different situations and
thus energy supply would fluctuate a lot.

With the concept and introduction of variable inertia flywheels, the idea for energy storage has
completely changed. No matter whatever be the rotational speed of the flywheel, whether low, medium,
or high, the flywheel can supply a stable and constant energy to the system when required, as the variable
inertia of the flywheel automatically changes the inertia of the system with the input and response as the
application requires. The approach and simplicity of the design in the variable inertia flywheel, has made
energy storage very attractive [4]. The applications of the variable inertia flywheel are tremendous. It
has a very high potential for passive vibration control [5] and can be used in regenerative braking [6].

Previous work has not revealed anything about the dynamic behaviour of the system, rather
identification and validation of the system parameters has been the main objective. The results obtained
satisfies the mathematical and experimental work.
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2. The Variable Inertia Flywheel

A schematic diagram and prototype of the variable inertia flywheel is shown in figure 1. The overall
dimension of the flywheel is given in table 1. It is basically a flywheel frame having a circular plate in
which four slots has been made. Slider masses and a springs is placed inside the slots. The movement
of the sliders within the slots and compressing of the springs is provided by the rotational motion of the
flywheel. As the speed of rotation varies, it leads to the changes in the slider location within the slots
which changes the moment of inertia of the flywheel and ultimately changes the equivalent inertial mass
of the flywheel.

Figure 1 The variable inertia flywheel (a) schematic diagram and (b) prototype (1-spring, 2-inner hole
for the shaft, 3-slot, 4-slider and 5-frame)

The moment of the inertia of the solid circular disk including the slots (I¢,) is given by

1
Ifz = Emf(TZ + RZ) (1)
where, the terms mg, 7 and R denotes the mass of the flywheel including the slots, radius of inner hole
and outer radius of the flywheel respectively. The moment of inertia of one slot ( I,,,) is expressed as

1 1
IOZ=EmO(d2+a2)+mO(R—Ea), (2)
where, the term (R — 1/2 a) indicates the distance between the rotation centre of the flywheel and the

centroid of a slot. The terms a and d indicates the length and width of the slot respectively and m,

indicates the mass of the removed slot material. The moment of inertia of one slider (I,) is given by
1

Iy = =my (3d? + 12) + m 12 @3)
The terms my, I, and d, hereby denotes the mass, length and width of the slider respectively. The term
[ indicates the location of the slider masses within the slots of the variable inertia flywheel which
changes with the rotational speed. From the schematic diagram shown in figure 1, the moment of the
variable inertia flywheel is expressed as (Iof)
lop = Ipp — 4o, + 45, 4
The slider location and angular velocity is related by equating the centrifugal force acting on the sliders
and spring forces of the variable inertia flywheel. Mathematically it can be represented as
msw?l = k(1 = Lpin) ®)
Here the terms mg, ks, i, and w indicates the mass of the slider, stiffness of the spring, minimum
length of the sliders within the slots of the flywheel and rotational speed of the variable inertia flywheel
respectively.
Considering ideal situation of the two-terminal hydraulic device, the flow rate through the one chamber
to another is expressed as
Q = wh (6)
where, w and h represents the angular velocity of the variable inertia flywheel and displacement of the
hydraulic motor respectively. As
A
w = vaﬁ (1)
where v, represents the linear relative input velocity from the two-terminals of the hydraulic device and
A denotes the cross-sectional area of the cylinder, excluding the cross-sectional area of the rods of the
piston from both sides. Equations (5), (6) and (7) gives the final mathematical form of the slider location
within the slot of the variable inertia flywheel as
kslmi
l - s‘min 5 (8)
ks=ms(*8%)
The terms L,,,;;, and kg represents the minimum distance of the slider masses within the slots of the
flywheel and stiffness of the spring respectively. Equation (8) reveals that the maximum distance of the
slider masses within the slots of the variable inertia flywheel can theoretically reach infinite value. This
is physically impossible as there is a provision for restriction by outer flywheel ring. No matter with
whatever high magnitude the flywheel rotates, it always stays within a safe limit provided by the outer
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flywheel ring. The minimum and maximum distance of the slider mass in the slot of the variable inertia
flywheel is calculated as 0.0025 m and 0.0375 m respectively.

From the data given in Table 1, the moment of the inertia of the variable inertia flywheel (I5f), is
calculated as

I = (8.83x107* + 0.1412) 9)
The moment of inertia of the flywheel (I,), leads to equivalent inertia mass of the variable inertia
flywheel m, which is expressed as

mg = Iaf (%)2 (10)

3. The physical system and its mathematical model
The variable inertia flywheel along with the two-terminal hydraulic device is shown in figure 2.
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Figure 2. The two terminal hydraulic device with a variable inertia flywheel

The velocity input (v,) through the two terminals causes the liquid to flow, which produces enough
torque to rotate the hydraulic motor. This in turn rotates the flywheel coupled to the hydro-motor shaft.
The dynamical performance of the system is analysed using Bond Graph Simulation. The Bond Graph
model of the system is differentially causalled and then is converted into a diagnostic Bond Graph form.
With the help this tool, parameter adjustment is done to achieve the results that earlier posed limitation
on the dynamic behaviour of the variable inertia flywheel of the previous work. It eventually calculates
the magnitude of the forces acting in the system for various input data. The net force acting in the entire
system represented in figure 2, is given by
{F = myV, + byv, + Ff}

Fr = |Fr|sgn (vg)
The friction force in the system is taken into account as shown in equation (11). The friction force Fy
always acts opposite to that of the linear relative input velocity v, of the two-terminals of the hydraulic
device. The terms b, is the damping ratio of the system and v, is the acceleration of the input response
provided to the system. The Bond graph model of the entire setup for the variable inertia flywheel is
presented in figure 3.

(11)
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Figure 3 Bond Graph Model of the variable inertia flywheel with two-terminal hydraulic device

The notations for the bond graph model is presented in table 1. 1,,, and 0, represents flow summing
and effort summing junctions respectively whereas f denotes the angular velocity acting in flywheel.
4. Results and discussions

To calculate the maximum and minimum moment of inertia of the variable inertia flywheel, a sinusoidal
input of amplitude = 0.0314 m/s and frequency = 0.1 is provided. With this input the slider mass of the
flywheel travels the maximum and minimum distance within the slots made in the flywheel without
residing at a fixed place. Figure 4(b), (c) and (d) depicts that the behaviour the slider location, moment
of inertia and equivalent mass of the flywheel respectively with sinusoidal input of amplitude = 0.0314
m/s and frequency = 0.1Hz. The maximum value and minimum magnitudes of the inertia for the variable
inertia flywheel is calculated as I;¢may = 1.08 X 1073 kgm? and Infmim = 0.94 X 1073 kgm?
which agrees greatly with the theoretical calculation, provided by equation (8). Similarly, the maximum
value and minimum equivalent inertia mass for the variable inertia flywheel is calculated as mg ¢ mqx =

970.66 kg and Mg min = 882.14 kg

fhAr4 - (T ¥
[IRIE. s
A2
T = I
E T e
. ] =
& men g T
=
ERNINTE
= = norra
C X R
AR —
[TRIFY x v T
= 14 15 EXT)
Lisne %) N MzEva
(@) (b)
LUK 3T . " - T - 1 - PR v T
-
B AR LA 7 —
5;: W AMFTIE B ean
= ]
£ ooo0L00 5 —
=  ELAWHEEN = 1
H = P
E onoose =
- s
[XCTITN S v 1 1 ! x T .
W = TiE 15 1 i* = 3 = 0
Tinwue: 33 FRTTTRCE S
©) (d)

Figure 4. Time response of the variable inertia flywheel (a) input sinusoidal velocity (frequency = 0.1
Hz and amplitude = 0.0314 m/s), (b) slider location of the slider masses within the slots of the
flywheel, (¢) moment of inertia of the flywheel, (d) equivalent mass of the variable inertia flywheel

The behaviour and magnitude of the forces attained for the square inputs (a) frequency = 0.5 Hz and
amplitude = 0.005 m/s and (b) frequency = 1 Hz and amplitude = 0.01 m/s respectively is shown in
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figure 5. The peak value of the forces is determined as 653.41 N for figure 5(a) and 1309.65 N for figure
5(b) respectively.
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Figure 5. Time response of reactive force at the hydraulic cylinder terminal subject to square wave
velocity input (a) frequency = 0.5 Hz and amplitude = 0.005 m/s, (b) frequency =1 Hz and amplitude =
0.01 m/s.

For the sinusoidal input provided into the system of frequency = 0.4 Hz and amplitude = 0.012 m/s and
the other having frequency = 2 Hz and amplitude = 0.063 m/s respectively, the behaviour and magnitude
of the forces attained is shown in figure 6. The peak value of forces is calculated as 445.09 N for figure
6(a) and 3516.44 N for figure 6(b) respectively.
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Figure 6. Time response of reactive force at the hydraulic cylinder terminal subject to sinusoidal wave
velocity input (a) frequency = 0.4 Hz and amplitude = 0.012 m/s, (b) frequency = 2 Hz and amplitude
=0.063 m/s.

Other sets of sinusoidal inputs ranging from low to high frequencies is given to the system. The
behaviour and magnitude of forces for different sinusoidal inputs of low frequency = 0.4 Hz and
amplitude = 0.012 m/s, medium frequency = 1 Hz and amplitude = 0.0314 m/s and high frequency = 2
Hz and amplitude = 0.126 m/s is shown in figure 7 respectively. The peak value of the forces is given
as 445.09 N for figure 7(a) 1200.76 N for figure 7(b) and 5296.15 N for figure 7(c) respectively.
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Figure 7. Time response of reactive force at the hydraulic cylinder terminal subject to sinusoidal wave
velocity input (a) frequency = 0.4 Hz and amplitude = 0.012 m/s, (b) frequency = 1 Hz and amplitude

=0.0314 m/s and (c¢) frequency = 2 Hz and amplitude = 0.126 m/s.

Table 1 Parameters for the variable inertia flywheel with two-terminal hydraulic device

No Name Notations Values

1 Radius of the inner hole r 0.0l m

2 Outer radius of the flywheel R 0.047 m

3 Length of the slot a 0.03 m

4 Width of slot (diameter of slider) d 0.02 m

5 Length of the slider lg 0.015m

6 Stiffness of spring ks 90 N/m

7 Mass of slider mg 0.035 kg

8 Mass of flywheel (including slots) ms 1 kg

9 Mass of the removed slot material m, 0.079 kg

10 Cross-sectional area of the cylinder A 0.001256 m?
11 Displacement of the hydraulic motor h 1.306 X 10~ m3 /rad
12 Bulk stiffness of the fluid Kpukestr 2 X 102 N/m?
13 Cross flow leakage through port of Rerikg 1x 10 m3/s

hydraulic device

14 Leakage loss through the cylinder Rikg 4x10712 m3/s
15 Damping ratio b, 8100 N

16 Friction force Fy 190 N

5. Conclusion

This paper illustrates about the dynamical nature of the variable inertia flywheel with two-terminal

hydraulic device system. The results obtained from bond graph simulation concludes that the behaviour

is in good agreement with the input responses provided to the system. Moreover, the output nature of

the forces attained is almost similar with input responses. The results also justifies that for the variable

inertia flywheel, the force generated within the system varies accordingly, leading to variable inertia

force.
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