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Abstract. Based on the definition of a normal element in a ring with involution, it is found that
each normal element is commutatively with the product of itself and the involution of itself.
On the other hand, if the element of a ring with involution has generalized Moore Penrose
inverse, then the element is also commutative with the product of itself and the involution of
itself. In this paper, the phenomenon of the similarity properties from normal elements and
generalized Moore Penrose inverse is used to establish the relationship between of them with
them. .

1. Introduction
Let B pe a ring with identity and @ € R An involution
a’ € R guch that [1, 3]

nEn

in aring R s unary operation @ € R =

(@) —a (a+b)' —a' b (ab)* = b*a’

for each elements % 2 inaring B,
. . . . . . ¥ ¥ . .
In ring & with involution "*", element @ € & s called normal if @& =@ @_ |t js an extension of the

normal matrix definition in the set of matrices over real number [4] . The set of normal elements in R
R ?!Di"-

En

is symbolized by _
Cvetkovi'c, et.al. [3] explain that the group inverse of a € R is an element a® € R such that :

aﬂf#a =a, a® aﬂf# -a’ aﬂf# -a’ a.

3

The set of all group invertible elements of R will be denoted by R#.
Koliha and Patricio [2] say that an element a € R is *-cancellable if for any x € R the following
hold :

¥ ¥
@ ax =0=>ax=0 and *@@ =0 =xa=0.

Suppose Risa ring with involution "*". Element beR j generalized Moore Penrose inverse of
a € R if the followings are satisfied [5] :
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aba = a, (ab)* = ab, (ba)* = pa, (1)

+ +
Any b that hold (1) is a generalized Moore—Penrose inverse of a. We use “s and Ry, respectively to
denote generalized Moore—Penrose inverse of a and the set of generalized Moore Penrose invertible
elements in R.

+
If a € R is the generalized Moore Penrose invertible element, then % is not usually unique. That are

+ + & + + __+
g =ty ““g or %a # % %%  The set of generalized Moore Penrose invers of a € R will be

denoted by( g j_.
The next theorem describes the existence of the generalized Moore Penrose inverse on the ring with
involution that has been given in [5, Theorem 2.10].

Theorem 1: For any a € R the following equivalent conditions holds :

+
(1) a e ,
+
(2@ efs,
+
(3) ais *-cancellable and a's e Rﬂ,

) % +
(4) ais *-cancellable and ¢ € Rﬂ,

. #
(5) ais *-cancellable and a'qeR :
. #
(6) a is *-cancellable and @@ ¢ R
(7) ais *-cancellable and both a*a and aa* are regular,
B)aca® RnRa'y
(9) a is *-cancellable and @ @@" regular

fn:ER

+
Theorem 2 in the following describes the properties of % i g, which has been discussed in [

5, Theorem 2.5].

Theorem 2: 1f @ € Ry , then
L (ﬂsj; s(g%)g - (% aag] for each & E [n: ) and (@ )g € [[ﬂ: ] )
g (a’a)za‘a(a’a); _ ag ag ‘mﬁ]* and (207500 (aa’)5 - (450035 for gacn

o (@), (a); € ((20)) g (@'0)} € (@)

3 @ -@'aa; _azaa’ g e a; € (a))

4 9 “ﬂ; - (a'a)za’a(a’ “)g - a'(aa’)zaa’(aa’); gor each @ € [:“;)_,
(ﬂ,ﬂf]; (S [(aa*j;)_ and (a*aj; (S [(a*a];)_.

5 (a*j;a*(a*); _a(a’ aj;a*a(a*aj; _ (aa*);aa*(aa*);ﬂ for each [ﬂfj; E ([a*j;)_,
(ﬂff:]; [S [[aa*j;)_ and [a*aj; [S [(Efﬂ,);)_.

+ oy F + +\”
6. (45295)5 - afor pach % E[:“'g) .

By definition of normal element, if @ € R™ then
¥ ¥
aa’a—a aa )
and
* *
aaa’ —aa’ a ©)
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Equatlon (2) and (3) show that @ is commutative with @ @ and @@’ . According to Theorem 1, if a
eRg then @a’, a’a € R” Udjiani, et.al. [5] have observed that
(aa*)* (a a*jga a'(a a*j;

(4)

and
(a*a)* = (a'a)}aa(a'a)] (5)

#y+ oy ¥yt ¥ oY ¥yt
for each (@a"); € ((aa")7) 4nq (a’a); € ((a'a)7) | ( Existence of (a’a), guaranted by
Theorem 1)
In other side, Mosic dan Djordjevic [4] say that if a € R is group invertible then a is double
+

. o . . . . & .
commutative with & . So, if a ERQ then aa’ is double commutative with (a2 )™ and Cfa is double

. . # . .
commutative with (@°@)™- From the explanation we can conclude that there are a relation between
normal element and generalized Moore Penrose invertible element. Motivated by Mosic dan

R n R:‘!E‘?
Djordjevic [4], this paper discusses the properties of elements in “'s .

2. Normal Elements and generalized Moore Penrose invertible element.

The In this section normal elements in rings with involution are characterized by conditions involving
their group and Generalized Moore—Penrose inverse. Some of these results are proved for set of
matrices over real number with transpose involution.

+ N
From Theorem 1, if a ep‘g then ﬂ'fa, aa € R®. Inspired that if a € R is group invertible then a is
. o o . .
double commutative with @ | so we get Lemma 3 in the following :

Lemma3: If @@’ € R® yeR and ﬂﬂ_'fx = xaa’ then (aa*)*x = x(aa*)® plsoif a'a ER®
Xx€R and @'ax =xa'a then (a'a)*x=x(a‘a)®

Proof :

(a a*]#xz ((a a*]#]:aa*x =((a a*]*]:xﬂ, a’ = ((a a*]#]:x (a a*]:[a a*]#
= ((aa)®)%aa xaa*(aa)® = (aa*)® xaa*(aa’)”

(a a")* aa‘x(aa*)® =(aa’)* aa‘xaa*((aa*)®)

(aa) aa‘aa'x((aa*)) zaa'x((aa")?)* = xaa*((aa*)’)*

x(aa*)®

& & &
By the same way we have @' @ ER™ yeRand @ @¥ =xa'a then (a'a)"x=x(a’a)” =

The next Theorem 4 is inspired by the work of Lemma 1.1. in [4].
+ +
Theorem 4: Suppose a €% and b € R. If @b = ba gng a’b = ba’ e ajaagb _ b ajaag
te (a+)
each %g
Proof :
R ajaa; _ a'(aa’)zaa’(aa"); tor each % € [:a+)

Using Theorem 2, if a € then "3 ™g

(aa”)} € ((aa”)}) .
Futhermore, using Equation (4) we have
+__+ : -
ag aag _ a*(a a*)* for each % € (a7) (6)
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By Lemma [3], we have (a a*)” is double commutative with @ @+ Since P is commutative with @'

, then (a ff]# is commutative with b.
. . b ag *aat bat oy # th oy # ¥ ¥ h ataath
By Equatlon (6), we obtain g =ba’(aa”)” = a'b(aa’)" za’(aa”)"b= 9 G 7 g

each @ €(a;) m

Normal and generalized Moore Penrose invertible element have the same properties, that is

commutative with a and @ . Motivated by Mosic dan Djordjevic [4, Lemma 1.2.], we can construct

R+

the existence of normal element in “"# in Theorem 5 as follows :

+ + 4 R S S S
Theorem 5 Let @ €R5 . Element @ is normal if and only if @@ = @ @ and @ % A = A AA; @

for each % ; € (“+)
Proof :

. el RHD?‘ . . aai— ai— a . .
By properties of normal element, if * € then a commutative with and . In other side |f
+ # .
a eBg  then by Theorem 1 we have @@ ‘f“_E R” 50, using Lemma 3, we conclude aa; a (
ct"'aa"']* ag (4 ﬂagjsﬂforeach a;' € [:a"')
+ + + +):—a:- +
g

+

+ o+ + + at
Futhermore @@ = afg aa; _ aa’ g (%4 ) aag (dg aa _ g(n: aa, ) aa’ = ag
+ o+ + + o F + +y
ajaaz)'a’a _aza g each 95 €(a7) - 1y the same Way““m'g = a'ag(aq, ]

E + oy :- + oy :- s +
a’ag(ag ““g) ag (agaaz)" a ’”’g aaga’ o cach @ € (a7) - Conversely if aag

+ — .+ _ .

aza gng @' agaag; - agaaga’ g ooon ag €(ag) L inen using Theorem 2 we have @@ =
+ ¥ o+ L + + + ok

ﬂ-ﬂ- ﬂ-ﬂ-g_ﬂ-ﬂ- ﬂgﬂ-:ﬂﬂ ﬂgﬂﬂgﬂ-: ﬂﬂgﬂﬂgﬂﬂ_ﬂ,a [ ]
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