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Abstract. In the theory of ruled surfaces there are well known researches of contact of ruled
surfaces along their common generator line (Klein image is often used [1]). In this paper we
propose a study of contact of nondevelopable ruled surfaces via the dual vector calculus. The
advantages of this method have been demonstrated by E. Study, W. Blaschke and D. N.
Zeiliger in differential geometry studies of ruled surfaces in space R® over the algebra of dual
numbers. A practical use of contact is demonstrated by the example modeling of the working
surface of the progressive tool for tillage.

1. Fundamentals of theory
The equation of a ruled surface can be represented as a unit dual vector-function with real parameter t:

A (t) =ag (t) + «By; (t),| A () =1, &” =0, where ag(t) — a unit generator vector of the ruled surface,

a1 (t) —a momentum vector of the generator with respect to the origin. 4;(t) is n+1 times continuously
differentiable. It is also known that a trihedron of the ruled surface consists of dual unit vectors:

A A, =|71|;A3 = A x Ay,
where A'1=dA4/dt; Ha=|A"1]; A2 — a central normal vector; As — a central tangent vector.
And we also used an inner geometric parameter of the ruled surface - an element of a dual arc:
dsy = dspy +@-dspy = H Adt,w?® =0,
which means a dual angle between its two infinitesimally close generators.
A distribution parameter of the ruled surface is deduced from the element of the dual arc:
Y
dsp
Trihedron derivation equations of W. Blaschke [2] are as follows:
A;=Hp Ay; Ay =—Hp - A4 +Qp- Ag; Ag=-Qp- Ay,

where Ha = hagtohat, Qa = Qaot@lar = (41414 1)HA2, ?= 0.

Let us consider the contact of two nondevelopable ruled surfaces parameterized by 41(t) and B(t)
with common ruling ap(t) = bey(t), when parameter value t = to. Initially we will introduce the dual
vector of divergence G(t) in their common ruling. Since each unit dual vector function A1(t) and B4(t)
can be represented as a Taylor series it can be written as:
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, , ., ., 2
G(t) =4 (to)— By (to)+[4 (to)— By (to)]- At +[4; (to)— By (to) %4' (1)

We will define the concept of an order of contact of two ruled surfaces in their common generator line.
Each of the considered dual vector functions has the following coordinate representation:
A (t)=1-Xp(t)+ - yalt)+k-z4(t), @
By(t)=i-xg(t)+j-ys(t)+k-zg(t),
where Xa, Ya, Za; Xs, Ya, Zs — dual scalar functions. It allows one to write an expression for dual vector
G(b):
G(t)= A(t)-By(t)=i-xg +J- Y5 +k-2g =i(xa —Xg )+ j(Ya— Y& )+ k(za—25) 3)
Dual vector G(t) characterizes the closeness of ruled surfaces Ai(t) and Bi(t) in infinitesimal
neighborhood for their common generator at parameter t = t. It is defined by two generators a'y;(t)
and b'y;(t), each of which is shifted in their ruled surface along the same dual arc ds, = dsg relatively
their common generator ag(t) = bes(t). Let us introduce the notion of the order contact of two ruled
surfaces in their common generator. We will estimate an order of infinitesimality of module |G(t)|
relatively dual infinitesimal 4s. If n — positive integer then the following condition holds:

|G|
lim-— = 4
As—0 As" @)

thus, we will assume that ruled surfaces in their common generator ao;(ty) = boy(to) are not lower than
the n-th order contact. But if n - maximal then ruled surfaces are exactly in the n-th order contact.
Because of ds=ds, + wds;=hedt + wh;dt, ©?=0, where ds, =h,dt, ds;=h,dt, so condition As—0 can
be replaced by the following two conditions: ASg—0 and AS;—0, that in case of hg#0 and h;#0 leads
to At—0. Indeed dsp and dt, ds; and dt — pairs of equivalent infinitesimals. As a result we obtain the
following condition for estimating the order contact of ruled surfaces in their common generator:
ICTOTIY )
tﬂO At"
Theorem. To fulfill the condition of (5) it is necessary and sufficiently that the following equalities
are carried out

X5 (to) =0, x5(to)=0, x5 (to) =0, ... 5" (t)=0;
Yo (to)=0, ¥5(to) =0, Y5 (ts)=0, ... y5"(to) = 0; (6)
26(to)=0, 25 (to) =0, 25 (t)=0, .., 26"t )= O;

Sufficiency. Assume that equalities (6) hold. Then from (1) it follows that:

16 0)-Xa )56 0= X"H60) 2 y6 0 yal0)- vo )y o) A

zG<t>=zA<t>-zB<t>=z“+l<63>-(j’jT”f)!,

where d1, d2, 03 — values of parameter t, which satisfy the following conditions: tg<di<t, to<d.<t,
to<dz<t.

Thus, the condition of (5) holds.

Necessity. Let us assume that at least one of equalities (6) does not hold, for

example X" (to )= X" (t)- Xg* (to )= 0 ; k<n.
Thus, e (6)= xa (1) s 1) = s t0)- xg* (g} 2.

k!
hence |j mI O
At—0 At"

=0, k<n.



MEACS2015 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 124 (2016) 012083 doi:10.1088/1757-899X/124/1/012083

So the condition of (5) does not hold.
Let us consider the primary orders of contact of ruled surfaces.

2. The orders of contact
2.1. Order n=0 of contact of ruled surfaces

A (to)=By(to ) 4 (to) =By (to)- ()
In this case ruled surfaces are intersecting along their common generator.
2.2. Order n=1 of contact of ruled surfaces

A (to)=By(to ) 4 (to)=B; (to ) 4 (to)=B; (o) (8)

Ruled surfaces are exactly in the first order contact in their common generator ag1(to) = bo1(to).
From equalities of dual arcs ds, = dsg it follows that Hadt = Hgdt, i.e. Ha = Hg. Since B'1=Hg'B>,
where Hg =|Bj|, then from condition A'1(to)=B'1(t;) we obtain that in the common generator the

following equalities hold:

A1=B1; A>=B»; A3=B3; Ha=Hp. 9
For order n = 1 of contact ruled surfaces have coincided with trihedrons (ags, ag,, @o3) and (bo1, boz,
bos) at the center point of their common generator (see Figure 1, a).
2.3. Order n=2 of contact of ruled surfaces

A(t)=By(to) 4 (to)=B, (to ) 4 (t)=B, (o) 4 (t0)=B: (o) (10)
Ruled surfaces are exactly in the second order of contact in their common generator ag; (to)= bo1(to)
(see Figure 1,b). From relations:

A =(Hp- Ao =-HaZ - At Ay +Hp-Qu Ay
B/ =(Hg-B,) Z'HBZ'BL"'H,B'BZ_"HB'QB'B‘?N

it follows that additionally to the result of contact of order n = 1 the following equalities are carried
out:

Hx=Hpg:Qa=Qp. (11)
The element of the dual arc of ruled surface As(t) on the basis of derivation equation A's = —Qa-Az
may be expressed as dsa3 = |A's|-dt = Qa-dt. On the basis of the second equation of (11) it follows that
dsp; =dsg. Thus, we obtain the equality of elements of dual arcs of ruled surfaces As(t) and Bs(t).
And, similarly, on the basis of equations (11) and A", = —Ha-A1 + Qa-As it follows that ds, =dsg,.
We obtain the equality of elements of dual arcs of ruled surfaces Ax(t) and By(t).
If order n of contact of initial surfaces is equal 2 then the elements of dual arcs in pairs of surfaces
Aj(t) and B;(t), where i=1, 2, 3, are equal and calculated from common generators in these pairs.

The equality of elements of dual arcs is equivalent to the equality of distribution parameters in the
common generators of these pairs of surfaces. In theory of ruled surfaces [3] it is known that

?TAZ =pi, where p, - a dual curvature radius of ruled surface A4(t) at centre point M of its ruling.
A A

Since order n = 2 of contact is characterized by equality ds, =dsz and dsp, = dsp, it follows that at
this contact ruled surfaces in their common generator agz1(to) = bo1(tp) have equal dual curvature radius
Pa = pg. Furthermore, since p=sinR, where R =R, + @R, is a dual angle between the generator of
ruled surface Ai(t) and the generator of its first evolute (see Figure 1, b), it follows from equation
pa = pp that Ry =Rg and the trihedrons of the first order evolutes coincide.
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Figure 1. Orders n =1 (a) and n = 2 (b) of the contact.

2.4. Order n=3 of contact of ruled surfaces

A(te)=Bilto) 4 (to) =By (to} 4 (to)=By (to} 4 (to)=By (to) 4" (to)= B, (t, ) (12)
Ruled surfaces are exactly in the third order of contact in their common generator ag;(to) = by (to).
From relations

AT=-3H 5 H A (HA-H2 - Ha Qa2 ) Ay +(2H 7 - Qa+ Ha - Q) A

B'=-3Hg -Hg - Bl"'(ng - HB3 -Hg 'QBZ)' B, +(2Hfa Qg +Hg 'Qé)' Bs,
it follows that additionally to the results of order n = 2 of contact the following equalities are carried
out:

HaA=Hg:Qx =Qs. (13)
Thus in order n=3 of contact the following equations hold:
ds dsg . d%sy ., , d%sy d3Sy . L. dsy
—A =H,=Hg=—"2; =Hj=Hg= ; =HjA=Hg=—7-;
dt A B dt dtz A B dtz dt3 A B dtg (14)
dSpg  ~ .~ sy A% ., ., dPsg
ot =Qa=Qp = at g2 =Qa=Qp = a2

Central tangent vector As(t) has coordinates As(t)={xs(t), ys(t), z3(t)}.
We define the derivatives of this vector based on the existence of functional relationship sai(t):

Aé_dAs,dS/u_ dx; dsy . dys dsy . dzg dsy
dsyy dt |dsy dt 'dsy dt ‘dsy dt |
In complex line geometry [3] the following equations are known:

dxg dys dz,
—= =—X, -CtgR; —= =-V, - CtgR; —= = -7, - CtgR, 15
ds 2 -Clg 00 Y2 -Clg ds 2-Clg (15)
where A, (t) = {x,(t), y,(t), z,(t )}. We will consider the obtainment of a second derivative of vector
2 2
Ast): Af= A% dsy 0% d7sy .
ds?m dt  dsy  dt?

Proceeding from equations (15) for vector A"3 we can write:
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X 1 \ds d>s
" 2 X2 AL Al. .
t)=4| ———ctgR+ — +{—Xy» CtgR 16
Ag(t) {[ on 9R+SIR VAJ it ( 2 Ctg ) 2 } (16)
1 drR . .
where Ag={Xw2 Yo Zap} — = PR and ra; — are dual radii of curvature and torsion of ruled
A OGSy

surface A;(t) in the generator of contacting. The analysis of the components of vector A"5(t) in view of
equations (14) and dR+dsau); = 0, which is peculiar to the evolute of ruled surface Aq(t) [3], allows
making certain conclusions. For order n = 3 of contact of the nondevelopable ruled surfaces the

elements of dual arcs in pairs of surfaces A(yi(t) and Bi(t), i = 1, 2, 3 are equal. Hence, the evolute of
the first order has order n=2 of contact. In addition, the trihedrons of the evolute of the second order
coincide and dual radii of curvature ra;=rg; of A1(t) and Bi(t) with parameter t =ty are equal.

3. Theoretical examples
As an example we will consider contact of ruled surface A;—Ra(t,u) with elliptical hyperboloid
B:—Rg(t,u) (Figure 2):

A - R,(tu)= {A(cost +tsint)+ - Cn:)St ;Asint —tcost)+ usrlnnt A+ Bt+%},

A=1B=05m=+/2:0<t<27—0<U<ow.

ucost usint | ucs

w/1+c32 “ COSH\/1+c32 ’\/1+c32 ’
0<t<27r,—0<U<oo0,

_ oy —4(1-2t,)
s 2c,(3cos’ty —4) * 2c,(3cost, — 4
2(1—ty)—cos’ty '(3—4t0).c _1-2t5—costy '(3—4t0);c3 ~1t, =4.3.

2(2cos’ty 1)

B, » Rg(t,u)={¢sint+

);03 =2ty =2.46.

n=2: C =

V2

2(2cos?ty 1)

ab

(103 (103

=h

a(1)02 1(02)

b
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Figure 2. Theoretical examples of orders n =1 (a) and n = 2 (b) of contact.
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4. Practical results
The results of these researches were applied to designing of the working surfaces of the progressive
tools for cultivation of the soil. In accordance with the mathematical model of tillage process ‘soil-
chisel plow’ a ruled surface of the chisel plow’s rack was designed, which increases the wear
resistance and improves the quality of the soil loosening (Figure 3, chisel — 1, rack — 2, knife — 3,
working surface — 4).

The developed mathematical theory allows designing the constituent ruled surfaces of technical
products with pre-assigned geometric and technical conditions. The mathematical toolkit allows a
flexible change of the shape of the surface depending on the type of soil to be treated.

Figure 3. The working surface of the progressive tillage tool
with order n = 2 of contact.

5. Conclusion

Order n of contact of nondevelopable ruled surfaces is considered. The notion of a dual vector of
divergence on the common generator line of two contacting nondevelopable ruled surfaces is
introduced via the dual vector calculus, which describes the manifolds of line geometry. To determine
this vector we proved necessary and sufficient conditions for order n of contact on the common
generator line. Thus, the primary orders of contact have been researched. The results of these
researches can be applied in the design of the constituent ruled shells and in CAD systems via
approximating issues.
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