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Abstract. We derive equations of motions and solutions for the generalized spin—Calogero
models associated for the classical Lie algebra series B,, C, BC,, and D, using the pole
expansion.

1. Generalized Calogero system
The generalized Calogero systems have been introduced in [3]. Corresponding Hamiltonian has
the form:

N N N
1 1
H= 5o vl 45080 (Ve —a5) + Viwit+a5) + 3 (3V (@) + 03V (22) (1)
=1 i#£] =1
where
V(z) = p(z),
the Weierstrass function [5]. When «; # 0, to Bj-serie corresponds as = 0; to C,-serie
corresponds as = 0; to BC),-series corresponds as # 0, az # 0; and finally to D,-serie

corresponds ag = a3 = 0. These systems constitute relativistic limits of the generalized
Ruijsenaars-Schneider system [1] with the Hamiltonian

N ] N i
H = mc ;cosh <:w) ;H | <a (nfc» (i, 7). (2)

i=Liiti
where

v(xi, x)) = \/a +b (o (p(z; — zj) + p(x; + ;) + Bp(x;) + ad(2z)) , (3)

for a = (202 + a3+ ad) p(n)a?(n), (4)

b= —a?(n), 5)

-2 (6)

p = mssinh#, (7)

where 6 denotes rapidity.
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2. Generalized non-abelian 2D Toda model
The generalized non-abelian Toda model chain equation has the form [2, 4]

O+ ((0-9n)gn ") = gngp 1 — Gn+19n (8)

The associated linear problem is then given by [2]

a—i-wn(t—i-, t—) = Yn41 (t+7 t—) + vn(t-‘ra t—)¢n(t+7 t—)v (9)
87¢n(t+7t*) = Cn(tJrvt*)wn*l(tJr’t*)? (10)
where
Cn = gnggip (11)
Un = (04.9n)95 - (12)

The constraints (according to [6]) for B,

9on = gn s (13)
V_p = —Up, (14)
for C,, series are
gn-1=9;", (15)
Vip = —Up_1, (16)

2.1. Equations of motion
Similarly to Theorems 2.1 and 2.2 of [2] we find the following

Proposition. The equations of motion for non-abelian 2D Toda system have

N
O (w,t) = U(z+nt)+ Y ai)bl(t) (af (V(z —zi(t) + V(z + 2:(1)))

=1
+  A2V(z)+ a%V(2a:))) U(x,t), (17)
N
0,0 (2,t) = Uiz —nt)+ U(2,0)) ai(B)bl(t) (a2 (V(x — zi(t)) + V(2 + 24(t)))
=1
+ a3V(z) + a3V (2z)), (18)

have N pairs of linearly independent solutions with simple poles

N
V= Zsz‘(t, ke, 2)®(x — x4, 2) 2"/, (19)
=1
N
U= sl(t k)0~ + i) — 7, 2)2 " (20)
i=1




MOIME 2015 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 83 (2015) 012020  doi:10.1088/1757-899X/83/1/012020

Note that here

O(z,2) = % + A+ O(x), (22)
where )
A:C(z+77)+27710gm, (23)

when z — 0.
Proof. By substituting ¥(x, t, z, k) into equations (17)—(18) and expanding over poles, we obtain
(as before) for coefficients near (z — x;)~2%:

Oxi8; = a%ai(b;rsi),
Si,oc(ta k) Z) = Ci(t, ka Z)ai,a(t)7

8tsixi = (b;raz)
-1

For poles (z — x;)™" we get
N N
Osi—ar [ Y a;WblOV (wi — ;1) + D V(i +5) | si
i#5.5=1 =1

+Za3 (a3V (@) + a3V (222)) 5i + (4 = C(n)) as()b] s

—a;0? Z ( ) —xzj,z) =0,

J#i
0s¢; j
N(t) = 5 () = A) By — 3 0 (Bay ) B — 25,2)L =0,

J#i
In the matrix form we obtain:

(0 + M(t,2)) C =0,

where
Mij(t, z) = (=A; + (C(n) — A)dyi) 855 — (1 = 8;5)albla;®(a; — xj, 2).

Canceling of poles (x — x; + 1)~ ! gives
—sik + Z a%aib}sj@(xi —z;—n,2) =0,
J#i
(L- —kI)C =0, C =C(a),

where
L_j(t,2) = ai <b;‘[aj) (w; — x5 — 1, 2).

1 we obtain:

For poles (z + x; + 1)~

—sik + Z a%aibjsjé(—xi —xj—1n,2)=0,
J#

Liii(t,2) = af (bj-aj) O(—x; — x5 — ), 2.
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For poles (z + x;)~! it follows:

ie.,

M+C - O

For B, C,, BC,, series, near poles = ! for z — 0 it follows:

iai (bjs]) O(—x,2) =0,

i#j
ie.,
N
M()J'j(t, Z) = Zai (b;f(l]> (I)(—l‘i, Z) = 0,
J#i
MoC = 0.

For (z +n)~ %

N

.I. 1

Zai (bisj> O(—n — ay, Z)E =0,

i#]
ie.,

al 1
LO,ij(ta Z) = ZCLZ (bj(%) (I)(—n — Ty, Z)E = 0,
JFi
LoC = 0.
Similar results we obtain for equations on Wf.
2.2. Generalized spin Ruijsenaars models
Proposition. With
Vi(z) = ((z) = ((z +1n),

we get for the generalized spin Ruijsenaars models we obtain

N

Ofri=af Y (blag)(Olai)(V(xi — x5) = V(aj — 1))
’i#j,j—l
+aj Z )(bla:) (V (@i + ) — V(—(xi + 25)))
7j=1

+ah (V) = V(=ay)) + a3 (V(22;) — V(=22)))

N N
dra; = a? Z aj(b;-ai)V(:L‘i — )+ af Z aj(b;-ai)V(xi + ;)
i j=1
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N
+ Z(b}aj)(b}ai) (a3V (z:) + a3V (22:)) — Nias,

i#]
N
8th —a? ZbT bTa] —x) — Z j bTa] (—(zj + xi))
J#i J=1
N
+> " (blaj)(blai) (a3V (—a) + 03V (—2x;)) + Alb].
j=1

Proof. Last three equations can be rewritten in the form:

N
Ofw; = o Z bTaJ bTal) V(xi —zj) +V(ri+x5) = V(zj; —x) + V(—(z + 25))
i#£5,j=1
N
+ 3"l (lar) (a3 (V@) = V(=) + (0 +ad) (V(22) — V(~22,))
j=1

N
Ora; = a% Z aj(b;ai)V(a:,; —xj) + V(xi +zj))
J#i
N
bTa] b a;) (a3V (i) + (a3 + o)V (221)) — Nias,
7j=1

=—a? ZbT bTaj —xi) + V(—(zj +z4))
J#
N
bTa] b a;) (@3V (—x;) + a3V (—21;)) + Ajbg.
7=1

References
[1] K. Chen, B. Hou, W-L Yang, Integrability of the Cn and BCn Ruijsenaars-Schneider models. J. Math. Phys.
1 (2000), no. 12, 8132-8147.

[2] I. M. Krichever, A. Zabrodin, Spin generalization of the Ruijsenaars—Schneider model, the nonabelian two-
dimensionalized Toda lattice, and representations of the Sklyanin algebra. (Russian) Uspekhi Mat. Nauk
50 (1995), no. 6(306), 3-56; translation in Russian Math. Surveys 50 (1995), no. 6, 1101-1150

[3] M. A. Olshanetsky, A.M. Perelomov. Completely integrable classical systems connected with semisimple Lie
algebras. Lett. Math. Phys. 1 (1975/76), no. 3, 187-193.

[4] A. Razumov, M. Saveliev, A. Zuevsky. Non-abelian Toda equations associated with classical Lie groups.
In: Symmetries and Integrable systems, Memorial volume dedicated to M.Saveliev, (JINR, Dubna, 2000,
190-203), math-ph/9909008;

[5] Serre, J-P.: A course in arithmetic, Springer-Verlag, (Berlin 1978).

[6] K. Ueno, K. Takasaki. Toda lattice hierarchy. Group representations and systems of differential equations
(Tokyo, 1982), 1-95, Adv. Stud. Pure Math., 4, North-Holland (Amsterdam, 1984).



