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Abstract. The sequence spaces (co)a, ca, and (foo)a was introduced and studied by Mursaleen
and Noman [11]. In the present paper, for M is a generalization of Orlicz function, we extend
the spaces Mursaleen and Noman’s to [co(M)]a, [¢(M)]a, and [€oo(M)]a, respectively, and
investigate some topological properties of these spaces. Finally, we determine the necessary and
sufficient conditions of an infinite matrix A belonging to classes (co(M),co(M)), (c(M),c(M)),
and (Coo (M), Lo (M)).

1. Introduction and Preliminaries
By w, we denote the space of all sequences of real or complex numbers. Any linear subspace
of w is called a sequence space. We shall write ¢y, ¢, and ¢ for the spaces of all convergent to
zero, convergent, and bounded sequences, respectively.

A sequence space X is called a BK space provided X is a complete normed space and a
function py : X — R defined by x +— pg(x) = z}, is continuous for all k£ € N (see [5]).

The sequence spaces ¢y, ¢, and £ are BK spaces equipped with sup-norm || - || given by

||| = sup 2.
keN
Let A = (ank) be an infinite matrix of real or complex numbers a,x, where n,k € N, and X,

Y be the sequence spaces. The map A from X into Y is said to be matriz transformation if
Az = (Ap(z)) exists in Y where

o0

Ap(x) = Z ankxy converges for all n € N and all z € X. (1)
k=0

We denote (X,Y) as the class of all infinite matrices that map X into Y. Thus, A € (X,Y) if
and only if (1) hold, and Az € Y for all z € X. The theory of matrix transformation deals with
establishing necessary and sufficient conditions on the entries of a matrix to map a sequence
space X into a sequence space Y.

For a sequence space X, the matriz domain of an infinite matrix A in X is a sequence space

defined by
XA:{x:(xk)Ew:AxEX}.

The idea of constructing a new sequence space by means of the matrix domain of a particular
limitation method has recently been studied by several authors, e.g., Altay and Basar [1],
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Mursaleen et al. [2], Mursaleen and Noman [11, 12], Malkowsky [9], Malkowsky and Savag
[10]. Mursaleen and Noman [11] introduced A-matrix and constructed the matrix domains
on A-matrix in the classical sequence spaces cg, ¢, and £5. They examined some topological
properties, established inclusion relations concerning with those spaces, determined their a-, (§-,
~v-duals, and characterized some relate matrix classes.

On the other side, Lindenstrauss and Tzafriri [7] introduced the sequence space defined by
Orlicz function as follows :

eM_{x_m)eW (3p > 0) ZM(';|><OO}

k=1

which is called Orlicz sequence space. The space £j; equipped with norm

oo
lz| = inf{p >0:) M (‘“”“') < 1}
k=1 P
becomes a Banach space.

Using the matrix domain X, defined by Mursaleen and Noman [11], in this work, we introduce
A-matrix domain for the sequences generated by a generalization of Orlicz function M, denoted
by [X(M)]a where X € {cp, ¢, }. Furthermore, we investigate some topological properties of
these spaces over the norm spaces, and give the necessary and sufficient conditions on an infinite
matrix A belonging to classes (co(M), co(M)), (c(M),c(M)), and (loo (M), loo(M)).

2. Results

2.1. The Sequence Space [X (M )|a

A function M : RT — R7T is called a generalization of Orlicz function which is vanishing at
zero, non decreasing, and continuous. A generalization of Orlicz function M is said to satisfy
Ag-condition for all values of x if there exists a constant K > 0 such that M (2z) < KM (z) for
x > 0. Furthermore, in [11], Mursaleen and Noman defined the infinite matrix A = (A,x) by

Mg — Mg—1
28 Rl 0<k<

Mi={ A, 0=kEn 2)
0 ik >n

where A = (\g) be a strictly increasing sequence of positive reals tending to infinity, that is,
0< X <A <--- and \y = o0 as k — oo. By using (2), in the present section we define the
sequence space [X(M)]x where X € {cg,c,lx} and M is a generalization of Orlicz function,
and prove that these sequence spaces according to its norm are complete normed spaces. These
sequence spaces are as follows:

[CO(M)]A:{m:(xk)6w:(5|p>0) <nf§x|>—>0n—>oo}
[c(M)]A:{x:(xk) (3 p>0, leR)M('A"(I”) —>l,n—>oo}, and
ta00]s = { = () €05 3> 0) supar (B2) <ol

Now, we may begin with the following results which is essential in the text.
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2.2. Linear Topological Structure of [X (M)|a

In this section, we examine some topological properties of the sequence spaces defined above.
Theorem 2.1. If M is a convex function, then the sequence space [X (M)]|p for X € {co, ¢, lxo}
1s linear space over the set of real numbers R.

Proof. We prove the theorem for X = lo,. Let x,y € [loo(M)]p and «a, f € R, then there exist
some positive p; and po such that

sup M (An(az)) < oo and sup M (\An(y)|> < 00
neN P1 neN p2

Take p = max(2|a|p1,2|5|p2), then for a convex function M we get

s (Bl 80 (2], B0
neN p neN p P
|of[An ()| IﬂllAn(y)!>
< supM +
neR ( 2alpr " 20Blps
< 1S.up]\I <|An(w)|) + 1supM (\An(y)\> < 00.
2 neN p1 2 neN P2
This proves that [(o(M)]a is linear space. O

It is easy to show that [co(M)]a and [c(M)]a are also linear spaces.

Theorem 2.2. If M satisfy Ag-condition, then the space [X(M)|a for X € {co,c,loo} is
complete normed space equipped with the norm defined by

. Ap(z
lz(l (x ()]0 zlnf{p>0:supM<|n()|> §1} (3)
neN p
Proof. We prove the theorem for X = /., and the other cases will follow similarly. Let
z,y € [loo(M)]a. It is easily seen that ||z, = 0. Next, if z = 0, then obviously
|zl (rry)y = 0. Conversely, suppose ||z (ar), = 0, then for every ¢ > 0 we get

lz]l{eoe (a)), < € This implies there exists some pg with 0 < pg < € such that
A A
sup M <|”(x)|> <supM <‘”(‘r)‘> < 1.
neN € neN PO

Since M is a generalization of Orlicz function, it follows that for every e > 0 and for every n € N,

1 n
I D (O = A1)

" k=0

[An ()] = = 0.

Under the assumption that A = (\g) is a strictly increasing sequence of positive real numbers,
it is easy to check by mathematical induction that z; = 0 for every k € N. Thus, z = 0.

Furthermore, let © € [loo(M)]an and o € R. If @ = 0, it is clear that the homogeneous
property of the norm holds. Assume o # 0, we get

: p . [An ()]
||ax||[gw(M)}A = |a|inf {]a! >0: ilelgM <p <1%.

laf
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This gives [[ax||je, ), = el jeo a4 -
Now, let ,y € [loo(M)]a, then there exists some p1, p2 > 0 such that

sup M <\An(:z:)\> <1 and supM <\An(y)\> <1
neN P1 neN P2

Hence, if we choose p = p; + po, then by the properties of M, we have M (Mpﬂ/)l) <
An(z An

M(%) + M <%> for all n € N. Consequently, [z + ylle. gy < NZlpee i, +

Yljea (ar)]n - Hence, [foo(M)]4 is a normed space.

Now, suppose that (2?) be any Cauchy sequence in [(s(M)]a. Then, for each € > 0 there
exists 19 € N and py where 0 < pg < € such that

sup M ('A”(ﬂ — xi)') < sup M (‘A"(mj — xi)') <1

neN € neN Po

Hence, for every € > 0, M (|A, (27 — 2")|) < e. Consequently, \xfc — 24| < € for each € > 0, every
J =i =19, and every k € N, where A = (A\x) is a strictly increasing sequence of positive real
numbers. We see that (:c?g) is Cauchy sequences of real numbers. Since R is complete, there

exists 2 € R such that z}, — 2, as j — oo for all k € N. Using these limits, we define z = (zy)
and show that z € [(oo(M)]p and 2* — 2 as i — oo in [loo(M)]a. From (3), we have for all
1> 1

A i A U pd
sup M <\<ww>!> ~ Jim sup M <\n<wx>\> <1
neN £0 J =7 neN 0o

We obtain ||2! — z|| < € for every i > ig. This shows that
' =z as i — 00 in [loo(M)]a.

Since ¢ € [(oo(M)]a and M satisfy As-condition, we have

wp M <|An<m>|> - %SHPM (lA(w)) NPy (!Anw) o

neN P neN P 2 neN P

for some Ki, Ko > 0. It is show that x € [l (M)]a.
Since (z') was an arbitrary Cauchy sequence in [(o(M)]a, this proves completeness of

[EOO(M)]A' Il

Now, the following result is immediate by Theorem 2.2.

Theorem 2.3. [X(M)]ar is a BK space where X € {co,c,l} and [X(M)]a is a AK space
where X = cg.

2.3. The Certain Classes of Matriz Transformations (X (M), X (M))
Theorem 2.4. A € (C(M),C(M)) if and only if for p > 0 the following conditions are held :

(i) sup, e M (E=slel) < oo,

(i) limy, oo M (%) = qy, exists for each k € N, and

(i) limy, oo M (M) = o exist.
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Proof. For proving the necessity, suppose that A € (C(M), C(M)) If we choose x = (z1) by =, =

sgn(ang) for all k € N and n € N, then sup,,c5y M (M) = sup,,ey M (M) < 0.

This shows that the condition (%) holds. Furthermore, if we take = (x;) where for all j € N

and k € N,
) [K] 1 55=k
776 _{O ij#Ek

Since Az € ¢(M) for every = € ¢(M), there exists p > 0 such that limn_moM(

Pty i, o 0 (12280) T i shown
that lim, oo M (Mp’“‘) exists for each & € N, and the condition (%) holds. Next, since
x = (zr) = (1,1,1,---) belongs to ¢(M), the condition (i) holds.

For sufficiency, let z;, — r as k — oo and let the conditions (7), (i), and (iii) hold. We write

[ 22520 angz;l
p

exist. Hence, for all £ € N, lim,, oo M (

oo oo oo
Zankl’k = Zank(l‘k —r)+ rZank for all n € N.
k=0 k=0 k=0

Since M satisfy As-condition, then for some p > 0 we get

o (IZEatrnl) Koy (1SEatton =1l Kt (g
2

p p 2 p
mo+1 1%} mo+1
for all n € N and for some Ky, K1 > 0. By (iii), we get lim,,_, K12 M (‘Zk:poa"H) = aK12
Further, since x; — r as k — oo, we get
+1
Ko p (1o @nrlar =)\ | K77 - (13 ko Gl oy asm s o0
2 2 P
ak ™ot . [>°%° g ankTi]

where oy = —L—. It is shown that M (%) — aj as n — oo. Thus, Az € ¢(M).

Since for each = € ¢(M) implies Az € ¢(M), we conclude that A € (c(M),c(M)), which proves
the theorem.

Theorem 2.5. A € (co(M),co(M)) if and only if for p > 0 the following conditions are held :

(1) sup,eny M (M) < 00, and

(i) limy, o0 M (%) =0 for each k € N.

Proof. We first derive the necessary conditions (i) and (7). Since z = (z;) = (eg-k]) belongs to
co(M), then

O i
lim M <‘a"’“’> — lim M <w> = 0 for each k € N.

n—00 P n—00 P

It is shown that (i) holds. Further, we define x = (zy) by zx = sgn(an) for all £ € N and
n € N. Thus, for some p > 0 we have

oo
p

sup M <
neN

neN

> k=0 \ankl)

:supM<
P

neN

p
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Since lim,, oo M (M) exists, then sequence (M (M)) is bounded. Thus,

mmWM(E%ﬁﬂ)<mmmmwwmmhwh

For proving the sufficiency, let us take any = € ¢o(M). Since M is continuous, then z; — 0
as k — oo. Thus, lim, oo M (LFW) = 0. It is shown that Az € ¢o(M). Since for each
z € ¢(M) implies Az € ¢(M), then the infinite matrix A belongs to the class (co(M), co(M)),
which completes the proof. ]

Theorem 2.6. A € ({oo(M),lso(M)) if and only if for p >0

0o
5@M<EHMM><W
neN Y

Proof. For proving the necessity, suppose that A € (EOO(M),EOO(M)), that is, for each z €
loo (M) implies Az € loo(M). Thus, sup,cy M (Lpa"kxkl) < 00. Then, define z = (z1) by
xp = sgn(an) for all k € N and n € N. Thus, for some p > 0 and for every n € N, we have

o (S} _ (1Sl

p p

Since sup,,eny M (‘ZLW) < o0, then sup,,cy M (M) < oo.

For sufficiency, suppose sup,,cny M (M) < oo and take any x € (oo (M). Since M is

non decreasing, there exists Ny > 0 such that |zx| < N; = pNy for all £ € N. Hence, by using
Holder inequality [8], we get

o
SupM (|A’L(x)’> S SupM <Supk;eN ’xk’ Zk:O ’a‘nk‘> )

neN P neN P

Further, by using the Archimedean property, since N1 € R, then there exists mg € N such that
N1 < 2™ Since M satisfy As-condition, we have

A [e.e]
supM(’ n(x>‘> gKmo SupM<Zk0|ank|> < 00
neN p neN p

for some K > 0. It is show that Az € lo(M). Since for each x € loo (M) implies Az € lo (M),

then the infinite matrix A € (loo(M),loo(M)), and the proof is complete. O
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