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Abstract. An economic order quantity inventory model for non-instantaneous deteriorating
items has been developed with cubic demand rate, cubic deterioration rate and time dependent
holding cost. Shortages in inventory are allowed in this model. In shortage period, partial and
complete backlogging cases are considered. The main objective of this model is to develop an
optimal policy that minimizes the total average inventory cost and optimal order quantity.
Numerical examples are used to illustrate the developed model

1. Introduction

Products which losses its utility or its marginal rate that decreases the usefulness from the original one.
This phenomenon is termed as deterioration. Also it may be defined as damage, decay, dryness,
spoilage and vaporization. Examples: fashion goods, foods, electronic items, chemicals, etc.

In real life situation, most of the products have a period of maintaining quality or the original
condition. During that time lag, there was no deterioration takes place. (E.g. vegetables, fruits, meat,
fish and so on). This phenomenon is defined as “non-instantaneous deterioration”.

It has been observed that only few researchers considered inventory models for non-instantaneous
deteriorating items with time dependent demand rate and time dependent deterioration rate. Optimal
policies for inventory models [10] [2] are developed for non- instantaneous deteriorating items with
permissible delay in payments. Optimal replenishment policies [1] for non-instantaneous deteriorating
items are considered with stock dependent demand. An inventory model for non-instantaneous
deteriorating items [9] is developed with with stock dependent demand and partial backlogging. A
partial backlogging inventory model [4] for non-instantaneous deteriorating items are developed with
stock dependent consumption rate under inflation. [3] is the extension work of [1] model with delay in
payment permissible. [11] is the extension work of [3] model by considering with salvages and all
possible replenishment cycle, which may be shorter than the period of non-deterioration. Inventory
model for non-instantaneous deteriorating items is developed [5] with partial backlogging, permissible
delay in payments, inflation. A partial backlogging inventory model deteriorating items is considered
[8] with ramp type demand. Inventory model for non-instantaneous deteriorating items [6] with stock
dependent demand, partial backlogging and inflation over a finite time horizon. EOQ model for non-
instantaneous deteriorating items [7] is developed with cubic demand rate, time dependent holding
cost and permissible delay in payments.
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In the present model, an optimal EOQ inventory model for non-instantaneous deteriorating items is
developed with the following considerations:

1.
2.

E

Both demand and deterioration rates are considered as piecewise cubic function of time

Shortages are allowed. The demand rate is considered as cubic function of time in without
shortage period while the demand rate is considered as constant rate in shortage period.
Replenishment rate is instantaneous and infinite .

The time gap between placing an order and its actual arrival is zero.

A finite planning horizon is assumed.

Further, the present model is extended with various time dependent demand rates such as quadratic,
linear and constant demands.

1.1 Assumptions and notations

1.

Demand of each product is assumed as cubic function

of time.

(i.e) D(t) = a+ bt+ct®+dt? atanytimet =0, a > 0,b > 0,c > Oand d = 0.

where a = initial rate of demand, b = initial rate of change of demand, ¢ = acceleration of demand
and d = rate of change of acceleration of demand.

Shortages are allowed. During the shortage period, the backlogging rate is dependent on the
customers waiting time for the next replenishment.

i.e., for the negative inventory the backlogging rate is defined by

B(t) =

————; § = 0 denotes the backlogging parameterand t, = t = T.
1+8(T—¢) =

Deterioration of each product is also assumed as cubic function of time.

(i) 8(t) =6y + 6.t +6;3t%+ 8,3 where 8,,8,,8;and8, are real numbers, 8, = 0 and
6, =>0,8,> 0,6 >0, >0so0 that 8'(t) = &, + 26;t + 36:t%, §"(t) = 26; + 66,t and
8" (t) = 68,,

where &, = initial deterioration,

#., = initial rate of change of deterioration,

&, = acceleration of deterioration and

&, = rate of change of acceleration of deterioration.

I{t) : Stocklevel atanytimet, 0=t=T

@, : Stock level attime ¢ = 0.

@, : Stocklevelattimet=T.

£y . Unit purchasing cost of an item
co : Unit shortage cost of an item
r3 . Unitlost sale cost of an item
. T : Time interval between two successive orders.

. HC : Holding Cost is assumed as a linear function of time.
. TC : Total average inventory cost per unit cycle.

13. A : Ordering cost per unit order is known and constant.
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2. Mathematical formulation and solution of the model

During the cycle time (0, £, ), the stock level I, () is defined by the following differential equation

'”d—::' = —(a+bt+ct?+dt?)0=t=t (1)
Solution of equation (1) with I,(0) = @, is

- ] ] .
f1{.3]=91—(ﬂt+b7r+%+ %),ﬂititl (2)

During the cycle time (t,, 5], the stock level I,(t) is defined by the following differential equation

dlz ()

T (B + 6, +6:27 +6,t3)(t) = —(a+bt+ct?+dt?) t St=t, (3)
Solution of equation (3) with I,(t,) =0 is
r - (b+ad, )e2—t" ]
alt, — ) + 2reddlame)
" (Ze+2b8,+ab.)(ti—t%) " (6d+6c8, +3b8,+2ab: ) (ti-t?)
Ly 3 24 :
ff{-t} - (1248, +6c8, 400 +3afy) (-t} " (6d8,+4cfy+308,) (£5—1%) H}
&0 72
+|:4d93+3594}(r§—r7} df,(tE—t")
- B4 3z -
Due to continuity of stock level at ¢ = t,, it follows from equation (2) and (4) that I,(t,) = I,(t,)
r = 8 ] e E
at, +¥+?+%§ s £
. l:fbﬂ-_+m§:}[ N -:sca-_+aaa=:riﬁaamg-rgj
(12d8,+6c8, +4b8+3al }[_ri—ﬁ .
0, = vbstacty)(cied) ®)
(6d8,+4cf3+308,)( 525
72
+(4d93+3cﬂ4}[r§—rj] + d8,(t5—¢8)
L B4 32 -
[a(t, —t) + 2220 m:rz_ i d':fi_r’} TRCALS)
N u::bg._+ni=}[rg—r?:] " ':sce-_+ab9=:uingaz.[fg_fgj
. (1248, 1 ($5_s5 .
2 () = + (1248, 4600, +450;43a8,)(t5-¢5) 0=t=t (6)

(4d@;+3cd 0 el—1T
+ e LT _:|+

(6df.+4c8;+3b8,) [tE—¢f)

=11]

7z

a8, (tE—tF)

B4

32 -

During the cycle time (5, T), the stock level I3(t) is defined by the following differential equation
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dele) _ @ =t=T (7
dt 1+&(T—t) = '

Solution of equation (7) with boundary condition I3(t,) = 0 is

1+&(T-t)

1+6|:T—r=}]’ tzst=T (8)

13(6) = Ziog]
With boundary conditions I5(T) = Q., we get the negative inventory is

I(T) = —Q2 = — S 1log[1 +8(T — ;)] (9)
Total Inventory,@ = Q4 + Q- (10)

(i)  Ordering Cost : OC =§
(i)  Holding Cost :

HC =2y (a +pOI(0)dt
& prty . e pty . E T . 'E T .
HC = ;fc. Il{_t}dt+1—rfu t.Fll[_t}dt+;_];__fg'[_t}dt+;fr__tfg'[_t}dt

where

al2eqe,—¢}) | bl3ede,—e}) | ol4ele,—e?) | dlsede,—t}) 1
2 & 12 20
ay(e3e,-e3) | (208;+aby)(ehe,—cd)
HC, == : e .
177 +I:E-cE-_+3bE=+2nEE}I_r‘;_._r-_—f'fjl+':12d9;+659:+4b93+3nﬂ4}lzﬁr-_—rf:l
24 &0
(6d8.+4c8;+308,) (5, —]) + (4d8;+3c8,)(elr, —£F) + dfy(t5, %)
:z[:ir:r'.':—fr?._‘:l_i_b[:r:f._'r'.':—rf,'l elseie?—2e5) | dl3eiei—tf)
2 ) 30 24
af, (t2e3—14) " (208, +afy )22 —t5)

4 12
(6c8,+3b8,+2af; ) (2e3—¢5) 4 (12d8,+6cB,+4b8; +3a8,) | t5e2—¢]
48 120
l:6d|5|=+4c|5|3+3b94}[rgr'.':—r-f:l+E4dﬂa+acﬂ4}[r§rf—rf]+dﬂ4l:r§r'.':—r::':':|
- 144 o 1es " 64 -
alti—2tat,+t7) + (b+af,)[2e3-3e3e, 48 )

2 &
+li:c+:1-.-9-_+n9=}[:arg—n}rgr-_ﬂﬂ + (6d+6c8, +3b8,+2a8;)(4e5—5ede, +¢5)
Hi., = = 24 120

iTr +(1::19-_+6:E=+4b93+3n9,,}[5r§—5r§r-_+r§]l+(6:19:,+4.:Ea+3b94}[6r§—?r§r-_+rjjl
380 504
N (4d8; +3c8,)(7e8—8Tr, 4158 + d8,(8t2—9¢8:, +¢3)

i 672 288 .

HC,

| T
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n[rg—arzrﬁﬂrfj+Eb+ne-_}[rg—:r§r§+rf,'l 1
£ g
+li:c+:b9-_+m9=}[3r§—5r§r§+:r§] + (6d+6c8, +3b8.+2af;)(2e5-3e3e2 465
HC,=2| O o) (seTreietezeT) o308, :
T " (1248, +6cf,+4b0:+3a8, ) (5e1-Te5eT+2¢]) " (68, +4cf;+3b8,) (3e8—4r5c 448
840 576
(48, +3c8,)(7e5—-9eeT+2eF) | df, (462058l +610)
+ 1512 320

(iii)  Deterioration Cost :

C, ) ta )
DC = ?-(fg{_:lj = D{_t}dt)
r 2 eel | ard ;
at, +75+ 5+ '%:f

L aBu(ehel) | (2060, +abo)(ef-ed)

DC == 2 ) & .
T +h6:9-_+3b9:+2n93}lr‘;_._—rf:|+Llid9;+6595+4b93+3nﬂ4}lri—rf:l

24 &0
(Bdf. +4cB,+3b0, ) t5—15 (4dfz+3cBy) (el—t] dfy [ E—t"
+ :3 + ] _:I_'_ 3 -+ P _:I_'_ A _:I

- 72 24 3z -

o

(iv)  Shortage Cost :

sc=2[ ;] at

SC = 22 [10g{1 +6(T — t)H(T - £2)(1 - 8) — 1} + 6(T - £,)]
(v) Cost due to lost sales :

_& T . |.|J
CLS = T fr:[m 1+5'ir—r}:| dt

_Gfr_, 2w g
CLS_T{T t, — 2 logl1 +6(T :3}]}

Total average inventory cost per unittime, TC = 0C + HC+ DC+ 5C+ CLS (11)
The main objective of this model is to find the minimum total average inventory cost.

Necessary conditions for minimum total average inventory cost are

d2(TC)
des

@ T2 =0and (i)

=0
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3. Numerical analysis
3.1 Partial backlogging models

Model 1. EOQ model with cubic deterioration and cubic demand

LetA = 1000,a =0.2,b=0.1,c = 0.05,d = 0.025,8, = 04,6, = 0.2,6; = 0.1, 8, = 0.05,

w=1la=1 =05 §=0125 £, =039, (,=06,C3=08,4 =02 andT = 2 in

appropriated units. Using MATLAB software, we obtain the following optimum solutions:
.*=1.2606, @* = 1.2188 and TC* = 493.2534.

Model 2. EOQ model with cubic deterioration and quadratic demand

LetA=1000, a=02, b=01 ¢c=0058 =046, =02, 6, =01, 8, =005 w=1, a=
1, =05 6§=0125C, =04, C,=06,3=08,t; =02 andT = 2

in appropriated units. Using MATLAB software, we obtain the following optimum solutions:

to* = 1.2825,Q* = 12022 and TC* = 498.2440.

Model 3. EOQ model with cubic deterioration and linear demand

LetA =1000,a =0.2,b=0.1,6, = 04,6, =0.2,6; = 0.1,6, = 0.05,w = L,a =1, = 0.5,
8§ =0.125 ¢, =04, C,=06,C3=08,t; =02 andT = 2

in appropriated units. Using MATLAB software, we obtain the following optimum solutions:
to* = 13718, @* = 1.1202 and TC* = 498.2003.

Model 4. EOQ model with cubic deterioration and constant demand

Let A=1000, a =05, 8 =04, 6, =02, 6; =01, 8,=0.05 w=1a=1 =05,
8§ =0.125C, =04, C,=06C;=08,t; =02 andT = 2

in appropriated units. Using MATLAB software, we obtain the following optimum solutions:

t.* = 1.6008, QF = 0.8541and TC* = 498.0734.

3.2 Complete backlogging models

Model 5. EOQ model with cubic deterioration and cubic demand

LetA =1000,a=0.2,b=0.1,¢ =0.05,d =0.025,8, = 04,8, =0.2,6; = 0.1, 6, = 0.05,
w=1la=1 =05686=10=04C,=06C3=08,t; =02 andT = 2
in appropriated units. Using MATLAB software, we obtain the following optimum solutions:
t.* = 1.0983.Q* = 1.048%9 and TC* = 500.2642.

Model 6. EOQ model with cubic deterioration and quadratic demand
LetA =1000, a=02, b=01, ¢=005 6, =04,8, =02, 63=01,6, =005 w=1, a=
1, =05 6=1,C, =04, C,=06,03=08,% =02 andT = 2

in appropriated units. Using MATLAB software, we obtain the following optimum solutions:
."=1.1169, @* = 1.0371and TC* = 500.2558.

Model 7. EOQ model with cubic deterioration and linear demand
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LetA=1000,a =02,b=0.1,6, =04,6, =0.2,8; = 01,6, = 005w =1a=1,F=0.5
§=10,=04 C,=06,03=08,t; =02 andT = 2
in appropriated units. Using MATLAB software, we obtain the following optimum solutions:
»"=1204,Q* = 1.0023 and TC* = 500.2325.

Model 8. EOQ model with cubic deterioration and constant demand

Let A=1000, a =05, & =04, 6, =02, 6;, =01, 6,=005 w=1La=1 §=05
§=1C, =04 (C,=06C3=08,t, =02 andT = 2
in appropriated units. Using MATLAB software, we obtain the following optimum solutions:
to* = 14725, Q* = 0.8358 and TC* = 500.1473.

3.2 Observations:

The following results are observed from the numerical examples

1. The optimum total average cost in Model 1 is 0.401% less than that of Model 5 and optimum
order quantity in Model 1 is 13.9% more than that of Model 5.

2. The optimum total average cost in Model 2 is 0.402% less than that of Model 6 and optimum
order quantity in Model 2 is 13.7% more than that of Model 6.

3. The optimum total average cost in Model 3 is 0.406% less than that of Model 7 and optimum
order quantity in Model 3 is 10.5% more than that of Model 7.

4. The optimum total average cost in Model 4 is 0.416% less than that of Model 8 and optimum
order quantity in Model 4 is 2.5% more than that of Model 8.

4. Conclusion
In this model, both demand rate and deterioration rate are considered as a cubic function of time.

Because, when deterioration and demand for a product starts then both deterioration and demand are
accelerated with time. This situation happens in the case of non-instantaneous deteriorating items such
as meat, fresh vegetables, fresh fruits, dairy and allied products (milk, curd cheese, etc.), bread,
sweets, food, and high nitrogen containing chips, pharmaceuticals, blood and new electronic items. In
shortage period, partial and complete backlogging cases are considered and compared with each other.
Numerical examples are also provided to illustrate the proposed model.
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