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Abstract. Material behavior description in a wide range of thermomechanical effects is one of 

the topical areas in mathematical modeling. Inclusion of grain boundary sliding as an important 

mechanism of polycrystalline material deformation at elevated temperatures and predominant 

deformation mechanism of metals and alloys in structural superplasticity allows to simulate 

various deformation regimes and their transitions (including superplasticity regime with 

switch-on and switch-off regimes). The paper is devoted to description of grain boundary 

sliding in structure of two-level model, based on crystal plasticity, and relations for 

determination the contribution of this mechanism to inelastic deformation. Some results are 

presented concerning computational experiments of polycrystalline representative volume 

deformation using developed model. 

1.  Introduction 

There are different approaches within the framework of multilevel and multiscale modeling of 

material inelastic deformation, based on crystal plasticity, in relation formulation for polycrystal 

inelastic behavior in the case of large deformation gradients. These models have two main aspects [1]: 

crystallite behavior description (crystal plasticity model is the basis of this level) and description of 

transition from crystallite level to macroscopic level. The last aspect is one of the important tasks, 

which solution could be achieved by different ways. 

The most popular Taylor – Bishop – Hill models [2] (or Full Constraints (FC) models) are classical 

statistical models, based on relatively independent consideration mesolevel elements (crystallites, 

grains, subgrains); integration of mesolevel elements into macrolevel element (representative 

macrovolume or representative volume of macrolevel) is carried out by using the hypothesis about 

plastic strain homogeneity (plastic strain rate homogeneity) assumed a priori in all crystallites. It is 

noted in [1], that more common assumption – generalization of Voigt (Taylor) hypothesis about 

equality the velocity gradient in each crystallite of polycrystal to macroscopic velocity gradient 

( T Tˆ ˆv V  ) could be performed. In a number of papers it is proposed Relaxed Constraints (RC) 

models, which don’t strictly enforce condition about velocity gradient equality and «relax» it for some 

components. In these models the internal structure of a polycrystalline material is modeled as lamellar 

structure consisting of elongated grains. The assumption about homogeneity of velocity gradient is 

used not for each crystallite but for stacks of two crystallites, other relations are formulated for these 

stacks too. Different models (Pancake, Lath, Lamel and ALamel models) exist depending on 

hypothesis about possible directions of relative crystallite displacements along a common boundary, 
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shears are defined using these displacements, which act as additional ones with respect to shears from 

Taylor model. Other type of models are viscoplastic self-consistent (VPSC) [3, 4, 5], which consider 

crystallites in a representative macrovolume as inhomogeneous inclusions interacting with some 

homogeneous effective medium with characteristics weighted averaged over all the crystallites from 

this representative volume. Cluster model is another common type of models [6, 7] (above-mentioned 

models, considering interactions between crystallite pairs, can be classified as cluster models, in which 

the cluster consists of two crystallites). In [7] it is pointed out that introduction of additional 

(intermediate) scale level between macrolevel and mesolevel (level of individual grains) comprising of 

cluster of several crystallites provides the possibility to come close to physics of their interaction. 

The description of statistical model modification is performed in this paper including grain 

boundaries along with grains to take into account the mechanism of grain boundary sliding (GBS). We 

focus on description of GBS mechanism in the structure of two-level model, relationships between 

levels and equations for determination the contribution of this mechanism to inelastic deformation. 

2.  Grain boundary sliding description within two-level model 

The structure of basic two-level model and its general relations are presented in detail, for example, in 

[8]. The developed model unlike the last one includes on macro- and mesolevel not only stress state 

measure (and its objective rate) and strain rate measure, but temperature and grain structure state (in 

view of GBS description in wide range of influence changes included superplastic deformation 

regime) as process characteristics. Besides, it is used a new method of motion decomposition, 

proposed by the authors of paper [9]: Cartesian orthogonal coordinate system with quasi-solid motion 

(moving coordinate system) [9, 10] is introduced for each crystallite and is associated with its 

symmetry elements – crystallographic direction and plane, containing this direction. 

In accordance with modifications, noted above, the constitutive mesolevel model for each 

crystallite assumes the following form (crystallite index is omitted): 

 cor in th T in th

s s
ˆ: ( ) : ( ),            κ κ ω κ κ ω п z z z п v ω z z  (1) 
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c i K   (5) 

 ( ) ( ) ( )
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3 sq f ( , ), κ z  (7) 

 th θ,z α  (8) 

  T ( ) T

4
ˆ ,γ , , ,i   ω f v μ ω r r  (9) 

 T 1

0r r 1, ,      g g f g f  (10) 

where (1) is constitutive relation in terms of actual configuration (hypoelastic law), κ  is Kirchhoff 

stress tensor of mesolevel, 1
o

)ρ̂(ρ  σκ , σ  is Cauchy stress tensor, 
o

ρ is material density of crystallite 

in reference configuration, ρ̂  is material density of crystallite in actual configuration, 

ωκκωκκ  cor
 is objective rate (corotational derivative) of stress state measure on mesolevel, 
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ω  is spin tensor, which defines rotation rate of crystallite moving coordinate system, п  is elastic 

modulus tensor of crystallite (its components are constant in the basis of moving coordinate system), 
1Tˆ  ffv   is transposed velocity gradient, which is transmitted from macrolevel with extended 

Voigt hypothesis (3) taking into account the implementation of some forcing due to GBS mechanism 
in
gbZ , T Tˆ

r  z v v ω  is strain rate measure, determined as transposed relative velocity gradient vr 

(relative to moving coordinate system of mesolevel),   and ̂  are nabla–operators in moving and 

actual Lagrangian coordinate systems respectively, in
sz  and 

th
z  are inelastic and thermal components 

of transposed relative velocity gradient. Inelastic component in
sz  is defined by relation (4), in which 

b(i) and n(i) are unit vectors of slip direction and normal to slip planes in actual configuration, 

intragranular shear rates )(γ i  (relation (5)) in each crystallite describe the contribution to inelastic 

deformations due to intragranular dislocation sliding in terms of crystallographic slip planes for this 

material (K is number of slip systems) using Arrhenius–type relation. Strengthening law (6) is used to 

describe the evolution of critical shear stresses ( )τ i

c , rates of critical shear stresses ( )τ i

c  are generally a 

function of accumulated shears and shear rates on slip systems as well as temperature [8]. Relation (7) 

includes internal heat source capacity q, which is determined due to energy dissipation on inelastic 

strains in crystallite and transmitted to macrolevel. Thermal component 
th

z  is defined by relations (8), 

in which α  is thermal expansion tensor, θ  is temperature rate (from relation (2)). To determine ω  

(relation (9)) the rotation model from [9] is used. Orientation change of moving coordinate system for 

each crystallite during deformation process is described with orthogonal tensor r established by 

integrating the rotation rate 
T

rrω   . The first relation in (10) determines surface of crystallite (its 

shape is assumed to be ellipsoidal), g is second rank tensor defining both crystallite geometry (shape 

and dimensions using the lengths of three semi-axes) and its spatial orientation; the second relation in 

(10) characterizes form change using applied kinematics (strain gradient f), change of tensor form can 

be also formulated taking into account realization of fragmentation and breaking (more detail in [11]). 

System of equations on macroscale level assumes the following form: 

 cor in in th T in in th

gb s gb s
ˆ: ( ) : ( ),              K K Ω K K Ω П Z Z Z Z П V Ω Z Z Z  (11) 

 ,Ω ω  (12) 

 ,П п  (13) 

  in in 1 in 1

s s s: : : ,
          Z z П п z П κ ω ω κ  (14) 

 th th 1 th: : ,
  Z z П п z  (15) 

 k q ,  (16) 

where constitutive relation (11) is also formulated in actual configuration, K  is Kirchhoff stress 

tensor of macrolevel, ΩKKΩKK  cor
 is objective rate (corotational derivative) of stress state 

measure on macrolevel. Spin tensor Ω  of moving coordinate system (relation (12)) and elastic 

modulus tensor П  (relation (13)) are transmitted from mesolevel to macrolevel using the averaging 

operation over a representative macrovolume. Tensors in
sZ  (relation (14)) and 

th
Z  (relation (15)) are 

defined from mesolevel model with consistency conditions [12], the following notations are used:  

as in relations (12) and (13) is for averaging operation over a representative macrovolume, line 

quantities a  are for deviation of tensor characteristic a in crystallite (to reduce notation the crystallite 
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index is omitted) from the mean value ( aaa  ), averaging operation has a property: 0a  for 

any characteristic a. Temperature rate on macrolevel   in relation (16) is defined due to averaging of 

internal heat source capacity q over a representative macrovolume, k  is heat capacity (generally 

temperature and temperature rate are defined from boundary value problem for temperature). We will 

have more to say below about inclusion of GBS mechanism in structure of performed two-level 

statistical model and description of inelastic component 
in

gb
Z  due to realization of this mechanism. 

The following modification of model is proposed. Two structural levels are distinguished by 

mechanisms: one of them is associated with description of intragranular dislocation sliding (this 

structural level refers to the scale of mesolevel), the other – with description of GBS (this structural 

level refers to the scale of macrolevel). The level of GBS description is introduced as a separate 

structural level, and the model is modified into a three-level one: macrolevel – structural level of GBS 

description (it is considered as a macrolevel submodel) – mesolevel. Relative displacements of 

crystallites (grains, subgrains) along the common boundary during GBS are observed in bicrystals and 

polycrystals [13]. In polycrystalline materials GBS is limited by neighboring crystallites, which is 

modeled in grain boundary hardening law [12]. It is assumed that grain boundary of each crystallite is 

a set of flat facets with zero thickness, each pair of neighboring crystallites in a representative 

macrovolume has a common boundary facet, and relative displacements of crystallites occur along a 

common facet by moving grain boundary dislocations (however the last one is not modeled in explicit 

form). Basis of vectors gbn , (1)

gbb  and (2)

gbb  in three-dimensional space is introduced to determine GBS 

for each intergranular facet: 
gbn  – normal to the facet plane, (1)

gbb  and (2)

gbb  – sliding directions in the 

facet plane. The transition from displacements to deformation characteristics is carried out for model 

construction: both for intraglanular dislocation sliding and GBS displacement or set of displacements 

(velocities) is approximated by shear (shear rate) on a certain volume. 

Now we formulate the relation for shear rate due to GBS using analogy with Orowan equation for 

intragranular shear rate [14]. The following model description of real kinematics during GBS is 

adopted: the relative velocity of two crystallites along the common boundary is approximated by shear 

rate of the entire representative macrovolume, this procedure is repeated for each pair of neighboring 

crystallites. Representative macrovolume contains, in general case, differently oriented boundaries 

with various directions of displacement vectors of grain boundary dislocations, that makes it 

impossible to define slip systems for GBS by analogy with slip systems for intragranular dislocation 

sliding. Each boundary facet is considered as a separate slip plane with its orientation and directions of 

displacement vectors in it, therefore it can be assumed that in this slip plane (boundary facet) Ngb  grain 

boundary dislocations move (i.e. in this case each slip system of GBS is represented by one slip 

plane). Then the value of shear rate in a representative macrovolume as a result of displacement of Ngb  

grain boundary dislocations in direction i in boundary facet with using relation for gbv  [15, 16] can be 

written: 

 

1

( )

( ) ( ) ( )

0 ( )

τ1
γ K v exp , 1,2, ...,4 ,

h τ θ

   
          


i n

gbi i i

gb V gb gbi
icgb

F
i K

k
, (17) 

where h  is crystallite size–height (the average crystallite size in a representative macrovolume), 

coefficient 
1)( )HLD(dhlK  gbgb

i
V  is ratio of crystallite volume to representative volume of 

macrolevel, lgb  is boundary length, ( ) ( ) ( )

0 0v b ρ li i i

gb gb gb gbv A   is initial velocity of grain boundary 

dislocations in boundary facet, ( )b i

gb  is displacement vector module of grain boundary dislocations, 

1)( )dl(dNρ  gbgbgbgb
i

gb  is density of grain boundary dislocations (dimension is 1/m) as a ratio of total 

length of grain boundary dislocations in boundary facet to the boundary facet area [17], the absence of 

a model description of breaking processes (changes in crystallite size during deformation) allows to 
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combine the quantities into one parameter )(
0

)(
0

)(1 γvK)h( i
gb

i
gb

i
V

 , ( )

0γ i

gb
 is initial shear rate in boundary 

facet, n is rate sensitivity parameter, F  is magnitude of the energy barrier (activation energy of 

GBS), k  is Boltzmann constant, gbK4  is total number of sliding directions for all boundary facets in a 

representative macrovolume. 

The inelastic component of transposed relative velocity gradient 
in

gb
Z  due to GBS realization is 

determined from the shear rates (17) as follows: 

 

4

( ) ( ) ( )

1

γ
gbK

in i i i

gb gb gb gb

i

Z b n . (18) 

3.  Results of modelling 

The results for simple shear of polycrystalline representative macrovolume (343 crystallites) in 

isothermal case using parameters of material model close to copper are performed below. Intragranular 

hardening law (6) with parameters is from [18]. Relation for critical stress evolution of grain boundary 

shears ( )τ i

cgb  is taken as in the work [11], submodel for GBS description includes following parameters: 

141
0 10))θ(exp(γ   skFgb

 , 0.02n  , 
( )τ (0) 80ΜPai

cgb   , 3000 MPah   , 0.01g  , 

1000MPa ,k

ig k i  , 
111 0005.0))θ(exp()(   skUSc di . 

Figure 1 and figure 2 show macrolevel stress intensity – strain intensity diagrams when process of 

simple shear of polycrystal using two-level model (without GBS) and three-level model (with GBS) is 

considered.  

 

 

 
Figure 1. Stress intensity – strain intensity 

diagrams, obtained in calculations with two-

level model without GBS. 

 Figure 2. Stress intensity – strain intensity 

diagrams, obtained in calculations with three-

level model with GBS. 

 

The obtained curve in figure 2 has lower flow stress and flattened form compared with curve in 

figure 1. It means that after reaching a certain amount of strain intensity (in this case at about 0.1) GBS 

mechanism switches on and becomes dominant.The presented results demonstrate model capabilities in 

description of GBS and transitions to deformation regimes with reduced flow stresses, particularly, 

regime of structural superplasticity, when GBS is important mechanism. 

 

4. Conclusion 

Modification of statistical model – three-level constitutive model of polycrystal, which takes into 

account intraglanular dislocation sliding and GBS as main mechanisms of inelastic deformation, is 

developed. The model also includes temperature, characteristics of grain structure and relationship 

between the levels. Special attention is given to description of GBS within two-level model and 

relations, which determine the contribution of this mechanism to inelastic deformation. The results of 

numerical experiments on the modeling of a simple shear of polycrystal copper sample are presented. 
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They demonstrate significant role of GBS and characterize the model as promising from the point of 

view of its capabilities for describing different deformation regimes (depending on the temperature-

rate conditions and the state of grain structure) and transitions between them. 
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