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Abstract. For integer m > 3, we discuss m by m matrices of Fibonacci numbers that resemble
the simplicity of Binet formula and maintain the calculation using only integer computation.
We show that the m by m matrices of Fibonacci numbers will eventually store m + 1 distinct
consecutive Fibonacci numbers.

1. Introduction
One of the most well known sequence is the Fibonacci sequence (Fibonacci numbers). The
Fibonacci sequence { f, }n>0 is the sequence of numbers of the form

fo fi fo fs fa fs fe [t
0 1 2 3 5 8 13 21

Interesting problem regarding Fibonacci numbers is to find the n? term of the sequences.

Around 1875 Binet proposed a formula that can calculate the n'* term Fibonacci numbers

known as Binet formula [1,4]. For n > 2, Binet formula can be formulated as follows
=2

1+v5\ " [(1-v5\"
A7) -(59)] g

with A\; = 1+—2‘/5, Ay = % One difficulty in determining the n‘* term f,, of Fibonacci numbers
is the fact that the formula (1) dealing with calculation of irrational number.

One way to find the Fibonacci numbers, without dealing with irrational number, is using a
recurrence relation that based on the property that for n > 2 each term the Fibonacci numbers is
the sum of the previous two terms [4]. So the Fibonacci numbers can be found using recurrence
relation

1 1
fnzi

fn:fn—1+fn—27 for n > 2. (2)

We note that the recurrence relation (2) will store three consecutive terms of the Fibonacci
numbers.

Based on the recurrence relation (2) an attempt has been made to store three terms of
Fibonacci numbers using a 2 by 2 matrix [2-4]. In this paper, for m > 3 we establish an m by
m matrix that will eventually store m + 1 terms of the Fibonacci numbers. We organize the
paper as follows. In Section 2, we review the 2 by 2 matrix for Fibonacci numbers. In Section 3,
based on the 2 by 2 matrix of Fibonacci numbers, for m > 3 we discuss an m by m matrix of
Fibonacci numbers.
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2. Case of 2 by 2 matrix
We review the 2 by 2 matrix of Fibonacci numbers as in [2-4]. We start with the special 2 by 2

matrix Fy = ( 1 (1) ) Let U, = ( Un, 1 ) and define a recurrence relation

n,2
U Up 1+ U
Un+1 — ’I’L+1,1 = FQUn — ’I’L,l n,2 .
Un+1,2 Un,1

Notice that wn41,1 = un,1 + un,2 resembles a Fibonacci like recurrences as in (2). Hence if we

f n—1
then the vector U, 1 will store the two consecutive terms f, 11 and f,, of the Fibonacci numbers.
Fortunately, the entries of each column of

11 f2 fi
= = 3
2 ( 1o ) ( fi fo 3
are two consecutive Fibonacci numbers. This implies the power of F5 for some positive integer
n > 1 will store three consecutive Fibonacci numbers as stated in the following theorem.

choose the vector U,, to be U,, = ( Fn ) for some two consecutive terms of Fibonacci numbers,

Theorem 1. [4] Let {fn}n>0 be the squence of Fibonacci numbers. If Fp = < bl ), then

10
(F2)" = ( f}? f;{il ) forn > 1.

Proof. We prove by mathematical induction on n. If n = 1, we have (I5)! = ( Lot
1 1-1

(i (1)>asin(3).

Assume that for some positive integer k > 1, (Fy)* = ( Ferr o J > This implies

fir1 f1 )

Je  fe—1

_ _( 11 f f
e = = (4 ) ()
_ ( Jerr + fe o fr+ fia ) _ < Jev2  fr >
Jrt1 i Jerr T

<f(k+1)+1 fk+1) >
Je+ny  Torn-1 )

Therefore, we conclude that (F)" = s Jn for n > 1. O
fn fnfl

We note that the statement of Theorem 1 constitutes the beauty of Binet formula (1) of
finding Fibonacci numbers using a simple formula and the beauty of the recurrence relation (2)
that finds the Fibonacci numbers using only integer computation.

As a direct consequence of Theorem 1 we have the following result.

Corollary 2. Let {f,}n>0 be the sequence of Fibonacci numbers. If F = ( ?HZ f’}“ ) for
- k+1 Jk

some positive integer k, then F™ = < Fotoner Jeron >

Jervn  fern—1
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k+1
: ez e (1 1T\
Proof. Notice that F' = = . Hence,
ferr fr 10
1 —
1

o )k“ _ < 11 >(k+1)n _ ( forvns1  fierm ) -
10 Je+m  Serin—1
3. Our results

O =

We will generalize the result in Theorem 1 for m by m matrix for some m > 3. We start with
110 fo2 f1 O

m = 3. Let F3 = 1 00 = fi fo 0 |. Let Uy41 and U, be 3 by 1 matrices and
010 fo 10

consider the recurrence

Un41,1 110 Un,1
Un+41,2 = 1 00 Un,2
Up41,3 010 Unp,3

Then wp 41,1 = Un,1 +Up2 and Upq1j = Uy j—1 for j = 2,3. As in the case of 2 by 2 matrix, if we
replace U,, with vector with entries consist of three consecutive Fibonacci numbers then FU,
will result in three consecutive Fibonacci numbers.

110
Proposition 3. Let {f,}n>0 be the sequence of Fibonacci numbers. If Fs=| 1 0 0 |, then
010
fn+1 fn 0
(F5)" = fo fao1 O | forn>2.
fn—l fn—2 0
Proof. We proof by induction on n. If n = 2, we have
110)\°? 2 1 0 fs f2 O
(F3)? = 1 00| =1110]|=|/f fi0
010 1 00 fi fo O
Jor1 fo O
= Jo foe1 O
Jfa-1 fo—2 O
Jev1 kO
Assume that (F3)F = | fi fi—1 0 | for some k > 2. Hence we have
k=1 Jk—2 O
110 Jev1r S O
(B = B(F) =100 || fi fir O
010 Je-1 fr—2 O
o1+ fe i+ fe—1 Je+2 frv1 O
= Jrt1 Tk = fet1 fr O
Tk Jr—1 Je  Jk—1 O

fer+1 et
= fe1 f+1)—1
Jern—1 Skt —2
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Therefore,
fn-i-l fn 0
()" = fo  famr O
fn—l fn—2 0
for integer n > 2. O
Let
1 100 f2 1 00
1Tt o000} | fi fo OO0
F4_0100_f0100 (4)
0010 0 0 10

Using the same argument as in the case of 3 by 3 , we have the following result.

Proposition 4. Let {f,}n>0 be the sequence of Fibonacci numbers. If Fy is defined as in (4),

fn+1 fn 00
then (Fy)" = ffnl ;"7; 8 8 forn > 3.

fn72 fnf?) 0 0

We now consider, for some m > 5, the m by m matrix

1 100 00 fo fi 00 00
1 0 00 00 fi fo 00 00
01 00 00 fo 1 00 00
E, = 0010 0 0 | _ 0O 0 1 0 00 (5)
0 0 01 00 0 0 0 1 00
0o0o0©O0-- 10 o 0 00 --- 10
Then the recurrence relation Up41 = F,U, will result in w411 = up1 + up2 and for
J=2,3,...,m we have up41; = upnj—1. Let Fy,(:, k) be the k" column of F),, then
fm fm—l 0
Jm—1 fm—2 0
(E)" 2Fpn( ) = | fme | (Fn)" 2Fn(,2)=| fms | and (F)" 2F(,k)=| 0
i fo 0
for k = 3,...,m. This implies
Jm  Jfm—1 0 0 00
fm—l fm—2 0 0 0 0
fm—Z fm—S 0 0 0 0
()"t = | Jms fmea 00 oo 00 (6)
fm—4 fm—5 0 0 00
1 fo 00 -~ 0 0

We now have the following result.
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Theorem 5. Let {f,}n>0 be the sequence of Fibonacci numbers. If Fy,, for some m > 3, is the
m by m matrices defined in (5), then

Int1 In 00 00

In Jo-r 00 00

fnfl fn72 0 0 0 0

(Fm)n = frn—2 fn—3 0 0 0 0
fn—3 fm—4 00 00

fn—(m—2) fn—(m—l) 00 00

forn>m—1.

Proof. We prove by induction on n. Equation (6) guarantees that theorem is true for n = m—1.

Jr+1 fk 00 -- 00
Tk fker 00 - 00
fr—1 fke 0 0 00
Assume now that (F,)* = fr—2 fr3 00 0 0 for k> m—1. Then
Jk—3 Jk—a 00 00
0 0 0

Je—(m—-2) Je—(m-1) O

ferr+fe fe+feer 00 0 0
Jra1 Tk 00 0 0
Tk Jr—1 00 0 0
(Fp)f ! = B (Fp)F = fe1 fr—2 0 0 0 0
Jr—2 fres 0 0 0 0
Je—(m-3)  Sfr—m-2y 0 0 --- 0 0
and hence
Jt1)+1 Jrs1 00 0 0
fk+1) Je+1)-1 0 0 0 0
Jkt1)—1 Jesn—2 0 0 0 0
(Fp)Ft = fk+1)—2 Je+n-3 0 0 0 0
Jk+1)-3 Je+1)-4a 0 0 0 0
Je+1)—(m-2) fe+1)=(m-1y 0 0 -+ 0 0
Therefore,
Jnt1 In 00 0 0
In Jn-i 00 0 0
fn—l fn—2 0 0 00
(Fm)n = fn—2 Jn—3 0 0 00
Jn—3 fm—a 0 0 00
fnf(m72) fnf(mfl) 0 0 00
forn>m — 1. O

We note that first two columns the matrix (F,)" for some n > m — 1 store m + 1 distinct
consecutive terms of the Fibonacci numbers.
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