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Mathematical model of polyethylene pipe bending stress state
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Abstract. Introduction of new machines and new technologies of polyethylene pipeline
installation is usually based on the polyethylene pipe flexibility. It is necessary that existing
bending stresses do not lead to an irreversible polyethylene pipe deformation and to violation
of its strength characteristics. Derivation of the mathematical model which allows calculating
analytically the bending stress level of polyethylene pipes with consideration of nonlinear
characteristics is presented below. All analytical calculations made with the mathematical
model are experimentally proved and confirmed.

1. Introduction
Polyethylene pipes are getting more and more widespread in engineering structures lines.

They are not only lighter and cheaper than metal ones, but also are more flexible and resistant to
physical impacts. Introduction of new machines and new technologies of polyethylene pipeline
installation is usually based on the polyethylene pipe flexibility [1].

However, it is very important to ensure that existing bending stress does not lead to the irreversible
polyethylene pipe deformation and to violation of its strength characteristics.

As a result, it can affect operating performance of the pipeline (including its reliability and
operational life).

2. Current statusreview
One of the ways to reduce polyethylene pipelines installation costs is employment of special
mechanisms operating on the basis of cable-laying machines or drainpipe-laying machines [2, 3].

The specifics of operation of these machines is that small diameter polyethylene pipes (less than
110 mm) are transported from a manufacturer to a pipeline installation site in spools.

A spool is installed on a pipe-laying tractor which allows laying a pipeline at a required depth
without making and backfilling trenches (see figure 1). As a result, the pipeline construction prime
cost is significantly reduced.

1 2

L0 3 Figure 1. Scheme of the pipe-laying tractor
o N 1 — spool,
o $ 2 — polyethylene pipeline,

3 — working tool
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The practical use of this technique requires sifierjustification in order to ensure guaranteed
retention of the polyethylene pipes’ strength cbimastics as they are exposed to several types of
stress during laying.

It has been proved that the maximum level of stoessirs at the curvilinear surface when the pipe
passes through the pipe-guide unit of the workaag f4]. Due to a relatively small bend radius st
area, the material of the pipe is shortly exposedlastic and plastic deformations. It is necestary
ensure that these impacts do not lead to any nsi#le deformations. So, the research of stressastr
state should be conducted in order to retain sthecltaracteristics of the pipes.

3. Principal Conditions
Since the length of the pipe is much greater ttemdiameter, the fundamentals of the curved rods an
thin-wall pipes theory can be used to describesitess-strain state. In this case, the nonlinear
characteristics of the material should be consitiEse6].

Differential Area (dA) of the pipe cross-sectiongiire 2) is described by the following formula:

dAZé[r[da;y:rsina 1)

Figure 2. Polyethylene pipe cross-section

//fa
X X

The value of internal forces (Figure 3) in the sreection of a bended pipe should be calculated by
integrating stress over area:
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Figure 3. Deformation of the bended pipe section exposed teresoin J\IS); b) bending moment (
M
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The tension deformationl\gs) is characterized by rotation of the section adbtime curvature

center at theg@angle:
, - AdS _ do(R+y) _ d6 ®)
" dS dg(R+y) dg’

The bending moment deformation ( °) is characterized by rotation of the section acbits own

axis:
g 20dS_dBLy
dS d¢ R+y

The total stress of the pipe section (Figure 4oimposed of the stress that occurs during bending

(4)

along the axis of curved rogS (Pa) and radial stregT (Pa). The radial stress occurs if there is the
internal gas pumping pressure. Since the pipelistallation process is considered, the radial stres
will not be taken into account.

g ST

Figure 4. Stress and strains of the pipe section.

The total relative deformation of the bended pipetisn from bending moment:

E. =&, TE-
Stress caused by tension force and bending mormaartie calculated as follows:
— (5)
o, = E...

To take into account nonlinear characteristicshef taterial, the variable (secant) modullg (
notion is used.

The variable (secant) modulus is changed depematirtpe material stiffness coefficient (b - Pa-2)
and is calculated according to the following forenul
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where 0 is instantaneous elasticity modulus of the matéifa) andJln is stress intensity (Pa).

4. Differential Equations of the Mathematical M odel
Taking into consideration formulas (3) and (4) nfiafa (5) can be written as:

— dg . dB vy
| d¢ d¢ R+y

Applying this formula to formula (2) one can de¢ tfollowing: .
e d¢ dg y
=|lo ydA: dA+ | E, ydA
j d¢ I dg R |
jdA jE dAjEdﬂydA
dg R

N

(8)
Applying formula (1) to (8) one obtains the follmlg formulas for internal force calculation:
dé T_ dB snada
N, a'r_[E—d a'rszCﬁ ——
d¢ . d¢ R+rsina o
2 2 P2
M. :a'rszcﬁsinadma‘r?’jEc df_sna
. dg 5 dg R+rsina

After introducing the notations, formulas (9) fatérnal force calculations are written as follows:

B, :&TEcda; D, = &ZTECsinada;

2 2m )
- (6 ST 450, = ;Ecﬂda
. R+rsna R+rsna
NS:BN%BM% M, =D, %% p, %
dg dg. d¢ "dg (10)

where By, By, Dy, Dy are characteristics of stiffness, stretching aedding in consideration of
nonlinear characteristics of the material.
When considering (Figure 4) and comparing the egusf statics, one obtains the following:
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When applying formulas (10) to the equations dﬁ(ﬂathere is the following:
ii B,— *+B, d’B D,—+D, d’B =0;
R dg ¢ " dg R2 d¢ ¢ " dg
1 d? D, Dd,B 1BN%+BM%=
R d¢? ¢ dg ) R "dg dg
After calculating the derivatives, the differentégjuation system becomes as follows:
1(dB,dg,, d'6 dB, dB  d'B),
dg dp  "dg* dg dp " dg’
1(dD, d6 ,  d6, dD, d,B+D LIATN
‘\ dg dp  “dg* d¢ dg " d¢’ )
1(d’Dy d6 , ,dDy d’d d°f
2 2 +2 N3
R*( dg? d¢  dg dg? d¢
dDMd,B 2dDMd,8 D, AR
dg> dp  dg dg° dg°
1( deé , d,Bj
— B BM q
RU Vdg " dg 13

5. Discussion and Results
Solution of the differential equations system (13) should be attended by consideration of the

limiting conditions in relation to variablesﬂo and ('B). The section of the pipe passing through the
pipe-guide unit (Figure 1) of the working tool issgribed as a curved rod with two sliding joints on

its edges. The derivatives of unknown functioﬁs) (@and ('8) are third derivatives and their solution
requires implementation of six boundary conditions.

It is necessary to consider that if the stiffndssigthe length of the bended pipe is regular éwed t
material is deformed in the elastic linear range,decant modulu&() takes on a constant value equal
to the elasticity modulusk(). In this case, equation system (12, 13) is sifigglito the following
form:
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In order to evaluate the changes of the stressstmath state of the pipe, the finite differences
method has been used. This method is successfytlied if the differential equation of the task is
known.

The method essence is to substitute the diffelegqiaation of the task with an algebraic equation
system with the use of approximate expressionthtderivatives of the required function. The value

of derivatives 6) and ('B) for all points of the computational scheme haeerbcalculated and
defined by the method [7].
Accurate solution of the equation system (12 andchB be done using Navier equation. In this

case, to solve derivativego, ('B) and (qg) should be written in Fourier series:
B =2 Bmsin(2¢),6=36,,sin(2¢),a=> 0, cod2¢)

The only particular case of a possible solutiomgis precise method is the case when the pipe is
hinged at both ends. In this case, the values ohdary conditions are equal to@®1(=¢$2 = 0,801 =

2=017)V2= 0)_
The legitimacy of analytical estimation, definidgetvalues of stress depending on the bend radius,
is proved experimentally for polyethylene pipeslifferent diameters.
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