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Abstract. Steady state deformation has been characterized based on the experimental results 

for dilute single-phase aluminium alloys. It was found that although characteristic properties 

such as flow stress and grain size remained constant with time, a continuous loss of grain 

boundaries occurred as an essential feature at steady state. A physical model, which takes into 

account the activity of grain boundary dislocations, was developed to describe the kinetics of 

steady state deformation. According to this model, the steady state as a function of strain rate 

and temperature defines the limit of the conventional grain size and strength relationship, i.e., 

the Hall-Petch relation holds when the grain size is larger than that at the steady state, and an 

inverse Hall-Petch relation takes over if grain size is smaller than the steady state value. The 

transition between the two relationships relating grain size and strength is a phenomenon that 

depends on deformation conditions, rather than an intrinsic property as generally perceived. A 

general scale law of deformation is established accordingly. 

1. Introduction 

From early studies on face-centred cubic (fcc) crystalline metals and alloys it is known that stress–

strain curves exhibit well-defined stages and microstructure dependencies [1-3]. Extensive 

investigations have been conducted since that time to verify, characterize and model the mechanical 

response and microstructural evolution in different stages of deformation. One of the widely addressed 

topics is work hardening behaviour, from the initial hardening stage (stage I) in association with easy 

glide by single slip and/or inhomogeneous slip due to Piobert-Lüders band propagation, to athermal 

linear hardening (stage II) and dynamic recovery related hardening (stage III and IV) [4-6].  Plasticity 

of crystalline materials is traditionally separated into two regimes, namely cold deformation at one end 

and hot deformation, including creep, at the other. Although the hardening in stage II does not usually 

take place at elevated temperatures, for both conditions the resistance to plastic deformation, i.e., flow 

stress (σ) and strain rate (έ) at a given temperature (T), reaches a steady state. In some metals and 

alloys, such as copper, nickel, and austenitic steels, stress oscillation may occur in the early stages of 

deformation due to recrystallization, but a steady state eventually follows and prevails. Irrespective of 

whether dynamic recrystallization occurs, the strain rate and temperature dependence of the steady-

state stress is often described by an empirical equation [7, 8]: 

�� = �(sinh
�)
 exp �− �
���,                                                   (1) 

where A, α and n are temperature-independent constants, and Q is the activation energy. At low 

homologous T and high σ, equation (1) reduces to a power relation, 
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�� = �′�
 exp(− �
��)                                                      (2) 

Similarly at high stresses it equation (1) reduces to an exponential relation 

�� = ������(��) exp �− �
���                                             (3) 

The constants α and n are related by β = αn. The transition between the high and low T regimes is 

called power-law breakdown, which is generally explained by the transition in the governing kinetics 

of dislocation storage and annihilation from climb at high T to glide-controlled spontaneous behaviour 

at low T. It is worth noting that the steady state is usually difficult to achieve under conventional 

tensile testing conditions since sample typically fail by cracking or necking before reaching this stage, 

but it can generally be achieved under hot rolling or torsion conditions. Creep is a case where a steady 

state can be obtained, particularly at elevated temperatures. In the last two decades, the exploitation of 

severe plastic deformation technologies has made it clear that steady state deformation occurs 

exclusively even at the liquid nitrogen temperature [9, 10]. 

It is often observed that the average dislocation density and subgrain size are constant with 

straining at the steady state [11]. There have been a number of models describing the evolution of 

microstructures at the steady state. For instance, the model proposed by Mecking and Kocks [12] and 

the one developed by Gottstein and Argon [13] predict the average dislocation density and the flow 

stress at the steady state of both constant strain rate test and creep test. A three parameter approach 

proposed by Nes [5] and Marthinsen and Nes [14] describes the steady state in terms of the subgrain 

size, the dislocation density inside the subgrains, and the subgrain boundary dislocation density or the 

subgrain boundary misorientation. There are also models that take into account dynamic 

recrystallization in the deformation processes, which involve stress oscillation due dynamic 

recrystallization [15-17]. An essential assumption in all these approaches is that the dislocation density 

at steady state is constant. 

Although the steady state microstructure only depends on the instantaneous values of strain rate 

and temperature, not on their history, the dynamic response of microstructure to strain on the pathway 

to the steady state is strongly dependent on the characteristic grain size of the material. For coarse-

grained materials, the yield stress is inversely proportional to the square root of grain size as described 

by the famous Hall-Petch (H-P) relationship [18,19]. The relationship holds for a wide range of 

polycrystalline materials with grain sizes ranging from the millimetre scale down to the sub-

micrometer scale, and also holds for the dependence of flow stress on the deformed grain/subgrain 

structure during deformation [20]. However, an inverse H-P relationship has alsobeen reported for 

nano-grained materials [21, 22], where the strength of material is found to decrease with a decreasing 

grain size. Evidence for this switch from a normal H-P relationship to an inverse H-P relationship has 

been frequently observed in nanograined materials and it is widely accepted that the inverse H-P 

relationship is related to the intrinsic behaviour of crystalline materials as the grain size approaches a 

true nanoscale [23-26]. The explanation of the two regimes for the strength and grain size relationship 

has been mainly associated with the “high energy” character and high volume fraction of grain 

boundaries at nanoscale. The switchover from one regime to the other is often arbitrarily related to an 

absolute grain size rather than rationalized through mechanism analysis. 

Steady state deformation presents a dynamic but definite correlation between flow stress and 

microstructure. This is probably the main reason for its attraction to materials scientists as it is 

amenable to detailed microstructural analysis and mathematical modelling. However, the nature for 

the establishment of a steady state is not properly understood, the characteristic microstructural 

features are not properly described and its fundamental importance is ignored. This paper aims to 

demonstrate that the essential and widely accepted assumption that the steady state is determined by a 

balance between dislocation accumulation due to work hardening and elimination due to dynamic 

recovery, based on which most analyses and modelling of steady state deformation are developed, is 

incorrect. A new model of steady state deformation will be put forward in consideration of the 

operation of grain boundary dislocations, which further leads to the establishment of a scale law of 

deformation.  
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2. Grain boundary loss at steady state 
Steady state deformation occurs as a dynamical balance between the applied stress and microstructure 

is approached, where the microstructure is characterized by a constant grain/subgrain size and constant 

dislocation density. However, the total grain boundary area is not constant and, in fact, there is a 

constant loss of grain boundaries at steady state. This phenomenon has been long observed and 

recognized [27] but its paramount importance is overlooked and ignored in understanding the active 

deformation mechanisms. In plastic deformation, there is always a loss of dislocations from the 

interior to the surface, which makes the physical deformation possible. At steady state, the widely 

accepted concept that the generation of dislocation due to deformation is balanced by dynamic 

recovery leads to the miscalculation of a significant amount of dislocations. The amount of 

discrepancy is the total amount of dislocations moved out to the surface.  

Geometrically, grains are required to change shape in proportion to the external shape change 

during plastic deformation. In the case of plane strain compression (PSC), for example, the 

geometrically required grain size in the compression direction (DG) can be related to its initial value of 

D0 and the accumulative true strain (εt) by [28]  

�� = � ���(−�!)     (4) 

The actual grain size tends to follow the above relation in the early stages of deformation, 

particularly at cryogenic temperatures, but rapidly deviates from it at high strains. Steady state 

deformation is an extreme condition where grain size remains constant and independent of strain. This 

means that there must be a loss of grain boundaries in order to compensate the grain size reduction due 

to geometrical compression described by Equation 4. The fraction of the lost HAB area (fL) relative to 

the initial grain boundary area is determined by the total strain (εt), 

"# = 1 − �%&% � exp(−�!),                       (5) 

where D is the instantaneous grain size. The grain boundary area loss at steady state is  

"' = 1 − exp	(−�))                         (6) 

where εs is the accumulative strain at the steady state. It can be extrapolated from equation (6) that at 

very high strains, fL is close to 1, i.e. most grain boundaries are eliminated from the material. This can 

be understood by envisaging a case where the workpiece thickness is equal to the grain size and there 

are no grain boundaries between the surfaces, except those aligned parallel to the compression 

direction. 

The constant dislocation density assumption apparently can neither explain the constant grain 

structure nor the loss of grain boundaries. Thermally activated competitive coarsening between grains 

may do and needs to be examined. In order to remain at a constant grain size, grain boundaries must 

migrate during deformation at a rate equal to that of their compression, VC, which can be related to 

strain rate, , by 

*+ = ,�/,. = ���                                                       (7) 

The analysis of data obtained from an Al-0.1Mg alloy showed that the velocity was significantly 

too high to be explained by any possible mechanisms of grain boundary migration [29, 30]. In a 

previous study, an Al-0.1Mg alloy was firstly deformed to a true strain of 10 by equal channel angular 

extrusion at room temperature and then deformed by PSC to strains where a steady state was well 

established at temperatures from 77K to 473K and at a strain rate of 10
-2 

s
-1

. The steady state grain size 

was measured by EBSD and the “boundary migration rate” was estimated according to equation (7), 

which is plotted against inverse temperature in figure 1. In the range of 77-273K, the apparent 

activation energy, determined from the slope of this plot, was as low as ~ 1 kJ mol
-1

. Above 373K the 

slope gives an activation energy of ~ 60 kJ mol
-1

. Velocities predicted by all possible boundary 

migration mechanisms, including curvature driven, stress and vacancy assisted migration and solute 

breakaway mechanism, are also plotted in the figure but none of these fit the measured values.  

εɺ
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Figure 1.  Estimated high angle boundary migration rate in the compression direction as a function of 

reciprocal temperature during PSC of an Al-0.1Mg alloy. 

 

The boundary migration rate (V) is usually assumed to be proportional to the driving pressure (P), 

i.e., V = MP, where M is the boundary mobility. For conventional diffusion controlled boundary 

migration driven by boundary curvature [11],  

* = /
012 exp �− �

���,    (8)      

where r is the radius of curvature, γ the boundary energy, Mo the mobility coefficient and Q the 

activation energy. Using parameters determined from static grain growth experiments at 423 -773K for 

the same alloy (Mo = 0.1 m
4
J

-1
s

-1
, Q = 130 kJmol

-1
) [31, 32], taking γ = 0.32 J/m

2 
and r = D/2, 

velocities calculated from equation (8) are lower than the experimentally determined rates (VC) by a 

factor of 10
10

 at 298K, and by progressively larger amounts at lower temperatures, being ~ 10
74

 times 

slower at 77K. The effect of elastic energy differences between neighbour grains has been discounted 

in the literature due to the low anisotropy of Al crystals. Estimates using variations in the Taylor factor 

result in a driving pressure 10-30 times below that due to boundary tension. Equally, dislocation 

density is low in ultra-fine grained materials and does not provide a significant additional pressure for 

boundary migration. In any event, no realistic increase in the average driving pressure can account for 

the many orders of magnitude difference in boundary migration rates between observations and 

predictions at low temperatures. It has been claimed that high transient vacancy concentrations can be 

generated during severe deformation [33, 34] and enhance boundary migration. However, an abundant 

flux of vacancies would only reduce the vacancy formation part of the activation energy [35] and 

cannot explain the behaviour below room temperature. An additional possibility is that highly 

disordered grain boundary structures under dynamic conditions could have increased boundary 

mobility [36]. However, much higher apparent activation energies should be observed if such effects 

took place substantially.  

Overall, none of the above reviewed mechanisms can explain the measured dynamic recovery rate, 

particularly at low temperatures. The conventional thermally activated boundary migration model 

therefore seems inappropriate under these conditions. 

3. Grain boundary dislocation in operation 
The operation of grain boundary dislocations is considered to be a feasible mechanism that can explain 

both the deformation and microstructural evolution at steady state. Dislocation emission from GBs is a 

long recognized and an experimentally verified phenomenon [37-41]. GB dislocation emission can 

lead to the decrease in boundary misorientation and even the elimination of the boundary. The 

merging of two adjacent grains due to orientation convergence can be an example of this, which gives 
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rise to the development of textures, in addition to well addressed dislocation density dependency of the 

misorientation of low angle boundaries [11].  

Figure 2 shows microstructural evolution during in-situ tensile deformation at 315°C and 

2.5 × 10
-4 

s
-1

 in an Al-0.05Si alloy that was previously deformed in compression in a channel die to a 

reduction of 70% at 300°C. The electron backscatter images in figure 2 were taken from the same area 

during deformation between strains of 0.24 to 0.28, where steady state deformation was established. In 

this small strain interval, grain coalescence and subdivision is observed together with other features 

such as grain rotation. It can be seen from the figure that grain boundaries A and B disappeared in-situ 

without the involvement of migration and grain C was subdivided into several grains. The two 

mechanisms operated simultaneously and the steady state was maintained. The range of boundary 

misorientation involved was not clear but the observation confirms that strain-induced misorientation 

reduction and boundary elimination does occur.  

 

 

Figure 2. Electron backscattered images of grain structures taken from the same area during steady 

state deformation of an Al-0.05Si alloy at 315
o
C and 2.5×10

-4
s

-1
 to strains of: a) 0.24, b) 0.26 and c) 

0.28. 

4. A new model of steady state deformation 

It is the author’s hypothesis that GB dislocation emission takes place at all stages of deformation 

including initial yielding. Before approaching steady state, dislocations emitted from grain boundary 

sources interact with dislocations inside grains and other obstacles. Their further glide and 

multiplication is controlled by the Frank-Read source mechanism [42]. The flow stress is primarily 

determined by the dislocation mean free path L, which is the distance travelled by a dislocation 

segment of a certain length before it is stored by interaction with the microstructure [43], 

3 = 3 + 
56/7     (9) 

where the constant α = 1 for edge dislocations and 0.5 for screw dislocations, G is the shear modulus 

and b the Burger’s vector. The mean free path, L, is related to average dislocation density (ρ) by 

ρ = L
-2

.   Apparently, if L and the square root grain size are linearly correlated, the observed H-P 

relationship can be explained more straightforwardly. 

At the steady state, the dislocation mean free path and average grain size are convergent and the 

former reaches its minimum. For grains that are smaller than the average size, dislocation 

multiplication from a F-R source is not possible because the applied stress cannot overcome the 

tension of a dislocation segment that is smaller than the minimum dislocation mean free path. 

Dislocations emitted from grain boundary will be free to glide. The boundary dislocations are 

ultimately pushed into the surface of the material and consequently deformation takes place. As 

discussed above, a grain boundary reduces it misorientation and vanishes as a result of dislocation 

emission. The elimination of grain boundary due to dislocation emission will result in grain size 

increase, compensating the effect of external shape change. On the other hand, grains that are larger 

than the average steady state size can still accommodate F-R sources and deformation is dominated by 

dislocation glide and multiplication via the bowing out mechanism from the F-R sources. Their sizes 

decrease following equation (3) approximately if no new boundaries are generated within them. It is 

thus the balance between the operation of intragranular and GB dislocation sources that gives rise to a 
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constant grain structure at the steady state. A new model of steady state is therefore proposed with the 

features described below. 

• The steady state is the ultimate destination of flow stress and microstructure. 

• The average grain size at the steady state (Ds) is determined by the minimum dislocation mean 

free path for given strain rate and temperature.  

• There is always a distribution in grain size. For grains D > Ds, F-R sources operate while for 

grains D < Ds, GB dislocation sources dominate. 

• The operation of F-R sources results in the decrease in grain size, while the operation of GB 

dislocations leads to the loss of GBs and an increase in grain size. 

• F-R and GB sources are balanced, giving rise to a constant flow stress and grain size.  

5. A new model of GB dislocation glide 
It is proposed that a segment of dislocation emitted from grain boundary glides by the migration under 

the applied stress of its terminating points at the grain boundary or grain boundaries, from which it 

originates, i.e. its GB ends,. This is a new mechanism for dislocation movement, only suitable for GB 

dislocation sources as there is no involvement of dislocation multiplication in the process. Figure 3 

shows the essential elements involved in this dislocation glide process, including a segment of 

dislocation line L ending at grain boundary points A and B, and intersecting with the grain boundary at 

an angle (β),  the half opening angle relative to the dislocation glide direction (φ), and the curvature  

 

Figure 3. Geometrical model of dislocation glide by the migration of its GB ends. 

 

of the dislocation line (λ). The glide of a dislocation in the configuration depicted in figure 3 will 

result in the extension of the dislocation line. Since under a given applied stress the curvature of the 

dislocation line will remain constant, the extension of the dislocation will be realized only by 

transforming the GB dislocation into the grain. If the angle φ is negative, alternatively, which is 

realistically possible, the dislocation line will retract as the dislocation sinks into grain boundary. . The 

dislocation, including its GB ends, should have the same Burgers vector with the same combination of 

edge and screw components along its line. With the help of the principle of virtual work, the stress 

required to operate the dislocation segment by the migration of its GB ends can be derived as a 

function of geometrical and material parameters and a simplified relation is given as 

3 = 31 + 89
' 31:; −

<�;
=

8>?' =⁄
' ,    (10) 

where τr is the stress required to overcome lattice, solute and other distribution resistances inside the 

grain, w is the width of grain boundary, 31:; is the stress required to overcome resistance from the GB 

ends of the dislocation, and c = 1+sinβ-φ is a geometrical factor. The length of dislocation segment L 

is of the same scale as the grain size and its curvature λ is always larger than the steady state grain 

size. If 2c-L/λ is positive, which is safely met when φ is less than 0.5, the third term on the right hand 

side of equation (10) will be positive itself and it increases with decreasing L or grain size. Thus 

equation (10) predicts a proportional relationship between flow stress and grain size, i.e. that the stress 

increases with increasing grain size.  
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The model presented here demonstrates the basic concept of GB dislocation operation as a key 

mechanism of deformation at steady state, or in the pathway to the steady state, when the grain size is 

smaller than the steady state size. There are, however, several fundamental issues yet to be addressed 

to complete the full picture of this process. These include the activation and initiation of GB 

dislocations, and the relationship between GB dislocation density and misorientation. The annihilation 

of GB dislocations must occur, but dislocation emission is considered to contribute to deformation. 

There is also an issue whether all GBs are consumable by dislocation emission/annihilation as not all 

of them are “dislocation boundaries”. Indeed, most GBs cannot be simply constructed by the 

configuration of dislocations as basic elements. However, the total loss of GB area in the Al-0.1Mg 

alloy deformed at room temperature by PSC to a true strain of 2.8, as part of the investigation on the 

same alloy as described above, was estimated by equation (5) to be about 90%. It is thus not 

unreasonable to assume that all GBs are consumable by dislocation operation. 

6. A universal scale law of deformation 
Equation (10) is considered to be a special form of an inverse Hall-Petch relationship, with respect to 

the dependence of material strength on grain size at its lower end. It has been widely claimed that an 

inverse H-P relationship only occurs when the grain size is refined to a real nanoscale, for example 

10 nm. Logically, it is unconvincing to describe a behavioural change as a function of scale using the 

scale as a criterion. Actually, a strength-grain size dependence similar to the inverse H-P relation has 

been observed in creep and superplastic flow where the grain size covers a wide range of scales from 

nanometres to millimetres. Investigations on this topic have not yet produced convincing evidence to 

demonstrate substantial differences for the proportional strength and grain size relationships observed 

in monocrystalline materials and most other situations such as creep and superplastic deformation.  

It is generally accepted and also the basis of the present discussion that dynamic responses of 

microstructure to plastic deformation are strongly dependent on grain size. Grain subdivision takes 

place during deformation of coarse grained materials, whereas equation (10) suggests that, starting 

from the other end with a grain structure smaller than that of the steady state, grain structure 

coarsening occurs during deformation. Equation (10) has a universal nature as it suggests that the 

switchover point, which is at the steady state, is determined by the deformation conditions, mainly 

strain rate and temperature but actual grain size, instead of concrete grain size. For a certain starting 

grain size, hardening occurs if the steady state size defined by the applied strain rate and temperature 

is smaller; otherwise, softening takes place. 

Summary 
A novel description of steady state deformation is provided in light of grain boundary loss with the 

support of experimental evidence obtained from the severe plastic deformation of an Al-0.1Mg alloy 

and SEM in-situ straining of an Al-0.05Si alloy. An analytical model of novel dislocation glide 

mechanism via the migration of grain boundary ends is proposed, which leads to the establishment of 

a universal scale law of deformation. 
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