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Abstract. In this paper, the authors describe the tramsitfoom the regular periodic mode to
quasiperiodicity that can be observed in a mulélgulse-width modulated control system for
a high-power heating unit. The behavior of suchtesyscan be described by a set of two
coupled non-autonomous differential equations wdiscontinuous right-hand sides. The
authors reduce the investigation of this systemhéostudying of a two-dimensional piecewise-
smooth map. The authors demonstrate how a closedriamt curve associated with
quasiperiodic dynamics can arise from a stableod@&rimotion through a border-collision
bifurcation. The paper also considers a varietyntdresting nonlinear phenomena, including
phase-locking modes, the coexistence of severalestdosed invariant curves, embedded one
into the other and with their basins of attract®eparated by intervening repelling closed
curves.

1. Introduction

The required temperature regulation is one of tlueial tasks in many heat technology processes,
such as ceramics, glass and glass blocks produdiigstal growing and others, as even the slight
deviation from the required temperature disruptsrtecessary parameters of the technological process
and deteriorates the finished product quality.

For example, when growing a synthetic sapphiretalys is necessary to provide the temperature
change pattern in the crucible from'@30 2050C with a certain degree of its increase and deereas
which implies the application of the automated oargystem with the function of the software seftin
of the temperature variation in the crucible whb tequired accuracy.

Research activities with a commercial heating umiply certain technological and structural
complexities, so an experimental heating unit wasighed in order to test and study the control
actions; the layout of the unit is presented in Eifl, 2].
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Figure 1. Schematic diagram of heating unit

The heating unit consists of the following areaderinal furnace space 1, filled with air or gas;
nichrome electric heater 2, uniformly located ie thner layer of lining 3, made of magnesite brjcks
and the outer layer of lining 4, made of the mih&raol in a cylindrical beaker made of galvanized
steel (fig. 1). The geometric shape of the furnaca bounded cylinder with the lining on its topdan
bottom.

The heat exchange processes in the heating ardi direas take place due to heat conductivity,
hardness and opacity of substances, of which theynade. In the internal space of the unit, the hea
transfer process is conditioned by the convective @onductive components. The confined internal
space of the heating object contains either theedaaaterial or air. In view of this, it can beiaffed
that the convection processes are not so intemsittee internal space so the convective component
can be excluded. The heat exchange processes hnagaa are determined with heat conductivity
equations.

To solve the synthesis problem of the control léaking into account the peculiarities of heat
exchange processes, the transfer function of angeanit has been experimentally determined [2]:

W(s) = K : (1)
(T.3+2)(T,[s+1)
whereK, Ty, To— the transfer factor and the time constants aflgact, respectively.

The currently used temperature regulators with ishgr electric energy converters distort
considerably the input current curve shape, whedults in the appearance of non—sinusoidal modes
in the supply network.

On the other hand, the tendency of heating unitsvgy augmentation for many heat technology
processes requires creating high-power controlledep sources. One of the ways to solve this
problem is using the multilevel principle of eléc&d energy conversion [3].

Nowadays the multilevel modulation systems are resitely used in energy-intensive
technological processes [3]. At the appropriataawng frequency of semiconductor switches and the
required number of areas, the arbitrarily smalbptibn factor and the high accuracy of control aign
reproduction can be achieved.

At the same time, implementation of multilevel mtadion systems’ advantages is a complicated
problem. It stems from the fact that parameter atems in pulse systems can result in under-
frequency oscillations, multiple of the modulativequency, and quasiperiodic or chaotic modes. The
most dangerous of these effects are rigid tramsifisvhen discontinuous changes of dynamics occur
against the periodic dynamics as a result of slggitameter alterations or random disturbances. This
causes not only reduction of the control qualityfgrenance and process flow disruption, but also
abrupt failures of technological equipment.
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2. Mathematical model

The motion equation of a heating unit control systthe continuous linear part of which is described
with the transfer function (1), is as follows:

2

T () T =T K (), @
whereT — temperature in a heating unig, T,— time constantsf = K [ , whereU — supply voltage,
K — transfer factor of the continuous linear pdtt;Ke(&) — the input and output signals of the
modulator, respectively. The article considers stesy, based on the pulse-width modulation of the
first kind (PWM-1).

Let us introduce notationg= T, X, = dT/dt and rewrite equation (2) in matrix representation:
dX

EzAX+b+KF(E)’ (3
0 1 0
X=|:X1:|,A= _i T +T, b= K |,
X2 T1T2 T1T2 T1T2

K (€)= 1+ sion(&)],

E=a(Vy —ﬁ)g(k@))—\%(t/a—“/aj), k=0,1, 2, ..

wherea — modulation period|,-| — function, which singles out the argument’s imgégart, V;— the

heating unit's temperature setting signdl,— the transfer factor of a temperature senspr-
amplification factorM,— reference signal of a modulatd:- number of modulator’s areas.
Parameters:

T,T,= 10240 c;T; + T, = 352 c;K = 3287 ‘C/B; a = 10 c; 2U<24 B; 5 = 001 B'C; V, =5 B;
Vige=5B;a>0
The mathematical model (3) can be reduced to alsinfgrm [4]:

0= xte (B): &= (y-r.(9))

- _ 1 N o, _ P B
K¢ (#) =51+ son(9) ], # = a+x=y, — —(v/a-|va]), (@)
A=A A=A V,
I=A/A, q=—=L"2 vy _ pP=—"L "2 vy =_0qgx =x(ka),y =vy(ka).
1/2q BIKU A, ref ,BDKWJHZO Vrequk ( )Yk Y( )
Herel,= -1T,, 1,= -1T,- eigenvalues of matri& and
K L A, K [ A, (A
= -9 , =" " "1 72y .
/]2 _/]1 (X y) X, /]2_/11 (X y)
The dynamic system (4) has been reduced to a twerdiion map [4]:

1 _
X = a”l[xk '%)+N(‘°*< —1+6 Zk));

= ok _i i - o (1-7)
Y =€ (Yk N)+N(S( 1+e ), (5)
k=1, 2, 3, ...
wherez, =t,/a-k — pulse duty factoD<z <1 andl<s <N.

Variabless andz are determined:



MEACS 2017 IOP Publishing
IOP Conlf. Series: Materials Science and Engineering 327 (2018) 052014 doi:10.1088/1757-899X/327/5/052014

11 ¢k<01 0, ¢k< 0,
P P
S = N, ¢k>;’ z, = _’]_,¢k>;,
Na P Na P
L?WKJ*—L 15¢|<SE’ ?Wk_%"'l’ 1S¢k£;;
P =a+ X Y,

3. Bifurcation analysis
In general, case period of the periodic motion of the dynamic system &)rultiple of modulation
perioda: T=ma, m=1, 2,.... Let us refer to the motion with lsyseriod asn-cycle or the cycle of

m period.

For bifurcation analysis, supply voltagé and amplification factorx were taken as varying
parameters. In Fig. 2 a one-parameter bifurcatiagrdm, calculated foor = 33,0with the alteration
of the supply voltag®l, is presented.

At low values ofU there is only a single stable 1-cycle in the pladd of a dynamic system (3).
When increasing the supply voltage, the stable clecyindergoes the so-called «border-collision
bifurcation» [4-8] in pointU;. As a result, the 1-cycle disappears and is smhoo#iplaced with an
unstable 1l-cycle of another type with a pair of par conjugate multipliers (unstable focus),
surrounded with a stable closed invariant curve.

As it is known, the motion pattern on a closed ifard curve depends on the rotation number; if it
is irrational, the invariant curve is densely fillevith points of the map and the dynamics becomes
quasiperiodic. When the rotation number is ratiphlaé invariant curve has an even number of
periodic orbits, half of which are stable and thkeos are saddle, and the invariant curve itself is
composed of the unstable manifolds of saddle cycles
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Figure 2. Bifurcation diagram, illustrating the generationcokxisting closed invariant curves

The increase of the supply voltage results in tyr@achics complication due to the appearance of
multistable behavior areas.

In area 1, there are two coexisting stable 8-cydes Fig. 2). The first stable 8-cy¢|ebelonging
to main branchA, appears through the saddle-node bifurcation hegewith saddle 8-cycle. In the
resonant dynamics area the closed invariant csreernposed of unstable manifolds of the saddle 8-
cycle.

The second pair of 8-cycles (the stalllend the saddle one) appears hard through the «borde
collision», for example, in poirtl,. The border of the basins of attraction of thexégiang attractors
is represented with stable manifolds of a saddigce.
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A special type of multistablilty has been identifievhen several stable closed invariant curves,
embedded one into another and having periodic asigariodic dynamics, coexist in the phase space.
It has been demonstrated in the work [9] that & fgpical situation for multilevel modulation sgsts.

In the bifurcation diagram, the area of the coexiseU, < U < Us of two stable closed invariant
curves is denoted with 2. The coexisting attractoasins of attraction are separated with an ufestab
closed invariant curve. It should be pointed ouwtth is true only for two-dimensional maps (in
multidimensional systems the basins of attractioe separated with stable manifolds of a saddle
closed invariant curve).

4. Conclusion

In this paper the authors present the bifurcatioalyais findings of a multilevel modulation control
system for a heating unit. The behavior of suchesgan be described by a two-dimension set of two
coupled nonautonomous differential equations wiit@htinuous right-hand sides. The research of
this system can be reduced to studying the praseofia two-dimensional piecewise-smooth map.

It has been found out that at low values of supplyage, the system demonstrates quasiperiodic
behaviour, which arises through the border-colfisaifurcation. At the high values of amplification
factor and supply voltage, the pronounced multldtgabs observed. A special type of multistablilty
has been identified, when several stable closedrigmt curves, embedded one into another and
having periodic or quasiperiodic dynamics, coeixidhe phase space. The presented findings are only
a first step in understanding complicated nonlinphenomena in technological processes of
controlled heating units. The further developmefittlis research involves the creation of a
comprehensive theory of designing a wide variethehting units, based on up-to-date methods of
nonlinear dynamics.
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