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Abstract. A sufficient condition for the existence of a minimal eigenvalue corresponding to a
positive eigenfunction of an eigenvalue problem with nonlinear dependence on the parameter
for a second order ordinary differential equation is established. The initial problem is
approximated by the finite element method. Error estimates for the approximate minimal
eigenvalue and corresponding positive eigenfunction are derived. Problems of this form arise
in modelling the plasma of a radio-frequency discharge at reduced pressure.

1. Statement of the problem
In the present paper we investigate the problem of finding the minimal eigenvalue A€ A,

A =[0,), corresponding to a positive eigenfunction U(X), x€Q, Q=(0,7), Q=[0,7], of the
following eigenvalue problem
—(P(As()U) =r(As(x)u, xe,

u(0)=u(x)=0. W

Assume that p(u), r(u), peA, and s(X), XeQ, are continuous positive functions, p’(z),
r'(x), pe A, are continuous functions, p(g), € A, is nondecreasing bounded, r(u), e A, is

nondecreasing unbounded.
For fixed € A, by y(u) we denote the minimal simple eigenvalue corresponding to a positive

eigenfunction U(X) =U,(X), X €€, of the parametric linear eigenvalue problem

—(p(us())U’) = y(p)r(us(x)u, xe€,

u(0)=u(x)=0. @

Then the minimal eigenvalue A of problem (1) is the minimal root of the following equation
y(u) =1, ueA 3)
In Section 2, assuming the condition p(&s;) >r(&s,) for some & € A, where S, and S, are the

minimum and maximum of the function S(X), X€Q, we prove the existence of a minimal simple
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eigenvalue of problem (1) being a minimal root of equation (3). In Section 3, we define a mesh
scheme of the finite element method for solving problem (1). We prove the existence of a minimal
simple approximate eigenvalue corresponding to a positive eigenfunction under the condition

p(&s,) >r(&s,) for some £eA and establish error estimates for the approximate minimal
eigenvalue and corresponding positive eigenfunction. These results develop the results of the paper

[1].

Problems of the form (1) arise in modelling the plasma of a radio-frequency discharge at reduced
pressure. The sufficient condition obtained in the paper defines a condition necessary for maintaining
a stationary inductive coupled radio-frequency discharge at reduced pressure [1-5].

Eigenvalue problems with nonlinear dependence on the parameter arise in various fields of science
and technology [6—18]. Numerical algorithms for solving matrix nonlinear eigenvalue problems were
constructed and investigated in [10,19-23]. Mesh methods for solving differential eigenvalue
problems with nonlinear dependence on the spectral parameter were studied in [24-28]. The
theoretical basis for the study of eigenvalue problems with nonlinear dependence on the parameter is
results obtained for linear eigenvalue problems [29-35].

2. Existence of solutions
Let H=L,(€2) denotes the real Lebesgue space with norm |.|,. By

V ={v: v, vV eH, v(0) =v(r) =0} we denote the real Sobolev space with norm |.|, . Here we use
the notation from [1]. For fixed x € A, we introduce the bilinear forms

V4

a(u,uv) = [ plus(UVX, bl u,v) = [ r(us(x))uvdx,
0 0
for U,veV and the Rayleigh functional R(z,V)=a(g,V,v)/b(x,Vv,v) for any veV \{0}. Put
K={v:veV, v(x) >0, xeQ}.
The differential eigenvalue problem (1) is equivalent to the variational nonlinear eigenvalue
problem: find minimal A € A and U € K, b(4,u,u) =1, such that

a(4,u,v)=b(1,u,v) VvveV. “4)

For fixed u € A, the differential eigenvalue problem (2) is equivalent to the variational linear

eigenvalue problem: find minimal y(4) and U=U, € K, b(z,Uu,u) =1, such that

a(u,u,v) =y ()b(u,u,v) VveV. (5)
Theorem 1. Suppose that pP(&s,) > r(&s,) for some &€ A, where S, and S, are the minimum

and maximum of the function S(X), X € Q. Then there exists a minimal simple eigenvalue of problem

(4) corresponding to a positive eigenfunction.
Proof. According to the variational characterization for the minimal simple eigenvalue of problem
(5), we derive

V4

J pEse)vyax fwyran
7(£)= min R(Z,v) = min > > p(gsl)ani{A}on _b(s)
E T Tresoowex TR Juge 1)

0 0
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By [1], y(u), pe€A, is the continuous function, and y(u) -0 as g —>oco. This implies the

existence of a minimal root of equation (3), which defines the minimal eigenvalue A of problem (4)
corresponding to a positive eigenfunction. Thus, the theorem is proved.

3. Approximation of solutions
Define the partition of the interval [0,7] by equidistant points X =ih, i=0,1,...,N, into the
elements € =(X_,,%), i=12,..,N, h=z/N. By V, denote the subspace of the space V
consisting of continuous functions v" linear on each element e, 1=12,.,N. Set
K, ={v": V" eV,, v'(x) >0, xeQ}.

The variational nonlinear eigenvalue problem (4) is approximated by the following finite-

dimensional nonlinear eigenvalue problem: find minimal A" € A and u" € K., b(A",u",u") =1,
such that

a(A",u" v") =b(A",u" V") W' eV,. (6)
For fixed @ € A, the variational linear eigenvalue problem (5) is approximated by the following
finite-dimensional linear eigenvalue problem: find minimal }/h (1) and u" = uz ekK,,

b(u, u", uh) =1, such that
a(u,u" V") =" ()b, u" V") W' eV, 7
Then the minimal eigenvalue A" of problem (6) is the minimal root of the following equation

() =1 peA ®)
Theorem 2. Suppose that pP(&s,) > r(&s,) for some &€ A, where S, and S, are the minimum

and maximum of the function $(X), X € Q. Then there exists a minimal simple eigenvalue of problem

(6) corresponding to a positive eigenfunction.
Proof. Using variational characterization for the minimal simple eigenvalue of problem (7), we get

a

j (vV')2dx

[ pEsOO) ax

h . h D P(ES) i p(cs,)
7"(&)= min R(&V")= min o > min &—— = >1.
VeV, \{0} Vi \{0} jr(gs(x))(v“)zdx r(&s,) vevio jvzdx r(és,)

According to [1], 7"(u), €A, is the continuous function, and " () =0 as g —>oco. This

implies the existence of a minimal root of equation (8), which defines the minimal eigenvalue A" of
problem (6) corresponding to a positive eigenfunction. Thus, the theorem is proved.
By C we denote various positive constants independent of h. For fixed 1z € A, we introduce an

operator P, (z): V —V, by the rule a(u,u—P,(1)u,v")=0 for any V" €V,, where ueV,
|u—PR,(u)u,<ch? Put P, =P, (1), ||v||§(m=b(y,v,v), veV, ueA.
By ]/ih(,u), uih(u):uih(y,x), XxeQ, ueld, i=12,..,N, we denote eigenvalues and

eigenfunctions satisfying (7) and such that

7 (1) <7y () <. <y (u),
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a(u, U (), U0 () = 7P ()8, bW () W) =8, i, =12, N,

U (u) = u; e K., 7' (u)=y"(1), the functions U’ (1), ueA, i=12,..,N, forma complete
system in the space V,. For fixed © € A and sufficiently small h, the estimates hold:
0< )M () -7 (W) Sch?, =12, |ul —u, |,<ch?
Theorem 3. Let A be the minimal simple eigenvalue of problem (4) corresponding to the positive
eigenfunction U, and let A" be the minimal simple eigenvalue of problem (6) corresponding to the
positive eigenfunction U". Assume that »'(1)#0. Then the following error estimates hold

0<A"—A<ch?, |u"—ul,<ch? for sufficiently small h.
Proof. First estimate follows from relations

¢ (A" =A< =) =r"(A)-r"(2") =" (A) - y(2) <c;h?
for some &" and sufficiently small h.

Let us prove second estimate. Set ,Bih :b(/lh,Phu,yi“), i=12,.., N, where yih :uih(/lh),
i=12,..,N. Since elements yih, i=12,..,N, form an orthonormal basis in the space V,, it
follows that the element Pu€V, can be represented in the form Pu=/A"y+W, where
W' =B'y) +..+Biyn. The inequality %,(A)—y,(A)>0 implies that »5(A")—-1>c for

sufficiently small h. Denote

&n(u)= sup (4", Ru.v") ~ Ab(2", Ru.v") |
h - .

vPev, {0} | V" |1

Then ¢, (u) <ch’.

To show the estimate | W' |, < ch? for sufficiently small h, we note that
a(A", Pu,w) =a(A", wl,wh),
b(A", Pu,w") =b(A", W', w"),
a(2" W W) = 7 (AN (A" W, W),
Hence we get the relations

W |, &, (u) >a(A", Pu,w)—b(A", Pu,w) =a(A",w',w") —b(A", W', W) >

(A" -1 B}
> 121 on wp Wy = et W,
7, (A7)

which imply the desired estimate: | W' |, < ¢, (u) < ch?®. Therefore | Pu— A"y, |,<ch?,

Moreover, we have

ﬁlh :” ﬂlhyﬁr ||b(lh)£” u ”b(l) + || u ||b(l) _” u ||b(ﬂ,h) +|| u- lhyfI ”b(/lh)gl_'_ChZ’
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ﬁlh :” ﬂlhyj{] ”b(ih)zll u ”b(/l) _‘” u ”b(/l) _” u ||b(/1h) _” u-— Ihy:{1 ||b(ih)21_Ch2’
since

2 2
u —||u
< Ul = ITUTl o, <c(A"—2)<ch?,

|| u ”b(l) + ” u ||b(lh)
1u=BIY, Ny, <NBe 1u=BY; o< B, (u=Rul, +| Ru =AY} ) <ch’,

for 3, =r(As, +1) and sufficiently small h. Consequently, we derive |1— A" |< ch®.
As a result, we conclude

\lﬁl |uh —u |OS” u- yf ||b(ﬂ,h)£” u-— lhyj{] ||b(/1h) +|| yj{] - lhy{I ”b(lh):

:” u_ﬂlhyf ||b(ﬂ.h) +|l_ﬂ1h |S Chz’

lHulhey =110l

where £, =r(0). This completes the proof of the theorem.
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