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Abstract. Binary operations are in general more difficult to implement when compared with
unary operations. Normally any operation on a graph involves vertices or edges or both
together. In general two graphs are involved in binary operation. Hajos construction is one
such operation which involves vertices and edges with three operations. So two graphs with
three operations on vertices and edges increases the difficulty in implanting it. Computation
time increases when this operation is to be verified for all possible edge pairs between the two
graphs. A matrix representation for this purpose would enable easy computation. In this paper
we have provided a matrix method of verifying if two graphs are Hajos stable.

1. Introduction

The eigenvalues of L ( G ) are called the Laplacian eigen values and denoted by A;>A,> ... >4, = 0. In
particular A is called Laplacian spectral radius of G. In 2006, Lihua Feng et al. have studied the
Laplacian spectral radius of trees on n vertices with the domination number y, where n = ky, k > 2 is an
integer. Also they determined the extremal trees that attained the minimal Laplacian spectral radius
wheny=2,3,4[1].

In [2], Dragan Stevanovic et al have characterized the graphs which achieved the maximum value of
the spectral radius of the adjacency matrix in the sets of all graphs with a given domination number
and graphs with no isolated vertices and a given domination number. Using the properties of graph
theory and matrix, VenkataRao has provided a technique for material selection for given any
engineering component [3]. Also, in [4] Venkata Rao et al have approached a new method using graph
theory and matrix representation for selection of a rapid prototyping process.In [5], Kamal Kumar has
found few bounds which are interrelated to the energy,domination number and rank of the incident
matrix of G. In [6], Yang et al have provided a new method for recognizing the isomorphism of
topological graph using incident matrices.

In 2014, Kamal Kumar has defined set energy and discussed its properties. Also he studied some
special class of graphs with its dominating set [7]. In [8], Xianya Geng et al. determined the first,
second, third smallest Laplacian permanents of trees in the collection of all trees with n — vertices and
with the domination number. Also they characterized the corresponding extremal graphs. The energy,
E ( G) of a simple graph G is defined to be the sum of the absolute values of the eigen value of G.

In 2013, Rajesh Kanna et al have introduced minimum dominating energy of a graph. They
computed minimum dominating energies of some class of graphs and provided the upper and lower
bound for minimum dominating energies [9]. Using adjacency matrix, a new technique for generating
a minimum weighted spanning tree was provided in [10]. Classification of domination dot stable
graphs, v - stable graphs and graph domination graphs using matrices were discussed in [11].
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In graph theory, a branch of mathematics, the Hajos construction is an operation on graphs named
after GyorgyHajos in 1961. That may be used to construct any critical graph or any graph whose
chromatic number is at least some given threshold [12].

In 1979, Catlin has provided a conjecture for Hajos graph coloring. Also he provided a
counterexample to Hajos conjecture [13]. In [14], Brown et al. have proved that the Hajos construction
of two amenable k — critical graphs need be amenable for any k >5. In 2001, an analogue of Hajos
theorem for the circular chromatic number was proved by Xuding Zhu [16]. In this paper, we obtain a
method for finding G, and G, are Hajos stable graph.

2. Materials and methods

We consider only simple connected undirected graphs G = ( V, E ). The open neighborhood of vertex
veV(G)isdenotedby N(v)={ue V(G)/(uv) e E(G) } while its closed neighborhood is the
set N[v]=N(v)u {v}. Weindicate that u is adjacent to v by writingu L v.

A set of vertices D, in a graph G = ( V, E ) is a dominating set if every vertex of V — D is adjacent to
some vertex of D. If D has the smallest possible cardinality of any dominating set of G, then D is
called a minimum dominating set. The cardinality of any minimum dominating set for G is called the
domination number of G and it is denoted by y ( G ). v - set denotes a dominating set for G with
minimum cardinality.

A vertex v is said to be good if there is a y - set of G containing v. If there is no y - set of G
containing v, then v is said to be bad vertex. A vertex v is said to be a, up vertex if y (G -v ) >y ( G),
down vertex if y (G—v ) <y (G), level vertex if y (G —v ) =7 ( G ). A vertex v is said to be selfish in
the y - set D, if v is needed only to dominate itself. A vertex v €V — D is said to be p — dominated, if it
is dominated by atleast p — vertices in D. A vertex v is said to be the private neighborhood of uin D
which is definedaspn [u, D] =N (u)-N (D —{u} ). For details of on domination we refer to
[16].

Hajos construction

Let G; and G, be two graphs, ( u; v; ) be an edge of Gy, and (u, v, ) be an edge of G,. Then the Hajos
construction forms a new graph H that combines the two graphs by merging vertices u; and u, into a
single vertex u;,, removing the two edges (u, v;) and (u, v, ), and adding a new edge ( v, v») [12].
Hajos stable graphs

Let G, and G, be any two graphs. Let E( G;) = { e, €12, ..., €1, } and E ( Gy ) = { €21, €2, ..., €24 }.
Let M=E (G)xE(Gy)={(eiiey)/eic E(G)),eje E(G,) }, that is M is the cartesian product
between sets E ( G; ) and E ( G, ). Let | M | =k. Let Hy, H,, ..., Hy be the Hajos graphs generated by
applying Hajos construction 4k times. If y (H; ) =7y (G;) +y (G, ), foralli=1, 2, ..., 4k, then G, and
G, are said to be Hajos stable graphs [17].

V1 Vi
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H

Figure 1.
In Figure 1, H is the Hajos graph obtained from G% and G, using the edge pairs (us uy ) and ( v; vg),
Yy(H)=7(G;)+y(Gy)=4.Similarly y (H; )=y (G,)+v(G,), foralli= 1,2, ..., 4k, implies G,
and G, are Hajos stable graphs.
The results R1 and R2 were proved in [17].
R1.
Let G; and G, be any two graphs. Let D; and D, be vy - sets for G, and G, respectively. Let H be the
Hajos graph. Theny (H) <y ( Gy ) +y (G, ) if and only if either
1. thereis some (u;v;) € D;such thatu, Ll vi,i=1,2, or
2. there is a selfish vertex in G;,1 =1, 2, or
3. both G and G; have 2 — dominated vertices simultaneously together, or
4. ifpn[w;, D; ] = v;in G;, then G; has 2 — dominated vertices, where1,j =1, 2,1 #].
R2
Let G, and G, be any two graphs. Let D, and D, be y - sets for G, and G, respectively. Let H be the
Hajos graph. Theny (H) >y ( G, ) + v (G) if and only if either
1. ifu;is an up vertex, uj, v;, v; are bad vertices, then
a. v;isnota2— dominated vertex with respect to every D; in G; and
b. vjis not a good vertex in C; — N [ uj] for all y - sets D; for C; — N [ u; ] such that | D; | = | D;
,
wherei,j=1,2,i#]j, or
2. if u; are bad vertices, v; are up vertices, then u;epn [v;, D; ] for all possible y - sets in G, i = 1,
2.
R3.
If R1 and R2 are not satisfied, then G; and G, are said to be Hajos stable graphs.
R4.
If v is level vertex such that v is contained in every possible y — sets for G, then no y — set of G — v
contains any vie N(v),1i=1,2, ..., k.
Proof
Letv eV (G) be a level vertex in G and D be a y — set for G. Assume that v belongs to all possible y
— sets in G. Since v is a level vertex, we know that y (G )=y (G —v). Let D' be a y — set for G —v.
Suppose that, there is some u € D', where u € N ( v ), implies D' is y — set for both G — v and G, (
since u dominates vin G and v ¢ D ), implies as v belongs to all possible y — sets.

3. Results and Discussions
An adjacency matrix of a graph G with n vertices that are assumed to be ordered from v, to v, is
defined by,
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A=[a] 1, if there exist an edge between v; and v i
= ai' xn = .
'™ 10, otherwise.
Let G be a graph with | V ( G ) | =n. Let N denote a n xn matrix [12], where
1 ifi=j
N=[n;],n=  th ; ;
a; the(i, )" entry of theadjacency matrix.
Let x= < X(vy), x(vy), ..., x(v, )>T be a { 0, 1 } vector. If x is any dominating set, then Nxis
greater than or equal to one [12 ].
Example
V1
e i
Y4 3
G
Figure 2.
N x Nx

[ — T P
= =
e R e D
e R e D
[ T P T
[=—=J =R =
e e R
I
e e e

that is, { vy, v, }is a dominating set for G [18].

X and N [ v; | denotes a dominating set and the number of non zero entries in any row of matrix N
respectively.Nx is a column matrix. Every entry in Nx represents, the number of vertices dominating
any vertex v;. A vertex viin V — D is said to be a private neighborhood with respect to D, if row v;
entry in Nx is one. Similarly a vertex viin V — D is said to k — dominated with respect to x, if row v;
entry in Nxis greater than or equal to two.

We use the following notation for further discussion.
Notation
1. Consider a graph G with n vertices vy, v, ..., v;. Let v ( G ) = k. Consider all possible subsets
with k vertices. Label them as S;, S, ..., S,, where p =nCy. Let X = { Xy, X,, ..., X, } be a set
of { 0, 1 } vectors defined by x; =(x; (vi ), X;(V2), ..., X; ( Va) V! where

1 ifv,eS§
X (Vi ) = .
0 otherwise.
2. Nx; is a column matrix. Let us denote this as vector, nx; = (nx; ( vi ), nx; ( v2 ), ..., nx; (v ) ).
3. LetV=[v;]=[xy,xXy, ..., X, ] be a vector of a matrix. Each x;,i= 1,2, ..., pin V, denotes a

vector defined in Notation — 1. Find NV matrix. The matrix NV is a n x p matrix, every
column in NV denotes vector nx;, ie., the columns represents vector nx;, nx,, ..., nx,.

4. Let S be the set of all vectors 3Nx;> 1, where S — X , ie., NS > 1. Let q denotes the number of
elements in S, p= q.
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A. Determination of 2 — dominated vertices

Consider matrices S and NS. A row in these two matrices represents vertices. A zero entry in vector X;
represents a vertex in V| — D,. If any vertex is 2 — dominated, then we know that atleast two vertices in
D, are adjacent to it. So, in the product matrix Nx;, the corresponding entry is atleast two. With this
observation we compare a zero entry in x; = ( x; (v1 ), X; (V2 ), ..., X; ( va ) )" and its corresponding
entry in nx; = (nx; (v ), nx; ( vz ), ..., nx; ( v, ) )T. If for any x; (v; ) =0, nx; ( v; ) = 2, then v; is 2 —
dominated. Let X; ={ X X35, .-s Xy }= V ((G1 ) be the set of 2 — dominated vertices for G;, 1 < ki<

n.
A similar discussion is true for graph G, also. Let Y, ={ Y3; Vip,..0) Yiky }<= V (G,) be the set of 2 —

dominated vertices for G,, 1 <k,<n.
B. Determination of up vertices
We know that an up vertex is contained in every possible y — sets for G [16]. This is not true only for
up vertices, a vertex included in every y — set may be a level vertex also.
Example
V1 V]

Vs V3

G G- vy
Figure 3.
In Figure 3, { vi, v4 }, { Ve, V4 } are the only possible y —sets for G. y (G ) =7 (G — v4 ) = 2, implies
v, is a level vertex and it is included in every y — set. Consider matrix S. If there is a row in S, with all
non zero entries, then the corresponding vertex v; may or may not be an up vertex. So we need to
verify if vertex v; is a level vertex.

If v is a level vertex, we know that y ( G, ) =y ( G; — v ). Also we need to note that, this specific level
vertex is contained in every y — set. By R4, we know that no y — set of G; — v contains any vertex from
N ( v). With this note, we consider matrix NV. Consider row v; of matrix NV. If there is atleast one
column such that row v; entry is zero and the remaining entries are non — zero, then this means that the
corresponding column vector in matrix V dominates V — { v; }. Hence vertex v; is a level vertex. Else
vi is an up vertex with respect to Gi. Let X, ={ Xy X5, ... Xp; 3= V ((G1 ) be the set of up vertices

for G;.
A similar discussion is true for graph G; also. Let Y, ={ Y1 X55,.s Xz, } S V ( G2 ) be the set of up

vertices for G,.
C. Determination of bad edges
Consider matrix S. If a row of S contains all zero entries, means that the corresponding vertex v; is not
contained in any y — set, implies v; is a bad vertex. Let X3 ={ X3; Xg,..., X3 } = V (G1 ) be the set of
bad vertices for G;.

Consider the sub matrixY:[ Yi Jks x kg, where y; entry denotes the corresponding a; entry in

matrix A, that is Y is a sub matrix of A with rows and columns representing bad vertices. If atleast one
entry in matrix Y is non — zero, then there are two bad vertices adjacent to each other. Let
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Xy={€4 €pys Y= E ( G ) be the set of edges such that end vertices are in X Let

€4 = ( Xz Xap; )-
A similar discussion is true for graph G, also. Let Y; ={ X1, Xgp 1001 Xai }<V (G,) be the set of bad

vertices for G,.
Y, ={ €4 €pCyy 3= E ( Gy ) be the set of edges such that end vertices are in Y;. Let

e4i = ( ySai y3bi )

D. Determination of u,ve D

Consider matrices S and NS. A row in these two matrices represents vertices. A nonzero entry in
vector x; represent a vertex in D,. If any vertex in D, is adjacent to atleast another vertex in D;, then
the corresponding entry is atleast two. So, in the product matrix Nx;, the corresponding entry is atleast
two. With this observation we compare a nonzero entry in x; = ( X; (v ), X; (V2 ), ..., Xi (v ) )" and its
corresponding entry in nx; = (nx; ( v; ), nx; ( v2 ), ..., nx; ( v, ) )T. Ifforany x; (v;)=1,nx;(v;) =2,
then there is some X, y € D, such that x 1 y. Let Xg ={ Xg; Xsg w01 Xsig }< V ( G,) be the set of

vertices in D, such that every vertex in X is adjacent to atleast one more vertex in D;.
A similar discussion is true for graph G, also. Let Y5 ={ Y5; Vs;,-.-, Yskqo }< V (G, ) be the set of

vertices in D, such that every vertex in Y is adjacent to atleast one more vertex in D,.
E. Determination of single private neighbors of D
Let G, be a graph such that every vertex in V| — D, are private neighbors. We now redefine vector x;
as follows.
Lety;=(yi(v1),yi(v2), ....,yi(vy))be { 0,1} vector such that

yi(Vi)Z{O ifv,eS

1 otherwise.
With this new definition of y;, we compare zero entry in y; and its corresponding entry in ny;. If for
any y; ( v; ) =0, ny; ( v; ) > 2, then there is atleast two vertices in V; — D; adjacent to v;.
Create a new matrix S;, where
1 ifs;" entry of matrix S is equal to zero
S1 = [Slij ] nxq =

In product NS;, for any zero entry in column y;, the corresponding entry ny; ( v; ) = 1, then the vertex
v; in G; dominates only one vertex. Since in G, every vertex in V, — D, are private neighbors, implies
G has single private neighbor. Let Xg={ Xg; Xg,-1 Xgiy; Y= V ( G1 ) be the set of single private

0 ifs;" entry of matrix S is equal to one.

neighbors for G;.
A similar discussion is true for graph G, also. Let Yg={ Yg; Ye2,---, Yekq, }< V (G,) be the set of

single private neighbors for G,.

Step 1

If Xs=0, then every vertex in Xs is adjacent to one more vertex in D; or

If Ys#0, then every vertex in Y is adjacent to one more vertex in D,.

This implies, G; and G, are not Hajos stable graphs. Else continue to step 3.

Step 2

If u is a selfish vertex, then we know that, there is one y — set such thatu, x € Dj,u L xorv,y € Dy, v
L y. So when condition 1 is verified, condition 2 of R1 is also verified. This implies, G; and G, are not
Hajos stable graphs. Else continue to step 3.

Step 3

If X1, Y20, then both G; and G, have 2 — dominated vertices simultaneously together. This implies,
G, and G, are not Hajos stable graphs. Else continue to step 4.

Step 4



14th ICSET-2017 IOP Publishing
IOP Conlf. Series: Materials Science and Engineering 263 (2017) 042136 doi:10.1088/1757-899X/263/4/042136

In this step we use vector Notation in E. From Step 3, we know that both G, and G, do not have 2 —
dominated vertices simultaneously, that is either X; = ¢ or Y; = ¢. Assume that X; = ¢. If X¢=d, Y 20,
then G, has a single private neighbor and G, has 2 — dominated vertices simultaneously together,
implies G; and G, are not Hajos stable graphs. Similarly if X #¢, Y20, then G, and G, are not Hajos
stable graphs. Else if

i. X,;=Y,=4¢,G, and G, are Hajos stable graphs.

ii. ifeither X,#¢ or Y,#¢ continue to step 5.
Step 5
If X4 = ¢ or Y4 = ¢, then continue to step 6. Else proceed as follows.
Let Wy =N (Xai ) = { Wi, Wa, ..., Wji }, 1= 1, 2, ..., k3 be the open neighbors of the up vertices in set
X,. Let Ry; = Woin X, If

_ |W,;  then continue to step 6
?lelse  continue further.

or
Let Z,i=N(y2) =171, 2, ...,z },1=1, 2, ..., ks be the open neighbors of the up vertices in set Y.
Let ng = Zzif\ Y]. If
_|Z,  then continue to step 6
% lelse continue further.

If Ry W,; and Fp# Z,;, we proceed as follows.
Let X, X4, be the set of all bad vertices of X, such that X3a; is a good vertex in A, — N [X3bi ] and

vice — versa. If | X4 | = | X5 |, then continue to step 6, else G, and G, are not Hajos stable graphs.
A similar discussion is true for G, also. Let Y, Y., be the set of all bad vertices of Y, such that
Y3s, 18 @ good vertex in A; — N [y, ] and vice — versa. If | Y4 | =| Y7 |, then continue to step 6, else G,

and G, are not Hajos stable graphs.

Step 6

If either | Ry; | = | Wa; | or | Fy; | =] Zs; |, then G, and G, are Hajos stable graphs. Else G, and G, are not

Hajos stable graphs.

Example

Consider the graph G, in Fig. 1,
(01100000 1] (11100000 1]
101000000 111000000
110100000 111100000
001011000 001111000

A={000101000 N={000111000
000110110 000111110
000001010 000001110
000001101 000001111
100000010 | 1100000011

Y ( G1 ) = 2. consider { Sl, Sz, ...,836 } = { { Vi, V2 }, { Vi, V3}, { Vi, V4 }, { Vi, Vs }, { Vi, Vg }, { Vi, V7},
{ Vi, Vg }1 { Vi, Vo }a { V2, V3 }a { V2, Vg4 }9 { V2, Vs }9 { V2, Ve }9 { V2, V7 }9 { V2, Vg }a {V29 Vo }’{ V3, V4}> {
V3, Vs }a { V3, Ve }a { V3, V7 }a { V3, Vg }9 { V3, Vo }a { Vg, Vs }a { Vg, V6}9 { Vg, V7}a { V4, Vg }> { V4, Vo }’ {
Vs, Vo §5 4 Vs, Vi, { Vs, Vs f, { Vs, Vo b, { Ve, V7 ), { Ve, Vs f5 { Ve, Vo }, { Va7, Vst { V7, Vo f, { Vs, Vo |
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111000001
111000000
111100000
001111000
000111000
000111110
000001110
000001111
100000011

NV =

111111110000000000000000000000000000
100000001111111000000000000000000000
010000001000000111111000000000000000
001000000100000100000111110000000000

000100000010000010000100001111000000

0oo010000001000001000010001000111000

000001000000100000100001000100100110

000000100000010000010000100010010101

0o00000O0O10000001000001000010001001011

222111112211111211112000010001100011
222111111211111111111100000000000000
002211111221111121111111110000000000
001110000111100022211221112111111000

000110000011100011100221112111111000

000111100011111011110222212221221211

0o00011110000111000110011101110221211

1000111110001111001121011111111222222

111111122000001100011000110011011112

NV =

T 1
U I B B B IR I e I B |
L ]

Il
pd

I
1 OO OO +H0O0O0o
1

Il
0

Consider the graph G, in Fig. 1,

OO HddOO
OO A+ OO
O OO 00
O OO 00
OC OO A
O OO
"1 OO OO0OO0o
40 O O0OO0OO0o
L

1

Z
_ "
O O vl 0O OO0
OO d 1000
OO0OO+Hd+HOO0OOo
OO O+HOHOO
OO OO
O O OO -
1O 10 O0O0O0OO0o
O 1O O OO0OOo
L

1

<
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WS = AVL V2 b A VL Vb, L VL Vat, L VL Vs L A VL Ve b, VI, VT S,

TV Ve b A Vo, V3 b, AV, Va b, { Vo, Vs, A Vo, Ve s 4 Vo, Vo b v, Ve s { V3, Vak, { Vs, Vs L { Vs, Ve,
V3, Vi, A V3, Vg }, {Va, Vs b, { Va, Ve §, A Va, Vo b { Va, Ve b, A Vs, Ve s Vs, Vi b, { Vs, Ve, { Ve, Vi b,

Ve, V8 §» 1 V7, Vs § .

2. Consider { S}, S,, ..

Y(Gy)

111111100000000000000000000 0
100000011111100000000000000 0
010000010000011111000000000°0

001000001000010000111100000°0
0001000001000010001000111000

oooo0100000100001000100100110

0o00001000001000010001001010°1

oooo000100000100001000100101 1

11100000
11100000
11100011
00011111

00011100

00011100

00110011
00110011

NV

2201111112111111111100000000
2200111112111111111100000000
2200111222111221112201101112
0002111100111111111122222222

0001111000111001110021121120
0010111010111001110021121120
0110100111100112112212201122
0101100011100112112212201122

NV =

11111
11111
11111
11111
11111
11111
11211
11211

NS

10000
01000
00111
00000O0
00000O0

11100
00010
00001

A. Determination of 2 — dominated vertices

For graph G;

1
0
0
0
0
1
0
0

111000001
111000000
111100000
001111000
000111000
000111110
000001110
000001111

100000011

NS =

= §.

Consider NS, for all 0 entry in Xs, the entries in the corresponding position of Nxs< 1, implies X;

For graph G,

11111
11111
11111
11111
11111
11111
11211
11211

00001
00010

11100
00111
01000

10000
000O0O
000O0O

11100000
11100000
11100011
00011111

00011100

00011100

00110011

00110011

NS
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In NS, for all zero entries in X4, the entries in the corresponding position of Nx ;4> 2, implies Y, = {
7,8 }.
B. Determination of up vertices
For graph G1, y ( G; ) = { 1, 6 }. We consider matrix NV. Consider row v;, i = 1, 6 of matrix NV.
There exist no column in NV such that row v;, 1 = 1, 6 entry is zero and the remaining entries are non —
zero. Hence vertex v; is an up vertex, i = 1, 6, implies X,={ 1, 6 }.
Similar discussion for G,, implies Y, = ¢.
C. Determination of bad edges

Consider the graph G;.
1
0 2[01 00000
0 311010000
0 40101000
S=|0f; Y=5/0010000
1 710000010
0 8/0000101
0 9/00000 10|
_0_
FromSand Y, X5={2,3,4,5,7,8,9}and X4 ={(2 3),(34),(45),(7 8),(8 9)}.
Consider the graph Go.
(0000 1]
00010
11100
00111 7101
S= 01000’Y:8[10}
10000
00000O0
00000O0

FromSandY,Y3={7_,8 tand Y4={(78)}.
D. Determination of u,ve D

Consider the graph G;.
(11100000120 1] [12]
11100000010 1
11110000010 1
001111000{0 1

NS={000111000{(0]|=|1

0001111101 1
0oooo01110¢0 1
0ooooo01111/(0 1
1100000011 0] [1]

Consider NS, for all non zero entry in X, the entry in the corresponding position of Nxs< 1, implies Xs

= ¢.

Consider the graph Go.

10
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11100000||00001 11111]
11100000/||00010O0 11111
11100011 11100 11111
NSzOOOlllll 00111]_ (11111
00011100(|01000 11111
00011100 10000 11111
00110011(j000O0O 11211
100110011]|]00000 |11211]
Consider NS, for all non zero entry in x;, the entry in the corresponding position of Nx;< 1, where i =

5,11, 16, 17, implies Y5 = ¢.
E. Determination of single private neighbors of D

Consider the graph G;.
[1112000001][0] [3]
1110000001412 1
111100000112 2
001111000¢12 2

NS=({0001110001{1|=|1
0001111100 4
000001110¢12 1
0000011111 2
11000000111 [1)]

In NS, for every zero entry in xs, the entry in the corresponding position of Nxs#= 1, implies X = ¢.

Consider the graph Go.
(111000001][11110] [22212]
11100000(|11101 22222
11100011 (|00011 4 4 4 4 4

NS=00011111 11000|_|444414
0001110010111 22222
00011100({01111 22222
00110011(j121111 33233
0011001111111 |[33233]

Consider NS, for all non zer

5,11, 16, 17, implies Y4 = ¢.

Step 1

Xs=¢ and Ys = ¢, implies there is no (u;, vi ) € D;such that u; L v, i=1, 2.

Step 2

o
(@]

There is no selfish vertex in G;, 1 =1, 2.

Step 3

ntry in x;, the entry in the corresponding position of Nx;# 1, where i =

X = ¢, Y#0, implies both G, and G, do not have 2 — dominated vertices simultaneously together.

Step 4

Y#$ and X¢ = ¢. G, has no 2 — dominated vertices and pn [ u;, D; ] = { v; } in Gy.

Step 5

Y;=(7 8),|Ys|=]|Y7] uyis an up vertex in Gy, v; is a bad vertex in G, and v; is a good vertex in
A*N[Vj ],_] :7, 8 il’le.

Step 6

X, #¢, Y>=¢. Both G; and G, do not have up vertices simultaneously together.
Hence G, and G, are Hajos stable graphs.
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