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Abstract. This paper presents a model of deformation of hyperelastic reinforced
composite. The constitutive equations are derived using the free strain energy. The
numerical algorithm to solve such problems is compiled. A computational algorithm is
based on a finite element method.

1. Introduction

In different industries to increase structural strength often use composite materials. Besides, in
biomechanics tissues can be described as composite materials with specific properties [13, 14]. Also
modelling of mechanical behavior of composite materials is important in contact mechanics [7]. There
are many different methods of calculating the structure of these materials [6, 27-30]. It is a promising
improvement and development of new techniques. In this paper, an algorithm for calculating a
composite material structure is considered with hyperelastic properties. Many papers are devoted to
research of hyperelastic isotropic continuum [1-5, 812, 25, 26]. They lay down on the basis of this
paper. In the first part is considered the free strain energy function for hyperelastic reinforced
composite. The basic physical relations are constructed. A computational algorithm is described. The
second part is devoted to finite element discretization.

2. Constitutive relations
Hyperelastic reinforced composite material is characterized by a free energy function strain in the
form [20-22]:

Y(C A) =%Jf + 143, +add +2(p — 1), +§J§.

There A, g4, 14, ¢, f — the mechanical characteristics of the material determined from the
experimental [23, 24]. Where invariants are defined as follows:

1 1 5 1 1 2
J1=§tr[C—I], J, =Ztr[(C—I) ] 3 =§tr[A-(C—I)], J, =Ztr[A-(C—I) ]

They depended on the measure of the left Cauchy—Green deformation tensor and the structural
tensor of A, which describes the position of the fibers in the material. At the initial time:
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A, =8, ®4,,
a, — the preferential fiber orientation vector in the reference configuration. After deformation, the
fibers change their direction, and the tensor structure will

A=a®a3d,

where a — the preferential fiber orientation vector in the deformation configuration.
To create a physical relationship is used equation of the form [21, 22, 27]:

5‘I’=%S~-5C.

This implies that the second Piola—Kirchhoff stress tensor is defined as follows:

S=22—Z=%[ﬂtr(0—l)-l+2,ut(C—I)+a(tr(A-(C—I))+tr((C—B)-A)-I)+
+2(s —1)((C-1)-A+A-(C-1))+ ptr(A-(C-1)-A) .

To use the incremental method of calculation is necessary to define the stress increments, which are
calculated as a material derivative of the stress tensor by time. In the general case we can write [1, 3]:

o’y
oC?
After transformations the following expression:

S=2 ..C.

2
ZC\I; =A =%(}LI®I+2,utA+a(I®A+A®I)+2(,u, —1)A,+ BA®A),

1
where Ay, =§(5ik5j, +6,0}) — components of the 4th order tensor A, A, =A; A+ ApAngy —

components 4th order tensor A ,, which components depend on the fiber direction.
The equation of principle of virtual power in the initial configuration is written as

[ %(s -SE)V, = [ ,- 600V, + [ 6005,
Vo Vo s¢

where U — velocity vector of a material point; S; — part of the surface on which are defined forces;

f*

on — vector of surface forces, f, —vector of body forces.

A total Lagrangian formulation is used to solve this problem [27, 28]:

[ %(S.-5C+s-.5é)dvo = [, 600V, + [ £, 5005, (1)
Vo Vo s¢

3. Finite element discretization
An 8 node isoparametric finite element is used for computer implementation. We introduce
approximation geometry and velocities:

VIEN =D WNGED, 0 (E) =3 N (£),

t=1
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where Nt(ai)=%(1+a}al)(1+afa2)(1+§f§3) — interpolation function, —1<&! €% e3<1, Kyl —

coordinates of nodes, & =1 the coordinates of the respective nodes in the local coordinate system,

“v} — velocity of nodes.
Define the following components of the tensors

C”:Zy{“ysmNt'iNsyj, F'J:Zy;NM., F'JZZU;NM.
t=1 t=1

t,s=1
For the equation (1) we can write:

S.-.6C=S-(F -6F+5F'F)=A"--C--(F' -6F+6F'F) =
=A"-(F-F+F -F)--(F' -6F+6F" -F)=
= A O (N P PN + Ny By BN+ N By PN+ N Ry FUNG)SD!

1" mk" i 1" mk"rj t,k® ml*ori

S-+(F'-0F +6F" -F)=28,0"N,, 8uI'N,, = 20"S;0"N, ;N,;57"50]

SIr

since the second Piola—Kirchhoff tensor is a symmetric tensor.

[ £,-0aV, + [ &, -6vds, = (P} - {50},
Vo

S¢

1 - or 1 T ~
—E{V{(s--ﬁ:)dvo—v[ f -éudVO—s‘!;tOn-dudS}:E{H} {60}

After integration (1) we obtain a system of linear algebraic equations:

[kK]{Aka}:{AkP}+Ait{kH}. 2)

k+1

Solving equation (2), give the increment of the displacements A*G, *y' =*y' + A*u' and stresses

. ov
leZZm.

4. Conclusion

The paper is constructed procedure of investigation of hyperelastic composites. The constitutive
relationships are obtained for composite materials. The computational algorithm is created. A total
Lagrangian formulation is used. The basic equations are obtained for computational algorithm. The
numerical implementation is based on the finite element method.

Acknowledgments
The reported study was supported by Government of the Republic of Tatarstan research projects
No. 15-41-02557 and 15-31-20602.

References

[1]  Golovanov A I, Konoplev Yu G, Sultanov L U 2008 Uchenye Zapiski Kazanskogo Universiteta.
Seriya Fiziko-Matematicheskie Nauki 150 (3) 122—-132

[2] Golovanov A I, Konoplev Yu G, Sultanov L U 2010 Uchenye Zapiski Kazanskogo Universiteta.
Seriya Fiziko-Matematicheskie Nauki 151 (3) 108-120



11th International Conference on "Mesh methods for boundary-value problems and applications” IOP Publishing

IOP Conf. Series: Materials Science and Engineering 158 (2016) 012035 doi:10.1088/1757-899X/158/1/012035

(3]

[4]
(3]
(6]
[7]

(8]
[9]
[10]
[11]
[12]
[13]

[14]

[15]
[16]

Bonet J and Wood R D 1997 Nonlinear continuum mechanics for finite element analysis
(Cambridge University Press) 283

Davydov R L and Sultanov L U 2013 PNRPU Mechanics Bulletin 1 81-93

Golovanov A 1 and Sultanov L U 2005 International Applied Mechanics 41 (6) 614—620

Paimushin V N 2008 Journal of Applied Mathematics and Mechanics 72 (5) 597-610

Sachenkov O A, Mitryaikin V I, Zaitseva T A and Konoplev Yu G 2014 Applied Mathematical
Sciences 8 (159) 7889—7897

Sagdatullin M and Berezhnoi D 2014 Applied Mathematical Sciences 8 (35) 1731-1738

Sagdatullin M and Berezhnoi D 2014 Applied Mathematical Sciences 8 (60) 2965-2972

Sultanov L U 2014 Applied Mathematical Sciences 8 (143) 7117-7124

Sultanov L U and Davydov R L and 2014 Applied Mathematical Sciences 8 (60) 2991-2996

Sultanov L U 2015 Procedia Earth and Planetary Science 15 119-124

Sachenkov O, Kharislamova L, Shamsutdinova N, Kirillova E and Konoplev Yu 2015 IOP
Conference Series: Materials Science and Engineering 98

Shigapova F A, Mustakimova R F, Saleeva G T and Sachenkov O A International Journal of
Applied Engineering Research 10 (24) 44711-44714

Abdrakhmanova A I and Sultanov L U 2016 Materials Physics and Mechanics 26(1) 30-32

Davydov R L and Sultanov L U 2013 Sixth International Conference on Nonlinear Mechanics
(ICNM-VI) 64—67

Davydov R L and Sultanov L U 2015 Journal of Engineering Physics and Thermophysics 88(5)
1280-1288

Sultanov L U and Fakhrutdinov L R 2013 Magazine of Civil Engineering 44 (9) 69—74

Sultanov L U and Davydov R L 2013 Magazine of Civil Engineering 44 (9) 64—68

Spencer AJM 1984 Continuum theory of the mechanics of fibre-reinforced composites
(Springer Verlag GMBH) 284

Behrens B A, Rolfes R, Vucetic M, Reinoso J, Vogler M and Grbic N 2014 Procedia CIRP 18
250-255

Advani S G and Talreja R 1993 Mechanics of Composite Materials 29 (2) 171-183

Mortazavian S, Fatemi A 2015 Composites:Part B 72 116129

Vogler M, Rolfes R, Camanho P P 2013 Mechanics of Materials 59 50-64

Golovanov A I and Sultanov L U 2008 Russian Aeronautics 51 (4) 2008 362-368

Sultanov L U 2016 Lobachevskii Journal of Mathematics 37 (6) 787—793

Badriev I B, Banderov V V, Garipova G Z, Makarov M V and Shagidullin R R 2015 Applied
Mathematical Sciences 9 (82) 40954102

Badriev 1B, Banderov V V, Makarov MV, Paimushin VN 2015 Applied Mathematical
Sciences 9(82) 3887-3895

Badriev I B, Makarov M V and Paimushin V N 2016 Procedia Engineering 150(3) 1050—1055

Badriev I B, Garipova G Z, Makarov M V, Paymushin V N 2015 Research Journal of Applied
Sciences 10(8) 428435



