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Abstract. From periodically cutting off rods in square lattice grids, we give an easy and
feasible way to generate elastic band gaps (BGs) in it. We define the model of the periodical
cut-off (PCO) square lattice grid, and study the frequency dispersion relation and the motion
modes of rods, as well as the frequency responses. On this basis, we confirm that the PCO
operation is feasible to generate BGs in square lattice grids. Furthermore, the BGs generated in
PCO square lattice grids are basically locally resonant BGs with low frequency ranges which
attributes to the motions of exposed cantilevers.

1. Introduction

Lattice grids are cellular structures composed of periodical cells, and usually used in solar panels,
interstage of spacecraft launcher [1], aircraft fuselage and wing [2], for the merits of high specific
stiffness and specific strength. Several types, including square lattice grid, triangular lattice grid,
hexagonal lattice grid, kagome lattice grid, reentrant lattice grid, etc. are often adopted [3]. For now,
the static properties of lattice grids are studied a lot, including various material properties depending
on periodical structures [4], buckling [5], fracture [5], etc. Besides, the versatility of lattice grids in
vibration insulation, energy absorption [7], heat dissipation, etc. also has been borne in upon
researchers recently, for wide prospect in applications. However, the study on the versatility of lattice
grids is still rare, and should be paid more attention. We mainly focus the characteristic of controlling
elastic waves.

Recently, the propagation of elastic waves in periodical structures or materials has been received
much attention [8-14]. In specific periodical structures or materials, elastic waves fall into some
frequency ranges, which are called band gaps (BGs), cannot propagate. The periodical structures or
materials are the so-called phononic crystals (PCs). Due to the BG characteristics, PCs could have
many applications such as high-precision mechanical systems [9], noise control [15], vibration control
[16, 17], vibration reduction [18], transducers and wireless communications [19]. Clearly, lattice grids
with periodical structures could bring BG characteristics for elastic wave control. Based on the PC
concept, the propagation characteristics of elastic waves in lattice grids has been studied, including the
BG range [20], BG control [3, 21], as well as directional propagation of elastic waves [22, 23].
However, the current studies are still not enough to support actual applications, for the BG ranges are
hard to meet the actual requirements. So the BGs regulation and control method urgently need
breakthrough.
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Actually, for general PCs, BGs regulation and control have some measures, which are mainly
based on the changes of material properties and distribution, lattice type and size, etc. Specifically, by
means of some materials which could easily control properties, such as piezoelectric material [24],
electrorheological material [25], magnetostriction material [26], BGs could be controlled. Furthermore,
rotating the scatterers or adding scatterers in cells [28] could help to changing the material distribution.
Additionally, changing the deformation form by external effects could change the lattice size or even
lattice type, so the BGs could be changed [29, 30]. While the most of these measures are hard to
implement in lattice grids, because one kind of actual lattice grid is generally made by just one
material, and the BGs characteristics are just determined by the periodical geometry. So when a kind
of certain lattice grid is given, how can we change the propagation characteristics of elastic waves in it?
Specifically, BGs are hard to show for square lattice grids. And how can we do to obtain BGs in
square lattice grids by using simple methods? We think periodically cutting off particular rods in
square lattice grids is an easy and feasible way to realize. Cutting off rods in square lattice grids in
periodically pattern, could not only reduce the stiffness of structure, but also change the mass
distribution of structure due to the exposed cantilevers, so the frequency dispersion relation would be
changed, and BGs might be obtained.

In this paper, firstly, we define the model of the periodical cut-off (PCO) square lattice grid, and
study the elastic BGs characteristics in it. Then we determine the BGs mechanism from analysing the
frequency dispersion relation and motion modes in it. The influence of the cantilever length on BGs is
also illustrated. Finally, we give the frequency response analysis of the corresponding finite specimen
to support our conclusions.

2. Model

Figure 1 shows the original square lattice grid and the PCO square lattice grid. The PCO operation is
implemented according to the square lattice type, so the PCO square lattice grid still maintains the
square lattice type. The original square lattice grid has the lattice constant of a, while the lattice
constant of PCO square lattice grid is twice as that of the original square lattice grid. Actually, there
could be several different kinds of PCO operations which just need to meet at least two requirements:
(1) the PCO lattice grids should still maintain some kinds of periodicity, but not necessarily the same
as that of the original lattice grids; (2) the PCO lattice grids should not disintegrate into pieces. Here
we just consider one kind of PCO square lattice to study the effect and mechanism of PCO operations
on square lattice grids.
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Figure 1. (a) The square lattice grid, (b) PCO square lattice grid and (c) irreducible Brillouin zone

Clearly, the PCO operation generates several cantilevers which vertically stretch from the middle
position of each rod. We can change the length of the cantilever d by adjusting the size of cut-off parts.
Because the exposed cantilevers lose the load-carrying ability, thus the stiffness of PCO square lattice
grids must be lower than the original square lattice grids. In spite of this, the cantilevers still have the
mass effect. Moreover, the lattice constant increases after the PCO operation. These three factors make
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it possible to change the propagation characteristic of elastic waves in it. Cantilevers must be the key
to generate the elastic BGs in PCO square lattice grids.

3. Elastic BGs

The frequency dispersion relations of lattice grids could be calculated by the finite element method,
the details could be seen in [31]. We just consider the propagation of in-plane waves. Here, we use the
normalized frequency f7fo to describe the frequency dispersion relation and BGs ranges of PCO square
lattice grids, where f) is the basic frequency of the simply supported beam constructed by the rod in
lattice grid. fo=n (EI/p;)"*/2I%, where [ is the length of the rod, EI is the flexural stiffness of the rod,
pi=pS is the line density, p is the material density, S is the cross section area of the rod. Because of
using the normalized frequency, the results below could be independent on the material type. In other
words, the PCO square lattice grids with identical construction have the same frequency dispersion
relations; even they are composed of different materials. So it is more convenient to study the
influence of geometry construction on BGs. Here we choose the cross section of rod as the square
shape, which is easy to manufacture. Actually, the cross section of the rod could be any shape, and just
need to be the same at any position of rod. Let the square cross section width be 4, so the slenderness
ratio of rod cold be defined as y=//b. In this paper, we just analyze the case of y=10. Specifically, we
set /=0.07 m and d=0.06 m, in order to more conveniently find the influence of cantilevers and the
mechanism based on the case of relatively long cantilevers. The cells and the corresponding Brillouin
zone are shown in figurel.

In order to comprehensively illustrate the changes of frequency dispersion relation and BGs after
cut, we calculate the frequency dispersion relations of the PCO square lattice grids with partial
cantilevers left (¢=0.06 m) and no cantilevers left (d=0), as well as the original square lattice grid. The
comparison is shown in figure 2. Clearly, the original square lattice grid and the PCO square lattice
grids with no cantilevers left both have no BGs in the concerned frequency range, which also verifies
the fact that the square lattice grid is hard to obtain BGs. The difference is the latter one has bigger
lattice constant, thus its frequency dispersion curves are compressed to low frequency direction. While
the PCO square lattice grid with partial cantilevers generates two BGs, which cover the ranges of
0.39~0.40 and 0.48~0.53.

T

Figure 2. Frequency dispersion relations of the original square lattice grid (Ieft), PCO square lattice
grids with partial (middle) and no (right) cantilevers. The shadow zones are the BGs ranges.

Definitely, the PCO square lattice grids with or without partial cantilevers have the similar features
in frequency dispersion curves. Because the two cases have the same lattice constant, as well as the
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load-carrying skeleton and material. But, several new relatively flat curves occur in the case of PCO
square lattice grid with partial cantilevers, which could only be attributed to the existence of
cantilevers. The motion modes of a cell of the PCO square lattice grid with cantilevers at certain wave
vectors on frequency dispersion curves (table 1) support the conclusion. The 1** BG locates between
the 4™ and 5™ order curves, and the frequencies corresponding to wave vector X determine the 1% BG
range. The longitudinal motions of cantilevers and flexural motions of skeleton are shown at wave
vector X in 4™ order curve. While the flexural motions of cantilevers are shown at wave vector X in 5"
order curve. The discrepancy of cantilever motions leads to the 1** BG. Similarly, the 2™ BG is
generated. While the motions which determine the 2™ BG are both flexural modes of cantilevers,
which but behaves different types. However, the 1% BG is too narrow to work. Actually, when we cut
off longer parts, the 1 BG disappears. So the 2" BG is really worth considering.

Table 1. Motion modes of a cell of the PCO square lattice grid with cantilevers at wave vector X

4™ order 5" order 6™ order 7™ order

Due to the cantilevers motion at the lower limit of the 2™ BG are the pure first flexural mode in the
same direction, we think the first flexural motion of cantilevers determines the lower limit of the 2™
BG. The natural frequency corresponding to the first flexural motion of cantilever is given as
£i=1.875%(Ellp))"*/2nl*. So we get the normalized frequency fi/fs is 0.48, which matches the lower limit
of the 2™ BG. Evidently, the cantilevers indeed determine the lower limit of the 2nd BG. The
conclusion also support that the 2™ BG is generated by the localized resonance of cantilevers. So the
PCO square lattice grid is actually a localized resonant PC, although it is composed of just one
material.
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Figure 3. The start (square) and end (circle) frequencies of the BG of the PCO square lattice grid with
different lengths of cantilevers.

For verifying the above conclusions, we also calculate other three cases with cantilevers lengths of
0.05 m, 0.04 m and 0.03 m, and give the corresponding BG ranges with different cantilevers lengths,
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which are shown in figure 3. Surely, the lower limit of the BG is determined by the first flexural mode
of cantilevers. The longer cantilever leads to the lower natural frequency. So the longer cantilever case
gives the lower BG frequency. Additionally, the BG range changes with the change of cantilever
length, while the difference is little.

After the theoretical analysis of infinite PCO square lattice grids, then we study the practicable
finite cases, to find the feasibility of BG regulation and control from PCO operations. We choose the
specimen with 8%x6 cells which is shown in figure 4 (a). We just focus the wave propagation along the
I'X direction which corresponds to the frequency dispersion curves between I'X. We apply the
harmonic displacement impulses which sweep over the normalized frequency range of 0~0.6 to the left
end of specimen, and then get the frequency responses at point A on the other end. Two kinds of
impulses which correspond to the in-plane longitudinal and transverse vibrations are applied and
marked as I and II in figure 4 (a). Figure 4 (b) illustrates the frequency responses at point A. The
shadow area shows the both distinct attenuation areas of the two kinds of impulses, which is the actual
BG range. Clearly, just the above mentioned 2™ BG exists in frequency response results. The 1% BG is
too narrow to show. The actual BG covers the range of 0.47~0.54, which matches the theoretical BG
result very well. The results verify that the square lattice grid indeed generates BGs after PCO
operations. Additionally, the PCO square lattice grids could give relatively low frequency BGs based
on the locally resonant mechanism, which could be used in many potential applications.
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Figure 4. (a) Finite specimen of the PCO square lattice grid. The in-plane longitudinal (I) and
transverse (II) vibration impulses are applied. (b) The frequency response is obtained at point A. The
overlapping of curves of transverse (dash) and longitudinal (solid) vibrations gives the actual BG.

4. Conclusions

In summary, we mainly define the model of PCO square lattice grid, and study the mechanism and
properties of elastic BGs in it. We confirm that the PCO operation is feasible to generate BGs in
square lattice grids. Furthermore, the BGs generated in PCO square lattice grids are basically locally
resonant BGs with low frequency ranges which attributes to the motions of exposed cantilevers. The
lower edge of the locally resonant BG could be predicted by the natural frequency of first flexural
mode of cantilevers. One can easily control the BG location from adjusting the size of cut-off parts.
All the features make the BGs in PCO square lattice grids more feasible in applications.
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