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Abstract. Ultra-sonic enhanced flotation ore process is a more efficient technique for ore
recovery than classical flotation method. A classical simplified analytical Navier-Stokes model
is used to predict the effect of the ultrasonic waves on the cavitations bubble behaviour. Then, a
thermodynamics approach estimates the temperature and pressure inside a bubble, and
investigates the energy exchanges between flotation liquid and gas bubbles. Several gas models
(including ideal gas, Soave-Redlich-Kwong, and Peng-Robinson) assuming polytropic
transformations (from isothermal to adiabatic) are used to predict the evolution of the internal
pressure and temperature inside the bubble during the ultrasonic treatment, together with the
energy and heat exchanges between the gas and the surrounding fluid. Numerical simulation
illustrates the suggest theory. If the theory is verified experimentally, it predicts an increase of
the temperature and pressure inside the bubbles. Preliminary ultrasonic flotation results
performed on a potash ore seem to confirm the theory.

1. Introduction

Froth flotation is a widely commonly used effective process in mineral processing ([1], [2], [3]),
wastewater cleaning [4], coal industry [5], and hydrocarbon pollution remediation [1]. The ability of air
bubbles to selectively adhere to specific mineral surfaces and separating hydrophobic from hydrophilic
materials ([1], [6]) makes froth flotation an effective technique widely used in the industry. Recent
works have investigated froth flotation enhanced by ultrasonic stimulation ([3], [7]). In the previous
paper [8], we have investigated the ultra sonic stimulation on flotation both at micro and macro scales
showing that the overall flotation recovery increases due to an increase in bubble ability for capturing
particles, especially because of higher particle-bubble collision and particle-bubble attachment
probabilities.

In this work, we focused on the thermo-dynamical aspects induced by ultra-sonic treatment at the
bubble scale assuming the same model for ultra sonic wave as in [8] i.e. the theoretical oscillating bubble
radius time dependent curves is modeled by a trigonometric polynomial previously ([9], [10]). A
thermodynamics approach is suggested to model the energy exchanges between the liquid and the gas
bubble submitted to an ultrasonic treatment; the temperature and pressure behavior of a bubble is then
calculated together with the internal energy, total work, and heat exchange assuming various gas models
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(including polytropic process, Soave-Redlich-Kwong, Peng-Robinson, and ideal gas). It is shown that
the application of ultrasonic external fields increases the temperature and pressure of the gas trapped in
bubbles.
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Figure 1. (a) Schematic cross-section with the different zones:  Figure 2. Schematic view of bubble-particle interaction
1 - the pulp enters the cell from a conditioner, and flows to the and forces acting on the bubble surface including the gas
bottom of the cell; 2 - small air bubbles are passed down as a surface tension, the liquid viscous stress, the liquid
vertical impeller; 3 - collection of the mineral concentrate froth  pressure P,, the gas pressure P,, t is time, R, the bubble
from the top of the cell; 4 - pulp flows to another cell. (Modified  radius, Ry, its derivate against time, u the cinematic liquid
after http://www.wikiwand.com/en/Froth_flotation ). viscosity, and o surface tension (after [11])

2. Governing equations for bubble evolution under ultrasonic waves

Hydrodynamics of single bubble immersed in a liquid subjected to ultrasonic waves can be described
by the Navier-Stokes equations applied to the gas inside the bubble, initially at rest, and to the incom-
pressible liquid adjacent to the bubble wall. The Navier-Stokes equations can be solved analytically in
spherical coordinates [9] or numerically using a radial formulation [10].

2.1. Solving Navier-Stokes equations

A bubble at rest with mean initial radius R,, at pressure P,, and temperature 7T, is immersed in an
unbounded incompressible liquid submitted to an external time-dependent pressure at its boundary
P.(t)=P,+P(t), where ¢t the time, and P(t) the time-dependent pressure time (including negative and
positive fluctuations). Far from the bubble the temperature of the liquid is assumed to be constant at 7.,.
It is also assumed that the pressure and the temperature inside the bubble are always uniform, and
therefore is time-dependant. The viscous Newtonian fluid is assumed incompressible with constant
density p. The bubble has a spherical shape preserved during all the process, with radius R(t) oscillating
through time under ultrasound. Neglecting gravitational forces, the Navier-Stokes equations (or mass
and momentum conservation equations) describe the flow field surrounding the bubble [10]. The first
one is the continuity of the liquid:

(£)+v.(pu@,0) =0 (1)
with u the liquid velocity, r the radial distance to the bubble center, and ¢ the time. As the bubble is
assumed to be spherical, Eq.(1) can be simplified into & (+* u(r,t)) = 0 using spherical coordinates, with
solution for the radial velocity:

u(r,t) = 5 F(t) )
where F(¢) is a function of time determined by the boundary conditions. Assuming no mass transfer
across the bubble boundary, the wall velocity in a local coordinate system attached to the bubble is equal
to the change rate of its radius u(R,,t) = R, (where R, is the derivation of R, against time f), thus F(t) =
R2(t)R,, and consequently Eq.(2) becomes:

u(r, ) = (229)°R, ©)

Neglecting the dynamic viscosity of the liquid, and substituting the radial component of the velocity,
the radial component of the Navier-Stokes equation applicable to the liquid can be written as:

19P;  du ou 10P R2 Rp+2Rp R?  2RER?
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where P;(Ry, t) is the liquid pressure on the bubble wall which is equal to the sum of all forces acting
on the wall bubble (Figure 2): (i) the gas pressure in the bubble Fy, (ii) the viscous stress o,, of the
liquid; and (iii) the superficial tension t. It comes P, = ©,,+7 + P,. The radial component of the viscous

stress o,, acting on the bubble wall depends on the liquid cinematic viscosity u [12]:
ou
oy (1, t)=2,u—=— ,u% (5

The surface tension t acting in the bubble is given by the Laplace’s formula 7(t) = — R—(t) where ois the

surface tension. A process for an ideal gas is polytropic and obeys the relation PV" = B if the ratio of
energy transfers as heat 6Q to energy transfer as work W remains constant (6Q/6W= cst = K) at each
infinitesimal step, m is the polytropic coefficient which depends on the nature of the process (and of the
gas). For ideal gas, specific values of m vary between isothermal (m = 1) to isentropic (adiabatic or
reversible) (m = y = 1.4 for air), y being the adiabatic coefficient. Assuming an ideal gas polytropic
transformation for the gas trapped in the bubble, the gas pressure is equal to:
R 3m

0 = 5 (2) ©

with By the initial gas pressure in the bubble at rest. Assuming thatatz =0, P, (R,,0) = P,and R, = 0, the

27 4 Py. Then, from Egs. (5), and (6), the total pressure at
bo

initial pressure in the bubble becomes F;, =

the bubble boundary P, can be written as:
_ (20 Rbo \*™ Ry 20
PRy, ©) = (Rbg + P°> (Rb(t)) a0~ R 7
Other gas models (including ideal gas, Soave-Redlich-Kwong, and Peng-Robinson) can be used to predict
the evolution of the internal bubble pressure (see §2.3. ).

2.2. Effect of ultra sound on the bubble pressure boundary

From P.(t)=P,+P(t), and equating Eqs.(4) and (6), the time-dependent pressure term P(?) is equal to:
PO = (2247 (22) " - 22— p Ry, + 222+ 2 2] - p, ®

Rp, Rp(0) Rp(t)

The general model can be used to describe the time evolution of the bubble radius R,(t) given by

Ry(t) = Ry, f(t) with f(wt) =1+ gcos(w(t + 7o) +vm/2) {1 —u' [1— exp {sin (w(t + 70))}]} with ¢ <

1, where the coefficients (R/R,, 0, wTy, v= u’ = 1) are constant or function of the Deborah number D,

(R/Ry«(D,), 0(D,), wty(D,.), v=p’ =0)[7], where D, = Aw (with A the polymer relaxation time) [10].

Thus, Eq.(8) can be rewritten as:

P(O) = (B4 ) (1737 = 1] 4 Pof M (L= 1= pRE, | £ o+

2
prO

fft+ 252 9)
Eq.(9) gives explicitly the time-dependent pressure term P(¢) as a function of the ultra sonic wave
function f.

2.3. Pressure inside the bubble
Eq.(9) gives the pressure of the liquid at the bubble boundary assuming a polytropic process for the ideal
gas trapped in the bubble. Several other gas models (including Soave-Redlich-Kwong, and Peng-
Robinson) can be used to predict the evolution of the internal bubble pressure.

Polytropic ideal gas process: (P): P,t) Vy(t)" = P,, V;,," = B where B is a constant, as V(1) =
4/371 R’ ,(t), reporting all constant terms in B, it comes: P(1) R,(t m = P, Rboj’”’ = B’ (with B’ = 3B/4n),
then using the general model for describing the time-dependent bubble radius submitted to ultrasound,

the gas pressure inside the bubble is given by: P, (t) = (2—0 + P(,) f=3m,

RTy(t aa 0.427R2T2 0.08664RT
b() with g = ——°% ;p = ———=<

Soave-Redlich-Kwong gas model (SRK): F,(t) = VD) > = >

where T, and P, are the critical temperature and pressure for the gas, respectively (for air V,, = 22.4l.mol
'), and 9 =8.314 J.(K-mol)" = 2 cal.(K-mol)" is the ideal gas constant.



NAMES'16 IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 879 (2017) 012024 doi:10.1088/1742-6596/879/1/012024

Normally, a = (1 + (0.48508 + 1.55171w — 0.15613w?)(1 — T;>%))? with w the acentric factor, and T,
the dimensionless temperature 7, (t) = T»(2)/T.. Assuming no change of state in the bubble, the acentric

factor can be neglected, so a simplified expression for &« = (1 + 0.48508(1 — T,%°))? can be used.
RTb(t) a'a

Peng-Robinson gas model (PR) is similar to the SRK model P, (t) = V12557 with a' =
272 mhrm -
SEEEEE b = w = (1+k(1—T*%))? with k =0.37464 + 1.542260 — 0.26992w?, but
[

neglecting the acentric factor gives: a = (1 + 0.37464(1 — T,>5))2. The temperature Tj(2) can be
calculated using the polytropic model.
Generalized SRK-PR model: The SRK and PR model can be rewritten in a single equation: F,(t) =

RTp® _ = - ax = - e
Veh K where K = Kgpg AT and K = Kpp Vet for the SRK and PR models.

ara

24. Temperature inside the bubble
A polytropic transformation for an ideal gas model is assumed for estimating the uniform temperature
inside a homogeneous gas bubble.
Polytropic process: Ty(t) Vy(t)"' = Ty, Vbo’”” = C (from reporting the ideal gas equation PV =n¥T in
the definition PV" = B), where the constant C = B/n¥1; as for pressure, it comes: T(t) = Tb0f3”'””.
Ideal gas model (I) : Py(t) V,(t) = n% T)(t) and P,, V,, = n T,, where n is the amount of gas (in
moles), % = 8.314 J.(K-mol)' being the ideal gas constant (equal to the product of the Boltzmann
constant and the Avogadro constant). When ultra sounds are applied, it comes: T,(t) =

T f3(1 m)(

+ 1) with a pressure equal to P, (t) = P, f~3™ ( 224 1),
RpyPo

RpyPo

2.5. Temperature in the liquid around the bubble

The fluid temperature T; around the bubble is given by the heat equation in spherical coordinates:
5 (1 20) a0 @

where a;is the liquid thermal diffusivity, u(r,t) the fluid radial velocity around the bubble, and T; the

liquid temperature. Due to the nonlinearities, this equation has no exact analytic solutions. However, a

relevant approximation of the solution valid when the thickness of the thermal boundary layer

surrounding the bubble is small compared to its radius is given by [13]:

RE) (2)
T = To© = [ ] B e g an
ﬂlf Rp(y)*dy

An approximation of the analytical solution can be found if the bubble surface is assumed to be maintained
at constant temperature. Assuming that the spherical bubble with a constant average radius R, and a
constant average temperature T at the bubble surface, is placed at rest in a stagnant fluid at constant
temperature Tf (far away from the bubble), the average temperature T(r) in the surrounding fluid is an
T(r)- Tf
BTy
temperature profile is not dependent on the fluid thermal conductivity. The decrease in temperature is very
fast locally, for small bubbles (around 100um), at a distance r =10R (Imm), the liquid temperature

increases only of about 3°C for a temperature difference of AT = T — Tf ~ 30°C.

inverse distance function of the distance r to the bubble center given by [14] bo . Notice that the

3. Energy balance and thermodynamic considerations

The energy balance in a bubble evolving under an external field such as ultrasonic treatment can be now
calculated assuming a polytropic transformation and considering different gas models (Ideal, SRK, and
PR). The first law of thermodynamics gives the total variation of the internal energy AU, of a system
as the sum of the total work W,, and the total heat Q,,, supplied to or escaping from the system through
its boundaries: AU,,, = W,,, + O,
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Table 1. Synthesis of theoretical formula and results from various numerical experiments

State equations
Parameters Ideal gas Soave-Redlich- Peng-Robinson
Kwong
2
Ty(1) Tp(t) =Ty f3(1—m>< S 1) Ty(t) = Ty f
’ Ry, Py
Ty, (in°C) 88.02°C 61.62°C
T, (inK) 361.17K 334.77K
Py (t) Py (t)
P1) py(t) = XV CRLO CRLM  aa
Vo(® “V,—b V,(V, +b) “Vo—b  Vo(Ve+2b) —b”?
P, (in MPa) 0.158 0.124
o B —m (m—1nR Ty,
Weoe(0) Weoe(0) = Wo [P0 1] | Wage() = Wo 207 = 175wy = ===
Wioe(in 10 1) 0.087 62
Qtot (1) Qtot(t) = Qo [fs(l_m) - 1] Qrot(t) = 4mQyt f(fs(l_m) - 1)1 Qo = kRy Ty,
Qror(in 10 1) 0.13 14.2
AU (£) = Wy + 3(-m)
AU, (0 o) = (o (f’)l][f Aot (£) = Weoe () + Qroc (1)
AU, §;” 10° 0217 762

3.1. Polytropic models (P)

Internal energy of a bubble: for an ideal gas dU = nc, dT, = nf_leg = nfTTl“" 1-
number of moles of gas, ¢ is the molar constant volume (cp pressure) heat capacity of the gas, and y=
cp/cy the heat capacity ratio (y=5/3 = 1.67 for monatomic gas with three degree of freedom, and 7/5 =

1.4 for diatomic gas with five degree of freedom, y = 1.4 for air). After some arithmetic, it comes:

AU,O, _ Pg,V2—Pg, V1 — Uo [f3(1—m) _ 1], with UO — M(

y-1 y—-1
(m=1), and the total internal energy variation is null AU =0 (adiabatic transformation).
Total work: Assuming a polytropic process so P(t) V()" = P,, V,,", the total work done by the

av .
m) V—” where 7 is the
b

20
Rb()PO

+ 1). If the transformation is isothermal

system when the volume bubble changes from V, to V,, is given by: W,,; = —B flz P,(t)dV = —B flz V::t).

For integration, one must separate the isothermal (m=1) to the non-isothermal (m#1) cases; it gives after
szVz—PglVl
m—1

some arithmetic: m = I, W,,; = Bln (?); m#zl Wi = . The total work can be rewritten in
2

nR (To—

terms of temperature as: Wy, = _1T1). Finally, reporting in the total work expression the bubble

pressure P,(t) for an ideal gas polytropic process, and V(1) = 4/37R% (1), it comes: mzl, Wyp =

W, [f 3(1-m) _ 1] where W, = :’f‘; (R;”PO + 1) with V,, Py, T, are the volume, pressure, and temperature
0

of the bubble at rest; for the isothermal case (m=1), W,,, = — Wyln (f) with Wy = 3nR T,.

Heat supplied by the liquid Q,, can be evaluated applying the first law of thermodynamics, for m=/
20 1 1

Qi =AU,y - Wy, = (Ug — Wy) [fs(l_m) - 1] = Qo [f3(1_m) - 1]’ with Qy = VoPy (K.PO + 1) (E - E)
For an isothermal transformation (m =1) Q,,, =- W,,, = Wyln (f); when m = y = 1.4, the transformation

is adiabatic as the total heat supplied to the system is null (Q,,, = 0), AU,,=W,,.

3.2. Generalized SRK-PR models with m#1 (isothermal case excluded)

Total work: assuming a polytropic transformation, the gas pressure P, and the bubble volume V), are
related by P,(t) V(1)" = P,, V,,” = C, reporting the pressure given by the generalized SRK-PR gas state
RV, (£)dT),

equation, it comes:_ Rh® _ g Vit (t) = C.By differentiation dV, = — ———————.
q b m(RT(©)—K(V—b))

Vm-b
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TemperatureT (in °C)
PressureP (in MPa)
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Time (in ot) \\/

(a) - (b) Time (in ot)
Figure 3. (a) Calculated temperature inside a bubble for ideal (red), and polytropic (blue) gas model; (b)
calculated pressure inside a bubble for ideal (blue), and SRK-PR (red) gas model. Average increase in temperature
is about 43°C, and pressure variation about 0.022 MPa.

RVp
m(Vyp—b)

So the total work is given by W,,, = — [ 12 P,()dV, = ) 12 ( )dTb, but as bubbles are spherical, V,, —

3
b~ 4/37R’,, so (VV” ok (RR”—(O> = f3; however, dT), = 3(1 — m)T,,f>~>"™df so by integration, the total
m~ bo

work is equal to: Wy, = Wo[f3(2_m) — fg(z—m)] with W, =

where f, is the f function at initial time #=0.

—1)R .
n=DRTvy (valid for a molar volume, n=1),
m (m-2)

3.3. Heat transfer
Two models, simple conductive and convective with a mobile bubble, are investigated.

Simple conduction: the bubble is assumed to be motionless in the fluid with uniform surface
temperature. The Fourier’s law in spherical coordinates gives the heat flux @ at the surface of the bubble:

¢ = (ﬁ) (Tb(t) - Tbo) where k is the thermal conductivity (for water at T.,= T,,= T, = 298.15K

(25°C), k = 0.6071 W.m'K'). The total heat transfer through the bubble surface S is equal to: Q¢ (t) =
SAt® = 4mRi(t)At (Ri(t)) (T,(t) - Tbo). Starting from 7=0 to At =t after some arithmetic, and
b
observing TT”T(D = £33 it comes: Quor(t) = 4mQot f(f3™™ — 1) with Qo = k Ry, Ty, -
0
Convective model with a mobile bubble: The motion of the bubble trough the flotation column creates
a convective component for the heat transfer with water. Considering the bubble surface as isothermal,

and applying the analytic method for laminar free convective heat transfer from isothermal spheres

developed by [9], the heat flux at the surface bubble is: @ = k (R;(t) + \/1_5) (Tb(t) — Tbo) where £ is the
b aT

thermal conductivity of the water, a = p% the thermal diffusivity, c, the constant pressure heat capacity,
P

- Po
p 1+B8(Tp(t)~Tp,)

B the water volumetric temperature expansion coefficient 8 =2.10*K"'. After some arithmetic, it comes:

D=k leolf T, (f3(1_m) - 1)(0C with @, = 71 + Roof VrPo , being the convective term. Thus,
0 Jknt(1+/?Tb0(f3(1‘m)—1))

the total heat transfer is given by Q... (t) = 4mQot f(f31~™ — 1) @, this expression is similar to the

conductive case, excepted that it is multiplied by the convective term @,.

the temperature dependent water density with at 7, = 298.15K p,=997.05 kg.m™, and

4. Numerical simulation

Numerical simulations were made using the following parameters ([9], [7]): P,=0.142MPa,
0=0.0728N.m™, R,,=500-700um, w7,=-0.374, R/R~=1,  =28.5kHz, m=1.2, u=0, v=1, ,u=0.025N.s.m'2,
p=1,800kg.m‘3, T,/~298.15K, n=1mol, 9=8.314J.mol”’ K, and y=1.4. Results are summarized Table 1.



NAMES'16 IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 879 (2017) 012024 doi:10.1088/1742-6596/879/1/012024

4.1. Average temperature inside the bubble

Temperature inside a single bubble submitted to ultrasonic waves was calculated over a period against
time (wt), and fluctuates as a sinusoid (Figure 3a). Due to the compression of the gas, instantaneous
temperature can reach punctually values as high as 300°C, but also decrease under 0 °C during decom-

pression. The average value of the temperature T, = i ) 02n T, (wt)d(wt) was calculated by integration

over one period of time. For the polytropic gas model, Tlf = 334.77K = 61.62°C, a value
corresponding approximately to one third less than for the ideal gas model (T'é =~ 88.02°C). Keeping the
key parameters in the range 0 < ¢ < 1 and m=1.2, prevents singularities for the bubble behavior and
shows that the instantaneous temperature of the bubble is always inferior to 600K (not thousand of
degrees as reported in [15]).

4.2. Average pressure inside the bubble

Pressure in the bubble fluctuates also as a sinusoid (Figure 3b), over a range of about 0./0MPa given
the boundaries conditions used for the reported numerical experience. The SRK and PR gas models give
identical results with bigger amplitude variations compared to the ideal gas model. The average value

of the bubble pressure ﬁg = i fozn Py(wt)d(wt) calculated by integration over one period of time is

PSRK = 0.124MPa for the Peng-Robinson gas model and B} = 0.158MPa for ideal gas model.

4.3. Average internal work and head transfer between the bubble and the liquid

The average work done over a period by a bubble of radius equal to 500-700um has been estimated at
W9 = 4.95 - 13.58x10~%] for the ideal gas model, and at W “/"F = 3.64-10.00x10-% for the Peng-
Robinson gas model. The huge difference between the two models is in part explained by the higher

power term affecting f in the Peng-Robinson model. The conduction model gives an average heat
transfer of Q;J, = —8.08 — 22.18x1073/.

5. Thermodynamics variation against m and g

5.1. Effect of polytropic coefficient m on P, T, AU, W,,,, O,y

P and T: Bubble average temperature and pressure increase when the process moves from isothermal to
adiabatic (isentropic or reversible) both for the ideal and SRK gas model. Numerical results show
unrealistic temperature and pressure for values greater than m =~ 1.21 (Figure 4a), indicating that heat
and work flows in opposite directions (6Q/6W > 0), and the compression/decompression of bubbles
would be closer to an isothermal than adiabatic process. The isothermal process (m=1) can be excluded,
as heat is transferred through the bubble boundary from gas to the water given the thermal conductivity
of water, so m would be in the range /<m</.21. High values near the adiabatic conditions (AU =0)
indicate that energy does not escape but accumulates in the bubble, increasing dramatically both the
temperature and the pressure.

5.2. Effect of ultra sonic wave amplitude o

Assuming a range 0 < ¢ < [ for the amplitude coefficient of the ultra sonic wave [7], and a polytropic
process for an ideal or SRK gas, the temperature and pressure increase when the amplitude increases.
For 0 < ¢ < 0.5, the temperature inside the bubble increases smoothly with ¢ up to about 100°C, to reach
a sharp increase up to 300°C for ¢ = 0.8, as more energy is carried by the ultrasonic wave . The over-
pressure inside bubble also increases with ¢ from approximately 0./ to 0.22MPa.

5.3. Effect of polytropic coefficient m on thermodynamics

Internal energy AU, (ideal gas model), total work W,, (SRK gas model), and heat exchanges Q,,
(convective exchanges) have been calculated at the bubble scale over one period of time (Figure 5). As
for average inside bubble temperature and pressure, they all reach high values nearby adiabatic
conditions for (m> 1.21).
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Figure 4. Calculated temperature and pressure inside a bubble for polytropic and SRK models varying (a) the
polytropic coefficient m and (b) the amplitude g of the ultra sonic wave.
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Figure 5. Calculated energy balance for polytropic and SRK models varying the polytropic coefficient m (for
R,=13um).
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Variation of bubble internal energy AU Total work W, Total convective heat exchange Q,,
Figure 6. Calculated energy balance for polytropic and SRK models varying amplitudes ¢ of ultra sonic wave
(for R,=13um).

54. Effect of ultra sonic wave amplitude ¢ on thermodynamics

The same energy balance was performed when varying the ultrasonic amplitude ¢ (Figure 6). As for
average inside bubble temperature and pressure, the internal energy and total work increase as amplitude
increases. For the ideal gas model, the total work and total heat transfer are similar, but differ when
applying a convective model of heat exchange (and SRK gas model). In this last case, the total heat
seems to increase against time, indicating that the cooling of the bubble by the surrounding liquid is too
slow, leading to an overheating of the gas trapped in the bubble.

6. Conclusions

This theoretical work demonstrates that the ultrasound effect on thermodynamics variables describing
the temperature, pressure, internal energy, total work, and heat exchanges can be predicted at the bubble
scale. The most direct impact is that under ultra sonic stimulation, the work required to modify the
bubble volume is converted into heat that increases the average temperature of the gas trapped in the
bubble, up to about 60°C, or more, depending on the ultrasonic wave amplitude, the nature of the gas
and the process involved (isothermal or adiabatic). This heat is transferred to the surrounding liquid by
conduction (or convection) through the bubble surface, maintaining average bubble temperature
equilibrium by cooling. However, given the micro bubble size, the warming of the surrounding liquid is
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limited at about 2°C, despite than nearby the bubble boundary, higher temperatures can be observed,
implying in some case, the vaporization of the liquid, and thus the growing of the bubble. Inside bubble
pressure increases by about 0.14MPa. Several assumptions have done during this theoretical work which
may to be confirmed or not by experimental work, or by direct measurements of the bubble
characteristics. The isothermal case is a very interesting case, because it induces a null internal energy,
meaning that all the work done by the pressure forces on the bubble is integrally converted into heat
supplied to the liquid around the bubble, without any lost due to the bubble heating/cooling, limiting the
overall energy consumption due to ultrasonic stimulation. This favorable case should be searched when
running a flotation process. Some authors suggest [12] the gas contained in the bubble does not
correspond to a unique gas (air), but rather to a mixing of air and vapor created by boiling of the liquid
surrounding the bubble. In this last case, it is required to take into account the energy used to vaporize
the liquid in the energy balance, which is according to [12] higher than the energy used for
heating/cooling the bubble, a point not investigated in this work.
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