
1

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

1234567890

IMST 2017 IOP Publishing

IOP Conf. Series: Materials Science and Engineering 251 (2017) 012045 doi:10.1088/1757-899X/251/1/012045

Designing a supply chain of ready-mix concrete using Voronoi 
diagrams 

E Kozniewski1, M Orlowski1 and Z Orlowski2

1 Department of Geoinformation and Spatial Economy, 
Bialystok University of Technology  
15-351 Bia�ystok, ul. Wiejska 45E, Poland 
2 Department of Geomechanics, Building and Geotechnics,  
AGH University of Science and Technology,  
 30-059 Kraków, al. Mickiewicza 30, Poland 

   
E-mail: m.orlowski@pb.edu.pl  

Abstract. Voronoi diagrams are used to solve scientific and practical problems in many fields. 
In this paper Voronoi diagrams have been applied to logistic problems in construction, more 
specifically in the design of the ready-mix concrete supply chain. Apart from the Voronoi 
diagram, the so-called time-distance circle (circle of range), which in metric space terminology 
is simply a sphere, appears useful. It was introduced to solve the problem of supplying 
concrete-related goods.

1.  Introduction 
Voronoi diagrams are used in many fields ranging from Photogrammetry for (semi) automatic urban 
model reconstruction [6, 7, 15, 16, 18, 21] reconstruction of roads from satellite imagery [3], in 
Cartography [11], analysis of morphology of granular materials, in Medicine for representation, 
reconstruction and visualization of human organs [4], topographical analysis, Computer Graphics in 
the field of object recognition and analysis [17] as well as a geographical study of school attendance 
areas [1, 2]. This concept is introduced on the basis of distance, in a specific metric space [9]. The 
concept of the Voronoi diagram may be helpful in many problems where we are dealing with distance 
optimization. In this paper Voronoi diagrams have been applied to logistic problems in construction, 
more specifically in the design of the ready-mix concrete supply chain. Apart from the Voronoi 
diagram, the so-called time-distance circle (circle of range), which in metric space terminology is 
simply a sphere, appears useful. It was introduced to solve the problem of supplying concrete-related 
goods. 

2.  Voronoi Diagram  
A metric space (M,d)  is a set M in which each pair a, b of its elements is assigned a real non-negative 
number d(a, b) satisfying the following postulates: 

d(a,b) = 0 ⇔ a=b (identity axiom),         (i) 
      d(a,b) = d(b,a) (symmetry),                      (s) 
      d(a,b) + d(b,c) � d(a,c)  (triangle inequality).           (t) 
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Function d(a, b), which satisfies the postulates (i), (s), (t), is called a metric (distance) of space M. In 
metric space (M,d), the (closed) sphere centered at a with radius r>0 is defined as a set of points x∈M
contained in: 

B(a, r)  = {x∈M: d(a,x) � r}.            (b) 

The open sphere B(a, r) is a set of points whose distance from a is less than r.  
Let us assume that S={a1,a2,…,an} is a set  of n points in metric space (M,d). Each point is assigned a 
Voronoi region VD(ai),  

VD(ai) ={x∈M: ∀i≠j, i,j=1,2,…,n d(ai,x)≤ d(aj,x)}.    (vd1) 

containing the points of space for which point ai is nearest among all the  points of S. 
Hence, for each pair of points  (ai, aj)  we divide the space into two regions 

V(ai, aj)={x: d(ai,x)≤ d(aj,x)}, V(aj, ai)={x: d(aj,x)≤ d(ai,x)}.   (vd2) 

More specifically, the Voronoi region will be understood as a set [5] 

VD(ai)=∩ i≠j,j=1,2,…,nV(ai, aj), for 1,2,…,n.     (vd3) 

The points lying on the boundary of the Voronoi regions form the Voronoi diagram. If (M, d) is a 
Euclidean plane as a set S, we can take a set of sides of a plane polygon and apply the above 
definitions to the points of this polygon. Then we obtain the Voronoi diagram for the polygon. The 
boundary elements of the Voronoi regions, apart from line segments are parabolae. Figure 1a 
illustrates a set of regions for the ordinary Voronoi diagram on the Euclidean plane [5] (Fig. 1a) 
Voronoi diagram for the polygon inscribed in the curve indicating the optimum division of the river 
into regions. These regions form rinsing aggregate acquisition points located closest to the straight line 
sections that approximate the coast line [12, 13] (Fig. 1b). 

a) b)

Figure 1.  Exemplary Voronoi diagrams: a) classic on the Euclidean plane; b) for the sections of the 
river border, the polygon indicating the optimal division of the river section into the regions for the 
extraction of the rinsing aggregate [13]. 

Figure 2. Voronoi diagram and a circle of range; a) the range (sum of all circles hatched in blue)  of  a 
set of points in the Euclidean plane, an area highlighted in red is out of range of a set of points; b) a 

a) b) c) 
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graph tree interpretation of  a circle of range, where the lengths of graph ridges express the distances 
[km] of the vertices: 1,2,3,4,5,6,7 from the centre;  c) a radar graph, where the radii of appropriate 
Euclidean circles denote the distances [km] of the vertices: 1,2,3,4,5,6,7. 

Transport of ready-mix concrete requires exceptional time discipline. Therefore, when planning the 
transport of ready-mix concrete to the construction site one should take into account not so much the 
distance, but the required time. Then, we are interested in the "distance in time" between the place of 
production and the construction site, taking into account the mode of transport (means of transport, 
route, time of day, load-bearing capacity of roads…) [14]. This problem is particularly acute in 
congested cities, where pouring of concrete is often done late in the evening and at night. Delivery of 
concrete does not need to be done in minimal time, but it should take place within a certain time 
allowed; otherwise the project does not make sense. Therefore, thorough examination of possible 
routes and delivery times remains crucial. Thus, we are ultimately dealing with ‘distance in time’. For 
such a time distance, beyond the Voronoi diagrams, we introduce circles of range (Fig. 2) – formally 
spheres in a metric space (b).   

3.  Graph of a tree structure and radar chart 
In consideration of the location of ready-mix concrete production plants we use precisely the time 
distance, which is a function defined in a form of a graph and dependent on many parameters: traffic, 
time of day, road conditions, load-bearing capacity of the road. To observe  mathematical accuracy, 
for the sake of simplification, we will talk about time-distance, or about  the time needed to cover a 
certain distance. An interpretation of the circle of range (or a sphere in a metric space) in the space 
with such a "distance" was shown in Fig. 2 from two perspectives. The first in the form of a graph tree, 
where the root of branches [8, 10] is the center of the circle, while the vertices of the graph  are all the 
points where the time distance from the center is less than the projected size of the " time radius". The 
second – in the form of the so-called radar chart, or a polygon shown in the Euclidean plane. The 
distances of the vertices of the polygon (1, 2, 3, 4, 5, 6, 7) from the center indicate the distances [km] 
which can be covered in time which equals the ‘time radius’. One could say that the circle of time is a 
polygon in the Euclidean space. 

4.  Supply chain of ready-mix concrete 
Supply chain of ready-mix concrete is a combination of the companies involved in the production of 
ready-mix concrete, its transport and laying the mixture in the construction element. 

Environment  
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Figure 3. The logistic and production structure of the concrete works [19]. 

Supply chain of ready-mix concrete is usually a serial structure (Fig. 3). It involves the following 
nodes: 
� The O-A node: preparation, production and loading of concrete mix onto trucks and the required 
time tzal,  
� The O-B node: long-distance freight of ready-mix concrete and the required time ttrd, 
� The O-C node: unloading, handling and pouring of concrete mix and the required time troz. 

Supply chain of ready-mix concrete should meet the following technological and organizational 
conditions [19, 20]: a) harmonizing the capacity of individual nodes of the supply chain; b) achieving 
high quality of the processes  in the individual nodes; c) ensuring the continuity of the process of 
pouring concrete at the specific location, and thus ensuring the continuity of ready-mix concrete 
supply; d) observing the so-called "timing condition" (as a special technological requirement). The 
elapsed time from the completion of the ready-mix concrete to the completion of laying in the 
concreted piece must not exceed the permissible time (tdop) – time of concrete binding: 

tzal + ttrd + troz < tdop. 

4.1. Distance-limited diagrams – case study

Figure 4. Operating range of ready-mix concrete plant F (Elewatorska Street in Bialystok) 
determined for: a) complex graph-tree; b) radar chart for transport times: 5 min (green), 10 min 
(blue), 15 min (orang), 20 min (red) between  900 and  1430. 

a) 

a) b)
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4.1.1. Using the concepts introduced and defined in chapter 1 based on the Voronoi diagrams 
concerning the distance and the circles of range, the authors have determined the zones of operating 
range of concrete plants located in Bialystok. When determining the operating range zones, a distance-
time criterion is used to determine the distance which a transit mixer can cover within a given time, in 
given ambient conditions. In the case of large urban areas, the primary factor characterizing 
environmental conditions is the time interval (time of day) in which the transport takes place. 

4.1.2. Figure 4 shows the range areas in two forms: as a graph tree and  a radar plot. These graphs 
concern the concrete plant F located at Elewatorska Street in Bialystok in the time interval  900÷1430. 

4.1.3. Figure 4a shows the graph in a form of a tree with its root at the point of the ready-mix concrete 
plant mentioned above. The numbers on the "tree branches" correspond to the vertex numbers of the 
base graph. Each vertex is assigned a specific point on the map. Using this graph representation, we 
are able to determine the "fastest" (the shortest) path to any vertex on the graph.  

4.1.4. Figure 4b shows a graph with a central point being the counterpart of the discussed ready-mix 
concrete plant with radii pointing to the vertices on the graph. Numbers at the ends of the radii 
correspond to the numbered vertices on the graph. Using this graph representation one can quickly 
find the journey times for any vertex on the graph.

Figure 5. The Voronoi Diagram, referring to the location of seven ready-mix concrete 
production plants in Bia�ystok, prepared in the "metric" with the time- distance specified on the 
directed graph  (distance in time, measured between: a) 14.30-16.30 hours; b) between16,30-
22,00 hours) . The graph is marked with numbered vertices (the number in a rectangle drawn 
with a bar line) and segments connecting these vertices, i.e. the edges of the graph.

4.1.5. Figure 5 shows the Voronoi diagram referring to the location of seven concrete production 
plants in Bialystok. Letters A ÷ G indicate the areas in which the time of delivery of concrete by the 
ready-mix concrete plant (located in the area) is the shortest. A – the area served by the ready-mix 
concrete plant BUDMAX; B – the area served by the ready-mix concrete plant RAK BUD 2, C – the 
area served by the ready-mix concrete plant Thomas Beton; D – the area served by the ready-mix 
concrete plant RAK BUD 1; E –the area served by the ready-mix concrete plant BOSTA Beton; F –the 
area served by the ready-mix concrete plant Kombinat Budowlany i and RABET, G – the area served 
by the ready-mix concrete plant CEMEX.   

a) b)
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Figure 6. The operating area of the ready-mix concrete plant RABET located in Elewatorska 
Street in Bia³ystok, designated for transport times: 5 min (green), 10 min (blue), 15 min (orange), 
20 min (red), between 900÷1430 hours,  determined for the composed graph. 

4.1.6. Figure 6 shows an example of the operating areas of the ready-mix concrete plant located in 
Elewatorska Street in Bialystok, designated for transport times: 5 min (green), 10 min (blue), 15 min 
(orang), 20 min (red), between 900÷1430  determined for the composed graph. 

5.  Conclusions  
1. The presented analysis of the supply chain in the field of concrete mix transport is also a 

proposal for concrete creation of concrete operating areas for the managers of production and 
supply of concrete in any city. 

2. The proposed method of selecting concrete transport route, using metric space theory and 
Voronoi diagrams, is a modern tool for optimizing road connections (time) from the concrete 
plant to the installation site. 

3. The operating areas of a concrete batching plant illustrate the possibility of providing potential 
demand for concrete mix in the city at various time intervals. 

4. In the analyzed example, the operating ranges show that the current distribution of the 
concrete mix production nodes fully covers the demand in the city area. 

5. The analysis showed that all concrete plants were able to transport concrete without delaying 
admixtures within the city within 20 minutes (long distance) at any time of the day. 

6. The procedures used in this work, geometric concepts, time intervals (time of day), 
methodology of measuring, recording and compiling travel times can serve as a reference for 
similar types of analysis. 

7. An illustration of the route of transport of concrete mix (in the example shown) indicates the 
high frequency of use of both city bypasses passing through the tunnel and viaduct. This is 
confirmed by the use of two metrics: the railway (viaducts as two major nodes) and the 
metrics "river" ("river" as bypass). 
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